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THE BASELEAF PRESERVING MAPPING CLASS GROUP
OF THE UNIVERSAL HYPERBOLIC SOLENOID

CHRIS ODDEN

Dedicated to the memory of Subhashis Nag

Abstract. Given a closed surface X, the covering solenoid X∞ is by defini-
tion the inverse limit of all finite covering surfaces over X. If the genus of X
is greater than one, then there is only one homeomorphism type of covering
solenoid; it is called the universal hyperbolic solenoid . In this paper we describe
the topology of Γ(X∞), the mapping class group of the universal hyperbolic
solenoid. Central to this description is the notion of a virtual automorphism
group. The main result is that there is a natural isomorphism of the baseleaf
preserving mapping class group of X∞ onto the virtual automorphism group
of π1(X, ∗). This may be regarded as a genus independent generalization of
the theorem of Dehn, Nielsen, Baer, and Epstein that the pointed mapping
class group Γ(X, ∗) is isomorphic to the automorphism group of π1(X, ∗).

1. Introduction

An n-solenoid is a topological space locally homeomorphic to the product of
an n-dimensional ball and a Cantor set. Dennis Sullivan initiated the study of
the Teichmüller theory of solenoids with a view towards understanding “universal”
properties of dynamical systems [21]. The universal hyperbolic solenoid , denoted
X∞, is the inverse limit of a tower of finite coverings over a compact surface X
of genus greater than one. This space is a principal π̂1(X)-bundle over X , where
π̂1(X) is the profinite completion of π1(X).

The Teichmüller space T (X∞) is an object of great interest; it has been studied
extensively by Sullivan, Subhashis Nag, Indranil Biswas, and Mihan Mitra ([7], [18],
[3], [4], [5], [2]). A natural modular group associated to T (X∞) was introduced
in [7] and proved to be isomorphic to the virtual automorphism group of π1(X),
denoted Vaut(π1(X)). A virtual automorphism of a group is, up to easily defined
equivalence, an isomorphism of finite index subgroups. In view of these facts one
expects Vaut(π1(X)) to be a mapping class group of some sort. This is indeed the
case.

Theorem. There is a canonical isomorphism

ΓBLP (X∞) ≈−→ Vaut(π1(X)),

where ΓBLP (X∞) is the baseleaf preserving mapping class group of X∞.
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1830 CHRIS ODDEN

This theorem is the main result of the article and appears in Section 4. It is a
natural generalization of a theorem that can be traced back to the work of Dehn,
Nielsen, Baer, and Epstein—namely, that there is a canonical isomorphism

Γ(X, ∗) ≈−→ Aut(π1(X)),

where Γ(X, ∗) denotes the basepoint preserving mapping class group of X .
The article is organized as follows. Section 2 consists of a general discussion of

virtual automorphisms and a detailed investigation of Vaut(π1(X)). This section
also includes a brief review of relevant properties of profinite completions and es-
tablishes the notion of equivariant constructions. The universal hyperbolic solenoid
X∞ is the focus of Section 3. The key result here is the existence of a canonical
model

X∞ ≈ π̂1(X)×π1(X) X̃.

Also of importance is an analysis of G-tagged solenoids, which are defined to be

HG
∞ = Ĝ×G D,

where G is a cocompact Fuchsian group and D is the hyperbolic plane. A G-
tagged solenoid inherits from G geometric and complex analytic structures which
can be used to analyze the mapping class group of HG∞. Section 4 contains the
main theorem mentioned above. This is proved first for G-solenoids, then in the
topological setting. Another theorem establishes the existence of a homeomorphism

Γ(X∞) ≈ π̂1(X)×π1(X) Vaut(π1(X)).

This result characterizes the topology—but not the algebraic structure—of the full
mapping class group. Section 4 also contains the construction of a faithful action
of ΓBLP (X∞) on the unit tangent bundle of the universal hyperbolic solenoid, as
well as some remarks concerning the universal euclidean solenoid.

Most results in this article appeared in the author’s doctoral thesis [20]. It is a
pleasure to thank my advisor John Harer for generous support and for introducing
me to virtual automorphism groups. I would also like to thank Dick Hain for many
stimulating conversations, as well as the referee for many helpful comments and
suggestions. The paper [21] by Dennis Sullivan was an influential source.

This article is dedicated to the memory of Subhashis Nag. I am indebted to
Professor Nag for his interest, encouragement, and helpful comments. His kindness
and insight will be missed.

2. The virtual automorphism group of the fundamental group

of a closed surface

In this section we define Vaut(G), the group of virtual automorphisms of a group
G, and prove certain results when G is the fundamental group of a closed surface.
Virtual automorphism groups are also known as abstract commensurator groups or
as groups of similitudes.

2.1. Virtual automorphism groups. A partial automorphism of a group G is an
isomorphism between two (possibly identical) subgroups of finite index in G. Two
partial automorphisms are said to be equivalent if they agree on some finite index
subgroup of the intersection of their domains. It is easy to check that this relation
is in fact an equivalence. A virtual automorphism is by definition an equivalence
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THE BASELEAF PRESERVING MAPPING CLASS GROUP 1831

class of partial automorphisms. It is straightforward to verify that Vaut(G), the
collection of virtual automorphisms of G, forms a group under composition.

Example 2.1. If G is a finite group, then Vaut(G) is trivial.

Example 2.2. The virtual automorphism group of the integers Z is the multiplica-
tive group Q∗ of nonzero rational numbers.

Example 2.3. Generalizing the previous example, Vaut(Zn) ∼= GL(n,Q).

Example 2.4. The integral Heisenberg group, denoted HZ, is defined by

HZ =


1 a b

0 1 c
0 0 1

 : a, b, c ∈ Z

 .

The virtual automorphism group of HZ is the semidirect product

Vaut(HZ) ∼= Q2 �GL(2,Q).

Example 2.5. Menegazzo and Tomkinson [15] constructed two examples of infinite
groups with trivial virtual automorphism groups. They also proved that if G is infi-
nite and Vaut(G) is trivial, then G is virtually a 2-group with finite central derived
subgroup [G,G] and G/[G,G] is elementary abelian. Neither of their examples is
countable; the existence of a countable group, all of whose virtual automorphisms
are trivial, is an open question.

There is a connection between virtual automorphism groups and commensura-
tors , whose definition we now recall. Let H be a group and K a subgroup. The
commensurator of K in H , denoted CommH K, is

{γ ∈ H : γKγ−1 ∩K has finite index in both K and γKγ−1}.
It is easily verified that CommH K is a subgroup of H . Suppose there is a pair of
injective homomorphisms of a group K into groups G and H , where the image of
K in G is of finite index. In this case there exists a natural homomorphism

CommH K −→ Vaut(G).

Generally this map is neither injective nor surjective, as can be seen from the simple
example H = K = G = Zn, where the induced map is the trivial homomorphism
of Zn into GL(n,Q).

If G can be realized as a lattice in a Lie group, then it may be possible to
exploit rigidity properties of G to analyze Vaut(G). Recall that a lattice L in a Lie
group G is a discrete subgroup of finite covolume. We will say that a Lie group G
is Mostow rigid if every isomorphism of lattices within G extends uniquely to an
automorphism of G.
Proposition 2.6. If G is Mostow rigid and G is a lattice, then there is a natural
injective homomorphism

Vaut(G) −→ Aut(G).
Proof. In this setting a partial automorphism of G is an isomorphism of lattices in
G and therefore induces an automorphism of G. Equivalent partial automorphisms
induce the same automorphism of G by rigidity. Injectivity is obvious. �

Proposition 2.6 is reflected in Examples 2.3 and 2.4. In both cases the virtual
automorphism group of a lattice is naturally identified with the rational points in
the automorphism group of the ambient Lie group.
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2.2. Virtual automorphisms of fundamental groups of surfaces. Our aim
is to study the virtual automorphism group of the fundamental group of a closed
surface. We shall make the following conventions. Given a surface X with base-
point ∗ the fundamental group π1(X, ∗) will be written simply π1(X) unless special
emphasis on the basepoint is required. The canonical universal cover of X—which
is modeled on path classes in X based at ∗—will be denoted X̃. For every subgroup
H in π1(X) let XH denote the quotient surface H\X̃. We will identify a “model”
for the fundamental group of a surface of genus g by defining

π1(g)
def=

〈
A1, . . . , Ag, B1, . . . , Bg :

g∏
i=1

[Ai, Bi] = 1

〉
.

There is a “grand trichotomy” in the world of Riemann surfaces based on the
three universal covering surfaces: the complex plane C, the Riemann sphere P1C,
and the unit disk D. This trichotomy also appears in the study of the groups
Vaut(π1(g)). By Examples 2.1 and 2.3,

Vaut(π1(0)) ∼= {1} and Vaut(π1(1)) ∼= GL(2,Q).

These may be regarded as “spherical” and “euclidean” cases. There remains only
the “hyperbolic case”—that is, the isomorphism class of Vaut(π1(g)) stabilizes when
g > 1. This is a consequence of the following property of general virtual automor-
phism groups.

