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DYNAMICAL SYSTEMS DISJOINT
FROM ANY MINIMAL SYSTEM

WEN HUANG AND XIANGDONG YE

ABSTRACT. Furstenberg showed that if two topological systems (X,T) and
(Y, S) are disjoint, then one of them, say (Y,S), is minimal. When (Y,S)
is nontrivial, we prove that (X,T) must have dense recurrent points, and
there are countably many maximal transitive subsystems of (X, T) such that
their union is dense and each of them is disjoint from (Y, S). Showing that a
weakly mixing system with dense periodic points is in M-, the collection of all
systems disjoint from any minimal system, Furstenberg asked the question to
characterize the systems in M. We show that a weakly mixing system with
dense regular minimal points is in M-, and each system in M- has dense
minimal points and it is weakly mixing if it is transitive. Transitive systems in
M-~ and having no periodic points are constructed. Moreover, we show that
there is a distal system in M.

Recently, Weiss showed that a system is weakly disjoint from all weakly
mixing systems iff it is topologically ergodic. We construct an example which
is weakly disjoint from all topologically ergodic systems and is not weakly
mixing.

§1. INTRODUCTION

By a topological dynamical system (TDS for short) (X,7T') we mean a compact
metric space X with a continuous surjective map T from X to itself. Recall that
(X,T) is transitive if for each pair of open (i.e., nonempty and open) subsets U
and V, N(U,V) ={n € Zy : T""V NU # 0} is infinite. (X,T) is weakly mizing
if (X x X,T xT) is transitive. € X is a transitive point if {T(z),T*(x),...} is
dense in X. It is well known if (X, T') is transitive, then the set of transitive points
is a dense Gy set (denoted by Tranr) and if Trany = X, we say that (X, T) is
minimal. For a minimal system (X, T) each point of X is called a minimal point.
The orbit of z, orb(x,T), is the set {z,T(x),...}. The w-limit set of z, w(z,T), is
the set (,,5o cl({T%(x) : i > n}).

Let M be the collection of all minimal systems. The notion of disjointness of two
TDS was introduced in [E]. If (X,T) and (Y, S) are two TDS, we say J C X xY
is a joining of X and Y if J is a nonempty closed invariant set and is projected
onto X and Y. If each joining is equal to X x Y, we then say that (X,T) and
(Y, S) are disjoint or (X,T) L (Y,S) or X L Y. Furstenberg [E] showed that
if two systems are disjoint, then one of them is minimal. Thus the most natural
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question is to characterize M~ (Question E in [F]). It is known [E] that a weakly
mixing system with dense periodic points is in M. We show that a weakly mixing
system with dense regular minimal points is in M*, and each system in M*
has dense minimal points and it is weakly mixing if it is transitive. Transitive
systems in M+ and having no periodic points are constructed. Moreover, we show
that if (X,T) L (Y,S5), and (Y,.S) is nontrivial minimal, then (X,7T) must have
a dense set of recurrent points, and there are countably many maximal transitive
subsystems of (X,T') such that their union is dense and each of them is disjoint
from (Y,S). Furthermore, we show that there is a distal system in M*, and if
(X, T) is equicontinuous and in M=, then (X, T) is consisting of fixed points.

A TDS (X,T) is an E-system if it is transitive and there is an invariant measure
w with full support, i.e., supp(p) = X; (X,T) is an M-system if it is transitive
and the set of minimal points is dense (for some special M-systems see [DY]); and
(X,T) is topologically ergodic (TE, for short) if (X,T) is transitive and for each
nonempty open subsets U, V of X, N(U,V) is syndetic, i.e., with bounded gaps.
It is known that a minimal system is an E-system, and an E-system is TE [GH2].
Two TDS are weakly disjoint if their product is transitive. Note that if both (X, T)
and (Y, S) are transitive and (X, T) L (Y, S), then they are weakly disjoint. Call a
system

extremely scattering if it is weakly disjoint from all TE systems,

strongly scattering if it is weakly disjoint from all E-systems,

scattering if it is weakly disjoint from all minimal systems, and

weakly scattering if it is weakly disjoint from all minimal equicontinuous
systems.

Note that weak mixing implies extreme scattering as for a weakly mixing sys-
tem N(U,V) is thick, i.e., it contains arbitrary long intervals of natural numbers
[E]. Recently Weiss [We] showed that a system is weakly disjoint from all weakly
mixing systems iff it is TE (for the recent development related to this result see
[SY]). We construct an example which is extremely scattering and is not weakly
mixing. Note that in [AG] the authors showed that weak mixing and scattering are
different properties, and in [HY] we have showed that extreme scattering and strong
scattering are different properties. It remains open if strong scattering, scattering
and weak scattering are different properties. o

For a TDS (X,T) with a metric d, we say (X,T) is the natural extension of
(X,T),if X = {(x1,22,--+) : T(241) = x;,2; € X,i € N}, which is a subspace of
the product space Hfil X with the compatible metric dr defined by

dr((z1, 22, ), (1,92, -+ ) = ZW

Moreover, T : X — X is the shift homeomorphism, i.e., ff(xl,xg,---) =
(T(x1), 21, 22,---). Let m; : X — X be the projection to the i-th coordinate.
To end the section we prove first that when considering disjointness we may as-
sume each map is a homeomorphism, and then prove a disjoint theorem for distal
systems.

Proposition 1.1. Let (X,T), (Y,S) and (Z,W) be TDS.
(1) If (X,T) L (Y,S) and (Z,W) is a factor of (X,T), then (Z,W) L (Y,S).
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(2) (X,T) L (Y,S)iff (X,T) L (Y,S), where (X,T) and (Y, S) are the natural
extensions of (X,T) and (Y, S) respectively.
( ) MJ_J_ M.

Proof. (1) Let m: (X,T) — (Z,W) be the factor map. Let J be a joining of (Z, W)
and (Y, S). Then J' = {(z,y) € X xY : (w(x),y) € J} is a joining of (X,T) and
(v,S). Since (X,T) L (v,S), J' = X xY. Moreover, J =7 xid(J') = Z xY,
hence (Z,W) L (Y, S).

(2) (=) For each i € Nlet 7; : X — X and ¢; : Y — Y be the projections
to the i-th coordinates respectively. Then ()? xY,Tx8 ) is a natural extension of
X xY and m; X ¢; is the projection to the i-th coordinate. N

Let J be a joining of (X,T) and (Y, S), and J; = m; x ¢;(J), ¢ € N. Then J;
is a joining of (X,T) and (Y, S). It follows that J; = X x Y and consequently
J=XxY. Thatis, (X,T) L (Y,S).

(<) It follows immediately from (1).

(3) Tt follows just because there exists some nonminimal system in M=, e.g.,
weakly mixing systems with dense periodic points and any system disjoint from a
nonminimal system is minimal. ([l

Remark 1.2. In [AG], Akin and Glasner introduced the notion of residual property.
Disjointness from all minimal systems is a residual property by Theorem 2.6 in
[AG].

Let D be the collection of all distal systems. The following theorem was proved
in [P] and for completeness we include a proof.

Theorem 1.3. A dynamical system is in D iff it is minimal and weakly mizing.

Proof. Assume that (X,T) L D. As there are nonminimal distal systems, (X,T)
is minimal. Let (Y,S) be the maximal equicontinuous factor of (X,T). Then
(X,T) L (Y,S). This shows that (V,S) L (Y,S) and thus (Y, S) is trivial. Hence
by [M] (X,T) is weakly mixing.

Now let (X,T') be minimal and weakly mixing, and (Y, S) be distal. It is known
that (Y,S) is a union of minimal distal subsets. Let J C X x Y be a joining.
Assume z € X, y € Y and M, is the orbit closure of y. It is easy to see that
Jy = orb((z,y), T x S) C J and is a joining of (X,T') and (M, S). It is known [E]
that (X,T) L (M, S). Thus J, = X x M, C J which implies J = X x Y. O

§2. TRANSITIVE SYSTEMS DISJOINT FROM ANY MINIMAL SYSTEM

In [E] Furstenberg asked the question to characterize systems disjoint from any
distal or minimal system. Theorem 1.3 gives a complete answer to the first part
of the question. In Sections 2, 3 and 4 we provide a partial answer to the second
part. We will give some necessary conditions and some sufficient conditions for
membership in M+t

If (X,T) is a TDS and z is a minimal point of T', then for each neighborhood U
ofz, N(z,U) = {n € Z4 : T"(z) € U} is syndetic [GH2|]. Note that a subset A of
Z is piecewise syndetic if it is the intersection of a syndetic set with a thick set,
and it is thickly syndetic if for each n € N there is a syndetic subset {w},wy,...}
of A such that {w],w! +1,...,wl +n} C A for each 7. For further investigation
we need the following lemma.
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Lemma 2.1. Let (X,T) be a transitive system and x € Trany. Then
(1) (X,T) is an M-system if and only if for each neighborhood U of x, N (z,U)
is piecewise syndetic.
(2) Let K be a minimal set of (X, T). Then (X,T) has only one minimal set
iff for each neighborhood U of K, N(x,U) is thickly syndetic.

Proof. (1) If (X,T) is an M-system, it is clear that for each neighborhood U of
x, N(z,U) is piecewise syndetic, since for each minimal point y € U, N(y,U) is
syndetic and there are {n;} such that T" (z) — y.

