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GLAUBERMAN-WATANABE CORRESPONDING p-BLOCKS
OF FINITE GROUPS WITH NORMAL DEFECT GROUPS
ARE MORITA EQUIVALENT

MORTON E. HARRIS

ABSTRACT. Let G be a finite group and let A be a solvable finite group that
acts on G such that the orders of G and A are relatively prime. Let b be a p-
block of G with normal defect group D such that A stabilizes band D < Cg(A).
Then there is a Morita equivalence between the block b and its Watanabe cor-
respondent block W (b) of C(A) given by a bimodule M with vertex AD and
trivial source that on the character level induces the Glauberman correspon-
dence (and which is an isotypy by a theorem of Watanabe).

INTRODUCTION AND STATEMENTS

This study was suggested by the work of S. Koshitani and G. Michler in [I3].

The Theory of Blocks of Finite Groups was introduced and significantly devel-
oped by R. Brauer in [1] and [2]. Clearly Brauer’s First Main Theorem (in [1])
underlines the importance of studying a block B of a finite group G with normal
defect group D. In [16], W.F. Reynolds, using Clifford Theory, presented a deep
analysis of the character theory of such a block B. In [15], B. Kiilshammer, using
fundamental Clifford theoretic methods of E.C. Dade, showed that, in the context
of a standard “p-modular system” (K,0,k = O/J(0)), the block algebra A over
O of such a block B is O-algebra isomorphic to a full matrix algebra over a twisted
group algebra B over O of the group N of [16]. In our main theorem (Theorem
2), we use the approach of [8] and [15] to demonstrate that the Morita equiva-
lence between A and B is given by a bimodule with a diagonal vertex and trivial
source. Moreover we are able to incorporate the Glauberman-Watanabe context
into the analysis to demonstrate that there is such a Morita equivalence that gives
the Glauberman correspondence on the character level. This analysis also extends
the character theoretic analysis of W.F. Reynolds in [16].

Throughout this section, G will denote a finite group and A will denote a solvable
finite group that acts on G on the right and such that (|G|, |A]) = 1. Let C = Cg(A4)
and let Irr(G) and Irr(G)# denote the sets of ordinary irreducible and A-invariant
ordinary irreducible characters of G, respectively. In [6], G. Glauberman produced
a bijection 7(G, A) : Irr(G)* — Trr(C) satisfying natural basic properties (cf. [10]
Theorem 13.1]).

Let p be a prime and let O be a complete discrete valuation ring of characteristic
zero such that k = O/J(O) is an algebraically closed field of prime characteristic
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310 MORTON E. HARRIS

p and such that if K is the fraction field of O, then (K, O, k) is “big enough” for
all subgroups of G x A. As is standard, the natural ring epimorphism — : O —
0/J(0) = k induces a natural O-algebra epimorphism — : A — A = A/J(O)A for
any O-algebra A.

Let B((G) and B¢(G)* denote the set of p-blocks of G and of A-stable p-blocks of
G, resp., in this context. Let b € BA(G)? with defect group D such that D < C =
Cg(A). In [19, Theorems 1 and 2] A. Watanabe proved that then Irr(b) C Irr(G)4
and {7(G,A)(x) | x € Irr(b)} is the set of ordinary irreducible characters of a
p-block of C with defect group D which we shall denote by W (b). Moreover, she
also proved that the Glauberman correspondence induces an isotypy between b and
W(b) ([19, Theorem 2]).

Clearly A acts on Ng(D) and the Brauer correspondent p-block Brp(b) of b is
an A-stable p-block of Ng(D) with defect group D. Also the Brauer correspondent
Brp(W (b)) is a p-block of N¢ (D) with defect group D and W (Brp(b)) is also a
p-block of N¢(D) with defect group D.

For the convenience of the reader, we include a reformulation and an alternate
proof of a result of S. Koshitani and G. Michler ([T4, Theorem 2.12]) that links our
main result presented below with the general Glauberman-Watanabe correspon-
dence described above.

Theorem 1. W(Brp (b)) = Brp(W(b)).

For our main result, we also assume that the defect group D of b is normal in G
and hence normal in C. In the main result (Proposition 3.3) of [I4], S. Koshitani
and G. Michler demonstrated that, in this case, the k-algebras kGb and kCW are
Morita equivalent. The first part of our main result (Theorem 2), just below, stating
that there is a Morita equivalence “over O” (that induces a Morita equivalence “over
k”) is essentially in the paper [I4]. In fact, S. Koshitani observed this fact in [13].
Moreover this “lifting from & to O” is to be expected in view of the work of L. Puig
for blocks with a normal defect group (cf. [I8, Section 45 and Proposition 38.8]).
Since “coefficients in O” provides the connection in finite group representation
theory between the characteristic p and classical characteristic 0 representation
theories, such investigations are very important.

Our main result is:

Theorem 2. In this situation, there is a Morita equivalence between the block
algebras (OG)b and (OCYW (b) given by an indecomposable (OG)b-mod-(OC)W (b)
bimodule M with the following properties:

(i) when viewed as an O(G x C)-module, M has AD = {(u,u) | u € D} as a
vertex and a trivial OAD-source; and

(i) the bijection between the sets of ordinary irreducible characters Irric(G,b)
and Irric(C, W (b)) induced by the Morita equivalence given by M is precisely the
Glauberman correspondence.

Theorems 1 and 2 immediately yield:

Corollary 3. In the Glauberman-Watanabe context (G, A,b € B{(G)4, C =
Ca(A4), W(b), D < C), the Brauer correspondent blocks (Ng(D),Brp(b)) and
(N¢ (D), Brp(W(b))) are Morita equivalent with an equivalence given by an in-
decomposable ON¢(D)Brp(b)-mod-(ON¢(D)Brp(W (b)) bimodule M such that,
when viewed as an O(Ng(D) x No(D))-module, M has AD = {(u,u) | v € D}
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p-BLOCKS OF FINITE GROUPS 311

as a vertex and a trivial O(AD)-source. Moveover the bijection between the sets of
ordinary irreducible characters Irric(Ng(D), Brp(b)) and Irri(Ne (D), Brp (W (b))
induced by the Morita equivalence is precisely the Glauberman correspondence.

Clearly the main result (Proposition 3.3) of [14] is a consequence of Theorem 2.

Our notation is standard and tends to follow the notation of [5], [9] and [10].

In particular, all rings are assumed to have identities.

Section 1 is comprised of a variety of results that are required for our proofs of
Theorems 1 and 2 which are presented in Section 2.

The author thanks Everett C. Dade for his wise and helpful comments.

1. PRELIMINARY RESULTS

Let m be a positive integer and let () be an abelian group. By definition, @ is
said to be m-divisible if for each = € @Q there is a y € @ such that y™ = x, in which
case () is also n-divisible whenever n | m.

The proof of [10, Lemma 11.14] is readily adapted to prove:

Lemma 1.1. Let Q be a subgroup of an abelian group M such that |M/Q)| is finite.
Assume also that Q is |M/Q|-divisible. Then Q is complemented in M.

Let M be an abelian group on which a finite group G of order m acts trivially.
The following results are well known and easy to verify.

Lemma 1.2. Let c € Z*(G,M). Then

(a) c(9,1) = e(1,1) = (1, g) for all g € G

(b) c(g,g7") =g, 9) for all g € G;

(c) if : GXG — M is defined by ¢'(g, h) = (g, h)c(1,1)~ for all (g,h) € GXG,
then ¢ € Z*(G,M) and c/(g,1) = (1,9) =1 for all g € G;

(d) assume that ¢(g,1) =1 = ¢(1,g) for all g € G and let Z = {(c(g,h)|(g,h) €
G x Q), so that Z < M. Let G = Z x G and define a multiplication on G by

(21,91)(22, 92) = (2122¢(91, 92), 9192)

for all 21,25 € Z and all g1,go € G. Then G is a group with identity (1,1) and
(2,9) ' =(z7telg, g7 )"t g7Y) forall z € Z and g € G. Also

(1.1) 1725636 —1

is a short exact sequence of groups where w1 is the first component projection and
1:7Z — G is defined by z +— (z,1) for all z € Z, so that i(Z) < Z(G‘) Suppose also
that the group E acts on G on the right and c(g¢, h®) = ¢(g, h) for all g,h € G and
alle € E. Let E act trivially on the right on Z and diagonally on Z x G. Then E

acts on the group G=2xG and (1.1) 4s a short exact sequence of E-groups.

Remark 1.3. Suppose that (K, O, k) is a p-modular system for the finite group G,
that G acts trivially on O*, and that ¢ € Z2(G, 0*) with ¢(g,1) =1 = ¢(1, g) for
all g € G. Let A = ®yeqO7,4 be an associated twisted group O-algebra over G,
where 7,7, = (g, h) Ty forall g,h € G. Then 14 =7 and (15) "' = ¢(g, g7 ') 't
for all g € G.

Suppose also that Z = (c(g, h)|g, h € G) is a finite (and hence cyclic) subgroup
of O* of order n with (n,p) = 1. Let G = Z x G be as above and let é =
Ly ez2 Mz 1) € 0i(Z) < Z(OG). Then é is a block idempotent of Oi(Z)

n

and is central in OG. Also OG is a G-crossed product O-algebra with (OG), =
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(0i(Z))(1,g) for all g € G and (z,9)é = z(1,g)é for all z € Z and all g € G. Hence
(0G)é = ByecO(1,g)é in O-mod and the O linear map a : (OG)é — A such that
(1,9)é — 7, for all g € G is an O-algebra isomorphism. Here (OG)é is the direct
sum of the block algebras of @ that cover the block é of ©0i(Z).

As above, let the finite group G of order m act trivially on the abelian group M.
Assume also that M is m-divisible and that Q,,(M) = {x € M | 2™ = 1} is finite.

Let U = {c € Z?(G, M) | ¢™ = 1}, so that U is a finite subgroup of Z%(G, M).
Note that H?(G, M) has exponent dividing m = |G| ([9] I, Satz 16.19]) and that
B?(G, M) is m-divisible.

The proof of [10, Theorem 11.15] yields:

Lemma 1.4. Under these conditions, there is a subgroup W <U such that Z*(G, M)
= B?(G,M) x W and hence H*(G, M) = W.

Let R be a commutative ring.

Lemma 1.5. Let A be an R-algebra and let S be an R-subalgebra of A such that
S=M,(R) as R-algebras, where M,.(R) is the R-algebra of all r X r matrices over
R for some positive integer r. Then:

(a) CA(SX) = CA(S); and

(b) Nax(8%) = Nax (S).
Proof. Clearly C4(S) C C4(S8*) and N 4x (S) € Ngx (S*) since 1g = 15 € S for
all @ € Ngx(S). If r =1, then § = Rls. Hence C4(S*) C C4(S), Nyx(S8*) C
N 4% (8) and we are done. Assume that r > 2. Clearly if z € S, then x € §* if and
only if det(z) € R*. Also S has an R-basis {F;;|1 <i,j <r} such that

0 if j #m,
EijEyn = {E ifj’ 7: m

Let o € C4(S*). Thenals = lsaand a(ls+FE;;) = (1s+Eij)aforalll <i, j <r
with ¢ 75 ] Thus aEij = Eija and OLE“‘ = OéEijEji = EijEjia = Eiia for all
1 <4, j <r with i # j. Consequently (a) holds. A similar argument demonstrates
that if @ € Ngx(8*), then 1§ = 1s, (1s + Ej;)* = 1s + Ef; and Ef; € S for all
1 <4,j <rwith ¢ # j. Thus Ef = (E;;jE;)® = EYES € Sforalll1 <i,j<r
with i # j, §* C S and So C S and hence §* = S and (b) follows.