Proposition 2.7. Let H1 (resp. H2) be a subgroup of finite index in an arbitrary
group G1 (resp. G2). An isomorphism of H1 onto H2 induces an isomorphism of
Vaut(G1) onto Vaut(G2).

Proof. Let φ be an isomorphism of H1 onto H2 and let ψ be a partial automor-
phism of G1. Restricting domains if necessary, the map φ ◦ ψ ◦ φ−1 is a partial
automorphism of G2. It is easily verified that the assignment ψ �→ φ ◦ ψ ◦ φ−1

induces an isomorphism of Vaut(G1) onto Vaut(G2). �
Corollary 2.8. If g > 1 and h > 1, then Vaut(π1(g)) ∼= Vaut(π1(h)).

Proof. A basic fact of surface topology is that if g > 1, then there is an injective
homomorphism of π1(g) into π1(2) whose image is of finite index in π1(2). It
follows that the virtual automorphism groups in question are both isomorphic to
Vaut(π1(2)). �
Remark. A stronger statement can be made. A Fuchsian group is by definition a
discrete subgroup of the Lie group Möb(D) of Möbius transformations of the unit
disk. By a theorem of Fox [12] every cocompact, finitely generated Fuchsian group
F contains a subgroup of finite index that is isomorphic to π1(g) for some g greater
than one. It follows that Vaut(F ) is isomorphic to Vaut(π1(2)).

A virtual automorphism of the fundamental group of a surface encodes certain
topological data. Fix a closed, pointed surface (X, ∗) and let ψ : A → B be a
partial automorphism of π1(X). The subgroups A and B correspond to unique
pointed covering surfaces (XA, ∗) and (XB, ∗). To ψ there corresponds a pointed
homotopy class of basepoint respecting homeomorphism of XA onto XB. The
partial automorphism ψ thus yields the not necessarily commutative diagram shown
in Figure 1. By restricting the domain of ψ it is possible to pass to a higher cover
in the diagram. This freedom allows for the composition of two such diagrams as in
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Figure 1. Topological data of a partial automorphism.

Figure 2. Composing partial automorphisms.

Figure 2. It follows that a virtual automorphism may be viewed as an equivalence
class of such noncommuting diagrams, where equivalence subsumes two relations:
pointed homotopy equivalence and the equivalence introduced by lifting to higher
covers.

Let φ and ψ be partial automorphisms of G defined respectively on subgroups
A and B. If φ and ψ agree on A ∩ B, then φ is equivalent to ψ; however, the
converse need not hold—indeed, φ and ψ may agree only on a subgroup of “very
high” index in A ∩ B. This makes the general problem of recognizing equivalent
partial automorphisms difficult. Happily there is a class of groups—which contains
the groups π1(g)— for which a necessary and sufficient condition for equivalence is
agreement on the common domain. Before turning to this class of groups we prove
the following lemma.

Lemma 2.9. Let G be an arbitrary group and let H be a subgroup of index n. If
γ ∈ G, then γn! ∈ H.

Proof. Left multiplication induces a homomorphism of G into the group of permu-
tations of the left cosets of H in G. Since the latter group has order n! it follows
that the image of γn! is trivial, which implies γn! is an element of H . �

An R-group is defined by the following property: every equation of the form
xn = a has no more than one solution in x. In other words, the extraction of roots
in an R-group is unique [13]. If X is a closed surface, then π1(X) is an R-group.
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Certainly this is the case for genus one; that is, when π1(X) = Z2. For X of genus
greater than one, choose an isomorphism of π1(X) onto a Fuchsian group G. Every
element of G is a translation along some geodesic axis. It is well known that two
elements of G commute if and only if their axes coincide; therefore, if xn = γ and
γ is a translation of length l along the axis A, then x is a translation of length l/n
along A. It follows that π1(X) is an R-group. (Other examples of R-groups are
free groups and torsion free locally nilpotent groups [14].)

Proposition 2.10. Let G be an R-group. If two partial automorphisms of G are
equivalent, then they agree on the intersection of their domains.

Proof. Suppose φ and ψ are equivalent partial automorphisms of G. Let K be the
intersection of their domains. By hypothesis K contains a subgroup A, of some
finite index n in K, on which φ and ψ agree. Lemma 2.9 implies that if γ ∈ K,
then γn! ∈ A; therefore,

φ(γn!) = ψ(γn!).
Since γ is in the common domain of φ and ψ,

φ(γ)n! = ψ(γ)n!,

and since G is an R-group, φ(γ) = ψ(γ). �
Equivalence of partial automorphisms is thus a rigid relation for R-groups. This

rigidity implies the following “unique continuation” property.

Proposition 2.11. Let φ be a partial automorphism of an R-group G, let H be the
domain of φ, and let K be a subgroup that contains H. If there exists an extension
of φ to a partial automorphism defined on K, then this extension is unique.

Proof. Any two such extensions are necessarily equivalent. By Proposition 2.10 the
extensions must agree on K. �
Corollary 2.12. Let H be a subgroup of finite index in an R-group G. The inclu-
sion of H in G induces a natural, injective homomorphism

Aut(H) −→ Vaut(G).

Proof. A map of Aut(H) into Vaut(G) exists since every automorphism of H rep-
resents a virtual automorphism of G. It is easily verified that this map is a ho-
momorphism. If ψ is an automorphism of H that represents the trivial virtual
automorphism of G, then ψ is equivalent to the identity automorphism on some
subgroup of finite index in H . By Proposition 2.11 ψ must be the trivial automor-
phism of H . �
Corollary 2.13. If g and h are both integers greater than one, then there is an
injective homomorphism

Aut(π1(g)) −→ Vaut(π1(h)).

Proof. By Corollary 2.8 we may assume h = 2. As noted in the proof of that
corollary, π1(g) can be embedded in π1(2) as a subgroup of finite index. �

Let (X, ∗) be a pointed, closed surface. By definition the pointed mapping class
group of X , denoted Γ(X, ∗), is the group of pointed isotopy classes of basepoint
preserving self-homeomorphisms of X . The following theorem can be traced back
to the work of Max Dehn, Jacob Nielsen, Reinhold Baer, and D. A. Epstein.
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Theorem 2.14 (Dehn, Nielsen, Baer, Epstein). There is a natural isomorphism

Γ(X, ∗) ∼=−→ Aut(π1(X, ∗)).
Proof. By the Dehn-Neilsen Theorem [19] every automorphism is induced by a
mapping class. Epstein [10], extending the work of Baer [1], proved that if a
homeomorphism induces the identity automorphism of π1(X), then it is isotopic—
via a basepoint preserving isotopy—to the identity map on X . �

Suppose (Y, ∗) is a finite covering surface of (X, ∗). By combining the Dehn-
Nielsen-Baer-Epstein theorem and Corollary 2.12 one obtains an injective map

Γ(Y, ∗) −→ Vaut(π1(X, ∗)).
In other words, the pointed mapping class group of every covering surface of (X, ∗)
appears as a subgroup of Vaut(π1(X)). We shall have more to say about this in
Section 4.3.

There are, of course, many embeddings of Aut(π1(g)) in Vaut(π1(X)). One might
wonder if the union of the images of all such embeddings covers Vaut(π1(X)). Put
another way, is every virtual automorphism of π1(X) represented by some auto-
morphism defined on a subgroup of finite index in π1(X)? The following theorem
answers this question negatively.

Theorem 2.15. Let X be a closed surface of genus greater than one. There exists
a virtual automorphism of π1(X) that cannot be represented by an automorphism
of some subgroup of finite index in π1(X).

Proof. Figure 3 depicts a homeomorphism between a pair of genus three surfaces,
both of which cover a surface of genus two. Both covering maps are quotient maps
associated to the Z/2-action of rotating a surface 180◦ about its “center hole”.
(The inverse image of a dashed curve is drawn in the left-hand covering surface and
the inverse image of a jagged curve is drawn in the right-hand covering surface.)
The homeomorphism is obtained by “permuting holes”; it can be constructed by
doubling an appropriate self-homeomorphism of a thrice-punctured disk. Let ψ
denote the partial automorphism of π1(X) induced by this homeomorphism.

The key feature of ψ is that the curve γ is not in the domain of ψ while ψ(γ2) = γ.
This property allows us to prove the proposition by contradiction. Assume that ψ
is equivalent to an automorphism θ defined on a subgroup H . By Lemma 2.9 there
exists N for which γN ∈ H . Equivalent representatives of a virtual mapping class
agree on the intersection of their domains; therefore, θ(γ2N ) = γN . Since θ is an
automorphism of H , the formula

θk(γN ) = γ(1/2k)N

holds for all k. But this is absurd.
Similar constructions exist when the genus of X is greater than two. �

The partial automorphism constructed in the preceding proof is a “square root”
mapping on the curve γ. Arbitrary “rational root” mappings exist in the following
sense: for every γ in π1(X) and every pair p, q of relatively prime positive integers,
there exists a partial automorphism that maps γq to γp [20].

