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ELEMENTS OF SPECIFIED ORDER
IN SIMPLE ALGEBRAIC GROUPS

R. LAWTHER

ABSTRACT. In this paper we let G be a simple algebraic group and r be a
natural number, and consider the codimension in G of the variety of elements
g € G satisfying ¢" = 1. We shall obtain a lower bound for this codimension
which is independent of characteristic, and show that it is attained if G is of
adjoint type.

Let G be a simple algebraic group over an algebraically closed field K of char-
acteristic p; let ® be the root system of G, and take r € N. Define

Gm:{geG:grzl} and G(,«):{géGiO(g):T}

(where o(g) denotes the order of g); then G}, and G, are both subvarieties of G,
and G1,) is the disjoint union of those G,y with r’ dividing r. Our attention here is
on the codimension in G of these varieties (if they are non-empty; clearly G,y # 0,
but the example of G = SLy(K), p = 2 and r = 4 shows that G,y may be empty).
It is immediate that if G,y # () we have codim G,y > codim G,). Our main result
may be stated as follows.

Theorem 1. Given G, ® and r as above, there is a number dg », depending only
on ® and r and satisfying ds . > |®|/r, with the property that codim G|, > da .; if

G is of adjoint type we in fact have codim G,y = ds -, and if in addition Gy # 0,
then codim G,y = dg .

Statements equivalent to the inequality codim G(,) > |®|/r are already known
in certain cases. If r = 2 and p # 2, the equivalent statement that, if g € G
is an involution, then dim Cg(g) > dim(G/B) (where B is a Borel subgroup), is
well known; the stronger statement that C(g) is then spherical, i.e., it has finitely
many orbits on the flag variety G/B, was proved by Matsuki in [13| for K = C, and
by Springer in [19] for p odd—recently Seitz gave an alternative proof of Springer’s
result in [16]. In the case r = 3 and p # 3, the result follows from work of Liebeck
and Shalev in [10]; this case and that with » = 2 are used in work of Liebeck,
Seitz and the author concerning dimensions of fixed point spaces in [9]. More
generally, for » an odd prime a result in this direction appears in further work of
Liebeck and Shalev in [I1], while the results proved here find application in [12] to
homomorphisms from Fuchsian groups to finite simple groups.

Notice in particular that the statement of Theorem [I] is independent of the
characteristic p. The author is grateful to Martin Liebeck for the initial observation
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222 R. LAWTHER

that there appeared to be independence of p for r small and prime, which helped
to motivate the present work.

Some calculations similar to certain ones here appear in a recent paper [2] of
Carlson, Lin, Nakano and Parshall, concerning elements in a restricted Lie algebra
in characteristic p which satisfy z[?! = 0.

The organization of this paper is as follows. In section [l| we give the values
ds  and prove some results about them. Next in section | we consider unipotent
elements, and calculate the minimal dimensions of centralizers of unipotent elements
having a prescribed power equal to the identity. Finally we apply these results in

section Bl to consider arbitrary elements, and prove the various statements involved
in Theorem 1.

1. THE VALUES do

We begin with some notation. Given = € Z, we set ¢, = 1 or 0 according to
whether z is odd or even. For y € R we write [y] for the least integer greater than
or equal to y.

Let @ be a simple root system of rank ¢, and let h = % be the Coxeter number
of ®; take r € N. For ® of classical type, write

h=zr+e with z € Z, 0<e<r,

and set
da,» = 2*r+e(2z+1)—1,
dp,r = %(z%—l—e(Zz—l—l))—l—er%],
dey.r %(2’27”4-6(22:4- 1) +e 5],
dp,r = 2(Pr+ez+1)+ef[i]+2+1—¢..

For ® of exceptional type, write
1 lf ((I),’I") = (F4,5),(Eg,z),(Eg,Zl),(Eg,ll),
€Epr = .
0 otherwise;
then set
dq>’r = {4+ 2max (0, [%(|(I)|/7’ — Z(]_ — 61r))] + EqM«) ,

where . is the Kronecker delta. For convenience we list the values of dg , for
r < h and ® exceptional in the following table:

r|Ga | Fu | Es | BEr | BEs || v | Fu| Be | Br | Es || r | Br | BEs || v | Bs || v | Es

61 S| 12 21 [ 40 ([ 12 11 [ 20 |[ 18 | 14 [ 24 | 10
1] 14|52 78| 133|248 7| 8| 12| 19| 36| 13| 11| 20| 19| 14| 25| 10
2| 6| 24|38 63120 8| 6| 10| 17| 30| 14| 9| 18| 20| 12 26| 10
3| 4| 16| 24| 43| 80 9| 6| 8| 15| 28 15| 9| 16| 21| 12 27| 10
4| a|12| 20| 33| e0||10] 6| 8| 13| 24| 16| 9] 16| 22| 12 28] 10
5| al12| 16| 27| 48|/ 11| 6| 8| 13| 24||17] 9| 16| 23] 12 20 10

Our first result shows why it suffices to list dg , for r < h.

Lemma 1.1. Ifr > h, then dg , = £.

Proof. First consider ® of classical type. If r = h, then z = 1 and e = 0, so that
22r+e(2z+1) = h; since h = £+1,2(,2¢,20 — 2 for ® = Ay, By, Cy, Dy respectively,
in each case we obtain dg , = £. If instead 7 > h, then z = 0 and e = h, and the
result again follows. For ® of exceptional type, if r > h we have Lfl — ¢ <0 (and
d1r = €a, = 0), and the result is immediate. O
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ELEMENTS OF SPECIFIED ORDER IN SIMPLE ALGEBRAIC GROUPS 223

Our next result establishes lower bounds on the values dg . Recall that a prime
p1 is said to be very good for @ if either & = A, and p; does not divide £+ 1, or ®
is not of type A and p; is good for ® (so that p; # 2 if & = By, Cy, Dy, p1 # 2,3 if
P = GQ,F4,E6,E7, and P1 75 2,3, 5if @ = Eg)

Lemma 1.2. We have dg,, > %{D‘; moreover if v is a product of very good primes,
then dg , > WTH,

Proof. Begin with the first inequality. For ® of exceptional type, this is clear from
the definition of dg . For ® of classical type we find that we have

zr+(e—1)(r—e) if &= Ay,
e(r—e)+re 3] if ® = By or (Y,

(e+2)(r—e)+r(e[5] —€) if ®= Dy

’I“dqm« — |(I>| = %
1
2

in each case the expression given is non-negative, as required (note that if r is even
the last may be written as 1e(r —e —2) +r(1 —¢.), and we have e < r — 2 because
the equation 2¢ — 2 = h = zr + e forces e to be even).

Now assume that r is a product of very good primes. For ® of exceptional type
the second inequality is clear by inspection of the above table. For ® of classical

type we subtract ¢ from the expressions in the previous paragraph to obtain

(e—1)(r—e—1) if & = Ay,
rdp, —|®| —0=¢ te(r—e—1)+r(e[2] - 2) if ® = By or Cy,
fe+2)(r—e—1)+r(e[2] -2 —¢) if®=D,.

For & = A, the condition that r is a product of very good primes implies that
e > 0, so that the expression above is non-negative. For the other classical types r
must be odd and so €, = 1; this makes the expressions for B, and C; non-negative,
while for D; we need only consider the case where z is odd. Here the equation
20 — 2 = h = zr + e forces e to be odd as well, so that e < r — 2, and then we have

rde, — @] —0=3(e+2)(r—e—1)—dr=3(e+1)(r—e—2)>0

as required. O

We shall also require the following lemma.

Lemma 1.3. With the notation established, if m > 1, then do, > domr, with
equality if and only if de , = £.

Proof. For ® of exceptional type this is immediate by inspection of the table above.
For ® of classical type we write z = zym + t with 0 < ¢ < m; then h = z1(mr) +
(tr + ¢e) and 0 < ¢r + e < mr. We then calculate

da,r — da,mr = 22r + e(2z4+1)—-1- 21%mr — (tr+e)(2z1+1)+1
= z1(m = 1)(z1mr + 2tr 4+ 2¢) + tr(t — 1) + 2te
> 0,
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224 R. LAWTHER

with equality requiring z; = 0, which forces mr > h and da,,» = da,mr = L.
Similarly

dp,r — dBymr = %zzr + %6(22 +1) +e[3]

—3z%mr —L(tr+e)(221 + 1) — e [ 2]

= %(Zl(m— 1)(Zlm7"+2t7’—|—26) +tr(t_ ]_) +2t€)

+ (Er [%ﬂ] - Gmr(%])
> 0,

with equality again requiring z; = 0 and so dp,,» = dB,,mr = ¢; the calculation for
dc,,r is identical. Finally we have

dp,r = dDymr = %227“ + %6(22 +1)+ GT[%] +z4+1—¢€,
_ %zﬂmr — %(tr +e)(2214+1) —€mr[Z] — 21— 1+es,
= L(z2(m—=1)(zmr + 2tr + 2¢) + tr(t — 1) + 2te)

+ (e [%ﬂ] - Gmr(%]) +zi(m — 1)+ (t + €2 — €2ymat)
> 0,

with equality once more requiring z; = 0 and so dp, » = dp,,mr = £. [l

2. UNIPOTENT ELEMENTS

In this section we shall establish the minimal centralizer dimension of unipotent
elements of prescribed order in a simple algebraic group H. These results will be
utilized in the following section to prove the main theorem of this paper.

