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GEOMETRIC ASPECTS OF FRAME REPRESENTATIONS
OF ABELIAN GROUPS

AKRAM ALDROUBI, DAVID LARSON, WAI-SHING TANG, AND ERIC WEBER

ABSTRACT. We consider frames arising from the action of a unitary represen-
tation of a discrete countable abelian group. We show that the range of the
analysis operator can be determined by computing which characters appear in
the representation. This allows one to compare the ranges of two such frames,
which is useful for determining similarity and also for multiplexing schemes.
Our results then partially extend to Bessel sequences arising from the action
of the group. We apply the results to sampling on bandlimited functions and
to wavelet and Weyl-Heisenberg frames. This yields a sufficient condition for
two sampling transforms to have orthogonal ranges, and two analysis opera-
tors for wavelet and Weyl-Heisenberg frames to have orthogonal ranges. The
sufficient condition is easy to compute in terms of the periodization of the
Fourier transform of the frame generators.

1. INTRODUCTION

Frames in a separable Hilbert space provide redundant but stable expansions for
the Hilbert space. Frames arise naturally in many settings, such as sampling theory,
time-scale (wavelet) analysis, and time-frequency (Weyl Heisenberg or Gabor) anal-
ysis. The “power of redundancy” offered by frames has been successfully demon-
strated in such settings, such as Ron and Shen constructing compactly supported
wavelet frames with high approximation order ([23] and references), Benedetto et.
al. denoising signals, and other data ([Bl [6]). The focus of the present paper is
motivated by another aspect of the power of redundancy which allows multiplexing
of signals.

A frame for a separable Hilbert space H is a sequence X = {z;}ey such that
there exist constants 0 < C; and Cy < oo such that for all z € H,

Cullell* < Y~ [, 25)* < Callz|*.
JEJ

There exists a (possibly non-unique) dual frame sequence Z; such that the recon-

struction formula holds:
T = Z(m,xjﬂj = Z(m,ij)xj.
Jjel Jel
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The analysis operator for X is
Ox : H — () : x— ((z,2;)).

Often one wishes to know the range of the analysis operator; for instance, two
frames {z;};e; C H and Y = {y;}jey C K are similar if and only if their analysis
operators have the same range in [2(J). If the range of ©x is orthogonal to the
range of Oy, then for all x € H and y € K,

v =Y ({&,2) + (W, u;)%;,
JEI
y=> ({&,2;) + (,9:))3),
JEI
provided Z; and g; are the standard duals of x; and y;, respectively. Such frames
are called strongly disjoint (see [18]) and this procedure is what engineers call
multiplexing.

The purpose of this paper is to determine the range of the analysis operator for
a frame or a Bessel sequence that arises from the action of a unitary representation
of a discrete countable abelian group. Such frames occur in the setting of regular
sampling on bandlimited functions. In section 2, we show that the range of the
analysis operator can be determined by computing which characters appear in the
representation. A Bessel sequence {z;} ey C H is such that a constant C5 as above
exists, but there is not necessarily a constant C;. A Bessel sequence also defines an
analysis operator just as a frame sequence does. Bessel sequences occur naturally
when considering a subsequence of a frame sequence, which we shall do in our
investigation of wavelet and Weyl-Heisenberg frames.

The problem of sampling is well known and sampling theory in various settings is
well established (see [4],[19] for overviews). In this paper, we will restrict ourselves to
sampling on totally translation invariant subspaces Vg, i.e. all functions f € L?(R%)
such that the support of f is contained in the band (i.e. measurable set) £ C R%.
We shall assume that the band has finite measure. A d x d invertible matrix A is
a sampling matrix for the set F if the lattice {AZ%} is a set of sampling for the
space Vg. By a set of sampling we mean that the norm of the function is preserved
by the sampling transform © 4, i.e. there are constants C; and Cs such that for all
[ €Ve,

ChlIf|I* < 10N < Cal £1%,
where © 4 is defined as
Ou: Ve =127 : f (f(A2))..

The sampling transform defines a unitary representation of Z? on Vg. We apply
the results of section 2 to obtain the following result regarding sampling, which is
proven in section 3:

Theorem 1. Let A be a sampling matriz for the set E, and let B be a sampling
matriz for the set F. Define the sums

ma(€) =Y xp(A"HE+E), mp(&) =D xr(B*E+E), {€RY,

kezd kezd

and let X and Y denote the support sets of ma and mp, respectively. Then we
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have the following:

1. @A(VE) Op(Vr), if and only if \(XAY) =0;
©4(Vg) L ©p(Vp) if and only if (X NY) =0;
O4(Ve)NOp(Vr) # {0} if and only if \(X NY) #0;
O4(Ve) C ©p(Vr) if and only if X CY modulo null sets;
the two conditions that a) O 4(Veg)NOp(Vr) = {0} and b) the angle between
©4(Vg) and ©p(VF) is strictly positive imply that © 4(Vg) and ©p(Vp) are
orthogonal;
6. the samples for A and B commute, i.e. the projections Py and Pp onto
O4(Vg) and ©p(Vr), respectively, commute.

P‘P?‘”!‘"

In section 4, we turn to frames which arise from the ordered product of two
unitary groups, i.e. {G1G2V}, where Gy and G9 are unitary groups, and ¥ C H
is a finite set. If {G1G2¥} is a frame, then the sequences {G1%;} and {Gat);} are
Bessel, to which we apply results from section 2.

