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AN ITERATIVE CONSTRUCTION OF GORENSTEIN IDEALS

C. BOCCI, G. DALZOTTO, R. NOTARI, AND M. L. SPREAFICO

ABSTRACT. In this paper, we present a method to inductively construct Goren-
stein ideals of any codimension c. We start from a Gorenstein ideal I of codi-
mension ¢ contained in a complete intersection ideal J of the same codimen-
sion, and we prove that under suitable hypotheses there exists a new Goren-
stein ideal contained in the residual ideal I : J. We compare some numerical
data of the starting and the resulting Gorenstein ideals of the construction.
We compare also the Buchsbaum-Eisenbud matrices of the two ideals, in the
codimension three case. Furthermore, we show that this construction is inde-
pendent from the other known geometrical constructions of Gorenstein ideals,
providing examples.

1. INTRODUCTION

A closed scheme X C P" defined by the saturated homogeneous ideal Ix C R :=
Klzg,...,x,] is said to be arithmetically Gorenstein if its coordinate ring R/Ix
is a Gorenstein ring. Arithmetically Gorenstein schemes are a generalization of
complete intersection rings, and indeed the two notions coincide in codimension 2.

The codimension 3 Gorenstein rings are completely described from an algebraic
point of view by the structure theorem of Buchsbaum and Eisenbud in [3], while
in higher codimension no structure theorem is known. Nevertheless, a geometric
description of arithmetically Gorenstein schemes of any codimension is not under-
stood. For this reason, many authors give geometric constructions of some par-
ticular families of arithmetically Gorenstein schemes (cf. [19], [12], [15]). These
constructions are successfully applied in the context of Gorenstein liaison to pro-
duce Gorenstein links of given schemes and to study the Gorenstein liaison classes
of some particular schemes (see, for example, [12], [T1], [B], [6], [7], [, [13]).

A rather natural but naive question is if it is possible to use complete intersection
schemes to produce arithmetically Gorenstein schemes. In the present paper, we
show that if an arithmetically Gorenstein scheme V' contains a complete intersec-
tion subscheme W of the same codimension, then, under suitable hypotheses, it is
possible to replace W with a complete intersection scheme W' in such a way that
(V\ W)U W’ is still arithmetically Gorenstein (see Theorem 3.2, below). Then,
our construction starts with an arithmetically Gorenstein scheme and produces a
new arithmetically Gorenstein scheme of the same codimension, but with different
minimal free resolution (in general, the two ideals have a different number of gen-
erators). For this reason, we consider this construction as iterative. Furthermore,
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we work on ideals more than on schemes, and so our construction can be used in
the Artinian case, too. Of course, the starting ideal can be a complete intersection
ideal, as well. Then, our construction shows that it is possible to obtain arithmeti-
cally Gorenstein schemes starting from complete intersection ones. Our hope is that
such a construction will be successfully applied to study Gorenstein liaison and to
give new insight to obtain a classification result for arithmetically Gorenstein rings
of codimension > 4.

The plan of the paper is the following. In Section 2, we describe the residual ideal
of a complete intersection ideal with respect to a Gorenstein ideal. In fact, V' \ W is
the residual scheme to W with respect to V. Furthermore, in the same section, we
investigate in some detail the case where V' \ W is a complete intersection scheme.

In Section 3, we prove the main result of the paper, Theorem [B.2] where we
prove that (V' \W)UW’ is arithmetically Gorenstein . The idea of the proof is very
simple and consists in producing a free resolution of the ideal we are interested in.
This result is achieved by using the resolutions of the various ideals involved, and
by carefully analyzing the final resolution. The main tool is homological algebra.
In this section, we also prove what are the relations among the Hilbert functions of
the ideals involved in the construction. At the end, as an application of Theorem
B2, we show that every reduced arithmetically Gorenstein zero-dimensional closed
scheme X C P" of degree deg X = n+2 can be obtained from the described iterative
construction.

Section 4, which was the first case we investigated, is devoted to the codimension
3 case. There, we show the relation between the Buchsbaum-Eisenbud matrices of
the input and output Gorenstein ideals of the construction. The main result of the
section is a characterization of the Gorenstein ideals which are output of the itera-
tive construction, via their Buchsbaum-Eisenbud matrix. In Section 5, we compare
various geometrical constructions of Gorenstein ideals. Using the characterization
obtained in Section 4, we exhibit examples of codimension 3 schemes arising from
some of the known constructions but not from ours, and conversely.

2. THE RESIDUAL IDEAL

In this section we recall some basic definitions used in the paper, and we study
the residual ideal to a complete intersection ideal J with respect to a Gorenstein
ideal I. In particular, we compute the generators of the residual ideal, obtaining
very precise results in the case where I is a complete intersection.

All the ideals we consider in this paper are homogeneous ideals in the graded
polynomial ring R = KJxo,...,z,], where K is an algebraically closed field, and
all the x;” s have degree 1.

To start with, we introduce the Cohen-Macaulay ideals.

Definition 2.1. Let I C R be a homogeneous ideal. I is a Cohen-Macaulay ideal
it dim(R/I) = depth(R/I). The codimension of I is ¢ = dim(R) — dim(R/I).
Equivalently, we say that R/I is a Cohen-Macaulay ring, and the subscheme of
the projective space that it defines is an arithmetically Cohen-Macaulay (aCM, for
short) subscheme.

Remark 2.2. If I is a Cohen-Macaulay ideal of codimension ¢, the minimal free
resolution of R/I has length ¢, i.e., the minimal free resolution of R/I has the form

(1) 0—-F—F._1—...—F—R-— R/I—0,

where F; is a free R—module, for every i.
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Now, we define a particular class of Cohen-Macaulay ideals, the Gorenstein
ideals, which are what we are interested in.

Definition 2.3. Let I C R be a homogeneous ideal. [ is a Gorenstein ideal of
codimension ¢ if I is a Cohen-Macaulay ideal of codimension ¢ and F, & R(—tr)
for some integer t;, that is to say, F. has rank 1. Equivalently, we say that the
quotient ring R/I is Gorenstein, and the subscheme of the projective space that it
defines is an arithmetically Gorenstein (aG, for short) subscheme.

Now, we stress some well known properties of Gorenstein ideals.

Proposition 2.4 ([14], Proposition 4.1.1). Let I C R be a homogeneous ideal of
codimension c. Then, the following are equivalent:

(1) I is Gorenstein.
(2) The minimal free resolution (@) of R/I is self-dual up to twisting by n+ 1.
(3) R/I =2 Extg°(R/I,R)(I—n—1) for somel € Z.

At last, we define the complete intersection ideals, which are particular Goren-
stein ideals.

Definition 2.5. Let J C R be a homogeneous ideal minimally generated by the
forms g1,...,g.. J is a complete intersection ideal of codimension c if

(gla"wgifl):giR: (glv"'vgifl) fOfi:2,...,C.

It is possible to characterize the complete intersection ideals via their minimal
free resolutions.

Proposition 2.6 ([14], Example 1.5.1). Let J C R be a homogeneous ideal min-
imally generated by g1,...,g9.. J is a complete intersection ideal of codimension c
if, and only if, a minimal free resolution of R/J is

(2) 0— AG— NG — ... — NG — G — R— R/J —0,
where G = @;_, R(— deg g;).

The free R—module G has rank ¢, and so A°G is a rank 1 free R—module
isomorphic to R(— Y ;_, deg g;). Then we have

Corollary 2.7. A complete intersection ideal J C R is Gorenstein, and t; =
Z§=1 degg;.

Now, we recall the definition of linked ideals from liaison theory.

Definition 2.8 ([14], Definition 5.1.2). Let I, J1, Jo C R be homogeneous, unmixed
ideals of the same codimension c¢. We say that Jq, J2 are (directly) CI-linked (resp.
G-linked) by the complete intersection (resp. Gorenstein) ideal I if I C J;N.J3 and

I:J,=Js and I:Jy=J;.