We shall proceed by considering the Jordan structure of unipotent elements. For
H classical we take the action of H on its natural module, and use results linking
Jordan structure and centralizer structure due to [20] for good characteristic and
[7] for types B, C and D in characteristic 2. For H exceptional we take the adjoint
action of H, and use results of [§] on Jordan structure and [3, B T4} 15} 17, 18] on
centralizer structure. (Note that [I5] contains some errors involving centralizers in
Es in characteristic 2, but these concern component groups, not the structure of
connected centralizers.)

We use the following notation throughout this section and the next. Let ¢ be a
power of the characteristic p of the simple algebraic group H, and set

dy(H) = min dim Cg(u).
u€H[
Given x € Z we set (,, = 1 or 0 according to whether x = 0 or x # 0, and as above
set €, = 1 or 0 according to whether z is odd or even. For y € R we write |y| for
the greatest integer less than or equal to y, and [y] for the least integer greater
than or equal to y.

Lemma 2.1. Take m € N.

(i) If m+1=vq+ 6 with 0 <3 < q, then dy(An) = v*q+ (2y+1)§ — 1.
(i) If m=yq+6 with0 <8 < q, then dy(Am) =72+ 2y +1)(§+1) — 1.

Proof. Take H of type Apm; take u € H, and write 7; for the number of Jordan
blocks of size 7 in the action of u on the natural module, so that we have > ir; =
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ELEMENTS OF SPECIFIED ORDER IN SIMPLE ALGEBRAIC GROUPS 225

m+1, and r; = 0 for i > ¢ since u? = 1. By [20],
dim Cy(u) = Z(n Frigi )21

among elements of Hj, this is clearly minimized when at most one Jordan block
has size less than q.

In (i) we require Jordan structure ¢7,d, so that ry =, rs =1ifd > 0andr; =0
otherwise. This gives dim Cy(u) = 6(y+1)?+ (¢—6)v2 -1 =~4%¢+(2y+1)d—1 as
required. Now consider (ii). If § < ¢ — 1, then we have Jordan structure ¢7,9 + 1,
whence dim Cy(u) = (§+1)(y+1)2+(g—5—1)7?>—1 =%+ (2y+1)(6+1)—1as
required; if § = g—1 the Jordan structure is ¢?*!, giving dim Cy (u) = q(v+1)?—1,
again as required. O

Lemma 2.2. Take m € N.
(i) If 2m = yq+ 6 with 0 < § < q, then
dg(Crm) = 3720+ 527 + 1)3 + ¢4 [ 3.
(ii)) If2m+1=~vq+ 0 with 0 < 4 < g, then
dg(Cnt1) = 57°a+ 52y +1)(6 + 1) + ¢4 [3].
(i) If2m+1=~q+ d with 0 < 6 < q, then
dq(Cr) = %'YQQ +32v+ D0 - 1) +¢[3].

Proof. Take H of type Cj; as in the previous result take u € H|g and write r; for
the number of Jordan blocks of size ¢ in the action of u on the natural module, so
that Y dr; = 2k and r; = 0 for ¢ > q. We must have r; even for all odd i. If p
is odd, [20] gives dim Cpy(u) = 23 .(ri + rig1 + - +79)2 + 3, gaa ™ if p = 2,
then dim Cg(u) is not determined simply by the Jordan structure, but [7] gives
a formula whose minimal value reduces to that for odd characteristic. As in the
previous lemma, the optimal Jordan structure will involve as many blocks of size ¢
as possible.

Begin with (i), so that kK = m. If p = 2, then either ¢ = 1, in which case u =1
and dim Cy(u) = dim H = 2m?+m; or ¢ > 1, when we have Jordan structure ¢7, &
(note that & = 2m — g is even here), giving dim Cp (u) = $[5(y+1)%+ (¢—6)7?] =
%fyzq + %(27 + 1)d. If instead p is odd, we take separately the cases where ~
(and hence ¢) is even and odd: if 7 is even the Jordan structure is ¢7,d, whence
dimCp(u) = 3[0(y + 1) + (¢ = ) +4] = 37°¢ + 52y + )0 + 3v; if 7 is
odd the Jordan structure is ¢~',¢q — 1,6 + 1 (or ¢*~ 1, (¢ — 1)? if 6 = ¢ — 2),
whence dimCp(u) = 3[(6+ 1)(v+1)*+ (¢ -0 -2+ (y - 1) +y—-1] =
272+ 3(2y +1)8 + (v +1). Thus in all cases the minimal centralizer dimension
is %’qu + %(27 +1)0 + €,[ %], as required.

For (ii) and (iii) we proceed by comparing with (i). For (ii) we have k = m + 1;
thus if we write 2k = /¢ + ¢ with 0 < § < ¢, we have y'¢ + ¢ — 1 = vqg+ 4. If
0 < q—1 we then have 7' = v, & = § + 1 and the minimal centralizer dimension is
L2+ 327 +1)0 463 = 3%+ 3@y +1)(0+1) + €[ 315 if 6 = g — 1 we have
7" =741, 8 =0 and the minimal centralizer dimension is (v + 1)%¢ + ¢, WTH] =
2720+ (27 + 1)g + €4[ 2] (note that if ¢ is odd here, then 4/ = v + 1 must be

41

even, in which case [15=] = [Z]). In either case we obtain the required formula.

For (iii) we have k = m; thus if we set 2k = 7'q + &' with 0 < ¢’ < ¢ we have
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226 R. LAWTHER

Yqg+6 +1=~vyq+6. If 6 > 0, then v/ =, 8 = § — 1 and the minimal centralizer
dimension is %’)/QQ + 1(274— 1)( -1)+ eqf% if6=0,theny =~v—-1,0 =q—1
and the minimal centralizer dimension is 1(y—1)2¢+3(2y—1)(g— 1) + [ 51] =
22— 27+1) +¢[ 5] = 3920 — 3(27+1) +¢,[2] (note that both v and g must

be odd here, so 1+ ¢4[ 2 11 = ¢4[7]). Again the required formula follows. O

Lemma 2.3. Take m € N.
(i) If 2m = vq + 0 with 0 < 6 < g, then

dg(Bm) = 3720+ 227+ 1)6 + €[ 3]
(ii)) If2m+1=~vq+ 0 with 0 < 4 < g, then
dg(Bmy1) = 37°0+ 327+ 1)@ +1) + &[3].
(i) If 2m+1=~vyg+ 9 with 0 < 0 < g, then
dg(Bp) = 5774+ 5(2v + 1)(6 — 1) + [ 3].

Proof. Take H of type By and u € H{,, and as before write r; for the number of
Jordan blocks of size i in the action of u on the natural module, so that > ir; =
2k+1and r; =0 fori > g. If p is odd, we must have r; even for all even i; [20] gives
dimCph(u) = 3 3,(ri + rig1 + - +719)% = 13, oqami- If p =2, we must instead
have r; even for all odd i > 1; here dim Cy(u) is again not determined simply
by the Jordan structure, but [7] gives a formula whose minimal value reduces to
% STt rg)?— % Y i 0ddTi— 2 even Ti- Once more, the optimal Jordan
structure will involve as many blocks of size ¢ as possible. Note that it suffices to
prove (i), as (ii) and (iii) will then follow by identical calculations to those in the
previous result.

Thus let & = m. If p = 2, then either ¢ = 1, in which case u = 1 and dim Cgy (u) =
dim H = 2m2+m; or ¢ > 1, when § = 2m—~q must be even and we must distinguish
the cases § = 0 and 6 > 0. In the case § = 0 we have Jordan structure ¢”, 1, giving
dim Cp(u) = 2[(v+1)*+ (¢—1)y? —1—27] = $42¢; for § > 0 the Jordan structure
is ¢7,9,1, giving

dim C(u) = 2[(v+ 2 + (6 = D)(y + 1)* + (¢ = 0)y* = 1 — 2y — 2]
= 37%q + (27 + 1)6.

If p is odd instead, as in the previous result we take the cases where v (and hence
§) is even and odd separately. If 7 is even the Jordan structure is ¢7,5 + 1 (or ¢7**
if § =q—1), whence

dimCp(u) = [0+ 1)(v+1)* + (¢— 6 — 1)7* — v — 1]
=37+ 527 +1)5 + 3.
If v is odd the Jordan structure is ¢7, 8,1 (or ¢7,12 if 6 = 1), whence
dimCx(u) = 5[y +2° + (0 =)y + 1)* + (4= 0)7* + (v = 1)* =7 = 2]
=37 q+ 12y + )6+ 5(v + 1)

Thus in all cases the minimal centralizer dimension is %’)/QQ + 527 +1)8 + ¢ 37,
as required. 0
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Lemma 2.4. Take m € N.