Let A = @4eqAy be a G-graded R-algebra (cf. [4]). For each X C G, let
Ax = @pex Ay, so that if H < G, then Ay is an H-graded R-subalgebra of A
since 14 € A;.

Lemma 1.6. Let H < G, let b be an idempotent of Ay and let o € bAgb. Suppose
that there is an element 8 € A such that af = b and fa = b (so that a(bBb) = b
and (bpb)a =b). Then bBb € bAgD.

Proof. First suppose that b = 14 and let 7 be a right transversal of H in G with
1 € 7 so that G = |, Ht, where the union is disjoint. Let 3 = ) scm bne, where
teT

bne € Apg forallh € H and t € 7. Then 14 = Y, 7 (X cn bht))eé A1, where
(D pep bne) € Ay for all t € T. Thus if ¢ # 1, then a() ,cpy bae) = 0 and so
(>_her bnt) = 0 since a is a unit. Consequently 3 € Apg. For the general case,
set a* = a+ (1lqa—0) and 8* = bBb+ (14 —b). Then a*f* = 14 = *a*, where
a* € Ag. By the case above, we conclude that 8* = b8b+ (14 — b) € Apy and
hence bGb € bAyb and we are done.
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Let A = ®geq Ay be a G-graded crossed-product R-algebra (with an identity
14 € A;) and assume that A; is commutative. Thus A, N.A* is nonempty for each
g € G. Here we have the short exact sequence of groups

1—>A1X—>gr(AX)d—>egG—>1

and G acts on A; (on the right) as defined by

ad = = u;laug for all & € A

for some (and hence every) uy € Ay N A* for each g € G.

For each g € G, choose u, € Ay N A*. Here A; = Ajuy = ugAr and ugup =
ugnc(g, h) for a unique c(g,h) € A for all g,h € G and ¢ € Z%(G, A). Clearly
multiplication in A is determined by A;, the action of G on A; and the element
c€ Z%*G, Ay). Also, the element cB?(G,.Ay) is independent of the choices of the
elements uy € A4, NA* for all g € G.

Let B = ®4ecaB, also be a G-graded crossed product R-algebra (with an iden-
tity 15 € By) and let o : A1 — By be an R-algebra isomorphism (so that By is
commutative) such that o commutes with the action of G on A; and on By (i.e.,
o(a9) = o(a)? for all « € A; and all g € G). Let s: H*(G, A)) — H?*(G,B]) be
the group isomorphism induced by o.

The following result is easy to prove and well known:

Proposition 1.7. There is a G-graded R-algebra isomorphism 6 : A — B that
extends o if and only if s(cB?(G, AY)) is the element of H*(G,B") determined by
the action of G on By via B.

As in the Introduction, we let O be a complete discrete valuation ring of char-
acteristic zero such that &k = O/J(0O) is an algebraically closed field of prime char-
acteristic p. Let K denote the field of fractions of @. Such rings exist (cf. [I7) II,
Theorem 3]) and satisfy [I8, assumption (2.1)]. Moreover by [I7} II, Proposition 8]:
(1.2) there is a multiplicative injection f : k — O such that

(a) fly)+J(O)=yforally € k=0/J(O); and
(b) if x € O, then = € f(k) if and only if x is a p™-power in O for every integer
n > 0.

Thus f(1x) = lo, f(k*) < O*, O* = f(k*) x (1 + J(O)), any element of O*
of finite order prime to p lies in f(k*) (cf. [I8] Lemma 2.3]) and f : k= — f(k*)
is a group isomorphism.

For the remainder of this section, we shall also assume that every O-algebra A
is finitely generated in O-mod. Consequently A/J(A) is a finite-dimensional split
semi-simple k-algebra. We denote the unity element of A by 14 (or sometimes
simply by 1). Also we shall assume that every .A-module is a finitely generated and
unitary A-module. Note that every free O-module is a torsion free O-module.

If r is a positive integer, then M, (k) and M, (O) will denote the O-algebras of
all 7 x r matrices over k and O, respectively. As in [I8, Section 7], an O-algebra S
is called O-simple if S is O-algebra isomorphic to some M,.(O) and S is said to be
O-semi-simple if S is O-algebra isomorphic to a direct sum of O-simple O-algebras.

Let A be an O-algebra and let m be a positive integer with (m,p) = 1. Let
u: A— A be the function such that x +— 2™ for all z € A.

Proposition 1.8. p induces a bijection of 14 + J(A) onto itself.
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To prove this, we set J = J(A) and note the following two trivialities.

Lemma 1.9. Let G be a not necessarily finite group and let x,y € G be such that
2™ =y and |z| | p* for some positive integer k > 1. Then x = y® for any a,b € Z
such that 1 = ma+p*b. Hence if x1,xo are p-elements of G such that x7* = y = 21,
then 1 = xs.

Lemma 1.10. Let n,k be positive integers. Then:

(a) (J™/J"FTY +) is an abelian group of exponent p;

(b) the map J™ — 14+ J" such that a — 14+ a for all a € J™ induces a group
isomorphism of (J™/J" T +) onto the multiplicative group (14 +J")/(1 4+ J"T1);
and

(c) the multiplicative group (14 + J")/(14 + J"F) has exponent dividing p*.

Proof of Proposition 1.8. By [18, Lemma 45.5], we have
Lo+ J=1lm((1a+J)/(Q1a+J")).

For each integer k > 1, choose ay, by € Z such that may + p¥Fb, = 1. Assume
that ap =0 and by = 1. Let y € 14+ J. If k > 1, then y® (1 + J¥*1) is the unique
element w of (14 + J)/(1a + J**1) such that w™ = y(14 + J**1) by Lemmas
1.9 and 1.10(c). Moreover, (y* (14 + J*))™ = y(14 + J*) so that y@* (14 + J*) =
Y1 (14+J%). Thus u = (y(1a+J), y* (1a+J?), y*2(14+J3),...) is an element
of im((14 + J)/(1a 4+ J")) such that

u™ = (y(la+J),y(La+ %), y(la+J°),...) =y
Assume that z = (20(14 + J), 21(1a + J?), 22(14 + J3),...) is an element of
lim((1a+J)/(1a + J™)) such that 2™ = y. Then (2 (1a+J""))™ = y(1a+J*)
and Lemmas 1.9 and 1.10(c) imply that

Zk(1A+Jk+1) :yak(1A+Jk+1)

for all £ > 0. Thus z = v and we are done.

We continue with this situation. We shall require the following extension of [18]
Lemma 45.6].

Let X be a group containing 14 + J(.A) as a normal subgroup. Assume also
that the subgroup 14 + (J(A)™) is normal in X for every integer n > 1 and that
E is a finite subgroup of X with |E| = m relatively prime to p such that X =
(1a+J(A)E. Thus EN (14 + J(A)) = 14 by Proposition 1.8.

Lemma 1.11. Let e € E and let ¥ € (14 + J(A))e be of order prime to p. Then
there is an element j € J(A) such that z1477 =e.

Proof. Clearly we may assume that X = (14 + J(A))(e). Let a = |z| and 8 = |e|.
Then 2% € 14+ J(A) and hence a = 35 for some positive integer s. Here z° € 14+
J(A) and (27)* = 1 4. Since (a, p) = 1, we conclude that (s,p) = 1. Thus 27 =14
because of Proposition 1.8. Consequently o = 8. Since X = (14 + J(A))(z) and
(z) N (14 + J(A)) = 14, [18] Lemma 45.6] yields an element j € J(A) such that
(z)14+7 = (e). Then z1477 € (e) N ((1+ J(A))e) = {e} and we are done.

Let A be an O-free O-algebra. Then, as in [I8, Theorem 7.3], there is an O-
semi-simple O-subalgebra S such that A =8 + J(A) and, in fact, S is a maximal
O-semi-simple O-subalgebra of A. We require the following observations in this
context.
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Proposition 1.12. (a) J(A) NS = J(O)S = J(S) and S/(J(O)S) is a k-semi-
simple k-algebra;

b)la=1lsand SNAsa+J(A) =8S*NAa+J(A) =14+ J(S);

() A =14+ JA))S* =S*(1a+ J(A)); and

(d) any two mazimal O-semi-simple O-subalgebras of A are conjugate by an
element of 14+ J(A).

(e) Assume also that S is O-simple. Then CA(S) = Ca(S™), Ngx(8*) =
Nyx(8) = 8*Ni15)(S) = Nia4)(8)S™ and [S*, N1 44 5a)(S¥)] < 8% N
(a4 J(A) =14+ J(S).

Proof. Clearly (a) holds and, since 14 — 1s is an idempotent in J(A), (b) also
follows. Clearly (14 + J(A))S* < A*. Let s € S and j € J(A) be such that
s+ j € A*. Then there is an element ¢t € S such that st —14 € J(A) NS = J(S)
and ts —14 € J(A) NS = J(S). Thus st € 14+ J(S) and ts € 14 + J(S) so that
s has an inverse s7! in S. Then s+ j = s(14 +s71j) € S*(1 + J(A)), (c) holds
and (d) follows from [18, Theorem 7.3(c)]. Finally Lemma 1.5, (b) and (c) and the
fact that 1+ J(A) < A* yield (e).

Note that we always assume that any finite group G acts trivially on O.

Lemma 1.13. Let A be an O-free G-algebra such that A= O1 4 + J(A). Then:

(a) A = f(E*)1a x (1a+ J(A)) as a G-group (since G acts trivially on O1 4
by hypothesis); and

(b) if |G| = m is prime to p and A is also commutative, then [ : k* — O*
of (1.2) induces a natural group isomorphism f* : k* — f(k*)la such that
x — f(x)ly for all x € kX and f* induces a group isomorphism H*(G, f*) :
H?(G,k*) — H*(G, A%).
Proof. Since O*14 = f(k*)1ax (1+J(0))14 and A = (O*14)(1a+ J(A)), we
have A* = (f(k*)14)(1a + J(A)). Let x € (f(k*)1a)N(1a+ J(A)). Then z =
alg=1447j, where a € f(k*) and j € J(A). Thus (e« —1)14 € J(A)N(O14) =
J(O)14, a = 1 and = = 14 which proves (a). In the situation of (b), we have
H?(G,A*) = H*(G, f(k*)14) x H?*(G,14+ J(A)) since the direct decomposition
of (a) is a G-decomposition. As m = |G| is relatively prime to p and the m-th
power map is an automorphism of 14 + J(A) by Proposition 1.8, we have

H*(G,1a+J(A) =1
(by [9, I, Satz 16.19(a)]). Our proof is complete.

Let D be a finite p-group and set A = OD. Let Z(OD) = >, 4 O(d — 1) be
the augmentation ideal of A, so that Z(OD) < J(A), A= 014®Z(OD) in O-mod
and O/Z(OD)=0 as O-algebras.

Lemma 1.14. (a)
A* = (0*14) x (14 +Z(OD))
and
1a+J(OD) =14+ J(O)14) x (14 +Z(OD))
as groups and (O*14)N (14 + J(OD)) =14+ J(O)1 4; and

(b) let m be a positive integer with (m,p) =1 and let p: 14+ J(A) = 14+ J(A)
be the m-th power bijective map of Proposition 1.8. Then the restriction of u to
14+Z(OD) — 14+ Z(OD) is a bijection.
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Proof. Let x € A*. Then z = alg + 4, where i € Z(OD) and a € O. Since
A/Z(OD)=0, a € O* and z = (ala)(1g +a 1ti) € (0*14)(14 + Z(OD)). Let
b € O besuch that b1 4 = 1 4+, where i € Z(OD). Then (b—1)14=i=0,b=1
and A* = (0*14) x (14 +Z(OD)) as groups. Since 14 +Z(OD) <14+ J(OD),
14+ J(OD)=((1+J(OD))N(O*14)) x (14+Z(OD)). Let a € O* be such that
aly =14+47, where j € J(OD). Then (a—1)14 =7 € J(OD)N(Ol4) = J(O)1a
and (a) holds.