Moreover, we say that Js is the residual ideal to Jy with respect to the linking ideal
I.

We want to study in detail the residual ideal to a complete intersection ideal J
with respect to a Gorenstein ideal I. With this aim, let I,J C R be a Gorenstein
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ideal and a complete intersection ideal, respectively, and let I C J. Hence, we have
a map of complexes, induced by the inclusion

(3)
61(=tr) * 3!
0— R(-t;) '—  Ff(~t;) —...— Fy — I — 0

l Qe l Qe_1 loq l’b

0— R(—ty) 2 ATIG — . — G AN J =0

where Ff = Hom(F1, R), and o* : Q* — P* is the natural dual map, defined as
a*(t) = a ot. Observe that in Proposition 2.4, by the dual of a R-module F' we
mean Hom(F, R(—n — 1)).

For completeness, we prove some properties of the ideal I,es = I : J, by special-
izing to our case some well known results.

Lemma 2.9. The ideal Lies = I : J is unmized of codimension ¢, and I,es = I+ fR
where [ is a form of degree t; — t; which represents the map o of diagram (3.

Proof. By [14], Proposition 5.2.3, the residual ideal I,es = I : J is unmixed of
codimension ¢, and the ideals J and I,.s are linked by the Gorenstein ideal I.

To show that I,.s = I + fR we follow the proof of a result by C. Peskine and
L. Szpiro ([T4], Proposition 5.2.10). The resolution of Ext%(R/Iies, R)(—ts) is ob-
tained by a mapping cone from the complex (B)), and the last map of this resolution
is then

R(—t)

(D) \ o
( f (—tr) >'R( " Fl*fit[).

As explained in the proof of [14], Proposition 5.2.10, a free resolution of I .s can be
produced by applying Hompg(—, R) to the resolution of Exty(R/Ies, R)(—t1), and

so we get
R(—tr +1ty)
( (_1)C+1ac(_t1)v 1 ) : D — Lres,
F
which proves the claim. O

Remark 2.10. Of course, the map «. is determined up to homotopy. In our situa-
tion, this means that f mod I is unique up to invertible elements.

Furthermore, a free resolution (not necessarily minimal) of I .5 can be obtained
by a mapping cone from the free resolutions of I and J via the short exact sequence

(4) 0—J(ty—t;) — 1D fR— Les — 0.
The exactness of this sequence stems from the following lemma.
Lemma 2.11. INfR=.J- fR.

Proof. 1t is obvious that J- fR C IN fR. To prove the inverse inclusion, we consider
a homogeneous form h such that hf € I. Of course, hg € I for every g € I. Then,
hel:le=J,andso hf € J- fR. O

From the map of complexes (B]), we deduce a relation among the various maps.
Proposition 2.12. The map «. satisfies the relation
Ay o ae = acyoai(—tr) oy*(—tr),

where af : G* — FY is the map dual to ay.
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Proof. From the map of complexes (3], we get the equalities
Nyo e = ac_1007(—tr) and 01 =vyoa;.

If we compute the dual maps to the maps of the second equality and twist them
for suitable integers, we get

61 (=tr) = a1(=tr) oy (=t1).
Hence, the claim follows by substitution in the first of the two equalities. O

Corollary 2.13. Let a. : A" 1G(t; — t;) — A“"IG be the map which acts as a.
on each free addendum of N°"1G. Then,

Qo Ay(ty —t1) = ae—1 0 af (—tr) o y*(—t1).
Proof. By its definition, it is evident that
acoNy(ty —tr) = Ny oa,
and so we have the claim. O
Now, we consider the special case when I is a complete intersection.

Proposition 2.14. If I is a complete intersection ideal, the residual ideal I es is
equal to I + (det A)R, where A is a square matriz which represents the map ;.

Proof. Since [ is a complete intersection ideal, its minimal free resolution is Koszul,

and so F; = AMFy for j = 1,...,c. Moreover, for the map of complexes, we have
aj = Nai, and so o = A°a;p. Hence, the map «. is represented by det A for
whatever matrix A represents the map «;. O

In this last case, it is possible that the residual ideal I,5 is a complete intersec-
tion, too. In fact, we have

Proposition 2.15. Let J be generated by g1,...,g9.. Then, I.s is a complete in-
tersection if, and only if, I is generated by g1,...,gc—1,gcdet A, up to reordering
the generators of J.

Proof. Let I,J be generated by f1,..., fc and g1,...,¢gc, respectively. Let A be a
matrix which represents the map «; in such a way that (f1,..., fc) = (g1, ..., 9:)A.
By Proposition 2.14] I, is generated by f1,..., f., det A.

The residual ideal I,¢5 is a complete intersection if, and only if, one of the gen-
erators is in the ideal generated by the remaining ones.

If det A € I, then I : J = I, but this is not possible by comparing the degrees of
the involved ideals. Hence, after suitably choosing and reordering the generators of
I, we can suppose that f. = det A f/.

Moreover, we have the following commutative diagram from the sequence (@):

N2F
i
0= G(ty—t) -5 F @Rl —t)

! i
0— Jity—t;) — I®(detA)R — ILes —0

! | |
0 0 0
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where ¢ = (a}_;(—tr),v(t; —tr)). But ae_1 = A" Loy, and so «_; is represented
by the adjoint matrix adj(A4) of A.

The resolution we get by the mapping cone procedure is not minimal. Hence,
an entry of adj(A) is a non-zero constant, and so there exists a (¢ — 1) x (¢ — 1)
submatrix of A whose determinant is in K and is non-zero. Then, up to suitable
choice and re-ordering of the generators of I and J, we can say that I is generated
by g1,--.,9c—1,9gc det A. O

3. THE ITERATIVE CONSTRUCTION OF (GORENSTEIN IDEALS

In this section, given a Gorenstein ideal I contained in a complete intersection
ideal J of the same codimension ¢, we construct a new Gorenstein ideal of codi-
mension ¢ with a minimal set of generators of cardinality different from that of I.
The geometric idea of the construction was explained in the Introduction.

We use the same notation as in Section 2.

Let J C R be a complete intersection ideal of codimension ¢ minimally generated
by g1,92,--.,9c, and let I C J be a homogeneous Gorenstein ideal of the same
codimension, minimally generated by g1, f1,..., fi.

Remark 3.1. Up to a suitable choice of the generators of I, we can assume that
fi €(g2,...,9c) foreachi=1,... k.

Theorem 3.2 (Construction of the Gorenstein ideal). Let f be a form which rep-
resents the map . (cf. diagram @B) and Remark[210). We set

(5) 2[:(91927"'7glgcaf17"'7fkvf+glg)a
where g € [R],—¢,—deg(g) 07 9 = 0.

If f+919,92,---,9c is a regular sequence, then A is a codimension ¢ Gorenstein
ideal.

To prove the result we shall construct a free resolution of the ideal 2. For the
convenience of the reader, we divide the proof into lemmas.

Notation. We set B = (9192, --,919c, f1,-- -5 [k), and J = (g2, ..., gc)-
Lemma 3.3. Under the hypotheses of Theorem [33,
BO(f+919R=(f+99)]"

Proof. Let F(f+g19) € B C J' (see Remark[3d)). Hence, FF € J' : (f+gi19)R = J';
that is, FI(f + g19) € (f + g19)J".

Conversely, we have to show that g;(f4+g19) € B, fori = 2, ..., ¢, or equivalently,
that fg; € B. From the map of complexes [B) we know that A°y o a, = a1 o
0(—tr), and so fg; € I = (f1,..., fx,g1) for each ¢ = 2,...,c. Then, we have
fgi = hifi + -+ hipfr. + higr. By Remark B f; € J', and so h;g1 € J'. The
sequence g1, ..., g is regular, and so h; € J' for i = 2,...,c. Hence, fg; € B, and
the claim follows. O

As a consequence, we get
Corollary 3.4. The sequence
(6) 0— J'(~t;+t5) 5 B@(f+g1g)R —A— 0
is exact, where ¥(a) = (a(f + g19), —a(f + g19)).
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The sequence (@) allows us to produce a free resolution of 2 via a mapping cone.
At first, we compute a free resolution of J’ and B.