(1) If2m—1=yq+0 with 0 < § < q, then dy(Dy,) = %'qu—i—%(Q'y—f— 1)5—1—%—1—
€q[3] — €

(il) If2m = yq+0 with 0 < & < q, then dg(Dmi1) = 27%¢+ 32y +1)(6+1) +
1 ol
7 tel3]—ey

(i) If2m = yq+ 6 with 0 < & < q, then dg(Dy) = 242+ 32y +1)(6 — 1) +
3 tel3] =6y + 26,6

Proof. This is very similar to the previous result, but the details are rather more
complicated. Take H of type Dy and u € H[,, and again write r; for the number of
Jordan blocks of size ¢ in the action of w on the natural module, so that > ir; = 2k
and r; =0 for ¢ > ¢. If p is odd, we must again have r; even for all even 7, and [20]
once more gives dim Cpy(u) = 2 3. (ri + 11+ +1g)> =23, Jqari- fp =2,
we must instead have r; even for all odd ¢, and > r; must also be even; again, the
minimal value taken by the formula in [7] reduces to

I ritriga ) =5 Y = Y
i

i odd i even

First consider (i), and let K = m. If p is odd, we separate into two cases according
to the parity of «. If v is odd, then § is even and the required Jordan structure is
q",6+1 (or g1 if § = ¢ — 1), giving dim Cyr (u) = $72q+ 5(2y + 1)6 + 37; if v is
even, then § is odd and the Jordan structure is ¢7, 68,1 (or 7,12 if § = 1), and we
have dim Cy (u) = 1v%g+3(2y+1)6+1(y+1). If p = 2, then either ¢ = 1, in which
case u = 1 and dim O (u) = dim H = 2m? —m; or ¢ > 1, when § must be odd and
we again separate into two cases according to the parity of . If 7y is odd, the Jordan
structure is ¢7,6+1 (or ¢? "1 if 6 = ¢—1), and dim Cp (uv) = $7%q+ 1 (2v+1)5— 3.
If v is even, the Jordan structure can take several forms depending on ¢ and g:
if § =q—1 wehave ¢",q — 2,2 if ¢ > 4, or 47,22 if ¢ = 4, or 27,12 if ¢ = 2; if
3 <6< q—1wehaveq?,5—1,2;if § = 3 we have ¢7,2%; and if § = 1 we have ¢7, 12.
For each of these possibilities we find dim Cy (u) = 392+ $(2y+1)0+ 3. Thus in
all cases the minimal centralizer dimension is $9%¢ + (27 + 1)6 + & + €[ 3] — €5,
as required.

For (ii) and (iii) we again proceed by comparing with (i). For (ii) we have k =
m+1; thus if we write 2k—1 = +/¢q+4’ with 0 < ¢’ < ¢, we have v'q+86" —1 = yq+9.
If § < ¢ — 1 we then have 4/ =~, ¢’ = § + 1 and the minimal centralizer dimension
is 1920+ 327 + 1) + S+ e[ T —er = 920+ 3@y DO+ ) + L +¢[F] - e
if 6 = q—1 we have v/ = v+ 1, § = 0 and the minimal centralizer dimension
s 30 1%+ 1+ 0[5 - s = 2020 + 32y + g + 3 + by (note that
here ¢ is odd and v even). In either case we obtain the required formula. For
(iii) we have k = m; thus if we set 2k — 1 = 7/¢ + ¢ with 0 < ¢’ < g we have
Yqg+6 +1=~v¢+46. Ifd > 0, then v/ = v, & = § — 1 and the minimal
centralizer dimension is $7%¢ + (27 + 1)(6 — 1) + £ 4+ ¢[2] — €,. If on the other
hand § = 0, then v/ = v — 1, ' = ¢ — 1 and the minimal centralizer dimension is
(=123 (2 —1)(g—D)+3+e[ G —6-1 = 372q— 527+ D) +13+6 [ 5] -
€v—1= 372 — 3(27+1) + 3 + €[ 2] + €, (note that yg must be even here, so that

]

if ¢ is odd, then v must be even, whence ¢, (%1] =¢f3];and 1 —ey 1 = €).

Again the required formula follows. (]
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We may summarize the above results as follows.

Lemma 2.5. Ifa=cq+d with0<d < q and ¢ € {0,1} we have the following:

Otg1-cc) = 54+ e+ 1)([&] — eaC — beq) +eq[§]:

2
(Dyogiy o inc) = 302+ (2e+ D([52] = €ai1C — heq) +€,[§] —c— et
260(a+1)<afcq€'

(
(B[%erag) = %62(] + (2(3 + 1)([%1 —€( — %Cq) + Gq[g] )
( 2

We have also shown the following.

Corollary 2.6. Take m € N.
1) If m+1=~vg+0 with 0 < < q, then dg(Am+1) — dg(Am) =27+ 1.
(i) If 2m+1=yq+ 0 with 0 < 6 < q, then dy(Bm+1) — dg(Bm) = 2y + 1.
(ili) If 2m+1=~vq+ d with 0 < 6 < ¢, then dg(Cmt1) — dg(Cpy) = 27y + 1.
(iv) If2m = vq+ 9§ with 0 < § < g, then dg(Dm41) — dg(Dr) = 27+ 1 —2¢,(5.

We now turn to the exceptional groups; here we simply obtain the values of
dq(H) by comparing the Jordan structure of unipotent elements on the adjoint
module given in [8] with the centralizer structure as given in [3| [5] [14] [15], 17| [18].
We find the following.

Lemma 2.7. If H is of exceptional type with root system U, then dy(H) = dy 4.

3. THE GENERAL CASE

In this section we shall consider arbitrary elements of a simple algebraic group
G defined over an algebraically closed field of characteristic p, and shall prove the
various statements involved in Theorem[Il We begin with some notation which will
be used throughout this section. Let ® be the root system of G, taken with respect
to some maximal torus T, and let IT = {ay,...,a¢} be a fundamental system,
numbered in accordance with [T Planches I-IX]; write aq for the highest root of ®
with respect to II, set mo = 1 and define m; for 1 < i < { by

14
ap = E m;og.
i=1

Let h = Zf:o m; be the Coxeter number of ®. Now take r € N, and let the p’-part
and p-part of r be n and g, respectively, so that r = ng. Given g € G|, let the
Jordan decomposition of g be g = su = us, where s is semisimple and u unipotent;
we then have s € G[,) and u € (C(s)°)y- Extending the notation of the previous
section, we write

d-(G) = gIencl:I[l,,.] dim Cg(g);

we then have

d.(G) = min d 0 = i d,(Z
(@) ke ¢(Cal(s)”) z=Ce M o o(Z),

where we set dy(Hy ... H{T') = dy(Hy) + - -+ dy(Hy) for Hy, ..., H; simple and T”
a torus. We can immediately provide an important interpretation of the number

d,(G).
Lemma 3.1. With the notation established, codim G}, = d,(G).
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ELEMENTS OF SPECIFIED ORDER IN SIMPLE ALGEBRAIC GROUPS 229

Proof. Taking g = su as above, by conjugation we may assume s € T’; as [T},,)| = n’,
and Cg(s)? contains finitely many unipotent classes, it follows that the number of
classes in G, is finite. Thus

dim G|, = rélax dim g%,
g

G
and hence
codim G,; = dim G — max dim ¢ = min dim C, =d,.(G),
[v] Joax dim g™ = min a(g) = d-(G)
as required. 0

Our approach to calculating the value of d,.(G) will be to use a result of Hart-
ley and Kuzucuoglu in [6], given n, to restrict the possibilities for the connected
centralizer Z of a semisimple element of order n. Among the possible groups Z
we then select one having minimal value of dq4(Z), using the results of the previous
section. We shall observe that this minimal value in fact depends only on r and
not on the factorization r = ng, so that it is independent of the characteristic p.

Unless otherwise stated, we assume from now on that

G is of adjoint type.

At the end of this section we shall consider the case of arbitrary isogeny type.

The result from [6] which we need is (part of) Theorem 4.2 there, and follows
the approach of Deriziotis in [4]; under our assumption on the isogeny type of
G it may be stated as follows. Choose non-negative integers bg, by, ..., by with
ged(bo, b1, ..., be) = 1 satistying Zf:o bim; = n. The roots a; (or —ay in the case
1 = 0) for which b; = 0 then form a simple system ¥ whose corresponding subsystem
subgroup of G is the centralizer of a semisimple element of order n; moreover, up
to conjugacy all centralizers of semisimple elements of order n arise in this way.

Now from this result it follows that if n > h, then by choosing by =--- =by =1
and bp =n+1— h we may take Z = T, whence d,(G) = { = dg , as required (note
that if n > h, then certainly r > h); it therefore suffices to assume in what follows
that

n < h.

The following result shows that in this case we may substantially restrict the non-
negative integers b; which need be considered.

Lemma 3.2. With the notation established, if n < h the minimal value of dy(Z)
occurs for some by, by, ..., by with b; € {0,1} for all i.

Proof. Take bg,b1,...,bs satisfying ged(bg,b1,...,b¢) = 1 and Efzo bm; = n.
Since n < h = Zfzo m; we must have b; = 0 for some i; let v = min{m, : b; = 0}.
We shall show that if not all the b; are 0 or 1, then it is always possible to replace
some of them in such a way that the conditions are still satisfied and the value of
dy(Z) is either reduced or unchanged, but the quantity A = h?|¥| + h Ef:o b +v
is decreased; thus after a finite number of steps this process must terminate in a
sequence bg, by, ..., by in which all terms are 0 or 1 as required.

Thus assume b, > 1 for some x; choose y such that my, = v and b, = 0. We
split into two cases according to the relative sizes of m, and m,. First assume
my > my. If m, =1 we may replace the pair (bg,b,) by (by —1,1); if mgy > 1 and
y = 0 replace (by,by) by (1, (by — 1)my); if my > 1 and y # 0 replace the triple
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(bz, by, bo) by (b — 1,1,b9 + my — my). In each instance we obtain by, b1, ..., b’
satisfying the required conditions with ¥ = ¥ \ {a,}, whence d4(Z’) < dy(Z); as
|¥/| = |¥| — 1 and hZf:o b’ +v' < hn+v' < h(h —1) +h = h? we clearly have
A’ < A as required.