Now we assume that for each neighborhood U of z, N (z, U) is piecewise syndetic.
Let € > 0 with cl(B./2(x)) C U. Thus there are p € N and {m; rteNand1<j<
i} C N(x, Be/2(z)) such that mi < ... <m} and m§»+1 —mé- <pfor1<j<i—-1
Let y be a limit point of {7™1(x)}. Then it is clear that N(y,U) is syndetic. Let
M be a minimal set in the orbit closure of y under T'. We claim that M Ncl(U) # 0.
In fact, if M Ncl(U) = 0, then there is an open set V O M with UNV = 0. It is
clear that N(y,V) is thick. Thus N(y,U) is not syndetic, a contradiction.

Since M N cl(U) # @, it follows by the transitivity of (X,T) that (X,T) is an
M-system.

(2) Assume that (X, T') has only one minimal set K. For each neighborhood U
of K, let U; C U be a neighborhood of K such that if 77(z) € U;, then T7+*(z) € U
for each 1 < k < i. As N(z,U;) is syndetic for each i, we have that N(z,U) is
thickly syndetic.

Conversely assume that T has a minimal set K; with K1 N K = (. Then
N(z,V) is thick for each neighborhood V' of K disjoint from U. Then N(x,U) C
Z4 \ N(z,V) cannot be syndetic, a contradiction. O

Definition. A subset A of Z is called an m-set if there exist a minimal system
(Y,S), y € Y, and an open subset V' of Y such that A D N(y, V).

For a transitive system whether it is in M+ can be checked through m-sets as
the following theorem shows. For a minimal dynamical system (Y, S), we define

Fy={ACZy:ADN(y,V) for some y € Y and open subset V} and
kFy ={B CZy:BnNA#{ for each A € Fy}.

Theorem 2.2. Let (X,T) be a transitive system and x € Transy. Then

(1) (X,T) € M+ iff N(z,U)n A # 0 for any neighborhood U of x and any
m-set A.

(2) (X,T) L (Y,S) iff for any open neighborhood U of z, one has N(z,U) €
kEFy.

Proof. We show (1), and (2) is similar.

Let (X,T) € ML. For any m-set A, there exist a minimal system (Y, S), y € Y,
and an open subset V of Y such that A D N(y, V).

Set J = cl(orb((x,y),T x S)). Then J is a joining of (X,T') and (Y,S). Since
(X,7) L (V,9), J = X xY. Hence for any neighborhood U of z one has
N((x,y),U x V) #0,ie., Nz, U)nA# 0.

Conversely, let (Y, .S) be a minimal system and J a joining of (X,T) and (Y, 5).
It is clear that, there is y € Y with (x,y) € J. For any neighborhood U of
x and any open subset V of Y, one has N(z,U) N N(y,V) # 0. This implies
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cl(orb((z,y), T x S)) N (U x V) # 0. Since cl(orb((x,y),T x S)) is T x S-invariant
and closed, one has cl(orb((z,y),T x S)) =X xY. Thus J =X x Y. O

For any S C Z4 let 15 be the indication function from Z 4 to {0,1},1i.e., 1g(s) =1
if s € S and 1g(s) = 0 if s € S. Note that if s = (s(0),5(1),...) € & = {0,1}2+,

then we use s[n;m| to denote (s(n),s(n + 1),...,s(m)) whenever n < m. Let
o : ¥ — ¥ be the shift map and, for a finite word A, let |A| stand for the length
of A.

Let P be the collection of all subsets of Z,. A subset F of P is a family, if it is
hereditary upwards. That is, F; C Fy and F; € F imply Fy € F. Any subset A of
P can generate a family [A] = {F € P: F D A for some A € A}.

Clearly, all m-sets form a family, we call it the family of m-sets. Now, we have

Proposition 2.3. The family of m-sets is the family generated by the sets whose
indicator functions are the minimal points of (X, 0).

Proof. We denote the family generated by the sets whose indicator functions are
the minimal points of (X, 0) by F,,,. Clearly, if 1r is the indicator function of F,
then F' = N(1p, [1]), where [1] = {s € ¥ : s(0) = 1}. Hence F,, is contained in the
family of m-sets.

On the other hand, let A be an m-set. Then there exist a minimal system (X, T')
with metric d, € X and an open subset V of X such that A D N(z,V). It is easy
to see that we can shrink V' to an open subset V' whose boundary is disjoint from
the orbit of z.

Then do the classical lifting trick, a la Glasner, Adler, etc. Let

Y ={(2,t) € X x ¥ : (i) = 1 implies T%z € cl(V")
and t(i) = 0 implies T"z € cl(X \ V')}.

Then Y is a T x o-invariant closed subset of X x X. Since the orbit of  doesn’t
meet the boundary of V', there is a unique ¢ € ¥ such that (x,t) € Y and t is
the indicator function of N(z,V’). Take a minimal subset J of (Y,T X o) with
J C cl(ord((x,t),T x o)) and let mx : J — X be the projective map. Since (X,T)
is minimal, 7x(J) = X. Hence (x,t) € J. Projecting J to ¥ we see that t is a
minimal point. Hence A € F,,, as A D N(z, V') and t = 1y, v7). O

The following theorem is crucial for this section.
Theorem 2.4. FEvery thickly syndetic set contains an m-set.

Proof. Let F C Z4 be a thickly syndetic subset. We will construct y™* = 1, €
{0,1}%+ such that F,, C F and y = limy"™ = 14 is a minimal point. Let Y =
cl(orb(y,o)) and [1] = {x € Y : (0) = 1}. As A C F and A = N(y,[1]), the
theorem follows.

To obtain y™ we construct a finite word A,, such that y™ begins with A,, A,
appears in 3" syndetically and A,1; begins with A4,,. The reason we can do this
is that 1™ = (1,...,1) (n times) appears in 1p syndetically for each n € N. More
precisely we do as follows.

Step 1. Construct A; and F; C F such that A; appears in y! = 1, with gaps
bounded by I; and y' begins with A;.

Let min F = k; —1 and Ay = 1p[0; k1 —1]. Set 1 = k1. As F is thickly syndetic,
1™ appears in F at a syndetic set Wq = {w], w3, ...}. Without loss of generality,
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assume that 2r; < w]1-+1 — w]1 < l; and 2k; < w% < ly, where [y is some number in
N. Put u} = w},i € N. Choose y* € {0,1}%+ such that

Y0k — 1) = Ay, yl[u%;u%—i-kl—l]:Al

and
o0

y () =0 ifj € Zo\ ([0k — U ([l uf + k1)),
i=1

It is easy to see that A; appears in y' with gaps bounded by /; and F} C F,
where 1p, = yl.

Step 2. Construct As and F, C F such that

(1) Ay has the form of A;V; Ay and if ko = | A, then Ay = y1[0; ko — 1].

(2) y2[0;ky — 1] = A and A;, Ay appear in y? syndetically with gaps bounded
by 1 and ls respectively.

(3) R={i€Zy:y*(i)=1} CF.

Set ko = ul + k1 and let Ay = y*[0; k2 — 1]. Then Az has the form of A;V;A;.
Let ro = 217 + 2k; + k2. As F is thickly syndetic, 172 appears in F' at a syndetic
set Wa = {w?,wi,...}. Without loss of generality, assume that 2ry < w]2-_|r1 - wj2 <
lo — (Iy + k1) and 2ky < w? <y — (I + ki), where 5 is some number in N.

To get y? we change y' at places [w?;w? + ro — 1] for each i € N. It is enough
to show how this is done at [w?; w? + ro — 1].

Let k, j satisfy that u,lc_l < w% < u,lg and u%—l—kl -1< w%—l—rg—l < ujl+1+k1 —1.
Let I be the integer part of (uj —1 — up — k1 — k2)/k1.

Put uf = uj + k1. Let y?[u?;uf + ko — 1] = Ay and y?[uf + ko + pky;uf + ko +
(p+1)ky —1] = Ay for p=0,1,...,1 — 1. That is, first we put Ay at place u? and
then we put as many A; as we can. We do the same at all places [w?; w? 4+ ry — 1];
we get u? € (w2, w? +re — 1] with y?[uZ;u? + ke — 1] = A, i =1,2,....

In such a way we get y2. It is easy to see that y' and y? differ possibly at
[w?; w? + ry — 1]. Thus

Fy={ieZy:y’(i) =1} ¢ Fy U Jw}w? + 7y —1].
i=1

At the same time A1, As appear in y? syndetically with gaps bounded by {; and I»
respectively by the construction.

Step 3. Construct A,,4+1 and F,,+1 C F inductively such that
(1) Apy1 has the form of A4,V Ay, and if kp1 = |Amtal, then Ay =
m .
Y [07 km-{-l - 1]
(2) y™™0; kpmy1 — 1] = Apuy1 and A; appear in y
bounded by I; for each 1 <i <m + 1.
(3) Fnsr={i € Z4 :y"™ (i) =1} C F.

Set kmt1 = uf + kpy, and let A1 = y™[0; kg1 — 1]. Then A,,41 has the
form of A, Vi Am. Let rmi1 = 20, + 2ky + kmt1. As F is thickly syndetic,
17m+1 appears in F' at a syndetic set Wy, 1 = {w]" ™ wd ™t ...}, Without loss of
generality, assume that 21,41 < wj"ril — w}”“ <lmt1 — (I + k) and 2k, 41 <
wi <1 — (Ln + k), where 1,11 is some number in N.

To get y™*! we change y™ at places [w™!; wf”'l + rmt1 — 1] for each i € N.

7
It is enough to show how this is done at [w]" ™ w" ™ + 7,1 —1].

m+1 gyndetically with gaps
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Let k, j satisfy that u}® | < w{”“ <yt and uj' + Ky, —1 < Wt -1 <
uilyy + km — 1.