For (b), it suffices to prove that p : 14 +Z(OD) — 14+ Z(OD) is surjective.
Let ¢ € Z(OD). Then 14 +i = (14 + j)™ for some j € J(OD) by Proposition 1.8.
Also 14+ j =ala+ s for some a € O and some s € Z(OD). As A/Z(OD)=0 as
rings, @™ = 1. Thus 14+j = als(l4+a~ts), where 14 +a"'s € 14+ J(A). Now
Lemma 1.13(a) implies that a = 1, j = s and we are done.

Next assume that A is a G-graded crossed-product O-algebra that is O-free.
Note that 14 € A;.

Proposition 1.15. Assume that Ay/J(A1) = M, (k) for some positive integer
r. Let S be a mazimal O-semisimple subalgebra of A; so that 14 € S and let
ug € Ay NA* for each g € G. Then:

(a) S = M,(0) as O-algebras, Ay = S+ J(A1), SNJ(A1) = J(O)S = J(S)
and A =8*(1a+ J(A1)) = Qa4+ J(A1))S*;

(b) for each g € G, there is an element wy, € Ay such that vy, = weu, €
Cy, (S)NAX;

(€) Ca(S) = Bgea(Ca,(S)vy) is a G-graded crossed-product O-subalgebra of
A= ®gea Ay, where (CA(S))g = Ca, (S)vy for all g € G;

(d) multiplication p : SR CA(S) — A such that c®o p — op = po for alloc € S
and all p € C4(S) is a G-graded O-algebra isomorphism (where (S ®o Ca(S))g =
S®0 (Ca(S)g) for all g € G); and

(e) AJ(A1) is a G-graded ideal of A and, setting A = A/(AJ(A1)), A becomes a
G-graded crossed-product k-algebra with Ay, = Ay+AJ(Ay) for all g € G and A; =
S = M, (k) as k-algebras. Moreover, Cx, (A1) = Z(Ay) = Ol4 =k, Ci(A) =
©gecCy, (.,le)@g is a G-graded twisted group k-subalgebra of A = QBgGGflg and
multiplication [i : AL @5 CA(.,Zh) — A such that & @y, pr—&p=pd forall g € A
and all p € CA(“LL) is a G-graded k-algebra isomorphism (where (A;@xC z(A1))y =
A1 ®p (CA(Al)g) for all g € G).

Remark 1.16. In Proposition 1.15(e), C ;(A;) = GgecCy, (A1), is the “Clifford
extension” of [3 (1.10) and (4.2)].

Proof. By [18, Theorem 7.3] and Proposition 1.12, we have (a). Fix g € G. Since
%9 S is also a maximal O-semisimple subalgebra of A4, there is an element j € J(A;)
such that 1T)uS = S. As Aute(S) = Innp(S) (cf. [18, Theorem 7.2]), there is
an element s, € S* such that sg(1 + jluy € Cx,(S) N A* and we may take
wy = s4(1 + j) € A to conclude (b). Then (c) is immediate and (d) follows from
[18, Proposition 7.5]. For similar reasons (e) also holds.

In the remainder of this section, G will, as usual, denote a finite group and we
shall also assume that (K, O, k) is “big enough” for all subgroups of G. Let b be
a block idempotent of OG and let — : OG — kG be the O-algebra epimorphism
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induced by the natural epimorphism — : O — k = O/J(O). Thus b is a block
idempotent of kG.
We shall need the following well-known “facts”:

Lemma 1.17. (a) If D is a defect group of b, then D is a defect group of b; and (b)
if P is a p-subgroup of G, then the OP-module homorphism m(b) : OP — (OG)b
such that p — pb for all p € P is an injection and the kP-module homorphism
m(b) : kP — (kG)b induced by m(b) is an injection.

Proof. Here (a) is a consequence of [5, ITII, Theorem 6.10]. Since (OG)b is projective
and hence free in OP-mod, the first part of (b) holds and similar arguments yield
the remainder of (b).

Next assume that b is a block of defect 0 of the finite group G and let V' be
an indecomposable module in (OG)b-mod. Then V is projective in OGb-mod, V'
is irreducible in kGb-mod and K ®p V is irreducible in Gb-mod. Let x denote
the character of L ®o V and let ¢ denote the Brauer character of V. Let H < G
and let 8 be a block of defect 0 of H and let W be an indecomposable module
in (OH)B-mod so that we have similar conditions as above. Also let § denote the
character of X ® W and let ) denote the Brauer character of W. Finally let w
denote the multiplicity of W as a composition factor of Res& (V).

Lemma 1.18. w = (Res$(x),0)u .

Proof. Clearly w = ﬁ Shem, e(h)y(h~1). Since x and ¢ vanish on p-singular
elements and x and ¢ and § and ¥ agree on p-regular elements, we are done.

In the remainder of this section let the solvable finite group A act on G on the
right and be such that (|G|, |A|) = 1 so that we are in the Glauberman correspon-
dence situation (cf. [I0, Chapter 13]). Set C' = Cg(A).

Let N < G be A-invariant. Then Oy (A) = CNN < C and 7(N, A) : Irr(N)A —
Irr(C'N N) is a bijection.

Lemma 1.19. Let x € Irr(N)4 and let c € C. Then:

(a) x¢ € Irr(N)4;

(b) (m(N, A)(x))* = 7(N, A)(x°); and

(c) Stabc(x) = Stabe (m(N, A)(x)).
Proof. Clearly (a) holds and, for (b), [I0, Theorem 13.1] implies that we may
assume that A is a g-group for some prime g # p. Then w(N, A)(x) is the unique
irreducible constituent of Resgﬂ ~(x) with multiplicity prime to ¢ by [10} Theorem
13.4]. Thus 7(N, A)(x)¢ is the unique irreducible constituent of Resfny (x¢) with
multiplicity prime to g. Thus (b) follows and (c) is immediate.

Let D be a p-subgroup of C NN and let 8 € B¢(N)? have D as a defect group.
Then W () is a block of CNN with defect group D and Irr(W(5)) = {#(N, A)(x) |
x € Irr(B)} (where Irr(3) C Irr(N)4).

Our next result is an immediate consequence of Lemma 1.19.

Corollary 1.20. Let c € C (with 8 and D as above). Then:
(a) B¢ € BU(N)A and has D¢ as a defect group;
(b) W(5%) = W(B)°; and
(c) Stabe(8) = Stabe (W (3)).

We continue with the hypotheses above.
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Lemma 1.21. (a) Let 3 € B{(N)? have D as a defect group. Then there is an
A-invariant block b of G that covers 3 and such that D = N N A for some defect
group A of b;

(b) assume that D < N and let b be an A-invariant block of G with a defect
group D. Then D = O,(G) = Op(N) and there is an A-invariant block 5 of N
covered by b such that D is a defect group of 3; and

(c) let b € BU(G)? have D as a defect group and cover 3 € B{(N)? such that D
is a defect group of 5. Then W (b) € BL(C) (with defect group D) covers W(3) of
C NN (with defect group D).

Proof. Assume the conditions of (a) and let ¢ € Irr(3), so that ¢ is A-stable by [19}
Proposition 1]. Then [10l Theorem 13.28] yields an A-stable irreducible constituent
x of Ind$ () which must belong to an A-stable block b of G that covers 3. Thus
[12, Proposition 4.2], completes the proof.

Assume the conditions of (b). Thus D < O,(G) and hence D = O,(G) since
D is a defect group of b. Let x € Irr(b) so that y is A-stable. Here [10, Theorem
13.27] yields an A-stable irreducible constituent 1 of Res$(x). Then 1 lies in an
A-stable block 5 of N. Let A be a defect group of 3, so that D = O,(N) < A. As
above A < A’ for some defect group A’ of b. Since |D| = |A’|, we conclude that
D = A = A’ is a defect group of 3.

Assume the conditions of (c), let x € Irr(b) and let ¢ € Irr(8) be such that
[ResS (x),¥]n # 0. Thus [x, nd§ (¥)]¢ # 0 and [0, Theorem 13.29] implies that
0 # [IndEy (r(N, A)(¥)), 7(G, A)(x)]le = [7(N, A)(©), Res¢r (m(G, A)(xX))]onn-
Thus W (b) covers W () and we are done.

For the final results of this section, we assume that D < G, where D is a p-
group. (These results may hold for arbitrary sets of primes.) Clearly if g € G, then
D normalizes gD = Dg, Gy and (¢D) N G-

Lemma 1.22. Let g € G. Then the following five conditions are equivalent:

(a) gD € (G/D)y,

(b) gp € D,

(¢) xp € D for all x € gD,

(d) (9D) NGy #0; and

(e) D = zp D for all x € gD.

In which case, if z € (D) N Gy, then:

(£) (9D) NGy = 7;

(2) if T is a right transversal of Cp(z) in D, then gD = J,.7(2Cp(2))*, where
the union is disjoint;

(h) if T is a right transversal of Gp(gy) in D, then gD = U,c7(9Cp(gp))",
where the union is disjoint; and

(i) if ¢ : gD — K is D-stable, then

> (@) =[D:Cplgy)l | D (gd)

rzegD deCp(g,)

Proof. The equivalence of (a)—(e) is well known and easy. Let z € (¢D)NG,. Then
2P C (¢D)N G, since D normalizes (¢D) NGy. Let u € (¢D) NGy = (2D) NGy
Then (u) < D(z), (u) is a p’-subgroup and (z) is a p’-subgroup complement to D
in D(z). Thus [7, Theorem 6.3.6] yields an element d € D such that (u)¢ < (z).
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Hence u? € (D) N (z) = {z} and (f) holds. Let u € gD = zD. Then u = upyu,,
where u, € D and uy € (9D) NGy = zP. Hence ul, = z for some d € D
and u? = zul € 2Cp(z). Thus gD = Uuep(2Cp(2))* = U,z (2Cp(2))" since
Cp(z) normalizes zCp(z). Since |J,c7(2Cp(2))"] < |D : Cp(2)|[2Cp(2)| = |D],
(g) holds. Note that g = g, gp, where g, € (¢D) NGy and g, € Cp(gp). Then

9D = Uyer (90 Cn(9p))" = Uier (9Cn(gp7))" and we are done.
Let Gy = [U;c; O: be the D-conjugation orbit decomposition of G .

Corollary 1.23. ¢ : (G/D),y — {O;li € I} such that D € (G/D), — (xD)NGp
is a bijection.

2. PROOFS OF THEOREMS 1 AND 2

We begin with a proof of Theorem 1. Under the hypotheses of Theorem 1,
let H = Ng(D) and K = DCg(D) < H. Then Lemma 1.21(b) yields a block
B € BL(K)? with defect group D that is covered by Brp(b). Here /3 is also a block
of C¢(D) and (D, 8) is a maximal b-subpair. By [19l Proposition 4(i)], (D, W(0))
is a maximal W (b)-subpair. Here W(3) is a block of DC¢(D) = Ck(A) and
W(Brp(b)) covers W(3) € B{(Ck(A)) by Lemma 1.21(c). Since (D,W(0)) is a
maximal W (b)-subpair, it follows that Brp(W (b)) is the unique block of Ne(D)
that covers W(3) € B{(Ck(A)). Thus W(Brp(b)) = Brp(W (b)) and we are done.

