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OPERATORS ON ((K) SPACES
PRESERVING COPIES OF SCHREIER SPACES
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ABSTRACT. It is proved that an operator T: C(K) — X, K compact metriz-
able, X a separable Banach space, for which the e-Szlenk index of T*(Bx~)
is greater than or equal to wé, £ < w1, is an isomorphism on a subspace of
C(K) isomorphic to X¢, the Schreier space of order £. As a corollary, one
obtains that a complemented subspace of C(K) with Szlenk index equal to
w&T1 contains a subspace isomorphic to Xe.

1. INTRODUCTION

It is an open question whether every infinite-dimensional complemented subspace
of C(K), K compact metrizable, is isomorphic to C'(L) for some compact metrizable
space L ([36], [43]). Of course, C'(K) stands for the Banach space of scalar-valued
functions continuous on K, under the supremum norm. A closed linear subspace of
C(K) is complemented if it is the range of a bounded linear idempotent operator
on C(K). The following list consists of papers closely connected to this conjecture:
a1, 21, 31, |, B, [@, 8], 9], [15], 17, 18], [19], [20], [32], [33], [34], [36], [43],
[44], [45], [47], [48], [55], [56].

It follows, by combining the results of [45], [I5], [§] and [I8], that in order to
settle this conjecture in the affirmative, one needs to show that if E is complemented
in C(K) and E* is separable, then E is isomorphic to C (w“g) for some countable
ordinal ¢ (in the sequel, for a given ordinal «, C(a) will denote the Banach space
C(K), where K = [1,a] is the interval of ordinals not exceeding «, endowed with
the order topology). Note that E* is isomorphic to ¢; by the results of [32]. Also,
the ordinal £ in question can be computed in terms of the Szlenk index n(FE) of
E, [52]. Tt is shown in [8], [I6], [48] that n(E) = w**l. We shall next recall the
definition of the Szlenk index of a Banach space, since it will play an important
role in our considerations.

Given a w*-compact subset B of X* the dual of a Banach space X, and a
scalar € > 0, we define a transfinite sequence (Py (€, B))a<w, (w1 stands for the
first uncountable ordinal) of subsets of B by transfinite induction: Py(e, B) = B.
Suppose that o < wy and that Ps(e, B) has been defined for all § < «. Assume
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first that « is a successor ordinal, say « = G+ 1. Set
P,(e,B) ={z" € B: 3(a}) C Ps(e, B), lirrln x; =", (w*), 3(zy) C Bx
liTILn xn =0, (w), igf |z} (x)] > €}
(Bx is the closed unit ball of X). If « is a limit ordinal, set

Pale, B) = (1) Ps(e,B).
B<a

Define the e-Szlenk index of B as n(e, B) = sup{a < w; : P,(¢, B) # 0}. Then
define the Szlenk index of B to be n(B) = sup{n(e, B) : € > 0}. Finally, the Szlenk
index n(X) of X equals n(Bx~). We shall discuss this index in detail in Section 3.
We mention that 7(X) is a measurement for the norm-separability of the dual X*.
Szlenk [52] shows that if X* is separable, then n(X) < wy. It is also noted in [20]
that the results of [51] imply that for a w*-compact subset B of C(K)*, n(B) < w1
if, and only if, B is norm-separable.

Going back to F, a complemented subspace of C(K) with n(E) = w®t!, we
remark that it is still unknown if C(w‘”&) is isomorphic to a subspace of E. A
related problem that has been extensively studied is:

(P) : Suppose that X is a separable Banach space and T: C(K) — X is
a bounded linear operator. Assume there exist ¢ > 0 and £ < w; such that
n(e, T*(Bx~)) > w*. Does there exist a subspace Y of X isomorphic to C’(w“’g)
and such that the restriction of T to Y is an isomorphism?

Note that an affirmative answer to (P) yields that a complemented subspace X
of C(K) with Szlenk index equal to w**! must contain a subspace isomorphic (and
also complemented in X, by the result of [44]) to C (w‘”g).

Pelczynski [43] showed (P) has an affirmative answer when £ = 0. Rosenthal [45]
proved that if T*(Bx~) is not norm-separable (which is equivalent to saying that,
for some € > 0, the e-Szlenk index of T*(Bx~) is wy), then T is an isomorphism
on a subspace of C'(K) isometric to C[0, 1] (necessarily K is uncountable and then
C(K) is isomorphic to C[0, 1] by Miljutin’s theorem [38]).

Alspach [I] settled (P) in the affirmative when £ = 1. This result was crucial in
Zippin’s solution of the “separable extension” problem [56], as well as in Benyamini’s
characterization of the complemented subspaces of C'(w*) [15]. Alspach also showed
(P) has a negative answer when & # w” for all v < wy [3], [B].

Finally, Bourgain [20] established an affirmative answer for (P) when w® = &.

The Banach spaces C (w“g)7 ¢ < wq, form a complete list of representatives for
the isomorphic classes of the C'(K) spaces with K countable compact metrizable
[18]. When & = 0, we obtain the familiar space ¢y. Hence, C(w“’g), 1 <&, can be
thought as the higher ordinal analogs of c¢y. There is however one major difference
between ¢g and its transfinite counterparts: Although ¢y possesses an unconditional
basis, actually a symmetric one, C (w“g), & > 1, does not. In fact, it does not even
embed in a quotient of a subspace of a space with an unconditional basis [46]. The
purpose of the present paper is to show that this lack of unconditionality of C (w‘”£ ),
& > 1, is a reason why (P) has, in general, a negative answer.

To explain our result we first note that there exist transfinite analogs of cg
which do possess unconditional bases. These are the generalized Schreier spaces
{Xe}e<w:, [6], [I1]. The construction of these spaces, which has its origins in an
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example due to Schreier [50], is based on a method initiated by Tsirelson [54] and
has many applications in modern Banach space theory HI]. It is shown in [II]
that, given a family F of finite subsets of N containing the singletons and closed
under restrictions to initial segments of N (we assume that () € F), one can define
a norm || - ||£ on ¢oo (the linear space of ultimately vanishing scalar sequences) in
the following manner:

|zl 7 = sup{ Y _ |x(n)| : F € F}.
neFr
Let X7 denote the completion of ¢op under the norm || || #. It is not hard to see that
the natural unit vector basis (e,,) of coo becomes a normalized monotone Schauder
basis for the Banach space Xz, and that ||} anen|lr = sup{d_, cplz(n)|: F €
F}, for every finitely supported scalar sequence (a,). In case F is assumed to be
hereditary (this means G € F whenever G C F and F € F), then (e,) is an uncon-
ditional basis for X . If F is compact in the topology of pointwise convergence on
the power set of N (by identifying sets with their indicator functions), then (e,) is
a normalized shrinking basis for X . For example, taking F = {F C N: |F| < 1},
we obtain Xr = co. If we take F = S¢, the generalized &-th Schreier family,
&€ <wi, [0], [11], then X5 is the Schreier space X¢ of order &. It is known that the
Szlenk index of X¢ is w*! (the proof of this fact is implicit in the arguments of

[10]; see also Corollary [34) and thus equals the Szlenk index of C (w“’é). Therefore,

in terms of the Szlenk index, X¢ is comparable to C (w“g) and has an unconditional
basis. This justifies our preceding remark that the Schreier spaces X, stand as the
transfinite unconditional analogs of cg.

The Schreier families have played a key role in the recent developments in the
geometry of Banach spaces [41]. We shall not describe S¢ explicitly, because we
would rather focus on certain properties these families satisfy which are also shared
by other families of finite subsets of N. This will allow us to extend the results
stated in the abstract to a more general setting.

A family F of finite subsets of N is spreading, if for every choice {m; <,...,<
my} and {n1 <,..., < ng} of subsets of N such that {mq,...,mi} € F and m; < n,,
for alli < k, we have that {ni,...,ng} € F. We call F regular [41] if it is hereditary,
compact in the topology of pointwise convergence and spreading. It is shown in [6]
that the Schreier families {S¢ }¢<.,, are regular and that they exhaust the complexity
of countable compact metric spaces. It turns out, [42], that for a regular family
F there is a £ < wy such that F& = {(}} (see Proposition I for a proof of this
known fact) and hence F is homeomorphic to the ordinal interval [1,w¢], by the
Mazurkiewicz-Sierpinski theorem [37]. We shall then say that F is of order §. S¢
is of order w®, as shown in [6]. We recall here that for a compact metrizable space
K and a < wi, K denotes the a-th Cantor-Bendixson derivative of K.

A hereditary family F is stable, provided that F' € F is a maximal, under
inclusion, member of F if, and only if, there exists an n > max F such that FU{n} ¢
F. Tt is easy to see that a stable family F with more than one element must contain
all singletons. We also observe that for a non-maximal F € F, FU{n} € F for all
n > max F. It is shown in [24] that S¢ is stable. We are now ready to state our
results.

Theorem 1.1. Let K be a compact metrizable space, X a separable Banach space
and T: C(K) — X a bounded linear operator. Suppose that n(\, T*(Bx~)) > &,
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for some A >0 and £ < wy. Let F be a regular and stable family of order €. Then
there exists a subspace Y of C(K) isomorphic to X and such that the restriction
of T toY is an isomorphism.

We prove Theorem [[T] in Section Let us remark here that when £ = 1,
the conclusion of Theorem [L.1] is Pelczynski’s aforementioned result [43], that a
non-weakly compact operator on C'(K) is an isomorphism on a subspace of C'(K)
isomorphic to ¢g. Indeed, it is shown in [1] that 7': C(K) — X is non-weakly
compact if, and only if, n(\,T*(Bx~)) > 1, for some A > 0 (recall that Xr is
isometric to ¢g when F is regular of order 1). We have already mentioned that the
Schreier families S¢ are regular and stable of order w®, and that the corresponding
Schreier spaces X¢ are the natural transfinite unconditional analogs of ¢y. From
this point of view, Theorem [[I] can be thought as a natural generalization of
Pelczynski’s result.

An immediate corollary to Theorem [[lis

Corollary 1.2. Let X be a complemented subspace of C(K) with n(X) = w1 for
some & < wy. Given any reqular and stable family F of order w¢, the space X is
isomorphic to a subspace of X .

Theorem [Tl is a consequence of our next two results. The first is, roughly
speaking, a representation result for measures belonging to the £-th Szlenk set of a
w*-compact subset of B¢ (), using regular families of order §. More precisely, in
Section Blwe show

Theorem 1.3. Let K be a totally disconnected, compact, metrizable space. Let
M C Begy+ be w*-compact and such that n(A\, M) > & for some X > 0 and
¢ < wy. Let F be a reqular family of order & and set F* = F\ {0}. Then given
0 < € < \/4 there exist a family (Go)acr+ of clopen subsets of K, and a w*-compact
subset (po)acr of M so that the following properties are satisfied:
(1) The map o — po s a homeomorphic embedding of F, equipped with the
topology of pointwise convergence, into M, equipped with the w*-topology.
(2) |ug(Ga)| = N4 —e€, for all a and B in F* with o < B (the latter meaning
that o is an initial segment of ).
(3) The set N' = Cly» {|1ta] : @ € F is terminal } is countable (« is terminal
if « = for every B € F such that a < ).
(4) lim, v(Gaugny) = 0, for every non-terminal o € F and all v € N.

