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HARDY SPACE OF EXACT FORMS ON RY

ZENGJIAN LOU AND ALAN MCINTOSH

ABSTRACT. We show that the Hardy space of divergence-free vector fields on
R3 has a divergence-free atomic decomposition, and thus we characterize its
dual as a variant of BMO. Using the duality result we prove a “div-curl” type
theorem: for bin L? (R3,R3), sup [ b- (Vu x Vv) dz is equivalent to a BMO-
type norm of b, where the supremum is taken over all u,v € W1H2(R3) with
[[Vul|z2, ||Vv]lg2 < 1. This theorem is used to obtain some coercivity results
for quadratic forms which arise in the linearization of polyconvex variational
integrals studied in nonlinear elasticity. In addition, we introduce Hardy spaces
of exact forms on R, study their atomic decompositions and dual spaces, and
establish “div-curl” type theorems on RV .

1. STATEMENT OF THE MAIN THEOREM

In this paper we show that divergence-free vector fields in the Hardy space
H(R3,R3) can be decomposed as a sum of divergence-free atoms. This enables
us to characterize the dual space of the divergence-free Hardy space H}, (R3 R?)
as a new variant of BMO. In turn, we obtain a “div-curl” type theorem which
generalizes a result proved by Coifman, Lions, Meyer and Semmes in [CLMS].

Our paper answers questions in two separate but closely related areas of analysis:
harmonic analysis, and elliptic systems of partial differential equations. In partic-
ular we obtain applications to coercivity problems for the class of linear elliptic
systems under the polyconvex condition used in the study of nonlinear elasticity by
Ball in [B].

The theorem of “div-curl” type which we prove, concerns an estimate for qua-
dratic forms on R? in terms of a variant of BMO in the following way.

Theorem 4.1. Letbe L? (R3 R3). Then

loc

(1.1) sup b (Vu x Vo) dz ~ ||b] prpro, s z3)
u,veW JR3

where W = {w € WH2(R3) : [|[Vw|| p2gs rsy < 1} and

1/2
1
1.2 b = inf(— [ b—g|*d
( ) || ||BMOd,(]R3,]R3) ;gﬂgglfgl <|B|/B| 9| 37) ;
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1470 ZENGJIAN LOU AND ALAN MCINTOSH

the supremum in (1.2) being taken over all balls B in R3, the infimum being taken
over all g € L*(B,R3) with curl g = 0 in B. The implicit constants in (1.1) are
absolute constants.

Let us compare this result with Theorem III.2 of [CLMS]. It implies that for
be L} (RY),

loc

(1.3) sup/ b det Du dx ~ ||b]| paromy)
RN

u

where the supremum is taken over all u € WEN (RN RN with || V||~ @y gay <
1,i=1,---,N. When N = 2, det Du is a quadratic form in (uj,usz), and we see
that this result is precisely a 2-dimensional version of Theorem 4.1, where b is a
scalar-valued BM O function.

Thus, Theorem 4.1 is a 3-dimensional generalization of the 2-dimensional case of
(1.3), in which we stay with quadratic forms and L? norms on Vu, but are required
to introduce a new BM O-type norm on vector-valued functions.

Indeed we also prove an N-dimensional version of Theorem 4.1, where b is an
[-form (0 <1 < N —2). See Theorem 6.6.

We emphasize the three-dimensional case however, because of its application
to questions of Zhang concerning coercivity. He previously obtained analogous
2-dimensional coercivity results in [Z1].

Extensions of these results to the case of forms on Rf and on strongly Lipschitz
domains in RY is contained in the sequels [LMI] and [LM2] to this paper.

The paper is organized as follows. Section 2 provides the definition of divergence-
free Hardy space on R? and the proof of its divergence-free atomic decomposition.
Using the atomic decomposition, we characterize its dual in Section 3. The proof
of the “div-curl” theorem is in Section 4. Section 5 is devoted to applications
of the main theorem to coercivity properties and Garding’s inequality of certain
polyconvex quadratic forms. In Section 6, we introduce Hardy spaces of exact
forms on RY, give their atomic decompositions, characterize their dual spaces and
establish a “div-curl” theorem on R". In addition, we give a decomposition theorem
of these Hardy spaces into “duAdv” quantities which is a generalization of a similar
decomposition theorem by Coifman, Lions, Meyer and Semmes in [CLMS].

In this paper, unless otherwise specified, C' denotes a constant independent of
functions and domains related to the inequalities. Such C may differ at different
occurrences. The notation “A(f) ~ B(f)” means that there exists a constant C' > 0
such that C~*A(f) < B(f) < CA(f) for all f in the space referred to.

2. DIVERGENCE-FREE ATOMIC DECOMPOSITION

In this section we introduce the divergence-free Hardy space and prove its
divergence-free atomic decomposition. A similar decomposition was obtained by
Gilbert, Hogan and Lakey in [GHI] by using a result of divergence-free wavelet
decomposition of L?(R3,R3) due to Lemarié-Rieusset [Le]. Our proof is different
from that in [GHL] and is valid for forms of all degrees as is shown in Section 6.

We first recall briefly some definitions and results of Hardy spaces and tent spaces
which are used in this paper.

The Hardy space H'(R3) is the space of locally integrable functions f for which

M(f)(x) = i‘;lghﬁt * f(z)]
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HARDY SPACE OF EXACT FORMS ON RM 1471

belongs to L'(R?), where ¢ € C§°(R?), ¢i(z) = 5o(2), t >0, [ o(x) do =1,
supp ¢ C B(0,1), a ball centered at the origin with radius 1. The norm of H*(R?)
is defined by

Il ey = [IM(f)llLrws)s

where M is the maximal function. Among many characterizations of Hardy spaces,
the atomic decomposition is an important one. An L?(R?) function a is an H!(R3)-
atom if there exists a ball (or a cube) B = B, in RY satisfying:

1) supp a C B;

2) lallz2gs sy < B3

3) [pa(zx) de=0.
It is obvious that any H!(R3)-atom a is in H*(R?). The basic result about atoms
is the following atomic decomposition theorem (see [CW] and [Lal): A function f
on R? belongs to H!(R?) if and only if f has a decomposition

=" Meax,
k=0

where the a;’s are H' (R3)-atoms and > p-  [Ax| < co. Furthermore,

[ fll22 sy ~ inf (Z |/\k|> ;

k=0

where the infimum is taken over all such decompositions, the constants of the
proportionality are absolute constants.

Define the tent space NP(R%) (1 < p < 00) to consist of all measurable functions
F on R for which S(F) € LP(R?), where S(F) is the square function defined by

1/2
S(F)(x)—(/r()|F(y,t>|2 ) ,

D(z) ={(y.t) €RY : |y — 2 <t} | Fllwos) = |S(E)l|zoes)-
An NP (R%)-atom is a function o supported in a tent T'(B) = {(z,t) : |v — 2¢| <
r —t} of a ball B = B(xg,r) in R3, for which

dxdt
/ oz, )2 2L < |-,
T(B) t

dydt
t4

When 1 < p < oo, Coifman, Meyer and Stein proved the following atomic decom-
position theorem in [CMS]: any F € N?(R%) can be written as

F = i )\k()ék,
k=0

where the oy, are NP(R%)-atoms and >, o [ M| < ClIF aro gt )-
In the proof of Theorem 2.3, we use the following two facts: one is that the
operator defined by
>1 /2

dyd
g = Sulo) = (/F()m*wt(yn? o
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1472 ZENGJIAN LOU AND ALAN MCINTOSH

is bounded from H*(R?) to L(R3) for ¢ € S(R?) (the space of test functions) with

J 4 dz =0, and
(2.1) 1Sy (Dl 1 @3y < Cllgllw rsy
(see Theorems 3 and 4 in Chapter IIT of [St2]). The other is that the operator

mo@ = [ at.osu g

is bounded from N?(R%) to L*(R?) and
(22) [y (a)llz2re) < Cllallarzra)

(ICMS, Theorem 6]).
Now we define the divergence-free Hardy space. Let H'(R?,R?) denote the space
of vector-valued functions with each component in H*(R?).

Definition 2.1. The divergence-free Hardy space on R3 is defined as
HEy (R R3) = {f € HY(R?,R?) : div f =0 in R%}
with norm

[RAlEw

Lio(R3R3) = Hf"?'tl(R:’,Ri’);

where div f is defined in the sense of distributions.

