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THE o-INVARIANT ON CERTAIN SURFACES
WITH SYMMETRY GROUPS

JIAN SONG

ABSTRACT. The global holomorphic a-invariant introduced by Tian is closely
related to the existence of Kéhler-Einstein metrics. We apply the result of
Tian, Yau and Zelditch on polarized Kéhler metrics to approximate plurisub-
harmonic functions and compute the a-invariant on CP2#nCP2 for n =
1,2,3.

1. INTRODUCTION

The global holomorphic invariant ag (M) introduced by Tian [7], Tian and Yau
[6] is closely related to the existence of Kéahler-Einstein metrics. In his solution of
the Calabi conjecture, Yau [12] proved the existence of a Kéhler-Einstein metric on
compact Kéhler manifolds with negative or zero first Chern class. Kéhler-Einstein
metrics do not always exist in the case when the first Chern class is positive, for
there are known obstructions such as the Futaki invariant. For a compact Kéhler
manifold M with positive frist Chern class, Tian [7] proved that M admits a Kahler-
Einstein metric if ag(M) > 47 Where n = dim M. In the case of compact
complex surfaces, he proved that any compact complex surface with positive first
Chern class admits a Kihler-Einstein metric except CP?#1CP? and CP?#2C P2
[9). Nevertheless, it would also be interesting to find the estimate of the « invariant
for CP2#1CP? and CP?#2CP2. In this paper, we apply the Tian-Yau-Zelditch
expansion of the Bergman potential on polarized Kéhler manifolds to approximate
plurisubharmonic functions and compute the a-invariant of CP2#nCP? for n =
1,2,3. In the case of CP?#2C P2, it gives an improvement of Abdesselem’s result
[1]. More precisely, we shall show that:

Theorem 1. ag(CP?*#2CP?) = 3.

We will give the definitions of the automorphism group G and the ag-invariant
in Section 3.

Let (M, w) be a compact Kéhler manifold, where wzx/—_lgijdzi A dz;. We will
also prove Tian’s conjecture on the generalized Moser-Trudinger inequality in the
special case where ag(M) > 45, for n = dim M. Let

P(M,w) = {qb | wg =w+vV—190¢ > 0, sup ¢ = 0}.
M
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46 JIAN SONG
Let F,, and J, be the functionals defined on P(M,w) by

Fa(9) = Jul0) - % [ —tougy [ e
\/_ vi+1

n+1

Jo(¢) = / O NDp AW Awlh ™1

Assume (M,wkg) is a Kéihler—Einstein manifold with positive first Chern class and
Ric(wigg) = wkp. Then for any ¢ € P(M,wkEg), Ding and Tian [2] proved the
following inequality of Moser-Trudinger type:

l/ =P < Qoo (B =¥y ou"
Viu

Tian [10] also conjectured that 7 [,, e %w™ < Ce(1=07u(8)=% [ 2" for § > 0
sufficiently small, if ¢ is perpendicular to A;, the space of eigenfunctions of wx g
with eigenvalue one.

We shall prove:

Theorem 2. Let (M,w) be a Kdhler manifold with positive first Chern class.
Assume that a(M) > nL_H, so that M admits a Kdahler-FEinstein metric wgg, and
there exist constants 6 = 6 (n,a(M)) and C = C(n,Aa(wkg)—1,a(M)) such
that for any ¢ € P(M,wkg) which satisfies ¢ L A1, we have

FWKE (¢) Z 5JwKE(¢) - C

Here Ao(wi g) is the least eigenvalue of wx g which is bigger than 1.

2. HOLOMORPHIC APPROXIMATION OF PLURISUBHARMONIC FUNCTIONS

In this section, we will employ the technique in [8] [I3] to obtain the approx-
imation of plurisubharmonic functions by logarithms of holomorphic sections of
line bundles. The Tian-Yau-Zelditch asymptotic expansion of the potential of the
Bergman metric is given by the following theorem [I3].

Theorem 2.1. Let M be a compact complex manifold of dimension n and let
(L,h) — M be a positive Hermitian holomorphic line bundle. Let g be the Kahler
metric on M corresponding to the Kdhler form wy = Ric(h). For each m € N, h
induces a Hermitian metric hy, on L™. Let {Sg*, ST, ..., Sg' _ } be any orthonormal

basis of H*(M,L™), d,, = dim H°(M, L™), with respect to the inner product:

(51,5, /h (S (). 52 (x))dV,

where dVy = ,w s the volume form of g. Then there is a complete asymptotic
expansion

dm—1

Z IS (@)|[2 ~ ag(z)m™ + a1 (x)m"~ + az(x)m" 2 + ...

or some smooth coefficients a;(x) with ag = 1. More precisely, for any k,
j

o —1
%an - Z aj(x)mnijuck < COppm™

IDIRIEE)
i=0 <R

where Cr.j, depends on R,k and the manifold M.
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THE o-INVARIANT ON CERTAIN SURFACES 47

Let
Gy = wy+V—100¢ > 0,

h = he ®.

