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WEIGHTED REARRANGEMENT INEQUALITIES
FOR LOCAL SHARP MAXIMAL FUNCTIONS

ANDREI K. LERNER

Abstract. Several weighted rearrangement inequalities for uncentered and
centered local sharp functions are proved. These results are applied to obtain
new weighted weak-type and strong-type estimates for singular integrals. A
self-improving property of sharp function inequalities is established.

1. Introduction

This paper continues the study of the rearrangement inequalities in terms of
sharp maximal functions [BK, BDS, L1, L2]. Let f∗

ω(t) denote the non-increasing
rearrangement of f with respect to a weight ω, and let f∗∗

ω (t) = t−1
∫ t

0
f∗

ω(τ)dτ .
Throughout the paper, a weight is supposed to be a non-negative locally integrable
function. Given a measurable set E, let ω(E) =

∫
E

ω(x)dx. Given a cube Q ⊂ R
n,

consider the (weighted) Fefferman-Stein [FS2] and so-called local [JT, Str] sharp
maximal functions relative to Q defined by

(1.1) f#
ω;Q(x) = sup

x∈Q′⊂Q
inf
c∈R

1
ω(Q′)

∫
Q′

|f(y) − c|ω(y)dy

and

(1.2) M#
λ, ω;Qf(x) = sup

x∈Q′⊂Q
inf
c∈R

(
(f − c)χQ′

)∗
ω

(
λω(Q′)

)
(0 < λ ≤ 1),

respectively, where the supremum is taken over all cubes Q′ ⊂ Q containing x.
When Q ≡ R

n or ω is Lebesgue measure we drop the subscripts Q or ω, respectively.
Both definitions (1.1) and (1.2) are closely related to the space BMO [JN].

Indeed, the sharp function f# is directly generated by the definition of BMO:

‖f‖BMO = ‖f#‖∞,

while the local sharp function M#
λ f is generated by an alternate characterization

of BMO:

(1.3) λ‖M#
λ f‖∞ ≤ ‖f‖BMO ≤ cn‖M#

λ f‖∞ (0 < λ ≤ 1/2).

The first estimate in (1.3) trivially holds by Chebyshev’s inequality, while the second
one is a deep result due to John [Jo] and Strömberg [Str].

Besides their relation to BMO, sharp functions are also a very useful tool in
studying many important operators arising in harmonic analysis. They can be used
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2446 ANDREI K. LERNER

for a pointwise control of singular integrals, commutators, multipliers, Littlewood-
Paley and pseudo-differential operators (see, e.g., [ABKP], [AP], [CF2], [CP2] [Ja],
[JT], [Ku], [L1]). We will be concerned only with applications of sharp function
inequalities to classical singular integrals T = p.v.f ∗K with kernel K ∈ C1 outside
of the origin satisfying

‖K̂‖∞ ≤ c, |∇K(x)| ≤ c/|x|n+1.

For any appropriate f and all x ∈ R
n (see [JT], [L1]),

(1.4) M#
λ (Tf)(x) ≤ cλ,nMf(x) (0 < λ < 1),

where Mf is the Hardy-Littlewood maximal function.
Rearrangement estimates relating an arbitrary function f and its sharp function

reflect a twofold role of sharp functions: on one hand, such estimates are useful in
some questions concerning BMO, and, on the other hand, they serve for connection
between different operators. We first recall a well-known result by Bennett, DeVore,
and Sharpley ([BDS] or [BS, p. 377]) saying that for any integrable function f on
a cube Q ⊂ R

n,

(1.5) (fχQ)∗∗(t) ≤ cn(f#
Q )∗(t) + (fχQ)∗(t) (0 < t < |Q|/6).

This inequality easily implies several fundamental results, for instance, the John-
Nirenberg inequality [JN] or the Fefferman-Stein theorem ([FS2] or [St, p. 148])
about the equivalence of the Lp-norms of f and f#, 1 < p < ∞. Also it has ap-
plications in the interpolation theory. A weighted variant of (1.5), for A∞-weights,
was obtained in [BK].

In [L1, L2], it was shown that a more precise inequality than (1.5) holds, namely,
the difference of rearrangements is estimated by the local sharp maximal function
M#

λ f : for any measurable function f , any weight ω, and each cube Q ⊂ R
n,

(1.6) (fχQ)∗ω(t) ≤ 2(M#
λn, ω;Qf)∗ω(2t) + (fχQ)∗ω(2t) (0 < t ≤ λnω(Q)),

where λn is some constant depending only on n. This result was first proved for
doubling weights [L1], and recently it has been observed [L2] that the doubling
condition can be removed. By a standard argument, (1.6) yields the following
strong-type estimate:

(1.7)
∫

Rn

|f |pωdx ≤ cp

∫
Rn

(
M#

λn,ωf
)p

ωdx (0 < p < ∞),

whenever ω(Rn) = ∞ and f∗
ω(∞) = 0. Note, however, that such an “absolutely

weighted” estimate is not quite satisfactory for applications. Inequality (1.4), for
example, suggests that to get weighted inequalities for singular integrals, it is very
desirable to have the unweighted local sharp function M#

λ f in place of its weighted
variant M#

λ,ωf on the right-hand sides of (1.6) and (1.7). A simple argument shows
that M#

λ,ωf 	 M#
λ′f for any A∞-weight ω (see [L1]). In this case putting Tf in

place of f in (1.7) and applying (1.4), we get a classical inequality due to Coifman
and Fefferman [CF1]. In the case of arbitrary weights the situation is much more
complicated (see, e.g., [Pe], [W4] for estimates of singular integrals).

In [L3], the author used (1.6) in the unweighted case and an atomic-like decom-
position of ω to prove the following estimate for any measurable f with f∗(∞) = 0
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and any weight ω:

(1.8)
∫

Rn

|f(x)|ω(x)dx ≤ cn

∫
Rn

M#
λn

f(x)Mω(x)dx.

By a recent extrapolation theorem of Cruz-Uribe and Pérez [CP1], (1.8) is extended
to the range 1 < p < ∞ in several different ways:

(1.9)
∫

Rn

|f |pωdx ≤ cp,n

∫
Rn

(
M#

λn
f
)p(Mω/ω)pωdx (1 ≤ p < ∞)

and

(1.10)
∫

Rn

|f |pωdx ≤ cp,n

∫
Rn

(
M#

λn
f
)p

M [p]+1ωdx (1 < p < ∞),

where Mk = M ·M . . . M is the kth iterate of M , and [p] denotes the largest integer
less than or equal to p. Inequality (1.9) combined with (1.4) gives a new weighted
strong-type estimate for singular integrals:∫

Rn

|Tf |pωdx ≤ cp,n

∫
Rn

(Mf)p (Mω/ω)pωdx (1 ≤ p < ∞).

A natural question arises as to whether one can obtain a weighted rearrange-
ment estimate implying (1.8). Observe that the difference f∗

ω(t) − f∗
ω(2t) cannot

be estimated by (M#
λn

f)∗Mω(t) (the rearrangement of M#
λn

f with respect to Mω),
since this yields (1.10) with Mω in place of M [p]+1ω for any p ≥ 1. But it is known
that (1.10) is sharp in the sense that M [p]+1ω cannot be replaced even by M [p]ω
for p > 1 (see [L3]). By a similar reason, f∗

ω(t) − f∗
ω(2t) cannot be estimated by

(M#
λn

fMω/ω)∗ω(t), since this gives (1.9) for all p > 0. But (1.9) for 0 < p < 1 is
incorrect; it suffices to take ω = χ(0,1) and fN such that |fN | ≥ N on (0, 1) and
‖fN‖BMO ≤ c for any N .