Definition 2.2. A function a € L*(R3,R?) is said to be an H};, (R3, R3)-atom if
there is a ball (or a cube) B = B, in R satisfying

(i) supp a C B;

(i) flallz2ge g0y < 1BV

(iii) [ a(z) dz = 0;

(iv) diva=0in R3.

The properties of tent spaces can be used to clarify various points in the theory
of Hardy spaces, for example, atomic decompositions. Combining this with an idea
of Auscher we prove a divergence-free atomic decomposition of the divergence-free
Hardy space.

For simplicity, we prove the result by using the language of forms. Let us
interpret vector fields as two-forms. Then H!(R3 R3) and H}, (R? R3) become
H(R3,A%) and HL(R3, A?) respectively. Similarly we can define tent spaces and
their atoms for forms. See Appendix B for definitions of exterior operator d and its
formal adjoint ¢ and information on forms.

Theorem 2.3. A function f on R3 is in H(R3, A?) if and only if it has a decom-

position
(o)
=" Meax,
k=0

where the ai’s are HY(R3, A?)-atoms and Y7~ | x| < oo. Furthermore,

o0
| £l R3,n2) ~ inf <Z |/\k|> ;
k=0

where the infimum is taken over all such decompositions. The constants of the
proportionality are absolute constants.
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HARDY SPACE OF EXACT FORMS ON RM 1473

Proof. The easy part is the “if” part, that is, assuming f has such a decomposition
in D' (R3, A?) (the space of distributions). For then, if the sum is finite,

(2:3) £ s 2y < D Ielllanllz s,y < €Y I,
k k

where we used the fact that [a|y (g2, A2y < C when a is an H*(R?, A?)-atom.
We now prove the “only if” part. Suppose [ = Zl<i<j<3 fij e'Aed € HL(R3, A?).
Choose a function ¢ € C§°(R?) with support in the unit ball, which satisfies

(2.4) | tePorer a=1, e
0
Define
F(z,t) = té(f * got(x)), reR3 t>0.
Then F(z,t) can be written as

F(z,t) = Z Z fU *0) () py (e’ nel)

1<i<j<3 =1

Z wa (D1p) () (81i€” — dyzet).

1<i<j<3 I=1
Since f;; * (9p)r € NY(RL) by (2.1), then F € N1 (RY, Al) with

(2.5)

IF At e a1y < Cllfll# @3, n2)-

By the atomic decomposition theorem for tent spaces, F' has a decomposition

(26) F = Z )\k()ék
k=0
with
(oo}
> Il < ClIF s ra a1y
k=0
where the ay’s are A1 (Ri, Al)-atoms, i.e. there exist balls By such that supp oy,
C T(By) and
dydt 1
(27) [ Jatwor B < o
T(Bg) | k|
Define

WFZ—/OOOtd(F(-,t)*<pt> %

Then (2.6) gives 7F = Zk o AkGk, Where ap = may. Let oy = Zle al e
—ma,(a}), where the a}’s are N''(R% )-atoms, then
3 .
ak = a;g’l Mz(ei)-
il=1

il
, ay =

It is easy to check that the function aj satisfies the following conditions: 1)
supp ar C 2By, since Jjp is supported in the unit ball and supp «p C T(By),
where 2B, denotes a ball with the same center and twice the radius of By; 2)
[ ay dz =0, since O € S(R?) and [ O dz = 0; 3) daj, = 0 in R®. We now prove
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1474 ZENGJIAN LOU AND ALAN MCINTOSH

that ay, also satisfies the size condition: 4) f2Bk lax|? do < C|2Bg|™!, where C is
independent of aj and By. Since of, are N''(R%)-atoms, then of € N?(R%). The
boundedness of 1y, in (2.2) and (2.7) imply that a;’l € L*(R3) and

g .
lay 12228,y < Cllekl s

X T — dydt
ZC// o, (y, )X (—t y) —‘34 dz
RS JRY

) dydt
<cC g (y, )2 L=

T(By) t
< C12Bi| ™,

where y denotes the characteristic function in the unit ball. We proved that a are
HL(R3, A%)-atoms. Moreover we next show that

F=Y " Max
k=0

is an atomic decomposition of f, where the A;’s are the same as those in (2.6). To
see this we only need to prove that

f=nF.

Applying the Fourier transform to Af = (dd 4 dd) f and the following two facts

df (&) =i A f(€), 8f(€) = —iEV [(€), €eR?,

we obtain
AJ() = i€ NF(E)
= —ig A (ig v (€))
=En(EV F(©),
where we used the fact that df = 0. In addition A\f(f) = —|£|2f(§), SO
(2.8) En(EV 1) = —lelf(©).

The assumption (2.4) on ¢ and (2.8) give
TF© = - [ it (6T re0©p(ee)) d
= [ e (i v frorpwe) )
_ 2
- /0 126 A (5 v f(e
= [ tepecorfie) - f@).

The desired result follows. The proof of Theorem 2.3 is completed (]
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3. THE DUAL SPACE

‘We now characterize the dual space of 'H(li(]R3, A?). Recall that under the duality

(1) = [ ra)gta) do

when suitably defined, the dual of H!(R3) is the real-valued BMO(RR?) space of
functions f of bounded mean oscillation, i.e.,

1/2
. 1
| flBarors) = Sgpggﬂg (E /B |f —c|? da:) < 00,

the supremum being taken over all balls B in R3, as in [St2]. So we have (H*(R?, A2))’
= BMO(R3?, A') under the pairing

(f,9) = / Ay,
R3
when suitably defined.

Definition 3.1. Let BMO4(R3,Al) be the space of measurable functions G for
which

1/2
. 1
|Gl Bro, w3, A1) = supinf (—/ |G —gB|2 dx) < 00,
B |B| /B

9B
where the supremum is taken over all balls B in R?, the infimum is taken over all
functions gp € L?(B,A') with dgp = 0 in B.

Let Xg = {G € BMO4(R*,A\') : |G| grmoy(re,n1) = 0}. Consider the Banach
space BMO4(R3, Al)/ Xy with the norm
|G + XollBrroa®s,aty/x0 = |Gl BrO, @S A1)

We show that it is the dual of H}i(R?’, A?). To prove this we first prove a lemma.
Let D(R3, A?) denote the vector space finitely generated by HJ(R3, A?)-atoms. By
Theorem 2.3, one has that D(R3, A?) is dense in H}(R3, A?).

Lemma 3.2. For g € BMO(R3 AY),
/ gAh=0 forall he DR3A?)
R3
if and only if
dg=0 in R>

Proof. Note that dy is an H}(R?, A?)-atom if ¢ € C5°(R?, A'). Then [p5 gAdp =0
if [29 Ah=0forall h € D(R3 A?). Hence dg = 0 in R3.
Suppose h € D(R3, A?) and
h= Aeax,
%

where the ay’s are H}(R3, A?)-atoms, i.e., ar € L*(R? A?) supported in balls By,
and dar = 0 in Bi. By Proposition A.1 in Appendix A, there exist functions
YK € Wol’Q(Bk,/\l) such that ap = dyy, where Wol’Q(Bk,/\l) denotes the Sobolev
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1476 ZENGJIAN LOU AND ALAN MCINTOSH

space W12(By, Al) with zero boundary values. From Green’s formula, for g €
BMO(R3?, AY) with dg = 0 in R3, we have

gAh= )\k/ g ag
/]R{3 zk: By

for all h € D(R?, A?). O

Now we are ready to prove our main result of this section.

Theorem 3.3. If G+Xo € BMO4(R?, AY)/ Xy, then the linear functional L defined
by
(3.1) L(h) = G Ah,

R3
initially defined on D(R®, A?), has a unique bounded extension to H}3(R3, A?). Con-
versely, if L is in (H}(R3, /\2))/, then there exists a unique G+Xo € BMO4(R3,A)/
Xo such that (3.1) holds. The map G + Xo — L given by (3.1) is a Banach iso-
morphism between BMOg(R3, AY)/ Xy and (HL(R3,A2))".