Now assume that m; < m,. Here we use an observation relating to the extended
Dynkin diagram; we recall that this has nodes 0,1,...,¢ corresponding to roots
—, 1,..., 0. Set m = max{m; : 0 < i < {}; then there is a sequence 0 =
k1, ko, ..., kp of nodes satisfying my, = t for ¢ < m and with k; joined to ky if
and only if |t — /| = 1. Now the choice of y implies that for any node ¢ with
my < my we must have by > 0; thus by interchanging the values b, and by, —if
necessary we may assume that k,,, = x, i.e., the node = occurs in the sequence.
Let ky,, = 2" and ky,,—1 = 2, while if 2 # 0 let k,,, 1 = 2'; then b, > 0, again
by the choice of y, and if b,, = 0 we may assume that y is chosen to be z’. We
therefore have 1 = mg < m; < m, <m,+1=m, with 0, z and z all appearing in
the sequence, and if x # 0, then 2’ is also in the sequence with m, = m, — 1. Now
if mg = my, = m. we may replace the pair (b;,by) by (by —2,1); if mg < my =m.,
replace the triple (bo, bz, by) by (bo—1,b;—1,1); if mg = my < m replace (b, b, by)
by (by — 1,b. — 1,1); lastly if mo < my < m, replace the quadruple (b, by, b, by)
by (b 4+ 1,b; — 1,b, — 1,1). In every instance |¥’| < |¥[; in each but the last we
have 30 b’ < ¢ by, while in the last Y5_ b = S°¢_, b; but if || = |¥|, then
v/ = m, = v — 1. Thus the value of A decreases as required; and one irreducible
component of U (that containing «,) is reduced in rank by 1, while at most an A
component is introduced (containing —c«yg in the first two instances and «a in the
second two), so clearly dq(Z’) < d,(Z). This completes the proof. O

We may now work our way through the types of irreducible root system.
Proposition 3.3. With the notation established, d,(A;) = da, r.

Proof. We have h = ¢+ 1; and m; = 1 for all 0 < i < {¢. By Lemma[3.2] we therefore
require coefficients by, by, ..., by, with n of the b; equal to 1 and the remainder equal
to 0. Suppose b;, = --- =b;, =1 with i1 < --- < ip,; we may assume ¢; = 0, and
set iny1 = £+ 1. We then have Z as a product of n factors A;,,, i, 1 (where a
factor Ap is interpreted as being trivial) and an (n — 1)-dimensional torus T),_;.
Now if two of the factors are Ay and Ay with k — &k’ > 1, we may alter the b; so as
to replace these two factors with Ax_1 and Ay 41; it follows from Corollary [2.6]i)
that dg(ArAr) — dg(Ar—1 Ak +1) > 0. Thus we may assume that, for some a, all
factors are either A, or A,_1; as rank Z = ¢ we must have

Z = (Aa)b(Aa—l)n_an—la

where { +1=an+bwith 0 <b < n.
Now write a = cq+d with 0 < d < ¢, and apply the formulee from Lemma [25(i);
we obtain
dg(Z) = bEq+2c+1)(d+1)—1)+(n—b)(c*q+ (2c+1)d—1)+n—1
= ng+ (2c+1)(dn+b) -1
= Ang+ 2e+1)(L+1—cqn) -1
= 2c+1){l+1)—clc+1)ng—1
= 2c+1H){(l+1)—clc+1)r—1.
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Since we have zr + e = ¢+ 1 =an+b = (c¢g+ d)n +b = cr + (dn + b) with
dn+b<(¢—1)n+(n—1)=r—1, it follows that ¢ = z, so

dr(Ae) =224+ 1)l +1)—2(z+ 1)r —1;

substituting from ¢+ 1 = zr + e gives d,.(A¢) = d 4, r as required. O

Proposition 3.4. With the notation established, d.(Ce) = d¢, r-

Proof. We have h = 2¢; and m; = 2 for all 1 < ¢ < £ — 1 while mg = my = 1.
Here we shall need to argue separately for n odd and n even; first assume n is odd
and set n = 2s + 1. By Lemma [3:2] we therefore require coefficients bg, by, ..., by
in which the b; which are equal to 1 correspond to s nodes ¢ with 1 <1i¢ < /¢ —1,
together with either node 0 or node ¢; this means that Z has s factors of type A,
one factor of type C' and an s-dimensional torus. We shall need to determine a
configuration which minimizes dq(2).

As in the proof of PropositionB.3, the type A factors may be assumed to take the
form (A,)?(A,_1)* 2, for some x and some 0 < z < s; suppose the type C' factor

is Cy. If we write = y1¢ —|— 01 and 2y — 1 = 29 + 2 with 0 < 41,02 < g, then by
Lemma dy(Az—1Cy) — (A Cy—1) = 2(y2 —m); thus if 2y — 1 > x we could
replace the pair jlx_le by A +Cy—1 without increasing d,(Z), so we may assume
that 2y < x4+ 1. Likewise if 2y < z—2 we could replace Ax_le by Ax_gCyH (and
then possibly adjust further the factors of type A), so we may assume x — 1 < 2y;
thus we have x — 1 < 2y < x + 1. If there are A, factors present (so that z > 0
above), then we may argue similarly to deduce that z < 2y < x + 2; putting these
conditions together we have » < 2y < x + 1, so that y = [$]. If there are no A,
factors, then either y = [$], or 2y = x—1; if the latter holds we may set ' = 2 —1,
y' =y, and then we have (A,/)*C,, with y' = %’ (note that in this case, in which
z = s in the form for the type A factors given above, we have ' even). Writing a
for z (or '), we have { = rank Z = az+ (a —1)(s —2) + [§] +s =as+ [§] + 2, s0
20 = 2as +2[ 5] + 2z = 2as + a + €, + 22 with €, + 22 < 25 + 1 (because if z = s,
then a is even). Therefore we have

7 = (AG)L%J (Aaq)“L%JC[%]TS,

where 20 = a(2s+ 1) + b with 0 < b < 25+ 1.
Having determined the form of Z, write a = ¢q + d with 0 < d < ¢, and apply
the formulse from Lemma 25(i,iii); we obtain

d(2) = [5)(Fg+ 2+ 1)(d+1) = 1)+ (s = [§))(Pg+ (2c+ 1)d — 1)
+ 57+ (2 +1)([5] — 3¢0) +eg[§] +5

= (s +3) + Qe+ 1)(ds + [ 5] +[5] - 5ea) +e[5]

= cq(s—|— 1)+ (2c+1)(ds + 2E2 —
7)+

%CQ) + eq(ﬁ
Aqls+3)+ e+ 1) —cq(s+3)) + el 5]
(2c+1)¢ —c(c+1)g(s + 3) + e[ £]

= e+ 1)l —iclc+Dr+e[5]

(note that the assumption that n is odd means that ¢; = ¢,). As in the proof of
Proposition B3] since we have zr +e =20 =an+b= (cq+d)n+b = cr+ (dn +b)
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withdn+b< (¢—1)n+ (n—1) =r — 1, it follows that ¢ = z, so
dr(Cp) = (224 1) — 2(z+ D)r + . [2];

substituting from 2¢ = zr + e gives d,(C;) = d¢, » for n odd, as required.

Now assume that n is even and set n = 2s. Here there are two types of possi-
bilities for the coefficients b;, and thus for the centralizer Z, depending on whether
bg = by = 1 or bg = by = 0; we shall need to consider each. First consider the
possibility by = by = 1; here there are s — 1 nodes ¢ with 1 <4 < £ such that b; = 1,
and so much as in the previous proposition we must have

Z = (Aa)b(Aa—l)Sist;

where £ = as+ b with 0 < b < s. Again write a = cq +d with 0 < d < ¢, and apply
the formulee from Lemma 2F|(i); we obtain

dy(Z) = b(Eq+ 2c+1)(d+1)=1)+ (s —b)(qg+ 2c+1)d—1) +s
c?qs + (2¢ + 1)(ds + b)

c?qs + (2¢ + 1)(€ — cqs)

= (2c+1)l—clc+1)gs

(2¢+ 1) — Le(c+ 1)r.