Next we proceed to demonstrate Theorem 2. So we assume that D < G. Let
A,G,D 4 C = Cg(A), b € B{(G)* and W (b) € BL(C) be as in Theorem 2. Set
L = Cg(D) 9 G and K = DCg(D) < G and note that D = O,(G). By [10/
Theorem 13.27], there is an A-stable block 8 of K that is covered by b. Since
D = O,(K), [12, Proposition 4.2] implies that D is the defect group of 5. Let
T = Stabg(f) so that K = DCq(D) < T < G and T is A-invariant. Set L; =
LNC=Cc(D)<C and K1 = KNC = DC¢(D) 9 C, so that W () € Bl(K;)
has defect group D. Also T'N C' = Stabg(8) = Stabe(W(3)) by Corollary 1.20(c).
As is well known, there is a unique block by of T' that covers 3 and is such that
{d$ () | ¥ € Trr(bp)} = Irr(b) and by induces b via Brauer block induction.
Also by is A-stable and has defect group D. Moreover, (OG)b =2 IndS ((OT)br) as
interior G-algebra and as A-algebras, b = Tr%; (br), and the Brauer categories of
(OG)b and (OT )by are equivalent, and (OT )by and (OG)b are Morita equivalent O-
algebras by a categeorical equivalence that on the character level yields the bijection
nd$ : Irr(by) — Irr(b).

Here W (b) € B{(C) covers W(3) and both have defect group D, W(br) €
BUTNC), W(br) covers W(3) and also has defect group D by [10, Theorem 13.29].
Moreover, Irr(W (b)) = {W(Ind%(4)) | ¢ € Irr(br)} = {IndS o (x(T, A)(¥)) | ¥ €
Irr(by)} by [8, Theorem 2.3(ii)]. Thus (OC)W (b) = IndS(O(CNT))W (by)) as
interior C-algebras, W (b) =Tr&~ (W (br)), and the Brauer categories of (OC)W (b)
and (O(C NT))W(br) are equivalent, and W (br) induces W (b) via Brauer block
induction, and O(C N T)W (br) and (OC)W (b) are Morita equivalent O-algebras
via a categorical equivalence that on the character level yields the bijection Indng :
Irr(W (br)) — Trr(W(b)).

Consequently it suffices to assume that § is G-stable. In that case, 5 =b and b
is a block idempotent of OG, OK and OL, where Z(D) is a defect group of b as
a block of OL. Also |G/K| = m is relatively prime to p. Similarly W(3) = W (b)
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is a block idempotent of OC, OK; and OL; where Z(D) is a defect group of W (b)
as a block of OL; (cf. [B] V, Sections 3 and 4]).

Since [G,A] < Cg(D), we have G = Cg(D)C. Since DCc(D)/Cc(D) is a
normal Sylow p-subgroup of C'/C¢(D), there is a subgroup H;y of C with Co (D) <
Hy,,C = H;D and HiND = Z(D). Thus the map hCc(D) — hK for h € H; is an
isomorphism of Hy/L; onto G/K. Let T be a transversal of Ly in Hy with 1 € 7,
so that 7 is a transversal of K in G and |T| = |H1/L1] = |G/K| = |C/K1| =m

Set H = Cg(D)Hy, so that L < H < G = HD and HND = Z(D), H is
A-invariant, Cg(A) = CNH = Hy and H; N Cg(D) = Co(D). As Ly = Cq, (D),
H, /Ly acts faithfully by conjugation on D. Let N' = D x (Hy/Ly).

As is well known, the block b of OK contains exactly one irreducible character
0 such that D < Ker(f) and b contains exactly one irreducible Brauer character
¢ and ¢(z) = O(z) for all p’-elements = of K. Let V be an O-free OK-module
that affords 6 and let » = (1) = rank(V/O). Then D < Ker(V) and V is an
irreducible kK-module in b with Brauer character . Let P(V) denote a projective
indecomposable (OK)b-module corresponding to V' and let ® be the character of
P(V). Then ®(x) = |D|¢(x) = |D|0(z) for all p’-elements x of K by [5, V, Corollary
4.6] and hence rank(P(V)/O) = r|D|. Since (OK)b = P(V)" in (OK)b-mod, we
conclude that rank((OK)b/O) = r?|D|. Note that Resf (9) is the unique irreducible
character in the block b of L with Z(D) < Ker(Res? (A)); we similarly conclude that
rank((OL)b/O) = r2|Z( )|. Also § = char(V) is the unique irreducible character
of (kK)b, and Res¥ () = char(Res¥ (V)) is the unique irreducible character of
(kL)b and 1, = |K/D|, = |G/D|,.

Clearly (OL)b, (OK)b and (OH )b are O-subalgebras of (OG)b.

Let 01,01, V1,71 = 61(1), V3, P(V}), ®; be the corresponding objects of the
block W (b) of K; with defect group D. Note that 7(K,A)(0) = 6; since D <
ker(m (K, A)(9)) and 7(K, A)(0) € Irri, (W (b)).

Proposition 2.1. (a) the O-algebra homomorphism M(b) : OD — (OK)b such
that oo — ab for all o« € OD is a G-injection such that M (b)(OZ(D))=(0Z(D))b<
(OL)b;

(b) there is an O-simple subalgebra S of (OL)b such thatb e S, S = M, (O) as
O-algebras, (OL)b = S + J((OL)b), (OK)b =8 + J(OK)b), S is a mazimal O-
semi-simple O-subalgebra of both (OL)b and (OK)b, and J(O)S = SNJ((OK)b) =
SNJ((OL));

(c) Clokp(S) = (OD)b and Ciory(S) = (OZ(D))b and the O-linear “multi-
plication maps” p: S ®p ((OD)b) — (OK)b such that s ®o a — sa for all s € S
and all « € (OD)b, and i : S ® (OZ(D))b — (OL)b such that s ®p o — sa for all
s €S and all a € (OZ(D))b are O-algebra isomorphisms;

(d) (OG)b = ®rer(OK)D)(th) and (OH)b = @ ((OL)D)(th) exhibit (OG)b
and (OH)b as Hy/Li-crossed product O-algebras with ((OG)b)ir, = ((OK)b)(tb)
and g( H)b)ir, = ((OL)b)(tb) for all t € T, respectively;

(e) for each t € T, there is an element wy € ((OL)b)* such that
vy = wy(th) € Coryyn) (S) N ((OH)b)* ,v1 = wy = b,
Ciomp(S) = ®ter(((0Z(D))b)vr),
C(oc)b(s) = @ieT((OD)b)vr)

and viav, b = tat™' = ta for all a € (OD)b, viav; * = wi(*a)w, ! for all a €
(OK)b and vi € Noa))x ((OK)b) N Noayupx((OL)b) for allt € T. Also A =
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Dte7Ov: is a twisted Hy/Li-group O-subalgebra of (OH)b with associated ¢ €
Z%(Hy /L1, f(k*)) such that ¢™ =1 and c(tLy,L1) = c(L1,tL1) =1 for allt € T,
Q = {c(t1L1,t2Lq) | t1,t2 € T} is a finite subgroup of O* of order n dividing m
and {wvy |w € Q, t € T} is a subgroup of A* of order mn;

(f) multiplication p : S ®o Cioap(S) — (OG)b such that s ® o — sa for all
s €S and all a € Cioe)p(S) is an O-algebra isomorphism;

(g) (OH)bJ((OL)b) is an Hy/Li-graded ideal of (OH)b and hence (BF{/ﬂJ =

—_~

(OH)b/((OH)bJI((OL)b)) is an Hy/Ly-crossed product k-algebra with (OH)b)ir, =

—~—

[((OL)b)(tb) + (OH)bJI((OL)b)]/[(OH)bJI((OL)b)] for allt € T and (OH)b)r, =
S/J(0)S = M, (k) as k-algebras. Moreover, the injection i : A = ®e7Ovy —
(OH)b induces an Hy/Li-graded isomorphism of A = A/J(O)A onto the associ-
ated “Clifford extension” of (OH)b with respect to (OH)bJ((OL)b); and

(h) let L denote the O-free twisted N -group algebra with O-free basis {(d,tL1) |
de D, te T} such that (dl, tlLl)(dQ,Ifng) = C(tlLl, tng)(dl (tldg),tng), where
dy,dy € D and t1,to € T and (t1L1)(t2L1) = tsLy for a unique ts € T. Then L is
O-algebra isomorphic to Cioa)(S) = @ier (((OD)b)vy) via the O-linear map such
that (d,tLq) — (db)v, for alld € D and allt € T.

Remark 2.2. The “Clifford extension” of Proposition 2.1(g) is the “Clifford exten-
sion” of kH with respect to the irreducible character Resk (6) = char(Resk (V)) of
kL.

Proof. Clearly Lemma 1.17 yields (a). Since ¢ is the unique irreducible Brauer
character of b € BI(OK) and Resk (¢) is the unique irreducible Brauer char-
acter of b € B{(OL), Propositions 1.12 and 1.15 and [18, Theorem 7.3] yield
(b). Here the O-linear “multiplication” map p : S ® Clok)(S) — (OK)b is
an O-algebra isomorphism by [18, Proposition 7.5]. Thus rank(C(ok)s(S)/0O) =
|D| = rank((OD)b/O) and (OD)b < Ciok)(S). Also “reducing mod p”, we sim-
ilarly have dim((kD)b/k) = |D| = dim(C},x3(S)/k). Thus Cy;(S) = (kD)b and
(OD)b < Croryp(S) < (OD)b+J(O)(OK)b. Let 0 # x € J(O)(OK)bNC(ok)p(S)-
Then there are elements 0 # j € J(O) and 0 # u € (OK)b such that z = ju
and we readily conclude that u € Cog(S). Thus (OD)b < Coku(S) <
(OD)b+J(0O)C(oKk)(S) and Nakayama’s Lemma implies that C(o k)5(S) = (OD)b.
Similarly Cor),(S) = (OZ(D))b and (c) holds. Clearly (d) holds.

For (e), recall that 1 € 7 and that ((OL)b)* = S*(b + J(OL)b)) =
(b+ J(OL)b))S* by Proposition 1.12.