Proof. Let G € BMO4(R3, AY). Define
L(h)y= [ GAh, heD(R?A?).
]RS
If |Gl Brrogr3,a1) = 0, then for any ball B,
3.2 inf G —g|* dz = 0.
2 el o 16

Since {g € L?(B,A') : dg = 0 in B} is a closed subspace of L?(B,A!) (see, for
example, [ISS, Corollary 5.2]), (3.2) implies that G € L*(B,A!) with dG =0 in B
for all B ¢ R3. Hence dG = 0 in R?. By Lemma 3.2 we have

L(h) = g GAh=0 forall he D(R3A?).
Therefore we can define p; : BMOy(R?, AY)/ Xy — (D(R3,A2)) by
p1(G + Xo)(h) = g G Ah, he DR A?).
The proof that, for every G € BMOg(R?, Al), the linear functional (3.1) is defined
and bounded on HY(R?, A?) depends on the inequality
(33) | [, 6 A < ClGlmarouo. llges po

for G € BMO4(R3,A') and h in the dense subspace D(R3,A?) C HL(R3, A?).
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Similar to the proof of Lemma 3.2, write h € D(R3, A?) as a finite sum of atoms
ay supported in balls By. For all g, € L?(By, A!) with dgx = 0 in By, we have

‘/ GAh‘SZM’/ (G = gu) N
R3 k By
1/2
<D </ |G — gf? dfﬂ) larllz2(By,n2)
& By
1 1/2
<) A —/ G- de) :
zk:l k|<|Bk| Bkl !

where we used the size condition of ay. This gives

1 1/2
Ganl<S elinf (e [ 16— gil? d
‘/R ‘—;' olin <|Bk|/3k| o x)

< Cllhllry s, a) |Gl BMOg RS A)-

Then (3.3) is proved. Therefore each G € BMO4(R3, A1) gives a bounded linear
functional on the dense subspace D(R3, A?), and thus on HY(R3, A?).
Let

Yy :={g € BMO(R? A') : dg = 0 in R3}.

Note that HL(R3,A?) is a closed subspace of H!(R3,A?). Applying the Hahn-
Banach Theorem and Lemma 3.2, one finds that Yy is a closed subspace of
BMO(R3, Al) and the map

P2 : L — G+ YO
is a Banach isomorphism between (H}(R3,A2))" and Y := BMO(R3?,A')/ Yy, and
[Lllop ~ IG + Yolly,

where L € (HL(R3,A2))" is defined as in (3.1), ||L||sp is the operator norm of L.
Define

ps: G+Yy — G+ Xo

from Y to BMO4(R3, A')/X,. We next show that p3 is well defined and bounded.
For G € BMO(R?,A'), g € Yy and a ball B C R?, we have

1 1/2 1 1/2
inf [ — G — 24 < inf [ — G-—g—cl?d
152<|B|/B' 95| ””) —cle“~<|B|/B' 9= ) ’

where the infimum in the left-hand side is taken over all gg € L?(B,A!) with
dgp = 0 in B and that in the right-hand side is taken over all constant forms
c € A'. Hence

|Gl BrMOLR3 A1) < gienxﬁ |G = gllBmoms,a1y = |G+ Yolly.
0
It is straightforward to check that

psopropr =1, piropgopy=1I,

where I denotes the identity map. Hence the theorem is proved. (I
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4. PROOF OF THE MAIN THEOREM

Using the duality result in the previous section we next prove our main theorem
of this paper: the following “div-curl” type theorem on R3. The N-dimensional
case is studied in Section 6.

Theorem 4.1. Let b€ L? (R3,A'). Then

(4.1) sup bAduNdv~ bl Brro,®s A,
u,veW JR3

where W = {w € WY2(R®) : ||dw| p2ge A1y < 1}, dw is the gradient of w. The
implicit constants in (4.1) are absolute constants.

Proof. Suppose b € BMO4(R3, Al). From Theorem IL.1 in [CLMS] (see also Lemma
6.9 in Section 6), du A dv € HL(R3, A?) for u, v € WH2(R3) and there exists an
absolute constant C' such that

(4.2) |du A deH}i(R3,/\2) < C||duHL2(R3,/\1)HdeLz(R3,/\1)~

From (3.3), (4.2) and the assumption on u and v, we have

| / b A du A dv| < Bl a0, e a0y s A oy e
R

< C||bll Brmog w3 ary-

On the other hand, we need to prove that there exists an absolute constant C'
such that for all balls B C R3,

1 1/2
(4.3) inf (E/ Ib— g/ da:) < C sup bAduAdv|,
B

9B u,veW ‘ R3

where the infimum is taken over all g € L?(B,A!) with dgp = 0 in B. Since
the left-hand side of (4.3) is invariant by scaling, to prove (4.3) we need only to
show that for the unit ball By, there exist ug € Wol’Q(BO), vy € Wol’Q(ZBO) with
Hdu0”L2(]R3,/\1); ||d'U0||L2(]R3’/\1) < 1 such that

go

1/2
(4.4) inf (/ |b— g0|2 dx) < C" b A dug A dug|,
Bo BO
where the infimum is taken over all go € L?(Byg, A!) with dgo = 0 in By.
We now prove (4.4). Let
H={he L*(By,\'"): 6h=0 in By, nV h|op, = 0}.
Since H is a closed subspace of L?(Byg, A!), we have the decomposition
(4.5) L*(Bo,A\Y) = Ho H,
where H+ denotes the orthogonal complement of H in L?(By, A!) and
H* = {dg:qe W"%(By)}
(refer to [GR] Theorem 2.7]). Let b € L?(By, A!), (4.5) gives that b = h+dq, where
he€ H,qe W'2(By). Then we have

/ b/\duO/\d’l)():/ h A dug N dug
By By
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and

90

1/2
inf (/ |b— 90|2 dx) < Al L2(Bo,A1)-
By

Therefore to prove (4.4) it is sufficient to prove that there exists an absolute constant
C such that

(4.6) 2501 < C| | dug A duo
0

for all h € H.
Applying the remark after Proposition A.1 in Appendix A, for h € H, there
exists o € Wy?(Bo, A') and an absolute constant Cy such that

xh = dyp
and

(4.7) Dol L2(Bo,n1) < CollhllL2(Bo A1),

where * is the Hodge star operator, D¢ = (01¢,--- ,0n), Oip = >, Ojprdxy for
¢ = > ;prdr;. Thus we have

sy = [ hAde
Bo
= / h A d(galdim + padxs + (pgdl’g)
Bo

< 3 max ‘/ h Adp; \dz;
1<i<3 | Jp,

(4.8) = 3‘ / h A dpiy A dig
Bo

for some choice of iy (1 <ig < 3). Define
Pig

Uy = 57— -
* 7 CollhllzzBon

It is obvious that ug € W, *(By) and llduo|| 2 (rs, A1y < 1 by (4.7). We now construct
vo. Let ¥y € C5°(R?) such that

1 in Bo;
o = J—
0 outside 2By.

Define
Vo = YTioWo, 1 <idg <3,

where v > 0 is a constant so that ||dvol[z2s A1) < 1. It is easy to check that
vo € C§°(2By) and dvg = ydx;, in By. So (4.8) and the construction of ug and v

give
12l L2 (Bo,aty < 3007_1’ h A _ e A ydx;,
Bo  CollhllLzse,nn
- 3007—1‘ / h A dug A dv)|.
Bo
This proves (4.6). The proof of Theorem 4.1 is completed. O
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1480 ZENGJIAN LOU AND ALAN MCINTOSH

We are especially interested in the three-dimensional case, because, as shown in
the following section, Theorem 4.1 can be used to give coercivity properties and
Garding’s inequality of some polyconvex quadratic forms.

5. APPLICATIONS

In the study of homogenization of linearized elasticity, Geymonat, Miiller and
Triantafyllidis considered the following system in [GMT]

(5.1) divaAfy’f (£)0su; = f in Q,
uloq =0,

where A7 % 5() is a periodic measurable function, 1 <4, j, a, 8 < N. A quantity
Ais mtroduced which gives a criterion of whether an elliptic system satisfying the
Legendre-Hadamard condition can be homogenized, namely

NAW )OawiOgu,dz
A:n{fR o ~uecg°(RN,A1)}.

S~ | Dul?dzx
It was proved in [GMT] that if A > 0, some homogenization results can be obtained
for the system (5.1). If A < 0, the system cannot be homogenized. Zhang asked
the following question: what conditions on the coefficient Al of the system imply
that A > 07 For N = 2, this question was answered by Zhang in [Z1].
Motivated by [Z1] and using the idea there we answer the question for N = 3.
Suppose that Agfﬁ(x)ﬁauiaguj can be written in the form

(5.2) AL 5(2)DauiOpu; = BLy(2)0awi0pu; + bij(x)(adj Du); j,

where A? ’] , BY 7y € L®(R?), Bm Dau;0gu; > C|Dul?, adj Du denotes the adjoint
matrix of Du for u € WH2(R3, 1) (the summation convention is understood). We
are interested in forms of this type in three dimensions, because they arrive natu-
rally from the linearization of polyconvex variational integrals studied in nonlinear
elasticity by Ball in [B].