Here we have zr + e = 20 = an + 2b = (cq + d)n + 2b = cr + dn + 2b with
dn+2b<(¢—1)n+2(s—1) =r —2, so again we have ¢ = z and

do(Z) = 22+ 1)l — Lz(z + D)r;

substituting from 2¢ = zr + e (and noting that e, = 0 here) gives d,(Z) = d¢, r-
The second possibility here is that by = by = 0; here there are s nodes ¢ with
1 <4 </ such that b; = 1. Again we must determine an optimal form for Z, which
has s — 1 factors of type A, two factors of type C' and an (s — 1)-dimensional torus.
As before we may assume that the type A factors are (Ay)?(Ay_1)¥ %, for some z
and some 0 < z < s; the type C factors likewise may be taken to be either (Cy)?
or C,Cy_1. Using the reasoning already given, if the type C' factors are of equal
rank we must have either y = [§], or z = 0 and 2y = x — 1; in the latter case we
set ' =z — 1, ¢ = y and obtain (A,)*"1(C,/)? with ¢/ = %’ (and z = s — 1).
On the other hand, if we have CyCy_1, then both y and y — 1 must satisfy these
conditions; the only way this can happen is if we have 2y = z + 1 with z = 0, in
which case we obtain (A, )%~ C[ 1Cr21-1 with @ odd. Putting together these
possibilities, writing a for z (or z') and equating rank Z to ¢, we find that we have

= (o) T Ay 1 U0 Oy Crgy e, e,

where { = as + b with 0 < b < s.
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As usual write a = cq + d with 0 < d < ¢, and apply the formulz from Lemma
2.5(i), (iil); noting that ¢, = 1 because n is even, we obtain

dy(Z) = (b—ea(l=G))(q+ (2c+1)(d+1)—1)
+(s—1-b+e(l—G))(g+ (2c+1)d~1)
+ 3%+ 2+ 1D)(15] - 300) + €[5]
+ 570+ 2+ 1)([5] = €alp — 5ca) +g[§] +5 -1
2c+1)(d(s — 1) +b+2[5]| — €a — cq) + 2] 5]
2¢+ 1)(€ — cqs) + 2[5
= e+ 1)l —clc+1)gs+2[5]
= (2c+1)0—ic(c+1)r+2[£]
(observe that 2[$] — €, = a). As above we have ¢ = z; this time however we have

dy(Z) —dc,, = 2[§] > 0. Combining the two types of possibilities, we conclude
that d,.(C¢) = d¢, r for n even, as required. This completes the proof. O

Proposition 3.5. With the notation established, d,(D¢) = dp,.r-

Proof. We have h = 2¢ — 2; and m; = 2 for all 2 < i < ¢ — 2 while mg = my =
my_1 = my = 1. Again we shall need to argue separately for n odd and n even;
first assume n is odd and set n = 2s + 1. By Lemma there are two types of
possibilities for the coefficients b;, and hence the centralizer Z, according to whether
the number of b; equal to 1 for which i € {0,1,¢—1,¢} is 1 or 3; we shall consider
each. First assume that the b; which are equal to 1 correspond to s — 1 nodes i with
2 < i < {—2, together with three of the four nodes 0, 1, £ — 1 and ¢; this means
that Z has s factors of type A and an (s 4+ 1)-dimensional torus. In similar fashion
to the above, we see that we must have
Z = (Aa)b(Aa—l)s_st+1;

where £ — 1 = as + b with 0 < b < s. As usual write a = ¢q¢ + d with 0 < d < g,
and apply the formulee from Lemma [2H(i); we obtain
dy(Z) = b(q+2c+1)(d+1)—1)+ (s =b)(c*q+ (2c+1)d—1) + s+ 1

2c+1)(ds+b) +1
2c+1)(0—1—cgs)+1

= (2c+ 1)l —clc+1)gs—2c

= (2c+1)l—Lc(c+1)g(n—1)—2c

= e+ 1)l—Lc(c+1)(r—q)—2c
Here we have zr+e=20—2=a(n—1)+2b=(cq+d)(n —1)+2b=c(r —q) +
dn—1)+2b withd(n—1)+2b<(¢—1)(n—1)+2(s — 1) =r — ¢ — 2; thus if we
set f =d(n —1)4 2b, then we have zr+e=c(r—q)+ f with0 < f <r—gq. It
follows that ¢ > z, and we find that

= c2qs+
= 02qs—|—

—_— — o~ —~

= 02qs—|—
= 02qs—|—

~— ~— —~

dy(Z) —dp,r = (c—=2)(f+35(r—a)(c—2-1))+32((z +1)g - 3)
+ (% - 57’(%] + 52)
> 0
(note that €, = ¢4 as n is odd, and thus if 2 = ¢ = 1 the second term is —% but the
third is %)
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We now consider the other type of possibility for Z. Here we assume that the b;
which are equal to 1 correspond to s nodes ¢ with 2 < ¢ < ¢ — 2, together with one
of the four nodes 0, 1, £ — 1 and /¢; this means that Z has s factors of type A, one
factor of type D and an s-dimensional torus. We shall again need to determine a
configuration which minimizes dq(2).

As before, the type A factors may be assumed to take the form (A;)* (A1) %,
for some x and some 0 < z < s; suppose the type D factor is D,. If we wrlte
x = v1q+ 6 and 2y — 2 = y2q + §2 with 0 < 41,92 < ¢, then by Lemma R.5
dq(Az—1Dy) — dg(AzDy—1) = 2(y2 — 71 — €4,(5,); thus if 2y — 2 > x we Could
replace the pair A,_1D, by A;D,_1 without increasing d,(Z) (note that in this
case if 73 = 71, then d3 > 0 and so (5, = 0), so we may assume that 2y < z + 2.
Likewise if 2y < x — 1 we could replace A,_1D, by A;_2D, 1 (and then possibly
adjust further the factors of type A), so we may assume x < 2y; thus we have
x < 2y < z + 2. The remainder of the argument is exactly similar to that in the
proof of Proposition B4, and we conclude that we have

Z = (Aa)tgj(Aa—l)kL%JDF“T“]TS’
where 20 — 1 =a(2s+ 1)+ b with 0 < b < 25+ 1.

Having determined the form of Z, write a = ¢q + d with 0 < d < ¢, and apply
the formulee from Lemma Z5(i),(iv); we obtain

d(Z) = [5)(Pq+ 2c+1)(d+1) = 1)+ (s — [§)) (g + (2c+ 1)d — 1)
+3cq+ 2e+ D[4 - 5e0) +eg[§] —c—ects
= Aq(s+3)+ 2c+1)(ds + [5] + 9] — 500) +eg[5] —c e
= (s +3) + 2c+1)(ds + S5 = Jog) +eg[§] —c—ec
= Aals+3)+ Qe+ D —cq(s +3) +ef5] —c—e
= (2c+1)t- c(c—f—l)q(s—f—%)—i—eq(g}—c—ec
= (2c+1)t- %c(c—i—l)r—l—er[%]—c—ec

(note once more that the assumption that n is odd means that ¢, = ¢,). Here we
have zr+e=2(—-2=an+b—-1=(cg+dn+b—1=cr+ (dn+b—1) with
dn+b < (¢g—1)n+(n—1) = r—1. Thus either ¢ = z, or we must have ¢ = z+1 and
2¢—1 = (z+1)r; but if the latter holds then, using the fact that ¢ and r are both odd,
we see that (2c+1)0—Lc(c+1)r+e,[§]—c—ec = 22+ 1)0—22(z4+1)r+e,[£]—z—€.
anyway. Thus we have

de(Z) = (2z+1)0 — %z(z +1)r+e (5] —2—e€ =dp,r;
so combining the two possibilities we have d,(Dy) = dp, » for n odd, as required.
Now assume n is even and set n = 2s. Here the number of b; equal to 1 for which
i €40,1,£ —1,¢} must be even, and thus can be 0, 2 or 4; this gives a number of

possibilities for the type of Z. If b, = 1 for all ¢ € {0,1,¢ — 1,¢}, there must be
s — 1 factors of type A and an (s + 1)-dimensional torus; we find that

Z = (Aa)b(Aa—1)8717st+1;
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where { —2=a(s—1)+bwith 0 <b<s—1. Writinga=cqg+dwith0<d<gqg
in the usual fashion, we obtain

dg(Z2) = bqg+2c+1)(d+1)—1)+(s—=1=0b)(c’q+ (2c+1)d— 1) +s+1
= Aq(s—1)+ (2c+1)(d(s —1)+b) +2
Aqls — 1)+ (2c+1)(f —2 —cq(s — 1)) +2
(2c+ 1)l —clc+1)g(s — 1) —4c
= (2c+ 1)l —ic(c+1)g(n—2) —4c
(2¢+ 1) — Zc(c+ 1)(r — 29) — 4.

We have zr +e=20—2=a(n—2)+2b+2 =c(r —2q) +d(n — 2) + 2b+ 2, and
dn—2)42b+2<(g—1)(n—2)+2(s—2)+2 =r — 2q¢; thus ¢ > z, and if we set
f=d(n—2)+ 2b we find that

dy(Z) = dp,s = (c= 2)(f + 3(r —2q)(c — 2 = 1)) + 2((: + 1)g — 3) + €. > 0

(note that if z = ¢ = 1, then the second term is —1 but the third is 1).

Next assume that the number of b; equal to 1 for which ¢ € {0,1,¢— 1,4} is 2;
here we must subdivide yet further, because the two nodes concerned might be at
different ends of the extended Dynkin diagram or at the same end. If they are at
different ends, then Z has s factors of type A and an s-dimensional torus, and we
obtain

Z = (Aa)b(Aafl)SibTS;

where ¢ = as + b with 0 < b < s. Setting a = c¢q + d with 0 < d < ¢ we obtain

dy(Z2) = b(Eq+ 2c+1)(d+1)=1)+ (s —b)(qg+ 2c+1)d—1) +s
= q(s—1)+ (2c+1)(ds +b)
= q(s = 1)+ 2c+ 1) — cgs)
= (2¢+ 1)l —c(c+1)gs
= (2c+1)l—Lclc+1)r
Here we have zr+e=20—-2=an+2b—2=cr+dn+2b—2,and dn+2b— 2 <
(g—1)n+2(s—1)—2 =r —4. Thus either ¢ = z, or we must have ¢ = z + 1

and 2¢ = (z + 1)r; but if the latter holds then we see that (2c +1)¢ — 1¢(c+ 1)r =
(224 1)¢ — 12(z 4+ 1)r anyway. Thus in either case we have

dg(Z) —dp,r = 2z + 1)l — 32(z+ 1)r — 12%r — Je(2z+ 1) — . [2] —2— L + €.
=z+E€,
> 0.
If however the two nodes are at the same end of the extended Dynkin diagram,
then Z has s— 1 factors of type A, one factor of type D and an s-dimensional torus.