We define for any o € R? the translation operator T,, by Tof = f(- — a) and
the modulation operator E,f = 2™’ f(.). For an erpansive matrix A (all
its eigenvalues have modulus greater than one), we define the dilation operator

Daf(-) = v/|detA[f(A

A wavelet frame ¥ = {wl, oy} for L2(RY) has the form {DsnTx, ¥ : m €
Z,z € Z}, where A is expansive and X is nonsingular. The analysis operator for
such a frame is

Oy : L*([RY) — @ﬂ (Z x 7% sz — ((x, DanTx 1))
Jj=1

Likewise, a Weyl-Heisenberg frame has the form {Eq/Tx.f; : |,z € Z¢,j=1,...,n},
where F' = {f1,..., fn}, with analysis operator

Op : L2(RY) — @lz 24 x 7Y : & — (&, ExiTx - f;)).

Here A and X are both nonsingular (but not necessarily expansive).
By considering the Bessel sequences {T'x,%;}, {Tx.f;}, and {Ea;f;}, we get the
following results.

Theorem 2. Suppose {DamTx,;:j=1,...,n} and {DpmnTy.¢;:j=1,...,n}
are affine frames. Define the sums

= Y I(XTTHEF R and n() ==Y & (YT (E+ )P
kezd kezd

Let E; and F; denote the support sets of m; and nj, respectively. The following
statements hold:

L. if Oy (L*(RY)) C Og(L*(RY)), then N(E; \ F;) =0 forj=1,...,n
2. if Oy (L*(RY)) = 04 (L (Rd)), then A(E;AF;) =0 forj=1,...,n
3. if ME;NEF;) =0 f =1,...,n, then Oy (L*(RY)) L Og(L*(RY)), i.e

= 1,.
{DamTx:0; 1 j ,n} and {DpmTy.0; : j = 1,...,n} are strongly

disjoint.
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Theorem 3. Suppose that {EaTx.f; : j = 1,...,n} and {EpTy.g; : j =

1,...,n} are Weyl-Heisenberg frames. Define the sums
m;i(€) = Y [HXTHEFR)P and ny(€) == Y 19;(Y TN E+R)%
kezd kezd
m(€) = D 1fH(ATHEF R and 75(€) = ) [g;(B* €+ k).
kezd kezd

Let E;, Iy, Ej, and Fj denote the support sets of mj, nj, mj, and i, respectively.
Then the following hold:
1. Zf @F(LQ(Rd)) C @G(LQ(Rd)), then /\(E] \Fj) =0 and /\(E] \ Fj) =0 fOT

j=1....n o
2. Zf @F(LQ(Rd)) = @G(LQ(Rd)), then )\(EJAFJ) =0 and /\(E]AF]) =0 fOT
j=1...,n;

3. Zf /\(E] N Fj) =0 fOTj =~ 1, e , N, then @F(L2(Rd)) 1 @G(LQ(RCI));
4. if X*A=Y*B and \(E; N F;) =0 for j = 1,...,n, then Op(L*(R?)) L
Oc(L*(RY).

We make several remarks regarding the remainder of the paper. All Hilbert
spaces will be separable. All groups will be countable and Abelian. We will use A
to denote Haar measure on G, on G (the dual group), and consequently also for
Legesgue measure on R? (this should cause no confusion). We utilize the following
definition of the Fourier transform: for f € L'(R%),

fie) = [ e payda.

Therefore, the inversion formula is given by

fo) = [ =9 fyie
Rd
when the integral is valid.

2. REPRESENTATION THEORY

Let G be a discrete, countable abelian group, and let 7 : G — B(H) be a unitary
representation of GG on a separable Hilbert space H. Let G denote the dual group
of G, i.e. the group of characters on G. Let A denote normalized Haar measure on
G. By Stone’s theorem there exists a projection-valued measure p on G such that

n(g) = /égos)dp(g).

Then, by the theory of projection-valued _measures, there exists a probability mea-
sure f( on G a multiplicity function m : G — {0,1,...,00} and a unitary operator

U:H— @LQ(F]-,H) — L*(Fy, pu,CF),
j=1

where G D Fy D Fy D -+ D Fj, and m(§) = #{F; : £ € F;}. By L2(Fy, u, CF),
we mean functions on F} attaining values in C¥ which are measurable and square
integrable with respect to the measure p. Without loss of generality, the sets Fj

may all be taken to have non-zero u measure. Note that k& above could be infinite,
in which case C* is replaced by 1?(G).
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The operator U intertwines the projection-valued measure on H and the canon-
ical projection-valued measure on G , and can be thought of as a Fourier-like trans-
form on H. Indeed, if x € H, we will denote Uz by &. We will call the unitary U
the decomposition operator. Moreover, we will see that for our representation 74,
the Fourier transform on L?(R?) is used in computing the unitary U.

By utilizing these theorems, we have that the representation 7 is unitarily equiv-
alent, via the decomposition operator, to the representation

k
o:G U@L F)n)
j=1
given by
o(g) = My

where M) is the multiplication operator with symbol g(§).

Two representations m and p are unitarily equivalent if there is a unitary V :
H — K, called an intertwining operator, such that p(g)V = Vr(g). Suppose 7 and
p are two representations of an Abelian group G on the Hilbert spaces H and K,
respectively. Then there is a measure p, and p, associated to each representation,
and a multiplicity function m, and m, associated to each representation. Two
representations are unitarily equivalent if and only if the measures are equivalent
and the multiplicity functions agree up to a set of measure 0 (with respect to either
measure).

Note that the cyclic subspaces generated by (xg (§),0,...,0) and (0, xr,(£),

..,0) are orthogonal. It follows that if there is a vector v € H such that the
collection {m(g)v : g € G} is a frame for H, then the representation 7 must be
cyclic, whence the multiplicity function must be bounded above by 1 a.e.ir and the
decomposition operator U maps H — L?(Fy, ).