Our first result, proved in Section 3, says that the desired estimate, somewhat
surprisingly, is a generalization of the Bennett-DeVore-Sharpley inequality (1.5).
More precisely, we first prove a local variant of (1.8) (see Theorem 3.1 below), and
then combine it with a covering argument of [MMNO] and an argument used in
proving (1.5) to get the following.

Theorem 1.1. For any measurable f , any weight ω, and each cube Q ⊂ R
n,

(1.11) (fχQ)∗∗ω (t) ≤ cn

((
M#

λn;Qf
MQω

ω

)
χQ

)∗∗
ω

(t)+(fχQ)∗ω(t) (0 < t < ω(Q)/2).

As a simple corollary, we obtain a new weighted weak-type estimate for singular
integrals:

(Tf)∗∗ω (t) ≤ cn

∫ ∞

t

(MfMω/ω)∗∗ω (s)
ds

s
(t > 0).

Note also that (1.11) yields a direct proof of (1.9) without extrapolation. Besides,
(1.11) contains (1.5) as a particular case when ω is Lebesgue measure (see Section 3).

While Theorem 1.1 provides a rearrangement estimate implying (1.8) and (1.9),
inequality (1.10) still depends on the extrapolation argument. This can be explained
by a more delicate structure of the weight M [p]+1ω in comparison with (Mω/ω)pω.
We believe that (1.10) cannot be directly obtained by means of rearrangements.

We would like to point out that a covering argument of [MMNO] allows us to
get a full analogue of (1.5):

(1.12) (fχQ)∗∗ω (t) ≤ cn(f#
ω;Q)∗ω(t) + (fχQ)∗ω(t) (0 < t < ω(Q)/2)
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(we will not prove this fact, since the proof is essentialy the same as in [BDS]).
Further, Theorem 3.1 below, in particular, gives the following pointwise estimate:

f#
ω;Q(x) ≤ cnMω;Q

(
M#

λn;QMQω/ω
)
(x).

This estimate combined with (1.12) can be used to deduce Theorem 1.1 without
any restriction on ω only in the one-dimensional case. It follows from the fact that
(Mω;Qf)∗ω(t) 	 (fχQ)∗∗ω (t) if and only if the operator Mω is of weak type (1, 1)
(see [AKMP]), which is true without any restriction on ω only when n = 1.

In Section 4, we prove that inequalities (1.9) and (1.10) have a self-improving
property in the sense that they imply the same inequalities only with Mf in place
of f on the left-hand side for 1 < p < ∞:∫

Rn

(Mf)pωdx ≤ cp,n

∫
Rn

(
M#

λn
f
)p(Mω/ω)pωdx

and ∫
Rn

(Mf)pωdx ≤ cp,n

∫
Rn

(
M#

λn
f
)p

M [p]+1ωdx.

In the unweighted case this is quite standard in view of the boundedness of M
in Lp for p > 1. However, in the weighted case the situation is different [FS1].
Our argument relies on the Fefferman-Stein inequalities [FS1] and on a pointwise
relation between the Hardy-Littlewood and the local sharp maximal functions.

It is well known that in the non-doubling setting centered maximal functions
(that is, those maximal functions in which the corresponding supremum is taken
over cubes centered at x) have much better mapping properties than their un-
centered variants. For instance, the weighted centered Hardy-Littlewood maximal
function M̃ωf is of weak type (1, 1) for all n ≥ 1, and hence, (M̃ωf)∗ω(t) ≤ cnf∗∗

ω (t)
(cf. [AKMP]). However, the converse inequality f∗∗

ω (t) ≤ c(M̃ωf)∗ω(t) in general
is not true even in the case n = 1. Indeed, take, for example, f = χ(0,1) and
ω(x) = e|x|. Then M̃ωf(x) 	 e−2|x|, and thus M̃ωf belongs to L1

ω, which implies
integrability of (M̃ωf)∗ω(t). But this contradicts the fact that f∗∗

ω (t) is not inte-
grable on (0,∞). By the same reason, the sharp function f#

ω;Q cannot be replaced
by its centered variant on the right-hand side of (1.12). Nevertheless, we show that
inequality (1.6) in the case Q ≡ R

n can be improved by replacing M#
λn,ωf by its

centered variant M̃#
λn,ωf . The main result of Section 5 is the following.

Theorem 1.2. For any measurable function f and any weight ω,

f∗
ω(t) ≤ 2(M̃#

λn,ωf)∗ω(t/2) + f∗
ω(2t)

(
0 < t < λnω(Rn)

)
.

As a corollary, we get (1.7) with M̃#
λn,ωf in place of M#

λn,ωf , which also im-
proves [MMNO, Theorem 8] where the strong-type inequality with the centered
sharp function f̃#

ω was obtained. Further, we establish an estimate of M̃#
λn,ωf

by the unweighted local sharp function and the maximal function Pλω measuring
“A∞-ness” introduced by Wilson [W1] (see also [W2]-[W4]). After that we apply
Theorem 1.2 to get some new weighted weak-type and strong-type inequalities for
singular integrals.

Some words about the notation. For two quantities a, b, we write a 	 b if there
exist absolute constants c1, c2 such that c1a ≤ b ≤ c2a. Next, Q will always denote
an open cube with sides parallel to the coordinate axes. Its diameter is denoted
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REARRANGEMENT INEQUALITIES AND SHARP FUNCTIONS 2449

by diam(Q). Given a cube Q and r > 0, rQ will denote the cube with the same
center as Q and such that diam(rQ) = rdiam(Q). For a measurable set E ⊂ R

n,
by |E| we denote its Lebesgue measure. As usual, Lp

ω denotes the space of all f
for which ‖f‖Lp

ω
≡ (
∫

Rn |f |pωdx)1/p < ∞. The letters cn, λn, cp,n, etc. will denote
constants depending only on n, p and n, etc., which might change from occurrence
to occurrence.

2. Preliminaries

2.1. Rearrangements. Given a measurable function f on R
n, define its non-

increasing rearrangement f∗
ω with respect to a weight ω by (cf. [CR, p. 32])

f∗
ω(t) = sup

ω(E)=t

inf
x∈E

|f(x)| (0 < t < ω(Rn)).

Observe that the rearrangement defined in such a way is left-continuous. We
will mainly use several well-known properties of rearrangements [BS, p. 41, 53]:

(f + g)∗ω(t1 + t2) ≤ f∗
ω(t1) + g∗ω(t2) (t1, t2 ≥ 0),(2.1)

|fk| ↑ |f | ω-a.e. ⇒ (fk)∗ω ↑ f∗
ω(t) and (fk)∗∗ω (t) ↑ f∗∗

ω (t),(2.2)

and

(2.3) sup
ω(E)=t

∫
E

|f(x)|ω(x)dx =
∫ t

0

f∗
ω(τ)dτ (t > 0).

Also conditions like f∗
ω(∞) = 0 will appear often. The following simple proposi-

tion clarifies the sense of such conditions.

Proposition 2.1. Let ω be any weight such that ω(Rn) = ∞. Then f∗
ω(∞) = 0 iff

the distribution function µf,ω(α) = ω{x : |f(x)| > α} is finite for any α > 0.

Proof. Suppose that µf,ω(α0) = ∞ for some α0 > 0. Then it follows easily from
the definition of the rearrangement that f∗

ω(t) ≥ α0 for all t > 0. Therefore the
condition f∗

ω(∞) = 0 implies µf,ω(α) < ∞ for all α > 0.
Conversely, assume f∗

ω(t) ≥ ξ > 0 for any t > 0. This means that µf,ω(ξ) = ∞.
Thus, the condition µf,ω(α) < ∞, α > 0, implies f∗

ω(∞) = 0. �

2.2. Local maximal functions and median values. It is well known that one
of the constants c minimizing the functional

∫
Q |f − c|dx (which appears in the

definition of f#) is the mean value of f over Q, namely fQ = |Q|−1
∫

Q
f . For the

functional
(
(f − c)χQ

)∗(
λ|Q|), 0 < λ ≤ 1/2, the same role is played by a median

value of f over Q, namely by a, possibly nonunique, real number mf (Q) such that

|{x ∈ Q : f(x) > mf (Q)}| ≤ |Q|/2 and |{x ∈ Q : f(x) < mf (Q)}| ≤ |Q|/2.