Let Ay, be the induced Hermitian metric of h on L™, and let {Sg", 51” 71’?’"71} be
any orthonormal basis of H(M, L™), where d,, = dim H°(M, L™), with respect
to the inner product

(51,5:); = /M oo (S1 (), S2())dV;

By Theorem 2.1, we have

dm—1 dm—1
Yo Sr@IE = (Z 1S (z)| i) e Mo,
=0 i=0

Thus
1 dm—1 1 dm—1
T ( 3 ||s:”<:c>||%m> =L log ( 3 ||S:"<:c>||%m> .
=0 =0

As m — +00, we obtain for any positive integer R

el log Z aj(x)ym™7

m : J

J<R

% log m"(z aj(x)ym=7)

j<R

1 1
G logm + — log(1 4+ O(—)) — 0.
m m m

Thus we have the following corollary of the Tian-Yau-Zelditch expansion.

Corollary 2.1.
1 dm—1
| 6~ log ( > 1157 @) h>
i=0

In other words, any plurisubharmonic function can be approximated by the log-
arithms of holomorphic sections of L™.

— 0, as m — 4o0.
Ck

3. PROOF OF THEOREM 1

Let M be the blow-up of CP? at two points and 7 be its natural projection.
Without loss of generality, we may assume the two points are p; = [0,1,0] and
p2 = [0,0,1]. Then M is a subvariety of CP? x C P! x C P! defined by the equations

20 X1 = Z1Xo, ZoYa = Z>2Yy,

where Z;, X;,Y), are the homogeneous coordinates on CP?, C P! and C P, respec-
tively.

Let G be the automorphism group acting on CP? x CP! x CP' generated by
6; and permutations 7 (0 < j < 2),

0; : (20, Z;, Z2) x [Xo, X1] x [Yo,Ya] = [Zo, Z;€", Zo] x [Xo, X1] x [Yo, V2]
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48 JIAN SONG

for § € [0,27), and
71 [Zo, 21, Z2] x [Xo, Xu] % [Y0,Y2] — [Z0, Z2, Z1] x [Yo, Y] % [Xo, X1] .
Let o, 71, T2 be the projection from CP? x CP' x CP! onto CP?, CP! and CP".
Respectively define w by
w = mywo+ mwi + Taws
V=1891og(| Zo|* + | Z1|* + | Z2|?) + V=108 1log(| Xo|* + | X1[?)
+ V=180 1log(|Yo|* + |Y2),

where wg, w1, we are the Fubini-Study metrics in CP?, CP! and CP!. By explicit
calculation, it can be shown that the cohomological class of w|as is in the first Chern
class of M (see [1]).

Consider the divisor

{[0, Z1, Z5] x CP* x CP'} + {CP? x [1,0] x CP'} + {CP? x CP* x [1,0]}
which defines a line bundle (L, h) on CP% x CP! x CP'. The hermitian metric h
is defined by

1 .

(120 + 1211 + [ Z2*) (|1 X0 * + [ X1 ) (Y0 [ + [Y2]?)
then (L,h)|pr — M defines the anticanonical line bundle on M whose curvature
form —\/—100log h gives the first Chern class on M.

Since M\{m~'{p1} Un~{p2}} is isomorphic to CP*\{p1,p2}, if we choose the
inhomogeneous coordinates (21, 22) = [1, 21, 22] on C P2, the Kihler metric
Wgo = V—1901og(1 + |21]* + |22|*) + V=100 1og(1 + |21]?) + V—19dlog(1 + |22|*)

can be extended to a K&hler metric go on M which belongs to ¢1(M). If we
take different inhomogeneous coordinates (wg, w1) = [wo, w1, 1], the corresponding
Kahler metric is

Wg, = \/—18510g(1+|w0|2—|—|w1|2)+\/—18510g(1+|w0|2)+\/ —18510g(|w0|2+|w1 |2)

and we have

h =

1 1
det go A+l 2P | O+ 2P+ 2P0+ |2 )
1 1
Tt =D+ D) |~ O+ P+ =R
det g1 L + !
T+ [wol? +[0r2)® T (1 + [wol? + [wn )2 (o] + [w1 %)
1 |wol?