If a group representation has a frame vector as above, we say that the repre-
sentation is a frame representation. A frame representation of a group must be
unitarily equivalent to a subrepresentation of the (left) regular representation [18]
Theorem 3.11] and [25]. This, in turn, implies that the measure p is equivalent to
the restriction of Haar measure \ to the set Fj.

Lemma 1. Let m be a representation of the Abelian group G on the Hilbert space
K. The vector w € K is a frame vector for m if and only if the following two
conditions hold:

1. the decomposition operator U maps K — L*(F,\|Fr),
2. there exist positive constants C1 and Co such that for almost every € € F,

Cr < [Uw(©P = w(E)]* < Ca.

Moreover, the lower and upper frame bounds are given by the supremum of all such
C1 and infimum of all such Ca, respectively. In particular, © generates a tight frame
under the action of m if and only if |w(£)|? = C1 for X almost every & in F.

Proof. We have established the necessity of condition 1. We now show, by contra-
positive, the necessity of the bound in condition 2. Suppose C > 0 is given and
suppose that [W(£)[?2 > C for € € F/ C F, F’ a set of positive measure. Then
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X (€)w(€) € L?(F, \), and consider the following calculation:

> 1 (©). m(g)a(©) = Y

geG geG

= Ixral?,

/ (g @B E)dA

G

since G forms an orthonormal basis of L2(G, ) [16] Corollary 4.26]. We have
el = [ e (©ie)Ray

e, /G e (©)2dA = Cllxr .

whence upper frame bound is greater than C. An analogous calculation shows that
if there is a set F”’ such that [@(£)|? < C for £ € F”, then the lower frame bound
is less than C.

We now establish the sufficiency of conditions 1 and 2. Note that by condition
1, the collection {xr(£)g(€) : g € G} is a normalized tight frame for L2(F,\|p),
since it is the image of the orthonormal basis {g(¢) : ¢ € G} under the projection
M,,.. Moreover, by condition 2, for all x € K, #(&)w(¢) € L?(F,\|p). Consider

2
> larloul = 3 | [ a@a@awan
geG geG G
= [|&w|]
S ALGEGRAG
G
C #(6)]%d\
<0y /é|:c<e>| (©)
= Calz|*.
The lower bound follows similarly. O

See [22] for a similar result.

Lemma 2. Let 7 be a frame representation of G on H, with x and y frame vectors
for m. Then the ranges of the analysis operators ©, and ©, are identical.

Proof. We shall show that the frames generated by x and y are similar. By Lemma
M the decomposition operator U maps H to L?(F, \|r); and the moduli of # and
¢ are uniformly bounded above and below. Define the operator M : L?(F, \|r) —
L?(F, \|F) given by

Clearly, M is well defined and invertible and maps #(§) to §(§). Moreover, M
commutes with the multiplication operators g(¢). Therefore, the operator U* MU
is the necessary similarity. O

For a frame representation of G, there is actually a second unitary representation
of GG in the space of coefficients. If 7 is a frame representation of G on H, with frame
vector v € H, then the analysis operator ©,, : H — [?(G) intertwines the operators
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FRAME REPRESENTATIONS OF ABELIAN GROUPS 4773

m(g) and Ly, i.e. ©,m(g) = LyO, where L, : I*(G) — 1*(G) : z(h) — x(g~h).
Indeed, if e;, denotes the characteristic function of {h},

O,m(g)z = Y (m(g)x, w(h)v)en

heG

= " @ (g~ h)v)en
heG

= Z <£L', W(h)v>€gh

heG

=1L, Z(m, m(h)v)en
heG
=L,0,x.

Denote by J the image of the analysis operator, and let p denote the repre-
sentation of G on J by Lgy|;. The analysis operator ©, : H — J is invertible,
whence by the polar decomposition of ©,, there is a unitary operator Q) : H — J
which intertwines the representations. Therefore, there is a decomposition operator
U :J — L*(F',\g/), but since this is unitarily equivalent to m(g), F' = F. We
have proven the following lemma.

Lemma 3. A frame representation m of G is unitarily equivalent to the associated
representation p given by the restriction of the left regular representation to the
range of the analysis operator.

Lemma 4. Let g and wg be two frame representations of G on H and K, re-
spectively. The ranges of the corresponding analysis operators are identical if and
only if the multiplicity functions agree modulo null sets.

Proof. If the multiplicity functions agree, then both representations are unitarily
equivalent to L?(F,\|r), whence by Lemmas [1 and [Z the ranges will coincide.
Conversely, if the ranges coincide, then both representations are equivalent to the
same representation in the coefficient space, whence they are equivalent to each
other. O

Two frame sequences {z;};ey C H and {y;};ey C K are said to be similar
if there is an invertible operator S : H — K such that Sz; = y;. Two frame
sequences are strongly disjoint if there are two frame sequences {x;‘ }jes C H and
{yj}jes C K with the property that {z} @ y;} is a frame for H © K and {x;} is
similar to {z}} and {y;} is similar to {y;}.

It can be shown that two frames are similar if and only if the ranges of their
corresponding analysis operators coincide. On the other hand, two frames are
strongly disjoint if and only if the ranges of their respective analysis operators
are orthogonal [I8, Theorem 2.9]. Two frame representations my and 7x of an
Abelian group G are said to be strongly disjoint if the representation g @ 7 is
also a frame representation. This is equivalent to the frames {my(g)x : g € G} and
{rk(9)y : g € G} being strongly disjoint.

Lemma 5. Suppose 7y and g are frame representations of the Abelian group G.
Then the corresponding frames are strongly disjoint if and only if the multiplicity
functions have disjoint support.
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Proof. By Lemmalll there exist intertwining operators
U:H— L*(E,\g); VK — L*(F,\Fr),
where the corresponding multiplicity functions are

mp(§) = xXE(); m(§) = xr(§).