Notation. The ideal J’ is a complete intersection ideal, and its minimal free res-
olution is

(7) 0= AP S AT2P . 5 A2P S P 0,
where P = @;_, R(— deg g;), and the maps are AIT.

Remark 3.5. The minimal free resolution of the ideal J = (g1, 92,...,9.) (see ()
is related to that of J' by the following:

NG = ANVP o APTIP(—deg g).
Let
7 AMG — APTIP(—deg gh)
be the projection, and let 3y : Fj, — A" "1P(—degg;) be equal to B, = 7, o an,

h=1,...,c. We can project the map of complexes (3]), and so we have the following:
0— F. Ly L. B 2, F

(8) L. g s,
0— A'P(—deggi) — ... P(—degg) L R(—degg)

where I'" = T'(— deg ¢1) and
(9) Bj—108;=N"T"0p
By Remark 3] and from the choice of the generators of I, we have

k ~

= @R(— deg f;) ® R(—degg1) = F1 & R(—degg1),
i=1

and furthermore, 8y : Fy @ R(—degg1) — R(—degg1) is (0, 1g(—deggy))-
Lemma 3.6. A free resolution of B is
(10) 0— H, =% H. 1 =5 ... 25 1 2598 -0,

where
Hy = P(—degg) & F,
and
H; =NP(—degg1) @ Fj, j=2,...,¢,
while

AT By
er= (9l 0y5,), 52:( 0 & )

where 5y = proj(Fy — 1*:‘1) 00y and

(NI (=15 L
ej( 0 5; , Jj=3,...,c
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Proof. Hy; and &1 are well understood, and easily computed. Now, we want to
compute generators for the first syzygies of 8.

Of course, the first syzygies of J' are syzygies of the first ¢ — 1 generators of B,
up to twist by — deg g1, and so we have rank(A? P) first syzygies of B, and a map

( "y )
0 -
A’P(—degg) © —  P(—deggi) ® Fy.

Claim 1. The first syzygies of I can be extended to syzygies of B.
If (s1,...,8k,8)" is a syzygy of (f1,..., fk,91), then we have

sifi+-- 4 spfr +s91 =0.

By Remark B, f; € J’, and so sg; € J'. J' is a complete intersection
ideal, and so s € J'. If x € Fy is such that ds(z) = (s1,..., Sk, s)!, then
B10dx(x) =s. By @), IV o Ba(z) = s, and so Ba(z) extends da(z) to a
syzygy of ®B. Then we can define the map

(%)

F, "—’ P(—degq1) ® F.

Claim 2. The images of the two maps generate the first syzygy module of B.
If (sh,...,8.,81,...,8K)" is a syzygy of B, then we have
850192 + -+ + s.919c + s1fi + -+ s fr = 0,
and so (s1,...,8k,85g2 + -+ + s.gc)! is a first syzygy of I. Hence, there
exists z € Fy such that d2(x) = (s1,..., 5k, Shga + - - + s.g.)t. Then,

(85, .8ty s1, k) — ( ?2 )(m)
2

is a syzygy of the first ¢ — 1 generators of B, i.e., it is a syzygy of J'. Hence,
there exists 2’ € A2P(—deg g1) such that

st = (2 )@= () @),

and so we have the claim.
Then
Hy = A’P(—degg1) © Fy

(N B
Eg = 0 52 .
Now, we compute the kernel of e5.

Of course, the second syzygies of J’ are in the kernel of €2, and so we can define
a map

and

/\31"/ )
) 0
ANP(—deggr) = — ' A2P(—degg) @ F.
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Claim 3. The second syzygies of I can be lifted to second syzygies of B.
To prove this, let x € F3 be a second syzygy of I. Now, we prove that

((=B3)(x), 63(x))t € kereg, i.e.,

AT B\ ((=Bs) (@) _
< 0 522)( 53?) )0'
]%y (@), (/\QF/ o (—ﬁg) + ﬁg o (53)(.13) = (—62 o 53 + 62 o 53)(.1?) =0. AISO7

d2 0 d3(x) = 0 because d 0 63 = 0 and by the definition of 5s.
Hence, we can define the map e3 : H3 — Hs as

C_(NT =B
S R
where Hz = A3P(—degg1) ® F.

Claim 4. Imez = keres.
Let (y',y)" € kerea. Then, we have the following relations:

S(y) =0,  AT'(y)+ Baly) =0.

First, we compute d2(y). To this aim, we recall that do = ( 3 6025 ) Of
1002

course, we have d1 o 65 = 0, and so, explicitly,
9181 0 82(y) + 8y, © da(y) = 0.
By using the previous relations, we get g1810d2(y) = 0, and so 310d2(y) = 0.
Therefore, d2(y) = 0. Hence there exists « € F3 such that d3(z) = y. By
construction, (—f83(x), d3(x))" € kereq, and so (y' + B3(x),0)" € kereo, ie.,
AT'(y" + B3(z)) = 0. Then, there exists 2’ € A3P(—degg;) such that
AT/ (2') = ' + B3(x). Summarizing the results, we get that e3((2’,z)!) =
(v',y)t, and so we have computed the second syzygy module, too.
Now, we can go on by induction. We assume that H; = AY P(—deg g1) & F; and
that ¢; : H; — H;_; is defined as
_(NT (-1
€j = 0 5 .
We have to compute kere;.
Of course, the j-th syzygies of J' are in the kernel of ¢; and so we can define a
map (AT, 0) : AT P(—degg1) — Hj.
Claim 5. The j-th syzygies of I can be extended to j-th syzygies of B.
To this end, we consider € F;;1 and its image via ((—1)71 3,11, 8;41)%

: ((—1)j+1ﬁj+1($)) _ </\jf’ (—1)jﬁj> <(—1)j+1ﬁj+1($)>

dj41(2) 0 dj dj+1(x)
—1DITEATT 0 B0 (x —1V8s 0801 (x
(11) - (< AT gﬁfsjifx() 1)95; 0 6541 ( >)

_ ((—1)j+1ﬂj o j+1($)0+ (—=1)/B;0 j+1($)> _ (8) .

Hence, we can define the map €41 : Hj11 = AN P(—degg1)® Fj11 — H;

as . .
(N (),
Jj+1 = 0 6j+1 .
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Claim 6. Imej; = kere;.

Let (v',y)" € kere;. Of course, §;(y) = 0,, and so there exists z € Fj 4
such that §;41(z) = y. Then, (y'—(=1)7*13;11(z),0)" € kere;, and so there
exists ' € NMNTIP(—deggq) such that VT (2') = ' — (=1)7 713,11 (2).
Hence, €;41((2/, 2)") = (v/,y)!, and we get the claim.

(]

To compute explicitly a free resolution of A, we need the comparison maps
@y : P(—t; +t;) — P(—degg1) ® F1 @ R(—tr +t5)

and
®; : N'P(—t; +t;) = Hy = AN'P(—degg;)) ®F;, i=2,...,c— 1,
obtained by lifting the map 4 in the exact sequence (Gl).

Remark 3.7. We define the maps 3._; : A'P(t;) — F;(tr) as the composition of
maps

(Frs = Ftn)) o Biyo (605 A'P(Ls) = (A7 P(= deg )" )

From our choice for the minimal resolution of a Gorenstein ideal (see (3])), we
know that the isomorphism on the left side is the identity map. Otherwise, for the
characterization of complete intersection ideals, the isomorphism 6; depends on the
choice of bases for A‘P(t;) and (A1 P(—deggi))*.

