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THE LIMIT SETS OF SCHOTTKY QUASICONFORMAL
GROUPS ARE UNIFORMLY PERFECT

XIAOSHENG LI

Abstract. In this paper we study Schottky quasiconformal groups. We show
that the limit sets of Schottky quasiconformal groups are uniformly perfect,
and that the limit set of a given discrete non-elementary quasiconformal group
has positive Hausdorff dimension.

1. Introduction

The notion of uniform perfectness first appeared in [10]. A closed subset A of
the complex plane C is said to be uniformly perfect if there exists a constant c > 0
such that

A ∩ {z : cr ≤ |z − a| ≤ r} �= ∅ ,

for any a ∈ A and 0 < r < diam(A), where diam (A) is the Euclidean diameter of
the set A. Pommerenke proved in [10] that a closed set A ⊂ C is uniformly perfect
if, and only if, there is a constant c > 0 such that

cap (A ∩ {|z − a| ≤ r}) ≥ cr ,

for all a ∈ A and 0 < r < diam (A), where cap, the logarithmic capacity of a
compact set E, is defined by

cap (E) = lim
m→∞

(
max

z1,...,zm∈E

m∏
µ=1

m∏
ν=1

µ�=ν

|zµ − zν |
) 1

m(m−1)

.

The idea of uniform perfectness was first introduced in [1]. In that paper, Bear-
don and Pommerenke showed that the boundary of a domain Ω ⊂ C not containing
a neighborhood of infinity is uniformly perfect if, and only if, there exists a positive
number c such that

λΩ(z) ≥ c

dist (z, ∂Ω)
,

where λΩ(z) is the density of the Poincaré metric of Ω, and dist (z, ∂Ω) is the
Euclidean distance of z to ∂Ω. In the same paper, they also showed that the limit
set L(G) of a classical plane Schottky group G is uniformly perfect.

Mañé and da Rocha [8] and Hinkkanen [6] proved independently that the Julia
sets of rational functions are uniformly perfect.

In [7] Järvi and Vuorinen investigated the uniform perfectness of compact sets
of R

n
. They gave several equivalent conditions for uniform perfectness, and they
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2120 XIAOSHENG LI

showed that uniformly perfect sets have positive Hausdorff dimension and that the
limit set of a non-elementary, finitely generated Kleinian group of R

n
is uniformly

perfect.
In their 1987 paper [5], Gehring and Martin first introduced the notion of con-

vergence groups in R
n
. They studied the limit sets of discrete convergence groups

and studied discrete quasiconformal groups, which are convergence groups. Tukia,
in [11], extended the notion of convergence groups to compact Hausdorff spaces
satisfying the first axiom of countability and investigated convergence groups in
that setting.

Petra Bonfert-Taylor and Edward C. Taylor in [2] and [3] extended the Patterson-
Sullivan theory to the quasiconformal group setting. They investigated the connec-
tion between the exponent of convergence of Poincaré series and the Hausdorff
dimension of the limit sets of quasiconformal groups. They showed that the Haus-
dorff dimension of the conical limit set Lc(G) has an upper bound; see Corollary
1.6. and Conjecture 1.7. in [3].

Our main results are the following theorems.

1.1. Theorem. For an integer t with t ≥ 2, let G = 〈g1, g2, . . . , gt〉 be a Schottky
K−quasiconformal group. Then the limit set L(G) is a uniformly perfect set.

1.2. Theorem. Let G be a discrete non-elementary quasiconformal group. Then
the Hausdorff dimension of the limit set L(G) is positive.

This paragraph is about the organization of this paper. Section 2 contains some
notations and basic definitions. We talk about moduli of curve families, and basic
properties of K−quasiconformal mappings in R

n
, then we recall some results about

convergence groups and their limit sets, which are needed in this paper. In section
3, the notion of a Schottky quasiconformal group is introduced, and we give repre-
sentations of the limit set L(G) and the regular set Ω(G). In section 4, we show
that the limit set L(G) of a Schottky quasiconformal group is uniformly perfect.
In section 5, we generalize our theorem in section 4, and we show that if G is a
discrete non-elementary quasiconformal group, then the Hausdorff dimension of the
limit set L(G) is positive.

2. Preliminaries

Let Rn be the n-dimensional Euclidean space and let R
n

be the one-point com-
pactification of Rn. We write e1, e2, . . . , en for the standard basis of Rn, where
e1 = (1, 0, . . . , 0), etc. For x ∈ R

n, we define

|x| =
√

x2
1 + x2

2 + . . . + x2
n .