Indeed, it follows easily from its definition that

|mf (Q)| ≤ (fχQ

)∗(|Q|/2
)
;

moreover, in the case when f is a non-negative function we can take

mf (Q) =
(
fχQ

)∗(|Q|/2
)
.

Next, it is clear that mf(Q) − c = mf−c(Q) for any constant c, and hence

|mf (Q) − c| ≤ ((f − c)χQ

)∗(|Q|/2
)
,
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2450 ANDREI K. LERNER

which in turn gives((
f − mf (Q)

)
χQ

)∗(
λ|Q|) ≤ 2 inf

c

(
(f − c)χQ

)∗(
λ|Q|) (0 < λ ≤ 1/2).

Exactly in the same way one can define a weighted median value. Note also that
in the case ω(Rn) < ∞ a weighted median value of f over R

n can be defined as a
number mf,ω such that

ω{x ∈ R
n : f(x) > mf,ω} ≤ ω(Rn)/2 and ω{x ∈ R

n : f(x) < mf,ω} ≤ ω(Rn)/2.

Define the centered weighted local sharp function M̃#
λ,ωf by

M̃#
λ,ωf(x) = sup

Q�x
inf
c

(
(f − c)χQ

)∗
ω

(
λω(Q)

)
(0 < λ < 1),

where the supremum is taken over all cubes centered at x.

Proposition 2.2. For any weight ω with ω(Rn) < ∞ and any measurable f ,(
f − mf,ω

)∗
ω

(
λω(Rn)

) ≤ 4 inf
x∈Rn

M̃#
λ,ωf(x) (0 < λ ≤ 1/4).

Proof. Given a point x ∈ R
n, let Q(x, r) be the cube centered at x of diameter r.

By (2.2) and by the left-continuity of f∗
ω,

(2.4)
(
f − mf,ω

)∗
ω

(
λω(Rn)

)
= lim

r→∞
(
(f − mf,ω)χQ(x,r)

)∗
ω

(
λω(Q(x, r))

)
.

Next, applying (2.1) gives

|mf,ω − mf,ω(Q(x, r))| ≤ (
f − mf,ω(Q(x, r))

)∗
ω

(
ω(Rn)/2

)
≤ ((

f − mf,ω(Q(x, r))
)
χQ(x,r)

)∗
ω

(
ω(Rn)/4

)
+

((
f − mf,ω(Q(x, r))

)
χRn\Q(x,r)

)∗
ω

(
ω(Rn)/4

)
.(2.5)

For r big enough, ω(Rn \ Q(x, r)) < ω(Rn)/4, and hence the term in (2.5) will be
equal to zero. Therefore, using (2.4), we obtain(

f − mf,ω

)∗
ω

(
λω(Rn)

) ≤ lim sup
r→∞

((
f − mf,ω(Q(x, r))

)
χQ(x,r)

)∗
ω

(
λω(Q(x, r))

)
+ lim sup

r→∞

((
f − mf,ω(Q(x, r))

)
χQ(x,r)

)∗
ω

(
ω(Rn)/4

)
≤ 2 lim sup

r→∞

((
f − mf,ω(Q(x, r))

)
χQ(x,r)

)∗
ω

(
λω(Q(x, r))

)
≤ 4 lim sup

r→∞
inf
c

(
(f − c)χQ(x,r)

)∗
ω

(
λω(Q(x, r))

)
≤ 4M̃#

λ,ωf(x),

which finishes the proof. �
Median values play an important role in proving the right-hand side of (1.3). In

particular, the proof is based on a somewhat stronger variant of the John-Nirenberg
inequality: for any cube Q ⊂ Q0 (cf. [Str]),

(2.6)
((

f − mf (Q)
)
χQ

)∗(t) ≤ cn‖M#
1/2;Q0

f‖∞ log
2|Q|

t
(0 < t < |Q|).

For any measurable function f define the maximal function mλf by

mλf(x) = sup
Q�x

(
fχQ

)∗(
λ|Q|),

where the supremum is taken over all cubes containing x.
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Observe that {x : mλf(x) > α} ⊂ {x : Mχ{|f |>α}(x) ≥ λ}. Therefore, by the
weak type (1, 1) property of the Hardy-Littlewood maximal function, we have

|{x : mλf(x) > α}| ≤ 3n

λ
|{x : |f(x)| > α}|

or, equivalently,

(2.7) (mλf)∗(t) ≤ f∗(λt/3n) (t > 0).

We will also need the following lemmas.

Lemma 2.3. For any measurable function f , any weight ω, and each cube Q,(
fχQ

)∗
ω

(
λω(Q)

) ≤ 2 inf
c∈R

(
(f − c)χQ

)∗
ω

(
λω(Q)

)
+
(
fχQ

)∗
ω

(
(1 − λ)ω(Q)

)
,

where 0 < λ < 1.

This lemma was proved in [L1].

Lemma 2.4. For any f ∈ L(Q),∫
Q

|f(x) − fQ|dx ≤ 8
∫

Q

M#
λn;Qf(x)dx.

This lemma contains in [JT], [L3]. It follows easily from (1.6) with ω ≡ 1.

2.3. A∞-weights and A∞-maximal functions. We say that a weight ω satisfies
A∞ Muckenhoupt’s condition if there are positive constants α, β < 1 such that
ω(E)/ω(Q) ≥ α implies |E|/|Q| ≥ β for any cube Q and any subset E ⊂ Q. There
are many equivalent characterizations of A∞ (see, e.g., [CF1] or [St, Ch. 5]). In
particular, A∞ is equivalent to saying that for any α′, 0 < α′ < 1, there exists a
β′, 0 < β′ < 1, so that ω(E)/ω(Q) ≥ α′ implies |E|/|Q| ≥ β′ for any Q and E ⊂ Q.

We now, following Wilson [W1], define the maximal function Pλω, which mea-
sures a local un-A∞ behaviour of ω. For 0 < λ < 1 and any cube Q with ω(Q) > 0,
let Eλ ⊂ Q be any subset of minimal Lebesgue measure such that ω(Eλ) = λω(Q).
Set

Pλω(x) = sup
Q�x

log(1 + |Q|/|Eλ|),

where the supremum is taken over all cubes Q with ω(Q) > 0 containing x.
It is easy to see that ω ∈ A∞ if and only if Pλω ∈ L∞. We give here several

estimates for Pλω. Let E be any subset of Q such that ω(E) = λω(Q). Then,
by (2.3), λω(Q) ≤ ∫ |E|

0
(ωχQ)∗(τ)dτ , and therefore,

log(1 + |Q|/|E|) ≤
∫ |E|
0 (ωχQ)∗(τ) log(1 + |Q|/τ)dτ∫ |E|

0 (ωχQ)∗(τ)dτ

≤ 1
λω(Q)

∫ |Q|

0

(ωχQ)∗(τ) log(1 + |Q|/τ)dτ.

By a Stein-Herz type inequality (cf. [BS, p. 122]),∫ |Q|

0

(ωχQ)∗(τ) log(1 + |Q|/τ)dτ ≤ 2
∫ |Q|

0

(ωχQ)∗∗(τ)dτ ≤ cn

∫
Q

MQω(x)dx,
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where MQω is the Hardy-Littlewood maximal function relative to Q. Thus, for
all x,

Pλω(x) ≤ cλ,n sup
Q�x

1
ω(Q)

∫
Q

MQω(y)dy.