Put v = uf’ 4+ k. Let vy ul w4 kg — 1] = Ay and

ym+1[u;n+17 u;n _ 1] — Am+1(Am)pm’ (Am—l)pm_l . (Al)pl Bm+17

where B, 11 is a word and p1, ..., p, are natural numbers with

|Bm+1| < klv

| Bim+1| + kip1 < k2, and

|Brt1| + kip1 + ... + kipi < kipq for each 1 <i <m — 1.

That is, first we put A4,,4+1 at place u{”“ and start from wuy" ML 4 kg to ul

we put as many A,, as we can and then we put as many A,,_; as we can and
m—+1 m—+1 m—+1 c

so on. We do the same at all places [w;"""; w; + Tmy1 — 1]; we get u;
[w™ T w4y, g — 1] with g™ ;“““ t ki1 —1] = Ay, i = 1, 2,....
In such a way we get y™tL. It is easy to see that 4™ and y™ differ possibly

only at [w m“,wm*l +7mt1 — 1], 1 =1,2,.... Thus

Frpr={i € Zy :y™ (i) =1} € B U {507 + r gy — 1]
i=1

m+1 gyndetically with gaps bounded by ; for each

At the same time A; appears in y
1 <i < m+1 by the construction.

In such a way for each m € N we defined a finite word A,,. Let y = lim A4,, =
limy™. By the construction, A,, appears in y with gaps bounded by [,, for each
m € N. That is, y is a minimal point for the shift. It is obvious that y # (0,0,...).

Let Y = orb(y,o) and U = {x € Y : y(0) = 1}. Then

0 # N(y,U U{ZEZ+ n(i)=1,0<i<k, -1} c|JF. CF

i=1

Thus F' contains the m-set N(y,U). O

Remark 2.5. There exists an m-set which is not thick. For example, let (X,T) be
a nontrivial minimal system and z € X. If U and V are disjoint open subsets of
X, then N(z,U) and N(z,V) are disjoint m-sets. In particular, both are syndetic
and so neither is thick.

Now we are ready to show the main result of the section.

Theorem 2.6. Let (X,T) be a transitive TDS. If (X,T) L M, then (X,T) is a
weakly mizing M-system without nontrivial minimal factor.

Proof. Let x € Trany and let U be a nonempty neighborhood . By Theorem 2.2,
N(z,U)N A # 0 for any m-set A. This implies that N(x,U) has nonempty inter-
section with any thickly syndetic set by Theorem 2.4. Thus N(z,U) is piecewise
syndetic. By Lemma 2.1 (X, T) is an M-system. Since a nontrivial system is never
disjoint from itself, it follows from Proposition 1.1(1) that a system in M~ has only
trivial minimal factors. Hence (X,T') has no nontrivial minimal factor.

Since (X, T) is transitive, (X, T') is weakly disjoint from all minimal systems, i.e.,
(X, T) is scattering [BHM]. By [AG], Theorem 2.9(b)], (X, T') is weakly disjoint from
all M-systems. Particularly, (X,T') is weakly mixing. O
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Remark 2.7. The condition in Theorem 2.6 is not sufficient. For example, let (X, T)
be a weakly mixing M-system with a fixed point p and let (Y,.S) be a minimal
strongly mixing system. Then X x Y is a weakly mixing M-system. It is clear that
X x Y is not disjoint from Y. Collapsing {p} x Y to a point p’ we get a system Z
which is not disjoint from Y. Moreover, Z is a weakly mixing M-system without
nontrivial minimal factor, as p’ is a fixed point.

3. A TRANSITIVE SYSTEM IN M~ WITHOUT PERIODIC POINTS

For a transitive system we have obtained some necessary conditions for a system
in M*. Since Fursternberg has shown that each weakly mixing system with a dense
set of periodic points is in M, it is natural to ask if this is a necessary condition.
We will give a negative answer by constructing a transitive system in M=+ without
periodic points. In the process to do this, we also obtain some sufficient condition.
To start, we first show

Lemma 3.1. Let A C Zy be an m-set. Then there exists r € Z4 such that
Ne(A;r) ={i €Zy : ki+r € A} is an m-set and so is syndetic for any k € Z.

Proof. Since A is an m-set, there exist a minimal system (X,T), x € X, and an
open subset U of X such that A D N(z,U). Take r € Z; and a neighborhood V' of
x such that 7"V C U. Then N(z,U) D N(x,V)+r. Note that x is also a minimal
point of T* for any k € Z, and thus {i € Z; : T*z € V} is an m-set and so is
syndetic. Therefore, Ni(A,7) D {i € Zy : T*z € V'} is an m-set and so is syndetic
for any k € Z,.. d

Now we give a natural generalization of dense periodic points.

Definition. Let (X,T) be a TDS. We say (X,T) has dense small periodic sets, if
for any open subset U of X there exist a nonempty closed A C U and k € N such
that A is invariant for T*.

Concerning this notion we have

Proposition 3.2. Let (X,T) be a TDS. Then (X, T) has dense small periodic sets
if and only if for any open subset U of X there exist p € X, k € N such that
Ni(p,U) = {i € Zy : T¥p € U} is thick.

Proof. Let (X,T) have dense small periodic sets. Then for any open subset U of
X there exist a closed A C U and a positive integer k such that A is invariant for
Tk. Take any p € A; then Ny(p,U) = Z is thick.

Conversely, assume for any open subset U of X there exist p € X, k € N such
that Ny (p,U) is thick. Let W be an open subset of X and V an open subset with
cl(V) C W. Then there exist p € X and k € N such that Ni(p,V) is thick. Hence
we can find n; < ng < ...and y € X such that T+ p, TEutD)y, oo Thiuthy, ¢
for any I € N and lim;_ ., T*"p = y. Clearly, orb(y,T*) C cl(V). Let A =
cl(orb(y, T*)). Then A C cl(V) C W and A is closed and invariant for T%. This
shows that (X,T) has dense small periodic sets. O

A totally transitive system with dense small periodic sets can be characterized
as follows.

Proposition 3.3. Let (X,T) be a TDS. Then (X, T) is a totally transitive system
having dense small periodic sets if and only if there exists a transitive point x such
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that for any neighborhood U of x we have property (x), i.e.,
(x) for any r € Zy there exists k € N such that Ny(z,U,r) = {i € Zy :
Tr*ry € U} is thick.
When these conditions hold then for every x € Trany and every neighborhood
U of z, condition (%) holds.

Proof. Let (X,T) be a totally transitive system having dense small periodic sets
and € Trany. Then x € Tranyp for all k € N; see [B].

For any neighborhood U of z, by Proposition 3.2, there exist p € X, k € N
and ny < ng < ... such that N(p,U) D U;2,{kni, k(n; +1),...,k(n; +i)}. Thus
for any natural number [ we can find a neighborhood V; of p such that when
y € Vi, one has Tkmy, Tkut)y .. Tk(mthy ¢ 7, For any r € Z,, since Tz
is a transitive point of T*, there exists m € Z, with T™*T"z € V;. Moreover,
Ni(z,U;r) D{my+m+1,ny+m+2,--- ,n;+m+1} for each | € N. This shows
Ni(z,U,r) is thick.

Conversely, assume there exists a transitive point = such that for any neigh-
borhood U of x we have property (x). To show that (X,T) is a totally transitive
system having dense small periodic sets, we need only to show that for any open
subset W of X and n € N, N,,(z, W) # 0 and there exist £ € N and p € X such
that Ny (p, W) is thick.

Now let W be a given open subset of X and n € N. Since x is a transitive
point, there exists s € N such that T°x € W. Take a small open neighborhood
U of x with T*U C W and r € N with n|(r + s). For U and r, since we have
property (%), there exists k € N such that Ng(z,U,r) is thick. Let p = T""*x, then
Ni(p,W) D Ni(z,W,r +s) D Ni(x,U,r) as T°U C W. Therefore, Ni(p, W) is

thick.
Clearly, Ni(p, W) NnN # @. For m € Ny(p, W) N nN, we have T +r+sg ¢ W,
As n|(km + 1+ s), one has N, (x, W) # (. O

Theorem 3.4. Let (X,T) be a transitive TDS with a transitive point x. If for any
neighborhood U of x we have property (%), then (X, T) is in M. That is, if (X,T)
is a totally transitive TDS having dense small periodic sets, then (X,T) € M=*.

Proof. By Theorem 2.2, it remains to show that N(z,U) N A # () for any neigh-
borhood U of = and any m-set A. By Lemma 3.1, there exists r € Z, such that
Ni(A,r) ={i € Z4+ : ki +r € A} is syndetic for any k € Z;. Since property (%)
holds, there exists k, € N such that Ny (z,U,r) = {i € Zy : T**+"z € U} is thick.
Thus Ng, (x,U,7) N N, (A,7) # (. This implies that N(x,U) N A # 0. O

A minimal point z is regular [GHZ] if for each neighborhood V' of z there is k
such that N(x,V) D kZ,.

Clearly, a periodic point is a regular minimal point and a regular minimal point
is a minimal point. In order to characterize the minimal system containing a regular
minimal point, we need the notions of an almost one-to-one extension and an adding
machine.

Let 7 : (X,T) — (Y,S5) be a factor map. We say 7w is an almost one-to-one
extension, if Inj, = {z € X : 7~ w(z) = {z}} is dense in X.