We now construct a representation of G on H @ K in the usual fashion:

m(9) = mu(g) © 7K (9);

we need to check whether 7 is a frame representation. It follows from the multi-
plicity theory that the multiplicity function m for 7 is given by

m(§) = mu(§) + mk(§) = xe(§) + xr(§)

and also that the measure p is equivalent to A|g + A|p. Thus, if A(E N F) # 0,
the multiplicity function attains the value 2 on a set of non-zero measure; therefore
there is no single frame vector for the direct sum space. Hence, the original frames
cannot be strongly disjoint.

On the other hand, if A(E'N F) = 0, then the multiplicity function is at most
1, whence the representation 7 is cyclic. Moreover, the measure p is equivalent to
M Eeur. Therefore,

Ho K~ L*(EUF,\gur);

so by Lemma [l xg(§) + xr(§) is a frame vector for 7. Since there is a frame for
the direct sum space, it follows that the original frames were strongly disjoint. [J

Lemma 6. Suppose mg and wx are frame representations. Then the range of the
analysis operator for a frame vector v of wy contains the corresponding range of
the analysis operator for a frame vector w of mx if and only if E O F, where E
and F' are the supports of the corresponding multiplicity functions.

Proof. If £ O F, then it follows that 7 is equivalent to a subrepresentation of
T, i.e. there is an isometry W : K — H which intertwines the representations. It
follows that ©,(H) D 0,,(K).

Conversely, let Py and Pk be the projections onto the ranges of ©,(H) and
O, (K), respectively. Let U and V be the decomposition operators, respectively.
The projections UPyU* and VPgV* both commute with the multiplication op-
erators M. Therefore, they are multiplication operators by characteristic func-
tions of sets, precisely xg and xp respectively. Now, if ©,(H) D 0,(K), then
Py P = Px Py = Py, whence E D F. O

Lemma 7. Suppose mg and mx are frame representations. The ranges of the
analysis operators for the frames have non-trivial intersection if and only if the
support of the multiplicity functions have non-trivial intersection.

Proof. 1f the support of the multiplicity functions have non-trivial intersection, then
for any vector x € H such that supp(Uxz(§)) C E N F, there exists a vector y € K
such that Vy(§) = Uz(§) on EN F. It follows that O gx = Oky.

Conversely, if the ranges of the analysis operators have non-trivial intersection,
then the representation L, restricted to the intersection is non-trivial. As in the
proof of the previous lemma, the projection onto the intersection Pp is given by
xp for some D C G when conjugated by U. Tt follows that D = E N F. Therefore,
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if the representation on intersection is non-trivial, then £ N F must have non-zero
measure. 0

We restate the previous lemmas together in the following theorem regarding
frame representations of an Abelian group G.

Theorem 4. Suppose mgy and 7 are frame representations of G on H and K,
respectively. Let E, F denote the supports of the multiplicity functions for g and
g, respectively. Let Oy and O denote the analysis operators for some frame
vectors for H and K, respectively. Then the following hold:

1. Oy(H) = Ok (K), if and only if \(EAF) =0;

2. Op(H) L Ok (K) if and only if \(FNE)=0;

3. Og(H)NOK(K) # {0} if and only if \(ENF) # 0;

4. ©g(H) C Ok (K) if and only if E C F modulo null sets.

The following two lemmata concern cyclic subrepresentations of a multiple of the
regular representation. The proof of the first may be found in [1] (see Proposition
2.1 and Theorem 2.2).

Lemma 8. Suppose that the representation m on H is a subrepresentation of some
multiple of the regular representation. If x € H, then the multiplicity function
associated to the subrepresentation wx on the cyclic subspace K = span{r(g)z :
g € G} is given by

m(§) = xr(§) where F={¢ecG:a(6)#0}.

Lemma 9. Let w be a representation on H which is equivalent to a subrepresen-
tation of some multiple of the reqular representation. Let x € H and let E =
supp(£(€)). Suppose that there are positive constants C1 and Cy such that C7 <
|2(£)]? < Oy for A-almost every & € E. Then {n(g9)x : g € G} is a frame for its
closed linear span.

Proof. Combine Lemmas [§ and [I O

We now turn to a similar analysis for Bessel vectors for a frame representation.
If 7 is a frame representation of G on H, then w € H is a Bessel vector for w if
there exists a constant Cy such that for all v € H,

> o, mgw)* < Colof|*.
geG

For a Bessel vector w, we again have an analysis operator ©,, : H — [2(G), defined
as for a frame vector, only now 0, may not be one-to-one, or even have closed
range. We have the following lemma, which is an immediate corollary of Lemma

Lemma 10. Suppose 7 is a frame representation on H. Then w € H is a Bessel
vector for m provided there exists a constant Co such that |W(§)| < Ce A a.e.£.

Lemma 11. Suppose 7 is a frame representation on H. Suppose w € H is a Bessel
vector for , and v € H is a frame vector for w. Then ©,(H) C ©,(H).

Proof. Let h € H, we shall construct an b’ € H such that (h, myw) = (b, m4v). By
Lemma 2] we may choose the frame vector v, which will be specified below. We
have

(h, mqw) = /éﬁ(@g(f)w(é)df: /E () g )@ de.
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Note that since w is a Bessel vector, w(¢) € L>®(G, A). We let v = U*xg and let
h! = U*hib. Then

W) /h O 9E)x(€)de = /hw MGLS
O

Lemma 12. Suppose w,p are frame representations of G on H, K, respectively.
Suppose v € H and w € K are Bessel vectors for m and p. Let E and F' denote the
supports of ©(€) and Ww(E), respectively. The following hold:

1. if ©,(H) C O4(K), then A\(E\ F) = 0;

2. if ©,(H) =0,(K), then \(EAF) =

3. if M(ENF)=0, then 0,(H) L 0,(K).