Similarly, one can get the following: for any Young’s function Φ (cf. [BS, p. 265]),

Pλω(x) ≤ sup
Q�x

Φ−1

(∫ |Q|
0

(ωχQ)∗(τ)Φ(log(1 + |Q|/τ))dτ

λω(Q)

)
.

3. A weighted variant of the Bennett-DeVore-Sharpley inequality

We start with a local analogue of (1.8).

Theorem 3.1. For any f ∈ L(Q) and all weights ω,∫
Q

|f(x) − fQ|ω(x)dx ≤ cn

∫
Q

M#
λn;Qf(x)MQω(x)dx.

Proof. The proof follows the same lines as the one of (1.8) in [L3], although with
some minor modifications. Clearly, we can assume that fQ = 0. Suppose also that
2l−1 ≤ ωQ < 2l and ω ≤ 2m. If m − 1 ≤ l, then we trivially get, by Lemma 2.4,∫

Q

|f(x)|ω(x)dx ≤ 4ωQ

∫
Q

|f(x)|dx ≤ 32 inf
Q

MQω

∫
Q

M#
λn;Qf(x)dx

≤ 32
∫

Q

M#
λn;Qf(x)MQω(x)dx.

Assume, therefore, that l < m − 1. For l ≤ k ≤ m − 1 we write Ωk = {x ∈ Q :
M∆

Q ω(x) > 2k} as a disjoint union of dyadic cubes Qk
j (relative to Q) such that

2k < ωQk
j
≤ 2n2k (cf. [St, p. 150]), where M∆

Q is the dyadic maximal function
with respect to Q. Now set gk =

∑
j(ω − ωQk

j
)χQk

j
and hk = ω − gk. Then

|gk − gk+1| ≤ 3 · 2n2k, and
∫

Qk
j
(gk − gk+1) = 0. Hence, applying Lemma 2.4 and

using the fact that M#
λ;Q|f | ≤ M#

λ;Qf , we get∫
Q

|f |ωdx =
m−1∑
k=l

∑
j

∫
Qk

j

|f |(gk − gk+1)dx +
∫

Q

|f |hldx

≤
m−1∑
k=l

∑
j

∫
Qk

j

(|f | − |f |Qk
j
)(gk − gk+1)dx + 2ωQ

∫
Q

|f |dx

≤ 3 · 2n
m−1∑
k=l

2k
∑

j

∫
Qk

j

||f | − |f |Qk
j
|dx + 16 inf

Q
MQω

∫
Q

M#
λn;Qf(x)dx

≤ 24 · 2n
m−1∑
k=l

2k
∑

j

∫
Qk

j

M#
λn;Qfdx + 16

∫
Q

M#
λn;Qf(x)MQω(x)dx

= 24 · 2n
m−1∑
k=l

2k

∫
{M∆

Q ω>2k}
M#

λn;Qfdx + 16
∫

Q

M#
λn;Qf(x)MQω(x)dx

≤ 64 · 2n

∫
Q

M#
λn;Qf(x)MQω(x)dx.
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The restriction ω ≤ 2m is easily removed by the Fatou convergence theorem, which
completes the proof. �

The following covering lemma was proved in [MMNO].

Lemma 3.2. Let E be a subset of Q, and suppose that ω(E) ≤ ρω(Q), 0 < ρ < 1.
Then there exists a sequence {Qi} of cubes contained in Q such that

(i) ω(Qi ∩ E) = ρω(Qi);
(ii)

⋃
i Qi =

⋃Bn

k=1

⋃
i∈Fk

Qi, where each of the family {Qi}i∈Fk
is formed by

pairwise disjoint cubes and a constant Bn depends only on n; in other
words, the family {Qi} is almost disjoint with constant Bn;

(iii) E′ ⊂ ⋃i Qi, where E′ is the set of ω-density points of E.

Proof of Theorem 1.1. Since M#
λ;Q|f | ≤ M#

λ;Qf , we can assume that f ≥ 0. Apply-
ing Lemma 3.2 to the set E = {x ∈ Q : f(x) > (fχQ)∗ω(t)} and number ρ = 1/2, we
get a sequence {Qj} of cubes, for which properties (i), (ii), and (iii) of the lemma
hold. By (iii),

t
(
(fχQ)∗∗ω (t) − (fχQ)∗ω(t)

)
=

∫
E

(
f(x) − (fχQ)∗(t)

)
ω(x)dx

≤
∑

j

∫
E∩Qj

(
f(x) − (fχQ)∗(t)

)
ω(x)dx

≤
∑

j

∫
Qj

|f(x) − fQj |ω(x)dx

+
∑

j

ω(E ∩ Qj)
(
fQj − (fχQ)∗ω(t)

)
.

We can assume that the last sum is taken over such j for which fQj > (fχQ)∗ω(t).
Since ω(E ∩ Qj) = ω(Qj)/2 = ω(Ec ∩ Qj), we obtain

ω(E ∩ Qj)
(
fQj − (fχQ)∗ω(t)

) ≤ ∫
Ec∩Qj

(
fQj − f(ξ)

)
ω(ξ)dξ,

and, therefore,

t
(
(fχQ)∗∗ω (t) − (fχQ)∗ω(t)

) ≤ 2
∑

j

∫
Qj

|f(x) − fQj |ω(x)dx.

Now using properties (i), (ii) of Lemma 3.2, Theorem 3.1, and (2.3), we have∑
j

∫
Qj

|f(x) − fQj |ω(x)dx ≤ cn

∑
j

∫
Qj

M#
λn;Qf(x)MQω(x)dx

≤ cn

Bn∑
k=1

∑
j∈Fk

∫
Qj

M#
λn;Qf(x)MQω(x)dx

≤ cn

Bn∑
k=1

∫ ω(∪j∈Fk
Qj)

0

(
(M#

λn;QfMQω/ω)χQ

)∗
ω
(τ)dτ

≤ cnBn

∫ 2t

0

(
(M#

λn;QfMQω/ω)χQ

)∗
ω
(τ)dτ
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(here we also used that ω(E) ≤ t, and so, ω(
⋃

j∈Fk
Qj) ≤ 2ω(E) ≤ 2t). Hence,

(fχQ)∗∗ω (t) − (fχQ)∗ω(t) ≤ 4cnBn

(
(M#

λn;QfMQω/ω)χQ

)∗∗
ω

(2t)

≤ 4cnBn

(
(M#

λn;QfMQω/ω)χQ

)∗∗
ω

(t),

as required. �

Remark 3.3. If ω is Lebesgue measure, then f#
Q 	 MQM#

λn;Qf (see [JT]), and
(fχQ)∗∗(t) 	 (MQf)∗(t) (see, e.g., [BS, p. 122]). Hence, (M#

λn;Qf)∗∗(t) 	 (f#
Q )∗(t),

and we obtain that in this case Theorem 1.1 is equivalent to the Bennett-DeVore-
Sharpley theorem (cf. (1.5)).

Corollary 3.4. For any measurable f on R
n with f∗(∞) = 0, and any weight ω,

(3.1) f∗∗
ω (t) ≤ cn

∫ ω(Rn)

t

(M#
λn

fMω/ω)∗∗ω (s)
ds

s
(0 < t < ω(Rn)).

