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ON THE THEORY OF ELLIPTIC FUNCTIONS

BASED ON ,Fi(3,2:4:2)

LI-CHIEN SHEN

ABSTRACT. Based on properties of the hypergeometric series gFl(%, %; %; z),
we develop a theory of elliptic functions that shares many striking similarities
with the classical Jacobian elliptic functions.

The standard approach to the theory of the Jacobian elliptic functions begins
with the development of the theory of the theta functions, and the elliptic functions
are introduced in terms of the ratios of the theta functions. The crucial properties of
the elliptic functions such as the differential equations associated With the elliptic
functions and the connection with the hypergeometric series 2F1(2, 5; 1;2) then
follow from the general theory of the theta functions. In this work we consider
the theory of elliptic functions from the perspective of the hypergeometric series
2Fi(5, 3545 2) and o F1 (3, 2; 15 2).

The contents are organized as follows. In Section 1, we first list some of the
crucial properties of the Jacobian elliptic functions, and then reformulate them in
terms of 2F1(2, o1 é, z); this approach will provide not only the crucial motivation
but also the road map for formulating a parallel theory of the elliptic function the-
ory based on o F ( é, 3 2, z). In Section 2, we introduce three functions analogous to
the ones encountered in the previous section and, based on the simple properties of
2F1(3, 3 2 ; 2), we derive a corresponding set of formulas which share striking simi-
larities with their counterparts. One of the functions will be represented in Section
3 in terms of the Weierstrass p function, and additional properties are derived from
the theory of conformal mappings. In Section 4, we list the theta functions and
the essential formulas involving the theta functions and the Weierstrass p function.
The most technical aspect of the paper is in Section 5. It seems appropriate to

insert a brief remark here. We recall that in the theory of the Jacobian elliptic
93 91(2/ 03)

B:(-702) satisfies the

functions, it is simple to establish that the theta quotient 5

following differential equation [5l, p. 491]:

(¥)? = (1 —y*)(1 - k*?) with y(0) =1,
02
02'
above dlfferentlal equation (the inverse problem). In fact, it is commented in [5, p.
492] that unless the theory of theta function is assumed, it is exceedingly difficult
to even show that the above differential equation has an analytic solution except
at simple poles. The main goal of this section is essentially to solve a similar

where k = However, for a given 0 < k < 1, it is very difficult to solve the
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2044 LI-CHIEN SHEN

inverse problem for a differential equation arising from the current theory with the
help of the existing properties of the Weierstrass g function. In Sections 6 and 7,
we see that many interesting counterparts of the Jacobian elliptic functions follow
naturally from the machinery established in the earlier sections.

The reader’s familiarity with the subjects of the Weierstrass g function, the
basic properties of the theta functions and the classical Jacobian elliptic functions
is assumed.

1. BASIC PROPERTIES AND REFORMULATION
OF THE JACOBIAN ELLIPTIC FUNCTIONS

We first list some of the most important properties of the Jacobian elliptic func-
tions. (See [B, Chapter XXII] for the definitions and the proofs of these identities.)
sn?u+en*u =1,
(1) k*sn?u + dn’u = 1.
sn'u = ecnudnu,
(1.2) en'u = —snudnu,

dn'u = —k*snucnu.

_/5”“ dt
T Va—ea-ee)

_ /1 dt .
dnu \/(1 —12)(t2 - k’2)

(See [Bl p. 492-493] for the proofs of (1.1)-(1.3).)
Also, dn u satisfies the differential equation

(1.4) (dn'u)? = (1 — dn’u)(dnu — K'°).
Moreover, we have the Lambert series [0, p. 511, Example 1]

oo qn
(1.5) 02dn(03z) = 1—}—4;@6082%2.
For later comparison, we also mention [5, p. 493]

sn0=0, en0=1, dn0 =1,
and
snK =1, ecnK =0, dnK =k,
where k = z—§ and k' = z—‘z are, respectively, the modulus and complementary
3 3

modulus of the elliptic functions, and K = Z63.
Thus, the identity

(1.6) 03 + 0% = 03
is precisely the identity
k2sn? K + dn’K = 1.

