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A THETA FUNCTION IDENTITY AND ITS IMPLICATIONS

ZHI-GUO LIU

ABSTRACT. In this paper we prove a general theta function identity with four
parameters by employing the complex variable theory of elliptic functions.
This identity plays a central role for the cubic theta function identities. We
use this identity to re-derive some important identities of Hirschhorn, Garvan
and Borwein about cubic theta functions. We also prove some other cubic
theta function identities. A new representation for [[2° (1 — ¢™)!? is given.
The proofs are self-contained and elementary.

1. INTRODUCTION

Throughout this paper we will use ¢ to denote exp(2mitT) with Im(7) > 0. We
will use the familiar notation

(1.1) (10)00 = [J (1 = 2¢™),

n=0
and sometimes write
(1.2) (@,b,¢, 5q)o0 = (a3 0)o0 (b3 @)oo (€5 Qoo+~ - -
It is easy to see that for any integer m > 0,
(1.3) (2,20, 24" 54™) oo = (2@) oo

If we define w to be the primitive cube root of unity given by w = exp( %), then,
using the identity (1 — z)(1 — 2w)(1 — 2w?) = 1 — 23, we find that

(1.4) (Zazw7zw2;q)oo = (23§q3)oo-

The well-known Jacobi triple product identity is

oo

(1.5) (0,2,4/7 Q) = Y (=1)"g" " D/22"

n—=—oo

(see [, pp. 21-22], [2 p. 35], [7], and [10]).
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826 ZHI-GUO LIU

Jacobi’s theta function 61 (z|7) is defined as

oo
91(Z|T) — _Z-ql/S Z (_1)nqn(n+1)/26(2n+1)iz

n=-—oo
oo

(1.6) = 2¢"/%> (=1)"q"" T2 sin(2n + 1)z
n=0
(see, for example, [16, p. 463]).
Using the triple product identity, we can find the infinite product representation
for 01 (z|7), namely,

01(z|7) $ @)oo
(1.7) = ig" /% (g, ¥, g )oo

2iz

2¢"/%(sin 2) (g, ge*'*, g~

(see, for example, [16, p. 469]).

In [13], we use the complex variable theory of elliptic functions to establish a
general theta function identity. We then derive some remarkable theta function
identities related to the modular equations of degree 5; in particular,we give new
proofs of the two fundamental identities satisfied by the Rogers-Ramanujan contin-
ued fraction. In this paper we set up the following general theta function identity
with four parameters by employing the same method. This is a notable identity,
which contains many interesting cubic theta function identities as special cases.

Theorem 1. Suppose f(z) is an entire function satisfying the functional equations
(1.8) flz+m)=~f(2) and f(z+n7)=—q 2 0% f(2).
Then the following identity holds:
{£(2) = f(=2)} 61 (z|7)01 (y|7)01 (x + y[7) 01 (z — ylT)
= {f(y) = f(=y)} Ou(2|T)01 (z|7)01 (x + 2|7)01 (x — 2|7)
(1.9) = {f(@) = f(=2)} 0. (yIm)01(2|7)01 (y + 2|7)01 (y — 2|7).

The contents are organized as follows. In Section 2, we prove Theorem [l using
the classical theory of elliptic functions. In Section 3, the following theta function
identity is first proved using Theorem [

Theorem 2. Let 01(z|T) be the Jacobi theta function defined by ([LE). Then for
any x,y, and z, we have

0141 2)01 (@701 (217)01 (2 — 2I7)60 (z + 2|7)
—01(x|%)91(y|7')91 (z|m)01(y — z|7)01(y + z|7)
(1.10) = OO DOy (@ — y|r)6s (@ + yl7).

Then we use Theorem 2lto derive a interesting theta function identity given in
Theorem [Bland from which we establish a new representation for (¢; ¢)10. In Section
4, we derive some identities for the Hirschhorn-Garvan-Borwein two-variable cubic
theta functions; our method is different from that of Hirschhorn, Garvan, and
Borwein. In Section 5, we use Theorem [I]to prove the following remarkable theta
function identities.
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A THETA FUNCTION IDENTITY AND ITS IMPLICATIONS 827

Theorem 3. Let 61(z|7) be the Jacobi theta function defined as in (L), and let
a(q) be the Ramanujan function (see [d]) defined by

oo 3n+1 3n+2
q q
(1.11 a(lq) :=1+6 ( - - )
) () 2\ T

Then, we have

Z17) — 03 (xlr) = 3a(q)6: (32|37)

(1.12) 63 + 5Ir) + 03 — %

and
(1.13) 03 (x|37) — ¢"/2e*@03 (x + 77|37) — ¢"/2e 203 (x — w7|37) = a(q)b: (z|7).