To prove Theorem [I.1] we shall need Theorem which is a refinement of The-
orem [[.3]

Theorem 1.4. Let K be a totally disconnected, compact, metrizable space. Let
M C Beky~ be w*-compact and such that n(\, M) > & for some A > 0 and
& < wi. Let F be a regular family of order . Then given 0 < € < A/4 and
d > 0, there exists a family (Gy)acr~ of clopen subsets of K fulfilling the following
property: For every o € F* there exists a pn € M such that |1(Gg)| > A/4 — ¢, for

all B € F*, B < a, yet Eﬁe]—‘*,ﬁ;(a lu|(Gg) < 4.

Theorem [[4] is proved in Section @l We shall actually prove a stronger result,
Theorem[Z3l The latter is a combinatorial result based on the infinite Ramsey the-
orem [2I] and it might be of independent interest. The precise statement, which is
too technical to appear in this introductory section, is given in Section @l Roughly
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speaking, Theorems [ F3] are “tree” versions of results in [12], [14], [22], [39],
concerning the detection of a subsequence of a weakly null sequence, such that all
further subsequences satisfy a certain property, for instance being nearly uncondi-
tional [22], [39], or convexly unconditional [14].

We shall use standard Banach space facts and terminology as may be found in
[35].

2. TREES

In this section we shall discuss some basic facts about trees and families of finite
subsets of N which are going to be very useful to our considerations. A tree is a
partially ordered set (7, <) such that for every o € T the subset {3 €7 : 8 < a}
of 7 is well ordered. The elements of the tree are called nodes. We now fix a tree
(T,<). For anode a € 7 we let DZ denote the set of its immediate successors in 7.
Thus, if 8 € DI and a < v < 8 (a < v means that o < v and « # ), then v = f3.
A node o € T is terminal if DX = (). Tt is called a root if it has no predecessors
in 7. The tree is rooted if it has a unique root. It is infinitely branching if D is
infinite for every non-terminal node o« € 7. A branch of T is a maximal, under
inclusion, well-ordered subset. The tree is well-founded if it contains no infinite
branches.

Any subset of the tree is itself a tree, under the partial ordering inherited by 7.
A subset S C 7 is a subtree of 7T if for every o € S and 8 € 7 such that 8 < «, we
have 8 € S. If S is a subtree of 7, then, clearly, DS C DZ for all o € S. In case
|DS| = |DZ| for all @ € S, we call S a full subtree of 7 (a similar terminology was
introduced in [26]).

Given trees (71, <1) and (72, <2), then a map 0: 7; — 73 is said to be an order
preserving injection provided a <3 8 in 77 if, and only if, 6(«) <2 6(8) in To. If,
additionally, 6 is surjective, then 77 and 75 are called order isomorphic.

Tree topology. Let (7, <) be a tree. We shall discuss a natural topology on 7
introduced by H. Rosenthal (unpublished). Consider the family

Ur ={Uspr:a€T,FC Dg is finite},

where Upp ={8€T:a<B,7v£BVyeF}, FC DZ. Tt is not hard to see
that 47 is a basis for a Hausdorff topology €7 on 7. In fact, for every a € T
the set {8 € T : a < (3} is clopen with respect to Tz, and, moreover, the family
{Un.r : F C DY is finite } forms a basis (consisting of clopen sets) for the open
neighborhoods of a in T7. We call T7 the tree topology on 7. This topology
is separable and metrizable if, and only if, 7 is countable. If S C 7, then we
can consider two topologies on it. The first is g, the tree topology induced by
the partial ordering S inherits from 7. The second one is T7 | S, the relative T7
topology. One checks that Ts C T7|S. It follows that the two topologies coincide
if S is a compact subset of 7 with respect to 7. We also observe that T7 | S = Ts
whenever S is a subtree of 7. The next lemma is well known.

Lemma 2.1. Assume T is a countable, well-founded and rooted tree. Then the
tree topology is compact.

Proof. As we have already observed, the tree topology is metrizable. Let (o) be
a sequence in 7. We show (ay,) has a convergent subsequence. Define D = {j €
T : B8 < ay, for infinitely many n’s}. Note that p € D where p denotes the root of
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7. Since 7 is well-founded there exists an ag € D, maximal with respect to the
ordering of 7. Choose an infinite subset N of N such that oy < o, for alln € N.
We show (ay,)nen converges to ap. To this end, let F C Dgo be finite. Given
B € DI . weknow 3¢ D. It follows that User{n € N: 8 < an} is finite. Hence
oy, € Uy, r for all but finitely many n € N and thus lim,en oy = ap. O

An ordinal index for well-founded trees. We shall next deal with an ordinal
index known as the order of a well-founded tree [28]. Given a rooted, well-founded
tree 7, we let max 7 denote the set of its terminal nodes. We shall define a
decreasing transfinite family {7(®)},~,, of subtrees of T as follows: Set 7(?) = 7.
Suppose 7 ) has been defined for all § < a. If a is a successor, say a = 3+ 1, set
T = 7B\ max TW. In case « is a limit ordinal, put 7(*) = ﬂﬁ<a TW . Tt is
easy to verify that 7(®) is a subtree of 7 for all a < wy. We let o(7) = sup{a <
wy @ T #£ () be the order of 7. Because 7 is rooted the sup above is actually a
max and if o(7) = &, then T = {p}, where p stands for the root of 7. Note also
that if 7 is countable, then o(7) < w;.

Remark 2.2. We must note here that the derivation 7(®) introduced above should
not be confused with the Cantor-Bendixson derivation on 7, with respect to the
tree topology, although the same notation is used for both derivations. However,
we shall see later that those derivations coincide on a class of special trees (see

Definition 2.5 and parts (3), (4) of Lemma 2.6).

Notation. Givent € T weset Ty = {x € T : t < x}. We also define o(t) = o(Ty),
the order of t. Clearly, o(p) = o(7) if p is the root of 7, while o(t) = 0 for every
terminal node t € 7.

The next two lemmas describe elementary properties of o(7).

Lemma 2.3. Let T be rooted and well-founded. Then for every t € T and all
E<w, T =T,nT®,

Proof. We prove the lemma by transfinite induction on £, the case £ = 0 being
trivial. Suppose the assertion holds for all rooted and well-founded trees and all
ordinals smaller than £. Let 7 be rooted and well-founded. Suppose first £ is a
limit ordinal. Then

’];(E) = ﬂ ’];(a) = ﬂ (T: N T(a)), by the induction hypothesis,
a<& a<f
:Ttm(m T =T,nT®
a<é
which proves the assertion for the limit ordinal case. If £ = ( + 1, let x be an
arbitrary node in ’];(CH). Then z € ’Z;(O \max(’ft(o), and thus = € (; N 7))\

max(7; OT(C)), by the induction hypothesis. But now, x cannot be a terminal node

in 7, or else  would be terminal in 7; N 7(¢) as well, which is a contradiction.
Therefore x ¢ max(7 (%)) and subsequently = € (7; N 7))\ max(7(%)). It follows
that z € 7, N T€+D, showing that 7, ¢ 7, N TE+D),

Conversely, suppose x € 7; N7 ¢+, Tt follows that = € (7; N 7))\ max(7 ()
and so x € ’];(O \ max(7 (%)), by the induction hypothesis. We now claim that
x ¢ max('Z;(O). Indeed, otherwise, x would be terminal in 7; N 7(¢) and thus also
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terminal in 7(¢). However, x ¢ max(7(9). Concluding, 7; N 7+ Z(CJFI),
completing the inductive step and the proof of the lemma. Il

Lemma 2.4. Let T be rooted and well-founded. Lett € T. Then o(t) =0 if t is
terminal, while o(t) = sup{o(s) +1: s € DI} otherwise.

Proof. The first assertion is trivial. To prove the second one we make a few pre-
liminary observations. Suppose that 7 is of order £ and let p denote its root. Then
T©) = {p}. Indeed, 7© is a non-empty subtree of 7. This is immediate if ¢ is
a limit ordinal, as p € T(® for all & < &. In case £ is a successor, say & = ( + 1,
then 7(¢) # () and if 7+ = ) we would have o(7) = (, a contradiction. Hence,
p e T, Finally, if t € T, t # p, then we must have p < t and subsequently
max 7 # T Therefore T7E¢+Y =£ (), a contradiction.

A second observation is that if S C 7T is itself rooted, then S(® ¢ T for all
a < wi. It follows that o(S) < o(T).

In order to complete the proof of the lemma we show that o(t2) < o(t1) whenever
t1 < to in 7. Indeed, since Ty, C Tz,, our preceding observation yields o(t2) < o(t1).
Put o(te) = &. Then

’];(252) ={to} = T, N T'¢?) | by Lemma [Z3]
= T,NT, NT =7, N 7% by Lemma 23

Hence t; < to and both belong to ’Tt§§2). It follows that ’];(152“) # (. Therefore,
o(t2) +1 < o(t1). Next suppose that there exists a ¢ € 7 such that o < o(t), where

we have set a = sup{o(s) +1: s € D7 }. Then a+ 1 < o(t) and so Tt(aﬂ) £ 0.
Choose s € 7;(0‘), t < s. Then choose sg € DtT with sg < s. It follows that

50 € ’Tt(a) NT, =T,NT N7, by Lemma23
=TNT, =T, by Lemma 23
Hence, o(so) + 1 < a < o(sp), a contradiction. O

Subtrees of [N]<>°. If X is any set, [X]<°° denotes the set of its finite subsets.
[N]<°° can be naturally viewed as a tree under the following partial ordering: {m; <
pees<mir < {n1 <,..., < n} if, and only if, k¥ < [ and m; = n; for all ¢ < k.
We agree that ) is the root of [N]<*°. Of course [N]<*° is infinitely branching and
it is easy to see that the tree topology coincides with the topology of pointwise
convergence on [N]<* (for the latter topology, we identify sets with their indicator
functions). It is not hard to see, by transfinite induction on the order of the tree,

that every countable, well-founded rooted tree is order isomorphic to a subtree of
[N] <o

Definition 2.5. A countable tree 7 is blossomed if it is rooted, infinitely branching,
well-founded and for every non-terminal node t € 7 there exists an enumeration
(tn)22, of DI such that the sequence (o(t,))3%, is non-decreasing. We make the
convention that trees with only one node are blossomed.

Blossomed trees are variants of the so-called replacement trees introduced by
Judd and Odell [27]. We refer to [10], [27] for an in-depth treatment of trees in
Banach space theory.

Blossomed trees will be very useful to our considerations. The next lemmas
contain a few permanence properties of such trees.
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Lemma 2.6. (1) Let T be blossomed and t € T. Then Ty is blossomed.

(2) Suppose T is an infinitely branching, countable, well-founded, rooted tree.
Let p be the root of T and assume that there exists an enumeration (t,) of
Dg, with (o(ty)) non-decreasing, such that Ty, is blossomed for all n € N.
Then T is blossomed.

(3) If T is blossomed and o(T) = &, then T, equipped with the tree topology, is
homeomorphic to [1,w¢]. Moreover, the £-th Cantor-Bendizson derived set
of T is {p}, where p is the root of T.

(4) Let T be a countable, rooted, infinitely branching, well-founded tree satisfy-
ing the following property: For everyt € T there exists & < wy such that
the &-th Cantor-Bendixzson derived set (with respect to the tree topology)
of Ty is {t}. Assume that for every non-terminal node t of T there exists
an enumeration (t,) of DF, such that (&) is non-decreasing. Then T is
blossomed and o(t) = &, for allt € T.