Define Fiat(G) to be the subgroup of Vaut(G) generated by all automorphisms
of subgroups of finite index in G. In [20] it was shown that if G = π1(g) and
g > 2, then Fiat(G) is normal in Vaut(G) and the isomorphism class of Fiat(G) is

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1836 CHRIS ODDEN

Figure 3. A virtual automorphism that does not arise from an automorphism.

independent of g. An open question: what is Vaut(G)/Fiat(G)? In particular, is
this group trivial?

Remark. The notation Fiat is meant to suggest f inite index automorphism. In
[20] each generator of Fiat(G) is called mapping class like since it corresponds to
a pointed mapping class of some covering surface. It should be noted that every
virtual automorphism—mapping class like or not—arises from a mapping class of
the universal hyperbolic solenoid; see Theorem 4.10.

2.3. Profinite completions. The profinite completion of a group G is the pro-
jective limit of the finite quotients of G. This section is a brief summary of the
properties of profinite completions that will be used later.

Assume that G is a finitely generated, residually finite group. Define An to be
the intersection of all subgroups of index n or less in G. Since G is finitely generated
there are only a finite number of subgroups of a given index; therefore, An is of
finite index in G. It is easily verified that An is normal (in fact characteristic) in G,
and that the collection {An} is a linearly ordered neighborhood base of the identity
for the profinite topology. Since G is residually finite, the profinite topology is
Hausdorff.

The subgroups An can be used to construct a nonarchimedean metric that gen-
erates the profinite topology of G. For every nontrivial γ in G define

ord(γ) = max {n : γ ∈ An}
and set ord(1) =∞. For every γ and ζ in G, set

ρ(γ, ζ) = e− ord(γ−1ζ).

The function ρ is a nonarchimedean metric on G; moreover, the completion of G
with respect to ρ is the profinite completion Ĝ of G.

Let ε be a positive number and define N(ε) to be the smallest natural number n
that satisfies e−n < ε. A pleasant and useful fact is that for every positive ε there
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are a finite number of open ε-balls in Ĝ, and these ε-balls are precisely the cosets
in Ĝ by the group ÂN(ε).

The following lemma is elementary; its proof is omitted.

Lemma 2.16. Let H be a subgroup of finite index in G. A system of right (resp.
left) coset representatives of G modulo H is also a system of right (resp. left) coset
representatives of Ĝ modulo Ĥ.

A consequence of this lemma is that for every t in Ĝ and every subgroup H of
finite index in G, it is possible to express t as a product hγ, where h ∈ Ĥ and
γ ∈ G.

2.4. Equivariant constructions. In this section we introduce the notion of equiv-
ariance. An immediate application is the construction of a homomorphism of
Vaut(G) into the permutation group Sym(G\Ĝ). Equivariant constructions will
be used throughout Sections 3 and 4.

Definition 2.17. Let G1 (resp. G2) be a group that acts by homeomorphisms
on the topological space X1 (resp. X2). A homeomorphism f of X1 onto X2 is
equivariant with respect to G1 and G2 if there exists an isomorphism φf of G1 onto
G2 such that, for all x in X1 and for all g in G1,

f(g · x) = φf (g) · f(x).

When the context is clear we will simply say that f is equivariant .

The primary application of equivariance is embodied in the following trivial fact:
if f is a homeomorphism of X1 onto X2 that is equivariant with respect to groups
G1 and G2, then f induces a homeomorphism between the quotient spaces G1\X1

and G2\X2.

Proposition 2.18. If H is a subgroup of finite index in G, then there is a natural
bijective map of H\Ĥ onto G\Ĝ.

Proof. Let i be the composite map

Ĥ ↪→ Ĝ→ G\Ĝ.
This map is surjective, for Lemma 2.16 guarantees that every t in Ĝ can be expressed
as a product γs, where γ ∈ G and s ∈ Ĥ ; hence the equivalence class i(s) contains t.

Suppose i(s1) = i(s2); that is, there exists some γ in G such that γs1 = s2. It
follows that s2s−1

1 lies in the intersection of G and Ĥ , which is just H . The map i
is therefore defined on H\Ĥ and it is trivially injective. �

Let Sym(G\Ĝ) denote the group of permutations of the set G\Ĝ. We will now
construct a natural homomorphism

Vaut(G) −→ Sym(G\Ĝ).

Let φ : H → K be a partial automorphism of G. It induces an isomorphism of Ĥ
onto K̂ which in turn induces a bijective map of H\Ĥ onto K\K̂. This bijective
map will also be denoted φ. By Proposition 2.18 both H\Ĥ and K\K̂ are identified
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with G\Ĝ. Pulling φ back via these identifications we obtain a bijective map φ̃ of
G\Ĝ onto itself:

G\Ĝ φ̃−−−−→ G\Ĝ� �
H\Ĥ φ−−−−→ K\K̂

The assignment [φ] �→ φ̃ defines a homomorphism of Vaut(G) into Sym(G\Ĝ).

3. The universal hyperbolic solenoid

An n-dimensional solenoid is a compact topological space locally homeomorphic
to the product of an n-dimensional ball and a totally disconnected space. For
example, if C is the standard ternary Cantor set and f is a self-homeomorphism
of C, then the mapping cylinder C ×f [0, 1] is a one-solenoid. An extensive list of
examples, applications, and references can be found in [21].

In this section we will examine the topology of the universal hyperbolic solenoid
as well as complex analytic and geometric structures which the universal hyperbolic
solenoid supports.

3.1. Covering solenoids. Covering solenoids are defined by taking the inverse
limit of a tower of covering surfaces over a fixed base space.

Example 3.1. The euclidean one-solenoid , denoted E1∞, is by definition the inverse
limit of the system of all finite covers of the circle. A cofinal, linearly ordered
subsystem of covers is

· · · ←− R / (n− 1)!Z ←− R / n!Z ←− R / (n+ 1)!Z←− · · · .
The space E1

∞ is compact and fibers over the circle; each fiber is homeomorphic to
Ẑ, the profinite completion of the integers.

Example 3.2. The level n congruence group is the kernel of the natural surjection

SL(2,Z) −→ SL(2,Z/nZ).

Let Γ(n) denote the image of this group in PSL(2,Z). If n ≥ 2, then Γ(n) is torsion
free and acts freely on H. The quotient spaces Γ(n)\H form an inverse system of
covering spaces over the Riemann surface S = PSL(2,Z)\H, which has one cusp
and two singular points. Away from the singular points the inverse limit

H∞ = lim←−n
Γ(n)\H

fibers over S; each fiber is homeomorphic to the profinite completion of PSL(2,Z).
A thorough discussion of H∞ can be found in [17].

Besides being an important object in its own right the euclidean one-solenoid
E1
∞ is the one-dimensional analogue of the object we wish to study; therefore, we

take a moment to examine this space closely. If f is the self-homeomorphism of Ẑ
defined by x �→ x+ 1, then

E1
∞ ≈ Ẑ×f [0, 1].
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The map f encodes the monodromy action of π1(S1) on the fiber Ẑ. An equivalent
construction of E1

∞ is to take the quotient of Ẑ ×R by the diagonal action of Z;
thus,

E1
∞ ≈ Ẑ×Z R.

We mention in passing a third view of this space: E1
∞ is naturally homeomorphic

to A/Q, the adèles modulo the discrete action of the rational numbers [17].
Let (X, ∗) be a pointed, closed surface. The collection of finite index subgroups

of π1(X) is ordered by inclusion. The corresponding tower of canonical, pointed
covering surfaces and their projections is an inverse system of topological spaces.

Definition 3.3. The canonical covering solenoid X∞ is the inverse limit of the
tower of canonical, closed covering surfaces over X ; that is,

X∞
def= lim←−

H

XH ,

where H ranges over all subgroups of finite index in π1(X).

At this point the grand trichotomy to which we alluded in Section 2.2 reappears:
for closed surfaces there are only three homeomorphism classes of covering solenoids.
If the genus of X is zero, then X∞ is simply the two-sphere. If X is a torus, then by
definition we obtain the euclidean two-solenoid E∞. There exist homeomorphisms

E∞ ≈ Ẑ2 ×Z2 R2 ≈ (A/Q)2

that are analogous to the one-dimensional case. (We will confine our remarks on
E∞ to Section 4.5.)

The next proposition is a standard result; it asserts that the canonical covering
solenoids over the remaining surfaces are homeomorphic. It therefore makes sense
to speak of the universal hyperbolic solenoid .

Proposition 3.4. If X and Y are closed surfaces, both of genus greater than one,
then X∞ is homeomorphic to Y∞.

Proof. The groups π1(X) and π1(Y ) contain subgroups of finite index that are
isomorphic; consequently, the inverse systems of covering surfaces contain homeo-
morphic, cofinal subsystems. It follows that X∞ is homeomorphic to Y∞. �

A path-connected component of X∞ is a leaf . Given a closed curve in X there
exists a finite covering surface of X in which the lift of the curve fails to close. (This
reflects the fact that π1(X) is residually finite.) It follows that every leaf of X∞ is
simply connected.