Proceeding in a similar fashion to the case above with n odd, we find that

7 = (AQ)L%J(Aa,l)s—l—L%JD[aTﬁTs,
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where 20 —3 = a(2s—1)+bwith 0 < b < 2s—1. Setting a = cq+d with 0 < d < ¢

we obtain
do(Z) = [3)(Pg+ (2c+1)(d+1)—1)+ (s—1—[5])(Pg+ (2c+1)d—1)
+% +(2e+1)([%451] — Seq) +eg[§] —c—ec+s
= (s =)+ Qe+ D(dls — D+ [3] + %73 = jeq) +[5] e —ec +1
= Aq(s—3)+ 2e+1)(d(s— 1)+ —Lleg) 4+ (€] —c—e.+ 1
cq(s—%)+(2c+1)(€—1—cq(s—%))+[%]—c—ec-i-l

= e+ 1)l—clc+1)g(s—3)+[5] —3c—e

= Qe+ 1)l—Lelc+1)(r—q)+[5] —3c—e
Here we have zr+e=20—2=a(n—1)+b+1=c(r—q)+d(n—1)+b+1, and
dn—-1)+b+1<(¢g—1)(n—1)4+2s—2+1 =1 —g; thus ¢ > z, and if we set
f=d(n—1)40b we find that

dy(Z) —dp,r = (c=2)(f+5(r—a)(c—2-1)+32((z +1)g - 3)
+ (%(C_ z)+e. - %60)
> 0

(note again that if z = ¢ = 1, then the second term is —% but the third is at least
1

L.

’ Finally we must consider the possibility that b; = 0 for all i € {0,1,¢—1, £}; here
Z has s — 1 factors of type A, two of type D and an (s — 1)-dimensional torus. As
usual the type A factors may be taken to be (A;)*(Az—1)%"%, for some z and some
0 < z < s, while the type D factors may be taken to be either (D,)? or D, D,_; for
some y. Arguing in precisely similar fashion to the analogous case in Proposition
B4 shows that

Z = (Ag)" ot Um ) (A, ) 170 0o D s Dy e, Tomt,

where / —1 = as+b with 0 < b < s. As usual, write a = cq+d with 0 < d < ¢ and
apply the formulee from Lemma [2F(i), (iv); noting that ¢, = 1 because n is even,
and that if d = 0, then ¢(a + 1) is even because a = ¢g = ¢ mod 2, we obtain

dy(Z) = (b= €ar1(1 = @) (g + (2c + 1)(d+1) = 1)
+(s—=1=b+ear1(1—3E))(Pg+ (2c+1)d—1)

+2Pq+ 2+ 1)([92] — Leg) + e[§] —c— e

+ 3Pq+ 2+ D[] — €as1Go — 3¢q) + €4[ 5] — ¢ — €c + 2€c(at1)Calo
+s-1
02q5+

2e+1)(d(s — 1) + b+ 2[%2] — 401 — cq) + 2[5] — 2¢ — 2¢,
2c+1)(0 —cqs) —c— e,
l—c(c+1)gs—c—e.

02q5+
=(2c+1
=(2c+1

Here zr4+e =20—2 = an+2b= cr+dn+2band dn+2b < (¢—1)n+2(s—1) =r—2,
so ¢ = z, and we have

do(Z) = (22 + 1) — 32(z+ 1)r —2z—€. =dp,,,

~— ~— —~

(—iclc+1)r—c—e.
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(note that €, = 0 as n is even here). Combining all the possibilities we conclude
that d,.(D;) = dp,, for n even, as required. This completes the proof. O

Proposition 3.6. With the notation established, d,(B¢) = dp, r.

Proof. We have h = 2¢; and m; = 2 for all 2 <14 < ¢ while my = m; = 1. Yet again
we shall need to argue separately for n odd and n even; first assume n is odd and
set n = 25 + 1. By Lemma [3.2] and the fact that ay is short, there are two types
of possibilities for the coefficients b;, and hence Z, according as by = 0 or 1. First
assume that by = 1. Then Z has s factors of type A and an s-dimensional torus,
and we have

Z = (Aa)b(Aafl)SibTS;
where ¢ = as + b with 0 < b < s. Setting a = cq + d with 0 < d < ¢ we obtain

d(Z) = bl*q+ (2c+1
= Pgs+ (2c+1)
= AZgs+ (2c+1)(€ — cqs)
= (2c+ 1)l —c(c+1)gs
= 2c+ 1)l —Lclc+1)(r—q).

(d+1)=1)+ (s =b)(Pqg+ 2c+1)d—1) +s

)
(ds +b)

Here zr+e=20=a(n—1)+2b=c(r—q) +d(n — 1)+ 2b, and d(n — 1) + 2b <
(g—D(n—1)4+2(s—1)=(r—q) —2; thus ¢ > z, and if we set f =d(n—1)+2b
we find that

dg(Z) = dp,r = (c = 2)(f + 5(r — @)(c — 2 = ) +52((z + 1)g = 2) + ( — & [5])
> 0.
Now assume instead that by = 0. Then Z has s factors of type A, one of type B

and an s-dimensional torus. Arguing precisely as in the proof of Proposition [34]
we see that

7 = (Aa)L%J (jaltkl)st%JBr%]Ts7

where 20 = a(2s+1)+bwith 0 < b < 2s+1. On setting a = cq+d with 0 < d < ¢,
the calculation for d,(Z) is identical to that given in the proof of Proposition B.4
for n odd, and gives

dg(Z) = 2c+ 1)l — Lc(c+ 1)r + €. [£].

Since zr+e=20=an+b=cr+dn+bwithdn+b<(¢g—1)n+(n—1)=r—1,
we have ¢ = z and thus

do(Z) = (22 + 1)t — %z(z +1)r+e[5] =dp,.-

Combining the two possibilities we see that d,.(B¢) = dp,,» for n odd, as required.

Now assume that n is even, and set n = 2s. Here either b9 = by = 0 or
bp = by = 1, and by = 0 or 1; so there are four types of possibility for Z. First
take the case where by = by = by = 1. Here Z has s — 1 factors of type A and an
s-dimensional torus, and we obtain

Z = (Aa)b(Aa—l)Lqilista
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where  —1=a(s—1)+bwith0<b<s—1. Settinga =cg+dwith0<d < g
gives
dy(Z) = b(Pq+2c+1)(d+1)—1)+ (s =1 =b)(c*q+ (2c+1)d—1) + s
= (s —1)+ (2c+1)(d(s—1)+b) +1
= Aqs—1)+2c+ 1)l —1—cq(s—1))+1
= 2c+1)l—cle+1)g(s—1)—2¢
= (2c+1)l—Lc(c+1)(r—2q) — 2
Here zr + e = 20 = a(n —2) + 20+ 2 = ¢(r — 2q) + d(n — 2) + 2b + 2, and

dn—2)4+20+2<(¢g—1)(n—2)+2(s—2)+2=r—2q. Thus ¢ > z, and if we
set f =d(n —2) + 2b we find that

dg(Z) —dp,r = (c = 2)(f + 5(r = 20)(c — 2 = 1)) + 2((z + 1)g — 2) 2 0.

Next consider bg = by = 1, by = 0. Here Z has s — 1 factors of type A, one factor
of type B and an s-dimensional torus, and arguing as before we find

Z = (Aa) ¥ (Au 1) BB T,

where 20 —2 =a(2s— 1)+ b with 0 < b < 2s—1. Write a = cq+d with 0 < d < g.
Noting that €¢; = 1 here and using the formulee from Lemma [2)i),(ii) we obtain

do(Z) = [2](Pg+ (2c+1)(d+1)—1)+(s—1—[2])(Pg+ (2c+1)d—1)
+3¢%q+ (2e+ 1)([3] = 300) +eq[5] + 5
= Aqls—3)+ e+ D)(d(s — D)+ [5]+ 51— 3¢0) +[5] +1
= 2q(s—3)+ (2c+1)(ds— 1)+ 2L —Leq) +[£] +1
= % 1

Here zr+e=20=a(n—1)+b+2=c(r—q)+d(n—1)+b+2, with d(n—1)+b+2 <
(g—1)n=1)+2s—2)+2=r—q+1. Thuszr+e<(c+1)(r—q)+1. If we
were to have ¢ < z this would give zr+e < z(r—¢)+1, or e < 1 — zq, which would
force e =0, z = ¢ = 1, whence 2¢ = r = n, contrary to our assumption that n < h.
Therefore we have ¢ > z, and if we set f = d(n — 1) + b we find that

d(Z) —dp,r = (c—2)(f+3(r—q)(c—2z—-1))+32((+1)g—3)
+3((c—2) +e)
> 0
again note that if z = ¢ = 1, then the second term is —= but the third is at least

(
1
3)-
Now consider the case by = by = 0, by = 1. Here Z has s — 1 factors of type A,
one factor of type D and an (s — 1)-dimensional torus, and we find

