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ANOSOV AUTOMORPHISMS ON COMPACT NILMANIFOLDS
ASSOCIATED WITH GRAPHS

S. G. DANI AND MEERA G. MAINKAR

Abstract. We associate with each graph (S, E) a 2-step simply connected
nilpotent Lie group N and a lattice Γ in N . We determine the group of Lie

automorphisms of N and apply the result to describe a necessary and suffi-
cient condition, in terms of the graph, for the compact nilmanifold N/Γ to
admit an Anosov automorphism. Using the criterion we obtain new exam-
ples of compact nilmanifolds admitting Anosov automorphisms, and conclude
that for every n ≥ 17 there exist a n-dimensional 2-step simply connected
nilpotent Lie group N which is indecomposable (not a direct product of lower
dimensional nilpotent Lie groups), and a lattice Γ in N such that N/Γ ad-
mits an Anosov automorphism; we give also a lower bound on the number
of mutually nonisomorphic Lie groups N of a given dimension, satisfying the
condition. Necessary and sufficient conditions are also described for a compact
nilmanifold as above to admit ergodic automorphisms.

1. Introduction

Let N be a simply connected nilpotent Lie group and Γ be a lattice in N ;
namely Γ is a discrete subgroup such that N/Γ is compact. If τ is a hyperbolic
automorphism of N such that τ(Γ) = Γ then we get a diffeomorphism τ of N/Γ,
defined by τ(xΓ) = τ(x)Γ for all x ∈ N , which is an Anosov diffeomorphism of
the compact nilmanifold N/Γ. Anosov diffeomorphisms arising in this way are
called Anosov automorphisms. All known examples of Anosov diffeomorphisms
are on nilmanifolds or on manifolds finitely covered by them. Also by a result
of A. Manning [7] all Anosov diffeomorphisms on nilmanifolds are topologically
conjugate to Anosov automorphisms. This raises the question as to which compact
nilmanifolds admit Anosov automorphisms. Indeed it is easy to see that not all
of them do. A first example of such a manifold other than a torus was described
by S. Smale [11] (the example is attributed to A. Borel). Since then there have
been several papers studying the class of compact nilmanifolds admitting Anosov
automorphisms; see [1], [3], [4], [6] and the references cited in the last two papers.

In this paper we associate a compact nilmanifold with each graph, and describe
necessary and sufficient conditions, in terms of the graph, for the manifold to ad-
mit Anosov automorphisms. This gives, in particular, new examples of compact
nilmanifolds with Anosov automorphisms.
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Let (S,E) be a finite graph, where S is the set of vertices and E the set of edges;
equivalently E is a collection of unordered pairs of distinct vertices; the unordered
pairs will be written in the form αβ, where α, β ∈ S. Let V be a vector space with
S as a basis. Let ∧2V be the second exterior power of V and W the subspace of
∧2V spanned by {α ∧ β : α, β ∈ S, αβ ∈ E}. Let N = V ⊕W . Stipulating the
conditions that for any α, β ∈ S, [α, β] = α ∧ β if αβ ∈ E and 0 otherwise, and
[v, w] = 0 for all v ∈ V and w ∈ W determines a unique Lie algebra structure on
N . Furthermore it can be seen that N is a 2-step nilpotent Lie algebra. Let N
be the simply connected Lie group with Lie algebra N . We note that N can be
realised as N with the multiplication defined by

(v1, w1) · (v2, w2) = (v1 + v2, w1 + w2 +
1
2
[v1, v2]),

for all v1, v2 ∈ V and w1, w2 ∈W (here + denotes the addition in N ).
Let Γ be the subgroup of N generated by S. It can be seen that when N is

identified with N as above, as a subset Γ is contained in the (additive) subgroup
of N generated by S ∪ { 1

2 (α ∧ β) : αβ ∈ E}. In particular, Γ is discrete. It can
be further verified that N/Γ is compact. Thus Γ is a lattice in N , and N/Γ is a
compact nilmanifold; we call it the compact nilmanifold associated with (S,E).

To describe the condition for N/Γ as above to admit an Anosov automorphism
we introduce the following definition. A subset S′ of S is said to be coherent if for
all α, β ∈ S′ the following holds: if γ ∈ S is such that αγ ∈ E, then either γ = β
or βγ ∈ E.

Theorem 1.1. Let (S,E) be a finite graph and let N/Γ be the compact nilmanifold
associated with (S,E). Then N/Γ admits an Anosov automorphism if and only if
for every α ∈ S there exists a coherent subset S′ of S such that α ∈ S′ and one of
the following conditions holds:

i) S′ has at least 3 elements; or
ii) S′ = {α, β} for some β �= α such that αβ is not an edge.

As we shall see the set S can be partitioned into maximal coherent subsets which
we call the coherent components of S; conditions (i) and (ii) in the theorem are
satisfied for some S′ containing α if and only if they are satisfied for the coherent
component of α. We determine the coherent components for various classes of
examples of graphs. Applying the theorem we then get new examples of compact
nilmanifolds with and without Anosov automorphisms; see Corollary 6.4.

We say that a simply connected nilpotent Lie group N is indecomposable if it
cannot be expressed as a direct product of two proper closed connected normal
subgroups; that is, if N1 and N2 are two closed connected normal subgroups such
that N1 ∩ N2 is trivial and N = N1N2, then either N1 = N or N2 = N . Given
a simply connected nilpotent Lie group N and a lattice Γ in N , N is said to
be Γ-indecomposable if it cannot be expressed as a direct product of two proper
closed connected normal subgroups N1 and N2 such that N1 ∩ Γ and N2 ∩ Γ are
lattices in N1 and N2 respectively. Clearly, if N is indecomposable, then it is Γ-
indecomposable for any lattice Γ in it. Since given two compact nilmanifolds N1/Γ1

and N2/Γ2 admitting Anosov automorphisms the cartesian product (N1 × N2)/
(Γ1×Γ2) also admits Anosov automorphisms, the classification of compact nilman-
ifolds N/Γ admitting Anosov automorphisms reduces to identifying all such N/Γ
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ANOSOV AUTOMORPHISMS ON COMPACT NILMANIFOLDS 2237

where N is Γ-indecomposable. From our results on existence of Anosov automor-
phisms we deduce, in particular, the following:

Corollary 1.2. For every integer n ≥ 17 there exists an indecomposable sim-
ply connected 2-step nilpotent Lie group N of dimension n, admitting a lattice Γ
such that N/Γ has an Anosov automorphism. Furthermore, if ν(n) is the num-
ber of mutually nonisomorphic Lie groups satisfying this condition, then ν(n) ≥
1
12 (n− 3

√
2n− 17).

We show also that if for some α ∈ S there is no coherent subset of S containing
at least two elements, namely if the coherent component of α consists only of
itself, then N/Γ does not admit any ergodic automorphism; that is, for any Lie
automorphism τ of N such that τ(Γ) = Γ, the induced diffeomorphism on N/Γ is
not ergodic with respect to the N -invariant measure on N/Γ. It will be seen that
this happens for several examples of graphs; see Corollary 6.4. An example with
this property was given earlier in [5].

In the following sections we first obtain a description of the automorphism group
of the simply connected nilpotent Lie group N as above (or equivalently of the
Lie algebra N ) associated with (S,E); see Theorem 4.2. In particular, we get a
description of the semisimple Levi component of the automorphism group, in terms
of the coherent components of (S,E); see Remark 4.4. These results may also be of
independent interest. The description of the automorphism group is then applied,
in §6, together with standard properties of Anosov automorphisms to conclude
Theorem 1.1.