Proof. We prove item 1 by contrapositive. Let £/ = E'\ F, A(E’) # 0. Consider
the vector g = U*x g € H; we compute 0, (zp):

(0, Tqv) = [XEI ()9 (E)o(E)de.

Since {g(£)} is an orthonormal basis, for ©,(y0) = ©,(zo), we must have that
Go(€) = 0(€) a.e., which is not possible.

For item 3, we compute the multiplicity functions of the frame subrepresenta-
tions of G on the subspaces generated by v and w. By Lemma[8, the multiplicity
functions are given by the supports of 0(£) and w(§), whence the frame vectors in
the subrepresentations are strongly disjoint if and only if the supports are disjoint.
Item 3 now follows from Lemma O

In [18], frame sequences {z,} C H and {y,} C K are defined to be strongly
disjoint if {z, @ y,} is again a frame for H ® K. It is then proven that they
are strongly disjoint if and only if the analysis operators have orthogonal ranges.
However, with Bessel sequences, {x, @ y,} will always be a Bessel sequence for
H @ K. Thus, we define Bessel sequences to be strongly disjoint if their analysis
operators have orthogonal ranges. A restatement, then, of the above lemma is that
the Bessel sequences {m(G)v} and {p(G)w} are strongly disjoint if and only if their
corresponding multiplicity functions have disjoint support.

3. SAMPLING THEORY

In this section, we set out to prove Theorem 1. We define the function ¢p € Vg
by ¢ = xg. The Fourier inversion formula is valid for f € Vg, therefore

f(Az) = (f(), or(- — Az)),

whence our stability criterion translates into the condition that the collection
{¢pr(- — Az) : z € Z%} forms a frame for Vg.

Since Vg is totally translation invariant, for any matrix A, we have a represen-
tation 74 of the integers Z? on the space Vg given by ma(z) = Ta.. Therefore, our
frame criterion above now becomes the question of when ¢g is a frame vector for
the representation 7 4.

We remark here that others have used abstract harmonic analysis in investigating
problems in sampling. Kluvanek [21] was the first to do so; Dodson and Beaty [12]
have an excellent overview of the main ideas. See also Behmard and Faridani
[14, B] and Feichtinger and Pandey [I5]. Note that the techniques in those papers

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



FRAME REPRESENTATIONS OF ABELIAN GROUPS 4777

are predominantly analysis on locally compact Abelian groups, as opposed to our
technique of analyzing group representations.

We begin by considering the representation of the integers Z¢ on all of L?(R%)
given by 04(z) = T, and computing the decomposition operator U for this rep-

resentation. We shall let A\ denote Haar (Lebesgue) measure on T?. Note that the

dual group to Z% is in fact T? via the association & — e 27i{&2)

Proposition 1. The decomposition operator for the representation o4 is
U: L*(RY) — L*(T? ) 1%(2%))
given by
US(€)[k] = | det A*|7/2 f(A* (€ + k).

Proof. Let us denote the square summable sequence |det A*|~1/2f(A*~1(¢ + k)

by f (£). We first show that U does the necessary intertwining, i.e. converts the
operator T4, into multiplication by e=27{&2)

(UTaf) (€)[k] = | det A*| 72Ty, f (A1 (€ + k)
_ |deJD A*|71/26727ri(A*_1(£+k),Az)fA(A*fl(g + k))
_ |det A*|—1/26—27ri(§+k,z)fA(A*—l(é- + k))
_ |deJD A*|71/26727ri(5,z>f(A*71(£ + k))
Therefore,
UTasf = e ™7 f(6).

Furthermore, it follows by Plancherel’s formula that U is unitary. O

We denote by 74 the representation of Z? on Vg given by m(z) = Ta.. We wish
to compute the multiplicity function of the representation m4. Let ¢ € L?(R%) and
define

V(¢) := span{Ta.¢ : z € 7}
to be the cyclic subspace generated by ¢.

Corollary 1. The multiplicity function associated to the subrepresentation of Z¢

on V(¢) is
me (&) = xr(§)
where
F={¢€T": ) |det A 7oA} (€ + k)| # 0}
kezd
Proof. This follows from Lemma[§ and Proposition [Il above. O

We now wish to compute the multiplicity function m 4 of the representation m 4.
Note that by the preceding corollary, the support of m 4(€) is precisely the support
of

S xe (A E+ k),

kezd
since the sum gives the multiplicity function associated to V(¢g). In order to
compute all of the multiplicity function for 74, we decompose the representation
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into orthogonal cyclic subrepresentations, that together, sum to the entire repre-
sentation. The multiplicity function will then be the sum of the corresponding
multiplicity functions.

Let Q, = A*"1([-1/2,1/2)?+ 2). Let E, = ENQ, and define f, € Vg by
fz = xg.. The exponentials {672““5"4‘1) : ¢ € Z4} form an orthogonal basis for Q..
It follows that the cyclic subspace V(f,) has the property that V(fz) = L*(E.);
whence

P vir.) =vs
z€Z%
Moreover, the multiplicity function for each V(f,) is
mp. (&) = > xe. (A (E+ k).
kezd

Therefore, we have proven the following lemma.

Lemma 13. The multiplicity function for the representation w4 on Vg is

m(&) => mp (=Y xe(A"NE+E).

z€Z43 keZa

Recall that in order for the matrix A to be a sampling matrix for Vg, the rep-
resentation m4 must be cyclic on Vg, which in turn implies that the multiplicity
function must attain only the values 0 and 1. Thus, we have the following corollary.