7 = (Aa)I'%J(Aa—l)s_l_L%JD[aT-H]Ts—h

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ELEMENTS OF SPECIFIED ORDER IN SIMPLE ALGEBRAIC GROUPS 239

where 20 —1=a(2s—1)+bwith 0 < b < 2s—1. Setting a = cq+d with 0 < d < ¢
and recalling that ¢, = 1 we obtain

d(2) = [3)(Pg+2c+1)(d+1)-1)+ (s -1~ L%J)(C q+ (2c+1)d—1)
+% + 2+ 1) ([ —deq) +eg[§] —c—ec+s—1
= Aqls—5) + e+ 1)(d(s = 1) + [5] + 951 — 5eq) +[§] —c —e
= Pqls — )+ 2+ 1)(d(s — 1) + %CQ) - [%1
CQ(S—%)+(20+1)( (S——))—[]

—c
(2c+1)0 — c(c+1)g(s — 3) — [£]
= e+ 1)l—Lelc+1)(r—q) —[5].
Here we have zr+e =20 =a(n—1)+b+1=¢c(r—¢)+dn—-1)+b+ 1, and
dn—-1)+b+1<(g—1)(n—1)4+2s—2+1=r —¢q. Thus ¢ > z, and if we set
f=d(n—1)40b we find that
dg(Z)=dp,r = (c = 2)(f + 5(r —q)(c — 2 = 1)) + 32((z + 1)g = 2) + 5(c — €c) 2 0.
Finally we must consider the case by = by = by = 0. Here Z has s — 1 factors
of type A, one factor of type B, one factor of type D and an (s — 1)-dimensional
torus. Again we must determine an optimal configuration. As usual we may take
the type A factors to be (A;)*(Az—1)°"17 for some x and some 0 < z < s—1, and
easy considerations show that the factors of types B and D may be either B,D,
or By_1D, for some y. Using the reasoning already given for comparing factors
of type A with those of type B or D, we see that if we have B,D,, then either
2y=x+1, or z=0 and 2y = x. If the latter holds we set ' =z — 1, ¢y’ = y and
obtain (A,/)*~ By, D, with 2y’ = 2’ + 1. Likewise if we have B,_1D,, then either
2y=x+2,0or z=0 and 2y = z + 1. Again, if the latter holds we set 2’ =z — 1,
y' =y and obtain (A,/)* ' By _1 D, with 2y’ = 2’/ +2. Putting all of these together
we see that we have
7 = (Aa)b(Aa_l)s—l—bB[%1DraT+l]Ts_l,

where £ — 1 = as+ b with 0 < b < s. As usual write a = ¢q+ d with 0 < d < g;
using the formulee in Lemma [2.5(i), (ii), (iv) and noting that €, = 1 here we obtain

d(Z) = bq+ 2c+1)(d+1)—1)+ (s —1-b)(c*q+ (2c+1)d—1)

+ 3%+ (2c + 1)([5] = 5¢q) + €q[ 5]

+3%0+ 2c+ D[4 = 5cq) + 5] —c—ec+5 -1

= gs+2e+1)ds =) +b+ 5]+ [ —cq) +2[5] —c—e
Ags+ (2c+1)(d(s—1)+b+a+1—cq)
c2qs + (2¢ + 1) (£ — cqs)

)

)

(2c+1)0 —c(c+ 1)gs
(2c+ 1) — Sc(c+ 1)r.
Here zr+e=20=an+2b+2=cr+dn+2b+2, withdn+2b+2 < (¢g— 1)n+
2(s — 1) +2 = r. Thus either ¢ = z, or we must have ¢ = z — 1 and 2¢ = zr; but if
the latter holds, then we see that (2c + 1){ — 2c(c+ 1)r = (22 + 1) — 2z(2 + 1)r
anyway. Thus in either case we have

de(Z) = 2z + 1)t — %z(z +1)r=dg,.r

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



240 R. LAWTHER

(note that ¢, = 0 as n is even here). Combining all possibilities we see that
d,(B¢) = dp,» for n even, as required. This completes the proof. O

Proposition 3.7. With the notation established, if G has oot system ® of excep-
tional type, then d(G) = do..

Proof. We begin by considering the cases in which r < h. Here we proceed by
inspection, using the same general strategy as in the classical cases: given n, Lemma
is used to restrict the possibilities for Z which must be considered, and then
the formulee of Lemmas and [Z7] are used to calculate dy(Z) for each Z. For
convenience, we present the relevant information in tabular form: given @, for each
r < h we give the value dg , and various pairs (p, Z), one for each prime p dividing
r and then finally one for an arbitrary p coprime to r, such that Z is a centralizer
of a semisimple element of order n with minimal value of d4(Z). (Note that if @ is
of type E7 or Eg, the standard notation is used to distinguish between isomorphic
but non-conjugate subsystems: in E7 an (A13)’ subsystem is one lying in an A7
subsystem, while in Eg an (A;*)" subsystem is one lying in an Ag subsystem.)

r | dGy,r | (p,Z)
1] 14 [ (-, G2)
20 6 |(2,G2),(— AlA)
31 4 | (3,G2),(— ATh)
41 4 | (2,G2),(— AT)
50 4 | (5,G2),(—, A1)
r | dryr | (P, 2)
1] 52 | (= F)
2| 24 | (2, F), (-, A1C3)
3| 16 | (3,Fy),(—, A2ds)
41 12 | (2, Fy), (=, A1 AT
50 12 | (5, Fy), (=, AiA2Ty)
6 8 (2,A2A2),(3,14"103),(*,141141712)
7 8 (7,F4),(—,41A1T2)
8| 6 | (2,F),(—ATs)
9 6 | (3, Fy), (=, A1T3) )
10| 6 | (2,B2Ts),(5,A1C3), (-, A1T3)
11| 6 |1, Fy), (-, AiTs)
r dEG»T (va)
1] 78 | (-, Es)
2| 38 | (2, Es),(—,AsA;)
31 24 | (3,Es),(—, A
41 20 | (2,Es),(—, A22ATY)
5 16 | (5, Es),(—, A2 A1%T))
6 12 | (2,A42°),(3,A541), (=, A13T3)
7| 12 | (7,Ee), (—, A1*T3)
8| 10 | (2,Es),(—,A1%Ty)
9 8 | (3, Es),(—,AiTs)
10| 8 | (2,424:°Ts), (5, AsA1), (—, A1 T5)
11| 8 | (11, Es), (—, A1Ts)
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r dE?ﬂ“ (p7 Z)

1] 133 | (—, E7)

2| 63 | (2,E7),(—, A7)

3| 43 | (3,E7),(—, AsA2)

4| 33 | (2,E7),(—, A1AT1)

5 27 (5, E7), ( A3A2A1T1)

6| 21 | (2,A542), (3,A7),( A2 A1 Ty)

71 19 | (7, E7), (=, A2 A3 Ty)

8| 17 | (2,Exr),(—, A2A1*T3)

9| 15 | (3,Er), (=, A1*T3)

10| 13 | (2,434 A1Th), (5 A7), (—, (A1?)'Ts)
11| 13 | (11, E7), (—, (A®)'Ty)

12 11 | (2,4542), (3 A3 A1), (—, Ai®Ts)
13| 11 | (13, E7), ( , A1%Ts)

4| 9 |(2,A24:°T), (7, A7), (—, A1 Ts)

151 9 | (3,A342A1Th), (5, AsA2), (—, A1Ts)
16| 9 | (2 E), (-, AiTe)

17 9 | (17, E7), (-, A1Ts)

r dEsﬂ“ (p7 Z)

1] 248 | (-, Es)

2| 120 | (2, FEs), (=, Ds)

3| 80 | (3,Es),(—,A4s)

4| 60 | (2,Es),(—,DsAs3)

5 48 | (5, Es),(—, A%

6| 40 | (2,4s),(3,Ds),(—, AsAsT})

7| 36 | (7,Es), (- ,A4A2A1)

8| 30 | (2,Es),(—,AsA2A:%T)

9| 28 | (3,Es),(—, A3A2A1T))

10| 24 | (2,44 2),(5 Ds), (—, A22 A1°Ty)

11| 24 | (11,Es), (- A22A12T2)

12| 20 | (2,4s),(3, DsAs), ( , A2 A13TS)
13| 20 | (13,FEs),(—, A24:? Tg)

14| 18 | (2 A4A2A1) (7,Ds), (—, A2 A12Ty)
15| 16 | (3,A442),(5, Ag) (—, (A" Ty)

16| 16 | (2, Es),(—, (A* ) 1)

17| 16 | (17, Es), (—, (A1*)'Ty)

18| 14 | (2 A3A2A1T2) (3 Ds), (—, A13Ts)
19 14 |19, ES) (—, A:%Ty)

20| 12 | (2,44%), (5, D5A3) (—, A1°Ts)

21| 12 | (3, A242A1Th), (7, Ag), (—, A1%Ts)
22 | 12 | (2,A2%A,%Ty), (11 Ds), (—, A1°Te)
23 | 12 | (23,FEs),(—, A Te)

24| 10 | (2,4s),(3, A3A2A1 Th), (—, A1T7)
25| 10 | (5,Fs),(—, A1T%)

26 | 10 | (2,A424:°Ts), (13, Ds), (—, A1T%)
27 | 10 (3,E) (—, AiTy)