2. Preliminaries

Let N be a 2-step nilpotent Lie algebra; that is, [N , [N ,N ]] = 0. Let N be
expressed as N = V ⊕ [N ,N ], where V is a vector subspace complementary to
[N ,N ]. We denote by Aut(N ) the group of Lie algebra automorphisms of N . We
now obtain a decomposition of Aut(N ) corresponding to the decomposition of N
as above.

For any two vector spaces V1 and V2 we denote by Hom(V1, V2) the vector space of
all linear maps of V1 into V2. Let π : N → V be the canonical quotient linear map
with respect to the decomposition of N as above. To each θ ∈ Hom(V, [N ,N ])
we associate a map τθ : N → N defined by τθ(ξ) = ξ + θ(π(ξ)) for all ξ ∈ N .
Clearly τθ is a linear automorphism and since for ξ, η ∈ N , τθ([ξ, η]) = [ξ, η] +
θ(π([ξ, η])) = [ξ, η], which also equals [ξ + θ(π(ξ)), η + θ(π(η))], it follows that τθ
is a Lie algebra automorphism of N . Any automorphism arising in this way, from
some θ ∈ Hom(V, [N ,N ]), is called a shear automorphism.

Let U be the subgroup of Aut(N ) consisting of all shear automorphisms. It is
easy to see that U is a normal subgroup of Aut(N ). Let T = {τ ∈ Aut(N ) : τ(V ) =
V }. We note that U ∩ T is trivial; if θ ∈ Hom(V, [N ,N ]) is such that τθ ∈ T , then
θ(π(ξ)) = 0 for all ξ ∈ N , which shows that τθ is the identity automorphism. Next,
we prove the following.

Proposition 2.1. Aut(N ) is the semidirect product of the subgroups T and U .

Proof. Let τ ∈ Aut(N ). Then there exist uniquely defined linear transformations
φ : V → V and ψ : V → [N ,N ] such that τ(v) = φ(v) + ψ(v) for all v ∈ V . Since
[N ,N ] is τ -invariant and τ is invertible it follows that φ is invertible. Now let
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θ ∈ Hom(V, [N ,N ]) be the map defined by θ(v) = ψ(φ−1(v)) for all v ∈ V . Then
for any v ∈ V we have τ−1

θ (τ(v)) = τ−1
θ (φ(v) + ψ(v)) = φ(v) + ψ(v) − θ(φ(v)) =

φ(v), since θ(φ(v)) = ψ(v). This shows that τ−1
θ (τ(v)) ∈ V for all V . Therefore,

τ−1
θ τ ∈ T , and hence τ ∈ UT . This proves the proposition. �

Let G be the subgroup of GL(V ) consisting of the restrictions τ |V, τ ∈ T . We
note that V generates N as a Lie algebra, and hence τ 
→ τ |V is injective. Therefore,
by Proposition 2.1, Aut(N ) is a semidirect product of G and Hom(V, [N ,N ]).
Hence to understand the automorphism group Aut(N ) it suffices to determine G.
It may be observed that T is a Lie subgroup of Aut(N ), as it is a closed subgroup,
and since the restriction homomorphism is continuous it follows that G is a Lie
subgroup of GL(V ).

We note also that V as above may be identified with N /[N ,N ], via the cor-
respondence v ↔ v + [N ,N ], and hence G corresponds to a Lie subgroup of
GL(N/[N ,N ]). It is easy to see that the subgroup of GL(N /[N ,N ]) defined
in this way is independent of the choice of the subspace V complementing [N ,N ]
in N . In the sequel it would, however, be convenient to realise it as a subgroup of
a specific complement V , rather than as a subgroup of GL(N/[N ,N ]).

Now let (S,E) be a finite graph and let N be the Lie algebra associated with it,
as described in the introduction. We recall that N = V ⊕W , where V is a vector
space with S as a basis and W is a subspace of ∧2V spanned by {α∧ β : αβ ∈ E},
and the Lie bracket operation [ , ] : N ×N → N is defined to be the unique bilinear
map satisfying the following conditions:

i) for α, β ∈ S, [α, β] = α ∧ β if αβ ∈ E and 0 otherwise;
ii) [α, β ∧ γ] = 0 for all α, β, γ ∈ S;
iii) [α ∧ β, γ ∧ δ] = 0 for all α, β, γ, δ ∈ S.

We note that [N ,N ] = W , which is contained in the center of N , so N is a 2-step
nilpotent Lie algebra; [N ,N ] coincides with the center if the graph is connected.

We recall that V ⊕∧2V is the free 2-step nilpotent Lie algebra based on V , with
the bracket operation determined by the relations [u, v] = u ∧ v for all u, v ∈ V ,
and [v, w] = 0 for all v ∈ V and w ∈ ∧2V (see [1], for instance). The Lie algebra N
as above is the quotient of V ⊕∧2V by the subspace of ∧2V spanned by α∧β such
that αβ is not an edge; this subspace is a Lie ideal in V ⊕ ∧2V , since ∧2V is the
center. On the other hand, the free 2-step nilpotent Lie algebra is the Lie algebra
associated to the complete graph on S, where S is a basis of V .

We conclude this section with the following characterisation of nilpotent Lie
algebras associated with graphs.

Proposition 2.2. Let N be a 2-step nilpotent Lie algebra expressed as N = V ⊕
[N ,N ], where V is a vector subspace complementary to [N ,N ]. Let G be the
subgroup of GL(V ) consisting of restrictions of Lie automorphisms of N leaving
V invariant. Let S be a basis of V , and D be the subgroup of GL(V ) consisting
of all elements that are represented by diagonal matrices, with respect to S. Then
G contains D if and only if N is (up to Lie algebra isomorphism) the Lie algebra
associated with a graph (S,E) with S as above.

Proof. It is straightforward to verify that if N is the Lie algebra associated with
a graph (S,E) on the set S, then D is contained in G. Conversely, suppose that
G contains D. Let {λα}α∈S be such that for ξ, η, φ, ψ ∈ S, λξλη �= λφλψ unless
{ξ, η} = {φ, ψ}. Let d ∈ D be the transformation defined by d(α) = λαα for all

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ANOSOV AUTOMORPHISMS ON COMPACT NILMANIFOLDS 2239

α ∈ S. Then d ∈ G and hence there exists τ ∈ Aut(N ) such that τ(α) = λαα for all
α ∈ S. Then for any α, β ∈ S, [α, β] is either 0 or an eigenvector of τ with λαλβ as
the corresponding eigenvalue. By the choice of d these eigenvalues are distinct and
the corresponding eigenvectors are linearly independent. Let E be an edge set on S
defined by αβ ∈ E if [α, β] �= 0. It is then easy to see, using the above observation,
that N is Lie isomorphic to the Lie algebra associated with (S,E). �

There exist examples of 2-step nilpotent Lie algebras N such that the subgroup
G of GL(N /[N ,N ]) as above does not contain all diagonal transformations (with
respect to any basis); this holds, for instance, for the Lie algebra of the Lie group
described in §3 of [5], but one can also construct substantially simpler examples. It
follows, in particular, from Proposition 2.2, that not all Lie algebras are associated
with graphs in our sense.

3. Lie subalgebras of End(V )

In this section we digress to describe Lie subalgebras of End(V ) that contain
all “diagonal” transformations. Let V be a finite-dimensional vector space with a
basis S and let D be the Lie subalgebra of End(V ) consisting of all endomorphisms
that are represented by diagonal matrices with respect to the basis S.

We say that a subset Θ of S × S is transitive if for any α, β, γ ∈ S such that
α �= γ and (α, β), (β, γ) ∈ Θ we have (α, γ) ∈ Θ. To each transitive subset Θ of
S × S we associate an equivalence relation ∼ on S defined as follows: for α, β ∈ S,
α ∼ β if either α = β or, both (α, β) and (β, α) are contained in Θ; it is clear that
∼ is an equivalence relation.