In order to study the algebraic topology of a surface it is often necessary to
recognize some distinguished feature on the surface—a basepoint, for instance. On
a solenoid another option is to distinguish a baseleaf . A third possibility is a marked
baseleaf —by definition a space l and a continuous, bijective map of l onto a leaf
of the solenoid. Marked baseleafs are fundamental to our study of the universal
hyperbolic solenoid.

The covering solenoid X∞ carries both a canonical basepoint and a canonical
marked baseleaf. The canonical basepoint is determined by the collection of base-
points in the covering tower {XH}. The marked baseleaf is modeled on the universal
cover X̃: the collection of projections {X̃ → XH} is compatible with the inverse
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system of covering maps over X ; by the universal mapping property of X∞ this
collection defines a continuous map of X̃ into X∞.

The fundamental group π1(X) acts on X̃ by homeomorphisms; π1(X) also acts
on itself—and therefore on its profinite completion π̂1(X)—by right translation.
Define an action of π1(X) on the product π̂1(X)× X̃ by the formula

γ · (t, x) def= (tγ−1, γx).

The quotient space π̂1(X)×π1(X) X̃ is a compact, principal π̂1(X)-bundle over X .
This space will serve as the canonical model of X∞.

Theorem 3.5. There is a canonical homeomorphism

π̂1(X)×π1(X) X̃
≈−→ X∞.

Proof. To ease the burden of notation write G = π1(X). Since Ĝ×G X̃ is compact
and X∞ is Hausdorff it is enough to exhibit a continuous bijection between these
spaces.

For every subgroup H of finite index in G, define the map

Ĝ× X̃ fH−→ XH

in the following manner. Let (t, x) be in Ĝ × X̃. There exists γ in G such that
tγ−1 ∈ Ĥ; hence (tγ−1, γx) ∈ Ĥ × X̃. Set fH(t, x) equal to the projection of γx
onto the surface XH .

We must check that the definition of fH does not depend on the choice of γ.
Suppose ζ is another element of G such that tζ−1 ∈ Ĥ. An easy calculation shows
that γζ−1 ∈ Ĥ and it is trivially true that γζ−1 ∈ G; therefore γζ−1 ∈ H . It
follows that γx and ζx are projected onto the same point in XH .

An argument with much the same flavor reveals that if γ ∈ G, then

fH(γ · (t, x)) = fH(t, x).

In other words fH is well defined on Ĝ ×G X̃. The collection {fH} is compatible
with the inverse system of covering maps and therefore determines a continuous
map

Ĝ×G X̃ f−→ X∞.
The next claim is that f is injective. We will use the subgroups An discussed

in Section 2.3. Suppose (t, x) and (s, y) represent elements of Ĝ ×G X̃ that are
mapped by f to the same point in X∞. Since fG maps both elements to the same
point in XG we may assume x = y. By hypothesis, for every n there exist γn and
ζn in G such that

• tγ−1
n and sζ−1

n both lie in Ân, and
• γnx and ζnx are projected onto the same point in An\X̃.

The second condition implies ζnγ−1
n ∈ An. For every n,

(sζ−1
n )−1 (tγ−1

n ) = ζn s
−1 t γ−1

n = (ζn s−1t ζ−1
n ) ζnγ−1

n .

Since Ân is normal in Ĝ it follows that s−1t ∈ Ân; therefore, s = t and f is injective.
We merely sketch the argument for surjectivity. Let z be an arbitrary point in

X∞ and let n be a positive integer. Project z onto the surface An\X̃ and take the
full inverse image of this point in X̃, thereby obtaining an An-invariant collection
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of points in X̃. From this collection choose a point zn. Define tn to be the unique
element of π1(X) that maps z1 to zn. The collection {tn} determines an element t
in π̂1(X) and f(t, z1) = z. �

Using the previous theorem we can easily discern some features of X∞; for in-
stance, X∞ is a principal π̂1(X)-bundle, and the leaf space of X∞ is homeomorphic
to π̂1(X)/π1(X).

The identification of X̃ and {1} × X̃ induces a canonical marked baseleaf that
is consistent with the canonical marked baseleaf in X∞. Put another way there is
a commutative diagram

X̃ −−−−→ X∞�≈�
�

���
π̂1(X)×π1(X) X̃.

We pause to examine the subspace topology of X̃ in X∞. (Recall that we are
using path classes in (X, ∗) to construct the canonical model of X̃.) Let H be a
subgroup of finite index in π1(X, ∗), let α be a path class based at ∗, and let W
be a contractible neighborhood of the terminus of α. Define N(α,W,H) to be the
collection of path classes that contain paths of the form γ ·α ·β, where γ represents
an element of H and β is a path whose origin coincides with the terminus of α
and whose image lies entirely in W . The sets N(α,W,H) comprise a base for the
subspace topology of X̃. (Notice that this construction makes sense for arbitrary
subgroups; indeed, when H is trivial the standard topology on X̃ is recovered.)

3.2. Models of solenoids. A covering solenoid is a complicated object; however,
it is the quotient of a nice product space by the action of a reasonable group. A
useful way to create a homeomorphism between covering solenoids is to construct
an equivariant homeomorphism between representative product spaces.

Proposition 3.6. Let (X, ∗) be a closed, pointed surface and let H be a finite index
subgroup of G = π1(X, ∗). There is a a commutative diagram of canonical maps

X̃ −−−−→ Ĥ ×H X̃�≈�
�

���
Ĝ×G X̃

where the vertical map is a homeomorphism and the other maps are canonical base-
leaf markings.

Proof. As in Theorem 3.5 it suffices to construct a continuous bijection. Define a
map

Ĥ × X̃ −→ Ĝ×G X̃
by including Ĥ × X̃ in Ĝ × X̃ in the obvious fashion and taking the quotient by
G. Suppose (t, x) and (s, y) have the same image; that is, there exists γ in G such
that

(t, x) = γ · (s, y) = (sγ−1, γy).
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Writing γ = t−1s we find that γ is in the intersection of Ĥ and G, which is just H .
It follows that there is a well defined, injective map

Ĥ ×H X̃ −→ Ĝ×G X̃.
A consequence of Lemma 2.16 is that this map is also surjective.

The canonical baseleaf markings are induced by the formula x �→ (1, x) and the
homeomorphism commutes with these baseleaf markings. �

Theorem 3.7. Let (X, ∗) be a pointed, compact surface; let H and K be subgroups
of finite index in G = π1(X). If ψ is a homeomorphism of Ĥ × X̃ onto K̂ × X̃
that is equivariant with respect to H and K, then ψ canonically induces a self-
homeomorphism of X∞.

Proof. We have the following commutative diagram of homeomorphisms:

X∞
≈−−−−→ X∞

≈
� �≈

Ĥ ×H X̃
≈−−−−→ K̂ ×K X̃

The vertical arrows exist thanks to Proposition 3.6. The equivariant map ψ induces
the homeomorphism of Ĥ ×H X̃ onto K̂ ×K X̃. By pulling this homeomorphism
back via the vertical maps we obtain the desired self-homeomorphism of X∞. �

The following proposition is an application of Theorem 3.7. Its proof includes
the prototypical calculation used to verify equivariance.

Proposition 3.8. Let (X, ∗) be a pointed, compact surface, and let H and K be
subgroups of finite index in G = π1(X). If f is a basepoint respecting homeomor-
phism of the surface XH onto the surface XK , then f induces a basepoint preserving
self-homeomorphism of X∞.

Proof. By Theorem 3.7 it is enough to show that f induces an equivariant homeo-
morphism of Ĥ × X̃ onto K̂ × X̃. Let f∗ be the isomorphism of Ĥ onto K̂ induced
by f and let f̃ be the unique basepoint preserving self-homeomorphism of X̃ that
covers f . Define the map ψ by the rule

(t, x)
ψ�−→ ( f∗(t) , f̃(x)).

It is obvious that ψ is a homeomorphism of Ĥ × X̃ onto K̂ × X̃. To show that ψ is
equivariant we exploit the fact that f̃ is an equivariant homeomorphism of X̃; that
is, if h ∈ H , then

f̃hf̃−1 = f∗(h).

All that remains is a routine calculation:

ψ(h · (t, x)) = ψ( th−1 , hx )

= ( f∗(th−1) , f̃(hx))

= ( f∗(t)f∗(h)−1 , f∗(h) · f̃(x))

= f∗(h) · ψ(t, x). �
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3.3. The G-tagged solenoid. In this section we introduce the G-tagged solenoid,
a covering solenoid that inherits complex and geometric structures from a Fuchsian
group G. These structures will be exploited in Section 4 to study the mapping class
group of the G-tagged solenoid.

Definition 3.9. Let G be a cocompact Fuchsian group. The G-tagged hyperbolic
solenoid is the quotient

HG
∞

def= Ĝ×G D.

The G-tagged solenoid has no canonical basepoint; however, the identification of
D and {1}×D induces a canonical marked baseleaf. Clearly this marking amounts
to recognizing the identity element in Ĝ. To forget this baseleaf is equivalent to
recognizing only the structure of Ĝ as a homogeneous space for the action of G.