We now reformulate the theory of the classical Jacobian elliptic functions from
the perspective of the hypergeometric series gFl(%, %; %,a:) This approach will

form the basis for the development elliptic function theory based on gFl(%, %; %; x).
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ON THE THEORY OF ELLIPTIC FUNCTIONS 2045

We recall that the hypergeometric series o F (a, b; ¢; 2) is defined as

oFy(a,b;c; 2) = Z %Zﬂ

The following identity is well known [2] p. 101]:

n=0

1 al al cos az
Fi(=4=,= —=;=;sin’2) = :
2P+ 55— gigisin A = o
Two special cases of the above identity corresponding to ¢ = 0 and a = % are used
in this work:
111 1
1.7 (= = = —
( ) 2 1(2727278111 Z) COSZ,
121 cos £
1.8 Fi(5,=;5;sin? 2) = —3.
(1.8) 2 1(3’3’2’Sln ?) cos z
Define
@ 111
= Fi(s, =5k sin 0)do
u /0 2 1(2;2727 s )
sin ¢ 111 dt
1.9 = Fi(s, =5 K22
(1.9) /O 21(3:553 )m

sin ¢
_ dt (from (1.7)).

o JI-B)1- k)

Comparing with (1.3), we have

sin = snu,

cosp = \/1—Sin230= V1 —sn?u = cnu,

and p .

8 _ 1 1 — k%sn2u = dnu.

du 2F1(§a§a§ak
Theorem 1.1. Let 0 < k = % < 1. Define

o sin @
111 dt
1.10 9222/ Fi(=,=; = k?sin®0)do = .
( ) 3 0 2 1(2 2’9 ) o \/(1—t2)(1—k2t2)
Then
B(2) = Lo
(2) = Z—l—Z;El e sin 2nz.

Proof. Clearly, comparing (1.3) and (1.10),
(1.11) sn(63z) = sin ®(z).

Differentiating (1.11) and appealing to the properties (1.1), (1.2) and the Lambert
series (1.5), we obtain

e 02 en(022)dn(63z)
dz 3 cos ®

n

(1.12) cos 2nz.

= 02dn(03z) =1 +4Z 1_3 o
n=1 q

The conclusion follows immediately by integrating (1.12).
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2046 LI-CHIEN SHEN

Integrating (1.10) from 0 to & and using the fact that ®(5) = 7, we have [5] p.
499]

11 . 63
O3 = 2F1(§7§§1§ 9—2)

2. FORMULATION OF THREE FUNCTIONS BASED ON o2 Fy (3, 2;1;2)
Let 0 < k3 < 1 and let k4 = /1 — k2. Define

® 121
u= / 2 F( —: k2 sin? 0)d,
0

333
sin g 121 dt
= Fi(=, == k22 .
/0 21(3, 3553k ),/—1_t2

Then ¢(u), with ¢(0) = 0, is well defined for u in some neighborhood U of v = 0.
We now define
snau = sin @,
cn3u = CoS ¢,
dep

d =— = L
n3u
du 211(%%5%

Clearly
sn30 =0, cn3z0 =1, dnz0=1.
Moreover, for u € U,
(2.1) sniu 4 cnju =1,
1 . 3
(2.2) k2sn2u + Zdngu + Zdn%u =1,
or equivalently,
4k2sn2u = (1 — dngu)(2 + dnzu)?,
(2.3) snsu = cngu dngu,
(2.4) enfu = —snzu dngu,
4
(2.5) dnlu = gk‘gCﬂgU\/l — dnsu.
Also, dnzu satisfies the following differential equation:

4
(2.6) (dnfu)? = 5(1 — dnzu)(dniu + 3dniu — 4k'32).