For α, β ∈ S we denote by Eαβ the element of End(V ) such that Eαβ(β) = α
and Eαβ(ξ) = 0 for ξ ∈ S, ξ �= β. We note that for any Lie subalgebra G of End(V )
the set {(α, β) ∈ S × S : Eαβ ∈ G} is a transitive subset of S × S.

The following result may be considered standard; a proof is included for the sake
of completeness.

Proposition 3.1. Let G be a Lie subalgebra of End(V ) containing D. Let Θ =
{(α, β) : α, β ∈ S,Eαβ ∈ G}. Let Λ be the set of equivalence classes in S with respect
to the equivalence relation associated to the transitive subset Θ, and for λ ∈ Λ let
Sλ be the corresponding equivalence class. For each λ let Vλ be the subspace of V
spanned by Sλ. Then

G = D ⊕
⊕

(α,β)∈Θ

REαβ = Q⊕M,

where Q =
⊕

λ∈Λ End(Vλ), viewed as a Lie subalgebra of End(V ) via the canonical
embedding, and M is a nilpotent Lie ideal in G. Furthermore, the elements of Λ
can be enumerated as λ1, . . . , λk so that

⊕
i≤j Vλi is ξ-invariant for every ξ ∈ G

and j = 1, . . . , k.

Proof. Let X ∈ G. Then it can be expressed as X = X0 +
∑

α,β∈S,α�=β λαβEαβ ,
where X0 ∈ D and λαβ ∈ R. Consider any α, β ∈ S such that α �= β and λαβ �= 0.
As G is a Lie algebra containing D it follows that [Eαα, [Eββ , X ]] ∈ G. This shows
that λβαEβα+λαβEαβ ∈ G. Also [Eββ , λβαEβα+λαβEαβ ] = λβαEβα−λαβEαβ ∈ G.
Therefore, λαβEαβ ∈ G and since λαβ �= 0 we get that Eαβ ∈ G. This proves the
first equality asserted in the proposition.
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For each λ ∈ Λ the subset {Eαβ : α, β ∈ Sλ} generates the Lie subalgebra
End(Vλ). Since these subsets are contained in Θ, it follows that the Lie algebra Q
as defined in the statement of the proposition is contained in G. The Lie algebra
End(V ) can be decomposed as Q⊕ ⊕

λ,µ∈Λ,λ�=µ Hom(Vµ, Vλ). It can be seen that
for each λ, µ, λ �= µ, Hom(Vλ, Vµ) is invariant under the restriction of the adjoint
action of End(V ) to Q, and that the Q-action on Hom(Vλ, Vµ) is irreducible. Since
G is a Lie subalgebra of End(V ) containing Q it follows that G has the form Q ⊕⊕

(λ,µ)∈Ψ Hom(Vµ, Vλ), for a some subset Ψ of (Λ × Λ) \ ∆, where ∆ denotes the
diagonal {(σ, σ) : σ ∈ Λ}. We note that Ψ is uniquely defined. Furthermore, if
(λ, µ) ∈ Ψ for some λ, µ ∈ Λ, then (µ, λ) /∈ Ψ; otherwise the elements of Sλ and Sµ
would be equivalent under ∼, which is not the case since λ and µ are distinct.

Let M =
⊕

(λ,µ)∈Ψ Hom(Vµ, Vλ). Then we have G = Q⊕M. Furthermore, M
is clearly a Lie subalgebra and it is invariant under the adjoint action of Q, so it is
a Lie ideal in G.

Now consider the relation on Λ defined by λ ≺ µ if either λ = µ or Hom(Vµ, Vλ)
is contained in G. Since G is a Lie algebra, the relation is transitive. Also, the above
observation implies that it is antisymmetric. Thus it is a partial order. We can
therefore write the elements of Λ as λ1, . . . , λk such that, for any i = 1, . . . , k, λi
is a minimal element of {λi, . . . , λk}. Then for i, j = 1, . . . , k, i �= j, Hom(Vλj , Vλi)
can be contained in G only if i < j. Hence M is contained in

⊕
i<j Hom(Vλj , Vλi).

This shows that M is nilpotent and also that
⊕

i≤j Vλi is invariant under every
ξ ∈ G, for all j = 1, . . . , k. This completes the proof of the proposition. �

4. Determination of G

We now return to the graph (S,E) and the Lie algebra N associated with it, as
in §1. Let G be the group of automorphisms of N as in §2. For any σ ∈ S we define

Ω′(σ) = {ω ∈ S : σω ∈ E} and Ω(σ) = Ω′(σ) ∪ {σ}.
Proposition 4.1. Let I denote the identity transformation in GL(V ). Let α, β ∈
S, α �= β. Then the following conditions are equivalent:

i) I + Eαβ ∈ G;
ii) I + tEαβ ∈ G for all t ∈ R;
iii) Ω′(α) ⊂ Ω(β).

Proof. i) =⇒ iii) Let τ = I+Eαβ ∈ G; thus τ(γ) = γ for γ �= β, and τ(β) = β+α.
Consider any γ /∈ Ω(β). Then [β, γ] = 0. As τ ∈ G, it is the restriction of a Lie
automorphism of N , and hence we get that [τ(β), τ(γ)] = 0. That is, [β+α, γ] = 0.
As [β, γ] = 0 this shows that [α, γ] = 0. Therefore, γ /∈ Ω′(α), since if αγ ∈ E, then
[α, γ] = α ∧ γ �= 0. This shows that Ω′(α) ⊂ Ω(β), so (iii) holds.

iii) =⇒ ii) Suppose that Ω′(α) ⊂ Ω(β). Fix any t �= 0 and let τ = I + tEαβ ∈
GL(V ). Let ∧2τ : ∧2V → ∧2V be the second exterior power of τ . Let W ′ be the
subspace of ∧2V spanned by the set of all ξ ∧ η such that ξη is not an edge. We
show that W ′ is ∧2τ -invariant. Let ξ, η ∈ S be such that ξ �= η and ξη is not an
edge. If neither of ξ and η equals β, then ∧2τ(ξ ∧ η) = ξ ∧ η ∈ W ′. Now suppose
ξ = β. Then η �= β and hence ∧2τ(ξ ∧ η) = (β+ tα)∧ η = β ∧ η+ tα∧ η. As β = ξ,
η /∈ Ω(β), and since Ω′(α) ⊂ Ω(β), it follows that η /∈ Ω′(α). Hence both β ∧ η and
α∧ η are contained in W ′. This shows that ∧2τ(ξ ∧ η) ∈W ′. Similarly, we see that
if η = β, then also ∧2τ(ξ ∧ η) ∈W ′. This shows that W ′ is ∧2τ -invariant.
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It is straightforward to see that (τ ⊕∧2τ) : V ⊕∧2V → V ⊕∧2V is a Lie algebra
automorphism of the free 2-step nilpotent Lie algebra V ⊕ ∧2V . Since N is the
quotient of V ⊕∧2V by W ′, and the latter is ∧2τ -invariant, it follows that τ ⊕∧2τ
factors to a Lie algebra automorphism of N (one can also verify directly that the
quotient of τ ⊕ ∧2τ on N is a Lie algebra automorphism of N ). Clearly τ is the
restriction of this Lie automorphism to V . Hence τ = I + tEαβ ∈ G, and so (ii)
holds.

As (ii) trivially implies (i), this completes the proof of the proposition. �

Now let G be the Lie subalgebra of End(V ) corresponding to G. We define

Θ = Θ(S,E) = {(α, β) ∈ S × S : α �= β and Ω′(α) ⊂ Ω(β)}.
We note that for any α, β ∈ S, α �= β, {I + tEαβ} is the one-parameter subgroup
in GL(V ) corresponding to the element Eαβ of the Lie algebra End(V ). Hence by
Proposition 4.1 we get that Eαβ ∈ G if and only if (α, β) ∈ Θ. (This shows, in
particular, that Θ is a transitive subset, but this can also be verified directly.)