Proof. The first two assertions are easily established. We first prove (3). This is
done by transfinite induction on £. If £ = 0 the assertion is trivial. Assume the
assertion holds for blossomed trees of order less than £. Let (¢,) be an enumeration
of DT, with (o(t,)) non-decreasing. Put &, = o(tn), n € N. We know that
¢ = sup, (&, + 1), thanks to Lemma 24l The induction hypothesis now yields
that 7;, is homeomorphic to [1,w®"] with ¢, being the only element in the &,-th
Cantor-Bendixson derived set of 7;, . Since 7, is clopen in 7 the assertion follows
from Lemma

We now show that (4) holds. Let p be the root of 7 and set £7 = ¢,. We
prove the assertion of the lemma by transfinite induction on 7. The case £7 =0
is trivial. Let £ < w; and suppose the assertion holds for all trees 7 such that
€7 < & Now let T be a tree such that ¢7 = & Let (t,) be an enumeration of
the immediate successors of the root of 7, with (&, ) non-decreasing and such that
the &, -th Cantor-Bendixson derived set of 7y is {t,}, for all n € N. It follows by
Lemma that sup,, (&, + 1) = £. The induction hypothesis now implies that
7;,, is blossomed. Moreover, o(t) = &, for every node t such that ¢,, < ¢, and for
all n € N. We deduce from part (2), above, combined with Lemma 24 that 7 is
blossomed with o(7) = &. O

Lemma 2.7. Let T and S be blossomed trees such that o(S) < o(T). Then S is
order isomorphic to a subtree of T .

Proof. We prove the lemma by transfinite induction on o(7) = £. If £ = 0, the
assertion is trivial. Assume £ > 1 and that the assertion holds for blossomed trees
of order smaller than £. Let 7 be blossomed of order £&. Let S be a blossomed
tree such that o(S) = ¢ < & Assume ¢ > 1 as well, for otherwise the assertion
is again trivial. Let sg and ¢y denote the roots of S and 7, respectively. We may
choose enumerations (s,) of DS and (t,) of D such that the ordinal sequences
(o(sn)) and (o(t,)) are both non-decreasing. Put ¢, = o(s,) and &, = o(t,), for
all n € N. Since ¢, < ¢ <¢, for all n € N, and & = sup,, (&, + 1), we may choose
positive integers m; < mg < ... such that {, < &, + 1, for all n € N. Hence
Cn <&m, and o(7Tz,,, ) = &m, <&, for all n € N. Because o(Ss, ) = (n, Lemma 2.8
and the induction hypothesis yield a subtree S,, of 7;, ~ which is order isomorphic
to S, , for all n € N. It is easy to check that |J,, S, U {to} is a subtree of 7 order
isomorphic to S. (]
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Lemma 2.8. Let T be blossomed of order & and S a full subtree of T. Then S is
also blossomed of order &.

Proof. We prove the lemma by transfinite induction on o(7) = &, the case £ = 0
being trivial. Suppose the assertion holds for blossomed trees of order less than
¢ and let T be blossomed of order £. Let p be the root of 7, and let (¢,) be an
enumeration of DPT such that o(t,) = &, with (§,) non-decreasing. We can write
T =, Ti, U{p}. Nextlet S be a full subtree of 7 and define N = {n € N :
SNT;, #0}. It is clear that N is infinite and that S N 7, is a full subtree of 7,
for all n € N. Part (1) of Lemma 6] now implies that 7;, is blossomed of order
&n, for all n € N. We infer from the induction hypothesis that S N7;, is blossomed
of order &,, for alln € N. Since S = {J,,cny(SNT:,,) U{p} (actually, S, =SNT;,
for all n € N) and N is infinite, part (2) of Lemma yields S is blossomed of
order &. O

Families of finite subsets of N. Let F C [N]<*°. For such a family, the terms
hereditary, spreading, compact, regular and stable have already been given in Sec-
tion [ Every hereditary family F can be viewed as a subtree of [N]<* (it suffices
that F be closed under restrictions to initial segments). If F is hereditary and com-
pact in the topology of pointwise convergence, then it is a well-founded subtree of
[N]<°°. In case F is additionally assumed to be spreading, then F is a well-founded,
infinitely branching subtree of [N]<°°. We remark that in this case the tree topol-
ogy on JF coincides with the topology of pointwise convergence. We are going to
show that every hereditary, compact and spreading family is a blossomed subtree
of [N]<°°. This will be a consequence of the Mazurkiewicz-Sierpinski theorem [37].
We shall need two preparatory lemmas.

Lemma 2.9. Let K be a countable compact metric space. Suppose there exist
a sequence (Ky,) of pairwise disjoint non-empty clopen subsets of K and xg €
K\U,, Kn, so that K =J,, K,U{xo}. Assume further that K,, is homeomorphic to
a subset of K41, for alln € N. Then there exists a & < wy such that K& = {zo}.

Proof. The Mazurkiewicz-Sierpinski theorem [37] implies the existence of a £ < w;
such that K€ is finite non-empty. Assume there exists some z € K©) \ {xg}.
Then choose ng € N such that x € K,,,. Since K, is clopen in K, we infer that
T € K,(L%) Since K, is homeomorphic to a subset of K, for all n > ng, we conclude
that there exists x,, € Ky(f), for all n > ng. It follows that (z,)n>n, is an infinite
sequence in K (5), contrary to our assumption. O

Lemma 2.10. Let K be a countable compact metric space. Suppose there exist
a sequence (K,) of pairwise disjoint non-empty clopen subsets of K and xg €
K\U,, K, so that K = J,, K,U{xo}. Assume further there exists a non-decreasing

sequence (&,) of countable ordinals, such that K}(L&") is a singleton, for all n € N.
Then K© = {0}, where & = sup,, (&, + 1).

Proof. The Mazurkiewicz-Sierpinski theorem [37] implies that K, is homeomor-
phic to [1,wé"], for all n € N. Since (&,) is non-decreasing, we infer that K, is
homeomorphic to a subset of K41, for all n € N. Lemma yields a ( < wy
such that K©) = {zo}. We show ¢ = sup,, (£, + 1). Indeed, first observe that

n < (, for all n € N. Otherwise, ¢ < &,, for some ng € N and so Kp, . Since
&, < C, for all n € N. Otherwise, ¢ < &, f N and so K5 # 0. Si
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Ky(f)) c K©, we deduce that zy € K,,, contrary to our assumptions. It follows
that £ = sup,, (&, +1) <.
Finally, suppose ¢ < ¢. Then K (&) is infinite and we may choose x € K (€)\ {zo}.

Next choose m € N with z € K,,. Because K,, is clopen we infer that =z € K,(ﬁ).
However, K,(f) is empty as K,(f’"’) is a singleton and &, < &. (]

Proposition 2.11. Let F be a reqular family of finite subsets of N. Then F is a
blossomed tree.

Proof. To avoid trivialities assume F # {(}. From a previous discussion we have
F is a well-founded, infinitely branching subtree of [N]<*°. Given a € F we recall
that Fo = {# € F : a < [}, which is a clopen subset of F (relatively to the tree
topology of F which of course coincides with the topology of pointwise convergence
on F). If o is non-terminal in F, set M, = {n € N: max a < n, aU{n} € F}.
This is an infinite subset of N by the spreading property of F. We certainly have
that Fo = U, e, Fauiny U {a}. We also have that the sequence (Fou(n})nem.
consists of pairwise disjoint, non-empty clopen subsets of F. We are going to show
that Fou{n,} is homeomorphic to a subset of Fou(p,}, for all ny < ng in M,. To see
this define a map ¢: Fougn,y — Faun,} by the rule p(aUF) = aU[(ng —ny) + F],
for every F' € F such that min F' = n; and a U F € F. In the above, for an
integer k we let k + F' denote the set {k+i: i € F}. ¢ is well defined because
F is spreading. It is easy to see that ¢ is injective and continuous and thus a
homeomorphic embedding. Lemma 29 yields an ordinal £, such that FiE) = {a}.
Since &augny < €aufne} Whenever ny < ng in M,, we deduce, using part (4) of
Lemma [2.6] that F is blossomed. O

Remark 2.12. We must mention here that for every £ < w; there exists a regular
and stable family of order £. Indeed, when £ is of power-type, say, w®, then the
Schreier family S, is regular of order £ [6] and stable [24]. If ¢ is any countable
ordinal, then regular and stable families of order ¢ were first considered in [53],
and later in [13], [23], [49]. Such families are constructed by transfinite induction
on &. We shall briefly sketch the construction. If F is a regular and stable family
of order ¢, then the family {F € [N]<>* : F\ {min F'} € F} U {0} is regular and
stable of order £ + 1. Next suppose £ is a limit ordinal and let (&,) be a sequence
of ordinals strictly increasing to . Assume F,, is regular and stable of order &, for
alln € N. Then {F € [N|<*°*: 3n <min F, F € F,} U {0} is a regular and stable
family of order £. It is easy to see that those families are hereditary and spreading,
containing the singletons. Compactness follows by applying Lemma[2T0. Stability
is proven using the argument in Lemma 3.1 of [24].

The final result in this section discusses the construction of some special universal
subtrees of [N]<>°. In the sequel, if X is any set, we let [X] denote the set of all
infinite subsets of X.

Lemma 2.13. Let M € [N]. There exists a family (Ma)qe<= of pairwise disjoint
infinite subsets of M (i.e., Mo N Mg = 0 whenever oo # 8 in [N]<°°) so that letting

(m$)$2, be the increasing enumeration of My, we have that m& < m$, for all

i€ Nand o€ [N|<*°, a# 0 (o~ stands for the predecessor of o in [N]<>).

Proof. Choose My € [M] so that M \ My € [M]. Let (m?) be the increasing
enumeration of My and choose an infinite sequence (N;) of pairwise disjoint, infinite
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subsets of M\ My such that M \ My \ J; N; € [M]. We can now choose My} €

[Nk] such that, if we let (mz{k})fil be the increasing enumeration of My, then
? < mz{k} for all integers ¢ and k.
Suppose that n € N and that we have constructed a family {M, : « € [N]<*,

|a| < n} of pairwise disjoint infinite subsets of M such that
(1) M\ U.,. la|<n M, is infinite.

(2) If (m$)$2, is the increasing enumeration of M,, then m$ < m¢, for all
i€ Nand a € [N]<*®, a # 0, with |a| < n.

m

Let (ax) be an enumeration of {a € [N|<*°, |a] = n + 1} and choose an infinite
sequence (Ny,) of pairwise disjoint infinite subsets of M \ |J,,. la<n Ma s0 that
M\ U, aj<n Ma \ Uy, Na, is infinite. Given o € [N]<°° with |a| = n + 1, choose
M, € [N,] so that if we let (m$)?2, be the increasing enumeration of M,, then

m® < m$, for all i € N (recall that |a~| = n and so M,- has been constructed).
It follows that (1) and (2) hold for n + 1 and therefore the construction of the
required family (M )qeqn<e is carried over by induction. O

Proposition 2.14. Let M € |[N]. There exists a subtree T2 of [M]<> with the
following properties:

(1) If o, B are nodes of T2\ {0} and max 8 € «, then 3 < a.
(2) There exists an order preserving injection o: [N]<°° — T such that o(F)
is a subtree of TM N F, for every hereditary and spreading family F.