28| 10 | (2,444 1T1) (7, D5 A3), (—, A1 T%)
29 | 10 | (29, ) (—, A1Tr)

241

In all cases we see that d,(Z) = do,, as required. This completes the proof in

the cases where r < h.
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Now assume 7 > h; here we have do , = ¢, so we seek to show that there are
regular elements in G[,. As we are assuming n < h, we may consider the nth row
of the relevant table above, and take Z to be the group appearing in the final entry
of the row (so that Z is the centralizer of a semisimple element of order n, provided
the characteristic does not divide n). We then wish to show that there are regular
unipotent elements in Z [q- To see this we set hz to be the maximum of the Coxeter
numbers of the simple factors of Z, and observe that in almost all cases we have
hz = [L]; the exceptions are listed in the table below:

G n A hz %
Gy | 2] 4.4, ] 2 | 3
Fy| 3| AAy | 3 | 4
Es| 3| A2 | 3 | 4
E:l2] A, | 819
Es| 2| Dg | 1415
Es|3] As | 9 |10
Es|5| A2 | 5|6

In each of these exceptions we have hy = % —1; and we observe that in each of them
hz fails to be coprime to n and so cannot be a power of p. Thus in all instances
the conditions p® > hz and p* > % are equivalent. We now employ Testerman’s
order formula (which is proved in [2I] for good characteristic, but may easily be
verified in bad characteristic in the case of regular unipotent elements): this states
that the order of the regular unipotent elements of Z is min{p® : p* > hz}, which
we may now write as min{p® : p® > %} Since by assumption ¢ > %, it follows that
Z|q does indeed contain regular unipotent elements as required. This completes
the proof in the cases where r > h. O

Combining Lemma B with Propositions B3, B4 3.5 and B we have
proved the following.

Theorem 3.8. If G is a simple algebraic group of adjoint type with root system ®,
and r € N, then codim G|} = dg ;-

At this point we may observe that taking this result together with Lemma
gives the following immediate consequence concerning dimensions rather than codi-
mensions.

Corollary 3.9. If G is a simple algebraic group of adjoint type with root system
D, andr € N, set x = (1 — %)dimG — dim G,). Then x > 0 if r is a product of
very good primes, and if G is of classical type, the value of x is given by
le-1D(r—e-1) if ® = Ay,
p={ ke(r—e—1)+(ef3] - 3) J &= By or G,
2%(6—}—2)(7“—6— D+ (er[5] =5 —€) if =D,
We may now prove our result concerning G/,).

Theorem 3.10. If G is a simple algebraic group of adjoint type with root system
®, and G,y # 0 for some r € N, then codim Gy =do-

Proof. Given G, suppose r is a minimal counterexample to the statement to be
proved. Then G|, contains elements of order r, but the minimal centralizer di-
mension occurs for elements of order v’ for some r’ < r. Write as usual r = ngq.
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The calculations in Propositions B3, B4l 3.5, and [3.7 provide a centralizer Z
of a semisimple element of order n with the required value of d,(Z), so we must
have 7' = nq’ for some ¢’ < q. Since elements of order 7" therefore lie in G/,
we must have codim G|, /p) = da.r, ie., do,/p = dor; by Lemma [1.3 this forces
dg,r/p = £ (and thus 7/p > h). Note that the minimality of r, and the fact that
G(r/p) contains the pth powers of the elements in G ;) and thus is non-empty, mean
that codim G, /) = ¢; so we may assume that ' = r/p.
Let

H, = U {u € G : u a regular unipotent element of Ci(s)°},
SEG(”)

and let ¢” = max,en, o(u). Since regular unipotent elements in any algebraic
group have the maximal orders among the unipotent elements there, we must have
q" > q. If we had ¢” = g we would have regular elements of order r as required,
so we must have ¢’ > ¢q. Thus on the one hand we have regular elements of order
rp®, where ¢ = ¢gp®, and on the other we have regular elements of order r' = r/p.
We shall show that there must then be regular elements of order r, contrary to the
choice of 7.

Our approach for G of classical type is to begin with a regular element g = su
of order 7’ and successively change the element while maintaining the order of its
semisimple part. Thus if ® is of type Ay, the centralizer Z of s is a product of
factors of type A and a torus. If the largest type A factor has rank &, we must have
q /p < k < ¢, because the order of a regular unipotent element in Ay, is the smallest
power of p which is greater than k. Now if Ay is any other type A factor, replace
Ap A by Agi1Ak—1 and iterate until Z has just one non-trivial type A factor;
then iterate replacing Ay, T, by Ar—y+1Ty—1 until A,_1T4 is reached. (Note that
each such change still leaves a centralizer of a semisimple element of order n. In
terms of the result from [6], we may take all but one of the non-zero coefficients b;
to be 1, and the last to be determined by the requirement that > b; = n.) At each
stage the order of regular unipotent elements can change by at most a factor of p.
Since the order begins at ¢’ = ¢/p and finishes at ¢’ = ¢p”, after the first increase
we must have regular unipotent elements of order ¢ and therefore regular elements
of order r as required.

The argument for the other classical groups proceeds in like fashion. If ® is
of type Cpy, the centralizer Z has factors of type A, at most two factors of type
C and a torus. If there is no type C factor, begin by replacing some A by Cy.
Iterate replacing Cy Axs by Ciy1Agr—1 until there are no non-trivial type A factors
remaining. If there are two type C factors, iterate replacing Cj,Cys (where k > k') by
Cr+1C—1 until there is only one. Finally iterate replacing Cy—, T}, by Cr—yt1Ty—1
until Cy_1Ty isreached. Again, at each stage the order of regular unipotent elements
can change by at most a factor of p, so the result follows. Types Dy, and B, are
precisely similar.

For G of exceptional type we proceed differently, as it is necessary to be more
careful about the coefficients b; which determine the centralizer Z. Here we simply
form a list of all possible centralizers Z, and for each record the possible values of
ny for which it is the centralizer of a semisimple element of order nq, together with
the order ¢; of regular unipotent elements in Z. This therefore lists all possible
pairs (n1,q1) for which there is a regular element of order niq;. Thus if there are
elements of order mi’qy’, then there is a pair (ni,q;) on the list with ny’ = ny
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and ¢;" < ¢1. We next delete any lines for which the possible pairs (ny,¢1) form a
subset of those on some other line. (For example, if ® is of type Eg, then the pairs
(n1, ¢q1) corresponding to Z = AT are those with ny > 24 and ¢; = p, while those
corresponding to Z = A12T6 are those with n; > 20 and ¢; = p; the first line may
be deleted as each of its pairs occurs in the second.) We then form a second list,
entering opposite each remaining Z all pairs (n1, ¢1’) satisfying nyq;” > h for which
there is a pair (n1,q1) on the first list with ¢;” < ¢1. For example, the result for ®
of type Eg is as follows, in which the values of ¢;’ in the final column correspond
to values of nq for which niq;’ > 12:

Z n | q q’
Ts >12 |1 —
A13T3 2 6 p 1
AsA1 Ty >4 14,9,p>3 1,2,3
AL2AT | >4 | 4,p>2 1,2
ALAT, | >3 |8,9,p>3 1,2,3,4
AsTh >3 18,9,25,p>5 1,2,3,4,5
DsTy | >2 |8,9,25,49,p> 7 1,2,3,4,5,7
A3 3 |4,p>3 -
AsA, 2 19,25,p>5 -
FEs 1 |16,27,25,49,121,p> 11 | —

By inspection we find that each pair on the second list occurs on the first list
opposite some other possibility for Z: those with ¢’ = 1 occur for Z = T (for
n > 12); those with ¢,/ = 2 for Z = A3T (for n > 6); those with ¢;" = 3
for 7 = A2A\Th (for n > 4); those with ¢;" = 4 for Z = Ap® (for n = 3) or
7 = A2ATy (for n > 4); those with ¢1/ = 5 for Z = A4A;Th (for n > 3); and
those with ¢/ = 7 for Z = AsA; (for n = 2) or Z = ATy (for n > 3). This
happens for each exceptional group G. Thus if there are elements in G of a given
order greater than or equal to h, then there are regular elements of that order. Since
by the above it suffices to consider regular elements, this proves the result. O

Finally we consider groups of arbitrary isogeny type.

Theorem 3.11. If G is a simple algebraic group with root system ®, and r € N,
then codim G|, > dg .

Proof. Let G,q be the adjoint group of the same type and over the same field as
G, and let ¢ : G — Gaq be an isogeny; for x € G write & for ¢(z). Take g € G,
then § € (Gaa)r). Given h € G, the set Gy, = {z € G : [g,2] = h} is either
empty or a right coset of Cg(g). As Cg,,(9) = Upeger ¢ #(Gg,n) and ker ¢ is finite,
Theorem B8l gives dim C¢(g) = dim Cg,,(§) > ds,». By Lemma BTl we then have
codim G}y = d,(G) > ds,r, as required. O

Note that an inequality is the best possible result here, as may be seen by
considering groups of type A; in odd characteristic with r = 2. We have d4, 2 = 1:
if G is the adjoint group PG Lo (K), the involution which is the image of diag(1, —1)
is a regular semisimple element, giving codim G|3) = 1 as required by Theorem B.8]
However, if G is the simply-connected group SLs(K), the only involution in G is
the central element diag(—1,—1), so that codim Gy = 3.

Combining Lemma [[.2, Theorem [3.8] and Theorem B.T1] completes the proof of
Theorem [
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