Let Λ = Λ(S,E) be the set of all equivalence classes in S with respect to the
equivalence relation associated with Θ. Also for each λ ∈ Λ let Sλ be the corre-
sponding equivalence class and let Vλ be the subspace of V spanned by Sλ. We
note that each Sλ, λ ∈ Λ, is a coherent subset of S with respect to E (see §1 for
definition) and that every coherent subset of S is contained in Sλ for some λ ∈ Λ;
Sλ, λ ∈ Λ, will be called the coherent components of S with respect to E, and the
decomposition of V as

⊕
λ∈Λ Vλ will be called the decomposition corresponding to

the partition into coherent components.
Since G contains D, it follows that G contains the Lie subalgebra D of End(V )

consisting of diagonal transformations, and hence by Proposition 3.1 we get that

G = D ⊕
⊕

(α,β)∈Θ

REαβ = (
⊕

λ∈Λ

End(Vλ)) ⊕M,

where M is a nilpotent Lie ideal in G, and that Λ can be written as {λ1, . . . , λk} so
that

⊕
i≤j Vλi is ξ-invariant for all ξ ∈ G and j = 1, . . . , k. Let M be the connected

Lie subgroup of G corresponding to M. Then M is a nilpotent Lie subgroup. It
consists of unipotent elements and hence it is a closed subgroup. As M is the unique
maximal nilpotent Lie ideal in G, it is invariant under all Lie automorphisms of G,
so M is invariant under all Lie automorphisms of G. In particular, it is normal in
G. Then the connected component of the identity in G, which we denote by G0, is
given by

G0 = (
∏

λ∈Λ

GL+(Vλ)) ·M,

where, for each λ ∈ Λ, GL+(Vλ) denotes the subgroup of GL(Vλ) consisting of all
the elements with positive determinant (the product is viewed as a subgroup of
GL(V ) via the canonical embedding), and furthermore,

⊕
i≤j Vλi is G0-invariant

for each j = 1, . . . , k, where λ1, . . . , λk are as above.
We note that G is not connected, since the negative scalar transformations are

contained in G but they do not belong to the identity component G0. The subgroup
DG0 of G is an algebraic subgroup of GL(V ), and it is Zariski-connected as an
algebraic subgroup. We note that DG0 = (

∏
λ∈Λ GL(Vλ)) ·M ; M is the unipotent

radical of DG0 and
∏
λ∈Λ GL(Vλ) is a (reductive) Levi subgroup.
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The subgroup G can be even larger than DG0. We next describe a subgroup of
G which may, in general, not be contained in DG0.

Let Σ(S,E) be the group of symmetries of (S,E), namely permutations σ of S
such that for α, β ∈ S, αβ ∈ E if and only if σ(α)σ(β) ∈ E. Every σ ∈ Σ(S,E)
extends uniquely to a nonsingular linear transformation of V and the latter can
be seen to belong to G. The elements of G arising in this way form a (finite)
subgroup which also we shall denote by Σ(S,E), identifying each symmetry σ of
S with its extension to V . This subgroup may, in general, not be contained in
G0 (see examples in §5). However, since Σ(S,E) is contained in G, it normalises
G0. Since M is the unique maximal connected nilpotent normal Lie subgroup of
G0, it follows that Σ(S,E) normalises M . It follows that the Lie subalgebra M of
End(V ) is invariant under the action of Σ(S,E) ⊂ GL(V ), by conjugation. Unlike
the reductive Levi component, the unipotent radical M seems to depend more
intricately, in a heuristic sense, on the specific details of the graph, and in this
respect it is useful to know that it is invariant under the symmetry group Σ(S,E).

In the examples in §5 we shall see instances when Σ(S,E) is not contained in
DG0. It seems plausible that Σ(S,E) and DG0 always generate G, but we are
unable to ascertain this at present.

The results on the automorphism group may be summed up as follows.

Theorem 4.2. Let (S,E) be a finite graph, N be the 2-step nilpotent Lie algebra
associated with (S,E), and V and W be as in the definition of N . Let Θ(S,E) be
the subset of S × S defined as above, and let V =

⊕
λ∈Λ Vλ be the decomposition

of V corresponding to the partition of S into coherent components. Then the au-
tomorphism group Aut(N ) is a semidirect product of the subgroup U consisting of
shear automorphisms, and the subgroup T consisting of all automorphisms leaving
V invariant. Each τ ∈ T is uniquely determined by its restriction τ |V on V , and
for the Lie subgroup G = {τ |V : τ ∈ T } of GL(V ) the following conditions are
satisfied:

i) The Lie subalgebra G of End(V ) corresponding to G is given by

G = D ⊕
⊕

(α,β)∈Θ(S,E)

REαβ .

ii) G0 can be expressed as (
∏
λ∈Λ GL+(Vλ)) ·M, where M is a closed connected

nilpotent normal subgroup of G.
iii) G contains Σ(S,E) and, in particular, G0 and M are normalised by Σ(S,E).
iv) The elements of Λ can be arranged as λ1, . . . , λk so that for all j = 1, . . . , k,⊕
i≤j Vλi is invariant under the action of G0.

Remark 4.3. As mentioned earlier the group G as above is not connected. We note,
however, that T is an algebraic subgroup of GL(N ), so it has only finitely many
connected components (see [2]), and hence G has only finitely many connected
components, the identity component being as given by the theorem. The first part
of the theorem then implies also that Aut(N ) has only finitely many connected
components.

Remark 4.4. Let (S,E) be a finite graph. Then, with the notation as above, the
following holds:

i) Assertion (ii) in Theorem 4.2 shows, in particular, that (
∏
λ∈Λ SL(Vλ)) is a

semisimple Levi component of G0. Thus G0 is solvable if and only if all coherent
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components of S with respect to E are singleton sets; when G0 is solvable, the
connected component of the identity in Aut(N ) is also solvable.

ii) G0 is a reductive Lie group if and only if for any α, β ∈ S such that Ω′(α) ⊂
Ω(β) we have Ω′(β) ⊂ Ω(α).

Remark 4.5. It may be noted that the graph (S,E) is not assumed to be connected.
When (S,E) is not connected, the isolated points in S (namely those from which
there is no edge) form a single coherent component, and all other coherent compo-
nents are precisely the coherent components of the connected components of (S,E)
other than isolated points.

Remark 4.6. Let (S,E) be a finite graph and let Sλ, λ ∈ Λ be the family of its
coherent components. It is easy to see that for any λ ∈ Λ, if there exist α, β ∈ Sλ
such that αβ ∈ E, then ξη ∈ E for all ξ, η ∈ Sλ; that is, the restriction of (S,E) to
Sλ is either a complete graph (i.e., every pair of vertices is connected by an edge)
or it is discrete (has no edges).

Remark 4.7. Now let E be the set of all unordered pairs λµ with λ, µ ∈ Λ, for
which there exist α ∈ Sλ and β ∈ Sµ such that αβ ∈ E. We call (Λ, E) the
coherence class graph. Let Λ0 be the subset of Λ consisting of all λ such that the
restriction of (S,E) to Sλ is a complete graph. In view of Remark 4.6 (and the
definition of coherent subsets) the graph (Λ, E) and Λ0 together determine the graph
(S,E); given α, β ∈ S, with say α ∈ Sλ and β ∈ Sµ, αβ ∈ E if and only if either
λ = µ ∈ Λ0 or λ �= µ and λµ ∈ E . We note also that given a graph (Λ, E) in which
no two distinct vertices are coherent to each other, a family of positive integers
{mλ}λ∈Λ and a subset Λ0 of Λ there exists a graph (S,E) such that (Λ, E) may
be realised (up to equivalence of graphs) as the coherence class graph of (S,E), for
λ ∈ Λ the corresponding coherent class Sλ has cardinality mλ, and the restriction
of (S,E) to Sλ is complete or discrete according to whether λ ∈ Λ0 or λ /∈ Λ0,
respectively; furthermore, such a graph (S,E) is unique.