When ¢ = 1, the last term in (5.2) becomes

3
Z bij(w)(adj Du)1,;

= by1(z)(adj Du)1 1 + bi2(z)(adj Du)y 2 + bis(zr)(adj Du)1 3

bll b12 b13
= det O1us  Osus  Os3us

81U3 82u3 agu;),
= b1 A d’U,Q A d’u,g.

For ¢ = 2, 3, we have similarly
3
Z baj(x)(adj Du)s j = ba A dus A dus

and

> bsj(x)(adj Du)s; = bs A duy A dus,
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where b; = (b;1, bi2, bi3). Let a(u) denote the following polyconvex quadratic form
(5.3) a(u) = |Dul* + by A duy A dus + by A duy A dus + bz A duy A dus,

where b1, by and b3 are one-forms. So the question when A > 0 becomes: find
necessary conditions of b; such that [pqa(u) dz > 0 for all u € WH2(R3,A!). In
fact the conditions are that ||b;]|grro,®s,A1) cannot be too large. We prove this
by using Theorem 4.1. Another application of Theorem 4.1 is to prove the weak
coercivity property—Garding’s inequality.

5.1. Coercivity. For coercivity we give an “almost” necessary and sufficient con-
dition on b; such that [ps a(u) dz > 0 for all u € WH2(R3, Al).

Proposition 5.1. Let a(u) be the expression shown in (5.3).
(1) There exists an absolute constant Cy such that maxi<i<3 ||bil| Bapro,ms a1y <
C1 implies that

1
/ a(u) dx > 5||Du||2L2(R3’A1)
R3

for all uewh 2(R3 Ab).
) If [gsa(u) dz > 0 for all w € WH2(R3, A1), then there exists an absolute
constcmt Csy such that

(54) 1I23<}(3 ||b ||BMO¢(]R3 Al) < CQ

Proof. (1) Let b; € BMO4(R3,A') and u € W12(R3, AY). From (3.3) and (4.2),

we have

/}Rsa(u) dx

> [ Dull3 sy = (I0111Baro s anlldus A duslagyes
+ 102l Brro, s vy lldur A dusl|ygygs a2
+ 1ballason s an lduus A duzllygy o ) )
> ||DUHL2(R3 Ay —C max, b3l BArO, (RS, Al)(||du2||L2(]R3 Ayl dus|| L2 rs a1
+ ||du1||L2(R3,/\1)||du3||L2(1R3,/\1)
+ ||du1||L2(R3,/\1)||du2||L2(R3,A1))

(1 - Clrgax 163l BArO, (RS2, /\1)) ||DU||%2(R3,/\1)'

So

1
ax, bl Brrog (R3,A1) < C1 = 2c

implies that

1
/ a(u) dz > §||Du||%2(R3,A1)
]R3

for all u € WH2(R3, AL).
(2) From Theorem 4.1, there exist absolute constants C' and C’ such that

C||b||BMOd(R3,/\1) < sup bAduNdv < C/||b||BMOd(R3,/\1)-
u,veEW JR3
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For any ¢ > 0, there exist u®, v € W12(R3) with ldus|| L2 (®s A1), [|dV]|L2(Rs A1)
< 1 such that
(55) C||b||BMOd(R3,/\1) —e< / b A du® A dv®.
R3
For b; and € =1, (5.5) gives

(5.6) / bi Ad(—u') Adv' < — C|bil| paroggs ) + 1.
R3

Let w! = (0, —u!,v'). Since [p; a(u) dz > 0 for all u € WH2(R? A'), in particular
Jgs a(w') dz > 0. Combining this with (5.6) we get

OS/ | Dw*|? dx—l—/ bi Ad(—ut) A dvt
RS RS

< ||Dw1||2L2(JR3,A1) — Cl|billBaro,®s,ay +1
<3 = ClbillBrog s a)-
Hence

nax, 1bill s ra.nny < C2 = 5.

Proposition 5.1 is proved. (]

5.2. Garding’s inequality. Usually Garding’s inequality is a consequence of
ellipticity (see, for example, [Gil Chapter 1]). In [Z2] and [Z3], counterexamples
were given showing that Garding’s inequality may not hold in general for systems
with L coefficients which satisfy the Legendre-Hadamard ellipticity condition.
In this section, we establish a necessary condition for Garding’s inequality. The
condition is that a certain type of BMO seminorm of b; (defined in (5.8)) cannot
be too large.
The following lemma can be implied from Theorem 4.1.

Lemma 5.2. Let Q C R® be an open domain and b € L3 (Q,AY). Then there
exists an absolute constant C3 such that

1 1/2
(5.7) sup inf (—/ Ib— g|? dx) < (C5 sup b A duA dv,
B 9 \|B|l /s uveEW JQ

where the supremum in the left-hand side is taken over all balls B with 2B C €,
the infimum is taken over all g € L*(B,A') with dg = 0 in B, and W = {w €
Wy 2(Q) : ||dwl|p2.a1) < 1}

Remark. The two sides of (5.7) are actually equivalent when (2 is a special Lipschitz
domain or a bounded strongly Lipschitz domain. See Theorem 6.1 of [LM2].

Let us denote the left-hand side of (5.7) by [|b]| pasoz (@,a1)-

Lemma 5.3. Let Q C R? be an open domain, let a(u) be the expression shown in
(5.3) and [, a(u) dz > 0 for all u € Wy 2(2, AY). Then there exists an absolute
constant Cy such that

Jnax, 163l Baro (,n1y < Ca.

Proof. Using Lemma 5.2, similar to the proof of Proposition 5.1 (2), we can prove
the proposition. The details are omitted. ([
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For b€ L2 (R3,AY), define

loc

1/2
(5.8) |Ib]]« = hr% suplnf <|B| / b—g|? daﬁ) ;

where the supremum is taken over all balls B C R? with radius less than [ > 0, the
infimum is taken over all g € L?(B, A!) with dg = 0 in B.

Proposition 5.4. Assuming Garding’s inequality holds for fRS ) dz, that is,
there exist constants Ag > 0, A1 > 0 such that
(5.9) / a(u) dx > )\0/ |Dul? dx — )\1/ lu|? da

R3 R3 R3

for all u € WH2(R3,AY). Then

mas [l < Cu,
1<4<3

where Cy4 1s the same constant in Lemma 5.3.

Proof. From (5.8), there exists a sequence of balls B,, = B(xy,rr) C R® with
rr — 0 such that

. 1/2
(5.10) inf —/ bi—gPdz|  — [bill..
9 |B7’k| B%
Suppose that v := v1dr1 + vadas + v3drz € WH2(R3, A1) is supported in 2B,,. By
(5.9),

/23 |Do(2)|? do +/ (b1(2) A dva () A dvs ()

- 2B,,

+ by (2) A doy (2) A dus () + bs () A doy (2) A dvg(a:))

(5.11) >N /B Do(@)[? dz — A\ /B lo(@)|? da.

- 2B,,

Set @ = x), + 2rky and let v*(y) = v(zg + 2rky), b¥(y) = bi(z) + 2rky) in (5.11) we
have

/ |Dv*(y)? dy + / (b’f (y) A dv(y) A dvk(y)
B(0,1) B(0,1)
+ b5 (y) A dvf (y) A dol () + V5 (9) A dof () A do ()
(5.12) > Ao / Do ()] dy — Ay / (220" ()2 dy
B(0,1) B(

,1

for all v* € Wol’2 (B(O7 1),Al). For 7, sufficiently small, by Poincaré’s inequality
the right-hand side of (5.12) is nonnegative, i.e.,

/ a(v®) dy >0
B(0,1)
for all v* € Wol’2 (B(O, 1), /\1). This yields

1/2
: k 2 <

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1484 ZENGJIAN LOU AND ALAN MCINTOSH

by Lemma 5.3, where the infimum is taken over all g € L?(B(0,1/2),A') with
dg =01in B(0,1/2). Let y = £-=2&, (5.13) gives

27’k

1/2
1
(5.14) max inf / bi(2) — G de | <Cu,
|B7’k| B,,.,c

1<i<3 g

where g(z) € L?(B,,, ') with dg = 0. Combining (5.12) with (5.14) we have

max |[|b;l. < Cy.
1<4i<3

The proof of Proposition 5.4 is finished. (I
Remark. Following Remark 2 of [Z1], we know that when b; in (5.3) are in L>°(R?)
and ||b;]|« is sufficiently small, then the Garding’s inequality in (5.9) holds with

constants Ag, A1 depending on b;. This can be proved by following the approach in
[Gil, pages 9-11].