The properties (2.1), (2.3), and (2.4) follow immediately from the definitions, hence
we only need to prove (2.2), (2.5) and (2.6).
We introduce a function ¢3(u) defined by the relation

k3snzu = sin ¢3(u), ¢3(0) = 0.

Clearly ¢3(u) is well defined whenever u lies in U.
We now prove (2.2). From the identity (1.8),

121 cos £
2F1(§,§;§;sin2z)= .

cosz
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ON THE THEORY OF ELLIPTIC FUNCTIONS 2047

Hence s
3
2Pl g o) =
Thus, from the definition of dngu, cos % = C;;jj . Appealing to the trigonometric
identity
4 cos® % — 3 cos % = CO0s ¢3,
we obtain

3
A (COS¢3) _3COS¢)3 — cosds.

dnsu
Thus, after simplification,
dniu + 3dn3u = 4 cos® g3 = 4(1 — k3sn3u).
This proves (2.2).
We now prove (2.5). Differentiating (2.2), we obtain

dnl — 8 5 8N3ucCn3U
TL3U——— 3 7 a4 -
3 % dnsu+2

Hence,
64 sniucniu

d / 2 _ - 4 3 3

( ngu) 9 3 (d’l’LgU ¥ 2)2

_ EkQ en3u(dngu + 2)%(1 — dngu)
9 (dnsu + 2)?

(by (2.2))
16
= gkgcngu(l — dngu).
This clearly gives (2.5).

The proof of (2.6) goes as follows. From (2.5),

1
—6 1 — dnsu)k2en?u
9 3CN3

1
= 36(1 - dngu)(kg - kgsngu)

(dnfyu)® =

4
= 5(1 — dnzu)(4k3 — 4 + dnu + 3dn3u)

4
= §(1 — dnsu)(dndu + 3dn3u — 4Kk4°).

All these identities are valid for v € U. In next section, we will represent dnsu
in terms of the Weierstrauss p function. This will allow us to replace the above
neighborhood U with the entire complex plane.

3. REPRESENTATION OF dns BY THE WEIERSTRASS @ FUNCTION

From the fact that dn30 = 1 and the differential equation (2.6), we have
dt

3 /dngu
u=—
2hJa o+ 8e - ak?)

(3.1)
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2048 LI-CHIEN SHEN

Using the standard formula [B] p. 453] which expresses the above integral in terms
of the Weierstrass p function, we obtain

4 A
(3.2) d’l’Lg’u, =1- §k32, (@(UJQQQ,%) + g) ’
where
4 ,2 4
g2 = ﬁ(l +8k3") = 27(9 8k3)
and
8 8

g5 = 55 (8K, o0k’ 1) = 573 (85 — 36k +27).

Moreover, straightforward computation yields the discriminant
12

2
Alga, g3) = g5 — 2793 = 1— k3)ks

55 (
and the invariant
g5 —27g5 _ 64(1 — k3)k§

R CEEE

Since p(u) is meromorphic on the complex plane, we see that, from (3.2), the
earlier restriction of u € U for dngu can now be removed by the standard procedure
of analytic continuation and that dnsu is elliptic follows immediately. In Section 6,
we will obtain very explicit representations of snzu, cnzu and dngu in terms of the
quotients of the theta function 6 (z|7). We also remark that for 0 < k3 < 1, J # 0,
p(z) does not degenerate into a trigonometric function.

We add that since g is of order 2, dnzu is also an elliptic function of order 2.
(See [5, p. 432] for the definition of the order of an elliptic function.) Also since p
is even, dng(—u) = dnsu, hence (3.1) can be written as

Y i
2 Jansu \ (1~ 1)(88 + 362 — 4k5?)

We now discuss the periods of dnzu from the perspective of the theory of conformal
mappings. Let

J:

(3.3)

/ dt
\/ )(£3 + 3t2 — 4k4?)
Thus the multi-valued function s(w) is the inverse function of dngu.