By dualizing the equation (), we obtain
Bt o (W) = 67 o By,
By composing the left hand side with the isomorphisms ; we can write
Br oo o (NTIT) 00.iy1 = B; 0 (AT (L)),

and hence we get
(12) Bio NTHID(ty) = 67 0 By = be—ita(tr) 0 By

Before computing the comparison maps, we prove the existence of some maps
with prescribed properties.

Lemma 3.8. There exist maps @; : N'P(—t; +t;) — A'P(—degg;) such that
I opr = f10Be_y(~tr)
and
AT 0 p; = i1 o NT(—t; +t7) — (=1)'Bio B_i(~t1), i=2,...,c—1.

Proof. The existence of ¢ stems from the inclusion

Im(B1 0 B._1(—tr)) CIm(I") = J".

Because of the definition of 3,_;, we have

Im(By 0 8.1 (=tr)) = Im(By 0 871 (—t1)).
If B.—1 is represented by the matrix B = (b; ;), then, by @), we have

binfr+ -+ birfe +bikri91 = fgi, i=2,...,c
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By Remark B f; € J', and so b; y+101 € J', ie, bigy1 € J : @R = J', for
i=2,...,c. The map (1 o B}_,(—tr) is represented by (b2 k+1,03k+1,---,0ck+1),
and so the inclusion follows, and ¢ exists.
Now, we go on by induction. Thus, we assume the existence of ¢; 1 and we prove
the existence of o; such that AT o @; = ;1 o AT (—t;+t;) — (=1)'Bi0B._.(—tr).
As before, we can define the map ¢; if, and only if,

Im(p;—1 0 AT(—t; +t5) — (—1)'Bi 0 B._;(—t1)) € Im(AT’) = ker(A"~'T).
But, we have
AT 0 (i1 o NT (=t + 1) = (=1)'Bi 0 Bey(—1r))
=AY o g o AT (—tr +t7) — (=1)' AT T 0 B0 Bu_i(—t1)
= (by induction hypothesis)
= i 0 0 NI (=t; +t;) o AT (=t + t))
—(=1)" Bim1 0 Beir (—tr) o NT(—t1 + L)
—(=)'AT T 0 B0 B_i(—ty) = (by @)
= (=1)'Bi1 0 Beira(—tr) o NT(—tr + 1) = (=1)"Bim1 065 0 B_i(~t1)
= (by (@) = 0.

Hence, we can define the map ; with the prescribed property. (]

Now, we compute the comparison maps.

Proposition 3.9. The comparison map ®; : N°P(—t; +t;) — H; can be defined

as

g-id+ ¢ g'id+90i> ,

P, = = , P, =15 , 1=2,...,c—1,
! <P0ﬂ61(—t1)) ’ (ﬂci(_tf)

where p : Fy — F is the projection.

Proof. Tt is enough to verify that

(13) €10®; = (f+g19) o T(—t; +15),
(14) gi0®; =8 o ANT(~t;+t5), i=2,...,c— 1.
We have

€1 O¢1 = (glrl,éllpl) (p

= g1l (=tr +t;) + 1T 0 p1 + 0y 5 opo By (—tr)
= (by the construction of ¢1)

© Be1(=tr)

= g9l (=tr +ts) + 91810 Be1(tr) + 6y opo By (—tr)
= (by definition of 6,z )
= g1g0(=tr + 1) + 610 By (~tr) = (by (D)
= g1gU(—t; +ty) + B.(—t1) o D(—t; + t))
— (by definition of ) = (f + g1g) o T(~t; +£,),
and so we get the relation (I3]).
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Now, we prove the equation (I]). At first, we assume i > 3. We have

3 AT (=13 (g -id+ @i
51@‘(0 b )@Hem>

_ <g AT 4+ AT 0 i +(=1)'Bi 0 Bci(—t1)>
0i 0 Be—i(tr)
(15) g+ NT' + i1 o NT(ty —tr) = (=1)"8; 0 Be_i(~tr)
- ) B Bt
Be—iza(=tr) o N'T(—tr + 1)
g-id+ i ;
=15 oN'T'(—t;r +ty),
(5.0 et
and so the relation (I4) holds true for i > 3.
If ¢ = 2, we have

(16)
o . AZTY B} g- id + (,02)
& %<o 5J<m4em
_ (g AT 4+ AT 0 gy + B o Bcz(—t1)>
920 BC—Q(—tI)
- (9 NPT+ o1 o NPT (=t +tg) — Bao B o(—tr) + B2 0 BC—Z(_tI))
podgof._o(—tr)

_ ( gN T + 1o A°D(—tr + 1)

pofB._i(—tr) o A2T(—t; +t;)

and hence the claim follows. O

) =y o AT (—tr +ty),

Proof of Theorem Using the free resolution of B computed in Lemma 3.6, the
exact sequence (6), and the comparison maps computed in Proposition 3.9, we can
compute a free resolution of 2, by a mapping cone. In particular, the last map in
the resolution of 2 is

ASTID (=t 4ty)
_—

ANTIP(—tr +tg) NT2P(—t; +ty)

® N(=1)Pes @
Hc 5—c> Hc—l
Of course, the following equalities hold:
(17) ANTIP(—tr +ty) 2 R(—tr +t; — t))) = R(—t; + deg g1),
(18) Hc:ACP(_deggl)@Fc :Fc:R(_tI)v
g-ldye—1p+ SOC—1>
19 b1 = (Al .
1) = (T

The map 3, : R(deg g1) — R(deg g1)®F} is the identity onto the first addendum,
by Remark 3.5, and so the last free module in the resolution of 2 has rank 1.

Now, we want to prove that %l is a codimension ¢ ideal. The minimal free
resolution of 2 has length at most ¢, and so the codimension of 2 cannot be greater
than c.
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Let 8 be a minimal prime ideal associated to 2, of the same codimension. Then,
(9192a s 7glgcvf1a .- '7fkaf +glg) c ‘13

If g1 € P, then (g1, f1,.-., fx, f) € B, and so codim(P) > c.

If g1 ¢ B, then (g2,...,9¢c f +919) € P, and again we have codim(PB) > c.

But codimA =codimP > ¢ and codim < pd(2) = c. Hence, A has codimension
¢, and it is a Gorenstein ideal of codimension c. ([

Remark 3.10. From the computation of the resolution of 2l we get that the last free
module is R(—ty), and so 2 and I have the same free module at the last place in
their minimal free resolutions.

Remark 3.11. The ideal 2 is generated by v(I)+c—1 generators, where v(I) = k+1
is the minimal number of generators of I. It may happen that some of them are
not minimal. Then, we can only say that 2 is minimally generated by v(2l) forms,
where ¢ < v() < v(I) + ¢ — 1. In some cases, it may happen that v(2) < v(I)
(see, for example Proposition 3.17 below).

Now, we want to relate the Hilbert functions of I, J, J', L, 2 and J” =
(927 -y Yc; f + glg)

Proposition 3.12. Let I,J,J', J", Lies, A be as above. Then:

(1) hryu(z) = hgy1(2) + hgyy (2 —degg1) — hryy (2 —tr +t1);
(2) hrya(2) = hryr(2) + hgyyr(2) = hrys(2);
(3) hrya(2) = hiry1,,(2) + hryy(z —deggr) — hpyy (2 —tr +t; — degg1).