6. HARDY SPACES OF EXACT FORMS ON RN

In this section we introduce Hardy spaces of exact forms on RM and study
their atomic decompositions and dual spaces. Using duality results we prove that
Theorem 4.1 holds on RY when b, u, v are respectively k, m, I-forms with k +
m+1+2=N.

6.1. Definitions.
Definition 6.1. For 0 <[ < N, the Hardy space of l-forms is defined as
HY RN A = {f : RN — Al each component of fisin H'(RY)}

with the norm

£l @a any = Y I frlle @)
I

for f =5, frdxr.
Definition 6.2. Let 1 <[ < N. The Hardy space of exact l-forms is defined as
HYRNY AN = {f e H}RN A f =dg for some g € D'(RY AT}
with the norm
[l @y ary = 1l e nty-

Remark. When [ = N, H}(RY, Al) is isomorphic to the usual Hardy space H!(RY).
When Il = N — 1, H}i(RN ,Al) is isomorphic to the divergence-free Hardy space
HL, RY RN) :={f e H{RN,RY) :div f =0 in RV},
Definition 6.3. We say that a is an H} (RN, A)-atom if

(i) there exists b € L2(RY, A!=1) supported in a ball (or a cube) B in RY such
that a = db;

(i) @ and b satisfy size conditions: |a|lz2(p A1) < |B|~1/2, 16l 2B, A1-1) <
r(B)|B|~'/2, where 7(B) denotes the radius of B.
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6.2. Atomic decompositions and dual spaces. The main result of this section
is the following atomic decomposition theorem for H1(RY, Al). We also characterize
its dual by using the decomposition.

Theorem 6.4. Let 1 <1 < N. Anl—form f on RY is in HL(RN,AY) if and only
if it has a decomposition

(61) f = Z)\kak,
k=0

where the ai’s are HL(RN, AY)-atoms and > 5o, |A\e| < 0o. Furthermore,
Hf”?—{}i(]RN,/\") ~ inf <Z |>\k|> )

k=0

where the infimum is taken over all such decompositions. The constants of the
proportionality depend only on the dimension N.

Proof. We first prove the “if” part. Suppose that f can be written as (6.1) with
oo

(6.2) D k] < oo,
k=0

where the ay’s are H} (RN, A)-atoms, i.e., there exist b, € L%(R™, Al=1) supported
in balls By such that ax = dby and ||by|| L2rv a1-1) < 7(By)|Br|~/%. We need to

show that
g .= Z Akbk
k=0

exists in D'(RY, Al71), for then f = dg € HL(RN, AD).
To prove g € D'(RN, AI71), it is sufficient to show that the sum Y ;- Agby is
convergent in the sense of distributions. From (6.2),

n
Z|)\k|—>0 as m, n — oo.
k=m

Combining this with the size condition of b, for any ¢ € C§°(RYN, AN=1H1) with
compact support 2,

‘/RN (;M%) /\30‘ S;MH‘/BWQ%/\@‘

n
<cC Z |/\k|||bk||L2(BmQ,Al—1)|Bk N Q|1/2

k=m

<C Y MIr(BR)IBe| V2B n Q|2

k=m

n
§CZ|)\k|—>O as m, n— oo,

k=m

where the constant C' depends only on ¢. The convergence of >, Axby, is proved.
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The proof of the “only if” part is similar to that of Theorem 2.3 in Section 2,
so we only give an outline of it. From the proof of Theorem 2.3, we know that any
[ € HLRN, Al) can be written as

(63 f== [T (e e e e 7.

where ¢ € C§°(RY) with support in the unit ball and fooo tI€2p(t€)? dt = 1. For
y € RN, t >0, define

F(y,t) =t6(f * ) (y)-
Let f = EI frer € Al, then

Zt3 (fr * o)y (er) fo* 0:0)t(y) i (er).

Applying (2.1), we get F € Nl(Rf"’l,/\l*l) and
HF”NI(]Rf‘H,/\l*l) < Ol fllpr @y, a)-

From atomic decompositions for tent spaces,

(6.4) F= Z Ak
k=0
with
Z [Ar] < C”F”Nl(]Rf'*'l,/\l*l)’
k=0

where the ay’s are N1(RY T Al=1)-atoms. Define

e dt
a = — td| ok (-, t) * pr ) —.
/0 ( t) t
From (6.3) and (6.4), we have

=" Meax,
k=0

where aj, is supported in a ball 2B}, and satisfies the size condition: |lax||z2(2p, A1) <

C|2By|~'/? for a constant C' independent of k. Applying Lemma 6.7 (1) in Section
6 to ag, there exists b, € L2(RN, Al=1) supported in 2By, such that a; = dby and

bkl 2228, A1-1) < C 7(2Bg)|2By| /2,

where C' is independent of k. We have proved that ay, is an Hé(RN , AD)-atom. The
proof of Theorem 6.4 is finished. O

Now we consider dual spaces of HL(RN, Al). Let BMOg(RY,AF) (0 < k < N)
be the space of all locally integrable functions G : RN — A* with

1/2
|G Brros N Ay = Supmf <|B| / |G — g5 ? da:) < o0,

where the supremum is taken over all balls B in RY and the infimum is taken over
all gp € L?(B,AF) with dgp = 0 in B. Consider BMO4(RY,AF)/ X, with the
norm

|G + Xoll BMouN AFY xo = |Gl BAMOL RN AR,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



HARDY SPACE OF EXACT FORMS ON RM 1487

where Xg = {G € BMO4(RN, AF) : |Gl Brmog @y Aky = 0} We see that when
k=0, BMO4RY A% /X, reduces to the usual BMO-space on RY.

The following theorem is an analogue of Theorem 3.3, which reveals that the
dual of HL(RN, A!) is the space BMOq(RN, AN=1) /X, Tt is a generalization of the
well-known duality result (H'(RY))" = BMO(RY). Its proof is similar to that of
Theorem 3.3, so we skip the details. Let D(RY, A!) denote the vector space finitely
generated by H} (RN, Al)-atoms. Theorem 6.4 implies that D(RYN, Al) is dense in
HLRN, AL,

Theorem 6.5. Let 1 <1< N. If G+ Xo € BMO4(RYN,AN=Y)/X,, then the linear
functional L defined by

(6.5) L(h) = G A h,

RN
initially defined in D(RN | A!), has a unique bounded extension to H3 (RN, Al). Con-
versely, if L€ (HL(RY, /\l))/, then there exists a unique G+ Xo€ BMOg(RN , AN~
/Xo such that (6.5) holds. The map G + Xo — L given by (6.5) is a Banach iso-
morphism between BMO4(RN, AN~V /Xy and (HL(RN, AD)'.
6.3. The “div-curl” type theorem on R". We now prove the “div-curl” type
theorem on RY, which is a generalization of Theorem 4.1 to N-dimensions and to
forms of all degrees.

Theorem 6.6. Letbec L2 (RY A, I, m, n>0andl+m+n+2=N. Then

loc

(6.6) sup/]RN bAduAdv~ bl grro,my ALy,

u,v

where the supremum is taken over all u and v with

(67) { u e VVLQ(RN,/\T”)7 Hdu||L2(RN,/\m,+1) S 1;

RS VVLQ(RN,/\”)7 ||d'U||L2(]RN7/\7L+1) <1.
The implicit constants in (6.6) depend only on N.

To prove Theorem 6.6 we need the following lemmas.