- + :

(14 Jwol? + w1 [*)2(1 + fwo[?) — (14 |wo[?)(Jwo|? + |w:?)?
Consider the line bundle (L™, hy) — CP? x CP! x CP!. Then
(N +1)3(N +2)

2

and {ZéOZ:’LlllZ£2X80X:{1Yoko}/zké}i0+i1+i2:j0+‘j1:k0+k2:]\] is an orthogonal basis for
HO(CP?% x CP' x CPY,O(L")).

Let M; be the hypersurface of CP? x CP! x CP! defined by the equations

Zo X1 = Z1Xo,

dim H°(CP? x CP' x CP*,O(LY)) =
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THE o-INVARIANT ON CERTAIN SURFACES 49
and M, the hypersurface of CP? x CP! x CP' defined by the equations
ZoY2 = Z2Yy.

Then M = Ml N MQ.
In view of the short exact sequences

0 — OLY —[M]) = OLY) = O(LY|x,) = 0,
0 — O@LNag — [M]) = OLY|a,) — O(LN |a) — 0

we can choose N sufficiently large so that
HY(CP? x CP' x CP',O(LY — [My))) = H' (M1, O(LN |ar, — [M])) = 0.
Then H°(CP? x CP' x CP',O(LN)) — HO(My,O(LN|),)) — 0,
H(My, O(L¥|ar,)) — HO(M, O(L¥|ar)) — 0
and thus
H°(CP? x CP' x CPY,O(L")) — H(M,O(L"|y)) — 0.
Also we have Z{° Z{lZéngonlYOkoYékl v = Z80+j0+k0 2zt and
125 21" 23 X3 X1 Y50 Y3 I,
VAAAN AV AAVASYAS ’
(120 + 1217 + | 22)(Zo|* + [ Z1]2) (Z0[? + | Z2*)) N

on CP?\{p1, p}. Therefore, {Z° Z1 Z5 X3° X{* Yy V5 [ Vi is +iajo-+ 51—k + ka=N
contains an orthogonal basis for H(M, O(L™|,)) with respect to h"¥ and the G-
invariant Kahler metric g on M.

By Corollary 2.1, for any ¢ in Pg(M,w,), we have on CP?\{p1,p2},

©([Z0, 21, Z])

() i0-+jo+ko i1+i1 rrintha |2
1 o 2 |(<P)i0i1i2joj1kok2Z00 ” 'z le? |
— lim —log ig+i1tio=joti1=kotka=N
N—oo N (1202 + [ 2112 + 1Z2) (120 + 12112)(| Z0|? + | Z2 )N

. N
for some coefficients a'™) .
(¢)ioirizjojikoke

due to the group action by G.

(N) _ ()

satisfying A pioirizjogikoks — Up)ioizirkokagjoss

Lemma 3.1. Using the notations above we have

Z |Zéo+j0+k0 Zil +J1 Zéé+k2 |2

ig+iltig=jo+i1=kotka=n
log 4

— <
n 7 (1202 + 12102 + 1 Z2) (120 + 1 202)(| 20 + [ Z2])™ —

for any positive integer n.
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50 JIAN SONG

Proof. On the patch Uy = {Zy # 0}, let z1 = Z—é and zo = £2

Z Zy?
Z |Z(i)0+jo+ko Zil—i_jl Z;erkz |2
l log ig+i1+ig=do-+i1=ko+ka=n
n 7 ((120]? + 1211 +12212)(1 20 + | Z1[2) (| Z0|* + | Z2[2))"
1 t1+j1 i2+k2 |2
< log Z 2 |212 = |2 2
n (L4212 + [z22)" (1 + |21 )" (1 + |22f?)"

ig+i1tig=jo+i1=kotka=n

|z§1+j1 Z;‘frkz |2

N
|
—
o
0

: >
n 1+ |Zil+j12é2+k2|2

ig+ti1tig=jo+i1=kotka=n

N
|
—
o
0

1
> !
n
ig+ti1tig=jo+i1=kotka=n

1. (n+1)3n+2)

= =log <4
n 2
This inequality also holds on the patch U; = {Z; # 0} by continuity, and so the
lemma is proved. ([