Proof. From the exact sequence

ATLP(—degg1)

F, @
0— D — F._4 —
NTIP(—t; +tg) @
AT2P(—tr +ty)
A?P(—deg g1) P(—degg1)
D D R
— Fy — Fy - D - R/QL —0
® ® R(—degg1)
P(—t]+tj) R(—t1+tJ)
we obtain
(20)
c—1 c—1
hrya(z) = hpyr(2) + | Y dim[A"P(— deg gl)]Z] — > dim[A'P(~tr +t,)]-
i=0 =0

= hR/](Z) + hR/Jl(Z — deggl) — hR/J/(Z — t[ + tj)
=hpgy1(2) + hgryy(z —deggr) — hryy(2) + hpyy(2) = hgyy(z —tr +1t5)
=hpg/1(2) —hgys(2) + hgyy(2);
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then (1) and (2) follow. For (3) it is enough to remember the relation between the
h-vectors of I es,JJ and I ([I4], Corollary 5.2.19), and so we have
hpja(z) = hpyr..(2) = hgya(2) = [hryi(tr —c— 2) — gy (tr — c — 2)]
= hpyau(2) = [hry1(2) = hrys(ts —c— (ty —tr + 2))]
= hgya(2) = [hry1(2) = hryy(ts —tr + 2)]
= hrja(z) = hrys(2) + hryy(2) = hgyr(2) + hrya(ts =t + 2)
=hgyy(z—deggi) —hgyy (2 —tr +t; —deggr).

(]

From the previous relations on the Hilbert functions, we deduce a relation about
the degrees of the corresponding rings.

Corollary 3.13. Let I,J,J"” 2 be as above. Then,

deg(R/%) = deg(R/I) + (tr — t; — degg1) [ [ deg gi-

i=2
Proof. Therings R/I,R/J,R/J", and R/2 have the same dimension, and so, look-
ing at the leading coefficients of their Hilbert polynomials, from Proposition [3.12]2)
we get
deg(R/2) = deg(R/I) — deg(R/J) + deg(R/J").

The ideals J and J” are complete intersection ideals, and so their degrees are
C c
deg(R/J) = Hdeggi deg(R/J") = (t; —tJ)Hdeggi.
i=1

=2

By substituting in the previous relation we get the claim. O

Remark 3.14. From Proposition B.12(1), it follows that if deggi < t; — t;, then
hra(z) > hg/1(z), for each z € Z.

In fact, the Hilbert function hpg/; (2) is non-decreasing, because dim(R/J’) > 1,
and so, under our hypothesis, hr, s (2 —deggi) > hryy (2 =t +t).

Of course, if deg g1 > t; — tj, then the reverse inequality holds.

Now, we show that I..s and J” are linked by the Gorenstein ideals 2.
Proposition 3.15. A : Les = (92,5 9c, f +919) = J".
Proof. Obviously, J” C 2 : I,cs. On the other hand,
hijite (2) = hra(ts —c = 2) = hgr, (tr — c = 2)
=hpyu(z) = [hpyr(tr —c—tr+c+2) —hgryy(tr —c—tr +c+2)]
=hpys(2) + hgyy(2) = hryy(2) = hpy o (2),
and so the equality follows from the equality of their Hilbert functions. O
Remark 3.16. If the link is geometric, then a stronger relation holds:
LesnNJ" =2

Now, we study what happens if we reverse the construction of Theorem 321 In
particular, we have the following.
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Proposition 3.17. Let I,J,J",2 be as above. Then, A C J", A:J' =A+ @1 R,
and the ideal constructed as in Theorem using the complete intersection ideal J
is the (Gorenstein) ideal I.

Proof. The inclusion 2l C J” is trivial. By Proposition BI5 it follows that 2 :
J" = Ies. Then the equality 2 : J” = 2 + g1 R follows by I..s = 2 + g1 R, which
is trivial. At last, if we apply the construction of Theorem to 2 C J” using
as new complete intersection the ideal J, we immediately get the ideal I, because
fgi € I for every i = 2,..., ¢ (compare with the proof of Lemma 3.3). O

Of course, this proposition shows that the number of generators of the new
Gorenstein ideal obtained from the construction of Theorem B.2] can decrease with
respect to the number of generators of the starting Gorenstein ideal (compare with
Remark B:TT)).

To conclude this section, we want to give an example of Gorenstein ideals arising
from Theorem

Example 3.18. As an example, we show that every reduced zero-dimensional
arithmetically Gorenstein scheme of degree n+2 in P™ arises from the construction
described in Theorem B.2|

Let X ={P1,..., P2} C P" be such a scheme, with P; # P; for i # j, and let
2 C R be the defining ideal of X. It is known that X is an arithmetically Gorenstein
scheme if, and only if, no n+1 of them are contained in a hyperplane ([8], Theorem
5).
Let r be the line through P41, P12 whose ideal is J' = (g2,...,9n), where
92, - - -, gn are, of course, linear forms. Let H = V(g1) be the hyperplane containing
Py,...,P,. Then r N H = {A} is a point not in X defined by the ideal J =
(g1,---,9n) Weset Y ={A P1,...,P,} C H, and we denote by I C R its defining
ideal. We can choose I generated by (g1, f1,- .., f&)-

Claim. Y is an arithmetically Gorenstein scheme.

The claim is equivalent to showing that no subset of Y of degree n is contained
in a codimension 2 linear subspace of P™.

By contradiction, if {4, Pi,..., P,_1} C W is a linear subspace of codimension 2,
then {A, Py,..., Po_1, Poy1, Poyo} C W/, where W' is the linear subspace spanned
by W and r. W’ is a codimension 1 linear subspace by the Grassmann formula, and
so we get that X is not arithmetically Gorenstein. The contradiction proves the
claim.

The point {A} is a complete intersection scheme contained in Y, and the residual
scheme is {Py,...,P,} C X defined by the ideal I,os = I : J. The minimal free
resolutions of I and J have the following shapes:

0—-R(-n—2)—=F(-n—-2)— - > F —-1—0,
0—R(-n) = A" 'G—-- = G—J—0,
and so Ies = I + fR, where deg f = 2.

Now, we consider the ideal generated by f + ¢19, g2, ..., gn, where g is a linear
form. If we choose g ¢ J' in such a way that f(P;) + h(P;)g(P;) = 0 for i =
n 4+ 1,n + 2, we have that J' + (f + g19)R = Ip,., p,,., and it is a complete
intersection ideal. Hence, (J'+ (f +g19)R) N Les = 2, and X can be obtained from
Theorem B2
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4. THE CODIMENSION 3 CASE

In this section, we want to relate the Buchsbaum-Eisenbud matrices of the Goren-
stein ideals I and 2, in the Pfaffian case.

To obtain the result we want, first we rewrite diagram (B) in the codimension 3
case, and so we have

0 R(—t;) O gy 2R L1 Lo
(21) Lo las las l
3 2
0— AG 23 P A G A SN}

Now, we compute matrices representing the maps i, s, a3 in terms of the
matrices representing the other maps. First, we state some notation.

Notation. We set g1, f1,.-., f,n @ minimal set of generators of I, and g1, g2, g3
a minimal set of generators of J. Because the codimension is 3, m is even ([22],
theorem on p. 229). Then, it is straightforward that

3

F = R(—degg1) ® (EB R(—deg m) and G = P R(—deggy),

i=1
and the maps d; and ~y are represented by
Dy = (g1, f1,-- .. fm) and  Ci1=(g1,92,93).

If I is a Pfaffian ideal, and if we choose suitable bases for F' and F*(—ty), the
map 6 is represented by a skew-symmetric matrix

Dy = (dij)o<i,j<m,
while the last map 07 (—t;) is then represented by the matrix
Ds = Dt

If we choose the canonical basis {e1, ea, 3} for the module G, {e2Aes, esAer, e1 A
ea} as basis of A2G, and {e; Aea Aeg} as basis of A2G, then the maps A%y and A3y
are represented by the matrices

0 —g3 92
CQ = gs 0 —a1 and Cg = Cf
—92 G 0

Now, we prove a lemma in which we relate the entries of the various matrices.