Proof. Integrating (1.11) gives

(fχQ)∗∗ω (t) =
∫ ω(Q)/2

t

(
(fχQ)∗∗ω (s) − (fχQ)∗ω(s)

)ds

s
+ (fχQ)∗∗ω (ω(Q)/2)

≤ cn

∫ ω(Q)

t

((
M#

λn;Qf
MQω

ω

)
χQ

)∗∗
ω

(s)
ds

s
+

2
ω(Q)

∫
Q

|f |ωdx,

provided 0 < t < ω(Q). Next, it follows from the properties of median values (cf.
Section 2.2), from Lemma 2.4 and Theorem 3.1 that

1
ω(Q)

∫
Q

|f |ω ≤ 1
ω(Q)

∫
Q

|f − fQ|ωdx + |fQ − mf (Q)| + |mf (Q)|

≤ 1
ω(Q)

∫
Q

|f − fQ|ωdx +
2
|Q|

∫
Q

|f − fQ|dx + (fχQ)∗(|Q|/2)

≤ cn

ω(Q)

∫
Q

M#
λn;QfMQωdx +

16
|Q|

∫
Q

M#
λn;Qfdx + (fχQ)∗(|Q|/2)

≤ cn + 16
ω(Q)

∫
Q

M#
λn;QfMQωdx + (fχQ)∗(|Q|/2)

≤ c′n

∫ ω(Q)

ω(Q)/2

(
(M#

λn;QfMQω/ω)χQ

)∗∗(s)ds

s
+ (fχQ)∗(|Q|/2).

From this and from the previous estimate we obtain

(fχQ)∗∗ω (t) ≤ cn

∫ ω(Q)

t

(
(M#

λn;QfMQω/ω)χQ

)∗∗(s)ds

s
+ 2(fχQ)∗(|Q|/2)

≤ cn

∫ ω(Rn)

t

(M#
λn

fMω/ω)∗∗ω (s)
ds

s
+ 2f∗(|Q|/2).

Here letting Q → R
n and using (2.2), we get (3.1). �

Now we can easily prove (1.9).

Corollary 3.5. For any measurable f with f∗(∞) = 0, and any weight ω,

(3.2)
∫

Rn

|f |pωdx ≤ cp,n

∫
Rn

(
M#

λn
f
)p(Mω/ω)pωdx (1 ≤ p < ∞).
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Proof. In the case p = 1 we trivially obtain from (3.1) that∫ t

0

f∗
ω(τ)dτ ≤ cnt‖M#

λn
fMω/ω‖L1

ω

∫ ∞

t

ds

s2
= cn‖M#

λn
fMω‖L1.

Here letting t → ω(Rn) yields (3.2).
Suppose p > 1. Then we apply (3.1) and Hardy’s inequalities [BS, p. 124]:

‖f‖Lp
ω

= ‖f∗
ω‖Lp(0,ω(Rn)) ≤ ‖f∗∗

ω ‖Lp(0,ω(Rn))

≤ cnp‖(M#
λn

fMω/ω)∗∗ω ‖Lp(0,ω(Rn))

≤ cn
p2

p − 1
‖(M#

λn
fMω/ω)∗ω‖Lp(0,ω(Rn)) = cn

p2

p − 1
‖M#

λn
fMω/ω‖Lp

ω
,

and we are done. �

Also we obtain a new weak-type estimate for singular integrals.

Corollary 3.6. For any f ∈ ⋃p≥1 Lp, and any weight ω,

(Tf)∗∗ω (t) ≤ cn

∫ ω(Rn)

t

(MfMω/ω)∗∗ω (s)
ds

s
(0 < t < ω(Rn)).

Proof. Since

f ∈
⋃
p≥1

Lp ⇒ (Tf) ∈ (weakL1) ∪
⋃
p>1

Lp ⇒ (Tf)∗(∞) = 0,

we can apply (1.4) and (3.1), which immediately gives the required estimate. �

4. A self-improving property of sharp function inequalities

It was observed in [L3] that a known pointwise estimate [L1]

M#
λ (Mf)(x) ≤ cλ,nf#(x)

combined with (1.9) and (1.10) immediately yields the following weighted versions
of the Fefferman-Stein theorem (cf. [FS2]):

(4.1)
∫

Rn

(Mf)pωdx ≤ cp,n

∫
Rn

(
f#
)p

(Mω/ω)pωdx (1 ≤ p < ∞)

and

(4.2)
∫

Rn

(Mf)pωdx ≤ cp,n

∫
Rn

(
f#
)p

M [p]+1ωdx (1 < p < ∞).

Note also that it follows from (1.8), by Chebyshev inequality,

(4.3) f∗
ω(t) ≤ cn

t

∫
Rn

M#
λn

f(x)Mω(x)dx.

In this section we show that inequalities (1.9), (1.10) (as well as (4.1), (4.2)) for
p > 1, and (4.3) can be improved.

Theorem 4.1. For any locally integrable f with f∗(∞) = 0, and any weight ω,∫
Rn

(Mf)pωdx ≤ cp,n

∫
Rn

(
M#

λn
f
)p(Mω/ω)pωdx (1 < p < ∞),(4.4) ∫

Rn

(Mf)pωdx ≤ cp,n

∫
Rn

(
M#

λn
f
)p

M [p]+1ωdx (1 < p < ∞),(4.5)
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and

(4.6) (Mf)∗ω(t) ≤ cn

t

∫
Rn

M#
λn

f(x)Mω(x)dx (t > 0).

It is interesting that the proof of the theorem is essentially based on inequalities
(1.9), (1.10), and (4.3), that is, these inequalities have a self-improving property
expressed in (4.4), (4.5), and (4.6), respectively. An important ingredient of the
proof is also the following classical Fefferman-Stein inequalities [FS1]:

(4.7)
∫

Rn

(Mf)pωdx ≤ cp,n

∫
Rn

|f |pMωdx (1 < p < ∞),

and

(4.8) (Mf)∗ω(t) ≤ cn

t

∫
Rn

|f |Mωdx (t > 0).

Note, however, that a direct combination of, for instance, (4.7) and (1.10), yields
only an inequality like (4.5) with M [p]+2ω in place of M [p]+1ω on the right-hand
side. To prove the theorem, we will need several following pointwise inequalities.

Proposition 4.2. For any locally integrable f and all x,

Mf(x) ≤ 3f#(x) + m1/2f(x),(4.9)

f#(x) ≤ 8MM#
λn

f(x),(4.10)

and

(4.11) M#
λ (m1/2f)(x) ≤ 4M#

λ/2·9nf(x).

Proof of Theorem 4.1. By (4.9), (4.10) and Minkowski’s inequality,

‖Mf‖p,ω ≤ 24‖MM#
λn

f‖p,ω + ‖m1/2f‖p,ω.

To estimate the first term on the right-hand side we use (4.7), while to estimate
the second one we apply (1.9) and (4.11) (observing that, by (2.7), the condition
f∗(∞) = 0 implies (m1/2f)∗(∞) = 0). So,∫

Rn

(MM#
λn

f)pωdx ≤ c

∫
Rn

(M#
λn

f)pMωdx,

and ∫
Rn

(m1/2f)pωdx ≤ c

∫
Rn

(
M#

λn
(m1/2f)

)p(Mω/ω)pωdx

≤ c′
∫

Rn

(
M#

λ′
n
f
)p(Mω/ω)pωdx.

Since Mω ≤ (Mω/ω)pω, we obtain (4.4). The proof of (4.5) is exactly the same,
only (1.10) should be applied instead of (1.9). The proof of (4.6) also follows the
same lines with some minor modifications. Namely, to get (4.6) we apply a sub-
additivity property of rearrangements (2.1) instead of Minkowski’s inequality, and
then we use (4.3) and (4.8). �
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Proof of Proposition 4.2. For any cube Q containing x and any constant c,
1
|Q|

∫
Q

|f(x)|dx ≤ 1
|Q|

∫
Q

|f(x) − c|dx + |mf (Q) − c| + |mf (Q)|

≤ 3
|Q|

∫
Q

|f(x) − c|dx + |mf (Q)|,

which proves (4.9). Next, (4.10) is an immediate corollary of Lemma 2.4 (this
inequality also contains in [JT]).

We now prove (4.11). Let Q be any cube containing x. Take an arbitrary point
y ∈ Q, and let Q′ be any cube containing y. If Q′ ⊂ 3Q, then

(fχQ′)∗(|Q′|/2) ≤ ((
f − mf (3Q)

)
χQ′
)∗(|Q′|/2

)
+ |mf (3Q)|

≤ m1/2

((
f − mf (3Q)

)
χ3Q

)
(y) + inf

ξ∈Q
m1/2f(ξ).