Lemma 3.2. There exists € > 0 such that for any ¢ € Pg(M,w,) and N, there
exist n > N, ig,11, 12, jo, J1, ko, k2 with ig + i1 +i2 = jo + j1 = ko + k2 = n, and

(n) 1
(@ piiriagosikoks) ™ > &

Proof. Otherwise, for any € > 0, there exist ¢ and N, such that for any n >
N and any ig, 1, %2, jo, J1, ko, k2 satisfying ig+i1+io=7j0+j1=ko+ka=n, we have

(aéZ;ioiijjlkob)% < e. By choosing n large enough and with the lemma above,
we have
@([207 Zl) ZQ])
io+jo+ko it ryiatk
max |a§giioi1i2jog‘1kok2 |2 Z |Z(l)o Jjo 0211 J1 Z;2+ 2 |2
< = log ig+i1 +io=jo+i1=kotko=n 4e
T (120> + 20> + 1 Z21*) (| Zo|* + [ 22 *) (120 ]* + | Z22))™
Z |Zéo+j0+k0 Zi1+j1 Zéé+k2 |2
<=lo oth stz ot +2loge +¢
= 0 2P 1217 +12P) (%P + 2P (2P + 2P T °°
<loge +4.
Since € could be arbitrarily small, the above inequality would imply that ¢ — —oco
uniformly, which contradicts the fact that sup,; ¢ = 0. O
Proof of Theorem 1. We use notations as above; since (agzgmlmomm)% > e, we
have
410([207 Zl) ZQ])
(N) io+jotko 7i1t+i1 rria+ka |2
Z | (w)iOiliszjlkOkzzéo Jo 02;1 J1 232 2|
_ lim — 1og ig+i1tiog=jo+i1=ko+ka2=N
N—oo N (120> + 12117 + 1 221) (1 20> + [ Z11*) (1 Zo|* + | Z2*))Y
1 |Z(i)o+jo+k0 Zi1+j1 Z§2+k2 |2 + |Z(i)o+jo+ko Z7122+k2 Z§1+j1 |2

log

> — + loge
N 2P + 122+ 12:P)(ZoP + 1 ZP)(ZoP + 12:P)N 8
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THE o-INVARIANT ON CERTAIN SURFACES 51

mosN-% 4N-% 5
1 | Zo™Z] Zs |
> log 2 2 2 2 2 2 sy T loge
N 7 (120 + 1217 + | Z2*) (| Zo|? + | Z1[*)(| Zo]? + | Z2[?))
Z 2’"Z %Z?’_% 2
log | 1 2 | + loge,

Wher€i0+j0+k0:m,i1+j1+i2+k2 =3N —m.
On the patch Uy = {Zy # 0},

—ap, 2
€ wgo

/Uom{0<|z1|,z;2<1}

(12012 + 1217 +122?)(1 20 + 121 *) (| Z0]? + | Z2[?)

alog 1201 R 12,2 R 12,2~ R
< Cl/ e (\Z0\2+\Z1\2+\Z2\2)(\Zo\2+\z1\2)(\20\2+\Zz\2)wg
<|21| ‘22‘<1
_ 01/ (120 + 121 + | Z*)* (120 + | Z1[*)*(1Z0]* + | Z2*)* s
i el |ZO|2L;\;” Zl|3a7u7n ZQPQ am 90
1 2 1 1
< 02/ Chalol +|223|a),f,,,b+|§1a|lif| Sl el Y
EAREALS! 2127 N 2PN
ANdzo N\ dZo
1
< am dzi Ndz1 N dzo A dzo

03/ Er—
0<]z1],|z2]<1 |21]

1
< 03/ ﬂdzl/\dzl ANdzg A dzo,
<)y |zal<1 121222 ]

|3a

where C1, Cs and C3 are constants depending only on « and e.

On the patch Uy = {Zs # 0},

/
Urn{0<|wo|,|w1|<1}

m
3-N

g1

dwg N dwy

/\dw1 A dwl

dwo A dwo A d’LUl A dwl

—alog 2ol . 1z11° N\Z |

< 04/ e (\Z0\2+\Z1\2+\Zz\2)(\zo\2+\z1\2)(\20\2+\22\2)wg

<|wo|,|lw1|<1
_ 04/ (1 [ewol® + [wi[)*(1 + [wo*)* (Jwo | + [wn[*)*

<lwolJwn|<1 Jwo| *F* fwy [P
< 05/ (1 + Jwol? + w1 [)* (1 + |wo[*)* (Jwo * + w1 [*)*
- <lwol,|w1|<1 Jwo| “ [wy [~ F (Jwo |2 + |w: [2)