Proof. Let (Ma)acnj<e be the family of infinite subsets of M constructed in
Lemma [2.13] Put Dy = {#}. Suppose that n € NU {0} and that D,, C {a €
[N]<*°, || = n} has been defined. Set

Dpi1={a€[N*>®: |a|=n+1,a €D,, max a € M,-}.

We set 7Y = (Jo", D,. It follows immediately from the inductive construction
that 7.2 is a subtree of [M]<>°.

We first show that (1) holds. We shall prove by induction on n € NU {0} that if
a € D, and B € TM \ {0} satisfy max (8 € a, then 3 < a. This assertion is trivial
if n = 0. Assuming the assertion is true for n, let & € D,, 41 and 8 € T\ {0} with
max 3 € a. In case max § € o™, since a~ € D,,, the induction hypothesis yields
B < a and so f < a as well. If max 8 ¢ o, then max § = max a. Note that
by the inductive construction of 72 we have max v € M, -, for all v € TMN {0}.
Hence M,- N Mgz- # (. We deduce from this that = = 8~ and so a = f in this
case, completing the inductive step.

To show (2), define a map o: [N]<>® — TM in the following manner: () = 0.
If i1 < -+ < iy are in N, then o({i1,...,ix}) = {d1 <,..., < di}, where d; is the
i1-st element of My, while d; is the i;-th element of My, . 4, 3 for 2 <j <k. It
is easy to verify that o is a well-defined, order preserving injection, mapping [N]<*
onto a subtree of 722, This is a consequence of the fact that m¢ < mf foralli € N
and o < B in [N]<* (recall that (m$)$°; is the increasing enumeration of M,). We
also obtain that ¢; < d; for all j < k. It follows from this that if F is spreading
and {i; <,...,< i} € F, then o({i1,...,ix}) € F. O
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3. TREES AND THE SZLENK INDEX

The present section is devoted to the proof of Theorem[I.3] We shall also sketch a
proof for the calculation of the Szlenk index of the Schreier spaces X¢ in Corollary
B4 (cf. also [10]). To achieve these goals, we shall use trees in order to find
suitable representations for elements in the £-th Szlenk set of a w*-compact subset
of Bx« (X a separable Banach space). The recent papers [10], [26], [27], [30],
[31] make systematic use of trees in the study of the Szlenk index as well as other
related ordinal indices. The main ideas contained in [10], [26], [27] about tree
representations of Szlenk sets are also employed in the results of this section.

The Szlenk sets P, (e, B), a < w1, B a w*-compact subset of X*, ¢ > 0, were
described in Section [ It is easy to verify that Pg(e, B) C Py(e, B), for all o <
B < wy. Szlenk [52] shows that P, (e, B) is w*-compact when X* is separable. In
the first part of this section we show that n(X¢) = w®?, for all £ < wy.

Notation. Given a Banach space X, a < wy, and A > 0, we shall write P, (\)
instead of P, (A, Bx+).

The next lemma is implicitly contained in [10], [26].

Lemma 3.1. Let X be a Banach space, A > 0 and (, £ countable ordinals. Suppose
that =* € Pe(\) and y* € P:(N\). Then (x* + y*)/2 € Peyc(N/2 —9), for all
0<d <2,

Proof. We first show by transfinite induction on § that (z* + y*)/2 € P:(\/2 —¢)
for all z* € P¢(X\), y* € Bx+ and 0 < 6 < A/2. This is trivial if { = 0. Assume
the assertion true for ordinals smaller than §. Let z* € Pg()\), y* € By~ and
0<d< A2

We first consider the case of a successor ordinal £ = « + 1. Choose sequences
(z}) in Py(M\) w*-converging to z*, and (z,) in Bx weakly converging to 0, so
that |z} (zy,)] > A for all n € N. The induction hypothesis implies («} + y*)/2 €
P,(A/2—4) for all n € N. We can assume without loss of generality that |y*(x,)| <
J, for all n € N. It is now clear that (z* +y*)/2 € P:(A\/2 —9).

Next suppose that & is a limit ordinal. The induction hypothesis yields
(* +y*)/2 € Po(A/2 —6) for all & < £ and so (z* + y*)/2 € P:(A\/2 —0) as
required.

The proof of the lemma will be completed once we show that for fixed £ < wy
and z* € Pg(X\) we have (z* +y*)/2 € Peyc(A/2—0), for all { < wy, all y* € Pe(X)
and all 0 < § < A/2. This is accomplished by transfinite induction on ¢. The
case ¢ = 0 was settled in the preceding paragraphs. Assume the assertion holds for
ordinals smaller than ¢ and let y* € P:(A), 0 <d < A\/2.

Suppose first that ¢ is a successor, say ¢ = a+1. Choose sequences (y) in P, (\)
w*-converging to y*, and (y,) in Bx weakly converging to 0, so that |y} (y.)| > A
for all n € N. The induction hypothesis implies (z* +y)/2 € Pryqo(A/2—6) for all
n € N. We can assume without loss of generality that |z*(y,)| < d, for all n € N.
It is now clear that («* +y*)/2 € Peyc(A/2 — 0).

Finally, assume ( is a limit ordinal. Then £ + ( is also a limit ordinal. In fact,
E+(¢ =sup{{+a: a < (}. Since y* € P,(A), for all & < ¢, the induction hypothesis
implies (z*+y*)/2 € Peyo(A/2—0) for all & < ( and so (z*+y*)/2 € Peirc(N/2-9).
The proof of the lemma is now complete. O
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Corollary 3.2. Let X be a Banach space such that Pe(A) # 0 for some § < w;
and A > 0. Then n(X) > ¢ - w.

Proof. We can inductively select a sequence of positive scalars (d,), such that
S (6:;/277) < A/2™, for all n € N. Set e, = A/2" — 31" (6;/2"7%), n € N.
Let * € P¢(\). Successive applications of Lemma 31l yield x* € Pr.on (e, ), for all
n € N. Tt follows now that n(e,, Bx«) > £-2" for all n € N, whence n(X) > ¢-w. O

Notation. Given a weakly null sequence (x,,) in some Banach space X, F' € [N]<>,
F#0,and A >0, we set Kp ) = {z* € Bx-: |2*(z,)| > \, Vn € F}.

Proposition 3.3. Let X be a separable Banach space, (z,,) a normalized weakly
null sequence in X and X > 0. Suppose T is a blossomed subtree of [N]<>° for which
there exists a collection (Li)ier of non-empty w*-closed subsets of Bx+, such that
L, C Ky, for allt € T\ {0}, while Ly, C L,, whenever t1 < ta in T. Then
Li NV Pypy(A) #0, forallt € T.

Proof. We prove the assertion of the proposition by transfinite induction on the
order of 7. The assertion is trivial for subtrees of order 0. Let 1 < £ < w; and
assume the assertion is true for blossomed subtrees of [N]<°°, of order smaller than
&. Consider now a blossomed subtree 7 of [N]<*°, of order . Let (¢,) be an
enumeration of DJ such that (o(t,)) is non-decreasing.

Fix n € N and let j,: 7;, — [N]<* be the order preserving injection given
by jn(t) = ¢\ {mint,}. Put 7, = j,7;, which is a blossomed subtree of [N]<*,
of order o(tn) < & (see Lemma ZG). Set H, = L., for all r € 7,,. Note in
particular that Hy = Ly, . We can now apply the induction hypothesis for 7,, and
the collection (H,),c7,, to conclude that H, NP,y () # 0, for all r € T,,. It follows
that Ly N Pyyy(A) #0, for all t € Ty,

The proof will be completed once we show Ly N P¢(X) # 0. To this end, choose
xy € Ly, N Py, )(A) for all n € N. Set m,, = mint,, and note that the m,’s are
pairwise distinct. Put y, = @, , n € N. It is clear that (y,,) is a normalized, weakly
null sequence in X satisfying |z} (y,)| > A, for alln € N, since z}, € L;, C Ky, » and
my € t,. Finally, let 2™ be a w*-cluster point of (z},). Clearly, * € P,,)11()),
for all n € N, whence z* € P:()\), as £ = sup, (o(tn) + 1), by Lemma 241 We are
done since our hypotheses yield z* € Ly. O

Corollary 3.4. Let F be a regular family of order &, containing all singletons.
Then n(Xr) =& w.

Proof. Let (en) be the natural Schauder basis of Xz. Then (e,) is normalized
weakly null. Denote by (e}) the sequence of functionals biorthogonal to (e,). It is
clear that ), e € Kp, for every non-empty F' € F. Proposition ZTT] tells us
that F is a blossomed tree of order £&. We can therefore apply Proposition[3.3, with
Ly = K for t # () and Ly = Bx, to conclude that P¢(1) # 0. Corollary B2l now
implies that 7(Xz) > ¢ - w. To obtain equality, we note that X is isometric to a
subspace of C(F) (see [T1]), and thus n(Xz) < n(C(w®)) =& -w, by [§], @8]. O

A variation of the Szlenk index. It will be more convenient for us to work with
a variant of P, (e, B), which we term Q, (¢, B). The definition is done by transfinite
induction. Given a separable Banach space X, a w*-compact subset B of Bx« and
€ > 0, set Qo(e, B) = B. Suppose that a < wq and that Qg(e, B) has been defined
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for all 8 < . Assume first that « is a successor ordinal, say o = 3+ 1. Set
Qule, By ={2* € B: 3(z}) C Qs(e, B), liern xy =2, (w*), I(zy) C Bx
liyrbn xn =0, (w), i%f | (zn,)] > €}.
If « is a limit ordinal, set

Qu(e, B) = {z* € B: 3 () strictly increasing to «,
dz) € Qa,+1(¢, B), (n € N),lim ), = z*, (w")}.

It is easy to see that P,(e, B) C Qu(¢, B), for all @ < wy. We also observe that
if n(e, B) > &, then Q¢(e, B) # 0. To see this first note that Ps(e, B) C Py (e, B),
for all @ < f < wy. It follows from this that if & < n(e, B), then Pe(e,B) # 0
and thus Q¢(e, B) # 0 as well. When & = (e, B), we distinguish two cases. The
first case is that of a successor ordinal £. Necessarily, P¢ (e, B) # ) in this case and
so, again, Q¢ (e, B) # (0. If ¢ is a limit ordinal, then P, (e, B) # 0, for all o < &.
Let (&,) be a strictly increasing sequence of ordinals tending to £. We can choose
x) € Pr,41(¢,B), for all n € N. It follows that z} € Q¢,+1(€, B), for all n € N.
Finally, let z* be a w*-cluster point of (z}). Of course, * € Q¢(e, B).

Lemma 3.5. Let X be a separable Banach space, B a w*-compact subset of X*
and € > 0. Let & < wy be a limit ordinal and (&,) a non-decreasing sequence of
ordinals smaller than & such that & = lim,, &,. Assume that x}, € Qg, (¢, B), for all
n € N, and that lim,, z}, = z*, (w*). Then z* € Q¢(¢, B).

Proof. Assume without loss of generality that (&,) is strictly increasing. If &, is
a successor for infinitely many n’s, then the assertion of the lemma is trivial. We
can thus assume, without loss of generality, that &, is a limit ordinal for all n € N.
We next choose, for all n € N, a strictly increasing sequence of ordinals (&%),
tending to &,, and a sequence (x}, )7 | with &}, € Q¢,,.+1(€, B), for all k, such that
limy, ), =« (w*). Let d be a metric compatible to the relative w*-topology on B.
We can certainly assume without loss of generality that d(z7,,z}) < 1/n, for all
integers n, k. Moreover, we can assume without loss of generality that &, < &1k,
for all integers n, k. It follows now that lim, z}, = z*, (w*), and that (&,,) is a
strictly increasing sequence of ordinals tending to £. Of course z},, € Q¢,,.+1(€, B)
for all n € N, whence z* € Q¢(e, B). O

In what follows, K is a totally disconnected, compact metrizable space. Subsets
of Bo(k)~ will be endowed with the w*-topology, while trees will be given the tree
topology.