Given K = (k1,ko,---) with k; > 1, we define ¥x = [[;2,{0,1,--- , k; — 1},
where {0,1,--- ,k; — 1} and Y g are equipped with the discrete and the product
topology respectively. If x = (z1,22,---) and y = (y1,¥2, ) are two elements
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of ¥k, then their sum = ® y = (21,22, --) is defined as follow. If 21 + y1 < ki,
then zy = xy + y1; if o1 +y1 > ky, then 21 = 21 + y1 — k1 and we carry 1 to
the next position. The other terms zs, - - - are successively determined in the same
fashion. Let Tk : ¥x — Y be defined by Tk (z) = 2 ® 1 for each z € Xk, where
1=1(1,0,0,---). It is known that Tk is a minimal map, which is called an adding
machine. We note that if {i € N: k; > 1} is finite, then Tk is periodic and X is
the unique periodic orbit of Tx. Now we have

Proposition 3.5. Let (X,T) be a minimal system. Then (X,T) contains a regular
minimal point if and only if it is an almost one-to-one extension of an adding
machine.

Proof. See the Appendix. O

The following is an immediate corollary of Theorem 3.4.

Corollary 3.6. If (X, T) is a totally transitive TDS and has dense periodic points
or dense regular minimal points, then (X,T) € M*. Particularly, (X,T) is weakly
mizing.

We remark that a nontrivial adding machine or finite system is never totally
transitive, and hence the systems described in Corollary 3.6 are never minimal.
Moreover, it is known that a totally transitive system having dense periodic points
is weakly mixing [B].

Using Theorem 3.4 we will construct a transitive TDS which is in M* and has
no periodic point. Namely, we have

Example 3.7. There is a transitive TDS in M~ and has no periodic point.
Proof. See the Appendix. O

§4. THE GENERAL CASE

Now we consider the question which system is disjoint from all minimal systems
without the assumption of transitivity. We will show such a system must have a
dense set of minimal points. First we prove that the set of recurrent points is dense.
Note that for a dynamical system (X,T'), R(T) is the set of all recurrent points of
T.

Proposition 4.1. Let (X,T) be a TDS.

(1) If X LY with (Y,S) minimal and nontrivial, then R(T) is a dense Gs set
of X.

(2) Let T be invertible, V' be an open set of X and Y = cl(U;c, T"(V)). If
(X,T) L M, then (Y, T) L M.

(3) If there are transitive sub-systems (X;,T) of (X, T) satisfying that | J; X; is
dense in X and (X;,T) L M for each i € N. Then (X,T) L M.

(4) Let (X, T) be an equicontinuous system. If (X, T) € M=, then each point of
X is a fized point. Consequently, if (Y,S) is TDS with (Y,S) € ML, then
the mazimal equicontinuous factor of (Y,S) is consisting of fized points.

Proof. (1) First we assume that (X,T') is a homeomorphism. Let Q(T') be the set
of nonwandering points of T. If Q(T') # X, then there is € X \ Q(T'). Thus there
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is an open set U of X with 2 € U and T*(U)NT7(U) = () whenever i # j € Z. Let
y €Y and

a(|J T(0) % 15" w)) U (X T 0)) x v

neZ €L
It is easy to see that J is a joining between (X, T) and (Y, .S) and thus J = X x Y.
As'Y is not trivial, Y \ {y} is nonempty and open. As U x (Y \{y}) C X xY =J,

we have

Ux (Y \{y}) c (| T"(0) x {5"(1)}).

neE”Z

As U x (Y \ {y}) is nonempty and open in X x Y, there is n € Z such that
(U x Y \{yH))n(T™U) x {S™(y)}) # 0. It is clear that n # 0. Thus there is
n # 0 such that U NT™(U) # @, a contradiction. Thus we have proved Q(T) = X.
By [F] R(T) is a dense G5 set of X.

In the general case by Proposition 1.1 (X,T) L (Y, S). By the above argument
we have R(T) is dense in X. It follows that R(T) is dense in X. By [F] R(T) is a
dense G set of X.

(2) If (X,T) L Mand Y = X, then (Y,T) L M.

Now consider the case that Y # X. Assume that J C Y x Z is a joining, where
(Z,S) is a minimal system. Let J' = JUc(X\Y) x Z.

As (X, T) L M, we have that J' = X x Z. This implies that J DV x Z. As J
is closed and invariant, we get that J O (U,ez, T7"(V)) x Z. Since R(T) is dense
in X, we have T~"(V) C cl(U,,ez, T™(V)) for each n € N. That is, J =Y x Z
and hence (Y,7T) L M.

(3) Let (Y, .S) be a minimal system and J is a joining between (X,T') and (Y, .5).
For each ¢ € N let x; be a transitive point of (X;,T). For each 4 there is y; such
that (x;,y;) € J. Thus J; = cl(orb(x;,y;), T x S) C J. It is easy to see that J;
is a joining between (X;,T) and (Y,S). Thus J; = X; x Y. This implies that
J=XxY,ie, (X,T) L M.

(4) As (X,T) is equicontinuous, for each € > 0 there is § > 0 such that if
d(z,y) < §, then d(T™(x),T"(y)) < € for each n € Z. Assume that there is © € X
with T'(z) # x. Let € < d(z,T(x))/4 and 6 be the number corresponding to e with
d < e. Moreover, let U = B(x,4d) and V = B(T'(x),0).

Set X; = cl(UzEZ {U)) and Y7 = orb(z,T). As (Y1,T) is minimal, (X,T) L
(Y1,T). Then X; L Yy by (2). Let J = cl(U;ey (T°(U) x {T"x}). Then J is a
joining of X; and Y7. Thus, J = X7 x Y7. This implies that there is n with

T"(U) x {T™(x)} nU x (VNYy) #0.

That is, T*(U) N U # @ and T"(x) € V NY7, a contradiction. O

Now we proceed to show that if (X,7T) € M=, then the set of minimal points is
dense in X. To do this we need

Definition. A sequence {F,}$° of thickly syndetic subsets of Z. is uniform, if
for any I € N there exists ¢(I) such that for every n € N, we can find a subset

(0.3 () 50} of 2y with i 1) < 610, wfy() = wr() < o) and
{wl (1), wr (1) + 1, , wl(l) +1—1} C F,, i € N,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



680 WEN HUANG AND XIANGDONG YE

Strengthening Theorem 2.3 we have

Theorem 4.2. Let {F!}'> be a uniform sequence of thickly syndetic subsets of
Z.. Then there is a minimal system (Y,o) C ({0,1})%+ o) such that for each
n € N there exists yn, € Y with N(yn,[1]) C F, where [1] ={y €Y :y(0) = 1}.

Proof. We will modify the construction in Theorem 2.3. Let f: N — N be a map
such that for each i € N, f~1(4) is infinite. Let F,, = F}(n) for each n € N. Then
{F,} is a uniform sequence of thickly syndetic sets.

First we modify the construction of y* in step 1 in Theorem 2.3 to obtain y} for
each n € N, namely we construct A; such that A; appears in y. =1 r1 with gaps
bounded by ; and F,} C F,.

Take k; € N and A; = 0...01 with |A1] = k1. Set r1 = k1. As {F,} is
a uniform sequence of thickly syndetic sets, 1™ appears in F,, at a syndetic set
{wh(r1),wy(r1),...}. Without loss of generality, assume that w}(r;) <1 —k; and
2r1 < wjy; —w} < Iy, where Iy is some number in N. Choose ;, € {0,1}*+ such
that

Yn[wi'(r1);wi(r1) + k1 — 1] = Ay and

yn(3) = 0if j € Zy \ (U2 [wi (r1); wf (1) + k1 — 1]).

It is easy to see that for each n € N, A; appears in y. with gaps bounded by [y
and F,) C F,,, where 1p1 = y}.

Let Ay = A1y1[0;a1]A; with a; > ¢(k1) and y1[0;a1] = AjAq. Tt is easy to see
that Ag[kl;kl + al] C Fy.

Set k2 = |Az2|. Now we modify the construction of step 2 in Theorem 2.3
as we did (for step 1) to obtain y2 (as 1*2 appears in F), syndetically). Then
Aq, Ay appear in y2 syndetically with gaps bounded by 2[; and I3 respectively. Set
Az = Asy3[0,az)As with as > ¢(k2) and y3[0;a2] = A4As. Tt is easy to see that
Ag[/fg, ko + ag] C Fs.

By the same arguments, we get y¢, and we set A;11 = A;y¢[0,a;]A; with a; >
B(k;) and y:[0;a;] = ALA;. We have A;i1[ki, ki + a;] C F;. Moreover, Ay, ..., A;
appear in 3! syndetically with gaps bounded by 2l1,...,2l;_1,l; respectively for

each n.
Let y = lim A;. Then y is a minimal point. For each n let y,, be a limit point of
{Ait1[ki, ki + ail} f(i)=n- Then we have N (yn, [1]) C F},. O

With the help of Theorem 4.2 we now show

Theorem 4.3. Let (X, T) be a dynamical system. If (X, T) is in M=+, then (X,T)
has a dense set of minimal points.

Proof. First assume that T is a homeomorphism and that the set of minimal points
M is not dense in X. Then there are an open set U of X and an open neighborhood
V oof cl(M) with UNV = 0.

By Theorem 4.1(1), R(T) is dense in U. Then we may take recurrent points
{x,}129 C U such that {x, : n € N} is dense in U. Let F,, = N(z,,U¢) D

n=1

N(xna V); n = ]-, 2, ... We claim that
{Fn}jl'i‘j is a uniform sequence of thickly syndetic subsets of Z .