Lemma 4.1. With the above notation, we have:
(1) There exist agj,as; € R such that

fi = a2j92 + as;gs forj=1,...,m.
(2) There exist baj,bs; € R such that

doj = bajga + b3;93 forg=1,...,m.
(3) There exist \; € R such that

m
b2j91+za21dlj = Ajg3 forj=1,...,m,
=1
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and

bsjg1 + Za3ldlj =—\jg2 forj=1,....,m.
=1
(4) There exists ¢ € R such that

m m
E agdip = cgs, E azidip = —cga.
-1 =1

(5) There exists ¢ € R such that

m m
/ /
c+ E asibs; = ¢ go, E azby = —c'gs3.
=1 =1

(6) There exists ' € R such that

m m
1/ /!
c— E aziba = g3, E aziby; = ¢ ga.
=1 =1

Proof. The first equality follows from Remark Bl
From D1Ds = 0 we get

(22) gldOj—l-Zfidij =0 forj=1,...,m.

i=1
Again from Remark BT, f; € J', and so do; € J' : (91)R = J'. Then, there exist
baj, b3; € R such that
(23) doj = bz;g2 + b3;93 forj=1,...,m,

and so we have the second equality.
By substituting the first two equations in (22), we have

m
g1(b2jg2 + b3jgs) + Z(azigz + asigs)di; = 0,
i=1

and hence

m m
g2(b2j91 + Z az;idi;) + g3(bzjg1 + Z as;di;) = 0.
i=1 i=1
The sequence g2, g3 is regular, and so there exists A\; € R such that

m m
bajgr+ Y azidi; = A;gs, bsjgr + Y asidi; = —X;g2
i=1 1=1

for each j = 1,...,m, and then the third equality follows.
Again from Dy Dy = 0 we get

m
Z fidio = 0.
=1

By substituting the first equation, we get

m m
92 andio + g3 Yy _ azmdip =0,
=1 =1
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and so there exists ¢ € R such that

m m
(24) E adyp = cgs, E azidip = —cga.

=1 =1

Because of the skew-symmetry of Do, and the equations [24)), (B3)), we get

m
cgz = — Z az;(barga + b3193)
=1

and
m
—cg2 ==Y _ asi(bugz + bags)-
=1
These two equations give syzygies of (ga, g3), and so we have also the last two
equations. Il

Remark 4.2. The previous equalities don’ t have unique solutions, in general. How-
ever, from now on in this section, we choose a solution for every equation, and we
work with that one.

Now, we can compute matrices which represent the maps «a;. Of course, the
maps «; are chosen once for ever and are unique up to homotopy.

Proposition 4.3. The map oy is represented by

1 0 ... 0
Al = 0 an ... aom )
0 asr ... a3m
Qo 1s represented by
C )\1 N /\m
A2 = 0 —b31 . —bgm R
0 b21 A bgm

and ag is represented by
Az = (c—ga—"g3).

Proof. The map ay is easily computed, and so A; is obvious using Lemma [ZT](1).

To compute the matrix As we use the commutativity of the diagram (EII), which
gives Co Ay = A1 D>. If a; is the j-th column of A,, the previous relation on matrices
can be written as

0
(25) Coag = | Y%, agdio
St o asidio
and
d()j
(26) Coa; = | Y%, and;
2oLy azidiy
By Lemma [£1]2),(3), and (4), we can write
0 c
Sihiand | =Ca | 0
St asidio 0
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and
do; Aj
S andy | =Ca | —bs;
DLy azdi ba;
Hence, a possible choice for Ay is
C )\1 e )\m
As=| 0 —bzy1 ... —bzm
0 by ... bom

To compute Az we have to lift the matrix As. From the diagram (1)), we have
that CgAg = A2D3, i.e.

fa e+ 370 Al
fo | = - an:l bs; f;
fg3 > iz b2if;

We have the following equalities:

Zbgjfj = by Lemma [£1](1)

Jj=1

= Z baj(az;g2 + as;gs) = g2 Z azjba; + g3 Z as;jba; = by Lemma HT)(5),(6)
j=1 j=1 j=1

= —cgags+ (¢ — "g3)g3 = gs(c — g2 — " g3).

Hence, f = ¢ — c'go — ¢ g3 gives the only element of As. O

To apply the results of Section 3, we have to compute the maps 1, (2, 83 in our
case.

Corollary 4.4. The maps (1, 82,33 are represented respectively by the matrices
Bi=(10 ... 0),

. 0 bo1 ... boy
32<o by ... b3m>’

B3 = (c— gy —"g3).

and

Proof. By its definition (cf. Remark 3.5), 8, = 7, o o, and so we have to compute
the projections 7.

m : G — R(—degg1) is defined by setting mi(e;) = 015, where J;; is the Kro-
necker symbol, and so the associated matrix is ( 1 00 ) .

The map m : A2G — P is defined as ma(ajes A e3 + azes A e + age; A ea) =
aszes — ages, and so the associated matrix is

0 0 1
0O -1 0 /-
The map 73 : A3G — A?P is defined as 73(ae; A ea A e3) = aea A ez, and so the

associated matrix is (1).
The result follows by multiplying the corresponding matrices. O
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Now, we can show that 2 is a Pfaffian ideal.

Theorem 4.5. Let I be a codimension 3 Gorenstein ideal generated by the Pfaffians
of the skew-symmetric matrix Ds, and let J be a codimension 3 complete intersec-
tion ideal containing I generated by the entries of Cy. Let Do be the submatriz of
Dy obtained by erasing the first row and the first column of Ds. Furthermore, let

B be equal to
~ 0

where 0 is the 1 X m zero matriz, and let B be equal to

0 —g3 g2
B = g3 0 -y
92 g 0

If A is constructed as in Theorem [Z3, then its generators are the Pfaffians of
the skew-symmetric matriz
D= B~t Ba .
—Bi Dy

Proof. To obtain the result, we make explicit the resolution obtained in Section 3.
First, we show that the maps ¢ and 9 defined in Lemma B.§ are the null maps,
according to our choices for the maps 3;.
By their definition, we have

Moy =pro Bz(‘tl)
and
AT 0 @y = p1 0 N°T(=t1 +t7) = B2 0 By (—t1).

By Remark [3.7] we have 3, = 37 0 63 and (3, = 3 o 01, where 6, is represented
by the matrix (1) while 65 is represented by the matrix

(50)

Hence, it is a straightforward computation that the maps 3, and 3, are repre-
sented by the matrices

1 0 0
_ 0 _ —b31 b2
Bl = . and BQ = .

0 _b3m b2m

Then, the maps (1 o B5(—t7) and Bz o 3;(—tr) are the null maps, and so we can
choose ¢1 and o as the null maps.
The free resolution of 2 obtained by a mapping cone is

A?P(—degg1) R(—tr +t;)
F3 @ ®
0— ® B P(~tr+ty) 3 P(—deggq) 52— 0,
N P(—t; +ty) = ®
Fy B
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where
Uy = ((f'i_ggl)vglrlaél‘ﬁ‘l)v
0 —I(—t;+ty) O
\I/Q = /\2F, qg- id @2
0 po By b2
and
—Ps —g-id
/- 0 A’T(—tr+ty)
03 —p

Of course, the map W1 is represented by the matrix

E = (f+991,9192, 9193, f1,- - fm),

whose entries are exactly the generators of 2.
The map ¥, is represented by the matrix

0 —g2 —-g3 O 0 ... 0
gs g 0 0 b21 A bgm
—92 0 g 0 bs1 ... bam
D' =
0 —b31 b21 d10 d11 . dlm ’
0 _me b2m dmO dml . dmm
while the map W3 is represented by the matrix
-/ -9
0 g3
0 -9
E, = g1 -1
fi 0
Jfm 0

To cancel the addendum A2P(—t; + t;) from the resolution we have to modify
the matrix E’ in such a way that one of its rows is (0, —1). To this end, it is enough
to add g1 times the second column to the first one. Then we obtain the matrix

—(f+g91) —g

9193 g3

—9g192 —g2

B — 0 —1
f1 0

fm 0

If we cancel the addendum in the resolution, we erase the 4-th row and the 2-nd
column of E” and the 4-th column of D’. Then, we get the claim by exchanging
the rows of E” and by changing the signs of its first two entries, so that we have
E? as the last matrix in the resolution. Of course, we have to modify the columns
of the matrix D’ according to operations on the rows of E”. (I
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Remark 4.6. In the proof of Theorem [£.5, we construct the Buchsbaum-Eisenbud
matrix associated to 2 using the matrix D5 associated to I, the polynomials g2, g3
and some relations induced by the inclusion I < J. The main feature of D is
Property P: one of the columns of D has all but two entries equal to zero.
Of course, if D is any skew-symmetric matrix of order 2k + 3 with the property
P, we can construct a matrix Do skew-symmetric of order 2k + 1, using the block
structure of D and Lemma [.11(2).