5. Some examples of graphs

In this section we discuss the set Θ(S,E) and the partition into coherent com-
ponents, in respect to some classes of graphs (for the associated Lie algebra, Lie
group, etc., we follow the notation as in the preceding sections).

1. Complete graphs: Let (S,E) be a complete graph on a finite set. Then clearly
Θ(S,E) = {(α, β) : α, β ∈ S, α �= β}; hence S is a coherent set and G = GL(V ).

2. Chain graphs: Consider the “chain” graphs (S,E), where S = {1, 2, . . . , n},
n ≥ 2, and E = {k(k + 1) : k = 1, . . . , n − 1}. Then we see that Θ(S,E) =
{(1, 2), (1, 3), (n, n−2), (n, n−1)}. For n = 2, S is coherent, and hence G = GL(V ).
For n = 3 the coherent components are {1, 3} and {2}, and G can be seen to be
the parabolic subgroup of GL(V ) leaving invariant the subspace spanned by the
vertices 1 and 3. For n ≥ 4 all the coherent components are singleton sets; in this
case G0 is a solvable Lie group; furthermore, [G0, G0] coincides with the nilradical
M and is commutative.

3. Cycles: Let (S,E) be the cycle graph on n vertices, where n ≥ 3, namely
S = {1, 2, . . . , n} and E = {k(k+ 1) : k = 1, . . . , n− 1}∪ {n1}. For n = 3, (S,E) is
a complete graph, considered in 1 above. For n = 4, Θ(S,E) = {(i, j) : |i− j| = 2}
and hence the coherent components are {1, 3} and {2, 4}. The group G can be
seen to be generated by GL(V1)×GL(V2) where V1 and V2 are the subspaces of V
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spanned by the subsets S1 = {1, 3} and S2 = {2, 4}, together with the permutation
σ = (1, 2)(3, 4) (product of the two transpositions).

For n ≥ 5, Θ(S,E) can be seen to be empty; consequently, all coherent com-
ponents are singletons. In this case G can be seen to be generated by D and the
permutation (1, 2, . . . , n) (since G contains D as a normal subgroup it follows that
it is generated by D and the permutations contained in it, and the latter can be
seen to be contained in the subgroup generated by the (1, 2, . . . , n)).

4. Trees: A tree is a connected graph (S,E) having no subgraph which is a
cycle. In this case it can be seen that two end vertices (through which there is only
one edge) belong to the same coherent component if they belong to the same final
branch (namely if the other vertex of the edges is common); each of the interior
vertices (other than end vertices) constitutes a coherent component by itself.

5. Complete bipartite graphs and “clump” graphs: Let S be a disjoint union of
two subsets S1 and S2, each containing at least two elements, and let E consist of
αβ such that one of α and β belongs to S1 and the other belongs to S2. This is called
a bipartite graph. In this case Θ(S,E) = {(α, β) : α, β ∈ S1} ∪ {(α, β) : α, β ∈ S2}.
A more general class of graphs of this kind may be defined as follows: Let S be
a set which is a disjoint union of subsets S1, S2, . . . , Sk, where k ≥ 2 and each Si
has at least two elements. Let E be the edge set of a connected graph on the set
{1, . . . , k}. We define the set E of edges on S to consist of unordered pairs αβ
where α ∈ Si and β ∈ Sj for some i, j ∈ {1, . . . , k}, such that (i �= j and) ij ∈ E .
(This reduces to the bipartite graph when k = 2.) A graph (S,E) arising in this
way, we shall call a clump graph. In this case

Θ(S,E) =
⋃

i,j∈{1,...,k}, Ω′(i)⊂Ω′(j)

{(α, β) : α ∈ Si, β ∈ Sj},

where Ω′(j) are as defined in §4, for the graph ({1, . . . , k}, E). It follows that
S1, . . . , Sk are coherent subsets; the coherent component of S containing Si, i =
1, . . . , k, is given by

⋃
Ω′(j)=Ω′(i) Sj .

6. “Magnet” graphs: Let S be a finite set and C a subset of S such that at least
two elements of S are not contained in C. Consider the graph E on S given by the
condition that αβ is an edge, for α, β ∈ S with α �= β if at least one of α and β is
contained in C; we call C the core of the graph. In this case it can be seen that
the partition of S into coherent components consists of the partition into C and its
complement in S.

7. “Complementary” graphs: Let (S,E) be a finite graph and (S, Ẽ) the graph
over the same set of vertices, defined by the condition that, for α, β ∈ S, αβ ∈ Ẽ
if and only if αβ is not an edge in E; namely the set of edges of E and Ẽ are
complementary to each other; we call (S, Ẽ) the complementary graph of (S,E). It
is easy to see that the coherent components of S with respect to E and Ẽ are the
same.

6. Anosov automorphisms and ergodic automorphisms of N/Γ

We now discuss the implications of Theorem 4.2 for Anosov automorphisms and
ergodic automorphisms of N/Γ, and prove Theorem 1.1.

Let (S,E) be a finite graph and N/Γ be the compact nilmanifold associated
with it, N and Γ being as defined in §1. Let N be the Lie algebra of N in the
form described in §1. Let V and W be as in the definition of N , so N = V ⊕W .
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Let Φ be the subgroup of N (with respect to addition) generated by the subset
S∪{ 1

2 (α∧β) : α, β ∈ S, αβ ∈ E}. When N is realised as N with the multiplication
as described in §1 the group of Lie automorphisms of N is the same as Aut(N ) (in
fact, the identity map of N is the corresponding exponential map). Also, Φ is a
subgroup of N and Γ is the smallest subgroup such that Γ[Φ,Φ] = Φ. Hence N/Γ
admits an Anosov automorphism if and only if there exists τ ∈ Aut(N ) such that
τ is a hyperbolic linear transformation of N and τ(Φ) = Φ.

Lemma 6.1. Let Λ be the set of coherent components and let λ1, . . . , λk be an
enumeration of Λ such that assertion (iv) of Theorem 4.2 holds. For each j =
1, . . . , k let N j = (

⊕
i≤j Vλi )⊕W ; also let N 0 = W . Let τ be a Lie automorphism

of N contained in the connected component of the identity in Aut(N ). Then each
N j is invariant under the action of τ . If τ(Φ) = Φ, then for all j = 1, . . . , k the
determinant of the action of τ on N j is ±1.

Proof. The connected component of the identity in Aut(N ) is the semidirect prod-
uct of the identity component of T and U , where T and U are the subgroups as in
Theorem 4.2. The first assertion in the lemma therefore follows immediately from
assertion (iv) of that theorem. Now suppose that τ(Φ) = Φ. Observe that for each
j = 1, . . . , k, N j ∩ Φ is a lattice in N j , and it is invariant under the action of τ .
This implies the second assertion. �

Proof of Theorem 1.1. Suppose that for each α ∈ S there exists a coherent subset
S′ such that (i) or (ii) holds. Let Sλ, λ ∈ Λ be the coherent components of S with
respect to E (see §4). As every coherent subset of S is contained in a coherent
component Sλ, for some λ ∈ Λ, it follows that for each λ ∈ Λ either |Sλ| ≥ 3, or
Sλ = {α, β} for some α, β ∈ S such that αβ is not an edge.