Proof of claim. For any [ > 0, there exists a neighborhood W; C V of ¢l(M) such
that TF(W;) C V for each 1 < k < [. As Ui€Z+ T~'W; = X and X is compact,

there exists ¢(l) > 0 such that Uy<;< 40 T-'W, = X.
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For each n € N, let N(z,, W;) = {w],wh,---}. Tt is easy to see that w] < ¢(1),
wi g —wp < P(1) and {w]', wi +1,--- ,wi +1—1} C N(xp, V). As F;, D N(fcn,‘/)7
this shows that {F, }+ 1 is a uniform sequence of thickly syndetic subsets of Z .
By the above claim and Theorem 4.2, there is a minimal system (Y,o) C
({0,1}%+ o) such that for each n € N there exists y, € Y with N(yn,[1]) C Fu,
where [1] ={y € Y : y(0) = 1}. Let

+o00 +o00 ] +oo )
=d(|J T x0) (@ny)U(X\ |J TU)xY
i=0n=1 i=—00

As {z,, : n € N} is dense in U and each x,, is recurrent, we have

+oo +o0
U 7'U c (| | T'2n).
1=—00 =0 n=1
Thus J is a joining of X and Y and hence J=XxY.
It is easy to see that cl(U 5 US> (T x 0) (2, yn)) D U x [1]. As U x [1] is
open, we have

+o00 +oo
(U U@ @mm)n @ 1) 0

Therefore, there exist i and n with (T'z,,o'y,) € U x [1], i.e., N(z,,U) N
N (yn, [1]) # 0, which contradicts the fact that N(yy, [1]) C F,, = N(zy, U°).

In the general case we pass to the natural extension and observe that minimal
points are mapped to minimal points by factor maps. O

For a dynamical system (X,T'), a transitive subsystem (Y, T) is mazimal if it is
maximal among all transitive subsystems by the inclusion. We have

Theorem 4.4. Let (X,T) be a TDS and (Y,T) be a transitive subsystem. Then
there is a MTSS containing (Y,T). Consequently, if R(T) = X, then the union of
all MTSS is dense in X.

Proof. Let A be the collection of all transitive subsystems containing Y. By Haus-
dorff maximal principal (see, for example, [Kl p. 32]) there is a maximal nest A’
containing Y. It is easy to see that cl({J,. 4 Z) is transitive and maximal. O

Inspired by the above theorem and Theorem 4.1 one may have

Conjecture. If (X,T) L M, then there are countably many MTSS such that their
union s dense in X and each of them is in M=,

Unfortunately the conjecture is not true in general. However, we will show that
it is true in a certain sense, i.e., if (X,T) L (Y, S) with Y nontrivial minimal, then
there are countably many MTSS such that their union is dense in X and each of
them is disjoint from Y. We also give an example to show that this is the best
situation we can expect, namely there are distal systems in M.

Theorem 4.5. Let (X,T) be a TDS and (Y,S) be nontrivial minimal system.
Then (X,T) L (Y,S) if and only if there exist countably many MTSS such that
their union is dense in X and each of them is disjoint from'Y .
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Proof. The sufficiency is easy and it remains to show the necessity. First we assume
that T and S are homeomorphisms.
Let (X,T) L (Y,S). For any open subsets V of Y and W C X, put

XU, V)={z € X : Ng(z,U) N Nz(y,V) # 0 for any y € Y},

X(U,V)=(X\d(|JT"U)UuXUV),
nez
where Nz(z,U)={n €Z: Ttz € U} and Ng(y,V)={n€Z: S"yeV}.
As Nyz(Tx,U) = Ngz(z,U) — 1 and Nz(Sy,V) = Nz(y,V) — 1, it is not difficult
to see that TX (W, V) = X (W, V). We have

Claim. For any open set U of X and open set V of Y, the invariant set )A(:(U, V)
is a dense open subset of X.

Proof of Claim. First, we show that )Z'(U, V') is an open subset of X. Since X \
cl(U,ez T"U)) is open, it remains to show that X (U, V) is open. Let z, ¢ X \
X(U,V) and lim, oo x, = x. Then for each n € N there exists y, € Y such
that Nz(xy,U) N Nz(yn, V) = 0, ie., (2n,yn) & Upez (T x S)™U x V. Without
loss of generality, assume lim, oo yn = y. Since J,,cz (T ¥ S)™U x V is open,
one has (z,y) & U,ez (T x S)"U x V, ie., Ng(xz,U) N Ng(y,V) = 0. Hence
x ¢ X\ X(U,V). This shows that X \ X (U,V) is a closed set, i.e., X(U,V) is an
open set.

Next we show that X (U, V) is dense in X. Let W C U be an open subset of
X. XMW, V)NW = 0, then for each x € W there exists y(x) € Y such that
Nz(x, W) N Ngz(y(z),V) = 0.

Let
J=X\(rw)yxyyudJ [ @ x5 (2, y())).
neZ neZxeWw
Clearly, J is a joining of X and Y. As Nz(z,W) N Nz(y(z),V) = 0 for each
x € W, one has

d(lJ U @ = SM) (@ @) nW x vV =0.
neZxcW
Therefore, JNW x V = (. Hence J # X x Y which contradicts (X,T) L (Y, S).
This shows that X (W, V)NW # () and thus X (U, V)NW # (. As W is arbitrary and
X(U,V) is T-invariant, one has cl(X(U,V)) D cl(lU,,c; T"U). Therefore, X(U,V)
is dense in X. This ends the proof of claim. U

Let {V,}, 2 and {U,,},°| be basis of Y and X respectively. Put

(4.5.1) Rx = ﬁ ﬁ X (Up, V).

m=1j=1

As )?(Um, V;) is a dense open invariant subset of X for m,j € N by the claim,
Rx is a dense Gs set of X. Now we use a terminology given by Auslander: A set
A C X has the capturing property if w(p, T)N A # () implies p € A. Tt is easy to see
that any open invariant subset of X has the capturing property and any intersection
of capturing sets is capturing. In particular, Rx has the capturing property.

For each x € Rx N R(T), set X, = cl(orb(z,T)). Then (X,,T) is a transitive
subsystem. Hence by Theorem 4.4 there exists ' € R(T) such that (X,/,T) is a
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maximal transitive subsystem and X,» D X,, where X,» = cl(orb(z/,T)). Since
Ry has the capturing property and x € X,» N Rx, one gets ' € Rx.

Now, we show that (X,.,T) L (Y,S). Let J be a joining of X, and Y, and
J' = Npez(T x S)™J. Then J' is a joining with T' x S(J') = J'. Take y € Y such
that (z/,y) € J'.

For any open neighborhood U of &’ and open set V' of Y, there exist U, V;
such that z € Uy, C U and V; C V. By (4.5.1), 2’ € X(Uy,,V;). In particular,
Nz (2, Up) N Ng(y,V;) #0. AsT x S(J')=J" and («/,y) € J', J' NU,, x V; # 0.
Thus J' D {z'} x Y and hence J' = X,» x Y. Therefore, (X,,T) L (Y,5).

By Proposition 4.1(1), R(T') is a dense G5 set of X. Moreover, Rx N R(T) is
dense in X. As UxeR AR(T) X, is dense in X, we can find countably many MTSS
such that their union is dense in X and each of them is disjoint from Y.

In the general case we pass to the natural extension. Let X and Y be natural
extensions of X and Y respectively. Then by Proposition 1.1, X LY. Thus there
exist countably many MTSS X, of X such that their union is dense in X and
each of them is disjoint from Y. Let # : X — X be the projection to the first
coordinate. Then W(Xi) are MTSS of X and their union is dense in X. It is clear
that X; LY. O

Using Theorem 4.5, we get easily

Corollary 4.6. Let (X,T) be a dynamical system. Then (X,T) L M iff for any
minimal system (Y,S) there exist countably many MTSS (depending on Y ) such
that their union is dense in X and each of them is disjoint from Y .

To finish the section we now construct the example we promised. We need

Definition. Let (X,T) be a TDS and f a complex-valued continuous function on
X which is not identically 0. We say that f is an eigenfunction for T if there exists
A € C such that f(Tz) = A\f(x) for any z € X. We then call A the eigenvalue for
T corresponding to the eigenfunction f. We denote the set of eigenvalues of T' by
Eig(T).

We will give an equivalence condition for a distal system in M*. To do so we
need Lemma 4.7 and 4.8.

Lemma 4.7 ([Wal). Let (X,T) be a transitive TDS and T a homeomorphism.
Then Eig(T) forms a countable subgroup of K, where K is the unit circle in complex
plane.
IfT: K — K is defined by T(z) = €"*™2, where 0 is irrational, then Fig(T) =
{e??™ . n € Z}.
Lemma 4.8. Let (X,T) and (Y, S) be minimal TDS.
(1) If (X, T) is distal and (Yeq, S) is the mazimal equicontinous factor of (Y, S),
then (X, T) L (Y, S) if and only if (X,T) L (Yeq,5).
(2) If (X,T) is equicontinuous, then (X,T) L (Y,S) iff X and Y have no
nontrivial common factor.
(3) If (X,T) is equicontinuous and Eig(T) N Eig(S) = {1}, then (X,T) L
(Y, 5).
Proof. For the proofs of (1) and (2), see [A]. Now we show (3). By (2), it remains
to show that X and Y have no nontrivial common factor.
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Assume that X and Y have nontrivial common factor (Z, H). Then (Z, H) is a
minimal equicontinuous system, and there exists A € Eig(H) \ {1}. As Fig(H) C
Eig(T)N Eig(S), A € Eig(T) N Eig(S), a contradiction. O

Theorem 4.9. Let (X,T) be a distal system. Then (X,T) L M 4ff (X,T) is
disjoint from any minimal equicontinuous system.

Proof. Tt remains to show that if (X, T') is disjoint from any minimal equicontinuous
system, then (X,T) L M. Let (Y,S) be a minimal system and let (Yeq, S) be its
maximal equicontinuous factor. If Yy is trivial, then (Y, .S) is minimal and weakly
mixing. By Theorem 1.3, (X,T) L (Y,5).