We write Bn(x, r) for the open ball centered at x with radius r, and write
Sn−1(x, r) = ∂Bn(x, r) for the boundary of Bn(x, r).

The stereographic projection π : R
n → Sn(1

2en+1,
1
2 ) is given by

π(x) = en+1 +
x − en+1

|x − en+1|2 .

Clearly, for x = (x1, x2, . . . , xn) ∈ R
n, we have

π(x) =
(

x1

|x|2 + 1
, . . . ,

xn

|x|2 + 1
,

|x|2
|x|2 + 1

)
,
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and we define π(∞) = en+1. The function π : R
n → Sn(1

2en+1,
1
2 ) is a bijective

map. We define the chordal metric on R
n

by q(x, y) = |π(x) − π(y)| for x, y ∈ R
n
.

For subsets X, Y ⊂ R
n
, the diameter of X is defined as q(X) = supx,y∈X q(x, y)

and the distance between X and Y is given by q(X, Y ) = infx∈X,y∈Y q(x, y).
Let Bq(x, r) denote the chordal ball

Bq(x, r) = {y ∈ R
n

: q(x, y) < r} .

A Möbius transformation acting on R
n

is a finite composition of reflections in
spheres and hyperplanes. We write GM(R

n
) for the group of all Möbius transfor-

mations. A Möbius group is a subgroup of GM(R
n
). Let D and D′ be domains in

R
n
. A homeomorphism f : D → D′ is a conformal mapping if f ∈ C1, and

|f ′(x)h| = max
|s|=1

|f ′(x)s||h|

for any x ∈ D and h ∈ Rn. If D and D′ are domains in R
n
, then a homeomor-

phism f : D → D′ is conformal if f is conformal in D � {∞, f−1(∞)}. Möbius
transformations are conformal mappings. By Liouville’s theorem, when n ≥ 3, the
only conformal mappings in R

n
are Möbius transformations.

Let Γ be a family of curves in R
n
, and let F(Γ) be the set of admissible functions,

i.e., non-negative Borel functions ρ : R
n → R ∪ {∞} such that∫

γ

ρ ds ≥ 1

for any locally rectifiable γ ∈ Γ. For p ≥ 1 the p−modulus of Γ is defined as

Mp(Γ) = inf
ρ∈F(Γ)

∫
Rn

ρp dm .

The p−modulus Mp is an outer measure in the space of all curve families in
R

n
. When p = n we denote Mp(Γ) by M(Γ). The quantity M(Γ) is conformally

invariant, i.e., if f : D → D′ is a conformal mapping and Γ is a curve family in D,
then we have

M(fΓ) = M(Γ) ,

where fΓ = {f ◦ γ : γ ∈ Γ}. From now on we denote fΓ by Γ′.

2.1. Definition. Let f : D → D′ be a homeomorphism. The inner and outer
dilatations KI(f) and KO(f) of the mapping f are defined by

KI(f) = sup
M(Γ′)
M(Γ)

, KO(f) = sup
M(Γ)
M(Γ′)

,

where the suprema are taken over all curve families Γ in D such that M(Γ) and
M(Γ′) are not simultaneously zero or ∞. The maximal dilatation of the map-
ping f is defined as K(f) = max{KI(f), KO(f)}. The mapping f is said to be
K−quasiconformal if K(f) ≤ K < ∞, for some constant K. Equivalently, the
mapping f is K−quasiconformal if, and only if,

M(Γ)
K

≤ M(Γ′) ≤ KM(Γ)

for every curve family Γ in D.
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Let f be K1−quasiconformal and let g be K2−quasiconformal. Then the inverse
function f−1 is K1−quasiconformal, and f ◦ g is K1K2−quasiconformal.

Let G be a group of self-homeomorphisms of a domain D. We say that the group
G is a K−quasiconformal group if every element of G is a K−quasiconformal self-
mapping of D. We say that G is a quasiconformal group if it is a K−quasiconformal
group for some constant K. Möbius groups are 1−quasiconformal groups.

2.2. Definition (Gehring and Martin). A group G of self-homeomorphisms of R
n

is said to be a convergence group if each infinite subfamily of G has a sequence {gi}
of distinct elements such that one of the following is true:

(1) There exists a self-homeomorphism g of R
n

with the property that

lim
i→∞

gi = g , lim
i→∞

g−1
i = g−1

uniformly on R
n
.