Lemma 6.7. Let B be a ball in RV
(1) If u satisfies either of the following conditions:
) ue L*B,A), du=0 in B and n Aulpp =0, where 0 <1 < N;
2) u € L*(B,A') with [u =0, where | = N,
then there exists v € Wol’Q(B, A1) and a constant C independent of u and B such

that
u = dp,
(6.8) | DllL2(B,a-1) < Cllullp2(s,
and
(69) H()OHLQ(BJ\I,—l) S C T(B)HU'HLQ(B,/\Z)-
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(2) If u satisfies either of the following conditions:

) ue L3B,A), su=0in B and nVulsgp =0, where 0 <1 < N;

2) u € L*(B,AY) with [u =0, wherel =0,
then there exists v € Wol’Q(B, AFY) and a constant C independent of u and B such
that

u = §Y
and
1DV 2B, a1y < CllullL2p a1y

Proof. (1) When u satisfies the conditions of 2), Lemma 6.7 (1) is a special case of

Necas’ result in [N, Lemma 7.1, Chapter 3]. So we only prove 1). From Theorem
3.3.3 in Chapter 3 of [Sd], there exists ¢ € WH2(B, Al=1) such that
u=dp,  ¢lop =0

and

lellwza,ai-1y < Cllullp2s,aty
for some constants C' independent of u. So the only thing we need to check is that
the constants in (6.8) and (6.9) are independent of balls B. We only prove this for
(6.9). Let B = B(xo,r), xo be the center of B, r = r(B). It is easy to check that
u(xo + ry), y is in the unit ball By, satisfies the conditions of 1) for By. So there
exists M € W01’2(Bo,/\l*1) and a constant C' independent of u and r such
that
_ gPl@o +ry)

u(xo + 1Y) ,

and .
;HSO(»”UO + 1Y)l L2 (Bont-1) < C llu(zo + 1Y) L2(By,A1)-

This is equivalent to (6.9) by a simple computation.
(2) can be derived from Corollary 3.3.4 of [Sc, Chapter 3], Necas’ lemma and a
similar discussion to (1). O

Remark. Lemma 6.7 holds when B is replaced by any smooth and contractible
domain in RY, although with constants C' which depend on the domain.

Lemma 6.8. For a ball BC RN and 0 <1< N, let H = {u € L*(B,A') : du =
0in B, nAulpp =0} and H = {u € L}(B,A)): Su=0in B, nVulsp = 0}.
Then

L*(B,AY) = Ho {dw: we WH3(B, A1)}
=H® {dw:weW"(B,A"1)}
(refer to |GRI, Theorem 2.7]).

The following result is a generalized version of the “div-curl” lemma by Coif-
man, Lions, Meyer and Semmes in [CLMS| Theorem II.1] (see also [G1] for related
results). When m + 1 = N, it can be found in [HLMZ| Proposition 4.1].

Lemma 6.9. If 1 < p < oo, %—I—% =1,0<m+1l<N,ue LP(RVN A™),
v € LIYRN A, du =0, dv =0 in RYN. Then uAv € HY RN, A™FY) and there
exists a constant C' independent of u and v such that

[u A vllpa @y amtty < Cllullpo@y am) |0l La@a Aty
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Proof. Suppose m +1 = N. When [ = 1, Lemma 6.9 becomes Theorem II.1 of
[CLMS]. The proof of the case [ # 1 is completely similar to the case of I = 1.
If m+1 < N, we know that uAv € H*(RN, A™*) if and only if uAvAdz;,, A
s ANdzi € HY RN AN, Set
V=vAdw, ., N Ndogy.

Then v € LI(RY, Al) and dv = 0 imply that V € LY(RY AN=™) and dV = 0. For
u and V, applying the result when m +1 = N, we have u A V € HY(RY, AN) and

[|w A VHHI(]RN’/\N) < CHUHLP(]RN’ANL) V”Lq(]RN’/\Nf'm)
= Cllullpr@y am)llvll La@a ar)-
This proves the result. O

We are now ready to prove Theorem 6.6. There are some similarities between
its proof and that of Theorem 4.1.

Proof of Theorem 6.6. Suppose that u and v satisfy (6.7). Lemma 6.9 yields that
du A dv € HL(RN, Am+n+2) and

|du A d’U”Hb(RN’/\N—l) = ||du A d’U”Hl(RN’/\m#»'rH»Z)

< C”du”LZ(RN’/\"L#»l) |drU||L2(]RN7/\7L+1) < C.

Let b€ BMOg(RY, Al) and h € HL(RYN, AN~1). By using a similar argument as in
Theorem 3.3, we have

‘ /]RN bA h‘ < Clbl Brmoy®y a1l 2@y av-1).-
Therefore,
| /RN b A du A do| < Bl a0, e aolld A dollg o av-

< ClIbll oy ALy

We now prove the reversed inequality in (6.6). By scaling we need only to show
that for the unit ball By, there exist ug and vg with

G 10) ug € WOL2(B(), A™), ||du0||L2(]RN,/\m+1) <1,
Vg € WOI’Q(ZB(), A"), ||dv0||L2(]RN7/\n+1) <1
such that
1/2
(6.11) inf (/ |b—g0|2 dx) SC" b A dug A dug|,
go Bo Bo

where the infimum is taken over all gg € L?(By, A!) with dgo = 0 in By and C is a
constant independent of b, ug and vyg.

Let b € L?(By, Al), Lemma 6.8 gives b = h + dq for h € H = {h € L*(By, A!) :
§h =0, nVh|sp, =0} and ¢ € WH2(By, Al=1). We have

b A dug N\ dvg = h A dug N dug
Bo BO

1/2
inf (/ |b— 90|2 dx) < HhHLZ(Bo,/\l)-
By

and

90
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Thus to prove (6.11) it is sufficient to show that there exist ug and vy satisfying
(6.10) such that

(6.12) HhHLz(BO,/\l) < C} h A dug A dvg
By

for all h € H, where C does not depend on h, ug and vy.
Applying Lemma 6.7 (2) to h € H, there exists ¢ € WOI’Q(BO,/\[H) and a
constant Cy independent of h such that

h=dp
and

(6.13) Dol 2By a1y < Collhll 2By, At)-
Let ¢ = >, ¢rday, where I = (i1, ,d41), 1 <i1 <--- <441 < N. Then

xh = x0p = td* p = ingpI A (xdzxy).
1

Denote *dx; by dzj, where J = {j1, -, Jmgnt1}, 1 < j1 <+ < Jmignt1 < N.
Thus

||h||%2(30’/\1,) SZ}/ h/\d(p[/\dxj‘
I Bo

SCmaX’ h/\dgo[/\dxj‘
Bog
(6.14) = c} h A dpr, Ada g,
Bo
for some choice of Iy, where dz j, =*dzy, and C'= (lfl). Let Jo={Jos, " s Jomsns1}-

Define
gajodxjol N Ndag,
ug =

Collhl L2(Bo,nt)
It is easy to check that ug € Wy '?(By, A™) and llduo|| L2y am+1y < 1 by (6.13).

Now we construct vg. Let 1o € C§°(RY), 9y equals 1 in By and 0 outside 2B,.
Setting

vy = 'y@ZJO:cjom+1 dxj07n+2 A~ ANdxy,
where v > 0 is a constant so that [|dvol| 2my ant1y < 1. So vy € C§°(2Bo, A™) and

in BQ.

m4n41’

dUO = ’}/dxjom+1 VARERWA dﬂ?joy

m+4n+1

Combining (6.14) with the construction of ug and vy, we obtain

Al L2(By,nty < C‘ i h A dug A dug|,
0

where C' = 7! (lfl) Cy. This proves (6.12). The proof of Theorem 6.6 is completed.
(I

Remark. From the proof of Theorem 6.6, we see that the equivalence in (6.7) is
also true if the supremum is taken over all u € WH2(RNV A™), v € WH2(RN  A™)
with ||DU,HL2(RN,/\HL+1), ||D'U||L2(]RN,/\H+1) <1.
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Let l=m =0, n= N — 2. Theorem 6.6 becomes

Corollary 6.10. Forbe L} (RY),

loc
HbHBMO(]RN) Nsup/ b Oé/\ﬁ,
a,B JRN

where the supremum is taken over all o € L2 (RN, AY), 8 € L2 RN, AN-Y) with
da = dﬁ =0 and ||04HLz(]R1\r7/\1)7 HB||L2(RN,/\N—1) <1.

It is easy to see that Corollary 6.10 is equivalent to the following result by
Coifman, Lions, Meyer and Semmes in [CLMS, page 262]: for b € L2 (RY),

loc
10l Baro®yy ~ Sup/ bE-F dx,
E,F JRN
the supremum being taken over all E, F € L2(RY,RY) with div E =0, curl F =0
and ||E||L2(]RN,]RN)a ||FHL2(]RN7]RN) <1.

6.4. A decomposition theorem. In [CLMS| Theorem III.2], Coifman, Lions,
Meyer and Semmes proved a decomposition of H!(R™) into “div-curl” quantities.
The next theorem generalizes their result by showing that H}(RY, A!) can be de-
composed into a sum of terms of the form du A dv.