Now, we can state the main result of the section.

Theorem 4.7. Let 2 C R be a codimension 3 Gorenstein ideal, and let D be a
skew-symmetric matriz of order 2k + 3,k > 0, whose Pfaffians are a minimal set of
generators for A. Without loss of generality, assume that D satisfies the property P
with respect to the first column. Then, 2 arises from the construction of Theorem
B2 if, and only if, the ideal I generated by the Pfaffians of Dy obtained from D as
in Remark has codimension 3.

Proof. 1f A arises from the construction of Theorem B2] then there exist 1, .J; and
g which satisfy the hypotheses of Theorem By Theorem [£5 the Buchsbaum-
Eisenbud matrix D of 2 can be constructed from that of I;. If we apply the con-
struction of Remark B to D, we get the Buchsbaum-Eisenbud matrix of I, and
so we get the “only if” part of the statement with I = I;.

To prove the “if” part, we assume that the ideal I generated by the Pfaffians of
D5 has codimension 3, where D5 is obtained by D as in Remark[L6l From the proof
of Theorem[£L.5, we know that the Pfaffians of D and Dy are related as follows: the
last 2k Pfaffians f1,..., for of Dy are respectively equal to the last ones of D; the
first Pfaffian g7 of D5 is a factor of the second and third Pfaffian g9 and g1g3 of
D, where go and g3 are the non-zero entries of the first column of D; and the first
Pfaffian of D has the shape f + ggi for some f.

By hypothesis, the ideal I = (g1, f1,. .., for) has codimension 3, and being Pfaf-
fian, it is Gorenstein. Moreover, I C (g1, 92,93) = J, and hence J has codimen-
sion 3 too, i.e., J is a complete intersection ideal. For the same reason, since
A C (f + 991,92,93), the ideal (f + gg1,92,93) is a complete intersection ideal,
where g = (D)z23. Then, we can apply Theorem to I,J, and (f + gg1,92,93),
and we get exactly the ideal 2 we started with. O

Remark 4.8. By [14], Proposition 1.3.7, the general hypersurface sections of an
arithmetically Gorenstein scheme are arithmetically Gorenstein , too, and so we
can obtain arithmetically Gorenstein schemes of higher codimension by cutting
with general hypersurfaces the schemes arising from the construction of Theorem
B2 These ideals correspond to the same construction for higher codimension, with
more than one common generator (compare with Remark B1T]).

5. COMPARISON WITH OTHER CONSTRUCTIONS

In this section we want to compare the Gorenstein codimension 3 ideals aris-
ing from Theorem with Gorenstein codimension 3 ideals coming from other
constructions, well known in the literature.

First, we recall a construction introduced in [I9], which has been successfully
used by many authors (see, among others, the paper [I8]). This construction was
studied also in [20].
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Theorem 5.1 ([I4], Theorem 4.2.1). Let I1, Iy be Cohen-Macaulay ideals of codi-
mension ¢ with no common minimal associated primes, and assume that 11 N I3 is
a Gorenstein ideal. Then, Iy + I3 is a Gorenstein ideal of codimension ¢ + 1.

To compare the two constructions, we restrict ourselves to the case where I; and
I> have codimension 2.

Now, we exhibit an example to show that there are Gorenstein ideals arising
from the construction of Theorem which do not arise from Theorem .11

Example 5.2 ([20], Example 4.1). Consider the ideal 2 C R = k[, y, z, w] gener-
ated by the Pfaffians of the matrix

0 x? 0 w? 0

—a? 0 wd oz oy

D' = 0 —w® 0 y =z
—w? -z —y 0 0

0 -y —z 0 0

As explained in [20], Example 4.1, 2 does not arise from the construction of
Theorem [l but it does come from the construction of Theorem B2 In fact, if we
reorder rows and columns of D', we obtain the matrix
0 -y —z2 O 0
Y 0 w? x —xt
z —w 0 Y 0
0 -z -y 0 —w?

0 z* 0 w? 0
As in Remark[4.6], we construct the matrix A from D, and we obtain
0 y2 -z xtz
A= —y?>+z2 0 —w?
—zz w? 0

The ideal generated by the Pfaffians of A is I = (w?,zz*,y* — z2), and it is a
complete intersection ideal of codimension 3. Then, 2 satisfies the hypotheses of
Theorem 7, and so 2 arises from the construction of Theorem 3.2

On the contrary, now we give an example to show that there are Gorenstein
ideals arising from the construction of Theorem [ETlwhich cannot be obtained from
the construction of Theorem [3.2]

In [20], Theorem 4.3, the authors prove that every arithmetically Gorenstein
scheme X on a smooth quadric @ comes from Theorem BJl. In particular, they
prove that Iy, the saturated ideal of X, is minimally generated by 5 generators of
degrees 2,a,a,b,b with 2 < a <b, and Ix = I¢ + Ip, where, if C is a divisor on @
of type (a — 1,a), then D is a divisor of type (b,b — 1). Of course, the types could
be (a,a —1) and (b — 1,b), as well.

Example 5.3. Let Q C P? be the smooth quadric surface defined by zw — yz,
and let C, D be divisors on @ defined by I} = (2w — yz, 2? — yw,y? — xz) and
I = (2w — yz,wz? — yz?,2® — 23). C is a twisted cubic, and so it is irreducible,
and it is not a component of D. Then, C' and D have no common component.
Furthermore C' U D is the complete intersection scheme defined by

J = (zw —yz, 232 — 2% — y?2? + y22w).
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Then, C' N D is an arithmetically Gorenstein scheme associated to the skew-
symmetric matrix

y oz
22 0 0 =z y
D= 22 0 0 =z w
-y —x —z 0 0
-z —y —w 0 O

Neither D nor any matrix obtained from D by operations on its rows and columns
satisfies the hypotheses of Theorem ET, and so Ix cannot be obtained from the
construction of Theorem

Remark 5.4. It may happen that a Gorenstein codimension 3 ideal arises from both
constructions. For example, a reduced set X C P? of five general points can be
obtained both as an intersection of two aCM curves whose union is a complete
intersection (for example, choose C as a divisor of type (1,2) and D as a divisor of
type (2,1) on a smooth quadric @), and as the union of a complete intersection with
a residual scheme (for example, consider the residual of a complete intersection of
type (1,1, 1) with respect to a complete intersection of type (1,2,2) joined with a
complete intersection of type (1, 1,2)). For more details on the second construction,
see [1] or Example 318

In more generality, for zero dimensional arithmetically Gorenstein schemes on a
smooth quadric, we have

Proposition 5.5. Let Q C P3 be a smooth quadric surface, and let X C Q be an
arithmetically Gorenstein 0-dimensional scheme. If Ix comes from the construction
of Theorem[3 2, then X = C N D, where C, D are divisors on Q and at least one
of them is the union of a line and a divisor of type (o, @).

Proof. By [20], Proposition 4.4, I'x is generated by the Pfaffians of a skew-symmetric
matrix
0 hi  he hs hy
—hl 0 0 g1 g2
D= —hg 0 0 gs ga y
—hs —g1 —g3 0 O
—hs —g2 —gs 0 0O

where ¢ = g194 — g2g3 defines the smooth quadric surface Q.