(2) There exist x0 and y0 in R
n

(possibly x0 = y0) with the property that

lim
i→∞

gi = y0 , lim
i→∞

g−1
i = x0

uniformly on compact subsets of R
n

� {x0} and R
n

� {y0}, respectively, or simply,
c-uniformly in R

n
� {x0} and R

n
� {y0}, respectively.

In the above definition, the points y0 and x0 are called the attracting and re-
pelling points of {gi}, respectively. Both points are called limit points of G. Also
the group G is said to be discrete if (1) never happens, and the group G is said
to be precompact if (1) always happens. By Väisälä [12], Gehring and Martin [5]
quasiconformal groups are convergence groups, and so are Möbius groups.

Let G be a group of self-homeomorphisms of a domain D in R
n
. The group

G is said to be discontinuous at x ∈ D if there is a neighborhood U of x in D
such that g(U) ∩ U = ∅ for all but finitely many g ∈ G. We say that the group
G is discontinuous if G is discontinuous at some point x ∈ D. The group G is
said to be properly discontinuous in an open set O ⊂ D if for each compact set
F ⊂ O, we have g(F ) ∩ F = ∅ for all but finitely many g ∈ G. We say that the
group G is discrete if there is no sequence of distinct elements {gn} ⊂ G such that
gn → g uniformly on compact subsets of D, or c-uniformly in D, where g is a self-
homeomorphism of D. Let G be a convergence group of self-homeomorphisms of
the domain D. The regular set of G, denoted by Ω(G), is given by Ω(G) = {x ∈ D :
G is discontinuous at x}, and the limit set L(G) is defined by L(G) = D � Ω(G).
Let X be a subset of R

n
. We say that the set X is G−invariant if f(X) = X for

every f ∈ G. If the number of elements of L(G) is less than or equal to two, we say
that G is an elementary convergence group. Otherwise G is called a non-elementary
convergence group.

2.3. Theorem (Gehring and Martin). Let G be a convergence group in R
n
. Let

Ω(G) and L(G) be the regular set and the limit set of G, respectively. The following
statements hold:

(1) The set Ω(G) is open, and the set L(G) is closed.
(2) The intersection Ω(G) ∩ L(G) is the empty set.
(3) The union Ω(G) ∪ L(G) is R

n
.

(4) Both Ω(G) and L(G) are G−invariant.
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Let G be a convergence group. By Gehring and Martin [5], and Tukia [11], an
element g ∈ G is elliptic if the group generated by g is precompact. For a non-
elliptic element g ∈ G we say that g is parabolic if the number of the fixed points
of g is one, and g is loxodromic if the number of the fixed points of g is two. A
non-elliptic element g ∈ G can fix at most two points.

2.4. Theorem (Tukia). If G is a non-elementary convergence group, then the limit
set L(G) is an infinite perfect set, and L(G) is in the accumulation set of any orbit
Gx = {f(x) : f ∈ G}, for x ∈ D, and thus if x ∈ L(G), we have

Gx = L(G).

See also [5].
Let E, F, D be subsets of R

n
. We use ∆(E, F ; D) to denote the family of all

closed paths joining E and F in D; see [12] and [13]. Let D ⊂ R
n

be a domain and
let E be a compact subset of D. Then we call the pair (D, E) a condenser and the
capacity of the condenser is cap(D, E) = M(∆(E, ∂D; D)). A ring domain D is a
domain such that the complement of D has exactly two components E and F . In
this case, we write D = R(E, F ). The modulus of D is given by

mod (D) =
(M(∆(E, F ; R

n
))

ωn−1

) 1
1−n

,

where ωn−1 > 0 is the (n − 1)−dimensional measure of Sn−1.
The proof of the following lemma can be found in [13].

2.5. Lemma. For two numbers r and s with 0 < r < s < 1 and x ∈ R
n
, the domain

D = Bn
q (x, s)�B

n

q (x, r) is called a chordal ring. Then the modulus of the chordal
ring D is given by

mod (D) = log
(s

√
1 − r2

r
√

1 − s2

)
.

A ring domain D is called a Teichmüller ring if the complementary components
of D are [−e1, 0] and [se1,∞], where s > 0. We use τn(s) to denote the modulus of
the family of all curves connecting the two complementary components of D, and
we also briefly write τ(s) instead of τn(s). The function τ(s) is decreasing and

lim
s→0+

τ(s) = ∞ , lim
s→∞ τ(s) = 0 .