An understanding of G-tagged solenoids depends on the Teichmüller theory of
the universal hyperbolic solenoid. This theory was introduced in [21] and [7], and
developed extensively in [18], [3], [4], [5], and [2]. A brief resumé of this theory
is given below. To fix notation and help set the stage for this discussion we will
quickly review the Teichmüller theory of surfaces.

Let S be a closed Riemann surface. A Teichmüller marked surface is a triple
[S, f, Y ], where Y is another Riemann surface and f is a homeomorphism of S onto
Y . Two triples [S, f, Y ] and [S, g, Z] are Teichmüller equivalent if there exists a
biholomorphism Φ of Y onto Z such that g−1 ◦Φ ◦ f is isotopic to the identity map
on S. The Teichmüller space of S, denoted T (S), is the set of equivalence classes
of marked surfaces. This set is topologized via the Teichmüller metric τ defined by
setting

τ( [S, f, Y ], [S, g, Z] ) = inf{ 1
2 logK(h) |h is isotopic to g ◦ f−1},

where K(h) denotes the maximal dilatation of h.
By passing to the universal covering space we arrive at a topologically equiv-

alent construction. Choose a Fuchsian group G that uniformizes S. Let QC(D)
denote the collection of quasiconformal self-homeomorphisms of D. An element f
of QC(D) is said to be G-compatible if fGf−1 is a Fuchsian group. Let QC(D, G)
denote the collection of G-compatible mappings. As a set the Teichmüller space
T (G) is defined to be

T (G) def= Möb(D) \QC(D, G) / isotopy rel ∂D.

This set is topologized by defining a Teichmüller metric analogous to the one in-
troduced above. If G is trivial we obtain the universal Teichmüller space

T (D) def= Möb(D) \QC(D) / isotopy rel ∂D.

The space T (D) deserves its name in view of the fact that it contains the Teichmüller
space of every hyperbolic Riemann surface.

A complex structure on an arbitrary two-solenoid is a maximal atlas of continuous
charts onto sets of the form U×D, where U is an open subset of the complex plane,
D is a totally disconnected space, and the transition functions are required to be
holomorphic on leafs [21]. A Teichmüller marked solenoid is a triple [HG

∞, f, Y ],
where f is a homeomorphism of HG∞ onto a solenoid Y that is equipped with a
complex structure. The marked solenoids [HG

∞, f, Y ] and [HG
∞, g, Z] are Teichmüller

equivalent if there is a homeomorphism Φ from Y onto Z such that Φ is locally
biholomorphic on leaves and g−1 ◦Φ ◦ f is isotopic to the identity homeomorphism

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1844 CHRIS ODDEN

of HG
∞. By definition the Teichmüller space T (HG

∞) is the collection of equivalence
classes of marked solenoids.

A complex structure on HG
∞ induces a complex structure on the baseleaf D. In

this way one obtains an inclusion of T (HG
∞) in T (D). A complex structure on the

surface G\D can be lifted to a “transversely locally constant” structure on HG
∞.

For every subgroup K of finite index in G there are inclusions

T (K) ⊂ T (HG
∞) ⊂ T (D).

The transversely locally constant structures are dense in T (HG∞); in other words,

T (HG
∞) =

⋃
H<G

T (H) ⊂ T (D),

where closure is taken with respect to the Teichmüller metric in T (D) [7].
The following proposition describes the explicit passage from a Teichmüller

marked surface to a Teichmüller marked solenoid.

Proposition 3.10. If f is a quasiconformal self-homeomorphism of D that is G-
compatible, then f induces a homeomorphism

HG
∞

≈−→ HfGf−1

∞ .

Proof. Let f∗ be the isomorphism of Ĝ onto f̂Gf−1 that is induced by f . The
formula (t, x) �→ (f∗(t), f(x)) defines an equivariant homeomorphism of Ĝ×D onto
f̂Gf−1 ×D which in turn defines a homeomorphism of HG

∞ onto HfGf−1

∞ . �

We will now construct a distance function on the G-tagged solenoid that serves
an important auxiliary role in the next section. Let G be a cocompact Fuchsian
group, let ρ be the profinite distance function on G discussed in Section 2.3, and
let d be the standard distance function on D that arises from the Poincaré metric.
On the product Ĝ×D define the distance function

σ((t, x), (s, y)) def= max { ρ(t, s), d(x, y) }.
It is clear that the action of G preserves σ and that σ descends to a metric on
the quotient space HG∞. Explicitly, let z1, z2 be points in HG∞, and let z̃1, z̃2 be
elements of Ĝ×D that represent these points. Define

σG(z1, z2)
def= inf

γ,ζ∈G
{σ( γ z̃1 , ζ z̃2 )}.

Evidently σG does not depend on the choice of z̃1 and z̃2. It is straightforward to
verify that σG is a metric on HG

∞.
A ball of small radius in HG

∞ looks like the product of balls in Ĝ and D. To be
precise, suppose that ε is smaller than the injectivity radius of the surface G\D.
Let P denote the canonical projection of HG

∞ onto G\D. Choose z in HG
∞ and set

z0 = P (z). The ε-ball centered at z, denoted Bε(z), projects onto the ε-disk Dε(z0)
in G\DG centered at z0. There is a finite index subgroup Ĥ whose right cosets in
Ĝ are the ε-balls in Ĝ; hence, Bε(z) is isometric to Ĥ × Dε(z0). Notice that the
“central fiber” in Bε(z) coincides with the “centers” of Bε(z); that is, if P (z′) = z0,
then Bε(z′) = Bε(z). The intersection of an ε-ball and a leaf is a disjoint collection
of ε-disks that are invariant under the action of some subgroup of finite index in G.
(See Figure 4.)
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Figure 4. An ε-ball in HG
∞.

An isometry of HG
∞ is a self-homeomorphism that is isometric on leafs. (Notice

the absence of any requirement to preserve metric structure in the transverse di-
rection.) Let Isom(HG

∞) denote the isometry group of HG
∞, and let Isom+

BLP (HG
∞)

denote the subgroup of orientation preserving, baseleaf preserving isometries.

Example 3.11. There is a canonical, injective homomorphism

CommMöb(D)G −→ Isom+
BLP (HG

∞).

Suppose γ is a Möbius element, H and K are finite index subgroups of G, and
γHγ−1 = K. Let γ∗ be the induced isomorphism of Ĥ onto K̂. The equivariant
homeomorphism

(t, x)
ψγ�−→ (γ∗(t), γx)

of Ĥ×D onto K̂×D defines a self-homeomorphism of HG
∞. It is easy to check that

the assignment γ �→ ψγ induces an injective homomorphism of CommMöb(D)G into
Isom+

BLP (HG∞).

Example 3.12. There is a canonical, injective homomorphism

Ĝ −→ Isom(HG
∞).

For every s in Ĝ, define the self-homeomorphism φs of Ĝ×D by the formula

(t, x)
φs�−→ (st, x).

This map is trivially equivariant with respect to the action of G and the assignment
s �→ φs induces an injective homomorphism of Ĝ into Isom(HG∞).

Examples 3.11 and 3.12 provide two injective maps of G into Isom(HG
∞). These

two maps are in fact the same, for if γ ∈ G, then

ψγ(t, x) = (γtγ−1, γx) = γ · (γt, x) = γ · φγ(t, x).
It follows that ψγ and φγ induce the same isometry of HG

∞.
A hyperbolic surface has very few isometries; in fact, the isometry group of

such a surface is finite. A G-tagged solenoid, however, can have many isometries.
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Example 3.12 reveals that the full isometry group of HG
∞ always contains a profinite

group. Even the baseleaf preserving isometry group can be large. If G is arithmetic,
then CommMöb(D)G is dense in Möb(D) [22]. It follows that Isom+

BLP (HG
∞) is

dense in Möb(D).

Remark. There is a natural measure on HG
∞ that is induced by the product of Haar

measure on Ĝ and the standard measure on D. Biswas and Nag [6] proved that
the action of IsomBLP (HG

∞) is ergodic if and only if G is arithmetic.

In Section 4.3 it will be proved that every isometry of HG
∞ is a composition of

isometries found in Examples 3.11 and 3.12.

4. Mapping class groups

4.1. Self-homeomorphisms of X∞. In this section we examine the group of self-
homeomorphisms of X∞. We begin with the following definitions:

Homeo(X∞) = the group of self-homeomorphisms of X∞,

HomeoBLP (X∞) = the subgroup of self-homeomorphisms
that preserve the canonical baseleaf,

Homeo0(X∞) = the subgroup of isotopically trivial
self-homeomorphisms.

It is easily verified that Homeo0(X∞) is normal in both HomeoBLP (X∞) and
Homeo(X∞).

Example 4.1. The natural action of π̂1(X) on itself generates self-homeomor-
phisms of X∞. Given s ∈ π̂1(X) define the map Ts by the rule

(t, x) Ts�−→ (st, x).

The map s �→ Ts induces an injective homomorphism

π̂1(X) −→ Homeo(X∞).

(This is the topological version of Example 3.12.)