Equality (TI3) is [3, p.142, Entry 3]. In Section 6, we set up the following
identities using Theorem [

Theorem 4. We have
(45 0)2.07 (2[7)01 (3y[37) — (g3 9)3.07 (9| 7)01 (32]37)
(1.14) = 3¢"4(¢% 6200 (2|m)01 (yI7)b1 (x — y|7)br (2 + yI7)
and
(@:0)%0 20 (v]3) — (a3 @)% 03 (0|0 (o] )

(1.15) = ¢ V04?500 (aln)01 (yI7)b1 (& — yIm)0s (z + yI7).

2. THE PROOF OF THEOREM [II

To prove the theorem, we require the following Lemma [. Lemma [ is a fun-
damental theorem of elliptic functions and can be found in [6] p. 22]. Recently,
in [9, [T 12, I3} 14, 15], we have used Lemma [l to set up many important theta
function identities.

Lemma 1. The sum of all the residues of an elliptic function vanishes in the period
parallelogram.

Proof. Suppose that f(u) is the given function satisfying the functional equations
(L8). Then we consider the function

(2.1)

01 2u|7) f(u

oo 1(2u[) (u)

- 01 (u|7)01(u — x|7)01 (u + 2|7)01 (u — y|7)01 (u + y|7)01 (u — 2|7)01 (u + 2|T)

Here we temporarily assume that 0 < z,y,z < 7 are three distinct parameters
different from the zero points of 61 (2u|7) f(u). Using the functional equations

(2.2) 01(z 4+ n|7) = —01(z|7) and 0y(z + n7|T) = —¢~ /27 H20, (2|7),

we can verify that g(u + 7) = g(u) and g(u + 77) = g(u). Hence g(u) is an elliptic
function with periods 7 and w7. We readily find that x,7 — z,y, 7 — y, 2, m — z are
its only poles and all its poles are simple poles. In this paper we will use res(g; «)
to denote the residue of g at a. Then Lemma [ gives

(2.3) res(g; z)+res(g;m—x)+res(g; y) +res(g; m —y) +res(g; z) +res(g; m—z) = 0.
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828 ZHI-GUO LIU

In this paper, we will also use the prime to denote the partial derivative with respect
to u. Now, we have the following elementary calculation:

res(gie) = lim (u—2)g(u)
o 0y (20[7) ()
u—z 01 (u|7)01 (u + z|7)01 (u — y|7)01 (u + y|7)01 (v — 2|7)01 (u + 2|T)
N =)
0y - /@)

01(0]7)01 (z|7)01 (x — y|7)61 (x + y|7)01(x — 2|7)b1 (2 + 2|7)
In the same way we can show that
B —f(=)
01(017)01 (2] 7)01 (2 — y|7)01(z + y|7)01 (z — 2[7)01(z + 2|7)

Noting that g(u) is symmetric in z,y, and z, we interchange = and y in (Z4)) and
(Z3) to obtain

(2.5) res(g;m —x)

o —f(y)

(26 res(939) = G0 (yIr (2 = g1 e + 91701 (g — 21y + 217)
and

o f(=y)

(BT) eslg ™ =) = G0 (gl (& — 917061 (2 + 9170 (g — 217 )ony + 217

Similarly we find that

f(2)

28) 192 = GO G @ — 20 (e + 270y — 27 + 27)

and

Z) — —f(—Z) )
01(0[7)01 (2[7)01 (x = 2|7)01(x + 2|7)61 (y — 2|7)01(y + 2[7)

Substituting (Z4)-(29) into (23)), after some simplification, we obtain (1) . By

analytic continuation, we know (2-1]) holds for all z,y, and z, and so this completes
the proof of Theorem [l O