Corollary 2. The matriz A is a sampling matriz for the set E if and only if

> xe(ATHE+ k) <1ae €

kezd

Moreover, the sum yields the associated multiplicity function.

This corollary recaptures the known result on when A is a sampling matrix. See
[13] for the case d = 1 and [4] Theorem 1.4] for the general case. Indeed, in the
terminology of [4, Theorem 1.4], this says that the set E must be a subset of a unit
cell of the reciprocal lattice A*~1Z<.

Proof of Theorem 1. We see that parts 1 through 4 follow from Theorem (] and
Lemma (I3 It only remains to show parts 5 and 6 of Theorem [I}

Recall from above that there is an equivalent representation of G on the range of
the sampling transform; call the ranges J4 and Jp and the decomposition operators
Uya and Ug, respectively. Let P4 and Pp be the projections onto J4 and Jg. We
have that

UaPaU% = xp() € L=(G),
UpPpUs = xr(€) € L¥(G).

Therefore, the subspaces either have non-trivial intersection or are orthogonal. Fi-
nally, by the same computation, the projections P4 and Pp commute, whence by
Corollary 2.15 in [1]], the samples commute. g
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3.1. Unions of lattices. We present here an idea of how to extend these results
to unions of lattices. Moreover, some of the lattices could be shifted (see [3]). We
wish to extend Theorem [I] to the case of sampling on this type of set. However,
we need to choose a convention, and that is how to order the samples. Thus, if
Aq,..., A, are d X d matrices, we shall consider the sampling transform as given
below:

n
@A : VE - @l2(zd) : f = (f(Alz)a .. 7f(Anz))
i=1
Note that the sampling transform, and hence our statements, depend on the order-
ing chosen for the A;’s. Indeed, see our example below.

We first note that if {A;z: 2 € Z4,i =1,...,n} is a set of sampling for E, that
the multiplicity function for each 74, is not necessarily bounded by 1. Therefore,
the collection {4, (2)ér : 2 € Z4} is not necessarily a frame for V. However, that
collection is a frame for its closed linear span.

Lemma 14. The collection {ma,(2)¢r : z € Z} is a frame for its closed linear
span.

Proof. Note that if [U¢g|?> # 0, then |U¢g|?> > 1. Moreover, the collection is
certainly a Bessel set, since it is a subset of a frame; therefore |U¢g|? < B for some
constant B. The statement then follows by Lemma O

Let K; C Vg be the cyclic subspace generated by ¢g. Let ©4, denote the
sampling transform for the lattice 4;Z%. Since the sampling transform © 4, can be
computed by inner products, for f € Ki-, ©4,f = 0. As a result, the range of the
sampling transform is determined by K, i.e. © 4, Vg = O 4,K;. Moreover, the range
is closed, and is shift invariant. The multiplicity function for the representation on
the range is given by the support set of the sum

> xe(A7THE+R)).
kezd
This sum parametrizes the range of the sampling transform © 4, as before. Hence,

we proceed by inspecting the ranges of © 4 and ©p coordinate wise. Additionally,
the range of © 4, is not altered by shifting the lattice AZ?. Indeed, suppose the
sampling @lAi is done on the shifted lattice Ak + ko for some ko. Then it is easily
seen that ©4, Ty, f = @:41_ f, whence our statement below remains valid for shifted
lattices. We say that Aj,..., A, are sampling matrices for F if the set {4;z: z €
Z%i=1,... ,n} is a set of sampling for V.

Theorem 5. Let Ay, ..., A, be full rank sampling matrices for the set E, and let
By, ..., By be full rank sampling matrices for the set F'. Define the sums

ma (€)=Y xp(AT (E+K), mp,(€) =) xr(B; T (§+K), R,
2€ZL 2€ZL

and let X; and Y; denote the support sets of ma, and mp,, respectively. Then we
have the following:

1. if ©a(Vg) = ©p(Vr), then A\(X;AY;) =0 fori=1,...,n;

2. if ©4(Ve) NOp(Vr) # {0}, then A(X; NY;) # 0 for some i;

3. if Os(Ve) C ©p(Vr), then X; CY; modulo null sets, fori=1,...,n;

4. if MX;NY;) =0 fori=1,...,n, then O4(Vg) L Op5(Vr).
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Proof. Let us first demonstrate the necessity conditions in parts 1, 3, and 4. Indeed,
it is readily apparent that if the range of © 4 coincides with (intersects, is contained
in, respectively) the range of ©p, then they must do so coordinate wise. In other
words, the range of © 4, coincides with (intersects, is contained in, respectively) the
range of Op, for all i. The necessary conditions now follow by Lemma [4l and the
proof of Theorem

Conversely, for the ranges of © 4 and © 5 to be orthogonal, it is sufficient that the
ranges of © 4, and O p, be orthogonal individually. Again, the ranges are described
by Lemma [T4] which in combination with Lemmas [4] and [6] establish part 2. O

We remark that part 2 above can be extended (trivially) to the case when the
number of sampling matrices for ©® 4 and ©p are different. One simply needs to
pad the deficient sampling transform with 0’s in the final coordinates.

3.2. Examples. Our first example arises from wavelet sets. Let A be an expansive
dilation matrix. A wavelet set W (see for example [10 [I1]) associated to A is a
measurable set such that

dw = xw
is the Fourier transform of a wavelet. If ¢y is an MRA wavelet, then (see [24])

S (A (€ 1 k) =

j=1kezd
It follows that the sums

Do xw(A7(E+k) and Y xw(AM(E+K))

kezd kezd
have disjoint support for distinct positive integers j and [. Hence, the sampling
transforms for A=7Z% and A~'Z? have orthogonal ranges.