1

< C(6/ 2am 3o— 2

0<wolfwr|<1 [wo| “F w1 > (Jwol? + w1 |?)!-

1

S — dsdt

120 Js—o § N 1247 5K (5 + )1~
<

C - dsdt,
6 /S—O sa&nt% SN 5(1*0‘)1715(1*0‘)4

where p+ ¢ = 1 and Cy, C5, Cg are constants depending only on « and e.
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52 JIAN SONG

Case 1: If 1< % <3, we can choose a < rnin(%7 é:—g) so that
am
—_— 1-— <1
Ja—1<1,
3 am
Ca— 21— 1.
5%~ 9N +(1-a)g<

Case 2: If 0<% <1, we can choose o < min(%, ﬁ) so that

am

W+(1—Q)p<1,
3a—1<1,

3 am
Sa——— 4 (1— 1.
5% 2N+( a)g <

So we could choose any o < %, which implies that ag(M,w) > %
Conversely, we choose

|Zo!
= lo +e€
e Sz T 12 2P (2 ¥ 12 (2P +1Z2F) )
—log(1+¢)
S Pg(M,w).

5
1+

Then we have sup,; . = 0 and . = log on the exceptional divisors. Further-

more, we have

lim P2

/ > 2
=0 or any « —.
e—0 M ’ Y 3

Hence we have shown ag(M,w) = 1.

We can also apply the above arguments for CP™ (n > 2), CP2#1CP? and
CP?#3CP2.

(i) Let M = CP™ and let G,, be the automorphism group acting on M, generated
by 6; and permutations 7; ; (0 <i < j <n),

0; : [Z0yes Zjy ooy Zn) — [Zoy ooy Zj€° ..., Zo]
for 0 € [0, 27), and
Tiij [0y oo Zisoos Zy ovy Zon) = [ L0y ey Ly oons L ey L.
Theorem 3.1. ag, (CP™) =1.

(ii) Let M be the blow-up of C'P? at 3 points which are not collinear. Then we
can assume that these 3 points are [1,0,0], [0,1,0] and [0,0,1]. Let G(3) be the
automorphism group acting on M, generated by 6; and permutations 7; ; (0 <14 <
J<2),

0;: (2o, Zj, Zo) — [Z0, Zj€", Zo)
for § € [0,27), and
Ti,j * [, Zi, ceey Z]‘, ] — [, Zj, ceey Zi, ]

Theorem 3.2. ags) (CP*#3CP?) = 1.
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(iii) Let M be the blow-up of C'P? at one point [1,0,0] and G(1) be the auto-
morphism group acting on M, generated by 6; and permutations 7 (0 < i < 2),
0; : [Zo, Zj, Za] — [Zo, Zje, Zo)
for 0 € [0, 27), and
T [ZO7 Z17 ZQ] i [ZO7 ZQ; Zl]
Theorem 3.3. ag()(CP?*#1CP?) = 1.

Also the proof above shows that the sequence of the holomorphic invariants
{aG.m(M)}.y, defined by Tian [§] on CP" (n > 2), CP?#kCP? (k = 1,2,3) is
stationary.

4. PROOF OF THEOREM 2

In this section, we will prove the generalized Moser-Trudinger inequality on any
Kéhler manifold M of dimension n whose a(M) is greater than 41 The following
theorem is due to Tian and Zhu [11].

Theorem 4.1. Let (M,w) be a Kéhler-Finstein manifold with Ric(w) = w; then
there exist constants 6 = 0(n) and C = C(n,Aa(w) —1) > 0 such that for any
¢ € P(M,w) which satisfies ¢ L A1, we have

Fw(¢) > Jw(¢)6 - Cv

which is the same as

l/ e~ b < Ol (@)= fy 9" =Ju()°
Viu

This implies in particular the Moser-Trudinger inequality on S2, which reads
1
47 S2
For any ¢ € P(M,w), put v’ = wg = w + /—199¢ and Ric(w) = w + /—100h,,.
Consider the Monge-Ampere equation
(W + V=190Y)™ = eleTtym,

We will use the continuity method backwards and let ¢; be a smooth family which
solve the above equation.

The following lemmas are well known [10], but we add the proofs for the sake of
completeness.

e %w < ein Js2 IVolPw—1s o2 ¢

Lemma 4.1. Ric(w:) > tw: and we have equality if and only if t = 1, where
wr =w + ¢ and ¢; solves the Monge-Ampére equation at t.