(2.9) res(g;m —

3. A NEW REPRESENTATION FOR (g;q)20
In this section we first give a proof of Theorem [ using Theorem [l

Proof. Tt is easy to verify that 6;(x|3) satifies all the conditions of Theorem [ By
taking f(z) = 61(x|5) in Theorem [ we immediately obtain Theorem [ and thus
we complete the proof of Theorem O

Using the identity (z, zw, 2w?; ¢)oo = (2%;¢%) 00, Where w:exp(%), and the infi-
nite product representation for 6;(z|7) , we readily find that

(6% ¢%)oo i i
3.1 01(3z]37) = ———=—10 0 —|m)01(z — =|7).
(3.1) 1(32[37) @0 1(2|7)01 (2 + 5|01 (2 = <I7)
Appealing to the infinite product representation for 61 (z|7), we can also find that
m 27
(3.2) O1(51m) = 01(S17) = V34" (% ).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A THETA FUNCTION IDENTITY AND ITS IMPLICATIONS 829

Taking z = % in Theorem Bland then using ([B.1) and (3.2) in the resulting equation,

we obtain the following identity.
Theorem 5. For any x,y we have the identity
007 (q:0)201 (2101 (39137) — 4"/ (45 0)% 61 (y]5)01 (3]37)
3.3) = (@) (ylr)01(x — y[T)01 (x + y|7).
Differentiating both sides of (LB) with respect to z and then setting z = 0, we
readily find that

oo
(3.4) 610) = ¢'/® Y (=1)"(2n+ 1)g I,
and by successive differentiations, we obtain

(o]
(35) 67 (0fr) = =/ Y (~1)" @+ 1)t

Differentiation of (7)) gives

(3:6) 61(017) = 2¢"*(¢; 9)%-
Comparing (3.4) and (3.6), we obtain Jacobi’s identity
S =
R R _1\n n(n+1)/2
(37) k=g 3 (1D

In the next theorem we will give a new representation for (¢;¢)L?. An entirely

different proof of this new representation has been given in the paper [5]. Using
this identity, the authors have also given a short proof of Ramanujan’s famous
congruence p(11n+6) = 0 (mod 11), where p(n) denotes the number of unrestricted
partitions of the positive integer n.

Theorem 6. We have
(3.8)  32(g;q)

= 9( i (_1)n(2n+1)3q3n(n+1)/2> ( i (_1)n(2n+1)qn(n+1)/6>

n=—o0 n=—o00
oo oo
- < Z (=1)"(2n + 1)q3”("+1)/2> ( Z (—1)™(2n + 1)3qn<n+1)/6> )
n=-—oo n=—0oo
(3.9)
Proof. Dividing both sides of (B3] by y and then allowing y — 0, we obtain
(3.10)

T T .
3¢"/ %) (g5 9)2,61(0]37)6, (2l3) = ¢/ (g; q)§o9i(0|§)91(3$|37) = 01 (0[7)67 (2|7).
Using (B6)) in this equation, we obtain the following interesting identity:

E E T Q.-
(B11) (@)oot (w]r) = 3¢"(4% ¢")% 01 (2l 3) — (a5 ¢"*)% 01 (3a[37).

Differentiating both sides of the identity with respect to x three times, and then
setting = 0, we obtain

;
(312)  6(q; @)c81(07) = 3¢"/*(¢% ¢")%01" (013) = 27(¢"/%; ¢"/*) 01" (0]37).
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830 ZHI-GUO LIU

Using (B.6)) in the left side of this equation, we find that
T
(313)  48¢"5(q; )i = 3¢'*(¢% )57 (013) — 27(a"/%; /%) %01 (0]37).
Using 33) and (BX) in the right side of the equation, we arrive at ([B3)). This
completes the proof of Theorem [6. O
4. SOME IDENTITIES FOR THE HIRSCHHORN-GARVAN-BORWEIN
TWO-VARIABLE CUBIC THETA FUNCTIONS
Noting the fact that 61 (x — y|7) = —01(y — x|7), we can rewrite (B3)) as
T T
¢"" (g 0)%01 (y13)01 (3[37) — "/ (g3 )2 01 (2] )01 (3y[37)
4.1) = O(z|n)01(ylm)01(y — x[T)01 (2 + y|T).