Definition 3.6. Suppose that M C Be(ky+, p € M and § < w;. A {-condensation
of uin M is a pair (7,¢), consisting of a blossomed tree 7 of order ¢ and a
homeomorphic embedding ¢: 7T — M (7 and M are endowed with the tree and
w* topologies, respectively), so that ¢(p) = p, where p is the root of 7. The ¢-
condensation (7, ¢) of p in M is A-Szlenk, for some A > 0, if u € Qe (A, ¢(S)), for
every full subtree S of 7.

To prove Theorem we shall need a few technical lemmas. The next lemma
gives conditions that enable us to glue together Szlenk-type condensations to obtain
a Szlenk condensation of higher order.
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Notation. Let (7,,) be a sequence of blossomed trees such that the sequence (o(7y,))
is non-decreasing. We denote by ), 7, the blossomed tree |J,, ({n} x 7,) U {0}
having () as its root under the ordering (n1, 1) < (ng, ag) if, and only if, ny = nqy
and oy < ag in 7, . It is clear that the order of this tree is equal to sup,, (o(7,) +1)
(see Lemmas 2.4] .6). Assume further that we had mappings ¢,: 7, — E, for
some set E, for all n € N. Then given e € E, @ ¢, is the unique mapping
¢: @, Tn — E extending each ¢, and such that ¢(0) = e.

Lemma 3.7. Let (§,) be a non-decreasing sequence of countable ordinals and set
§ =sup, (& +1). Let (un) be a sequence in B+, w*-converging to pi. Suppose
there exists a sequence (U,,) of pairwise disjoint relatively w*-open subsets of Bo g+
so that

(1) pn € Uy, p & Uy, for all n € N.

(2) pn admits a A-Szlenk, &, -condensation (7, ¢p) in Uy, for all n € N.

(3) If ny <na < ... and 7, € Uy,, i €N, then lim; ; = p, (w*).

(4) If € is a successor, there exists a weakly null sequence (fy) in Beky such
that |pn (fr)| = A, for alln € N.

Then (Q),, Tn, Q" ¢y is a A-Szlenk, &-condensation of p in |J,, ¢n(Tn) U {p}.

Proof. It follows immediately from the definitions and conditions (1), (2), (3) that
(®,, Tn, Q" ¢y,) is a &-condensation of p in (J,, ¢, (7,) U {n}. We need only show
it is A-Szlenk. To see this, let S be a full subtree of §),, 7. Let p, be the root of
7, and choose an increasing sequence (k) in N so that {(kn, px, ) : n € N} = Dy
Put S, = {a@ € Ty, : (kn,a) € S}. This is a full subtree of 7 . Condition
(2) yields that pg, € Qe (N ¢k, (Sn)). Since ¢, (Sn) = Qb dm({kn} x S,
we infer that p, € Qe (A, @ ¢m(S)), for all n € N. It follows now that p €
Q¢ ()\, (3o qu(S)). Indeed, this is immediate when & is a successor, because of
condition (4) in the hypothesis. When ¢ is a limit ordinal, it follows from Lemma
3.0l U

Lemma 3.8. Let M be a w*-compact subset of Boky«. Suppose pi € Qe(A, M)
for some A >0 and 1 <& <wy. Let Mo C M be w*-dense in M, and let U be a
relatively w*-open neighborhood of pu in Bo(xy-. Given 0 < € < X and a countable
subset B of Beo(ky«, there exist a (A — €)-Szlenk, §-condensation (T,¢) of p in
MNU and a collection (fo)acT+ in Boxy (T =T*\{p}, p being the root of T)
so that the following properties are satisfied:

(1) ¢(a) € My, for every terminal node o € T .

(2) [¢(a)(fa)] > A=, for all € T*.

(3) limgepr v(|fs]) = 0, for all non-terminal o« € T and all v € B.

Proof. We prove the lemma by transfinite induction on £. When £ = 1, choose
a sequence (p,) C M NU, w*-convergent to p, and a weakly null sequence (f,)
in Boky so that |p,(fn)| > A, for all n € N. There is no loss of generality in
assuming that |u|(]fn]) < A — € for all n € N. Let d be a metric compatible with
the relative w*-topology in Be(k)-. Fix n and define W,, = {v € U : d(v, i) <
1/n, [v(fn)| > X — €}, which is a relatively w*-open neighborhood of i, in Be(fy-
Since pu ¢ W, for all n € N, there exist a subsequence (ug, ) of (1) and pairwise
disjoint relatively w*-open subsets U, of Bg(k)«, such that uy, € U, C Wy, for
all n € N. We can now choose v, € MoNU,, and set 7T = {{n} ' n € N} U {0}.
Define ¢: T — M N U by the rule ¢({n}) = vy, for all n € N and ¢(0)) = u. Also
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put finy = fr,, n € N, and it is easy to verify that (7, ¢) and (fa)ac\{g} satisfy
the requirements of the lemma for £ = 1.

Assume the assertion of the lemma holds for all ordinals smaller than £ and let
€ Qe(A, M). It follows that there exist a non-decreasing sequence of ordinals
(&) with sup, (£, + 1) = &£, and a sequence (u"), w*-converging to p and such
that u" € Qg¢,+1(A, M) for all n € N. We can now choose sequences (f,;)2, in
Qe, (A, M), w*-convergent to u™, and weakly null sequences (fn;)i2; in Bo(xy such
that |pn;(fni)] > A, for all integers n, 4. We can clearly assume that limy, i, i, = K,
(w*), for all ny < ny < ... and all choices i, € N. Now let B be a countable subset
of Bo(ky«. Since (fni)i2, is weakly null, we can select indices i; < i3 < ... so that
limy, v(|fni,|) = 0, for all v € BU {|ul|}. Set pin, = pini, and f, = fn,, for all
n € N. We can assume that |u|(|fn|) < A — ¢, for all n € N. Note also that in case
¢ is a successor, (f,) can be chosen to be weakly null (this is so since we simply
take p" = p for all n).

Arguing as in case £ = 1, we can assume without loss of generality, by passing to
subsequences, that there exist pairwise disjoint relatively w*-open subsets U,, of U
such that p, € U, C W,,, where W,, = {v € U : d(v, pin) < 1/m, |v(fn)| > X — €},
and p ¢ U,, for all n € N. Since p,, € Q¢, (A, M), the induction hypothesis applied
on fin, Uy, and B yields a (A —€)-Szlenk, &,-condensation (7, ¢ ) of p, in MNU,,
and a subset (f)ae7> of Bo(k), satisfying all three requirements of the lemma for
the ordinal &,. Let 7 = Q),, 7,, and ¢ = Q" ¢,,. LemmaB.Tyields that (7, ¢) is a
(XA — €)-Szlenk, &-condensation of p in M N U, satisfying (1). Let p,, be the root of
Tp. Define f, ;) = fn and fi, o) = f& when a € 7.7, for all n € N. It is easy to
check that (fa)ac7~ satisfies (2) and (3) for &. O

Lemma 3.9. Let M be a w*-compact subset of Bo(k)-. Suppose p € Qe(A, M)
for some X >0 and 1 < € < wi. Let U be a relatively w*-open neighborhood of p
in Boky=. Then there exist a non-negative measure v € Be ()=, §-condensations
(T,9) for pin MNU and (T,0) for v in Bo(x)«, so that

(1) 8(a) = |p(av)|, for every terminal node o € T.

(2) (T,¢) is A\-Szlenk.

Proof. Note (1) implies that 7 > 0, for all 7 € (7). We prove the assertion of the
lemma by transfinite induction on £&. When £ = 1 choose a sequence (p,,) in MNU,
w*-converging to u, and a weakly null sequence (f,,) in Be(k) so that [, (fn)| > A,
for all n € N. We can assume without loss of generality that lim, |u,| = v, (w*),
for some non-negative measure v € B (ky+. Since |pn|(]fn]) > A, arguing as in case
¢ =1 of Lemma B, we can assume that p, # u, |u,| # v for all n € N, and that
the 11,’s as well as the |uy|'s are pairwise different. Set 7 = {{n}: n € N} U {0}.
Define mappings ¢: 7 — M NU and 0: T — Bgky+, by the rules ¢({n}) = pn,
O({n}) = |pnl, for alln € N, ¢(0) = u, 6(0) = v. It is easily seen that (7, ), v and
(7,0) satisty (1), (2) for & = 1.

Assume the assertion of the lemma is true for ordinals smaller than £ and let
€ Qe(A, M). It follows that there exist a non-decreasing sequence of ordinals
(&) with sup, (£, + 1) = &£, and a sequence (u"), w*-converging to p and such
that u" € Qg¢,+1(A, M) for all n € N. We can now choose sequences (f,;)52, in
Qe, (A, M), w*-convergent to u™, and weakly null sequences (fn;)i2; in Bo(xy such
that |pn;(fni)] > A, for all integers n, i. We can clearly assume that limy, i, i, = K,
(w*), for all ny < ng < ... and all choices i;, € N. Let d be a metric compatible
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to the w*-topology in B¢ (k). Choose some 0 < ¢ < A\/2 and set O,; = {1 € U :
d(7, pni) < 1/n, |7(fni)| > X — €}, for all integers 7, n.

The induction hypothesis applied on p,; and the neighborhood O,,;, yields non-
negative measures vy,; in Bo ()« , {n-condensations (Zp;, ¢ni) for pi,; in MNOy; and
(Tniy Oni) for vp; in Begoy«, fulfilling conditions (1), (2) of the induction hypothesis
for &,.

By passing to subsequences and relabeling, we can assume that the w*-closure
of {vn; : n,i € N} is countable, and that there exists a non-negative measure v
in Be(k)- such that limg vy, 4, = v, (w*), for all n; < ny < ... and all choices
ix € N. Since (fn;)52; is weakly null, we can choose indices i1 < iz < ... so that
(| fnin]) < A —2€ and v(|fni,]) < A — 2¢, for all n € N. Now set f, = fni,,
Un = Vnjins Bn = Hnins T, = Zz,inv ¢n = ¢n,i"; O, = en,inv and O, = On,ina for
all n € N. Note that in case £ is a successor, (f,) can be chosen to be weakly null
(same comment as in the proof of Lemma [3-8)).

It is crucial to observe here that condition (1) of the induction hypothesis implies
that v, (|fn]) = A — ¢, for all n € N. Indeed, fixing n, we have |7(f,)| > A — € for
every T € ¢n(7,) C O,. It follows now by (1) of the induction hypothesis for
(Tn, ¢n) and (75, 0y) that 0,(a)(|fn]) > A — €, for every terminal node a € 7.
Hence vy, (| fn]) > X — €.

Next put R, = {7 € Be(x)- = d(T,vn) < 1/n, 7(|fn]) > A — 2¢}, for all n € N.
Since limy, py, = p, limp v, = v, (w*), and p ¢ O,, v ¢ R, for all n € N, we
can assume without loss of generality after passing to subsequences that there exist
relatively w*-open subsets U,, and V;, of Bo ()= with i, € Uy, C O, v € Vi, C Ry,
and so that each one of the sequences (U,) and (V},) consists of pairwise disjoint
sets.