Assume that Q′ �⊂ 3Q. Then Q ⊂ 3Q′ and in this case we apply Lemma 2.3 to get

(fχQ′)∗(|Q′|/2) ≤ (fχ3Q′)∗(|3Q′|/2 · 3n)

≤ 2 inf
c

(
(f − c)χ3Q′

)∗(|3Q′|/2 · 3n
)

+
(
fχ3Q′

)∗((1 − 1/2 · 3n)|3Q′|)
≤ 2M#

1/2·3nf(x) + inf
ξ∈Q

m1/2f(ξ).

Therefore, for all y ∈ Q,

m1/2f(y) = max
(

sup
Q′�y,Q′⊂3Q

(fχQ′)∗(|Q′|/2), sup
Q′�y,Q⊂3Q′

(fχQ′)∗(|Q′|/2)
)

≤ m1/2

((
f − mf (3Q)

)
χ3Q

)
(y) + 2M#

1/2·3nf(x) + inf
ξ∈Q

m1/2f(ξ).

Hence, applying (2.7) yields(
(m1/2f − inf

Q
m1/2f)χQ

)∗(λ|Q|)

≤ (m1/2

((
f − mf (3Q)

)
χ3Q

))∗(λ|Q|) + 2M#
1/2·3nf(x)

≤ ((f − mf (3Q)
)
χ3Q

)∗(
λ|3Q|/2 · 9n

)
+ 2M#

1/2·3nf(x) ≤ 4M#
λ/2·9nf(x),

which gives (4.11). �

5. Some estimates for the centered local sharp function

In Section 3 we have obtained a weighted rearrangement inequality for the un-
weighted local sharp function. Here we prove an inequality of different type, namely,
a weighted rearrangement inequality for the centered weighted local sharp func-
tion M̃#

λ,ωf .

Proof of Theorem 1.2. The proof is a modification of the method used in prov-
ing (1.6) (cf. [L1], [L2]). Set Ω = {x : M̃#

λn,ωf(x) > (M̃#
λn,ωf)∗ω(t/2)}, where

λn < 1 is some constant depending only on n which will be chosen later. Let
E be an arbitrary set with ω(E) = t. Choose a compact subset Ẽ ⊂ E with
ω(Ẽ) ≥ 9t/10. Clearly, ω(Ẽ \ Ω) ≥ 2t/5. Next, for almost every point x ∈ Ẽ \ Ω
there is a cube Qx centered at x and such that ω((Ẽ \Ω)∩Qx) = λnω(Qx). Apply-
ing the Besicovitch Covering Theorem to the family {Qx}x∈Ẽ\Ω yields a countable

collection of cubes Qj , covering Ẽ \Ω, and such that they are almost disjoint with
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constant Bn, that is,
⋃

j Qj =
⋃Bn

k=1

⋃
j∈Fk

Qj, where each of the family {Qj}j∈Fk

is formed by pairwise disjoint cubes. Then

2t/5 ≤
Bn∑
k=1

∑
j∈Fk

ω
(
(Ẽ \ Ω) ∩ Qj

)
= λn

Bn∑
k=1

∑
j∈Fk

ω(Qj),

and hence, for some k0,
2t/5λnBn ≤

∑
j∈Fk0

ω(Qj).

Next, since the centers of Qj lie outside Ω,

inf
c

(
(f − c)χQj

)∗
ω

(
λnω(Qj)

) ≤ (M̃#
λn,ωf)∗ω(t/2).

From this and from Lemma 2.3 we get

inf
x∈E

|f(x)| ≤ inf
j∈Fk0

inf
x∈E∩Qj

|f(x)| ≤ inf
j∈Fk0

(
fχQj

)∗
ω

(
λnω(Qj)

)
≤ 2(M̃#

λn,ωf)∗ω(t/2) + inf
j∈Fk0

(
fχQj

)∗
ω

(
(1 − λn)ω(Qj)

)
.

Since the cubes from Fk0 are pairwise disjoint, we easily obtain that

inf
j∈Fk0

(
fχQj

)∗
ω

(
(1 − λn)ω(Qj)

) ≤ f∗
ω

(
(1 − λn)

∑
j∈Fk0

ω(Qj)
)

≤ f∗
ω

(
2(1 − λn)t/5λnBn

)
.

Now choose λn so that 2(1 − λn)/5λnBn = 2, that is, λn = 1/(5Bn + 1). Then

inf
x∈E

|f(x)| ≤ 2(M̃#
λn,ωf)∗ω(t/2) + f∗

ω(2t).

Taking the supremum over all E with ω(E) = t yields

(5.1) f∗
ω(t) ≤ 2(M̃#

λn,ωf)∗ω(t/2) + f∗
ω(2t),

and therefore the theorem is proved. �

In what follows, we will assume that mf,ω is a weighted median value of f over R
n

if ω(Rn) < ∞ and f is any measurable function, and mf,ω = 0 if ω(Rn) = ∞ and
f∗

ω(∞) = 0.

Corollary 5.1. If either ω(Rn) < ∞ or ω(Rn) = ∞ and f∗
ω(∞) = 0, then

(5.2) (f − mf,ω)∗ω(t)δ ≤ 6
∫ ω(Rn)

t/4

(M̃#
λn,ωf)∗ω(s)δ ds

s
(0 < t < ω(Rn)),

where 0 < δ ≤ 1, and

(5.3) ‖f − mf,ω‖Lp
ω
	 ‖M̃#

λn,ωf‖Lp
ω

(0 < p < ∞).

Proof. Consider, for example, the case ω(Rn) < ∞.
The proof of (5.2) is quite standard (cf. [L1]). Iterating (5.1) and using the

elementary inequality (a + b)δ ≤ aδ + bδ, a, b ≥ 0, we get

(5.4) f∗
ω(t)δ ≤ 2δ

∫ ω(Rn)

t/4

(M̃#
λn,ωf)∗ω(s)δ ds

s
+ f∗

ω

(
λnω(Rn)

)δ
.
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By Proposition 2.2,

(f − mf,ω)∗ω
(
λnω(Rn)

)δ ≤ (
4 inf

x∈Rn
M̃#

λn,ωf(x)
)δ ≤ 4δ

(
M̃#

λn,ωf
)∗
ω

(
ω(Rn)

)δ
≤ 4δ

log 4

∫ ω(Rn)

ω(Rn)/4

(M̃#
λn,ωf)∗ω(s)δ ds

s
.

From this and from (5.4) with f − mf,ω in place of f we obtain (5.2).
Next, (5.2) along with Hardy’s inequality [BS, p. 124] immediately gives

‖f − mf,ω‖Lp
ω
≤ cp‖M̃#

λn,ωf‖Lp
ω

(0 < p < ∞).

To prove the converse, we define the maximal function m̃λ,ωf by

m̃λ,ωf(x) = sup
Q�x

(fχQ)∗ω(ω(Q)),

where the supremum is taken over all cubes centered at x. Now, exactly as in
proving (2.7), we get {m̃λ,ωf > α} ⊂ {M̃ωχ{|f |>α} ≥ λ}, and thus,

ω{m̃λ,ωf > α} ≤ cn

λ
ω{|f | > α}

or, equivalently,

(5.5) (m̃λ,ωf)∗ω(t) ≤ f∗
ω(λt/cn)

(here M̃ω is the weighted centered Hardy-Littlewood maximal function). Since
M̃#

λn,ωf ≤ m̃λn,ω(f − mf,ω), we obtain (M̃#
λ,ωf)∗ω(t) ≤ (f − mf,ω)∗ω(λnt/cn), so it

follows that

‖M̃#
λn,ωf‖Lp

ω
≤ (cn/λn)1/p‖f − mf,ω‖Lp

ω
(0 < p < ∞).