Using the second equation of (7)) in the above equation and then replacing €™ by
z and e*¥ by y in the resulting equation, we obtain the following infinite product
identity:

Theorem 7. We have
(0:0)% (6" 3, 2,43 J2: 6" %) o (@, 9%, 6 /15 %) o
— g2 NG 9% @2y, a1y 6 ) o (6P 2, 3 )23 %) e

(42) = (¢.2,9/70)(¢0: ¥, 9/Y; 0o (0, Y/, 42/ Y; @)oo (4, 7Y, 4/ TY; @) o
Appealing to the Jacobi triple product identity, we have
(oo}
(4 0)2%(¢"%, 2,4 J2;4"%)0e Y (—1) P D/2yn
— e g0 2%, /1% %) Y (—1)ng" D Oy
n=-—oo
(o]
= (¢:7,9/7¢) < > (—1)"q"(”1)/2y”>
(43) « < Z (_1)nqn(n1)/2ynxn> ( Z (_1)nqn(n1)/2ynxn> )
n=-—oo n=-—oo
It is easy to see that the coefficient of y on the right side of the above equation is
oo
2 2
(44) —(q,x,q/x;q)oo Z qm +mn+n —m-—n, n-m

and the coefficient of y on the left side is

By equating the above two quantities, we arrive at

o]
2 2 _
§ qm +mn+n m nxn m

m,n=—o0
(*2°,¢* /2% ¢%) oo
(q2,9/%;9) o

(4.6) = (9)sc(@®¢*)c(l+az+a7")
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Making the changes of indices m — —m and n — —n, we obtain

o]
2 2
E qm +mn+n +m+nxmfn

m,n=-—o0
(2, ¢* )2 ¢%) oo
(q7,q/7;q) 0

(4.7) = (¢9(@* ¢ )l +z+27")

This is the same as in [§, p.675, Equation (1.23)].
Equating the terms independent of y in (4.3]), we find that

oo

2 2
Z qm +mn+n Zmn

m,n=—oo

(°2°,¢°/2°; 4% ) oo
(g7, 9/7;q)oo

q3z,¢"/321; ¢/3) o

(q7,q/7;q)00

= (4900 (@ )l + 2 +27h)

(4.8) (@ D)0 )0

Combining the above two equations, we find that

(¢1%2,q" 3271 ¢Y%) o

(45 0)o0(a"%¢"*) 0

(g7, q/7:q)s
o0 o0
(49) _ Z qm2+mn+n2xmfn i q1/3 Z qm2+mn+n2+m+nxmfn.
m,n=—o00 m,n=—o0

Let w be the primitive cube root of unity given by w = exp( %) Then we readily
find that the right side of (EEY) is equal to

oo
(4.10) Z q(m2+mn+n2)/3xnwmfn

m,n=—o0

(see [8, p. 678] for the details). Therefore, we have

S
2 2
Z q(m +mn+n )/anwmfn

m,n=—o0

1/3 1/3,.—1. ,1/3
(4.11) C (g (g )Y Ba, g P ¢ ) o

(q7,9/7;q) oo

Writing ¢ as ¢, we obtain

00
2 2 _
§ qm +mn+n xnwm n.

m,n=—o0

—1.
4.12 P 7 IO C L2 ) 5
(4.12) (4:9)o0 (9”5 4°) o P )

This is the same as in [8, p. 675, equation (1.22)].
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832 ZHI-GUO LIU

If we denote

(4.13) algz) = 3 qrimmetgmen
m,n=—o00
00
(4.14) b(q,x) — Z qm2+mn+n2mnwm—n,
(415) c(q,x) _ q1/3 Z me+mn+n2erJrnxmfn7

m,n=—o0

then (48] can be written as
(4.16) a(q, ) = clq, ) + b(q*3, z),

from which one can easily derive the following important identity of Hirschhorn,
Garvan, and Borwein (see [8] p.682] for the details).

Theorem 8. We have
(417) a3(q7 ) =cC ( ) + b ( )b(qa xB).