Observe now that ¢, [¢,,(7,)NU,] and 6, *[6,,(7,,)NV,,] are open neighborhoods
of the root of 7, and therefore their intersection must contain a full subtree of 7,,.
Since the desired properties (1), (2) are preserved by restrictions to full subtrees,
there will be no loss of generality in assuming that ¢, (7,) C U, and 6,,(7,,) C Vi,
foralln e N. Let T = Q,, Tn, ¢ = Q" ¢, and § = @), 6,,. Lemma [37] combined
with the induction hypothesis, readily imply that v and the &-condensations (7, ¢),
(7,0) satisty (1), (2) for &. O

An immediate consequence of Lemma B9lis the next

Corollary 3.10. Let P C Bek)- be w*-compact such that n(\,P) > & for some
A>0and & < wi. Then for every p € Qe(\, P) there exist a countable, w*-compact
subset M of P with 1 € Qe(A, M), and a subset My of M w*-dense in M and
such that the w*-closure of {|v|: v € My} is countable.

Corollary 3.11. Let M C B (k)= be w*-compact such that n(A, M) > £ for some
A>0and £ < wy. Given 0 < € < A, there exist a blossomed tree T of order &, a
subset (ug)ier of M and a collection (fi)ier+ (T* =T \ {p} with p denoting the
root of T ) in Be(ky so that the following are satisfied:

1) The map ¢: T — M given by ¢(t) = ue is a homeomorphic embedding.
2) pwp € Qe(N—e€,{p : t € S}), for every full subtree S of T.
) |pe(fe)l > A —¢, forallt € T*.

) B = Cly~ {|pt] : t € T is terminal} is countable.

) limgepr v(|fs]) =0, for every non-terminal node t € T and all v € B.

(
(
(3
(4
(5
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Proof. Apply Corollary B.I0] to obtain subsets My, Mg of M such that M;j is
countable w*-compact with Q¢(A\, M1) # 0, while My C M; is w*-dense in M,
and such that By = Cl,«{|v| : v € My} is countable. Next apply Lemma
for My, the given e, the w*-dense subset Mg of M7 and the countable subset B
of Bo (), to obtain a blossomed tree 7 of order {, a homeomorphic embedding
¢: T — Mj and a collection (f;)ie7~, satisfying the conclusion of Lemma B.8. Set
¢(t) = p for all t € T to obtain the desired conclusion. O

Lemma 3.12. Let M C Bg k)~ be w*-compact. Let T, (pu¢)iet, (ft)ier and B
satisfy conditions (1), (3), (4) and (5) of Corollary 311 for some 0 < € < A\/4.
Then there exists a family (Gy)ieT+ of clopen subsets of K such that

(1) |ue(Ge)| > A4 —¢, for allt € T*.

(2) lim,epr v(Gs) = 0, for every non-terminal node t € T and all v € B.

Proof. Fix some t € T* and put W, = {x € K : |fi(z)] > €}. Then |u|(W;) >
A—2e. Choose a Borel subset B; of Wy such that |u:(B)| > A/4—¢€/2. Next choose
a closed subset F} of B such that |u:(F;)| > A/4 — €¢/2. Finally, choose a clopen
set Gy with Fy C Gy C Wy and such that |u:(Gi)| > A/4—€/2. Let v € B. Because
Gy C Wy we deduce that ev(Gy) < fgf |fe|dv < wv(|fe]). It is clear that (Gy)ier~ is
the required family. 4 O

Lemma 3.13. Let T, (ut)ieT, (Gi)ier~ be as in the conclusion of Lemma [Z12.
Then there exists a full subtree S of T such that | (Gs)| > A4 — €, for all s < ¢
in S*.

Proof. We prove the lemma by transfinite induction on o(7) = §&. When £ = 1, the
assertion is trivial. Assume the assertion holds for trees of order less than £ and
consider a blossomed tree 7 of order £ > 1. Let (t,) be an enumeration of DpT SO
that (o(tn)) is non-decreasing. Fix n and note that the set {t € T;, : |u(G,)| >
A/4 — €} is an open neighborhood of ¢, in Tz, ; therefore it contains a full subtree
Ry of Ty, . Since o(ty) < &, the induction hypothesis applied on R, (14¢)ter, and
(Gi)ter: yields a full subtree S, of R, such that |u:(Gs)| > A/4 —¢, for all s <t
in S, \ {tn}. Set S =J,, Sn U {p}. This is the required full subtree of 7. O

The next corollary follows directly from Corollary [311] combined with Lemmas

and 3131

Corollary 3.14. Let M C Be k)~ be w*-compact such that n(A, M) > & for some
A>0 and £ <wy. Given 0 < e < A\/4, there exist a blossomed tree T of order &, a
subset (ut)rer of M and a collection (Gi)ier~ (T* =T \ {p} with p denoting the
root of T ) of clopen subsets of K so that the following are satisfied:

(1) The map ¢: T — M given by ¢(t) = ¢ is a homeomorphic embedding such

that (1, € Qe(A — €, {pu : t € S}), for every full subtree S of T.

(2) |pwe(Gg)| > AN/4d—e, forall s <t in T*.

(3) B = Cly= {|ue| : t € T is terminal} is countable.

(4) lim,e pr v(Gs) = 0, for every non-terminal node t € T and all v € B.

We are now ready for the

Proof of Theorem [L3. We apply Corollary B14] to obtain a blossomed tree 7 of
order £, a subset (v1):er of M, and a collection of clopen subsets (Gt)ier+ of K so
that
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(1.1) The map 6: 7 — M given by 6(t) = v, is a homeomorphic embedding.

(1.2) |1e(Gs)| > A4 —e, for all s <tin T*.

(1.3) B = Cly~ {|e]| : t € T is terminal} is countable.

(1.4) lim,e pr 7(Gs) = 0, for every non-terminal node t € 7 and all 7 € B.

Now let F be a regular family of order €. Proposition ZIT] yields that F is a
blossomed tree of order £. We infer from Lemma [Z7] that F is order isomorphic
to a subtree R of T. Let (r,) be an enumeration of the terminal nodes of R. For
each n € N, choose a terminal node ¢, of 7 such that r, < t,. Define a map
r, ifré{r,: neN}
tn, ifr=mr,, for somen € N.
that 1 is a homeomorphic embedding with respect to the tree topology. We remark
that r < ¢(r), for all r € R. Moreover, r is terminal in R if, and only if, ¢(r) is
terminal in 7.

Let j: F — R be an order isomorphism and define G, = G, for all a € F*.
Finally define ¢: F — M with ¢ =60 oo j. ¢ is a homeomorphic embedding and
thus, setting o = ¢(a), for a € F, we infer that (1) holds.

Since the terminal nodes of 1)(R) are contained among the terminal nodes of 7,
(1.3) implies that ' C B and thus (3) holds. On the other hand, if o < 8 in F*,
then

P: R — T as follows: ¥(r) = It is easy to see

15(G)| = 106 0 5(8)) (Giyo)]
= |Vyoj(3) (Gj()| > A4 —€

by (1.2), since j(«) < j(B) < ¥ o j(B) in 7. Hence (2) holds. Because N' C B and
Gao = Gj(a) for a € F*, we deduce from (1.4) that (4) holds. O

Remark 3.15. Note that for a spreading family F and a non-terminal o € F, there
exists ng € N such that a U {n} € F, for every n > ng. Hence the limit appearing
in (4) of Theorem T3 makes sense.

4. AN APPLICATION OF RAMSEY’S THEOREM

This section is devoted to the proof of Theorem [[4l We shall actually prove
a stronger result, Theorem [3] which is of a combinatorial nature and its proof
requires the infinite Ramsey theorem [21] that we now recall.

Theorem 4.1. Let A C [N] be analytic in the topology of pointwise convergence.
Then for every N € [N] there exists M € [N] such that either [M] C A or [M]NA =
0.

For applications of Ramsey’s theorem in Banach space theory, we refer to [39)].
We shall next introduce some definitions and terminology that are necessary in the
statement of Theorem[43 In what follows, K is a compact metrizable space.

Definition 4.2. Let 7 be a rooted tree and (¢q)acT+ a collection of mappings
with 1)1 Beo(ky» — coo (recall that 7+ = 7 \ {p}, where p is the root of 7). Let
B C coo. A subset M of Bg k) is said to satisfy a B-lattice property with respect
t0 (Yo )acT+ provided the following condition is fulfilled: Let A be a finite, well-
ordered subset of 7* such that for every o € A there exists a pu, € M N 1(B).
Then there exists apg € A such that u,, € ¥ (B), for all a € A.
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Terminology 1. A triple (F,(fa)acz+, M) on K consists of a hereditary and
spreading family 7, a collection (fao)aer- of functions in Bk and a subset M

of Bo(ky+ so that lim, v(|faugny|) = 0, for every non-terminal o € F and all
v € Cly-{|p| : p € M} (see Remark [3.1H).

Theorem 4.3. Let (F, (fa)acr, M) be a triple on K. Let B C coo with |[b]|oc < 1,
for all b € B. Let (Ya)acr~ be a collection of mappings with 1o : Boxy» — coo,
such that Y31 (B) is w*-closed for all a € F*. Assume M satisfies a B-lattice
property with respect to (Yo)acr=. Then for every e > 0 there exists M € [N] with
the following property: Suppose o € F*[M] is such that M N Y(B) # 0. Then
there exists i € 1, (B) N Cly«M such that 2 per M), max gga (1 f8]) <€

In the above, F[M] = F N [M]<* and F*[M] = F[M]\ {0}. To prove this
result we need to introduce some more terminology. In the sequel, F, (fo)acr=,
(Vo )aer~, B and M are as in the statement of TheoremHd3l Choose first a sequence
of positive scalars (;)22 such that > .o € < €.

Notation 4.4. Given G1, G2 finite subsets of N, we set
[G1,Ga)r ={a € F*, a C Go, maxa ¢ G1}.

Terminology 2. Let F; C Fj be finite subsets of N and L € [N] with max Fy <
min L (max @ = 0). We say that L is (F1, F»)-admissible if for every a € F* which
is an initial segment of F} U (L \ {min L}) with M N 1(B) # 0, there exists
w € MnNy 1 (B) such that

| F2|
> lul(1fs)) <D e
BE[F1,FoU{min L}]r =0
Given Fy € [N]<* and L € [N] with max Fy < min L, we say that L is Fy-admissible
if it is (F, Fp)-admissible for every F' C Fp.

Remark 4.5. Saying L is not (Fi, F»)-admissible means that there is an initial
segment o € F* of Fy U (L \ {min L}) with M N 1(B) # (), and such that

| F2|

> |l (| fa]) > 261

ﬁE[Fl,FQU{minL}]y:
for all p € M Ny, (B).
Lemma 4.6. There exists My € [N] such that L is 0-admissible for every L € [My)].

Proof. Let © = {L € [N] : L is (-admissible}. Clearly, ® is closed in the topology
of pointwise convergence in [N]. The infinite Ramsey theorem yields My € [N] such
that either [My] C D, or [Mo]ND = 0. If the former, we are done. If the latter, we
shall derive a contradiction as follows:

First observe that if L € [My], then L ¢ ®©. Therefore (see Remark EH), there
exists an initial segment o, € F* of L\ {min L} such that ¢, (B) N M # 0 and
|ﬂ|(|f{minL}|) > €o, for all p € w;Ll(B) nM.