For each t € 7, there is an element w; € ((OL)b)* such that

wy(tb) € CioLypun (S) N ((OH)b)™,

where we may assume that w] = b if ¢ = 1 by Proposition 1.15(b). Conse-
quently (OH)b = ez (OL)b((w](th)) and Ciomy(S) = ez OZ(D)b(uwi(th)),
where OZ(D)b is a commutative O-algebra. Lemma 1.13 implies that there is a
set {us]t € T} C (OZ(D)b)* such that @re7O(urwy(th)) is a twisted Hy/Ly-group
O-algebra with associated ¢ € Z2(Hy /Ly, f(k*)). Then, since kX is m = |Hy/L1|-
divisible, Lemma 1.4 implies that we may replace each u; by an element of O™y
to assure that ¢™ = 1. Then, referring to Lemma 1.2, we may also assume that
c(tLi,L1) = c(L1,tLy) = 1forallt € T. Then (u1b)(u1b) = (u1b) and hence u; = b
and with w; = ugwy for all t € 7 we have (e).
Finally [18, Proposition 7.5] implies (f), and (g) and (h) are clear.
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For similar reasons, we have:

Proposition 2.3. (a) the O-algebra homomorphism M (W (b)): OD — (OK1)W (b)
such that o — aW (b) for all « € OD is a C-injection such that M(W (b))(OZ(D))
= (0Z(D))W(b) < (OL1)W (b),

(b) there is an O-simple subalgebra Sy of (OL1)W (b) such that W (b) € S1, S1 =
M., (O) as O-algebras, (OL1)W(b) = &1 + J((OL1)W (b)), (OK)W(b) = S1 +
J((OK)W (b)), Si is a mazimal O-semi-simple O-subalgebra of both (OL1)W (b)
and (OK1)W(b) and J(O)S1 = 81 NJ((OK1)W (b)) = S1 N J((OL1)W(b));

(C) C(OKl)W(b) (51) = (OD)W(b) and C(OL1)W(b) (S1) = (OZ(D))W(()) and
the O-linear “multiplication maps” p : S1 @0 ((OD)W (b)) — (OK1)W(b) such
that s1 ®o a — s1a for all s € & and all « € (OD)W(b), and p : S Ro
((OZ(D))W (b)) — (OL1)W(b) such that s1 ®p a — s1a for all s1 € S1 and all
a € (0Z(D))W(b) are O-algebra isomorphisms;

(d)

(OCYW (b) = @ier (OKL)W (b)) (tW (b))
and
(OH)W (b) = et (OL1)W (D)) (tW (b))
exhibit (OCYW (b) and (OH1)W (b) as Hy/Li-crossed product O-algebras with
((OCYW (0))iz, = (OK1)W (b)) (EW (b))
and
(OH)W (0))iz, = ((OL1)W (b)) (tW (b))

forallt e T;
(e) for each t € T, there is an element w, € ((OL1)W (b))* such that

vy = wy(tW (b)) € CloLywmyewr) (S1) N ((OH)W (D)*, vy =w) = W(b),
Ciomyww)(S1) = Ser(((OZ(D)W (b))vy),
Ciocyw ) (S1) = Ger(((OD)W (b))vy),

via(v)) Tl =tat™t = ta for alla € (OD)W(b), via(v)) ™t = (w})(ta)(w,) =t for all
a € (OK1)W(b) and v; € Nocyw @) ((OK1)W (b)) N Nocyw @)= ((OL1)W (b))
for all t € T. Also A = @®e7Ov; is a twisted Hy/Li-group O-subalgebra of
(OH, )W (b) with associated ¢’ € Z*(Hy/Ly, f(k*)) such that (¢)™ = 1 and
c(tL1,L1) = ¢ (L1,tL1) =1 for allt € T;

(f) multiplication

1 S1@ Clooyww)(S1) — (OC)W (b)

such that s1 @ o+ sy for all 51 € Sy and all o € Clocyww)(S1) is an O-algebra
isomorphism;
(g) (OH)W (b)J((OL1)W (b)) is an Hy/L1-graded ideal of (OH1)W (b) and hence

(OH)W(b) = ((OH)W (b))/((OH)W (b)J(OH)W (b)) is an Hy/Li-crossed
product k-algebra with

(OH)W (0))iz, = [((OL)W ()(tb) + (OH1)W (b)J((OL1)W (b))]
J(OH)W (5)J ((OL1)W (b))]
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forallt € T and (OH )W (b)r, 2 S1/(J(O)S1) = M, (k) as k-algebras. Moreover,
the injection i’ : A" = @7 Ovy, — (OH1)W (b) induces an Hy/L1-graded isomor-
phism of A = A’ /(J(O)A’) onto the associated “Clifford extension” of (OH1)W (b)
with respect to (OH1)W (b)J((OL1)W (b)); and

(h) let L' denote the O-free twisted N -group algebra with O-free basis {(d,tLy) |
de l)7 te T} such that (dl, tlLl)(dQ,Ifng) = C/(tlLl, tng)(dl (tldg), t3L1), where
dy,dy € D and ty,to € T and (t1L1)(t2L1) = t3Ly for a unique t3 € T. Then L’
is O-algebra isomorphic to Ciocyw ) (S1) = @ieT((OD)W (b))v; via the O-linear
map such that (d,tL1) — dW (b)v, for alld € D and allt € T.

Remark 2.4. The “Clifford extension” of Proposition 2.3(g) is the “Clifford exten-
sion” of kH; with respect to the irreducible character Resfl1 (61) = (:har(Resfl1 (V1))
of ]le

By Propositions 2.1 and 2.3, a Morita equivalence will follow from the proof
that the O-free twisted Hy/Li-group algebras A and A’ are Hj/Li-graded iso-
morphic O-algebras. Applying Propositions 2.1 and 2.3, Remarks 2.2 and 2.4
and Lemma 1.13(b), it suffices to prove that the associated “Clifford extensions”
of (OH)b with respect to (OH)bJ((OL)b) and of (OH;)W(b) with respect to
(OH )W (b)J((OL1)W (b)) are isomorphic.

At this point, we observe that it suffices to assume that A is cyclic of prime order
q.

Consequently, we can apply the proof of [14] Proposition 3.3] that is a conse-
quence of [14] Lemma 3.2] of E.C. Dade working over k as follows.

Letﬁ:HMAandizLxA,sothatLﬁﬁandzﬂffsinceH:LHl and
A centralizes Hi. We note here that (K,O, k) is “big enough” for all subgroups
of H. As v = Res¥ (#) € Irr(L)? and (|L|,]A|) = 1, v has a unique canonical
extension ¥ € Irr(f/)H such that A < Ker(det(7)). Then 5 = Res% (6) is the unique
irreducible character of (kL)b and 7 is an H-stable irreducible character of kL that
extends 4. As in [14, Lemma 3.2], since H=LH, [3, Theorem 4.4] implies that the
“Clifford extensions” of kH with respect to 7 = Resk () and of kH with respect
to 74 are isomorphic twisted H;/Li-graded k-algebras.

Note that Cg(A) = Hy and let H, =H,xAand L, = Ly x A, so that Ly < H,
and [, < Hy. Set 6 = Resf-fll (0,) € Irr(Ll)Hl. Then § has ¢ different extensions to
irreducible characters § x A € Irr(L;) for all A\ € Trr(A). Similarly § is the unique
irreducible character of kLW (b) and § x X is an Hj-stable irreducible character of
kL, that extends d for each A € Irr(A).

As above, the “Clifford extensions” of kH; with respect to 6 and of kH; with
respect to § x A are isomorphic twisted H;/Li-graded k-algebras for each \ €
Irr(A).

Clearly v = Resk () € Trr(b), where b € Bf(L) has defect group Z(D) and
Z(D) < Ker(y). Also # lies in a block of L with defect group Z(D) that covers b
and Z(D) < Ker(¥). Similarly 6 = Resfl1 (01) € Irr(W (b)), where W (b) € Bl(L)
has defect group Z(D), Z(D) < Ker(§) and § x X lies in a block of L; with defect
group Z (D) that covers W (b) and Z(D) < Ker(é x A) for all A € Trr(A).

Fix A € Irr(A).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



324 MORTON E. HARRIS

We may view 7 and & x A as elements of Irr(L/Z(D)) and Irr(L, /Z (D)), resp.;
in which case we have
i - L/z(D
(2.1) (Res? (7), & x Nz, (ResL//Z((;)( )0 X N, 1200
Let V be an O-free indecomposable OL-module that affords 4 and let V~V~ be an
O-free indecomposable OL;-module that affords § x A\. Here Z(D) < Ker(V) and

V lies in a block of L with defect group Z (D) so that V is an irreducible kL-module

with character 7. Moreover, we may view V as an irreducible k(L /Z(D))-module
that lies in a block of defect 0 of L/Z(D). Similarly, Z(D) < Ker(W) and W lies in

a block of L; with defect group Z(D) so that W is an irreducible kL;-module with
character § x A. Clearly we may view W as an irreducible k(L1/Z(D))-module

that lies in a block of defect 0 of L1/Z(D). Here the multiplcity w of W as a
kLi-module composition factor of Res]:“ (‘7) is the same as the multiplicity of W

L/Z(D
L//Z((I%)(V). Now Lemma 1.18

and (2.1) imply that w = (Resil(fy),é x A)i,. Consequently, the proof of [T4]
Lemma 3.2] implies that we may choose w} € ((OL1)W(b))* for each ¢t € T, where
wi = W(b) such that, setting v; = tW (b)w, for all t € T, we have

(2.2) Ciocyw 1) (S1) = et ((OD)W())vy),

viav, = tat™! = ‘'a for all a« € (OD)W(b), and such that there is an O-
algebra isomorphism @ : Ciocyws)(S1) = Ster((OD)W(b))v;) — Cioap(S) =
®e7(((OD)b)vy) such that (W (b))v; — (ab)v, for all € OD and all ¢t € 7. Con-
sequently with this choice, we have ¢/(t1L1,t2L1) = c(t1L1,t2L1) for all t1,t5 € 7.
Now Propositions 2.1(e), (f) and 2.3(e), (f) imply that OGb-mod and OCW (b)-mod
are Morita equivalent.

Let S = Endp(U) and &1 = Endp (Ur), where U, Uy are O-free modules of ranks
7,71, respectively. Then, as in [8 Section 4], since p : S ®o Cioa)(S) — (OG)b
and p1 : 81 ® Clocyw ) (S1) — (OC)W (b) of Propositions 2.1(f) and 2.3(f) are O-
algebra isomorphisms, the (OG)b-mod-(OC)W (b) bimodule M inducing the Morita
equivalence above is given explicitly by

= (U ®o (C06)(S)e)) @cioewm (51) (Clooyww)(S1) ®o UT),

where @ : Clocyw)(S1) — Coap(S) is the O-algebra isomorphism above and
Uy = Homp (Uy, O) is the dual module of U;.

Thus M = U @0 (Cioc)p(S)e) ®o Ut in (OG)b-mod-(OC)W (b).

Using the method of [8, Section 4], we show that the indecomposible (OG) ®o
(OC)-module M = U ®0 (Cioc)(S)s) ®o Ui has AD as a vertex and a trivial
source.

Here D x D is the defect group of the block corresponding to b @ W (b) in
(0G) ®o (0C) = O(G x C). Thus M, viewed in (OG) ®o (OC)-mod, is D x D-
projective. Following [8 Section 4] and noting that D < G, that the isomorphism
p: S ® Coap(S) — (OG)b sends b ®p db — db for all d € D and that the
isomorphism p; : S1®0 Clocyw @) (S1) — (OC)W (b) sends W (b) @dW (b) +— dW (b)
for all d € D, we observe that the restriction of M to D x D is isomorphic to a
direct sum of the modules (((’)D)b)vt for all t € 7. Here (OD)t = ((OD)b)v;

in O(D x D)-mod and so ((OD)b)v; = In. dO(DXD)(O) in O(D x D)-mod, where

as a k(L /Z(D))-module composition factor of Res
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Ry = {(d,t~'dt) | d € D} for each t € T. Thus [5, III, Lemma 4.6] implies that M
has AD as a vertex and a trivial source.

Now we proceed to demonstrate that such a Morita equivalence can be chosen
so as to satisfy (ii) of Theorem 2.