Example 4.2. The covering action of π1(X) on X̃ generates baseleaf preserving
homeomorphisms in the following manner. For every γ in π1(X) define the equi-
variant self-homeomorphism Cγ of π̂1(X)× X̃ by the formula

(t, x)
Cγ�−→ (γtγ−1, γx).

The assignment γ �→ Cγ induces an injective homomorphism

π1(X) −→ HomeoBLP (X∞).

Remark. As was the case with Examples 3.11 and 3.12 there is some overlap in
these examples. If γ ∈ π1(X), then

Cγ(t, x) = (γtγ−1, γx) = γ · (γt, x) = γ · Tγ(t, x).
From now on, for every s in π̂1(X) let Ts denote the homeomorphism induced by
s, and for every γ in π1(X) let Cγ denote the baseleaf preserving homeomorphism
induced by the covering action of γ. It follows that if γ ∈ π1(X), then Cγ = Tγ .
This redundancy of notation will turn out to be useful.
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Example 4.3. By taking H = K in Proposition 3.8 it follows that the set of
basepoint preserving self-homeomorphisms of the surface XH may be naturally
regarded as a subgroup of HomeoBLP (X∞).

Each leaf in X∞ is naturally identified with a coset in π̂1(X)/π1(X). The action
here is defined in the following way: for every γ in π1(X) and every t in π̂1(X), set

γ · t = tγ−1.

Let [t] denote the coset that contains t.
It is trivially the case that π̂1(X) acts transitively on leafs; however, it does not

act simply. The homeomorphism induced by s fixes the leaf [t] if and only if there
exists γ in π1(X) such that st = tγ−1. It follows that t π1(X) t−1 is the isotropy
subgroup—in π̂1(X)—of [t]. In particular

π̂1(X) ∩HomeoBLP (X∞) = π1(X).

Define an action of π1(X) on the product space

π̂1(X)×HomeoBLP (X∞)

by the formula

γ · (Ts, φ) def= (Ts ◦ T−1
γ , Cγ ◦ φ ).

The following theorem asserts that the resulting quotient space is homeomorphic
to the topological group Homeo(X∞).

Theorem 4.4. There is a canonical homeomorphism

π̂1(X) ×π1(X) HomeoBLP (X∞) ≈−→ Homeo(X∞).

Proof. Note π̂1(X)×HomeoBLP (X∞) is a subspace of Homeo(X∞)×Homeo(X∞).
Composition defines a continuous map into Homeo(X∞). The claim is that this
map induces the desired homeomorphism.

To prove surjectivity let f be an arbitrary self-homeomorphism of X∞. Since
π̂1(X) acts transitively on leafs there exists some s in π̂1(X) such that

Ts ◦ f ∈ HomeoBLP (X∞).

Setting ψ = Ts ◦ f we can express f as a product Ts−1 ◦ ψ, where ψ is a baseleaf
preserving homeomorphism. This proves surjectivity.

Suppose there is another such expression f = Tu−1 ◦ φ. It follows that

Tsu−1 = Ts ◦ Tu−1 = ψ ◦ φ−1.

The right-hand side is a baseleaf preserving homeomorphism; therefore, su−1 ∈
π1(X). Setting γ = su−1 we have

f = Tu−1 ◦ φ = Ts−1γ ◦ φ = Ts−1 ◦ (Cγ ◦ φ)

and conclude
u−1 = s−1γ and ψ = Cγ ◦ φ.

It follows that the induced map of the quotient space π̂1(X)×π1(X)HomeoBLP (X∞)
onto the full homeomorphism group is bijective. By tracing through the maps and
using the definition of the quotient topology it is easily proved that this map is in
fact a homeomorphism. �
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4.2. The baseleaf preserving mapping class group of HG
∞. In this section

we will restrict our attention to G-tagged solenoids. By definition the baseleaf
preserving mapping class group is the group of isotopy classes of baseleaf preserv-
ing self-homeomorphisms of HG

∞. We will prove (Theorem 4.7) that this group is
naturally isomorphic to the virtual automorphism group of G, a result which first
appeared in [20]. This theorem is not surprising in view of [7], where it was proved
that the virtual automorphism group acts as a modular group on T (HG∞).

Let ΓBLP (HG
∞) denote the baseleaf preserving mapping class group of HG

∞; that
is,

ΓBLP (HG
∞) def= HomeoBLP (HG

∞)/Homeo0(HG
∞).

In order to establish the isomorphism

ΓBLP (HG
∞)

∼=−→ Vaut(G)

we will use the natural action of Vaut(G) on ∂D, the boundary of the marked
baseleaf.

Proposition 4.5. There is a natural injective homomorphism

Vaut(G) −→ Homeo(∂D)

whose image is CommHomeo(∂D)G.

Proof. Nielsen proved that if H and K are Fuchsian groups and if φ is an isomor-
phism of H onto K, then there exists a self-homeomorphism defined on the closure
of D that conjugates the action of H to the action of K [19]. Although this home-
omorphism is not unique its restriction to ∂D is completely determined by φ as we
shall see in a moment.

Let φ be an isomorphism of H onto K, both of which are subgroups of index
n in G. The goal is to construct a self-homeomorphism φ∗ of ∂D. If γ ∈ G, then
γn! ∈ H . Let α(γ) (resp. ω(γ)) denote the repelling (resp. attracting) fixed point
of γ. Define φ∗ by the rules

α(γ)
φ∗�−→ α(φ(γn!)) and ω(γ)

φ∗�−→ ω(φ(γn!)).

Since the fixed points of G are dense in ∂D, φ∗ is determined by its action on these
points.

It is easily verified that equivalent partial automorphisms of G induce the same
homeomorphism of ∂D; therefore, the assignment φ �→ φ∗ defines a homomorphism
of Vaut(G) into Homeo(∂D).

The injectivity of this map is proved by considering transversely intersecting axes
of G. Suppose φ is a partial automorphism of G that induces the identity map on
∂D. This implies φ preserves power classes of G—precisely, for every γ in G there
exist m and n such that φ(γm) = γn. We wish to show that m = n for every γ. To
obtain a contradiction suppose that φ(γm) = γn and m 
= n. Choose an element ζ
whose axis intersects the axis of γ transversely. There exists some k for which

φ(γm ζk γ−m) = γn φ(ζk) γ−n.

Since the fixed points of γmζkγ−m and γn φ(ζk) γ−n are distinct, it follows that φ∗
acts nontrivially on ∂D, a contradiction. �
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Theorem 4.6. There is a natural homomorphism

HomeoBLP (HG
∞) −→ Homeo(∂D)

whose image is CommHomeo(∂D)G. Consequently there is a natural homomorphism

HomeoBLP (HG
∞) −→ Vaut(G).

Proof. Let f be a baseleaf preserving self-homeomorphism of HG
∞. The goal is to

associate to f a partial automorphism of G (denoted φf ) and prove that f induces
a self-homeomorphism of ∂D that agrees with the action of φf there.

The first step is to find a subgroup of finite index in G on which φf will be
defined. To this end let ε be a positive number that is smaller than one-fourth
the injectivity radius of the surface G\D. Since HG∞ is compact, f is uniformly
continuous. Choose a positive number δ so that δ < ε and

σG(x, y) < δ implies σG( f(x), f(y)) < ε.

As described in Section 2.3 let H and K be the subgroups of G that correspond to
the numbers δ and ε. The subgroup H will turn out to be the domain of φf .

Cover the surfaceG\D by a finite collection of δ-disks and lift these to a collection
{B1, . . . , BN} of δ-balls that cover HG

∞. Consider the intersection of the baseleaf D
and some ball Bj . Each path connected component of this set is a δ-disk in D; the
collection of these disk components is invariant under the action of H . Label each
such disk ∆i

j . The subscript j ranges over the finite set {1, . . . , N} and indicates
that ∆i

j is a component of Bj. For fixed j the superscript i ranges over an index
set with the cardinality of H ; indeed, the group H acts simply transitively on the
disk components of Bj ∩D. We will exploit this fact in the following way: for every
h in H let ∆h·i

j denote the disk h(∆i
j).

From among the centers of all disks {∆i
j} choose a collection {c1, . . . , cN} so

that cj is a center of the ball Bj . Now set c′j = f(cj) and define B′j to be the
ε-ball in HG

∞ centered at c′j . The uniform continuity of f implies f(Bj) ⊂ B′j . The
intersection of B′j and D is a K-invariant collection of ε-disks and each set f(∆i

j)
is contained in one of these disks. Define Di

j to be the disk component of B′j ∩D
that contains f(∆i

j); see Figure 5. Following the convention set forth above, let
Dh·i
j denote the disk component of B′j that contains f(∆h·i

j ).

Claim A. If ∆i0
j 
= ∆i1

j , then Di0
j 
= Di1

j .

Proof. To obtain a contradiction suppose D = Di0
j = Di1

j . There exists a simple
path γ : [0, 1]→ D such that

• γ(0) is the center of ∆i0
j ,

• γ(1) is the center of ∆i1
j , and

• f ◦ γ lies entirely in D.
Let h be the unique element of H that maps ∆i0

j to ∆i1
j . Define the path γ̃ : R→ D

by extending γ along the axis of h—precisely, for every t in [n, n+ 1) set

γ̃(t) = hn(γ(t)).