Now, assume that Yo, is nontrivial. Since (X,T) L (Yeq,S), by Corollary 4.6
there exist transitive subsystems (X;, T) of (X, T') satisfying | J; X; is dense in X and
(X, T) L (Yeq, S) for each i. As (X;,T) is distal and transitive, (X;,T) is minimal
and distal. By Lemma 4.8(1), one has (X;,T) L (Y,S). Hence (X,T) L (Y,5).
This implies that (X,T) L M. O

Finally, we can construct the following example.

Example 4.10. Let X = [0, 1]x K and define T : X — X by T'(z, ) = (z, e!?™2).
Then (X,T) is distal and (X,T) L M.

Proof. Clearly, (X, T) is distal. By Theorem 4.9 it remains to show (X, T") is disjoint
from any minimal equicontinuous system. Let (Y, S) be a minimal equicontinuous
system. Then Eig(S) is a countable set of K. Set Ex = {x € [0,1]\ Q : e®?™* ¢
Eig(S) for each n € Z\ {0}}. As FEig(S) is countable, it is easy to see that Ex is
dense in [0, 1].

For each x € Ex, let X, = {z} x K. X, can be considered as an irrational
rotation of K. By Lemma 4.7, Eig(X,,T) = {€"*™"® : n € Z}. From the definition
of Ex, {e®™® : n € Z} N Fig(S) = {1}. By Lemma 4.8 (3), (X,,T) L (v, S).
This shows that (X,T) is disjoint from any minimal equicontinuous system by
Proposition 4.1(3). Thus (X,7T) L M. O

§5. AN EXTREMELY SCATTERING, NONWEAKLY MIXING EXAMPLE

In this section we will construct an extremely scattering, nonweakly mixing ex-
ample. To do this we need some lemmas to check when a system is not weakly
mixing and is extremely scattering. Roughly speaking, the reason such an example
exists is that not all syndetic sets can be realized by a dynamical system (Lemma
5.2).

Recall that for a dynamical system (X,T), z € X, and a pair of nonempty
subsets U,V of X, N(z,U) = {n € Zy : T"(z) € U} and N(U,V) = {n € Z; :
UNT~ "V # (}. The following lemma will be used in the construction and also can
be viewed as another characterization of weak mixing.

Lemma 5.1. Let (X,T) be a transitive TDS. If for any open subset U of X there
exists s = sy € Zy such that s,s+1 € N(U,U), then (X,T) is weakly mixing.

Proof. Tt is known that (X,T) is weakly mixing iff it is transitive and N(U,U) is
thick for any open U. Thus it remains to show N (U, U) is thick for any open subset
U of X. First we have

Claim. If N(U,U) contains consecutive natural numbers of length &, then N (U, U)
contains consecutive natural numbers of length k + 1.
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Proof of Claim. Let a,a+ 1,---,a+ k —1 € N(U,U) with a € N. Then U N
T-@HIU £, 0 <i < k—1. Since (X, T) is transitive, there exist ¢, t1,--- ,tp_1 €
N (by induction) such that

k—1
(T~ (UnT~“U) £ 0.
=0

k=1
Put D = () T7%(UNT~(*+)7). By the assumption there is s € Z, such that
i=0
s,s+1€ N(D,D),ie., DNT*D # () and DNT~t)D +£ (). Clearly,

(UNT~ DTy T=*(UNT~ ) £ 0,
(UNT @)= U N7~ @) £ 9,

fori=0,1,--- ,k— 1.

Particularly, U NT~CTet00 £ and UNT-6HHetDT £ @ for 0 <i < k — 1.
Hence, one has s+a,s+a+1,---,s+a+k—1,s+a+k e N(U,U). This finishes
the proof of the claim.

By the claim, N(U,U) is thick for any open subset U of X. O

Lemma 5.2. Let (X,T) be a topologically ergodic system. Then for any open subset
Uof X andk €N, N (U) = {i € Zy : 2¥i € N(U,U)} is syndetic.

Proof. First, we consider the case when k = 1. If N(U,U) doesn’t contain odd
numbers, clearly N1(U) is syndetic. Assume now there exists an odd number a4 €
N(U,U), that is, UNT~%U # @. Put D; = UNT~“U. Take any m € N(Dy, Dy),
then D; NT~™D; # (). This implies UNT~"U NT~ (™) +£ (. Thus, {m,a; +
m} C N(U,U). Since a; is odd and N (D1, D1) is syndetic, it turns out that N1 (U)
is syndetic.

Assume that for any 1 < k < I, Ni(U) is syndetic for any open subset U of X.
We shall show that N;41(U) is syndetic for any open subset U of X.

If Ni(U) doesn’t contain odd numbers, then Nj41(U) is syndetic. Assume now
there is an odd number a; € N;(U), i.e., D; =UnN T-2ay # (). Similarly, one has
2'm, 2Y(m+a;) € N(U,U) for eachm € Ny(D;). This implies that m, m+a; € N;(U)
for each m € Ny(D;). Since q; is odd and N;(D;) is syndetic (by the inductive
assumption), N;11(U) is syndetic. O

Lemma 5.3. Let (X, T) be a transitive system with a transitive point x. If for any
neighborhood U of © we have property (xx):

() for anyr € Z there exists k. € N such that Ny, (U,r) = {n € N: 2¥'n—r €
N(U,U)} is thick,

then (X, T) is extremely scattering.

Proof. First let (Y,S) be invertible and topologically ergodic. Let Uy, Us be any
open subsets of X and let V4, V5 be any open subsets of Y. Then by the definition

N(UlXVl,UQX‘/Q):{nEZJ’_:(TXS)_n(UQX‘/vQ)m(Ul X‘/i)?é@}
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As z is a transitive point, there are ng, k such that U = T~k (U,) N T~*(U;)
is a nonempty neighborhood of z. Thus,

N(Uy x Vi, Us x Va)
= {neZs: (T x8) "W, x VB) N (T x §) (U, x Vi) # 0}
={neZy: (T-"NU,NTFU) x (S~ TRV, N S™F1) # 0}
Sng4{meZy: (T""UNU) x (S7S~ Motk y, 0 §=kyq) £ g},

Since (Y, S) is transitive and S is a homeomorphism, there exist an open subset
V € S7F(V;) and 7 € N such that S~V C §~(+*)(13). Thus

N(U1le,UQX‘/Q)DTL()-FN(UXV,UXSirV).

By property (xx) there exists k, such that Ny (U,r) is thick. By Lemma 5.2,
one knows that Ny, (V) is syndetic.

Thus Ny, (U,7) N Ni, (V) # 0. Let m € Ni.(U,7) N Ng, (V). Then 2F'm —r €
N(U,U) and 2**m € N(V,V), and thus we have

2k m —r e N(V,ST"V)NNU,U) = N{U x V,U x S7"V).

Hence ng + 2Frm —r € N(U; x V1,Us x Va).

Now assume that (Y, S) is a topologically ergodic system and (Y7,S57) is the
nature extension (Y, T"). Then (Y7, .51) is invertible and topologically ergodic. Hence
by what we have proved, (X x Y7,T x S;) is transitive. As (X xY,T x S) is a
factor of (X x Y7,T x S1), (X x Y, T x S) is transitive, i.e., (X,T) is extremely
scattering. This ends the proof. O

With the above preparation we now start to construct the example we promised.
Theorem 5.4. There is an extremely scattering, not weakly mizing system.

Proof. We will construct the system in a one sided shift on two symbols (X, .5) and
the system is the closure of the orbit of a recurrent point @ = (zg,21,---) € X.
To do this, we construct inductively a sequence of finite words C; such that Cj 1
begins with C; and x is just the limit of C;.

Define F': N — N x Zy by F(l) = (¢(1), ¢(1)) such that ¢(l + 1) < I and for
any (n,r) € N x Z, there exist infinitely many j € N with F'(j) = (n,r). To begin
with we let

Co =(0), C1 =(0,0,1,0,0) = (xg, 21, -+ ,x4) and k; = 5.
Set
W1:{2}:{i:xi:1,z'§l<:1—1}andBl:Wl—le{O}.

where A— B={a—b2>0:a€ A,be B}. Inductively we construct C;. If k; is the
length of Cj, then we define

(5.1) Wy={i:2;=1,0<i<k —1}and B, =W, — W,.

Moreover, B; satisfies

(1), 1 & By and there is no s € Zy such that {s,s+1} C B;.
(2), C; begins with Cj_;.
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For I =1, (1), and (2), are satisfied. Assume that we have constructed C,, for
1 <n <lwith (1), and (2),,. We build Cj4, as follows.

Assume that p;1,p12, - ,Pri+1, @ are positive integers to be defined later and
set
(5.2) qui = 2800 (g +d) = kginy — e+ 1), fori=1,2,--- 1 +1.

Let

Crr =C10P1 Cly 151y 0% Copr4 1) 0712 Clyr4 1) 0902 Cop 4 1) 0P - -

(53) Opl’l+1c¢(l+1)0m’l+1C¢(l+1)'

Set
(5.4) ay = ki +pui, a1 = kprn) +pui and ay; = g + kg,

where i =2,3,---, I+ 1land j=1,2,--- [+ 1.
By (5.1) and (5.4)
2(1+1)
(5.5) Wir =WiU | Weapn + (ah +ab+ - +aj)).
k=1
As W¢(l+1) c W;, we know that W, — W¢(l+1)a W¢(l+1) -WcW, — W, = By.
Thus from (5.1) and (5.5) we have

2(14+1)
By cBU | ((af +ab+-- +aj) £ By
k=1
(5.6) U U ((afy1 + aipo + -+ +ab) = Byayn)-

1<i<j<2(1+1)

We can take py1,pr2,- - ,pri+1,q such that By satisfies (1);,,. We do this at
the end of the proof.