As before let Vλ be the subspace of V spanned by Sλ. Hence V =
⊕

λ∈Λ Vλ. For
each λ ∈ Λ let Φλ be the subgroup of Vλ generated by Sλ. A transformation from
GL(Vλ) leaves invariant the subgroup Φλ if and only if the matrix representing it
with respect to the basis Sλ belongs to GL(dλ,Z) (nonsingular integral matrices
with determinant ±1), where dλ = |Sλ|. Therefore, for every λ such that |Sλ| ≥ 3
there exists gλ ∈ GL(Vλ) such that gλ(Φλ) = Φλ, and the eigenvalues of gλ as
well as pairwise products of the eigenvalues are of absolute value different from
1; existence of such elements can be deduced from the theorem of Gopal Prasad
and Raghunathan [9] using the fact that SL(d,Z) is a lattice in SL(d,R) (see [3]
for an idea of the argument); alternatively explicit examples may be constructed
in low dimensions (3, 4 and 5) and put together. For λ such that |Sλ| = 2 let gλ
be any hyperbolic element in SL(Vλ) such that gλ(Φλ) = Φλ. We choose natural
numbers jλ, λ ∈ Λ, such that if λ and µ are distinct elements of Λ and a and b are
eigenvalues of gλ and gµ respectively then |ajλbjµ | �= 1. Now let g ∈ GL(V ) be the
element whose restriction to Vλ is gjλλ , for each λ ∈ Λ.

By Theorem 4.2 the element g as above is contained in the subgroup G of GL(V ),
in the notation of the last section, and hence there exists τ ∈ Aut(N ) such that g is
the restriction of τ to V . Since g leaves invariant the subgroup of V generated by S
it follows that τ(Φ) = Φ. We show that τ is hyperbolic as a linear transformation.
Suppose if possible that it has an eigenvalue, say c, of absolute value 1. Since g
has no eigenvalues of absolute value 1, it follows that c must be an eigenvalue of
the restriction of τ to W . Then there exists a nonzero τ -invariant subspace W ′

of W such that all eigenvalues of τ on W ′ are of absolute value 1. We note that
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W = [N ,N ] = [V, V ] =
∑

λ,µ∈Λ [Vλ, Vµ]. For any λ, µ ∈ Λ, [Vλ, Vµ] is τ -invariant.
Furthermore, the absolute values of the eigenvalues of τ over [Vλ, Vµ] are products of
absolute values of the eigenvalues of τ over Vλ and Vµ. The conditions in the choice
of g therefore imply that for λ, µ ∈ Λ the restriction of τ to [Vλ, Vµ] has an eigenvalue
of absolute value 1 only if λ = µ and |Sλ| = 2. This implies that W ′ is contained in∑
λ∈Λ,|Sλ|=2 [Vλ, Vλ], as may be seen by considering the quotient of W modulo the

latter subspace. Since W ′ is nonzero, we get, in particular, that there exists λ0 ∈ Λ
such that |Sλ0 | = 2 and [Vλ0 , Vλ0 ] is nonzero. Let Sλ0 = {α, β}. Then [Vλ0 , Vλ0 ] is
the subspace spanned by [α, β]. Therefore, the preceding conclusion implies that
[α, β] �= 0. But since {α, β} = Sλ0 , by the condition in the hypothesis αβ is not
an edge, and hence [α, β] = 0. The contradiction shows that τ is hyperbolic. Since
τ ∈ Aut(N ) and τ(Φ) = Φ, as noted earlier this implies that N/Γ admits an Anosov
automorphism.

Now suppose conversely that N/Γ admits an Anosov automorphism. Hence
there exists τ ∈ Aut(N ) such that τ is a hyperbolic linear transformation of N
and τ(Φ) = Φ. Since Aut(N ) has only finitely many connected components (see
Remark 4.3) by replacing τ by a suitable power we may assume that τ is contained
in the connected component of the identity in Aut(N ). Let N j , j = 1, . . . , k,
be defined as in Lemma 6.1. Then by the lemma, for each j = 1, . . . , k, N j is
τ -invariant and the determinant of the restriction of τ to any N j is ±1.

Suppose first that there exists λ ∈ Λ, say λ = λj , such that Sλ is a singleton set.
Then Vλ is one-dimensional. Since N j = N j−1 ⊕ Vλ the one-dimensionality of Vλ
together with the above conclusion implies that τ has ±1 as an eigenvalue. This is
a contradiction, since by assumption τ is hyperbolic. Hence each Sλ has at least
two elements.

Next suppose that there exists λ ∈ Λ such that Sλ = {α, β}, with α, β ∈ S and
αβ ∈ E. Let j, 1 ≤ j ≤ k, be such that λ = λj and consider the action of τ on
N j/N j−1. The latter is two-dimensional and since τ is hyperbolic, it follows that
the action has two distinct real eigenvalues, say θ1 and θ2. Furthermore, the above
observation on the determinants implies that θ1θ2 = ±1. Therefore, there exist
v1, v2 ∈ Vλ such that τ(vi) = θivi + xi, where xi ∈ N j−1, for i = 1, 2. We can
write vi, i = 1, 2, as vi = aiα + biβ where ai, bi ∈ R. Then [v1, v2] = δ[α, β], where
δ = (a1b2 − a2b1). Since θ1 and θ2 are distinct, v1 and v2 are linearly independent
and hence δ �= 0. Now

τ([v1, v2]) = [τ(v1), τ(v2)] = [θ1v1 + x1, θ2v2 + x2] = θ1θ2[v1, v2] + x,

where x is an element of [N j ,N j−1]. Therefore,

τ([α, β]) = θ1θ2[α, β] + δ−1x = c[α, β] + x′,

where c = θ1θ2 = ±1 and x′ = δ−1x ∈ [N j ,N j−1]. We note that since αβ ∈ E,
[α, β] = α ∧ β, and that it is not contained in [N j ,N j−1]. This shows that the
action of τ on [N j ,N j ] has c = ±1 as an eigenvalue. This is a contradiction, since
by assumption τ is hyperbolic. This shows that if for some λ ∈ Λ, Sλ = {α, β},
with α �= β, then αβ is not an edge. This completes the proof of the theorem. �

Theorem 4.2 can be applied similarly, in fact in a simpler way, to get a char-
acterisation of compact nilmanifolds admitting ergodic automorphisms. Let (S,E)
be a finite graph and let N/Γ be the compact nilmanifold associated with it, as
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defined in §1. We recall that an automorphism of N/Γ is ergodic (with respect to
the unique probability measure invariant under the action of N by translations) if
and only if its factor on N/[N,N ]Γ is ergodic (see [8]). When N is realised as N
as before, this means, together with the criterion for ergodicity of toral automor-
phisms, that the automorphism of N/Γ defined by τ ∈ Aut(N ) such that τ(Γ) = Γ
is ergodic if and only if the factor of τ on V has no eigenvalue which is a root of
unity. Therefore, from Theorem 4.2 we can deduce the following.

Theorem 6.2. Let N/Γ be the compact nilmanifold associated with a finite graph
(S,E). Then N/Γ admits an ergodic automorphism if and only if every α ∈ S is
contained in a coherent subset S′ containing at least two elements.

Proof. As before let Sλ, λ ∈ Λ, be the partition of S into coherent components, and
Vλ be the subspace of V spanned by Sλ. Suppose that every Sλ has at least two
elements; this is equivalent to the second condition in the theorem. Let A denote
the subgroup of V generated by S. For each λ let gλ ∈ SL(Vλ) be an element such
that gλ(Vλ ∩ A) = Vλ ∩ A and gλ has no eigenvalue which is a root of unity; it
is easy to see that such a choice may be made. Let g ∈ GL(V ) be the element
whose restriction to Vλ is gλ, for each λ. By Theorem 4.2 g is the restriction of
an (unique) automorphism of N , say τ ∈ Aut(N ). Since g(A) = A, it follows that
τ(Γ) = Γ and hence τ induces an automorphism, say τ , of N/Γ. By the criterion
recalled above and the choice of g it follows that τ is ergodic. This proves the “if”
part of the theorem.