Next choose i1 <l < ...in My and fixa k € N. Set L; = {l;} U{l; : j > k}, for
all i < k. Our preceding comment yields, for all ¢ < k, an initial segment ay, € F*
of {l; + j > k} with ¢5 (B) "M # 0 and such that |u[(|f,3]) > €o, for all

1€ Yo (B) M.
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Since {ar, : @ < k} is a finite, well-ordered subset of F* (its elements are
initial segments of {l; : j > k}) and M satisfies a B-lattice property with respect
to (Ya)aecr+ (see Definition [A2)), we infer that there exists pr € M such that
Wi € 1/);; (B), for all ¢ < k.

It follows now that |ux|(|f1,1]) > €o, for all i < k. But if v is a w*-cluster point
of the sequence (|ux|), we must have that v(|f;,1|) > €o, for all i € N. This is a
contradiction because lim; v/(|fg,3|) = 0 as (F, (fa)aer, M) is a triple on K (see
Terminology 1). O

Lemma 4.7. Suppose Fy € [N]<>° and P € [N] are so that L is Fy-admissible for
every L € [P]. Let po € P\ {min P}. Then for every Q € [P] there ezists R € [Q)]
such that L is Fo U {po}-admissible, for every L € [R].

Proof. Choose Qg € [Q] with pp < min Q. Given F' C Fy U {po} define
D ={L € [Qo]: Lis (F,FyU{po})-admissible}.

We are going to show that there exists Qr € [Qo] such that [Qr] C Dp. Once this
is accomplished, letting (F;)¥_; be an enumeration of the subsets of Fy U {po}, we
may choose infinite subsets Qr, D -+ D Qr, of Qo such that [Qr] C D, for all
i < k. Setting R = Qp,, we see that [R] C D, for all FF C Fy U {po}. Hence R is
desired.

We now fix some F C Fy U {po} and show there exists Qr € [Qo] such that
[Qr] C Dp. Since D is closed in the topology of pointwise convergence of [N],
the infinite Ramsey theorem implies the existence of Qr € [Qo] such that either
[QF] C DF or [Qr]NDp = 0. We show the second alternative cannot occur and
thus complete the proof of the lemma.

Suppose instead that [Qr] NDp = (), for some QF € [Qo]. By the spreading
property of F, there exists ng € N such that o U {n} € F for every non-terminal
a € F with o C FoU{po}, and all n > ng. We then choose ¢1 < g2 < ... 1in Qp with
no < q1. Fix a k € N and define L, € [P] as follows: Set Ly = {min P, po} U {g; :
j >k}, if po € F; otherwise, that is, when po ¢ F, set Ly, = {po} U {q; : j > k}.

We observe that [F, Fo U {po}|x C [F\ {po}, Fo U {min Ly }]#. This is so since
B C Fo U {po} implies that either 5 C Fy or py € 3. If the former then, clearly,
B C FoU{min L} and if max § ¢ F, then also max (3 ¢ F'\ {po}. If the latter, that
is, po € B, then py = max 3. Hence, if max 8 ¢ F, then py ¢ F and so min Ly = po.
Again, 8 C Fy U {min Ly} and max 3 ¢ F'\ {po}. This observation leads us to

(4.1) Yoo (s < > lul(1£]), ¥ 1t € Boi)--
BE[F,FoU{po}]F BE[F\{po},FoU{min Ly }|+

We next define sets R, € [Qp] with R, = {¢;} U{qg; : 7 > k}, ¢ < k. Since each

R; ¢ ®p and FU(R;\{min R;}) = FU{q; : j > k}, there exists an initial segment

ag, € F* of FU{q;:j >k} with ¢} (B) N M # 0 and such that

[Fo|+1
(42) oo )= Y g Vel (B)nM, i<k
BE[F,FoU{po,q: }] j=0

By assumption, Ly is Fp-admissible and thus also (F'\ {po}, Fp)-admissible. Note
also that (F'\ {po}) U (Lg \ {minLy}) = FU{g; : j > k}, by the definition of L.
Therefore, for all i < k, ag, € F* is an initial segment of (F'\ {po})U (L \{min Ly })
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satisfying wo_t;'(B) NM # (. Tt follows now that there exists, for all i < k,
LR, € g} (B) N M such that

Z |,U'Ri

5€[F\{p0},F0U{minLk}]f

| Fol

(1f8) <D e
j=0

(Tl now implies
| Fol
(4.3) Yoo S <Y e Vi<k
BE[F,FoU{po}]F j=0
We next observe that {apg, : i < k} is well ordered in F* (its elements are initial
segments of F U {g; : j > k}). Moreover, jip, € ¢5} (B) N M, for all i < k. Since

M satisfies a B-lattice property with respect to (¢4 )aecr+, there exists ug € {ug, :
i < k} so that py, € 5} (B)N M for all i < k. We deduce from (£2) that

[Fol4+1
(44 Sl = Y e vi<h
BE[F, FoU{po,qi}| 7 j=0
Taking in account (3]) we obtain
[ Fol
> el (1£8]) <D €5

BE[F,FoU{po}]+ j=0
and thus (@4) implies

) il (1)) > €mper, ¥i < k.

BE[F,FoU{po,q: }] 7, max B=q;
Equivalently,
Z |Mk|(|f[3u{q,}|) 2€\F0‘+1,Vi§/€.

BCFoU{po}, BEF, non-terminal
Finally let v be a w*-cluster point of the sequence (|ug|). It follows that

Z V(lfﬁu{qz'}

BCFoU{po}, BEF, non-terminal

) > €| Fo|+15 VieN.

This contradicts our assumption that (F, (fa)acr*, M) is a triple on K. O

Proof of Theorem [[.3, Choose M, € [N] according to Lemma [£.6. Then choose
my € My, min My < my and apply Lemma [47 to obtain M; € [My] such that
every L € [Mi] is {my}-admissible. Choose mz € Mj, min M; < mgy. Successive
applications of Lemma [£.7]yield a sequence M; D My D ... of infinite subsets of Mg
and integers m; < ms < ... such that for all i € N we have m; € M;_1, min M; 1 <
m; and every L € [M;] is {mi,...,m;}-admissible. We show M = {m, : ¢ € N}
satisfies the assertion of the theorem. Indeed, let o € F[M]* such that ¢ '(B) N
M #D. Put A, = [, {m1,...,m,}]F, for every n € N, maxa < m,, (see Notation
H4). Since M, is {m1,...,m,}-admissible, it is also («, {m1, ..., m,})-admissible.
It follows that there exists u,, € ¥, *(B)NM such that > gea, lHal(fs]) < S €
Let p € Cl,«M be a w*-cluster point of (y,). Our hypotheses yield u € ¥, 1(B)
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and, of course, Y sc 4 [ul(|fa]) < X2 €, for every n € N with maxa < m,. We
conclude that > 5c . (1), max gea [#I(1/8]) <€ O

Corollary 4.8. Let M C Bek)- (K a totally disconnected, compact, metriz-
able space) be w*-compact. Suppose A > 0 and & < wy are such that n(A, M) >
. Let 0 < € < A4, and let F be a regular family of order £&. Assume that
(a)acF; (Ga)acr+, N satisfy the conclusion of Theorem [LA Then for every
d > 0 there exists M € [N] with the following property: For every o € F*[M]
there exists p € M such that |((Gg)| > A4 — € for all B < a in F*[M], yet

Zﬁeﬂf*[M], max B¢a lul(Gg) < 0.

Proof. Put Mo = {pie : a € F is terminal}. We know that Cl,«{|pu| : p € Mo} =
N and thus lim, v(Ggugny) = 0, for every non-terminal 3 € F and all v € Cly«{|p] :
€ Mo}, because of (4) of Theorem [[3 It follows that (F, (xa, )acr+, Mo) is a
triple on K.

We now set B = {z € coo \ {0} : 1 > |z(n)| > A\/4 —¢€, Vn € suppx}. Define
mappings Vo : Bo(x)- — coo, @ € F*, by

_ Eﬁef*,ﬁéaT(Gﬁ)X{maxﬁ}v if T(Gﬂ) 7é 0, \V’ﬁ <o
Yo (T) = .
0, otherwise.

It is easily verified that ¢! (B) is w*-closed for all &« € F*. We check that Be (k)
(and thus also M) satisfies a B-lattice property with respect to (1o )acr=. Indeed,
suppose that oy < -+ < aj in F* and that pa, € 15 (B), for all i < k. It follows
from the definitions that pa, € 13 (B), for all i < k.

We now apply Theorem 3l for the triple (F, (xa., )acr*, Mo), the subset B of
0, the mappings (14 )acr+ defined above, and the given § > 0 to obtain M € [N]
satisfying the conclusion of Theorem 3]

Finally, let o € F*[M]. Choose ag terminal in F so that o < ag. We infer
from (2) of Theorem [ that |pa,(Gg)| > A4 —¢, for all § < ap in F*. It follows
that pa, € ¥, (B) N Mgp. Theorem now yields p € v, 1(B) N M (and hence
[1W(Gp)| = A/d—eforall B < ain F*[M]) such that 3 5c ri(ar, max gea [H(G8) <6,
completing the proof of the corollary. O

The next corollary is also obtained in [14], [12].

Corollary 4.9. Let K be a compact metrizable space and (f) a weakly null se-
quence in Boky. Let M C Be(gy- be w*-compact and X € (0,1]. Given € > 0,
there exists M € [N] with the following property: Suppose that F € [M]<* and
w € M are so that |u(f;)| = A, for alli € F, and the scalars p(f;), i € F, are all
of the same sign. Then there exists v € M so that |v(f;)| > A, for alli € F, the
scalars v(f;), i € F, are all of the same sign and ;. p [V[(|fi]) <€

Proof. Put F = [N]<* and f, = fmaxa, for a € F*. Because (f,) is weakly null,
it is clear that (F, (fo)acr=, M) is a triple on K. Set By = {x € ¢oo \ {0} : 1 >
x(n) > A\, ¥n € suppz} and B_ = {zx € cpo \ {0} : —1 < z(n) < =\, ¥n € suppz}.
Define mappings ¥ : Bo (k) — coo, a € F*, by

u)a('r) _ {Eﬁe]—'*,ﬁéa T(fﬁ)X{maxﬁ}v if T(fﬁ) #0,V8 < a;

0, otherwise.
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Arguing as in Corollary A8 we see that 1 !(B,) and ¢, !(B_) are w*-closed for
all « € F*, and that M satisfies a By (resp. B_)-lattice property with respect to
(wa)aef* .

Note that we can replace N in the statement of Theorem .3 by any of its infinite
subsets, say N, and derive the same conclusion, with the resulting set M € [N]
(observe that in Lemma [L.0] we can take M, € [N]). We can therefore apply
Theorem .3, consecutively, for the triple (F, (fa)acr+, M), the subsets By and
B_ of ¢yp, the mappings (1 )acr+ defined above, and the given ¢ > 0 to obtain
M € |N] satisfying the conclusion of Theorem 3] simultaneously for By and B_.