Let = lim; C; and X be the orbit closure of x under the shift S. We now prove
that (X, S) is extremely scattering and not weakly mixing.

Let U ={y € X : yo =1}. Then

+oo +oo
(5.7) N(z,U)=|J Wi and N(U,U) = | ] B.

=1 =1
As By C By C Bg C --- and (1), is satisfied by all I we know that N(U,U) is not
thick, and consequently that (X, .S) is not weakly mixing.

We now check that (X, S) satisfies property (#*) in Lemma 5.3. As x is recurrent,
(X,S) is transitive. For each neighborhood V of x there is n € N such that
V. =[Cn] CV. Let r € Z; and set k = k, + 1. By the definition of F, there exists
infinitely many [ € N such that
(5.8) Fl+1)=(¢(l+1),0(l+1))=(n,r).

By the construction of Ci1 (5.3) and (5.8), it is easy to see

N({E, Vn) o {a’llvall + al2a T 7al1 + a‘l2 +ot a’l2(l+1)}'
By (5.4), (5.2) and (5.8) we have

ab = qui + koainy = 2" (@ +14) — oI+ 1) = 2%(q +4) — 7.
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Thus,
N(V,V) D N(Va, Vo) = N(, Vi) = N(2, Vi) D {ab,aly, -+ ,aby 1y}
= {Qk(ql—l—l)—T,Zk(ql—l—Z)—r,--- ,Zk(ql—f—l—i—l) —r}.

Hence Np(V,r) ={neN:2kn—r e N(V,V)} D {a+ 1, +2,-- ,q + ([ + 1)}
This shows that N (V,r) is thick. Hence (X, S) is extremely scattering by Lemma
5.3.
To finish the proof we must choose p; 1,12, -+, P1,1+1, @ such that B, satisfies
(1);41. There are many ways to do this, for example, we take
q =k + ¢+ 1)(by (5.2) and (5.4) alzj is determined by ¢;),
141
Pi2= Y, aéj + 2k; + 2 and inductively we take
j=1
i—1 141
PLi > Y, ale_l + > aZQj + 2k; + 2 for 3 <1i <1+ 1. Finally, we take
j=2 j=1

I+1 I+1
(5.9) Pl = Zalgi_l + Z algj + 2k; + 2.

i=2 j=1

The reason we take p;1,pi,2, - ,Pii+1, ¢ in the above form is that we want the
following conditions to hold.

(i) if 1 <j#k <2(l+1), then the four intervals
(@} +--+a) £ By and [(a} + - +a}) £+ B

are disjoint with the gaps > 2 (see (5.6)) as max B; < k;, where [A] is the
convex hull of a finite set A of Z in Z,.
(i) f 1 <i<j<2(l+1)and 1 <k <2(+1), then the four intervals

[(a) + - +ak)+ B and [(a§+1 +- aé‘) + By(i+1)]

are disjoint with the gaps > 2 (see (5.6)) as max By(;41), max B; < kj.
(111) fl1<i < 1< 2(14—1), 1<is < jo < 2(l+ 1) and {il,jl} 7é {ig,jg}, then
the four intervals

[(af, 1 + - +al) £ Boayn)] and [(af,4q + - +aj,) + Byay)

are disjoint with the gaps > 2 (see (5.6)) as max By(j41) < Kg(141)-

These in turn follow because (5.10), (5.11) and (5.12) below hold.
By choosing py1,p1,2,"** ,Pii+1, @, (5.2) and (5.4) we know al > 2k + 2, i =
1,2,---,2(l+1). Moreover, we have if 1 < j # k < 2(1 4+ 1), then

(5.10) (@) + - +ah) — (ah + - +af)| > 2k + 2.

By (5.4) and (5.9) we have a} — (a} +a} - + al2(l+1)) > 2k; + 2. Hence if
1<i<j<2(+1)and 1<k <2(l+1), then

(5.11) [(a} + -+~ +a}) — (abyy + -+ ab)| > 2k + 2.

Now we claim that if 1 < i3 < j1 < 2(1+1),1 < iy < jo < 2(l+1) and
{i1, 1} # {i2, jo}, then

(5.12) l(af, 1 4 +ah) = (ah, 4+ db,)| > 2ks001) +2.
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Proof of the claim. Set I1 = {i1+1,...,51}, I = {ia+1,..., 42} and I = (LALL)N
{3,5,...,2l+1}.
Case 1: I # ).
Let 2m + 1 = max I. Then
|(a’é1+1 + s + aél) - (aég-‘rl + s + aé2)|
141 m—1
2 a’l2m+1 - (Z al2i + Z a’l2j+1) (by (5.9) and (5.4))
i=1 j=1

>2k+2> 2k¢(l+1) + 2.

Case 2: I = ().
If1,N{3,5,...,2l+1} =0, then I, = {i1}, I> = {i2} and i1 # i are even.

|a21 _ aé‘ll — |2k¢(z+1)+1@2;2“>| > 2k¢(l+1) + 2.

It 1N {3,520+ 1} = {2j +1,2j +3,--,25 + 1}, then I;, I, € {{2j,
2j4+1,- -, 25+ 1}, {25+ 1, -, 251}, {2), -, 25+1,2(s+ 1)}, {25+ 1, , 25 +1,
2(s+1)}}. Then

|(aﬁl1+1 + "'+a§'1) - (aﬁlr‘rl + +a§2)|

1 1 1 ! 1 !
= ay; OF |ag(sy1) — Ag;| OF Ay(yqy OF |ag; + as(s i)l
> 2kya41) + 2.

This ends the proof of the claim.

Now we check that By satisfies (1), ;.

Assume that there is s such that {s,s — 1} C Bj41. By (1),, s,s — 1 do not
belong to B; simultaneously. As max By1), max B; < k; and al > 2k +2 (1<
i<241)), for1<k<20+1),1<i<j<2(0+1)
min{(a’ +---+ aé-) + Bl},min{(ai_k1 +...+ aé-) + Byt ) > 2k 42 > max B) +2,

we have (see (5.6))

2(1+1)
{s;s—1}c |J ((a\ +ab+-- +af) £ B
k=1
U U ((af41 + @iyo + -+ +ab) + Byayn))-
1<i<i<2(1+1)
By (5.10), (5.11), (5.12) and Bg(;41) C By there must exist 1 <1, < j, < 2(1+1)

such that
{s,s =1} C (aés —l—aés+1 +...+a§s)iBl.

From (1); there is no s with {s,s — 1} C B;. Thus

(5.13) s € (al + ~~—|—a§s) +B; and s—1€ (al, +-~'+a§-s) — By.

Since

min{(ag, + -+ aj,) + Bi} = max{(aj, +--+aj,) = Bi} =aj, +a,, ++ag,
(5.13) is impossible as 1 ¢ B;. That is, there is no s with {s,s — 1} C Bj4+1. Hence
1 € Bl+1 since 0 € Bl+1- U
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§6. APPENDIX
In this Appendix we give the proofs of Proposition 3.5 and Example 3.7.

Proof of Proposition 3.5. Let 7 : (X,T) — (Xk,Tk) be an almost one-to-one ex-
tension, where K = (kq, ko, -+ ). Note that for any w = (w1, ws,-+) € ¥x and an
open neighborhood [wy,we, - ,w)] = {t € Xk : t; = w;,i =1,2,--- 1} of w, one
has

N(w, [wl,wg, s ,wl]) = (k?l . kg e 'kl)Z+.
Hence each point of Yk is a regular minimal point.

Now take € X with 7= '7m(z) = {x}. For any open neighborhood U of z,
there exists an open neighborhood V of 7(z) such that 7=V C U. Since 7(z) is a
regular minimal point, we can find k € N such that N(w(x),V) D kZy. Therefore,
N(z,U) D N(z,7~'V) = N(n(x),V) D kZ. This shows that z is a regular
minimal point. Moreover, each point in Inj, is a regular minimal point.

Conversely, let x € X be a regular minimal point. We have

Claim. For each open neighborhood U of z, there exist a clopen (closed and open)
neighborhood A C U of x and | > 1 such that {A, TA,--- ,T'""1A} is a clopen
partition of X and T'A = A.

Proof of the Claim. Take an open neighborhood V of  with cl(V) C U. Since z
is a regular minimal point, there exists k& € N such that N(x,V) D kZ;. Thus
w(x, TF) c (V) c U. Let A = w(z,T*). Then z € A C U and (T'A,T*)
is minimal, 0 < i < k — 1. If T'A # TJA, then T°'ANTIA = (. As TFA =
w(T*z, T*) = w(x, T*) = A, there exists 0 < | < k such that A, TA,--- ,T'"1A are
pairwise disjoint closed subsets of X and T'A = A. Since Ui;(l) T'A = Ufz_ol T'A =
w(x,T) = X, {A,TA,--- ,T'"1A} is a clopen partition of X. This finishes the
proof of the claim.

By the above claim, it is easy to construct inductively a sequence of clopen
neighborhood A; of x and I; > 1 such that A; D Ay D -+, ﬂ;’il A; = {z} and
{A;, TA;,--- ,T% YA}, i € N, is a clopen partition of X. Since A; C A;y1, li]lir1
for each 7 € N.