Let Z((OD)b) = > 4ep# O(d — 1)b and Z((OZ(D))b) = 3 e z(py» O(d — 1)b
denote the augmentation ideals of (OD)b and (OZ(D))b, resp. as in Lemma
1.14. Set Z((OL)b) = (OLI((0OZ(D))b) and Z((OK)b) = (OK)VZ((OD)b).
Then Z((OL)b) = SZ(OZ(D)b) = Z(OZ(D)b)S, Z((OL)b) is an ideal of (OL)b,
Z((OL)b) < J((OL)b), and Z((OL)b) = @g4czpy#S(d — 1) and (OL)b = S @
Z((OL)b) in S-mod-S. Thus the O-algebra projection g : (OL)b = S®Z((OL)b) —
S in S-mod-S§ is an epimorphism with Ker(rs) = Z((OL)b). Moreover Proposition
2.1(c) implies that C(or)s(S) = OZ(D)b.

Similar facts hold for (OK)b: Z((OK)b) = SZ((OD)b) = Z((OD)b)S, I((OK)b)
is an ideal of (OK)b, Z((OK)b) < J((OK)b), Z((OK)b) = @gep#S(d — 1)b and
(OK)b = S @ Z((OK)b) in S-mod-S. Also the projection ng : (OK)b = S @
I((OK)b) — S in S-mod-S is an epimorphism with Ker(rs) = Z((OK)b) and
Corp(S) = (OD)b.

Similarly, we define Z((OD)W(b)), Z((OZ(D))W (b)), Z((OL1)W (b)),
Z(OK1)W (b)), ws, : (OL1)W(b) — &1 and 7s, : (OK1)W(b) — S; and we have
the corresponding facts.

Extending to IC, it is clear that

0=Trsomns: (OK)b— O and
01 =Trs, oms, : (OK)W(b) — O
canonically induce irreducible characters of K and K, respectively, with D con-
tained in their kernels and such that 6 € Irrc(b) and 6, € Irric (W (D)).
Lemma 2.5. (a) b+ Z((OL)b) < ((OL)b)*,((OL)b)* = S*(b+ Z((OL))) =
b+Z((OL)b)S* and S*N(b+Z((OL)b)) =b
(b)

)

N((OL)b)X (SX) =8" x (b -I—I(OZ(D)b))
and
No+z(0ny)(8*) = Cprzonn)(S™) = b+ Z(0Z(D)b).

Similar results hold for (OK)b with (OD)b in place of OZ(D)b.
Proof. Clearly b+Z((OL)b) C b+ J((OL)b) < ((OL)b)*. Let i € Z((OL)b). Then
there is an element j € J((OL)b) such that (b+4)(b+j) =b. Thus j = —i—ij €
Z((OL)b) and hence b+Z((OL)b) < ((OL)b)*. Let z € ((OL)b)*, so that x = s+1
for some s € S and i € Z((OL)b). The projection ms : (OL)b — S yields an
element ¢ € S such that st =ts =b. Thus « = stz = s(b+ti) € S*(b+Z((OL)b))
and, since ms(z) = s, (a) holds. For (b), note that S* < Norpx(S*) =
S* Nipyz(oryp)(S™) and Ny z(orLyp)(S*) < Nioryx(S*). Thus

[, Nyyz(0Lyn) (8™)] € 8* N (b +Z((OL)b)) = b
and (b) follows from Propositions 2.1(c) and 1.12(e).

Corollary 2.6. b+J((OL)b) = (b+J(S))(b+Z((OL)b)) = (b+Z((OL)b))(b+J(S)).
A similar result holds for (OK)b.
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Proof. Since b+ J((OL)b) = ((b+ J((OL)b))NS™)(b+Z((OL)b)) by Lemma 2.5(a)
and (b+ J((OL)b)) NS* = b+ J(S) by Proposition 1.12(a), we are done.

Lemma 2.7. (a) If z € (OG)b)*, acting by conjugation, normalizes (OL)b and
Z((OL)b), and if u € (OL)b, then Tng(u) = myg (u); and

(b) if x € b+Z((OL)b) and u € (OL)b, then z~' € b+ Z((OL)b) and Ts(*u) =
ws(u). Similar results hold for (OK)b.

Proof. Assume the conditions of (a) so that v = s + 4 for unique s € S and
i € Z((OL)b). Then "u = *s+ %i, so that 5 (*u) = s = “ms(u). Assume
the conditions of (b) so that, 2= € b+ Z((OL)b) by Lemma 2.5(a) and 7s(*u) =
ns(zur™!) = ns(z)ms(u)ms(z™t) = ms(u) and we are done.

Remark 2.8. If g € G, then every element of ((OL)b)*(gb) normalizes both (OL)b
and Z((OL)b).

Let ¥ denote the set of maximal O-semi-simple O-subalgebras of (OL)b. Here
S € %, all elements of ¥ are O-simple and (OL)b = S*(b+ Z((OL)b)). Thus
b+ Z((OL)b) acts transitively on 3 by conjugation ([I8, Lemma 45.6]).

Lemma 2.9. Let X be a finite subgroup of Auto((OL)b) of order prime to p that
leaves T((OL)b) invariant. Then there is an x € b+ Z((OL)b) such that *S is
X -invariant.

Proof. Set G = (b+J((OL)b))x X, so that G permutes 3. Since b+Z((OL)b) and b+
J((OL)b) are transitive on &, G = (b+ J((OL)b))Ng(S*) = (b+Z((OL)b))Ng(S*)
since b + Z((OL)b) < G by Lemma 2.5. Applying [I8, Lemma 45.6], it suffices to
prove that Ny (oryp)(S™) has a complement in Ng(S*). Here Nyt jon)p)(S™) =
Notwgornyw)(S) = (b+Z(0Z(D)b)) x (b+ J(S)) by Lemma 2.5(b) and Lemma
1.5(b). Also b+ J(S) and b+Z(OZ(D)b) = Nyi1((01))(S™) are normal subgroups
of Ng(§*) and Ng(sx)/Nb+]((OL)b)(SX)£X. Set
Ng(8%) = Ng(8%)/(b+Z(OZ(D)b)).

Then b+ J(S)=b+ J(S) < Ng(S*) and [I8] Lemma 45.6] implies that b+ J(S)
has a complement Y in Ng(S*). The inverse image Y of Y in Ng(S*) satisfies
b+Z(OZ(D)b) <Y and Y/(b+Z(OZ(D)b))=X. Since b+Z(OZ(D)b) is an Abelian
group, [9, I, Hauptsatz 17.4] and Lemma 1.14(b) imply that b + Z(OZ(D)b) has
a complement B in Y. Clearly B is a complement to Nyi joryp)(S*) in Ng(S*)
and we are done.

Corollary 2.10. A leaves invariant an element of 3.

We shall henceforth assume that S € X is A-invariant. It follows that ws :
(OL)b — S and 7s : (OK)b — S are A-projections and that Ciomy(S) =
®1e7(OZ(D)b)vy and Cioc)(S) = Gter ((OD)b)vy are A-invariant. In fact, for
each t € T, Ciornww)(S) = CrorLypyw,(S) = OZ(D)bvy and Cloa)pn)(S) =
(OD)buvy are A-invariant and, from Proposition 2.1(e), v; = wy(tb) for some w; €
((OL)b)*. Consequently w; = st for unique s; € §* and oy € b+ Z((OL)b) by
Lemma 2.5(a) for each t € 7. Since wy; = b, we have s; = oy = b.

Lemma 2.11. (a) A acts trivially on Ciom)p(S) = ©ter OZ(D)bvy and Cioc)s(S)
= ®e7(OD)buy; and
(b) st and oy are fixred by A for allt € T.
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Proof. Let t € T and a € A. Then vy = av; for a unique a« € OZ(D)b. Hence
alel = b. Since (|a],p) = 1, Lemma 1.13(a) and Proposition 1.8 imply that a = vb
for a unique v € O* such that /%l = 1. However v]* = §b for a unique § € Q <
{z € O*|2™ = 1} by Proposition 2.1. Hence (v{)™ = y™(db) = (db)* = 6b so that
~™ = 1. As (la],m) = 1, we conclude that v = 1 and (a) follows. Since vy = sz (tb)
for unique s; € §* and ay € b+ Z((OL)b) and both §* and b+ Z((OL)b) are A-
invariant, Lemma 2.5(a) implies (b). Our proof is complete.

Recall that G = |, Kt, where the union is disjoint. We define 7% : G — &>
by kt +— ms(kb)s; ' for all k € K and all t € 7 and we extend 7% to an O-linear
map 75 : OG — S. Since s; = b, 15 extends the O-algebra A-epimorphism
s (OK)b — S. Clearly 75 () = w5 (ab) for all a € OG.

Lemma 2.12. Let o, € OK andt € T. Then:
(a) m5(e)ms(Bt) = ms((aB)b)s; = m5(abt);
(b) m5(atf) = w5 (a('B)t) = ms(a(*B)b)s; + = w5 (a)ms((*B)t) = m5(a)ms(t6);
(c) m5(1) =b=m5(b), m5((1-0)OG) = 5(OG(1-b)) =0 and 7% : (OG)b — S
is a surjective O-linear map; and

(d) 7% (ve) = b and s; 'ws(Bb)s, = ms(H(BD)).

Proof. Clearly (a)-(c) hold. Since v; = sy (th), we have m5(vi) = ms(sp0v)s; *
=57 ' =b. Also s; "oy = oy (th) € Nogyp (S). Thus

sy 'ms(Bb)se = sy toms(Bb)vy s = ws () (Bb)) = ms (**(Bb)) = ms(*(5b))

using Lemma 2.7, the fact that oy and tb normalize (OL)b and Z((OL)b) and the
fact that oy € Ker(ms). Our proof is complete.

Lemma 2.13. Let ki, ks € K and t1,to € T. Here tity = lt3 and tfl = l'ty for
unique £, 0" € L1 and t3,t4 € T. Then:

(a) Wg(kltl)ﬂ'g(kgtg) = C(tlLl, tQLl)_lTrg(kjltlk;QtQ);

(b) w5 (kit1) ™" = c(ti L, taly)ws((kat1) ™), and

(c) 75 ((kit1)®) = w5(kit1) = 75(k$)s;," = w4 (kit1)® for all a € A and 7% :
OG — S is an A-epimorphism in O-mod.

Proof. Clearly (kltl)(kgtg) = kl(t1k2)£t3 and W;(kltlkgtg) = Ws(kl(tlkg)fb)s;gl.
Also 75 (kity)ms (kats) = Ws(klb)s;llﬂs(k‘gb)stzl = 7r3(/<:1b)7r3((t1k2)b)st:15;21 =
ms(ki (" k2)b)s;, ' sy, using Lemma 2.12(d). Since vy, vy, = c(t1L1,taL2)vy,, we have
sptvn syt = sptsyle(tila oLy vy, = au, (t1b)au, (t2b) = au, (May,) (Lt3)b =
a, (Mag, ) (b)ag, s; o, Thus, c(t1 Ly, t2L1)sy, syt = any (Maw,)(h)ay,'s;,! and
applying ms, we conclude that c(t;L1,t2L1)s;,'s;,' = ms(¢b)s;,' and (a) holds.
Then (b) and (c) are immediate and we are done.

Recall the O-algebra isomorphism ® : Ciocyw 1) (S1) = @rer (OD)W (b)v;) —
Coaw(S) = ®ier(OD)bvy such that (oW (b))v; — (ab)v; for all « € OD and
all t € 7. Thus vi, vy, = c(tiL1,taL1)v;,, where tity € Lit3. Fort € T, v; =
wi(tW (b)), where w}, € (OL1)W (b))* = S (W (b) +Z((OL1)W(b))), so that w; =
sia for unique s} € Si° and o € W(b) + Z((OL1)W (b)). As above, define 7§ :
C=Uer Kit — S by kit — ms, (k1W(b))(s})~! for all k; € Ky and t € 7 and
extend 73 to an O-linear map 75 : OC — &i. The proof of Lemma 2.13 with
C, K1, 8 in place of G, K, S yields the following lemma.
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Lemma 2.14. Let k1,ky € K1 and t1,to € T. Here tita = ft3 and tfl = 'ty for
unique £, 0" € L1 and t3,t4 € T. Then:

(a) 71':;‘1 (k‘ltl)’frgl (kgtg) = C(tlLl, t2L1)717T§1 (kltlkgtg);

(b) 7'(';1 (kltl)_l = C(tlLl, t4L1)7T§1((k31t1)_1),‘ and

(c) 5, : OC — Sy is an epimorphism of O-modules.