Up to some elementary operations on rows and columns of D, we can suppose
that at least one of the h;’s is zero, because Ix can be obtained from Theorem 7]
Assume hy = 0. Then, either C or D is defined by

I= (qa h3g27 h3g4) = (q7 h3) N (g27g4)7

and so the claim follows. O

Remark 5.6. 1) The converse holds if the matrix D satisfies the hypotheses of
Theorem B, i.e., if h3, h1gs — haga, g5 — g1g4 is a regular sequence.

2) A similar statement holds for 0-dimensional arithmetically Gorenstein schemes
on a smooth surface of minimal degree, whose ideal is minimally generated by five
forms. The proof is the same and is based on [20], Proposition 4.4.
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The second construction with which we want to compare the construction of
Theorem B2l was introduced in [12], and used by many authors to study Gorenstein
liaison classes of projective schemes (see, among others, [5], [6], [7], [13]).

Theorem 5.7 ([14], Theorem 4.2.8). Let S be an aCM subscheme of P satisfying
condition G1, and let X be a twisted canonical divisor on S (i.e., a subscheme
of S defined by the vanishing of a regular section of ws(l) for somel € Z). Let
F € Ix be a homogeneous polynomial of degree d such that F does not vanish on
any component of S. Let Hp be the divisor cut out on S by F. Then the (effective)
divisor Hp — X on S, viewed as a subscheme of P", is arithmetically Gorenstein. In
fact, any effective divisor in the linear system |Hp — X | is arithmetically Gorenstein.

As before, to show that the constructions of Theorems and are indepen-
dent, we exhibit examples of Gorenstein codimension 3 ideals arising from one of
the two constructions but not from the other one.

Example 5.8. In S = k[z,y, z], we consider the complete intersection ideals J =
(r,y,2) and I = (2? — 22, 22,y). Of course, I C J and I : J = (2% — 22,22, y,2%) =
(22,22,2%y). The ideal (x,z,2% — y?) is a complete intersection ideal, and so
(I:J)n(z,2,2% —y?) = (2% — 2%, 22,yz,2y,y> — 2%) = 2 is a codimension 3
Gorenstein ideal obtained as in Theorem Let R = S[w], and by abuse of nota-
tion let 2 be the extended ideal AR. The projective scheme X defined by 2 in P? is
a degree 5 0-dimensional scheme supported on A(0: 0:0:1). X is not contained in
any smooth quadric (and so not in any rational normal curve nor any degeneration
of such a curve with the property G1). On the other hand, X is contained in the
union of three lines Ly = V(y,x + 2), La = V(y,x — z), Ly = V(x, z) through the
point A. As observed in [I4], Example 4.2.7, L1 U Lo U L3 doesn’t satisfy G7 but
only Gy, and so Theorem B.7 doesn’t apply.

Remark 5.9. As shown in Example (B8] Theorem can be used to construct
Artinian Gorenstein codimension 3 ideals, as well.

An example which shows that there are arithmetically Gorenstein schemes arising
from Theorem [5.7] and not from Theorem is the previous Example[5.3l In the
setting of Theorem [, C' is a twisted cubic curve, and so it is aCM, smooth, with
the property G1, and C'N D is a 0-dimensional scheme of degree 8. C'N D is in
the linear system |Hr — X|, where F' = 2% — 23 and X = (0: 0: 0 : 1) with the
reduced scheme structure. As previously observed, C' N D cannot be obtained from
the construction of Theorem [32]

The third construction with which we compare Theorem is the following.

Theorem 5.10 ([14], Theorem 4.2.3). Let s be a regular section of a Buchsbaum-
Rim sheaf By of rank r on P", and let I be the ideal corresponding to s. Let Y be
the subscheme of P™ defined by I. Let J be the top dimensional component of I,
defining a scheme X.
(a) If r =n, then X =Y is a zero scheme and J is the saturation of I.
(b) If r is even, v < m, then I = J is saturated and Y = X is arithmetically
Cohen-Macaulay. Its Cohen-Macaulay type is < 1+ (r/fftfl).
(c) If r is odd, r < n, then I is not saturated. If r < m, then Y is not
arithmetically Cohen-Macaulay. However, the top dimensional part, X, is
arithmetically Gorenstein.
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This construction, presented in [15], was further investigated in [16].

In [15], Example 5.3, the authors construct a smooth 3-fold in P® using Theorem
BEI0. Of course, using Theorem B.2] it is not possible to obtain smooth schemes,
because if they are irreducible then they are not reduced. However, we give an
example of a zero-dimensional scheme in P? constructed using Theorem [5.10] which
cannot be constructed using Theorem

Example 5.11. Let By the Buchsbaum-Rim sheaf associated to the map ¢ :
Ops(—1) — Ops defined by (z,y,z,t). Of course, the cokernel of ¢ has codimen-
sion 4. The module B, = H?(P3,B,) is generated by the columns of the matrix
associated to A2¢. We consider the ideal I associated to the regular section s given
by (2, 2t, —2%,yz, vy, 2%). The top dimensional part (or its saturation, in this case)
is defined by the ideal .J generated by z3 — xyz — 22, 2%y 4+ y22 + 3, 29% + zyz +
22, 2% — yat — xt?, 2222 4+ y22d — xyt?, which is arithmetically Gorenstein , with
h-vector (1,3,6,6,3,1). The Buchsbaum-Eisenbud matrix of .J is

0 22 —t? —yz —y

22 0 -zt —xy =
t2 zt 0 2 -z |,
yz xy —x? 0 t
y —r oz —t 0

which doesn’t satisfy property P. Hence, J cannot be obtained using Theorem

Now, we give an example to show that there are arithmetically Gorenstein ideals
constructed using Theorem which cannot be constructed using Theorem BT0

Example 5.12. In [I5], Remark 5.1, the authors prove that the ideal
J = ($2,y2, 227$y — Yz, rz — yZ)
cannot be obtained from Theorem .10
The ideals I = (22,2% + 2y — yz,# —y) and J' = (2,2 + y,z — y) are complete
intersection ideals of codimension 3, with a common generator, and I C J'. By

applying Theorem [B.2]to them, with ¢ = z — z, we get 2 = J, and so we obtain the
independence of the constructions of Theorems and B.10.

As our last comparison, using notation as in Theorem [£7, we show that 2l is
not a basic double G-linkage either of I or of I,.s. For the definition of basic double
G-linkage see, for example, [14], Definition 5.4.6.

It is evident that 2 is not a basic double G-linkage of I, because 2 ¢ I, while in
a basic double G-linkage the resulting ideal is contained in the starting one.

To prove that 2 is not a basic double G-linkage of I..s, we consider the following
example.

Example 5.13. Let P3 = Proj(k[z,y, z,w]) and let S be the aCM curve defined
by Is = (x,y) N (x,z) N (z,w). S satisfies the property G1. Let
I'=(z,yz,w(y —w)(2y —w)(y +w))
be a complete intersection ideal, contained in J = (z, z, w). The residual ideal I : .J
is
Lies = (z,y2,w(y — w)(y + w)(2y —w),y(y — w)(y + w)(2y — w)),

and the corresponding scheme C' has degree 7. By applying Theorem[3.2] we obtain
an arithmetically Gorenstein scheme of degree 11, contained in S. This scheme is
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not a basic double G-linkage of C' on S for degree reasons, because the degree of
every basic double G-linkage of C on S is = 7 (mod 3).

Remark 5.14. In Example B8, we constructed an Artinian Gorenstein codimension
3ideal A = (22 — 22, 2z, yz, 2y, y? — 2%) D (2,9, 2)?, in k[x,y, 2]. If we extend it in
R = klx,y, z,t,u], we obtain schemes which are not Gy, and so our construction
can be applied in the non-Gy case, too.
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