Take lg = 1 and k; = lilil,i € N. Let K = (k1,ko,---). Now we define
h: X — Zk by

h(z); = [lji ], where 0 < j; <1; — 1 with x € T9 A;, for each i € N.
i—1

Now we show that h: (X,T) — (XK, Tk) is an almost one-to-one extension.
First, we note that z € ;2 Txi=1li-1h(@)i 4; Hence

T € ﬁ ngzll],lh(z)jﬂAi _ ﬁ T 5 li-1(Tuh(@)); 4,
i=1 i=1
This shows that h(Tx) = Tkh(x). Second, for any w = (wy,ws,---) € Xk, since
TS5 Ly T lim1wi A, i € N, one has 32, TEi=1 1w 4, # (. For
any z € (2, Y51 li-1wi A, h(z) = w. Hence h is surjective. Third, since for
each cylinder [w,wa, -+ ,w)] C Xk, h= ([wy,wa, -+ ,w]) = ﬂi:l TEi=1 li—1wj 4,

is an open set of X, h is continuous. By the above discussion, we have seen that
h:(X,T)— (¥k,Tk) is a factor map.
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Finally, since for each j € Zy, NI T/ A; = {Tiz}, ie., h" (W(T7x)) = {T/x}
and orb(z,T) is dense in X, one knows that Inj, is dense in X. Hence h is an
almost one-to-one extension. ([

Now we present the construction. Note that for a word A = (a(1),...,a(n)) and
a sequence y, A < y means that A appears in y.

Proof of Example 3.7. We will construct a recurrent point « € {0, 1, 2}Z+ such that
X = cl(orb(z,0)) is the system which we need. Let y = (12212112---) € {1,2}”*
be the Morse sequence. It is known [GHI] that Morse sequence y has the following
property: w3 ¢ y for any finite word w.

Define F : N — N x Z; by F(s) = (¢(s),¢(s)) such that ¢(s) < s, and for any
(k,r) € N x Z; there exist infinitely many j € N with F(j) = (k,r).

We use induction to construct a recurrent point = (zo,x1,---) € {0,1, 2}Z+.
To do this, we construct inductively a sequence of finite words A; such that A;;;
begins with A; and z is the limit of A;. To begin with we let A1 = 0 and n; =
|A1] = 1. Assume that we have constructed A4; for 1 <[ < k. Set n; = |4;|. For
l=k+1, put

A1 =Aky[0; my — 1 Agryylmu; mu + Ingay — 1] -+
A¢(k)y[mk + 9in¢(k); mg + 9(’i =+ 1)’1’L¢(k) — 1] cee
A¢(k)y[mk + 9(/€ - 1)n¢(k);mk + 9k'n¢(k) - 1]A¢(k);

where my = 10txngr) — nx + ©(k) and ty is large enough with my, > gnk_H (note
that npy1 = ng + mg + (105 + 1)ngmy ).

Let © = limg— 400 Ax and X = cl(orb(z,0)). By the construction of Ay, it is
easy to see that for any given (k,r) € N x Z4 and s with F(s) = (k,r),

Asy1 = Asy[0;ms — 1 Agy[ms; ms + Ing — 1 Agy[ms + 9ng, ms + 18ny, — 1] ... Ay.

As ng + ms + 10ing, = ng + 10tsn, — ns + 7 + 10in,, = 10ng(ts + 7) + r and
Ni(x,U,r) = {n € Zy : T*"*"(z) € U}, we have

Niony (2, [Ar],7) D U {tots +1,-- ts+s—1}.
s with F(s)=(k,r)

Therefore, (X, o) € M+ by Theorem 3.4.
Now, we show that (X, o) has no periodic point. First, we have
Claim 1: For every k € N, one has

(1)r There is no finite word w such that ¢ = |w| < % and w® = A,[0; 3t — 1].
(2)r There is no finite word w such that ¢ = [w| < % and w® = Ag[ny — 3t;
ng — 1].

Proof of Claim 1. (1)1 is obvious. Assume that (1) holds for 1 < k <[ and (1)
fails for £ = [ + 1. Then there exists a finite word w such that ¢ = |w| < % and
w? = Ak[0,3t — ].] By (1)1, Ni4+1 > 3t > ny.

Since m; > %nl+1, one has 2t < n; +my. As w(0) = Ax(0) = 0,0 £ y and
Ag(2t) = w(0) = 0, one has 2t < n;. Moreover, [ > 2 since t > 1 and ny = 1.

Since my—1 +ny—1 > F >t > % > mnq and Aoy o — 1] =
y[0;my—1 — 1], one has 0 = w(0) = A;(t) < y, a contraction, as 0 £ y.
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(2); is obvious. Assume that (2); holds for 1 < k < [ and fails for K = 4+ 1. Then
there exists a finite word w such that ¢ = |w| < % and w® = Ag[ng — 3t;ng — 1].
By (2)g), ni41 > 3t > ng(y. There are two cases for .

Case 1: t < ngy(). Since Ag(ng —2t—1) = w(t—1) = Ap(np —1) = 0and 0 £ y,
one has 2t < n4(;). This shows that % >t > %. Moreover, one has ¢(I) > 2
and

2n4(1)
3

el
noy-1 S 52 =1 <ngy —t—1< = 1S ng@-1+ my(p)-1-

Thus Ay, (ng@) —t—1) < y[0;myq)—1—1], a contradiction, as Ay, (ngq) —t—1) =
w(t—1)=0and 0 £ y.

Case 2: t > ng(). Since w[t —nga);t — 1] = Agay,Ap)(0) = Agay(npay —1) =0
and 0 £ y, there exists ¢ € Z; such that

w :y[ml + 9in¢(l); my + 9(Z + 1)7L¢(l) — 1]A¢(l) cee
A¢(l)y[ml + 9(1 — 1)n¢(l);ml + 9ln¢(l) — 1]A¢(l)~

It follows by the above equality that ng —t > n;+m;. Hence t < np—(n;+my) <
%nk < %ml. Moreover, ng — 3t > n;. Noting that Ag[ng — 3t;n, — 1] = w® and
w[9n¢(l); 10n¢(l)—1] = A¢(l); one has Ak[nk—3t+9n¢(l); nk—3t+10n¢(l)—1] = A¢(l)-

As Ag1y(0) = Agy(ngay —1) = 0 and 0 £ y, one gets ny — 3t +Ingqy > ng+my.
Let u = y[mq + 9ingy; my + ngqy — 1]. If ng — 3t > ny +my, then

w® =Ag[ny — 3t;ng, — 1]
=y[mu + 9ngay; mu + 90 + Dngay — 1 Agq) -+
A¢(l)y[ml + 9(l — 1)n¢(l);ml + 9ln¢(l) — 1]A¢(l)7
where j =1 —3(l —i+ 1) + 1. Hence u® = y[m; + Yngay;mi + Nngqy — 1] <y, a
contradiction.
If ng — 3t < n; + my, then
w? =Ag[ng — 3t;ny — 1]
=y[mi — Ingay; mu — Agayylma; mi + Ingay — 1Agq) - -
A¢(l)y[ml + 9(1 — 1)n¢(l);ml + 9ln¢(l) — 1]A¢(l)~

Hence u® = y[m; — IMyay;mu + 9lnggy — 1] < y, a contradiction. This ends the
proof of claim 1.

Second, we have
Claim 2: There is no finite word w with w® < z.

Proof of Claim 2. Assume that there exists a finite word w with w® < z. Let k be
the least natural number with w® < Aj. Clearly, k > 2. Set |w| = ¢. Then there
is 0 < 1 < ny — 8t with Ag[l;1 + 8t — 1] = w®. By the choosing of k, one knows
w® ¢ Ap_q. Therefore, [ + 8t > nj_.

Let w = w(0)w(1) ---w(t — 1) and define

Py =w(iw(G +1)---wt—Dw0)---w(G—1), j=1,2,---,t—1.
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Since 0 appears in both endpoint of A,, for each m € N, 0 £ y and w® £ y, one
has w, Pw, P?w, --- , P~ 'w « y. There are two cases for [.

Case 1: | < ng_1. Since mp_1 > gnk, l+6t <ng—1+mg_1. By (1)g—1 of claim
1,143t > ng_1. This shows that ny_1 <I+3t <1+ 6t <np_1+mg_1. Therefore,
w3 < Ag[ng_1;n6-1 +mp_1 — 1] = y[0;mi_1 — 1], a contradiction.

Case 2: | > ng_1. Since w £y, Il >ngp—1 +mp_1 —t. If t < Ng(k—1)- BY Claim
1 and w, Pw, P?w,--- , P~ lw #£ y, one has w® < Agk—1), a contradiction since
¢(k—1) < k. Thus t > ngp—1). Since w £ y, there exists 0 < m < k — 1 such that
| < s, <1+ 2t, where s, = ng_1 +mp_1 + 10mng_1). Set v = Ag[sp; s+t —1].
Then v® = Ay[sg; s + 6t — 1].

Since U[O;n¢(k_1) - ].] = A¢(k—1)a A¢(k—1)(0) = A¢(k—1) (n¢(k_1) - 1) = 0 and
0 £ y, we can find n € Z, such that

v =Ap—1)Y[Mmr—1 + IMmng_1y;mr—1 + 9(m + Dngr_1y — 1] -+
Aph—1)Y[mr—1 +9(m + n)nga—_1y; mi +9(m +n + ngp_1) — 1].
Put u = y[mr—1 + Imngk_1);mr—1 + 9(m + n + D)ng_1) — 1]. Since v¢ =
Ag[sk; sk + 6t — 1], one has u% < y which contradicts u® £ y. This finishes the proof
of Claim 2.

Thus, (X, o) has no periodic point by Claim 2. O
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