Observe that (OH)b can be viewed as an H/L-crossed product O-algebra with
((OH)b)ir, = (OL)b(tb) for all t € T.
Thus Lemma 1.6 yields:

Lemma 2.15. ((OH)b)* N ((OL)b) = ((OL)b)*.

Lemma 2.16. Lett € T. Then:

(a) if y € (Kt)p, then y is D-conjugate to an element u € (Lt),y ; and

(b) if u € (Lt)y, then Cp(u) = Cp(t), ub € (OL)b(tb) = (OL)v, and there is
an element v € b+ Z((OL)b) such that (ub)? = sv;, where s € S*. Moreover, if
d € Cp(u), then (udb)¥ = s((db)vy) and 7§ (udb) = s.

Proof. If y € (Kt),, then, as G = HD, y is D-conjugate to an element u €
(H N (Kt))p = (Lt)y and (a) holds. Let u € (Lt),. Then Cp(u) = Cp(t) and
ub € ((OL)b)vs. Set X = (u). Then Lemma 2.9 yields an element z € b+Z((OL)b)
such that X leaves *S invariant. Consequently (ub)® € N om)p)x (S) N ((OL)bvy).
Note that ((OH)b)*N((OL)bvy) = (OL)b)* v; because of Lemma 1.6. Thus (ub)* €
(N((OH)b)X (S)ﬂ(((’)L)b)X)vt = N((OL)b)X (S)Ut = (SX X(b—f—I(OZ(D)b)))Ut because
of Lemma 2.5. Thus (ub)?* = sav for unique s € §* and a € b+ Z(OZ(D)b).
Set f = |ul, so that (f,p) = 1 and s/(av;)f = b. Consequently, s/ € S* N
Coc(S) = O*b and sf = ob for a unique 0 € O*. Since (f,p) = 1, there
is an element § € OX such that 67 = ¢. Then (ub)* = (6 1s)(a(dv;)), where
(671s)F = b = (a(6vy))!. Here 67v] = (6v)! € (b+ OZ(D)b) N (©4erOv;) = b.
Since a(dv;) € (b+ J(OZ(D)b))(dv:) C (OZ(D)b)* (6v;) and viav; * = tat™! for
all @ € (OD)b by Proposition 2.1(e), Lemma 1.11 with X = (b + J(OZ(D)b))E
where e = év; and E = (dv;) and Lemma 1.14(a) imply the existence of an element
x € b+ Z(OZ(D)b) such that (a(év:))* = dve. Thus v = zax € (b+ Z((OL)b)) is
such that (ub)? = (671s)(a(d1y))® = (67 1s)(dvy) = svy. If d € Cp(u) = Cp(t),
then ((ud)b)” = (ub)?(db) = s((db)v;). Let v = b+j and v~ ! = b+ j', where j,j’ €
Z((OL)b). Then (b+j")((ud)b)(b+7) = (b+4")(b+"j)(ud)b, where (b+5")(b+"j) €
b+Z((OL)b), so Lemma 2.12 implies that 75(((ud)b)?) = 75((b+j")(ud)b(b+7)) =
75((ud)b) = 75 (s(db)vy) = s and we are done.

We extend 0 = Trgoms : (OK)b — O and 61 = Trs, ows, : (OK1)W(b) — O
to O-linear maps 0 = Trson§ : OG — O such that g — Trs(n5(gb)) forall g € G
and 0y = Trs, oms, : OC — O such that g +— Trs, (75, (gW (b)) for all g € C. Set
B = Cioa)p(S) and B' = Cocw ) (S1)-

For the remainder of this article we extend coefficients to K so that KS=M,.(K),
KS1=M,, (IC), ICC(oc;)b(S) = KB = @(téqD’ (IC(db)vt), ICC(OC)W(b) (31) = KB =

D e (K(AW (b))v;), the multiplication maps
déD
w: (KS) @k (KB) — (KG)b,
p = (KS1) @k (KB') — (KC)W (b)

are [C-algebra isomorphisms, etc.
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Clearly
Irrc ((KS) @i (KB)) = {(Trs x ) | ¥ € Irre (KB) },

where (Trs * ¥)(s @k 3) = Trs(s)y(8) for all s € S and § € B and for all ¢ €
Irrc (KB). Thus Irre (b) = {(Trs * )p~t | € It (KB)}. Set 0y = (Trs * )"
for all ¢ € Irric (KB). We view Irric (B) as a subset of Irrc (G) in the canonical
fashion.

Fix ¢ € Irrie(KB) and t € 7 and let g € Kt. Since D is the defect group of b,
0y(9) =01if g, ¢ D by [l IV, Lemma 2.4]. Hence, by Lemma 1.22, we have

(2.3) 0y(g9) =0if gD & (G/D)y .

Suppose that gD € (G/D),s. Then, by Lemma 1.22, g, € D and g,y € Kt. Since
G = HD, gy is D-conjugate to an element uw € HN(Kt) = Lt and uD = gD C Kt.
By Lemma 2.16, there is an element o € b+Z((OL)b) such that (ub)? = sv;, where
s € S and w5(gb) = w&(ub) = s. Also Cp(u)b = Cp(t)b = Cpy(ve) since u € Lt
and we have gD = uD = Ufej_-(uCD(u))f, where F is a right transversal of Cp(u)
in D and the union is disjoint. Moreover if d € Cp(u), then (udb)? = s((db)vy)
since 0 € b+ Z((OL)b). Thus:

if d € Cp(u), then Oy (ud) = Trs(s)y((db)v,), where m5((ud)b) = s; and

(2.4) Z 0y (ud)0y((ud)™) = |D : Cp(t) | Trs(s)Trs(s™t)
deD

> @((db)v)e((db)o) ).

deCp(t)

Remark 2.17. Clearly (2.3) and (2.4) reduce to [16, Theorem 7] (cf. [5, V, Theorem
4.7]) when G = K and present a description of Irri (b) that differs from the descrip-
tion of Irri(b) given in [16], Section 3] and that is consonant with [16, Theorems 5
and 6] and with [T5, Theorem A].

Utilizing ® : KB’ — KB (the canonic extension of the isomorphism @ : B’ — B),
we have Irrc (KB') = {¢®|y € Irric(KB)}.

Clearly Irric (KS1 ®@x KB') = {T'rs, * (¢¥®) | ¢ € Irric (KB) }, where Trs, * (@)
is as defined above for all 1 € Trric(KKB). Also Trric (W (b)) = {(Trs, * (@) |
Y € It (KB)} and we set 014 = (Trs, * (¥®))u; " for all ¢ € Trre(KB). Clearly
the Morita equivalence above induces the bijection of Irric(b) onto Irric(W (b)) that
sends 0y — 61, for all ¢ € Irrc (KB).

Note that Cg/p(A) = C/D and let g € Kit. Then, as above,

(2.5) 014(9) = 0if gD & (C/D),y .

Suppose that gD € (C/D), . Then, as above, gD = uD for some u € (L1t) N Cp
and uD = J;c £(uCp (u))f, where F is a right transversal of Cp(u) in D and the
union is disjoint. Set s; = 7% (u), so that 014 (ud) = Trs, (s1)¢((db)vy) for all
d € Cp(u). Consequently,

Y brp(ud)fiy((ud) ™) = |D: Cp(t)|Trs, (s1)T7s, (51 )

(2.6) deD

> @((db)v)e(((dbyer) ™))

deCp(t)
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and

> 0y (ud)f1y((ud) ™) = |D : Cp(t)|(Trs())(Trs, (51 1)
27) deD

ST @ dse)(((db)e) ™)),
deCp(t)
where 75(ud) = s and 75 ((ud)) = s1, for all d € D.

Recall that Q = (c(t1L1,taL1)|t1,t2 € T) is a subgroup of O* of order n dividing
m so that (n,p) = 1. Let v : Q@ — O denote the inclusion linear character (such
that w +— w for all w € Q).

We inflate ¢ € Z2(H;1 /L1, 0*) to an element ¢ € Z%(G,0*), where é(kit1, kata)
=c(t1L1,taL) for all t1,¢1 € T and all k1, k1 € K.

Using ¢~ € Z2(G, O*), we construct the group G = QXG as in Lemma 1.2(d),
where |G| = n|G|. Note that

(w1, k) (w2, 9) = (wiw2, kg), (w2, 9) (w1, k) = (wiws, gk)

and
(w27 g)(wla k)(w% g)il = (Wh gkgil)
for all wi,ws € , all g € G and all k € K since é(g,h) = 1if g € K or h €
K. Thus K = {(1,k)|k € K}, L = {(1,0)|¢ € L} and D = {(1,d)|d € D} are
normal subgroups of G and are isomorphic, in the obvious way: (x — (1,z)), to
K, L, D respectively. Let b denote the image of b € Z(OL) in OL under the above
isomorphism L= I: Thus b is a G-stable block 1demp0tent of (’)Ii and of OK with
defect group Z(D) in OL and defect group D in OK. Here Cp (D D) = i(Q) x L and

DCG( D) = i(Q) x K, where i is described in Lemma 1.2(d).

Let 4 = yo0i ! :4(2) — O* denote the linear character of i(Q2) corresponding
toy:Q — O andset é = 3 _ow ' (w,1) so that é is the G-stable block
idempotent of Oi(Q2) corresponding to 4. Thus éb is a G-stable block idempotent
of O(DCG (D)) with defect group D and éb is also a block idempotent of OG with
defect group D.

Let 6 € Trrc(b), where b is a block of K correspond to 6§ € Irrxc(b) so that
D < Ker(). Clearly G = U7 (i(52) x K)(1,t) and the union is disjoint.

Let L1 = {(1,61) | &1 € Lr} and K; = {(L,k1) | ki € K1}, so that [, =L,
and K=K, canonically. Also Ci(4) = Ky, CE(A) = L; and W(b) is a block
idempotent of OK; and of OL; with defect groups D, Z (D), respectively.