We first note that, using elementary differential calculus, it is easy to see that the
denominator has four simple real zeros: 1,x1, —x2 and —x3; and —2 < —x3 < —x9 <
0 < 1 < 1. From the elementary properties of theory of conformal mappings,we see
that s(w) maps the lower half plane Imw < 0 conformally onto a rectangular region
R with vertices 0, — K, — K — K’ and —K’, where K > 0 and K’ is a purely imaginary
number with ImK’ > 0. Moreover, we have s(1) = 0, s(z1) = —K, s(—x2) = —K —
K’ and s(—z3) = —K’. We remark that s(co) lies on the imaginary axis between
0 and —K’. Thus, using the fact that dnsu is an even function, we conclude that
dn3z0 = 1,dns K = z1,dn3(K+K') = —z5 and dng K’ = —x3, and there exists a pole
of dngu between the line segment between 0 and K'. Since p(z+K') = p(—2+K'),
dnz(u + K') = dnz(—u + K'), therefore there is also a pole between K’ and 2K’.
We also point out that s(—2) lies on the line segment between 0 and —K’. For the
same reason, there are exactly two points u; and us between 0 and 2K’ such that
dnzu; = dnzus = —2. For later use, we state
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ON THE THEORY OF ELLIPTIC FUNCTIONS 2049

Lemma 3.1. dnsu is an elliptic function of order 2. Inside the period parallelogram
two of its poles are located on the line segment between 0 and 2K’ and the solutions
of the equation dngu+ 2 = 0 are also located between 0 and 2K'.

The fundamental periods of dngu are 2K and 2K’. We will let
K" 3t
K 2
We remark that this particular choice of the form for the ratio of K and K’ makes
the subsequent identities and formulas simple and elegant.

With abuse of the earlier notation, we will also use p(z;w1,ws) to represent the
Weierstrass g function of periods wi and ws. If w; = 7 and wy = 77, for some
complex number 7, then we simply write p(z|7) = p(z; 7, 77).

Let K5 = K, K}, = K’ and a3 = % We show that dng(asz) is an elliptic
function of periods 7w and 3”77 To see this, we note that [5, p. 439, Example 2]

1
(3.4) plaz; awr, aws) = Ep(z;wl,wg).

Then

4 1\’
dnz(azz) =1 — —k2 (@(G3Z;2K3a 2K3) + g)

9
4 2K 1\
=1k (p( ~%1 2Ky, 37K) + 5)
(3.5) B
4 3T !
1 §I<:§ <a§2p(2;7ﬂ T) + g) (from (3.4))

37 a2\
—1——a3k3<( 7)"’53) :

The corresponding go and g3 for p(z |§) are

26 K4 6 K4
(3.6) 92= 353 S(1+8k,%) = e —2(9 — 8k3)
and
29 K§ 2 29 K§
(3.7) g3 = ﬁ—(Sk + 20k, — 1) = ¥—5(8k§ — 36k3 + 27).
We recall that the Eisenstein series E4(7) and Fg(7) associated with p(z|7) are
3 © n3q2n
Ey(r) = 792 = 1+240) 11—
n=1
27
Eg(r ):—9371—50421_@

Hence, from (3.6) and (3.7), we have the following expressions of Eisenstein series
in terms of ks:

K#
E(3 _1+2402 67T (9 — 8k2)
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2050 LI-CHIEN SHEN

and

37 nSg®" 64 KS 4 9

Eﬁ(g)—1—5o4n§:1 i o7 o (35 — 36Kk +27).
The most intricate part of this work is to determine the precise locations of the

two poles of dngu in the period parallelogram, and we will devote the entire Section

5 to the proof of

Lemma 3.2. The poles of dnsu in the fundamental period parallelogram are 213{5

4K3

and

Clearly, from (3.5), Lemma 3.2 can be re-stated as follows:

T 3T 1,
@(7 7) = T3%
The proof of Lemma 3.2 will require some detailed facts concerning the properties
of the Weierstrass g function and in next section, we will list pertinent facts about

the Weierstrass g function and its connections with the theta functions.
4. SOME IDENTITIES INVOLVING THE THETA FUNCTIONS

AND THE WEIERSTRASS ¢ FUNCTION

We begin by recalling some familiar properties of the theta functions [5, p. 465

and p. 469]:

(4.1) 01(z|7) = 2q7 sin z ﬁ (1 — ") (1 — ¢>"e%)(1 — ¢>"e~2%),
n=1

(4.2) ﬁ 1= @M)(1 = g2 1e2%)(1 — g2 Le2i2),

(4.3) =Ez +77|7) = —q e 7?0, (2|7),

(4.4) 01(z + m|T) = —61(2|7).

The logarithmic derivatives of 81 (z|7) and 84(z|7) are related by

91

(4.5) 7

L+ T = ) —

The Lambert series for —4( |7) is [Bl p. 489]

(4.6) by =2y 1

—,, sin 2nz
04 —_ 1—qg*n
and for %(zh’) is
9/1 e eQinz
n=-—00
n#0

where |q| < [e*] < 1.
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ON THE THEORY OF ELLIPTIC FUNCTIONS 2051

The following identities provide connections between the theta functions and the
Weierstrass p function:

201(z + a|T)01 (2 — a|7)

(48) olelr) = ol = G Ot ez
’ Y 91(22|7)
(4.9) ¢ (2|) = (91(0|T))3Wa

/

(4.10) o (zlr) = (Z—) (7).
(4.11) %(z+a|7) — %(z—a|¢)—2

o, gl
5, = S — plam)

0 . >  2ina _ ,2n,—2ina
212) 200 (g - WD) o o5 7 e cos2nz | .
( IT)
@ a\|\T

61 z|7) — g( 1—q¢n

We remark that (4.8) and (4.9) are given, respectively, in [3], p. 451, example 1]
and [5, p. 459, Example 24] as the quotients of the Weierstrass Sigma functions,
the derivation of (4.10) in the setting of the Weierstrass Sigma function is given in
[5, p. 445] and (4.11) is precisely the integral of the identity given in [5, p. 456,
example 1].

The proof of (4.12) is as follows.

We note that from (4.3), we have

0} .0
—=(z+77|T) = =21 + = (2|7)
91 91

and

/

(4.13) (z—a+77|T) = -2+ G—I(z—a|7').
1

/
1
61
Hence, from (4.13) and (4.7),

/ /

2L il —
i (z+alr) 9, (z—al7)

0, 0"
=2+4it(z4alr) —it(z—a+n7|7)
01 01
& 2ina ,2inz —2ina ,2inz ,2n
e"Mle e e"mzq
=21+ Z 1 — g2n o 1 — g2n
n=—oo q q
n#0
(4]_4) i e2inag2inz eQinae—Qinzq—Qn q2n
=211+ — .
< 1— q2n 1— q72n q2n
[y e
oo 2ina
=2(1+2 Z T cos2nz
n=-—oo
n#0
X 2ina 2n ,—2ina
e &
=2 <1 +2 Z 1 _qun cos 2nz>
n=1
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2052 LI-CHIEN SHEN

Equation (4.12) now follows immediately from (4.11) and (4.14).
For subsequent use, we now list the values of ¢/(z|2F) at various points. From
(4.1) and (4.9), it is easy to deduce that

T 3T -8 .
4.1 202y 223
(4.15) (T = o
and
T T 8
4.16 "(=]=) = ——b3
(116) o(315) =%
where
loo 1_q _oo(l_qn)3
q3 H g and bs = H 7(1 Ty

n=1
It is interesting to comment that the Lambert series for ¢3 can be derived quite
easily from our current setting. To see this, we note, from (4.5) and (4.10), that

(4.17) oz + Hlr) = - <%) (4 5 Ir) = - <z—i> (zI7).