Now suppose that N/Γ admits an ergodic automorphism. Thus there exists
τ ∈ Aut(N ) such that τ(Φ) = Φ and the factor of τ on V has no eigenvalue which
is a root of unity; here Φ is the subgroup of N coinciding with Γ when N is realised
as N . As Aut(N ) has only finitely many connected components, by replacing τ by
a suitable power we may assume that τ is contained in the identity component of
Aut(N ). Let N j , j = 1, . . . , k, be defined as in Lemma 6.1; hence for each j the
subspace N j is τ -invariant and the determinant of the restriction of τ to any N j is
±1. Now suppose that there exists λ ∈ Λ, say λ = λj such that Sλ is a singleton.
Then Vλ is one-dimensional. As N j = N j−1 ⊕ Vλ the preceding conclusion implies
that ±1 is an eigenvalue of the factor of τ on V = N /W . But this contradicts the
ergodicity condition. Therefore, every Sλ has at least two elements. �

Remark 6.3. Let (S,E) be a connected graph, where S is a set with at least 3
elements. Suppose that all coherent components have at least 2 elements. Then
every α ∈ S is contained in a 3-cycle or a 4-cycle in (S,E). This may be seen as
follows: For ξ, η ∈ S we write ξ ∼ η if they are coherent to each other, namely in
the same coherent component. Let α ∈ S be given. As S is connected, there exists
β ∈ S such that αβ ∈ E. Suppose first that α ∼ β. Since (S,E) is connected, there
exists γ ∈ S \ {α, β} such that either αγ ∈ E or βγ ∈ E. Since α ∼ β it follows
that αβ, βγ, γα ∈ E; in this case α is contained in a 3-cycle. Now suppose that α
and β are not coherent to each other. As each coherent component has at least two
elements, we can choose α′, β′ ∈ S such that α′ ∼ α and β′ ∼ β. As α and β are
not coherent to each other it follows that α′, β′ ∈ S \ {α, β} and α′ �= β′. It is easy
to see that then {α, β, α′, β′} is a 4-cycle. This proves the claim.

Together with the observations in the last section, Theorems 1.1 and 6.2 imply
the following corollary.
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Corollary 6.4. Let (S,E) be a finite connected graph and N/Γ be the compact
nilmanifold associated with it. Suppose that S has at least 3 elements. Then we
have the following:

i) if there exists α ∈ S which is not contained in a p-cycle where p = 3 or 4 (e.g.
if (S,E) is chain graph or a tree graph, or a cycle graph on n ≥ 5 vertices), then
N/Γ does not admit any ergodic automorphism;

ii) if (S,E) is a complete graph or a clump graph, then N/Γ admits an Anosov
automorphism.

iii) if (S,E) is a magnet graph, then N/Γ admits an Anosov automorphism if
and only the core has at least 3 elements.

We note that if S is a set with two elements and (S,E) is the (unique) connected
chain graph on it, then N is the 3-dimensional Heisenberg group, and in this case
N/Γ admits an ergodic automorphism but not an Anosov automorphism. The
assertion in (i) for chain graphs over n ≥ 3 vertices in turn implies the following.

Corollary 6.5. Let U be the group of all unipotent upper triangular d×d matrices,
where d ≥ 4, and let Γ be a lattice in U . Then U/Γ does not admit any ergodic
automorphism. In particular, it does not admit any Anosov automorphism.

Proof. We note that every lattice in U is arithmetic (see [10]) and hence it suf-
fices to prove the assertion for the lattice Γ consisting of integral matrices in U .
Let N = U/[U, [U,U ]]. Through an inspection of the matrix representation it is
easy to see that N is then the simply connected nilpotent Lie group associated
with the chain graph over d − 1 vertices; this may be realised, for instance, by
taking S = {E12, . . . , E(d−1)d} (in that order). Also, [U, [U,U ]]Γ is closed and
Γ′ = [U, [U,U ]]Γ/[U, [U,U ]] is a lattice in N , and it is the lattice associated with
the graph. Therefore N/Γ′ does not admit any ergodic automorphism. Since any
ergodic automorphism of U/Γ would factor to an ergodic automorphism of N/Γ′,
it follows that U/Γ also does not admit any ergodic automorphism. �

We note that the cycle graphs over n ≥ 5 vertices are included in (i), the 3-
cycle which is a complete graph, is included in (ii), and the 4-cycle is also included
in (ii), as it is a clump graph with k = 2 and (i.e., a bipartite graph with) S1 and
S2 consisting of the alternate vertices in the cycle.

In the case of the complete graphs, which includes also the cycle graph over 3
vertices, the existence of Anosov automorphisms was known earlier (see [1]). The
other examples given in Corollary 6.4(ii) and (iii) are not found in literature. We
note that the 4-cycle graph which is the simplest from these, gives an example of
an 8-dimensional compact nilmanifold N/Γ admitting an Anosov automorphism.

We note also the following. Let (S,E) be a finite graph and let (S, Ẽ) be the
complementary graph (see §5). Let N/Γ and Ñ/Γ̃ be the compact nilmanifolds
associated with (S,E) and (S, Ẽ) respectively. Recall that the decomposition of
S into coherent components is the same with respect to E and Ẽ. If each of the
coherent components has at least three elements, then both N/Γ and Ñ/Γ̃ admit
Anosov automorphisms. If there are singleton coherent components, then neither
admits Anosov automorphisms. If there are no singleton coherent components but
there are coherent components with two elements, existence of Anosov automor-
phisms will depend on the edge configuration and it may happen that one of them
or neither may admit Anosov automorphisms.
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We shall now apply Corollary 6.4 to deduce Corollary 1.2. For this we need the
following lemma.

Lemma 6.6. Let (S,E) be a connected graph. Then the simply connected nilpotent
Lie group N associated with (S,E) is indecomposable.

Proof. Let N1 and N2 be closed connected normal subgroups of N such that N1 ∩
N2 is trivial and N = N1N2. Without loss of generality, we may assume that
N1 is nontrivial. Let N be the Lie algebra corresponding to N , namely the Lie
algebra associated with (S,E), and let N 1 and N 2 be the Lie subalgebras of N
corresponding to N1 and N2 respectively. Recall that N = V ⊕W (notation as
in §1) and let V1 and V2 be the projections of N 1 and N 2 respectively, on V . Since
elements of N 1 and N 2 commute with each other and W is contained in the center
it follows that [v1, v2] = 0 for all v1 ∈ V1 and v2 ∈ V2. Let S1 (respectively S2)
be the subset consisting of all α in S such that there exists v in V1 (respectively
in V2) such that v = aα +

∑
ξ∈S,ξ �=α aξ ξ with a �= 0. Since N1 is nontrivial, it

follows that S1 is nonempty. Suppose if possible that S2 \ S1 is nonempty. As the
graph is connected we can then find α ∈ S1 and β ∈ S2 \ S1 such that αβ ∈ E.
Hence there exist v1 ∈ V1 and v2 ∈ V2 such that v1 = a1α +