Since é(g¢, g5) = ¢é(g1, g2) for all g1,91 € G and all @ € A by Lemma 2.11, A acts
on the right on G according to: (w,g)® = (w,¢*) for allw € Q, g € G and a € A.
Here D < Ca(A) =i(2) x Cg(A ) and Ca(A ) UteT( () x K1)(1,t), where the
union is disjoint. Also Cx ( )N Ca(D D) = i(Q) x Ly and (ﬁCG(D)) NCx(A) =
i(Q) x K;. Moreover W( ) (the image of W (b) under the isomorphism L=L) is
a Cg(A)-stable block of OK, with defect group D, W(b) = V[//(\b) and éW//(\b) is
a Cg(A)-stable block idempotent of i(£2) x K, = ﬁ(CG(A) N Cx(D)) with defect
group D. Thus éVV(\b) is a block idempotent of OC4(A) with defect group D and
W(éB) is also a block idempotent of OC(A) with defect group D by [B, V, Lemma
3.10]. Set 6, = w(K, A)(0) so that 0, € Irrxc (W (D).
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Lemma 2.18. Let 75 : G — 8% be such that (w,g) — wr§(g) for allw € Q and
all g € G and set 0 =Trsons: G — O. Then

(a) 7% is a group homomorphism with D < Ker(#%) = Ker(6%);

(b) s = Res?( (7%) : K — 8% is an irreducible representation of K over K and
s s an irreducible respresentation Aofé over IC qjith character é*;

(c) 0* lies in the A-stable block éb of OG and 6*(&) =0 for all & € G such that
D¢ (/D)

(d) Resz(Q)xK(G*)
block éb of O(i(Q) x K) with defect group D and

(¢) m(G, A)(0%) € Irrxc(W(eb)) and Res,, ; ) (7(G,A) ) = 4 x 0y is an ir-
reducible character that lies in the block eW( ) of O®i(Q) x K1) with defect group

D.
Proof. Clearly Lemma 2.13 and [5, IV, Lemma 2.4] furnish a proof of (a
(0*) = 4 x 6 and that 7(i() x K, A)(§ x 0)

=9 X 6 is an A-stable irreducible character that lies in the

)()For

(e), note that Res® (XK =4 x 6,
is an irreducible character that lies in the block éW (b) of O(i() x Kl) since
m(K,A)(G) = 0;. Now [L1l Theorem A(b)] implies that Res Pe(4) (m(G, A)(6%)) =

’ i(Q)x K,
4 x 61 and we are done.
Lemma 2.19. Let 77;: : Ca(A) = S;° be such that (w, g) — wrs (g) for allw € Q
and all lge Cg(A) and set 07 =Trs, oms : Ca(A) — O. Then
(a) 775 is a group homomorphism with D < Ker(ws )= Ker(@ );
(b) Res G(A)( ) =TS, Ky — 8 is an irreducible representation of K over

K with character 6, and # s, is an irreducible representation of C(A) over K with
character él,

(c) Res (g(QK (07) =4 x by

(d) 7(G, A)(6*) = A0} for a unique linear character \ of Ca(A) such that i(£2) x
K, < Ker(\);

(e) eW (b) = W (eb); and

(f) 07 € Irre(W(éb)) and 07(&) = 0 for all & € Cx4(A) such that &D ¢
(Ce(A)/D)y
Proof. Clearly (a)—(c) hold and Lemma 2.18(e) yields (d). We have seen that éW ()
is a block idempotent with defect group D of both O(i(Q) x K;) and OCx(A).
Also W (éb) is a block idempotent of OC4(A) with defect group D that, by Lemma
2.18(e), covers the Cs(A)-stable block eW (b) of O(i(Q) x K1). Thus (e) holds by
[, V, Lemma 3.10]. By (c), 6% lies in a block of OCx(A) that covers the block
éW (b), and again [5, V, Lemma 3.10] and the proof of Lemma 2.18(c) yield (f) .

Set é = G’/ﬁ and let — : C:T‘ — é denote the canonic group epimorphism.
Clearly A induces an action on G‘ and —: G — G / D is an A-epimorphism. Here
|G| =n|G/D|, G = Uer (@ i(Q) x K)( t), where the union is disjoint and Cjz(4) =
Ca(A) = Ca(A )/D = User (i(Q) x K1)(1,t), where the union is also disjoint.
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Since D < Ker(#%) = Ker(8*), we can view #* and 6* as lying in an A-stable
block of defect 0 of G that is contained in the block éb of G since 6*(1) = r, where
rp = |G/D|, = |G/D|,. Similar statements hold for ng,éf, Gg(A) and Cy(A).

Remark 2.20. Let (w,kt) € G=QxG, wherew e Q, ke K, t e T and let
kt = (kt)p(kt)y. Then (kt), € K since |G/K|, = 1 and (w, (kt),/) € Gp. Thus
(w, k), = (1, (kt),), (w, kt)y = (w, (kt),). Tt follows that (w,kt)D € (@), if and
only if (kt)D € (G/D),. A similar result holds for (w,ki1t) € Cs(A) = Q x C,
where w e Q, k1 € Ky, teT.

As in Lemma 2.19(d), let A be the unique linear character of C5(A) with i(£2) x
K < Ker(\) such that W(G, A)(é\*) = )\éf Since G = K'CG(A), there is a unique
linear character A of G such that i(Q) x K < Ker()\) and Resgé(A)(S\) =A It
follows that A~10* € Irrc(éb)? and m(G, A)(A~10%) = 0F. At this point, for each
t € T, we replace wy by A(t)wy and v; by A(t)v: in Proposition 2.1. Then, since
wy = sy where sy € §* and ay € b+ Z(OL)b), s is replaced by A(t)s; for each
t € 7. With this replacement, we obtain the new O-linear map 75 : OG — S
sending kt to ms(kb)A(t) ‘s, ! so that Trs(rk(kt)) = (A"10%)(kt) for all k € K
and t € 7. Consequently after replacement, we may assume that

(2.8) (G, A)(6*) = 67.
We have set
B = Cioa)(S) = et ((OD)b)vy) = @éggo(db)vt,

so that B can be viewed as an N' = D x (Hy/L)-twisted group O-algebra with
O-bases {(db)v|d € D, tLy € Hy/L1}, where

((dib)ve, ) ((d2d)ve,) = e(t1 Ly, taL1)(dr (" d2))ve,
if t1to € t3L; for a unique t3 € 7 and Bg,r,) = O(db)v; for alld € D and t € 7.
Also we have set B’ = Ciocyw)(S1) = @ter (((OD)W (b))v;) and we view B’ as
an N = D x (Hy/L1)-twisted group O-algebra, where Bzd’tLl) = O(dW (b))v; for
alld € Dand t € 7. Thus ® : B — B is an N-graded O-algebra isomorphism

sending (dW (b))v; to (db)v, for all d € D and t € 7.
We inflate ¢ € Z2(Hy /L1, 0*) to an element & € Z2(N,O*), where

5((d1,t1L1), (dg,tng)) = C(tlLl,tng)
for all dy,dy € D and all t1,t5 € 7. Then, using ¢ and Lemma 1.2, we obtain a
finite group N' = QXN, where |N| = n|D|m and we let A act trivially on . Here
D= {(1,(d, L1))|d € D} is a normal Sylow p-subgroup of N, D=D via the map
dw— (1,(d,Ly)) for all d € D, {(w, (1,tL1))|w € Q, t € T} is a complement to D
and N = U7 (1(52) x D)(1,(1,tLy)), where the union is disjoint.

Set & = L3 w Hw, (1, L1)) € 0i(Q), so that (w, (d,tL1))é = w(l,(d,tL1))é for
allw e Q, de Dandt e T. Then é is an N-stable block idempotent of ©i(Q)
(corresponding to 7 = yoi~1), & € Z(ON), (ON)é = GacpO(1,(d,tL;))é in
O-mod and the O-linear map T

U: (ON)é— B = @(ZSTDO((dW(b))U{t)
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such that (1, (d,tL1))é — (dW(b))v; for all d € D and € T is an O-algebra isomor-
phism. ~

Let A act diagonally on the right on G x A so that Ca, p(A) = Cg(A) x N.
Set A = {((w, kt), (w™t,(d,tL1)))|w € Q,d€ D,k € K and t € T }.

The following result is easily verified:

Lemma 2.21. (a) A is an A-invariant subgroup of G x N with |A| = n|G| and
Ca(A) = {((w, k1t), (w™t, (d,tL1)))|w € Q, d€ D, t €T and k1 € K1};

(b) (i(Q) xi(Q)NA = {((w, 1), (W™, (1,L1)))|w € Q} < Z(A)NCA(A) and the
map of Q — (i(Q) x i(Q)) N A such that w — ((w,1), (w™ ", (1,L1))) for all w € Q
is an isomorphism; and

(¢c) D ={((1,1),(1,(d,L1)))|d € D} < A and the map of D — D such that

dw— ((1,1),(1,(d, L1))) for all d € D is an isomorphism.

Recall the O-algebra isomorphism ¢ : B’ — B and ¥ : (ON)e — B'. Thus
Irric (KN)e) = {¢@¥[y € I (KB)}. Also 0% = Trs o s € Irrie(G) and 67 =
Trs, o s, € Irr(Cp(A)). Let 0* and % denote the irreducible characters of
G = G/ D and of Cy(A) =Cg (A)/D from which 6* and % are inflated, respectively.
Thus 6% x (®V) € Trryc (G x N) and 0} x ($@) € e (C, (A)) and ANi(Q) <
Ker(0* x (@) N Ker(07 x (@) for all ¢ € Irrg (KB).

Let we Q,teT,de D, ke K and k; € Ky and ¢ € Irre(B). Note that
(w,kt) € Gy if and only if k1tD € (G/D), and (w,kit) € Cp(A)p if and only
if k1tD € (Cg(A)/D), by Remark 2.20. Also ((w,kt), (w™',(d,tL1))) € A and

((Wv klt)a (w_lv (dv tLl))) € CA(A)
Thus we have

(2.9) (0" x (p@0))((w, k), (", (d,tL1)))
o if ktD & (G/D),y,
- {(Trsmz)((kt)b)w((db)vt) if ktD € (G/D)yy;
and
(2.10) (07 x (W) (@, k10), (W', (d,tL1)))
o if k1tD & (C/D),y,
a {(T rsgms, ) (ki)W (0))y((db)ve)  if kitD € (C/D)p'.
Consequently

(2.11) if (kt)D € (G/D),/, then

3 (0 x (@) (@, kb), (0, (d, tL1)))
deD

(0" x W) (@, kt), (w1, dtLy))"Y))
= ((Trsoms) (kb)) (Trsoms) (((kt)b) ™))

D Cp(t)] Y (@ ((db)vn)) (W (((db)vr)));

deCp(t)
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(2.12) if k1tD € (C/D),, then
3 (05 x w@0) (. krd), (0, (d,tL1)))

deD
(05 x p@W) (@, k1d), (@, (d, tL1) 1)
= (Trsgms,) (ki) w(b) (Treoms ) (k)W () ™)
1D:Cpt)] > ($(db)o) (W (((db)or)™));

deCp(t)
and )
D (07 x (@) ((w, kat), (w*, (d, tL1)))
deD
.13) (05 % D)) (@, kD), (@™, (d,tL1)) 1)
= ((Trsoms)((kat)b)) ((Trsoms, ) (((kit)W (b)) 1))

D :Cp)] D ($((db)e))((((db)or) ).

deCp(t)
Now compare (2.3), (2.4), (2.5), (2.6), (2.9), (2.10), (2.11) and (2.12).

Thus we conclude that (ResiXN(é* X (@), Res$*N (6% x (p@W)))a = 1

so that Res¥ (6 x (¢®W)) € Trrc(A). Similarly ResgS (3 (05 x (po0)) €

II‘I‘;C (CA (A)) _ —
Since we have assured that (G, A)(*) = 8}, we conclude that 7(G, A)(6*) =
Then [IT), Theorem A(b)] (with H = A) implies that

(A, A)(ResS* N (6* x (y@U))) = ResgﬂﬁiW (7(C x N, A)(0* x (v®D)))

Cs(A)XN =,
=Resc4) (07 x (YDW)).

Hence p = (Resg,fﬁ) (5* x (pov)), Resgfii;w\/(éf X (Y®W)))ca(a) is relatively

prime to ¢. However (2.7) and (2.13) imply that p = (Res&(6y), 014)c. Conse-
quently 7(G, A)(8y) = 014 by [10, Theorem 13.1(c)] which concludes our proof of
Theorem 2.

|

*
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