Thus, from (4.17) and the second derivative of the Lambert series (4.6),

T 3T o.\" wr 37 > n2q™
4.18 4 — =)= -8 _—
(4.18) Pgl5) = (94) (T3 Z;1+q"+q2"

Hence, we have the Lambert series for ¢3:

C3_27Zl+q +q2n

For later use, we also need the following fact which follows readily from (4.7):

0} 7T 3T > q"
4.1 A=) -2=1 .
(4.19) Sigr(515) +6;1+qn+q2n

5. PROOF OF LEMMA 3.2

The proof will be done in five steps.
Step 1. Let ®(z) = ¢(aszz). We first express (3.5) in terms ® and 6, and from
which we derive

1 eQ?,na 3n ,—2ina

(:1) () = (o — 2iagh(a |—>+2a>z+2a2— e

sin 2nz,

where o = —% p/?g‘k%
that p(al3r) = —é. Hence a is a pole of dns(azz). From Lemma 3.1, we know
that one of the poles of dnzu lies on the line segment between 0 and K’; we can
therefore assume that a lies on the line segment between 0 and ?”TTT.

Recall that

5 and a is a point in the period parallelogram of p(z|3§) such

dgo.

dnzu = T

then
®'(2) = agdnzu.
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ON THE THEORY OF ELLIPTIC FUNCTIONS 2053

Hence, from (3.5),

-1 / 3T

4 . . —¢'(al5)
(5.2) ' (2) = az — —a3k? <@(z|—) + —) = a3 +ia — —.
9 273 (2| F) — plalF)

Then from (4.12)

01, .3 01 3 01 3
O'(2) = az — 2ia9—i(a|%) +ia (6)—1(2 + a|77-) - 9—1(2 —a 77))
(5.3) o N
9/ 2ina __ ,3n 2ina
=as —2ia9—i(a|3§) +2a+4az € - _qqgi cos 2nz.

n=1

Integrating (5.3), we obtain the desired conclusion.
Step 2. We now make a further simplification of (5.1):

oo 1 eQina o q3n672ina

(5.4) O(z) =24 2a - o sin 2nz.
n=1

We write (2.2) in terms of ®:

(5.5) 4k2 sin? ®(2) = (1 — dngazz)(2 + dnzazz)>.

Since 7 is a period of dnsasz, dngasm = dns0 = 1. Hence sin ®(7) = 0 and, from
(5.5), this implies that ®(7) = N7 for some integer N. We will prove that N = 1.

Suppose |N| > 1.

We observe that, from (5.2), ®'(z) is real valued if z is real, thus ®(x) is real on
the real axis. Since ®(0) = 0 and ®(7) = N7, we conclude from the intermediate
value theorem that there exists an z* with 0 < z* <7 (or a u* with 0 < u* < 2K)
such that ®(z*) = 7 or —x. This in turn implies that sin ®(z*) = 0 and we conclude
from (5.5) that either dngu™ =1 or dngu™ = —2. Since dnsu is an elliptic function
of order 2, the equation dnzu — 1 = 0 has exactly two solutions in the period
parallelogram and from (5.2) we see that it already has double zeros at u = 0,
hence dnsu* = 1 will yield a third solution and this leads to a contradiction.

Now consider that case dngu® = —2. From Lemma 3.1, dngu + 2 = 0 has two
solutions on the line segment between 0 and 2K, hence a third solution u* between
0 and 2K again leads to the same contradiction.

Therefore either N =1 or N = —1.

Suppose N = —1. Then ®(7) = —m. Since ®(0) = 0 and ®’'(0) = az > 0, we
conclude that there exists an z* between 0 and 7 such that ®(z*) = 0. This again
leads to the same contradiction.

Thus N = 1.