It follows now that if F' € [M]<*°, un € M are so that |u(f;)] > X for all
i € F, and the scalars u(f;), i« € F, are all of the same sign, say they are all
positive, then p € 1'(B4) N M. Therefore there exists v € ¥p'(By) N M
such that Z,Be}'*[M],maxﬁgF [v[(|fs]) < €. Because fz = fmaxg, we deduce that
ieanr VI(fi]) < e Since v € Yt (By), we infer that v(f;) > A, for all i € F.

If the scalars u(f;), ¢ € F, were all negative, then we would have a similar
argument using B_. The proof is now complete. U

We conclude this section with the

Proof of Theorem [I.7] Apply Corollary L8 to obtain a family (Ha)aer+ of clopen
subsets of K and M € [N] with the following property: For every a € F*[M]
there exists p1 € M such that |u(Hg)| > A/4 — ¢ for all 8 < « in F*[M], yet

dey-‘*[M],maxﬁga lul(Hg) < 6.

Let o: [N]<® — TM be the order preserving injection given in (2) of Proposition
214 Then o(F) is a subtree of FIM]NTX. Set Go = Hy (), for all a € F*. Fix
some o € F* and choose pp € M so that |pu(Hy)| > A/4 — € for all v < o(a) in F*,
yet

> |ul(Hy) < 6.

YyEF*[M], max y¢o ()
It follows now, since o is an order preserving injection, that |u(Gg)| > A/4 — ¢, for
all 8 < ain F*.
On the other hand, if 3 € F* satisfies 3 £ «, then o(8) € o(a) in T, again
because o is an order preserving injection. Hence, maxo(8) ¢ o(«), by (1) of
Proposition[ZT41 We deduce from this that

{o(B): BeF*, B&La} C{yeF[M]: maxy ¢ o(a)}.
Therefore,

SToulGe) = D> |ul(Hog)

56.7-'*,[3;(@ 66.7-'*,[3;(@

< > |l (Hy) < 6.

YEF*[M], maxy¢o(a)

5. PROOF OoF THEOREM [[.1]

First note that in proving Theorem [[LT] there will be no loss of generality if we
assume K is totally disconnected, in view of Miljutin’s theorem [38]. Theorem [l
is an immediate consequence of the next more precise theorem.
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Theorem 5.1. Let K be a compact, totally disconnected and metrizable space.
Let M C Bexy~ be w*-compact. Assume that n(A\, M) > & for some A\ > 0 and
1 <& <wy. Let F be a regular and stable family of order & and 0 < € < \/16. Then
there exists a sequence (V,,) of non-empty clopen subsets of K with (xv, ) equivalent
to the natural basis of X7 and such that the closed linear span [xv,, n € N] of (xv,)
in C(K) is normed by M. Moreover, in the above, the equivalence constant may be
chosen not to exceed (\/16 — €)~1, while the norming constant may be chosen no
less than A\/16 — e.

We recall that a hereditary family F is stable provided that F' € F is maximal,
under inclusion, in F if, and only if, there exists n > max F' such that FU{n} ¢ F.
We also recall that M norms a subspace X of C(K) if there exists a scalar ¢ > 0 such
that sup,caq |1(f)| = c||f||, for all f € X. We then call ¢ the norming constant of
M. Finally two Schauder basic sequences (z,,) and (y,,) are equivalent if there exist
positive scalars ¢, c2 such that 1| Y i aizs|| < || Yy awyill < el Yoy @iz,
for all n € N, and all choices of scalars (a;)7;. We then call c2/c; the equivalence
constant of (x,,) and (y.,).

Theorem [B.1] will follow from

Proposition 5.2. Let K be a compact, totally disconnected, metrizable space, and
let M C Bey- be w*-compact. Let F be a regular and stable family containing the
singletons, and let (Uy,) be a sequence of non-empty clopen subsets of K. Suppose
there exist positive constants p < X such that for every F' € F* there exists up € M
satisfying |p(Un)| = A for all n € F and |u[(U, ¢r Un) < p. Then there exists a
sequence (Vy,) of non-empty clopen subsets of K with (xv,) equivalent to the natural
basis of Xr and such that the closed linear span [xv,, n € N] of (xv,) in C(K) is
normed by M. Moreover, in the above, given § > 0, 6 < (A — p)/4, (Vi) may be
chosen so that the equivalence constant does not exceed (()\ —p)/4— 5)_1, while the
norming constant is no less than (A — p)/4 — 9.

We postpone the proof of Proposition in order to give the

Proof of Theorem [51l Choose a positive scalar 6 < min{\/28,¢/2}. Apply Theo-
rem [[4 to obtain a family (G4 )aer- of (necessarily non-empty) clopen subsets of
K such that for every o € F* there exists u € M such that |u(Gg)| > A/4 —§ for
all 3 < ain F*, yet Zﬁe}-*ﬁ%a lu|(Gg) < 0.

Put U, = Uaef*,rnaxa=n Gq, for all n € N. Clearly, (U,) is a sequence of
non-empty clopen subsets of K. Let {ny,...,ng} € F* with n; < --- < ng. Set
a; = {n1,...,n;}, for i < k. Choose u € M so that |u(Gq,)| > A/4 — 6 for all
i <k, and Zae]—'*,a;{ak || (Ga) < 6. Observe that for all i < k,

Un,; \ Ga, C U Gao C U Ga

acF*\{a;}, max a=n; a€F*, atay

and so

l(Un \Ga) < Il |J  Ga)

aEF*, a;{ak

< Y G <o

ozE]-'*,a;(ozk
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Thus, |u(Uy,)| > A/4 — 24, for all i < k. Arguing similarly, we obtain that

U w.c U 6

ng{ni,...,nk} a€F*, atay

and so again

Wl UJ o< Y lulGa) <a

n¢{ni,...,np} a€F*, atay

Proposition 5.2] (with “A”= X/4 — 28, p = § and the chosen §) yields a sequence
(Vi) of non-empty clopen subsets of K such that (yv, ) is (\/16 — €)~! equivalent
to the natural basis of Xz, while [xv,, n € N] is A/16 — e-normed by M. The proof
of the theorem is now complete. ([

The proof of Proposition requires the following key lemma.

Lemma 5.3. Let (U,) be a sequence of clopen subsets of K, and let F be a regular
and stable family containing the singletons. Then there exists a sequence (W) of
clopen subsets of K with W,, C U, for all n € N, and such that

(1) If Npey Wn # 0 for some I CN, then I € F.
(2) For every I € F and all n € I we have U, \ W,, C in U;.

Proof. Given n € N, set
Fon={F€F maxF <nand FU{n} ¢ F}.

The stability of F yields that every F' € F,, is a maximal, under inclusion, member
of F. Define a sequence (W,,) of subsets of K as follows:

" Un \ UFe]—‘,, (ﬂiEF Ui)a if Fn 7é 0.

Clearly, each W), is a clopen subset of U,. Suppose that I C N and (,,c; W, # 0.
We show I € F.

If that were not the case, then there would exist a finite subset J of I such that
J ¢ F (otherwise, I would be infinite, say I = {i,, : n € N} with 41 <iz < ... and
{i1,...,in} € F for all n € N, contradicting the compactness of F). We can thus
select ny < -+ < ny in I so that {n; : ¢ <k} ¢ F. Since F contains the singletons,
there exists kg < k which is the largest j < k such that {n; : ¢ < j} € F. Then
F={n;:i<ko}eF, yet FU{np41} ¢ F. It follows that F' is a maximal
member of F and that F' € F,, .

Now let ¢ € (,,c; Wy Since t € Wy, and F' € F,,,, we infer that ¢t & (), . Unn.
However,t € W,,, C U,,, foralli < kpasn; € I foralli <k. Thust € ﬂi<k0 U,, =
(e Um, which is a contradiction. Hence I € F, which proves (1). -

To show (2) holds, let I € F and n € I. Suppose t € U, \ W,. It follows
that t € Uper, (Njer Uj)- Choose F' € F, with ¢t € (\;cpU;. We claim that
F\ I # 0. Indeed, were F C I we would have F' = I by the maximality of F in
F. But then n € F, contradicting max F' < n. Finally choose j € F'\ I. Then
tEUjCUingi' O

Proof of Proposition[5.4. Choose a sequence (W,,) of clopen subsets of K according
to Lemma 5.3, applied on the sequence (Uy,) and the family F. Since (1, ., Wy # 0
implies I € F, we infer that (xw, ) is a weakly null sequence in C(K). Let F' € F*
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and choose p € M such that |u(Un)| = A, for all n € F, yet |u[(U,¢r Un) < p.
Condition (2) in Lemma [5.3 now yields

U, \W, C UUi’ for all n € F,
igF

and thus |u[(Un \ W) < [p|(U;¢r Ui) < p. Summarizing,

(5.1) For every F' € F* there exists p1 € M such that |u(W,)| > X — p, for all
ne k.

Now let § > 0 and apply Corollary[L.9]for the weakly null sequence (xw, ) and the
set of measures M, to obtain a subsequence (xw,, ) with the following property:

(5.2) Let I € [N]<*> and u € M satisfy |u(Wy,,)| > A — p for all i € I and the
scalars u(W,,), i € I, are all of the same sign. Then there exists v € M such that
V(Wi )| = A — p for all ¢ € I, the scalars v(W,,,), ¢ € I, are all of the same sign,
and >0 [V|(Wi,) < 6.

We now apply Lemma B3l for the sequence of clopen sets (W,,,, ) and the family
F to obtain a sequence (V},) of clopen subsets of K satisfying (1) and (2) of Lemma
B3 We are going to show that (V},) is the desired sequence by establishing the
following

(53) | anxv, | | X, anealls for al (@) € coo.

(5.4) If (an) € coo satisfies || ), anen||F = 1, then there exists v € M such that
V(X anxv)l = (O — p— 8)/4— 5.

The assertion of the proposition will then follow if we take § sufficiently small.
Note in particular that (5.4) implies V,, # 0, for all n € N. (5.3) is easily verified
since (,,¢; Vo # 0 implies T € F, by (1) of Lemma (53]

To show (5.4), let (an) € coo such that || > anen||z = 1, and choose Fy; € F
with » cp |an| = 1. Next choose Iy C F} such that

Z |an| > 1/2 and the scalars a,, n € Fy, are all of the same sign.
neF,

Since F is spreading we infer that {m; : ¢ € F5} € F and thus (5.1) yields p € M
such that |u(Wp,,)| > X — p, for all i € F5. We next choose F' C F» such that

Z |a;] > 1/4 and the scalars pu(W,,,), @ € F, are all of the same sign.
i€F
Applying (5.2), we find v € M such that

[v(Win, )| = A —p, for all i € F,

i

the scalars v(W,,,), ¢ € F, are all of the same sign,

> Y|(Wi,) < 6.

i¢F

We next have, by (2) of Lemma B3, that Wi, \ Vi C U, ¢5 Wi, for all i € F, and
o

(Wi, \ Vi) < I Win,)) < D [9(Win,) <6, foralli € F.
n¢F n¢F
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Hence,
[v(Vi)| > A—p—24, for alli € F,
the scalars v(V;), i € F, are all of the same sign,
Z [v|(Vi) < & (because V; C Wp,,).
i¢F

Concluding,

(> aixv)| = v aixv,) + v aixv,)
i iEF i¢F

>3 aw(Vi)| =D (V)

icF i¢F

=D lail (Vi) = Y Iwl(Vi)

icF i¢F

>A=p=06) lail—6>A-p-06)/4-0.

i€F

Therefore (5.4) holds. This completes the entire proof. O
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