By uniform continuity of f as well as the connectedness of γ̃, it follows that f ◦ γ̃ lies
in a single disk of radius 2ε. But this is impossible, for D− γ̃ is the disjoint union
of simply connected regions while f(D− γ̃) has a doubly connected component; see
Figure 6. �
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Figure 5. The disks ∆i
j and Di

j.

Figure 6. Proof of Claim A.

Since it was assumed that δ < ε, it is likely that H is a proper subgroup of
K in which case the collection {Di

j} is a proper subset of the collection of disk
components of B′j ∩D. Notice, however, that

⋃
i,j D

i
j covers D.

Let h be an arbitrary element of H . We will prove that the homeomorphism
fhf−1 is uniformly approximated by an element ofK. The first step is to show that
this is locally true. To this end choose an arbitrary disk ∆i

j and recall f(∆i
j) ⊂ Di

j.
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Let k = k(i, j, h) be the unique element of K such that

k(Di
j) = Dh·i

j .

For every x in f(∆i
j),

d( fhf−1(x), k(x)) < 2ε.

In other words k(i, j, h) approximates fhf−1 uniformly on f(∆i
j). The next claim

is that the function k(i, j, h) is “locally constant”.

Claim B. Given disks ∆i
j and ∆i′

j′ and an element h of H, let k and k′ be the
uniquely determined elements of K that satisfy

k(Di
j) = Dh·i

j and k′(Di′
j′ ) = Dh·i′

j′ .

If ∆i
j ∩∆i′

j′ is not empty, then k = k′.

Proof. It follows from the hypothesis that

Di
j ∩Di′

j′ 
= ∅ and k(Di
j) ∩ k′(Di′

j′) 
= ∅.

For some x inDi
j∪Di′

j′ the point k−1k′(x) also lies inDi
j∪Di′

j′ ; therefore, the distance
between x and k−1k′(x) is bounded by 4ε, which is smaller than the injectivity
radius of G\D. This forces k−1k′ to be trivial. �

Since D is connected, the function k(i, j, h) is independent of i and j. It follows
that

d( fhf−1(x) , k(x) ) < 2ε

holds for every x in D. In other words fhf−1 is uniformly approximated on D by
the Möbius transformation k. An immediate consequence is that fhf−1 extends to
a self-homeomorphism of D∪ ∂D—indeed, the boundary homeomorphism induced
by fhf−1 is precisely the restriction of k to ∂D.

We will now prove that f itself extends to a self-homeomorphism of D∪∂D. By
the previous paragraph if h is nontrivial, then fhf−1 induces a nontrivial Möbius
transformation on ∂D. Choose an arbitrary point x in D. The sequence of points

hn(x), n ≥ 0,

converges to the attracting fixed point of h. The uniform continuity of f implies the
sequence {f(hn(x))} converges to the attracting fixed point of k. The fixed points
of H (as well as K) are dense in ∂D; therefore, f extends to a self-homeomorphism
of D ∪ ∂D.

Restricting our attention to the boundary, we notice the map h �→ fhf−1 is an
injective homomorphism of H into K. Since H has finite index in G, the image of
H under this map must also have finite index in G. It follows that

f ∈ CommHomeo(∂D)G.

Setting φf equal to the partial automorphism of G induced by f , we note that the
assignment f �→ [φf ] defines a homomorphism

HomeoBLP (HG
∞) −→ Vaut(G). �
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It is time to prove the main theorem of this section.

Theorem 4.7. There is a canonical isomorphism

ΓBLP (HG
∞)

∼=−→ Vaut(G).

Proof. The kernel of the map

HomeoBLP (HG
∞) −→ Vaut(G)

contains Homeo0(HG
∞) since an isotopy of a baseleaf preserving self-homeomor-

phism necessarily fixes ∂D. It follows that there is a natural homomorphism of
ΓBLP (HG∞) into Vaut(G) which will be denoted ρ.

To prove that ρ is injective, let f be a baseleaf-preserving homeomorphism of
HG∞. We may regard f as a Teichmüller marking of HG∞. If the induced boundary
action of f on the baseleaf is trivial, then f is Teichmüller equivalent to the identity
homeomorphism. This implies that f is isotopic to the identity.

To prove that ρ is surjective, let φ : H → K be a partial automorphism of G. We
know φ is induced by an self-homeomorphism f of ∂D. It is possible to extend f to
an H-compatible self-homeomorphism of D. (This is most directly accomplished
by using the Douady-Earle extension operator [9].) It follows from Proposition 3.10
that there exists a self-homeomorphism of HG

∞ that is mapped by ρ to [φ]. �

We conclude this section with a pair of results concerning baseleaf preserving
isometries of G-tagged solenoids.

Corollary 4.8. There is a canonical isomorphism

CommMöb(D)G
∼=−→ Isom+

BLP (HG
∞).

Proof. An injective map i was established by Example 3.11. Since the baseleaf D
is dense in HG∞, in order to prove surjectivity it is enough to show that if f is an
arbitrary orientation preserving, baseleaf preserving isometry of HG

∞, then

f |D ∈ CommMöb(D)G.

But this is true because f |D is a Möbius transformation and by Theorem 4.6 f |∂D
is in the commensurator of G in Homeo(∂D). �

Corollary 4.9. An orientation preserving, baseleaf preserving mapping class of
HG
∞ contains an isometry if and only if it induces a Möbius transformation on ∂D.

Proof. Suppose f is a homeomorphism which induces a Möbius transformation γ
on the boundary of the baseleaf. It follows that

γ ∈ CommMöb(∂D)(G).

Let γ̃ be the unique Möbius transformation of D that agrees with γ on ∂D. By
Example 3.11

i(γ̃) ∈ IsomBLP (HG
∞)

and i(γ̃)−1 ◦ f is a baseleaf preserving self-homeomorphism of HG
∞ that induces the

identity map on ∂D. This implies i(γ̃) is isotopic to f . The converse is trivial. �
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4.3. The mapping class group of X∞. We will now prove the topological version
of Theorem 4.6. The key is to exploit the fact that the ideal boundary of the
universal covering surface can be constructed in a purely topological fashion [11].
The section ends with an analysis of the topology of the full mapping class group
of X∞.

Theorem 4.10. There is a canonical isomorphism

ΓBLP (X∞)
∼=−→ Vaut(π1(X, ∗)).

Proof. Choose a Fuchsian group G that is isomorphic to π1(X) and choose a home-
omorphism

(X, ∗) h−→ G\D.
Let x0 denote a choice of lift of h(∗) in D. This choice induces an isomorphism of
π1(X) onto G as well as an isomorphism h# of π̂1(X) onto Ĝ. The choice of x0 also
induces a homeomorphism h̃ of X̃ onto D and a corresponding homeomorphism of
∂X̃ onto D. The assignment

(t, x) �−→ (h#(t), h̃(x))

induces a homeomorphism of X∞ onto HG
∞. We therefore obtain the commutative

diagram
X̃ ∪ ∂X̃ ←−−−− X̃ −−−−→ X∞

≈
� ≈

� ≈
�

D ∪ ∂D ←−−−− D −−−−→ HG∞.
The theorem is proved by “pulling back” Theorem 4.7 via this diagram. �

Theorem 4.10 may be regarded as a genus-independent version of the Dehn-
Nielsen-Baer theorem in the following manner. Let (Y, ∗) be a finite covering surface
of (X, ∗). The basepoint preserving homeomorphism group of Y is a subgroup of
HomeoBLP (X∞) (see Example 4.3). Basepoint preserving isotopies defined on Y
lift to baseleaf preserving isotopies at the solenoid level. It follows that Γ(Y, ∗) is a
subgroup of HomeoBLP (X∞); moreover, there is a canonical commutative diagram

Γ(Y, ∗) ∼=−−−−→ Aut(π1(Y, ∗))� �
ΓBLP (X∞)

∼=−−−−→ Vaut(π1(X, ∗)),
where the vertical homomorphisms are injective. By Theorem 2.15 the union (over
all covering surfaces Y ) of the images of Γ(Y, ∗) does not cover ΓBLP (X∞). On the
other hand it is not known if every baseleaf preserving mapping class of X∞ can
be decomposed into a finite number of elements each of which lies in some Γ(Y, ∗).

A few comments on the role of basepoints are in order. There is an apparent
asymmetry between the Dehn-Nielsen-Baer Theorem, a statement about basepoint
preserving mapping class groups of surfaces, and Theorem 4.10, a statement about
baseleaf preserving mapping classes of X∞. We will now describe how this apparent
asymmetry can be resolved in either direction.

Let Homeo∗(X∞) denote the group of self-homeomorphisms that fix the canon-
ical basepoint. The pointed mapping class group of X∞, denoted Γ(X∞, ∗), is
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defined to be the quotient of Homeo∗(X∞) by the subgroup of basepoint preserv-
ing self-homeomorphisms that are isotopically trivial (relative to the basepoint). It
turns out that Γ(X∞, ∗) is nothing more than ΓBLP (X∞). The proof requires the
following fact.