Consider now the Shannon wavelet set E = [—1, —3)U[$,1). We wish to investi-
gate the uniform sampling sets for Vg. Note that by the Beurling Density theorem,
any set (irregular even) with Beurling Density larger than 2 will be a sampling set
for E. By Corollary Bl we wish to find all A € R such that

S xp(ATHE+ ) < 1aek.
kEZ

This is equivalent to the condition that AF is 1 translation congruent to a subset
of [0,1). Clearly, then, for A < %, this condition is satisfied. Moreover, for A = 1,
the sum is actually identically 1. Therefore, A is a sampling matrix for F if A €

(0,3)U{1}.

Note that
[ 3 xeta €+ kpar = ).
0 kez
Therefore, since A(F) = 1, we must have that A < 1. Now, for A € (%,1),
AE = [-A,—4)U[4,A) has the property that AE N (AE + 1) = (4,1 — 2).

Hence, the sum above attains the value 2 on a non-null set.

We remark that our set E is 1 translation congruent to [— 2, 2) such congruence
preserves the orthonormality of the integer exponentials. However, by our example,
1 translation congruence does not preserve sampling sets. Moreover, there is a gap

between the necessary and sufficient densities, unlike with the set [—1, 1). Indeed,
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we have seen that a Beurling density of at least 1 is necessary, but a Beurling
density of at least 2 is sufficient, and the bound 2 is sharp.

Finally, we consider two matrices together. Our example demonstrates that the
order chosen for the matrices affects the range of the transform. Let A; = % and
Ay = % We compute the sums, restricted to [0,1):

ZXE (E+F) =2x12,2)(€), D xmBE+k) = x12,1)(&) + x12,5)(9):

keZ keZ
Therefore, the sampling transforms for A; and A, individually are orthogonal,
whence by Theorem [B], together the sampling transform for {A;, A2} is orthogonal
to {Az, A1}. Note that A; by itself is a sampling matrix for E.

4. AFFINE, QUASI-AFFINE, AND WEYL HEISENBERG FRAMES

We now apply our results to affine, quasi-affine, and Weyl Heisenberg frames.
Before proceeding, we remark that the analysis of wavelets using the spectral mul-
tiplicity methods was begun by Baggett, Medina, and Merrill [2] in their study of
generalized multiresolution analyses and MSF wavelets. Other spectral methods in
the analysis of wavelets can be found in Jorgensen, et al. in [7, [20].

Lemma 15. Suppose G, K are discrete cpuntable abelian groups. Let © be a uni-
tary representation of G on H;, and let p* be a unitary representation of K on H;,
for i =1,2. Any frames of the form {P}ﬂ;%‘ ke KgeG,j=1,...,n} and
{piwgqu ke K,ge G,j=1,...,n} are strongly disjoint if the Bessel sequences
{w;wj} and {7‘(3(;3]‘} are strongly disjoint for j =1,...,n

Proof. Let hy € Hy and hy € Hy. We compute

SN i phmgit) (o, pEw20,)

keK geG j=1

=3 3 pp b, mp ) (p3 - ha, m265) =0

kEK geG j=1
O

Additionally, under certain conditions, the strong disjointness of the Bessel se-
quences {pjv;} and {p}¢;} imply the strong disjointness of the frames {pmie;}

and {pfr0,).

Proof of Theorem 2. For item 1, if Oy (L?(R?)) C O (L?(R?)), then for every f €
L?(RY), there exists a g such that

<f7 Tszj> = <ga TY2¢]> Vz € Zd'
If ©4, and ©4, denote the analysis operators for the Bessel sequences {T'x 1 : z €
7%} and {Ty.¢; : z € Z} respectively, then Oy, (L*(R?)) C O, (L?(R?)). There-
fore, by Lemma 2] the multiplicity function for the representation on the cyclic
subspace generated by 1; is dominated by that for ¢;. The statement follows from
Lemma [§ that the supports of m;(€) and n;(&) are the supports of the multiplicity

functions.
Item 2 follows immediate from item 1. The argument for item 3 is analogous to
the argument for item 1 in combination with Lemma [T3. O
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The quasi-affine system was introduced by Ron and Shen [23] in order to study
affine wavelets using techniques from shift invariant space theory. For quasi-affine
systems, typically one assumes that the expansive matrix A preserves the integer
lattice Z<, though that is not required for our purposes. Given an expansive matrix
A, define the L' isometry

Dy : L*(RY) — L2(RY) : f(z) — | det A| f(Az).
The quasi affine system is given by
Ul = {DanTx.:m >0y2 €L} U{Tx.Dam : m < 0;2 € 27}

If we denote the affine system by Ua x := {DanTx. : m € Z;z € Z4}, then
the fundamental result of Ron and Shen is that U4 x (V) is a frame if and only if
I/{ffh +(¥) is a frame; moreover, the frame bounds are the same. However, unlike with
the affine system, where we needed only to compare the Bessel sequences {T'x .1, }
and {Ty.¢;}, with the quasi-affine system we must compare the Bessel sequences
{TXZf)Arwj} and {Tny)Brcﬁj} for j = 1,...,n and r < 0. Let O denote the
analysis operator for the quasi-affine system with generators ¥ = {¢1,...,1,}.

Theorem 6. Suppose UL(V) and U1 (D) are quasi-affine frames. Define the sums
mj(€) == D [ (AT XN+ k)P

kezd
and
nj(€) =Y |;(B Y e+ k).
kezd
Let E7 and F} denote the support sets of m’; and nj, respectively. The following
statements hold:
L if OL(L*(RY)) C O (L*(RY)), then AN(E \ F}) =0 for j =1,...,n and for
r<0;
2. if OL(L*(R?)) = OL(L*(RY)), then N(EJAF]) =0 for j = 1,...,n and
r <0;
3. if MEJNF)) =0 forj=1,...,nandr <0, then ©F(L*(R?)) L ©F(L*(RY)).