Since ®(7) = m, we conclude from (5.1) that

/

0
(5.6) a3—2ia—1(a|3—T)+2a: 1.
61 2

Substituting (5.6) into (5.3), then the desired conclusion (5.4) follows from integra-
tion of (5.3).

Step 3. o = %
Using (5.6), we can re-write the first equation of (5.3) as
01 3 0] 3
(5.7) O'(2) =1 - 2a+ia <9—1(2+a|77)—9—1(z—a|77)).
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Integrating (5.7), we obtain, after exponentiation,

3T @
(5.8) 1P = iR (‘M)
01(z — alF)

We now prove o = 2. To this end, we re-write (2.2) as

1 1
(5.9) 4K2sin?® =4 — (—@')% — 3(—9')%.

as as
Since the right-hand side of (5.9) is elliptic, we conclude that its left-hand side
(5.10) 4sin? ® = 2¢c0s 2P — 2 = 2P 4 2% _ 9

is elliptic as well. Since @' has poles of order 1, this implies, from (5.9), that sin® ®
has poles of order 3. From (5.8) and (5.10), we conclude that o = 2.
Step 4. e*%?® is elliptic and of periods 7 and 3”77

To see this, we differentiate (5.9). Then

3 6
(5.11) 4kssin2® = ——<I> ' —

a3 a3
This shows that sin 2@ is elliptic. From (5.10), cos 2® is elliptic, therefore e*2'® =
cos 29 + ¢ sin 29 is elliptic.
Step 5. We now prove a = .
Let

@//

f(Z) _ _ef2i<I>.

F(z) = et (91(2 + a|3§))3

01(z —al%)
Using the properties (4.3) and (4.4) of 61 (z|7), we have

3T, iz +337) (91(z+a+ 51F)

f(z+7) 01(z —a+ 27|31

Then, from (5.8),

3

) _ q66712iaf(z).

Since f has period 3%, therefore a = 7~ + - for some integer n. We have earlier
proved that the pole of dngu is purely imaginary, hence we conclude that n = 0
and this completes the proof of Step 5.

Substituting the values of « and a into (5.4) we conclude that

(5.12) _Z+3Zn1—|—q T sin 2nz.

6. REPRESENTATIONS OF Snsu,cnsz AND dnzu AS QUOTIENTS OF 6

Since sng(azz) = sin®(z) and cnz(agz) = cos®(z), we conclude from Step 5

that
1 [ 01(z + ZT|3)
snz(azz) = = | €** (%
2 ( 01(z — ZF|37)

and
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We remark that snzu and cngu are not elliptic; however, sn3u and cn3u are both
elliptic.

We now express dns(asz) in terms of 6;.

First we recall the identity (4.8):

iy — (o (o2 T Al — alr)
olalr) = pl=I7) = (01 01m)* = g e

From (5.2) and the above identity with a = %, we obtain
3i 1 01(r7[ )01 (01%) 03 (2 %)

(6.1) dns(asz) =1+ - — —.
2a3  Of(nr|F)  Oi(z+ FIF)0(z - F|T)

From (4.1), we obtain

3T _ T 3T

0rrS) = oSS,
T 37’ i1/

01(5 1) H (1—-4¢")

and
0’ (0 ( 2q3/8 H
Substituting these quantities into (6.1), we have

it 02(=|3)

dngz(azz) =1+¢q ,
( ) a391(z—|— 7r7'|37') (Z 7r_27'|3?7')

where c3 is defined as in (4.15).