∑
ξ∈S1,ξ �=α aξ ξ and

v2 = a1β +
∑

η∈S2,η �=β aη η, with a1 and a2 nonzero. Since β /∈ S1, it follows that
[v1, v2] = a1a2[α, β] + w, where w is contained in the subspace of W spanned by
{[ξ, η] : ξ, η ∈ S, ξ ∧ η �= α ∧ β}. Since a1a2 is nonzero, this implies that [v1, v2]
is nonzero, which is a contradiction to the observation above. Therefore, S2 \ S1

is empty, which means that S2 ⊂ S1 and hence S1 = S. Thus for all α ∈ S there
exists a vα ∈ V1 whose α-coordinate is nonzero. Since S1 = S, taking a suitable
linear combination of such vectors, we get a v ∈ V1 with v =

∑
α∈S aαα with

aα �= 0 for all α ∈ S. We shall deduce from this that V1 = V . Let v′ =
∑

ξ∈S bξξ
be any element of V2. Then we have [v, v′] = 0, which implies that if α, β ∈ S
and αβ ∈ E, then aαbβ − aβbα = 0, and hence bα/aα = bβ/aβ . Since the graph
is connected, this shows that bα/aα is the same for all α ∈ S which means that
v′ is a multiple of v, and, in particular, belongs to V1. As this applies to every
element v′ of V2, we get that V2 is contained in V1, and hence V1 = V , as sought
to be shown. The conclusion means that N 1 + W = V + W = N . Recall that
W = [N ,N ]. Substituting for N as N 1 + W from the last equation we get that
W = [N 1 +W,N 1 +W ] ⊂ N 1, and hence N = N 1 +W = N 1. Therefore, N1 = N ;
this proves the lemma. �
Proof of Corollary 1.2. For each finite graph (S,E) let d(S,E) denote the the sum
of the cardinalities of S and E. We note that d(S,E) is the dimension of the simply
connected Lie group associated with (S,E). Let D denote the set of integers n such
that there exists a connected graph (S,E) such that d(S,E) = n, and the compact
nilmanifold associated with it admits an Anosov automorphism. We show that all
integers n ≥ 17 are contained in D. In view of Lemma 6.6 this would imply the first
assertion in the corollary. We shall also consider along the way the number ν(n) of
compact nilmanifolds of dimension n arising in this way, and prove the estimate as
in the statement of the corollary.

Consider the following parametrised family of graphs. Let S be a set which
is a union of subsets S1, . . . , Sk, Sk+1, where k ≥ 1, S1, . . . , Sk consist of two el-
ements each, and Sk+1 has q ≥ 2 elements. Let E be a set of unordered pairs
of elements from {1, . . . , k, k + 1} such that the following conditions are satisfied:
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i) ({1, . . . , k + 1}, E) is a connected graph, ii) the vertex k + 1 is on only one edge.
Consider the clump graph (S,E) on S =

⋃k+1
i=1 Si corresponding to the graph

({1, . . . , k + 1}, E) (see §5, item 5, for definition). Let p be the number of edges in
E involving only the vertices 1, . . . , k. Clearly, the number of edges in E is 4p+ 2q.
Hence d(S,E) = 2k+3q+4p. By Corollary 6.4 the compact nilmanifolds associated
with clump graphs admit Anosov automorphisms, so we get that 2k + 3q + 4p is
contained in D; in this k ≥ 1 and q ≥ 2 can be chosen arbitrarily, and p, which is
the number of edges of a connected graph on {1, . . . , k} ranges between k − 1 and
1
2 (k−1)k. In particular, choosing k = 4 we get that {3q+4p+8 : 3 ≤ p ≤ 5, q ≥ 2}
is contained in D. It can be verified that this set contains all integers n ≥ 32.

Before going over to proving the first statement in the corollary for lower values
of n, we shall deduce a lower bound on ν(n), using the above family of graphs.
Let an integer n be given. We choose q = 2 if n is even and q = 3 if n is odd.
As d(S,E) = 2k + 3q + 4p, the condition for it to equal n is k + 2p = m, where
m = (n − 6)/2 if n is even, and (n − 9)/2 if n is odd. For any integer k with
the same parity as m contained in the interval [

√
m, 1

3 (m + 2)] we get an integer
p such that k + 2p = m and k − 1 ≤ p ≤ 1

2 (k − 1)k. For each of these values of
k we get a connected graph (S,E) as above for which d(S,E) = n. We note also
that for distinct graphs from this family the associated nilpotent Lie groups are
nonisomorphic as the dimensions of their commutators are different. This shows
that ν(n) ≥ 1

2 (1
3 (m+ 2)−√

m− 2) ≥ 1
12 (n− 3

√
2n− 17) for all n. This proves the

second assertion in the corollary.
To complete the proof of the first part we now produce examples showing that

all integers from 17 to 31, are contained in the set D as above. In each of the
examples below the existence of Anosov automorphisms follows from Corollary 6.4.

First we note that choosing k = 3 in the family of graphs introduced above, and
taking p to be 2 or 3 as is admissible, we get that {20, 23, 26, 29} and {24, 27, 30}
are contained in D. For k = 2, we can choose p = 1 and this gives that 17 also
belongs to D.

Now let S be a set consisting of 10 elements and S1, S2 and S3 be mutually
disjoint subsets consisting of 2, 3 and 5 elements respectively. Let ({1, 2, 3}, E) be
the graph with edges connecting 1 with 2 and 2 with 3. Consider the clump graph
(S,E) corresponding to the graph ({1, 2, 3}, E). The number of edges is 21. This
shows that 31 is contained in D. The bipartite graph on a set S of 7 elements
partitioned into subsets of 3 and 4 elements yields that 19 belongs to D.

The complete graphs on sets of 6 and 7 vertices provide examples with d(S,E) =
21 and 28 respectively, thus showing that 21 and 28 are contained in D.

Consider a magnet graph (S,E) (see §5, item 6, for definition), with C as the
core subset. If S has 7 elements and C has 4, then d(S,E) = 25. If S has 7
elements and C has 3 elements, then d(S,E) = 22, and if S has 6 elements and C
has 3 elements, then d(S,E) = 18. Thus 18, 22 and 25 are also contained in D.

Together the above observations show that D contains all integers n ≥ 17. This
completes the proof of the corollary. �

Remark 6.7. It may also be noted that the lower bound for ν(n) obtained above is
tentative and there is scope for improving it by considering other classes of graphs.
Recall that in the proof mutual nonisomorphism of the Lie groups is ensured by the
stronger condition of the dimensions of their commutators being different. In this
respect we note that for a given n, the number of distinct m for which there exists
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a nilpotent group N associated to a connected graph with no singleton coherent
component, with N of dimension n and N/[N,N ] of dimension m, is at most
1
3 (n+ 2).

Remark 6.8. Let D be the set of integers as in the proof of Corollary 1.2. The
case with k = 1 in the parametrised family of graphs, as in the proof, shows that
8, 11 and 14 are contained in D. The complete graphs on 3, 4 and 5 vertices yield,
respectively that 6, 10 and 15 are contained in D. It can be seen that the remaining
values up to 16 do not belong to D; we omit the details of the verification.

We note that for some of the low values of dimensions not belonging to D there
could exist compact nilmanifolds N/Γ (that are not associated with graphs) admit-
ting Anosov automorphisms, with N a 2-step simply connected nilpotent Lie group
that is Γ-indecomposable (see §1 for definition), or even indecomposable, Γ being
a lattice in N . In principle this can be analysed using information on the structure
of Lie groups and their representations in low dimensions; we shall, however, not
go into it here, as the details turn out to be too cumbersome.

For dimensions 9 and 12 there exist compact nilmanifolds associated with con-
nected graphs which admit ergodic automorphisms, though not Anosov automor-
phisms; these we get from magnet graphs over 4 and 5 vertices, with a core subset
consisting of two elements in each case. And of course in dimension 3 the line graph
on 2 vertices provides another such example; it is a quotient of the Heisenberg group.
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