Proof. 1f ©%(L*(R?)) C @%(LQ(]Rd)), then the range for the analysis operator for

the Bessel sequence {T'x.Darv;} is contained in that for {TyZﬁBr¢j} for j =
1,...,n and r < 0. It follows that the support of

mi(€) = Y [i(ATTXTHE k)P
kezd
must be contained in the support of
nj(€) =Y 6B Y T E+R)
kezd
forj=1,...,nand r <0.
Items 2 and 3 follow directly. O

Corollary 3. In the special case of X =Y =1, A = B, and A maps the integer
lattice into itself, if m?(ﬁ) and ng(f) have disjoint supports for 7 = 1,...,n, then
Ui 1(9) and U3 (®) are strongly disjoint.
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Proof. If A maps the integer lattice into itself, then for r» < 0,
Do ATTEF RS Y [W(ATTE+ R
kezd kezd

Therefore, for almost every £ € R?, if

D (ATT(E+ )P = mj() #0,

kezd
then )
D i (ATTE+ B)P = mi(ATTTE) £ 0.
kezd
Hence,
Z |(£j(A*_T€+ k)|2 _ n?(A*—rg) =0
kezd
and thus )
D 16, (ATT(E+ k)P = nj(€) =0.
kezd
Likewise, if n}(£) # 0, then m}(§) = 0. O

Corollary 4. If VU consists of compactly supported functions and ® consists of func-
tions with compactly supported Fourier transforms, then U?(V) and UI(P) cannot
be similar frames, even if U(Y) and U(P) are similar frames.

Proof. If ¥ is compactly supported, then the sums m} (&) will be supported almost
everywhere, whereas if ® has compactly supported Fourier transform, then there
exists an r with [r| sufficiently large so that n’(£) will not be supported almost
everywhere. O

Proof of Theorem 3. The proof of item 1 follows the proof of Theorem [2. By an-
alyzing the Bessel sequences {T'x.f;} and {Ty.g;}, it follows immediately that
Or(L*(RY)) C O¢(L*(R?)) only if A(E; \ F;) = 0. We can likewise analyze the
Bessel sequences {E4;f;} and {Egig;}. We now have a representation of Z¢ on
span{ E . f;}, whose decomposition operator V : L2(R%) — L2(I1, A, %(Z4)) is given
by
Vf(@)[k] = f(A z + k).

Immediately we see that ©p(L*(R?)) C Og(L?*(R?Y)) only if \(E; \ F;) = 0 for
j=1,...,n.

Item 2 follows from item 1. Item 3 follows from Lemma [I5l Finally, for item 4,
we compute for any hy, hy € L2(R9):

Z Z Z (hi, EaiTx . fj){h2, EgiTy 9;)

j=11czd 2e74

n
Z Z e27rz(Al,Xz)ef27rz(Bl,Yz) <T);Zlh17 EAlfj><T3jzlh27 EBlgj>-

j=1l1ezd zez4

We see that if A(E; N F;) =0 for j = 1,...,n, then the Bessel sequences {E;f;}

and {Ep;g,} are strongly disjoint, and therefore under the hypothesis X*A = Y*B,

the Weyl Heisenberg frames are strongly disjoint. ([l
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4.1. Examples. We wish to use the above statements to construct examples of
strongly disjoint affine frames.

Example 1. Let ¢ be a Meyer class wavelet on L?(R). Recall that the support of
¢ is contained in the set [—2,—2)U[3, ) with our version of the Fourier transform.
What we will do is oversample the affine frame at 2 different rates to obtain strongly
disjoint Bessel sequences. Oversampling an affine frame by the factor N is the

process of replacing the system
(1) (V2" p@ e —1) in,l e}
with the system

V2oL

The second oversampling theorem of Chui and Shi states that if () is a tight frame
with bound Cs, then (@) is also a tight frame with bound Cy provided N is odd.
We refer to [9] 8] for detailed information regarding oversampling affine frames.

Thus, we oversample the Meyer wavelet basis by the factors 3 and 13 to obtain
two tight affine frames with bound 1. Moreover, the sums

D 1PBE+R) and Y [d(13(€ + k)
keZ kezZ
are supported, when restricted to [—%, %), in the sets
4 1 14 4 1 1 4
=g g Vg ) and 5559 Vizg 59)
respectively. Hence, the Bessel sequences {%w(x - é)} and {\/%w(x - 11_3)} are
strongly disjoint, and therefore

Ve V2o
(v = g} and {(T=0 (2" = 1))

(o}

are strongly disjoint tight affine frames.

Example 2. In example 1, we had to oversample by an odd factor, and so the
resulting affine frames were not of the “standard” form. In our second example, we
construct strongly disjoint affine frames with the standard form, and moreover, we
may have as many strongly disjoint affine frames as desired.

Our example arises from the Frazier-Jawerth frames [17]; see also [18]. We
construct a frame wavelet whose Fourier transform is supported in the interval

[—3.—3%) U[g, 3), which satisfies the conditions

2178
Do lo@EF =1, D (P (2(E+q)) =0, g odd,
JEL Jj=0
and which is C*° (see [I8| Section 5.4] for an example). It follows that ) is a
normalized tight frame wavelet [23]. Moreover, the function v, defined by ¢, (&) =
1[)0(4%) also is a normalized tight frame wavelet. Finally, by Theorem [Z the affine
frames generated by 1, are strongly disjoint.
We end, as a result of the proceeding example, with this proposition.
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Proposition 2. For any integer N, there exists a set {¢1,...,¥n} of normalized
tight frame wavelets which are strongly disjoint such that the Fourier transforms
are smooth and compactly supported.
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