Proof.
Ric(w)) = —v—190logw} = —/—1001log % + Ric(w)

= /=190 (h,, — té;) + w + v/ —100h,,
= wHtd =tw+ (1 —t)w > tw;.
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54 JIAN SONG

Lemma 4.2. For any ¢ € P(M,w), if the Green’s function of w' = w 4+ /—1900¢
is bounded from below, we have:

—i}r\l/lf(ﬁ < %/M(—cﬁ)wm +C.

Proof. Since w + /—100¢ = W' and W’ — /—190¢ > 0, we have A ¢ < n, and

_p = —/ /A (6(y) G (2, 7)™
= /M<—¢>w’” e

IA

IA

O

Let (M,w) be a Kéhler-Einstein manifold with Ric(w) = w and let P(M,w, K)
={p e P(M,w) | G, /<954(7,y) > —K). Then we have:

Proposition 4.1. Let (M,w) be a Kdihler-Einstein manifold with Ric(w) = w. If
a(M) > 15, then there exist constants d(n,a, K) and C(n,a, A2 (w) — 1, K) such
that for any ¢ € P(M,w, K), we have

Fu(¢) > 0Ju(0) — C.

Proof. Let w' = w 4 9d¢, where ¢ € P(M,w, K). We have

l/ e~ — _/ e~ (rtaste)g n
Viu

_/ e (a1+a2)¢wn feme(b

taking p = a%,q = ﬁ, we have

l/ e—(a1+a2)¢wn < i(/ e—mp¢wn)1/p(/ e—(y2q¢wn)1/q
Vu V> o

1 / —¢ n\ai / ——1a2 nyl—a;
= — e Tw e TTw
7 y ) ( )

CloorTe ()= fyy 6™ ( / ¢ TR Oy 1-as
M

IN

By Lemma 4.2,

efsinfM ¢ 6% Sy ()™ +C
_ 661“((#)7% fM pw"+C

< es(nJrl)Jw((;B)f% S ¢w"+C.

IN
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By Holder’s inequality,

1 1 1

a1+ (nt1)e ay+e o n _ o 1—a
O EDEE 5 () 20EE [ g (/ TR Oy
M

— oS (@) -3 [y ¢w+%m<¢_5up¢>w(/ ¢~ ooy (B=sup @) jny R
M

CeWJu(Q»_%flw ¢wn(/ e_lfil (¢—Sup¢)wn)%.
M

We need to determine o, ap, € which satisfy the following conditions:

a = oaptaxt+e>1,
a > o1+ (n+1)e,
1 > Q1.
So we will choose
ay = ne+ée,
a; = l—ag—e+e’'=1-(n+1)e—¢ +¢",

where € ,¢', e’ << 1, and & = o(¢g), " = o(¢).
Since (M) > 25, we can choose €, €, ¢” small enough; then we have

s ne + ¢’
= <a(M
l—a; (n+l)e+e —¢” a(M)

and

g

/ e Toag (PSP Y) yn - Copst.
M

Combined with the inequalities above, we have

1 / o=t < Cel=DTu(@—F [y b

Vi
This proves the lemma. O
Proof of Theorem 2. We assume w is the Kéhler-Einstein metric of M. For any ¢ €
P(M,w), put o' = w + /—199¢. Consider (v’ + /—199¢) = el +¥ . By solving
the Monge-Ampere equation backwards, we get the solutions ¢, and ¢; = —¢.

For t > %, let wy =w' 4++v/=100¢: = w + /—109(dr — ¢1); by Lemma 4.1,

1
Ric(wt) Z iwt y

which shows that the Green function of w; is uniformly bounded from below. Thus
by Proposition 4.1 and the calculation in [11I] we have

Fo(pr — 1) > 0Ju(gr — 1) —C
> Chroscpy(¢r — ¢1) — Ca,
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and consequently,

n(l - t)Jw (¢)

n(l —t)Jo (é1)

=z (I=t)(w(d1) — Jur (1))
> Fo (o) — Fur (1)

= Fu(dt— 1)

> Choscp(pe — 1) — Ca.

Thus we have
Fw((b) = _Fw’(_(b)
| o0 = oonar

> (11 = )L (P1) = Jur (¢1))
> %Jw’((bt)
> Tl (60) = 21 - )(Crosear (61— 1) = Co)
> L (9) 20— PnCul(6) - C.
The theorem follows by choosing (1 —t) < ﬁ
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