This concludes the proof of (5.3).
The case when ω(Rn) = ∞ and f∗

ω(∞) = 0 is essentially the same. Note only
that this case is even simpler, since the second term on the right-hand side of (5.4)
will be equal to zero, and (5.3) will follow without using Proposition 2.2. �

Our aim now is to estimate M̃#
λn,ωf by the unweighted local sharp function. The

main tool we will use is the following interpolation lemma, which resembles esti-
mates of K-functional for (L1, BMO) [BS, p. 393] and E-functional for (L0, BMO)
[JT, Theorem 3.2]. These estimates were proved by means of the Whitney Covering
Theorem. A local case of such estimates requires some modifications. For instance,
we have to apply a local variant of the Whitney Theorem to an open set Ω which
is strictly contained in Q. But for our purposes it will be convenient to use the
lemma below with any open set, not necessarily strictly contained in Q. To avoid
some technical difficulties, we will give a different proof, which perhaps is of some
independent interest. Our proof does not use the Whitney Theorem.

Lemma 5.2. Let f be any measurable function defined on a cube Q0, and let Ω be
an open subset of Q with |F ≡ Q0 \ Ω| > 0. Then there is a function g such that
f = g on F , and

‖M#
1/2;Q0

g‖∞ ≤ sup
x∈F

M#
λn;Q0

f(x).
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Proof. Let Q be a collection of cubes Q contained in Ω and such that dist(Q, F ) =
diam(Q). For x ∈ Ω we consider the maximal function Af defined by

Af(x) = sup
x∈Q∈Q

mf(Q),

where the supremum is taken over all cubes Q ∈ Q containing x. Set now g =
(Af)χΩ + fχF . We have to estimate infc

(
(g − c)χQ′

)∗(|Q′|/2
)

for any Q′ ⊂ Q0.
There are only three cases.

Case 1. Suppose Q′ ∩ Ω = ∅. This case is trivial, since we have

inf
c

(
(g − c)χQ′

)∗(|Q′|/2
)

= inf
c

(
(f − c)χQ′

)∗(|Q′|/2
) ≤ sup

x∈F
M#

1/2;Q0
f(x).

Case 2. Let Q′∩Ω �= ∅, and suppose for some y ∈ Q′∩Ω there is a cube Q∗ ∈ Q
containing y and such that diam(Q′) ≤ diam(Q∗)/2. Then it is clear that Q′ ⊂ Ω.
Let us show that for any Q̄ ∈ Q with Q̄ ∩ Q′ �= ∅,
(5.6)

1
4
diam(Q∗) ≤ diam(Q̄) ≤ 5

2
diam(Q∗).

First, we note that dist(Q∗, F ) ≤ dist(Q′, F ) + diam(Q′), which implies

(5.7)
1
2
diam(Q∗) ≤ dist(Q′, F ).

On the other hand,

(5.8) dist(Q′, F ) ≤ dist(Q∗, F ) + diam(Q∗) ≤ 2diam(Q∗).

Assume that dist(Q̄, F ) ≤ dist(Q′, F ). In this case

diam(Q̄) ≤ dist(Q′, F ) ≤ dist(Q̄, F ) + diam(Q̄) ≤ 2diam(Q̄),

and, by (5.7) and (5.8),

(5.9)
1
4
diam(Q∗) ≤ diam(Q̄) ≤ 2diam(Q∗).

If dist(Q̄, F ) > dist(Q′, F ), then again applying (5.7) and (5.8) yields
1
2
diam(Q∗) ≤ dist(Q′, F ) < diam(Q̄)(5.10)

= dist(Q̄, F ) ≤ dist(Q′, F ) + diam(Q′) ≤ 5
2
diam(Q∗).

Unifying (5.9) and (5.10), we get (5.6).
Let E be the union of all cubes Q̄ ∈ Q with Q̄ ∩ Q′ �= ∅, and let Q̃ be a cube of

minimal measure containing E. Then dist(Q̃, F ) < diam(Q̃), and, by (5.6),
1
4
diam(Q∗) ≤ diam(Q̃) ≤ 11

2
diam(Q∗).

It follows easily from the properties of Q̃ that there is a cube ˜̃Q ⊂ Q0 containing

Q̃ and such that ˜̃Q ∩ F �= ∅ and | ˜̃Q| ≤ 3n|Q̃|. We get that any cube Q̄ ∈ Q with

Q̄ ∩ Q′ �= ∅ is contained in ˜̃Q, and

|Q̄| ≥ 1
4n

|Q∗| ≥ 1
22n

|Q̃| ≥ 1
66n

| ˜̃Q|.
Therefore,

|mf (Q̄) − c| ≤ ((f − c)χQ̄

)∗(|Q̄|/2
) ≤ ((f − c)χ ˜̃

Q

)∗(| ˜̃Q|/2 · 66n
)
,
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and thus,

inf
c

(
(g − c)χQ′

)∗(|Q′|/2
)

= inf
c

(
(Af − c)χQ′

)∗(|Q′|/2
)

≤ inf
c

(
(f − c)χ ˜̃

Q

)∗(| ˜̃Q|/2 · 66n
)

≤ sup
x∈F

M#
1/2·66n;Q0

f(x).

Case 3. Let Q′ ∩ Ω �= ∅, and suppose that for any y ∈ Q′ ∩ Ω and any cube
Q∗ ∈ Q containing y we have diam(Q′) > diam(Q∗)/2. Let E be the union of such
cubes Q∗, and let Q̃ be a cube of minimal measure containing E and Q′. Then
dist(Q̃, F ) < diam(Q̃), and

diam(Q′) ≤ diam(Q̃) ≤ 5diam(Q′).

As in the previous case, there is a cube ˜̃Q ⊂ Q0 containing Q̃ and such that˜̃
Q ∩ F �= ∅ and | ˜̃Q| ≤ 3n|Q̃|.

Take an arbitrary constant c. To estimate
(
(g − c)χQ′

)∗(|Q′|/2
)
, we use the

definition of the rearrangement. Let E′ be any subset of Q′ with |E′| = |Q′|/2.
Then either |E′ ∩ F | ≥ |Q′|/4 or |E′ ∩ Ω| ≥ |Q′|/4. If |E′ ∩ F | ≥ |Q′|/4, then

inf
x∈E′

|g − c| ≤ inf
x∈E′∩F

|f − c| ≤ (
(f − c)χQ′

)∗(|Q′|/4
)

≤ (
(f − c)χ ˜̃

Q

)∗(| ˜̃Q|/4 · 15n
)
.

Assume that |E′ ∩ Ω| ≥ |Q′|/4. Then, using (2.7), we get

inf
x∈E′

|g − c| ≤ inf
x∈E′∩Ω

|Af − c| ≤ inf
x∈E′∩Ω

m1/2

(
(f − c)χ ˜̃

Q

)
≤

(
m1/2

(
(f − c)χ ˜̃

Q

))∗(|Q′|/4
)
≤ ((f − c)χ ˜̃

Q

)∗(|Q′|/8 · 3n
)

≤ (
(f − c)χ ˜̃

Q

)∗(| ˜̃Q|/8 · 45n
)
.

Therefore, (
(g − c)χQ′

)∗(|Q′|/2
) ≤ ((f − c)χ ˜̃

Q

)∗(| ˜̃Q|/8 · 45n
)
,

and thus,
inf
c

(
(g − c)χQ′

)∗(|Q′|/2
) ≤ sup

x∈F
M#

1/8·45n;Q0
f(x).

Unifying all cases, we obtain

‖M#
1/2;Q0

g‖∞ ≤ sup
x∈F

M#
1/8·66n;Q0

f(x).