5. THE PROOF OF THEOREM

Using the identity (z,2q, 2¢% ¢*)oo = (2;¢)oo and the infinite product represen-
tation for 61 (z|7), we readily find that

- (q1/3'q1/3)

; s T T
(5.1) 91(Z|§) = W91(2|7)91(Z + ?|7')91(Z - ?|7),
and we can also find that

(5.2)

T L 2T L
91(?“) = iq 1/(24)((11/3;(11/3)00 and 91(T|T) =iq 5/(24)((11/3;(11/3)00

We recall the definition of the Ramanujan function

3n+1

R
(5:3) _1+6Z ( Pl 1_q3n+2) :

Using logarithmic differentiation on (I.7)), we obtain

0/ n 212 7212

(5.4) 91( —i— 2ZZ e T2 Z

21
q e~ iz’
COIIlpaIlIlg tlle abOVe tWO equatl()lls, we lllfeI t;llat;

/

(5.5) a(q) = -2+ 322—1(7TT|3T).

It is well-known that the trigonometric series expansion for the logarithmic deriv-
ative of 61 (z|7) is

n
sin 2nz
— n

, 00
(5.6) %(zh) :COtZ+4nZ=1 1

(see [16, p.489]).
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A THETA FUNCTION IDENTITY AND ITS IMPLICATIONS 833

Thus, we have

(5.7) z—i(glﬂ = ia(q)-

Now we are ready to prove Theorem [3]

Proof. Differentiating both sides of ([.9) with respect to z and then setting z = 0,

we obtain
01(017) {f(y) = f(=9)} 03 (x|7) — 61(017) { f () — f(=2)} 6F (y|7)
(5.8) = 2f(0)01(x|r)01(y|T)61(z — y|7)01 (2 + y|7).
Inserting 0} (0|7) = 2¢"/%(g; ¢)2, in the above equation, we have
¢""*(6:0)% AF (W) = F=9)} 5 (2]7) = (a3 )% {f (@) — [ (=)} 63 (yl7)
(5.9) = f/(0)01(2]7)01 (y| )01 (x — y|T)01(z + yl7).

It is easy to verify that 6% (x4 Z|7) satisfies (L), so we can take f(z) = 63 (x4 Z|7)
in (9). By (32) and (E1) and a direct computation, we have

510) O =30GI (G GIn =906 alo)

and thus we have
s s
a0l B+ 57 + 8 - 50 } el

™ ™
Mgk {8 + 1) + 1@ - ZIn) } Blr)

(5.11) = 9¢*%(¢% ¢*)%a(@)0: ()01 (y|7)01 (z — yI7)0: (x + y|7).
Taking y = Z in the above equation and noting that 61(%|7) = 61(%|r) =
V3¢Y2(¢%; ¢%) oo, we find that
63 (alr) - 63(a + 5I) — 3@ — 1)
(4% @%)os m m
12 = 0 0 =|7)01(x — =|7).
(512) 3a0) L1 af7)01 (0 + F i) o= 1)

From (BI), we have

3. .3 i ™
(5.13) 01 (32137) = — L)% g 0100, (2 + M0 = <),

(@ 9)%
We substitute the above equation into the right side of (5I2)) to obtain (TI2).
Proceeding through the same steps as before, by taking f(z) = €6 (z + Z-|7)

in (B3) and then setting y = %F and appealing to (5.11), (22), and (B:35), we can
find that

: T — 2z T < T
(5.14) 63(alr) — /503 (0 + T |r) — /%2203 (0 — T |r) = alg)01 (el ).

Replacing ¢ by ¢, we obtain (LI3). Thus, we complete the proof of TheoremBl [
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834 ZHI-GUO LIU

6. THE PROOF OF THEOREM [

Proof. Taking z = % in Theorem [0l and appealing to (B.1]) and (B.2]), we obtain
V3¢"%(q; )% {f (@) — f(—2)} 61 (3y|37)

= V3¢"3(q;0)% {f(v) — f(=y)} 6:(32[37)

©) {15 - 1D a6 E+ i@ yir).

It is easy to see that 03(z|7) satisfies all the conditions of Theorem [I] We choose
f(x) = 63(x|7) and then use ([B2) in the resulting equation to obtain (II4).
Taking z = % in Theorem [I and appealing to (B.I) and (B.2)), we obtain

i (q:q)% (@) — (—a)} 62 (u]5)
= i (@)% ) ~ F(=y)} o (el)

T T
62 - {1E) -1 0oy @+yino e - yir).
Choosing f(x) = 63(z|7) and then using (5.2) in the resulting equation, we obtain
(TI3). This completes the proof of Theorem O
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