7. COUNTERPARTS OF THE JACOBIAN ELLIPTIC FUNCTIONS

Differentiating (5.12), we obtain the Lambert series for agdngasz:

> n
q
azdnsazz =146 ———————cos2nz.
3dnzas 712::1 T4q + ¢
We now express as as a Lambert series: With a = % and a = %, we obtain from
(5.6) and (4.19),
(7.1) ——2+391(E3—T)—1+6§:L'
' B 01" 2" 2 14 g+
and from (4.15) and the definition of « in (5.1), we derive
3
c:
(7.2) k2= 3.
a3
Since sin ®(z) = sn3 2L and (%) = I,
sn3K3 =1.
Then, from (2.2) with © = K3, we have
1 3
(7.3) 1—k2= Zdngm + ZdngKg,.
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Solving the above cubic equation, we obtain

dnsKs = (1— 2k2 + 2iksk})® + (1 — 2k2 + 2iksk}) ° — 1.

We now introduce the abbreviated notation: a = as,b = bs and ¢ = c3, and show
that the identity (7.3) is precisely the Borweins’ Cubic identity [1]:

a® =03+ .

To see this, we recall the fact that dns K3 = %@ (%). Then (7.3) can be rewritten
as

(7.4) 1- k2= i (%@’(%))Z% (%3@’(%))2.

We also need two identities involving ®'(%):

s i 1—q¢")?% (1 o

(7.5) @ (5) = 11 El _332) El ign)?)ﬂ
T 4ga— o T Lm0 (L)
(7.6) @(2)4'3 —4};[1(1_(1371) (1+¢m)2

To prove (7.5), we note from (5.12),

o
m (=1)"q"
(5)=1+46) —————0.
G =1+ ;1+q"+q2"

Then

»'(2) =1 +6§: (D"
2 n:11+qn+q2n

_ o~ (Drgt 1-¢"
71+621+qn+q2n1_qn
2n
_ - ")
1+62 ]__q3n

=1+6 Z(—l)”(q" )Y

k=0

=1+ GZ Z (3k+1)n _ q(3k+2)n)

k=0n=1

e 3k+1
qu

—1-6Y -

3k+1 3k+2
P 01+q I+gq

3k+2

e}

(1 +q3”)
II 4 p. 11 . (3.6)].

n=1
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Equation (7.6) is derived as follows:

n

o'(Z )+3a_4+6zﬂ+18§:q7
2 1+ +q2n n:11+qn+q2n

oo n
=4+24 Z

Z q
2 - - @

2057

1L 7L 2n
n,even + q + q "
q" q"
=4+12 Z Toon o 1 Z Toon oo
n,even + q + q " 1 + q + q n
_ q q"(1—-q"
4(1+3z ay i)
6n+2 6n+4 oo 3n+1 3n+2
n+2 1— q6n+4 1— q3n+1 1— q3n+2
n= O n=0
6n+2 6n+4 oo 6n+1 6n+4
B q q q q
- <1+3Z gont2 1_q6n+4+321_q6n+1 1 — ¢bnta
n=0 n=0
L Ot . oo )
_ g6n+2 _ o6n+5
o 1 q n 1 q n

0 6n+1 6n+5
q
4 <1 +3Z 1—gbntl 11— q6n+5>

rp (L=a")° (1 +q")"

Ml p. 1104, eq. (3.1)].

n=1

Multiplying (7.5) and (7.6

(@G @ G) +30) = (H 1_q3n> =05,

), we obtain

The Borweins’ Cubic identity now follows by multiplying (7.4) with a®:

. 1 T2 T )

3_3_ 2 (1T T _ 13

a®—¢ 4(@(2)) (@'(5) +3a) = b°.
We end the section with

Theorem 7.1. Let 0 < k < 1.

(1) Then there exists a purely imaginary number T with Imt > 0 such that

k=/%.
(2) (Ramanugjan) If we define

o
1 21
aZ:/O 2F1(§ g 5 k2 sin 9)d9

then

n

q .
sin 2nz.
+ q2n

1
(z)=1+3) - -
n:1n1+q
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As a corollary, we have

12 ¢

2l ).

33 " ad

We remark that the major part of the work is devoted to the proof of statement (1);

a = 2F1(

however, if we know a priori that k% = Z—z for some 7, then it is relatively simple to
establish the statement (2). (See [3] for details.)
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