Theorem 6.11. Let 1 <I< N and 0<m <[—2. Then any f € H}i(RN,/\l) can
be written as

00
f= Z)\k duy A dvg
k=0

with

e}

DI < Clf e
k=0

for constants C depending only on N, where ur, € WH2(RN, A™) and vy, €
Wl’Q(RN,/\l_m_Q) with ||d’u,kHL2(]RN7/\m+1), HdkaLZ(RN’/\lfwlfl) <1.

Proof. By Theorem 6.4, any f € HL(RY, Al) has a decomposition
(615) f = Zuiai,

i=0
where the a;’s are HL(RY, Al)-atoms and

Z|Mz‘| < Ol flly @y any

i=0
for constants C' depending only on N. For simplicity we drop the subscript i
of a; temporarily. Since a := a; is an HL(RN, Al)-atom, i.e., there exists b €
L?(RN, A'=1) supported in a ball B such that a = db and [|a| .2 ) < |B|7Y/2.
Applying Lemma 6.7 (1), there exists ¢ € Wol’Q(B, Al=1) and a constant Cy inde-
pendent of a and B such that
(6.16) a=dp
and

||D<pHL2(B,/\"—1) S COHGHLQ(B,/\Z).
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Let ¢ = > prdar, I = (i1, -+ ,i—1), 1 <41 < -+ < ij—1 < N. From (6.16) the
atom a can be written as

a:ngaj/\dxil A Ndxg,
J;
= d(Cy ' [BIY ) Ndai, A+ Adxi, Ad(Co| BT Py, ) A A,
J;
For any I, define

ury = Cy Bl Pordai, A+ Adu,.

Then uy) € Wy 3(B,A™) and ldu(p)llz2(B,am+1)y < 1. As in the proof of Theorem
6.6, define vy € C5°(RY). Let

vy = ¥Col Bl 2 ¢p (i, — 2 Vi, A Ada

where ¥p(z) = ¢y (‘”—”0>, 20 denotes the center of the ball B, r = r(B), v is a

T
constant independent of 2° and r such that ||dv(p)| p2(p,ai-m-1) < 1. We see that
v(ry € C§°(2B, N'=™2) and

dv(ry = vCo|B|™Y?dx;, ., A+~ Ndz;, , in B.
Thus any atom a can be written as

a = 77IZdU([) /\d’l)(]).
I

Combining this with the atomic decomposition of f in (6.15). We proved Theorem
6.11. O

Let I = N, m =0 in Theorem 6.11 we get
Corollary 6.12 ([CLMS| Theorem I11.2]). Any f € HY(RYN) can be written as

(o)
= X Bx-Fy
k=0

with

Z Al < Ol fll 22 @y

k=0
for a constant C' depending only on N, where Ey, Fj, € L*(RN ,RY) with div Ej, =
curl Fk =0 and ||Ek||L2(]RN7]RN), HFkHLQ(RNRN) < 1.

The proof of Corollary 6.12 in [CLMS] is based on two results from functional
analysis (see [CLMS| Lemmas III.1 and II1.2]). The proof we have given is more
natural in the context of the theory of Hardy spaces.

APPENDIX A. SURJECTIVITY OF THE CURL OPERATOR

In this appendix we present an unpublished result of Costabel [C], that in three
dimensions, the operator curl is surjective from WO1 ’Q(Q, R3) to a closed subspace
of L?(2) when Q is a bounded contractible strongly Lipschitz domain in R? (see
[LM2] for the definition of strongly Lipschitz domains). For ¢ € D'(Q2), we adopt
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the notation Vi) = (911, 921, d31), while for v = (v1,v2,v3) € D' (2, R?), we define
the divergence and curl operators by

3
divwv = g 0;v;
i=1

and
curl v = (82’()3 — 83’()2, 831}1 — 81’()37 811}2 — 821}1).

For a bounded Lipschitz domain Q C R, the divergence operator is a continuous
map from Wy %(Q,RN) onto L3(€2), where Wy *(Q, RN) denotes the Sobolev space
Wh2(Q,RY) with zero boundary values, and L3(Q) = {f € L*(Q) : [, f dz = 0}.
This is a result by Necas in [N, Lemma 7.1, Chapter 3]. We now consider the
operator curl : WS’Q(Q,R?’) — L%(Q,R3). The next proposition shows that the
operator curl is surjective from WOI’Z(Q, R3) to a closed subspace of L?(Q2, R3).

Proposition A.1. Let Q be a bounded contractible strongly Lipschitz domain in R3,
we LA(Q,R?), divu=0inQ and n-ulpq = 0. Then there exists o € Wy>(Q,R?)
such that
curl p =u
and
[ellwrz@re) < Cllullrz@rs,
where the constant C' depends only on the domain 2.

Proof. Let U denote the extension by zero of u to R?. Then div U = 0 on all of
R3. Therefore there exists V € WL ?(R3 R3) such that U = curl V. On letting B
be a large ball containing Q, then U € W2(B). In the simply connected domain
B\Q, curl V = 0, so there exists ¢ € W22(B\Q) such that Vi = V.

Let E : W22(B\Q) — W?22(B) be a bounded extension operator (see [Stl]).
The vector field ¥ = V — V(Ey) € W2(B,R?) has support in Q and satisfies
curl ¥ = U. Thus the restriction ¢ = ¥|g € W(}’Q(Q,H@) solves the equation
curl ¢ = u as required.

The mapping v — ¢ is a bounded linear mapping depending only on FE. ([l

Remark. (1) In Proposition A.1, when = B, a ball in R3, we have
D¢l L2(B.re) < Cllullz2(s,r2)
for an absolute constant C, where Dy = (0;¢;) for ¢ = (p1, @2, ¢3).
(2) In N dimensions, the proposition applies to solving dp=wu for ¢ € Wol’Q(Q, Ab)
when u is a 2-form satisfying du = 0 and n A u|q = 0. The proof does not apply to

general k—forms. However when the boundary of €2 is smooth, a slight adaptation
of the above argument gives an alternative proof of Lemma 6.7.

APPENDIX B. REVIEW OF DIFFERENTIAL FORMS

The setting of this section is that of forms on open domain Q C RY. We give a
brief outline of the basic formalism.

Let {e1,---,en} denote the basis of Euclidean space RN and [ =1,---,N. The
space of all [-linear, alternating functions ¢ : (RV)! — R is denoted by A!(RY),
or just Al where there is no possibility of confusion. In particular A'(RY) is the
dual of RY and A°(RY) = R. The dual base to {ej,---,en} will be denoted by
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el,--- e and referred to as the standard base for A'(RY). The vector space of

all forms A(RY) = @f;o AHRY) is equipped with the inner product
<Oé,6> = Zail"'ilﬁil“'il

fora =3 a;..iem A Aettand B =3 Bi,..,et A+ Aelt. For w € A(RY) the
associated norm is denoted by |w| = (w,w)'/2. The inner product induces a dual
pairing between A'(RY) and AN~I(RY) which results from the action of the Hodge
star operator * defined by

>|<1:el/\~'/\eN;
aAxf=(a,B)el Ao neN

for all @, 3 € AL(RY). The exterior and interior multiplication operators on A(RY)
are linear operators defined by

pr A= AT (1) =R (el = e ael, -
and
p r AU = AT i (e?) = gy pi(e’ Ael) = Spiel — el -

respectively. The exterior and interior operators can be written as (see |[GHLI)

N N
d= — d= -
D kg D i
k=1 k=1
We define the interior product between a 1-form « and an [—form u by setting
aVu= (=)D g (oA xu).

Suppose €2 is a bounded Lipschitz domain in RY. We denote by L?(Q, A!) the
space of square integrable [-forms on 2.

Definition B.1. Let 0 <1 < N. For u € L?(Q, A!), we say that du = 0 on € if

/u/\dgo:O
Q

Definition B.2. For u € L?(Q,A!) with du = 0 on , we define n A ulpq €
W_1/2’2(8Q, /\l+1) by

for all p € C§°(Q, AN~I1),

(n Aulag, V)on = (—l)l/ﬂu/\d\Il,

where ¥ € CH(Q, AN, o = Ulgq, W1/22(9Q, A1) is the space of (I + 1)-
forms each of whose components is in W~1/22(9Q).

See [A] for the definition of Sobolev spaces W*P(952).