The lemma is proved. �

The last lemma allows us to relate M̃#
λ,ωf with M#

λ f and the maximal function
Pλω (cf. Section 2.3).

Lemma 5.3. For any measurable f , and any weight ω,

(5.11)
(
M̃#

λ,ωf
)∗
ω
(t) ≤ cn

(
M#

λn
fPλ/2ω

)∗
ω
(λt/c′n) (0 < t < ω(Rn), 0 < λ < 1).
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Proof. Let Q be any cube with ω(Q) > 0. Set

Ω = {x ∈ Q : M#
λn;Qf(x) >

(
M#

λn;Qf
)∗
ω
(λω(Q)/4)} and F = Q \ Ω,

where λn is the constant from Lemma 5.2. Then ω(F ) ≥ (1 − λ/4)ω(Q) > 0, so
that |F | > 0. Let g be the function from Lemma 5.2. By (2.1),

inf
c

(
(f − c)χQ

)∗
ω

(
λω(Q)

) ≤ inf
c

(
(g − c)χQ

)∗
ω

(
λω(Q)/2

)
+

(
(f − g)χQ

)∗
ω

(
λω(Q)/2

)
.

The second term here is equal to zero, since ω
(
supp(f − g)

) ≤ ω(Ω) < ω(Q)/2. Let
Eλ ⊂ Q be any subset of minimal Lebesgue measure such that ω(Eλ) = λω(Q)/2.
Applying the John-Strömberg theorem (cf. (2.6)) and Lemma 5.2, we obtain

inf
c

(
(g − c)χQ

)∗
ω

(
λω(Q)/2

) ≤ ((
g − mg(Q)

)
χQ

)∗(|Eλ|
)

≤ cn‖M#
1/2;Qg‖∞ log

2|Q|
|Eλ|

≤ cn sup
x∈F

M#
λn;Qf(x) inf

x∈Q
Pλ/2ω(x)

≤ cn

(
M#

λn;Qf
)∗
ω
(λω(Q)/4) inf

x∈Q
Pλ/2ω(x).

Therefore,

inf
c

(
(f − c)χQ

)∗
ω

(
λω(Q)

) ≤ cn

(
M#

λn;Qf
)∗
ω
(λω(Q)/4) inf

x∈Q
Pλ/2ω(x)(5.12)

≤ cn

(
(M#

λn
fPλ/2ω)χQ

)∗(λω(Q)/4),

and so,
M̃#

λ,ωf(x) ≤ cnm̃λ/4,ω

(
M#

λn
fPλ/2ω

)
(x).

From this and from (5.5) we get (5.11). �

Summarizing Corollary 5.1 and the last lemma, we have:

Theorem 5.4. If either ω(Rn) < ∞ or ω(Rn) = ∞ and f∗
ω(∞) = 0, then

(f − mf,ω)∗ω(t)δ ≤ cn

∫ ω(Rn)

c′nt

(
M#

λn
fPλ′

n
ω
)∗
ω
(s)δ ds

s
(0 < t < ω(Rn)),

where 0 < δ ≤ 1, and

‖f − mf,ω‖Lp
ω
≤ cp,n‖M#

λn
fPλ′

n
ω‖Lp

ω
(0 < p < ∞).

This theorem and (1.4) yield the following new weak-type and strong-type esti-
mates for singular integrals.

Corollary 5.5. If either ω(Rn) < ∞ or ω(Rn) = ∞ and (Tf)∗ω(∞) = 0, then

(5.13) (Tf − mTf,ω)∗ω(t)δ ≤ cn

∫ ω(Rn)

c′nt

(
MfPλnω

)∗
ω
(s)δ ds

s
(0 < t < ω(Rn)),

where 0 < δ ≤ 1, and

(5.14) ‖Tf − mTf,ω‖Lp
ω
≤ cp,n‖MfPλnω‖Lp

ω
(0 < p < ∞).
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Using essentially the same methods one can deduce a little bit different propo-
sition than Corollary 5.5. More precisely, given 0 < λ < 1 and r ≥ 1, define the
operator P

(r)
λ ω by

P
(r)
λ ω(x) = sup

Q:x∈rQ
log(1 + |Q|/|Eλ|),

where the supremum is taken over all cubes Q such that rQ contain x, and Eλ ⊂ Q

is any set of minimal Lebesgue measure such that ω(Eλ) = λω(Q). Clearly, P
(1)
λ ω ≡

Pλω, and P
(r)
λ ω ≥ Pλω for r > 1.

Proposition 5.6. If either ω(Rn) < ∞ or ω(Rn) = ∞ and (Tf)∗ω(∞) = 0, then
for r > 1 we have

(5.15) (Tf − mTf,ω)∗ω(t)δ ≤ cn,r

∫ ω(Rn)

c′nt

(
M(fP

(r)
λn

ω)
)∗
ω
(s)δ ds

s
(0 < t < ω(Rn)),

where 0 < δ ≤ 1, and

(5.16) ‖Tf − mTf,ω‖Lp
ω
≤ cp,n,r‖M(fP

(r)
λn

ω)‖Lp
ω

(0 < p < ∞).

Proof. Since the proof follows essentially the same ideas as before, we outline it
briefly. First of all, standard arguments show that for any x ∈ Q,

inf
c

(
(Tf − c)χQ

)∗
ω

(
λω(Q)

) ≤ cr,nMf(x)

+ inf
c

(
(T (fχrQ) − c)χQ

)∗
ω

(
λω(Q)

)
.(5.17)

Further, it is easy to see that instead of (5.12) we can write

inf
c

(
(f − c)χQ

)∗
ω

(
λω(Q)

) ≤ cn

(
M#

λn;Qf
)∗
ω
(λω(Q)/4) inf

x∈rQ
P

(r)
λ/2ω(x).

From this we have

inf
c

(
(T (fχrQ) − c)χQ

)∗
ω

(
λω(Q)

) ≤ cn

(
(MrQf)χQ

)∗
ω
(λω(Q)/4) inf

x∈rQ
P

(r)
λ/2ω(x)

≤ cn

(
(MrQ(fP

(r)
λ/2ω))χQ

)∗
ω
(λω(Q)/4).

Therefore, in view of (5.17),

M̃#
λ,ω(Tf)(x) ≤ cr,nMf(x) + cnm̃λ/4,ω

(
M(fP

(r)
λ/2ω)

)
(x),

which, by (5.5), implies(
M̃#

λ,ω(Tf)
)∗
ω
(t) ≤ cr,n(Mf)∗ω(t/2) + cn

(
M(fP

(r)
λ/2ω)

)∗
ω
(λt/c′n)

≤ cr,n

(
M(fP

(r)
λ/2ω)

)∗
ω
(λt/c′n).

Now applying Corollary 5.1 completes the proof. �

To realize the difference between Corollary 5.5 and Proposition 5.6, we invoke
the Fefferman-Stein inequalities (4.7) and (4.8). Obviously, (5.14) combined with
(4.7) gives

‖Tf − mTf,ω‖Lp
ω
≤ cp,n

∫
Rn

|f |pM(
ω(Pλnω)p

)
dx (1 < p < ∞),

while (5.16) combined with (4.7) yields

‖Tf − mTf,ω‖Lp
ω
≤ cp,n,r

∫
Rn

|f |p(P (r)
λn

ω)pMωdx (1 < p < ∞).
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Observe also that (5.15), unlike (5.13), combined with (4.8) allows us to get the
following weak-type estimate:

(5.18) (Tf − mTf,ω)∗ω(t) ≤ cn,r

t

∫
Rn

|f |P (r)
λn

ωMωdx (0 < t < ω(Rn)).

It is still unknown whether the full analogue of (4.8) with singular integrals Tf
(even with the Hilbert transform) instead of Mf holds (see [Pe]). Moreover, we do
not know whether one can replace P

(r)
λn

ω by Pλnω on the right-hand side of (5.18).
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