Lemma 4.11. The group Homeo0(X∞) acts transitively on X̃.

Proof. Let p and q be arbitrary points in X̃ . Choose a simple path α from p to q and
a finite index subgroup K in π1(X) that has a fundamental domain DK enclosing
α. Define a self-homeomorphism of DK by “dragging” p to q while leaving the
boundary of DK fixed. Extend this map to a K-invariant self-homeomorphism f of
X̃ that fixes ∂X . It is easy to extend f to an isotopically trivial self-homeomorphism
of X∞ that maps p to q. �
Theorem 4.12. There is a canonical isomorphism

ΓBLP (X∞)
∼=−→ Γ(X∞, ∗).

Proof. By the previous lemma the group HomeoBLP (X∞) is generated by the sub-
groups Homeo0(X∞) and Homeo∗(X∞). It follows that the map in question exists
and is surjective. To prove injectivity it remains to verify that if an isotopically
trivial self-homeomorphism of X∞ preserves the canonical basepoint, then it is iso-
topically trivial relative to the basepoint . The proof of this fact resembles the proof
of the previous lemma. �

In this way the “missing” basepoint can be restored to Theorem 4.10.
Another way to reconcile the apparent asymmetry is to view the basepoints as

being “absorbed at infinity”. The lifts of the basepoints of all the surfaces in the
canonical covering tower of (X, ∗) form a “lattice” L in X̃ that accumulates at
every point in ∂X̃. Consider a basepoint preserving homeomorphism of a covering
surface (Y, ∗). Such a map preserves a finite index sublattice of L and therefore
determines the induced action on ∂X̃. Moreover, a basepoint preserving isotopy
of this map induces an isotopy of X̃ that fixes ∂X̃. With this view it is evident
that basepoints provide a convenient means by which to control the ideal boundary
of the baseleaf, and it is the ideal boundary that is fundamental to understanding
ΓBLP (X∞).

It should be noted that the unpointed mapping class group of Y , which is iso-
morphic to

Aut(π1(Y ))/ Inn(π1(Y )),
does not appear naturally as a subgroup of Vaut(π1(X)) since inner automorphisms
of π1(X) induce isotopically nontrivial homeomorphisms of X∞.

Now consider Γ(X∞), the full mapping class group of X∞. Since it is defined as
the quotient of topological groups, it inherits a quotient topology. The first step in
analyzing this topology is to notice that the virtual automorphism group of π1(X)
is topologized by the inclusion

Vaut(π1(X)) −→ Homeo(∂X̃).

Given γ in π1(X), let iγ denote the corresponding inner automorphism of π1(X).
The map γ �→ iγ induces an inclusion of π1(X) into Vaut(π1(X)). Define an action
of π1(X) on the product space

π̂1(X)×Vaut(π1(X))
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by setting
γ · (t, φ) = ( tγ−1, iγ ◦ φ ).

Theorem 4.13. There is a canonical homeomorphism

Γ(X∞) ≈−→ π̂1(X)×π1(X) Vaut(π1(X)).

Proof. By Theorem 4.4 Homeo(X∞) is homeomorphic to

π̂1(X)×π1(X) HomeoBLP (X∞).

The canonical surjective homomorphism of HomeoBLP (X∞) onto Vaut(π1(X)),
which will be denoted ρ, is clearly continuous. Notice that ρ maps a covering trans-
lation Cγ to the inner automorphism iγ . It is easily verified that the assignment
(Ts, f) �→ (s, ρ(f)) induces a continuous map

π̂1(X)×π1(X) HomeoBLP (X∞)
�−→ π̂1(X)×π1(X) Vaut(π1(X)).

Suppose that Ts ◦ f is isotopic to Tu ◦ g. These homeomorphisms map the baseleaf
to the same leaf; therefore, there exists γ in π1(X) such that s = uγ. It follows
that

Ts ◦ f = (Tuγ) ◦ f = Tu ◦ (Cγf).
Consequently, Cγ ◦ f is isotopic to g and

ρ(g) = ρ(Cγ ◦ f) = iγ ◦ ρ(g).
We conclude that �(Ts ◦ f) = �(Tu ◦ g). The map � is therefore defined on Γ(X∞)
and it is not hard to show that � is a homeomorphism. �

Remark. The preceding theorem is a statement about the topology of Γ(X∞) and
does not shed light on its group structure.

Corollary 4.14. There is a canonical homeomorphism

Isom+(HG
∞) ≈−→ Ĝ×G CommMöb(D)G.

4.4. The unit tangent bundle of HG∞. Let UT (D) denote the unit tangent
bundle of D. By choosing an element ζ in UT (D) and identifying ζ with the
identity transformation in Möb(D), the formula γ �→ γ ·ζ defines a homeomorphism
of Möb(D) onto UT (D). If G is a Fuchsian group, then UT (G\D) is homeomorphic
to G\Möb(D).

The unit tangent bundle UT (HG∞) is constructed similarly. There is a natural
projection

Ĝ× UT (D) −→ UT (HG
∞)

obtained by taking the quotient of Ĝ×UT (D) by the natural action of G. Choose a
unit vector ζ tangent to the baseleaf in HG

∞ and identify ζ with the identity Möbius
transformation. One thereby obtains a homeomorphism

Ĝ×Möb(D) ≈−→ Ĝ× UT (D).

Since the map is G-equivariant it induces a homeomorphism

Ĝ×G Möb(D) ≈−→ UT (HG
∞).

Here is a canonical model for UT (D). Let Y be the space of distinct triples
of points in ∂D taken in counter-clockwise order. Each point in Y determines an
element of UT (D) as indicated in Figure 7. If G is a Fuchsian group, then it acts

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1856 CHRIS ODDEN

Figure 7. Determining a point in UT (D).

on Y in the obvious manner; the quotient G\Y is canonically homeomorphic to
UT (G\D).

It is known that the mapping class group of a surface does not act smoothly on
the surface [16]—in other words, there is no faithful map

Γ(G\D) −→ Diffeo(G\D).

It is not known if Γ(G\D) acts faithfully on G\D by homeomorphisms; however,
Cheeger and Gromov used the space Y to exhibit a faithful, natural action

Γ(G\D) −→ Homeo(UT (G\D))

(see [8], p. 54). The spirit of the construction is:
(1) Lift a mapping class to D and let it act on ∂D.
(2) Use the induced action on Y to define a homeomorphism of UT (D).
(3) Check that this procedure is suitably equivariant.

A generalization of this procedure can be used to construct a faithful action of
ΓBLP (HG

∞) on UT (HG
∞). First observe that there is a canonical homeomorphism

UT (HG
∞) 	−→ Ĝ×G Y.

Since Vaut(G) acts naturally on both ∂D and Ĝ, it follows that Vaut(G) acts
naturally and equivariantly on Ĝ × Y . Consequently there is a natural, injective
homomorphism

ΓBLP (HG
∞) −→ Homeo(UT (HG

∞)).

4.5. The universal euclidean solenoid. The methods contained in this article
can be modified to analyze E∞, the universal euclidean solenoid. To simplify
arguments we will concentrate on the “standard” marked solenoid by taking X =
R2/Z2. In this case there is a canonical model

E∞ ≈ Ẑ2 ×Z2 R2

with marked baseleaf X̃ ≈ R2. Two geodesics in R2 are declared to be equivalent if
they are parallel. Topologized in the obvious fashion this set of equivalence classes
becomes an “ideal boundary” ∂X̃ which is homeomorphic to P1R. The uniform
structure on E∞ can be exploited to prove the existence of an action

ΓBLP (E∞) −→ Homeo(∂X̃).
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The image of this map can be recognized as PGL(2,Q). Unlike the hyperbolic
case, this map has a kernel. This kernel is isomorphic to Q∗ and corresponds to
rational hometheties of the marked baseleaf. Such maps are isotopically nontrivial
but act trivially on the ideal boundary. The upshot is that

ΓBLP (E∞) ∼= GL(2,Q) ∼= Vaut(π1(X)).

As in the hyperbolic case the full mapping class group of E∞ is homeomorphic
to

Ẑ2 ×Z2 GL(2,Q).
In the euclidean case, however, it is possible to discern the group structure. On one
hand translations of the marked baseleaf—in particular homeomorphisms induced
by elements of π1(X) = Z2—are isotopically trivial. It follows that Z2 acts trivially
on the right-hand factor. On the other hand, since Z is abelian the quotient space
Ẑ2/Z2 is in fact a group—indeed, a subgroup of Homeo(E∞). Via the action

GL(2,Q) −→ Sym(Ẑ2/Z2)

(see Section 2.4) construct the semidirect product

Γ = Ẑ2/Z2 �GL(2,Q).

There is a natural injective homomorphism

Γ −→ Homeo(E∞).

It can be verified that Γ is canonically isomorphic to the full mapping class group
Γ(E∞) and this homomorphism is a splitting of the surjection

Homeo(E∞) −→ Γ(E∞).
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menhang mit der topologischen Deformation der Flächen, J. Reine Angew. Math. 159 (1928),
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