Remark. Tt is easy to show that the definition of (n A u|sq,¥)sq is independent of
the choice of the extension ¥. Note that

[ A u|8ﬂ||wfl/212(an,~+1) < C||u||L2(Q,/\l)

for all u € L%(Q, Al) such that du = 0 ([AILMZ]).
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The Green’s formula is as follows: if u € L?(Q, A!) with du € L?(2, Al*1) and
o € WH2(Q, AN=I=1) | then

/dU/\<P+(_1)l/U/\d§0:<n/\u|8§27§0>89-
Q Q

The formula follows from Stokes’ theorem and the fact that C5°(2, Al) is dense
both in the space {u € L2(, Al) : du € L2(, AIT1)} and in WH2(Q, AF) (see, for
example, [ISS| Corollary 3.6]).

ACKNOWLEDGMENT

The authors are grateful to Kewei Zhang for his motivation in raising the prob-
lems concerning the atomic decompositions of Héiv (R3,R3) and explaining their
significance to questions of coercivity for elliptic systems. We would like to thank
Pascal Auscher, Martin Costabel and Tom ter Elst for helpful discussions, and also
the referee for suggestions and comments.

REFERENCES
[A] R. A. Adams, Sobolev Spaces, Academic Press, New York, 1975. MR 56:9247
[B] J. Ball, Convexity conditions and existence theorems in nonlinear elasticity, Arch. Ra-
tional Mech. Anal. 63(1977), 337-403. MR [57:14788
C] M. Costabel, Personal communication.

[CLMS] R. Coifman, P. L. Lions, Y. Meyer, S. Semmes, Compensated compactness and Hardy
spaces, J. Math. Pures and Appl. 72(1993), 247-286. MR [95d:46033

[CMS] R. Coifman, Y. Meyer, E. M. Stein, Some new function spaces and their application to
harmonic analysis, J. Funct. Anal. 62(1985), 304-335. MR 1861:46029

[CW] R. Coifman, G. Weiss, Extensions of Hardy spaces and their use in analysis, Bull. Amer.
Math. Soc. 83(1977), 569-645. MR [56:6264

[GHL] J. E. Gilbert, J. A. Hogan, J. D. Lakey, Atomic decomposition of divergence-free Hardy
spaces, Mathematica Moraviza, Special Volume, 1997, Proc. IWAA, 33-52.

[Gi] M. Giaquinta, Introduction to Regularity Theory for Nonlinear Elliptic Systems, Lec-
tures in Mathematics, ETH Ziirich Birkh&user Verlag, Basel, 1993. MR [94g:49002

[GMT] G. Geymonat, S. Miiller, N. Triantafyllidis, Homogenization of nonlinear elastic materi-
als, microscopic bifurcation and microscopic loss of rank-one convexity, Arch. Rational
Mech. Anal. 122(1993), 231-290. MR [94i:73009

[Gr] L. Grafakos, Hardy space estimates for multilinear operators, II, Rev. Mat. Iber.
8(1992), 69-92. MR [93j:42012
[GR] V. Girault, P-A. Raviart, Finite element methods for Navier-Stokes equations, theory

and algorithms, Springer-Verlag, Berlin, Heidelberg, 1986. MR [88b:65129

[HLMZ] J. A. Hogan, C. Li, A. MC¢Intosh, K. Zhang, Global higher integrability of Jacobians
on bounded domains, Ann. Inst. H. Poincaré Anal. Non linéaire 17(2000), 193-217.
MR 2001h:31003

[1SS] T. Iwaniec, C. Scott, B. Stroffolini, Nonlinear Hodge theory on manifolds with boundary,
Annali di Matematica pura ed applicata 177(1999), 37-115. MR 2001f:58052

[La] R. H. Latter, A decomposition of HP(RN) in term of atoms, Studia Math. 62(1978),
92-101. MR 58:2198

[Le] P. G. Lemarié-Rieusset, Ondelettes vecteurs d divergence nulle, C. R. Acad. Sci. Paris

313(1991), 213-216. MR [921:42018

[LM1] Z. Lou, A. M¢Intosh, Divergence-free Hardy space on Rf, Science in China, Ser. A, 47
(2004), 198-208.

[LM2] Z. Lou, A. M¢Intosh, Hardy spaces of exact forms on Lipschitz domains in RY | Indiana
Univ. Math. J. 53 (2004), 583-611.

[LMWZ] C. Li, A. M€Intosh, Z. Wu, K. Zhang, Compensated compactness, paracommutators and
Hardy spaces, J. Funt. Anal. 150(1997), 289-306. MR [99¢:42038

N] J. Necas, Les méthodes directes en théorie des équations elliptiques. Masson et Cie, Eds.,
Paris; Academia, Editeurs, Prague 1967. MR [37:3168

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=56:9247
http://www.ams.org/mathscinet-getitem?mr=57:14788
http://www.ams.org/mathscinet-getitem?mr=95d:46033
http://www.ams.org/mathscinet-getitem?mr=86i:46029
http://www.ams.org/mathscinet-getitem?mr=56:6264
http://www.ams.org/mathscinet-getitem?mr=94g:49002
http://www.ams.org/mathscinet-getitem?mr=94i:73009
http://www.ams.org/mathscinet-getitem?mr=93j:42012
http://www.ams.org/mathscinet-getitem?mr=88b:65129
http://www.ams.org/mathscinet-getitem?mr=2001h:31003
http://www.ams.org/mathscinet-getitem?mr=2001f:58052
http://www.ams.org/mathscinet-getitem?mr=58:2198
http://www.ams.org/mathscinet-getitem?mr=92i:42018
http://www.ams.org/mathscinet-getitem?mr=99c:42038
http://www.ams.org/mathscinet-getitem?mr=37:3168

1496

[Sc]

[St1]
[St2]
[SW]
(21]
(22]

(23]

ZENGJIAN LOU AND ALAN MCINTOSH

G. Schwarz, Hodge Decomposition - A method for solving boundary value problems,
Lecture Notes in Mathematics Vol. 1607, Springer-Verlag, Berlin Heidelberg, 1995.
MR 196k:58222

E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton
Univ. Press, Princeton, 1970. MR [44:7280

E. M. Stein, Harmonic Analysis, real-variable methods, orthogonality, and oscillatory
integrals, Princeton Univ. Press, New Jersey, 1993. MR [95c:42002

E. M. Stein, G. Weiss, On the theory of harmonic functions of several variables I: The
theory of HP spaces, Acta Math. 103(1960), 25-62. MR 22:12315

K. Zhang, On the coercivity of elliptic systems in two dimensional spaces, Bull. Austral.
Math. Soc. 54(1996), 423-430. MR [98c:35037

K. Zhang, A counterexample in the theory of coerciveness for elliptic systems, J. PDEs,
2(1989), 79-82. MR [91d:35067

K. Zhang, A further comment on the coerciveness theory for elliptic systems, J. PDEs,
2(1989), 62-66. MR 90k:35095

INSTITUTE OF MATHEMATICS, SHANTOU UNIVERSITY, SHANTOU GUANGDONG 515063, PEOPLE’S
REPUBLIC OF CHINA
E-mail address: zjlou@stu.edu.cn

CENTER FOR MATHEMATICS AND ITS APPLICATIONS, MATHEMATICAL SCIENCES INSTITUTE, THE
AUSTRALIAN NATIONAL UNIVERSITY, CANBERRA, AUSTRALIAN CAPITAL TERRITORY 0200, Aus-

TRALIA

E-mail address: alan@maths.anu.edu.au

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=96k:58222
http://www.ams.org/mathscinet-getitem?mr=44:7280
http://www.ams.org/mathscinet-getitem?mr=95c:42002
http://www.ams.org/mathscinet-getitem?mr=22:12315
http://www.ams.org/mathscinet-getitem?mr=98c:35037
http://www.ams.org/mathscinet-getitem?mr=91d:35067
http://www.ams.org/mathscinet-getitem?mr=90k:35095

	1. Statement of the main theorem
	2. Divergence-free atomic decomposition
	3. The dual space
	4. Proof of the main theorem
	5. Applications
	5.1. Coercivity 
	5.2. Gårding's inequality 

	6. Hardy spaces of exact forms on RN
	6.1. Definitions 
	6.2. Atomic decompositions and dual spaces
	6.3. The ``div-curl'' type theorem on RN
	6.4. A decomposition theorem 

	Appendix A. Surjectivity of the curl operator
	Appendix B. Review of differential forms
	Acknowledgment
	References