Let X be a subset of R
n

and let D = R(E, F ) be a ring domain. Then we say
that D separates X if X ∩ D = ∅, X ∩ E �= ∅ and X ∩ F �= ∅. Let X and Y be
two subsets of R

n
. We say that the ring domain D = R(E, F ) separates the sets

X and Y if we have X ⊂ E, Y ⊂ F or Y ⊂ E, X ⊂ F .

2.6. Definition. Let X ⊂ R
n

be a closed subset containing at least two points.
Then we say that X is a uniformly perfect set if there exists a constant C such that
for any ring domain D ⊂ R

n
separating X , the modulus of D is bounded above by

the constant C.

The following two lemmas are due to Järvi and Vuorinen; see [7].

2.7. Lemma. Let X be a closed subset of R
n

containing at least two points. Then
X is uniformly perfect if, and only if, there is a constant C such that the modulus
of any chordal ring domain separating X is bounded above by the constant C.
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2.8. Lemma. Let D = R(E, F ) be a ring domain in R
n
. Then the following

inequality is true:

cap(D) ≥ 21−nτ
( 2q(E, F )

min{q(E), q(F )}
)

,

where τ is the Teichmüller ring capacity.

3. Schottky quasiconformal groups

For t ≥ 2 let B1, B2, . . . , B2t−1 and B2t be t pairs of open balls with disjoint
closures in R

n
. Set C1 = ∂B1, C2 = ∂B2, . . . , C2t−1 = ∂B2t−1 and C2t = ∂B2t.

The classical Schottky group is a Möbius group Γ such that Γ is finitely generated
by t Möbius transformations g1, g2, . . . , gt of R

n
with the property that

gi(B2i−1) = R
n

� B2i

for all i with 1 ≤ i ≤ t.

3.1. Theorem. Let Γ be a classical Schottky group defined as above. Then Γ is
a free group and every element of Γ is loxodromic. In addition, the group Γ is a
discrete Möbius group.

See [4] and [9].
Discrete Möbius groups are also called Kleinian groups. In the rest of this section,

we assume that B1, B2, . . . , B2t−1 and B2t are open quasiballs with disjoint closures,
i.e., for each i with 1 ≤ i ≤ 2t, the set Bi is the image of a ball in R

n
under some

quasiconformal mapping of R
n
. For 1 ≤ i ≤ 2t, we set Ci = ∂Bi.

3.2. Definition. A group G = 〈g1, g2, . . . , gt〉 is called a Schottky quasiconformal
group acting on R

n
if G is K−quasiconformal group on R

n
for some K ≥ 1, and

gi(B2i−1) = R
n

� B2i

for all i between 1 and t.

We give an example of a Schottky quasiconformal group. Let Γ be a classical
Schottky group. Let g be a K−quasiconformal mapping on R

n
. Then the conjugate

g ◦ Γ ◦ g−1 of Γ under g is a Schottky K2−quasiconformal group.

Notation. Set A1 =
⋃2t

i=1 Bi, D1 = R
n

� A1. We use Σ to denote D1 throughout
the remainder of this paper. Clearly the set Σ is open.

3.3. Lemma. The Schottky quasiconformal group G = 〈g1, g2, . . . , gt〉 is a discon-
tinuous group, and hence it is a discrete group.

Notation. Consider B1; there are 2t − 1 smaller quasiballs inside B1, which are
images of B1, B3, B4, . . . , B2t under the K−quasiconformal mapping g−1

1 . Similarly,
for each of the remaining Bi, there are 2t−1 smaller quasiballs inside the Bi which
are the images of certain 2t − 1 original quasiballs under gj or g−1

j for some j

between 1 and t. Clearly, there are a total of 2t(2t − 1) such smaller quasiballs,
called the second generation quasiballs of the group G. For i with 1 ≤ i ≤ 2t(2t−1),
we denote these quasiballs by B2

i , and set

A2 =
2t(2t−1)⋃

i=1

B2
i .

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SCHOTTKY QUASICONFORMAL GROUPS 2125

The complement of A2 is denoted by

D2 = R
n

� A2 .

The set A2 is closed and D2 is open.
Similarly, we can define Ap as the closure of the union of all p−th generation

open quasiballs, and Dp is the complement of Ap. The set Ap is closed and Dp is
open. Also we have

A1 ⊃ A2 ⊃ · · · ⊃ Ap ⊃ · · ·
and

Σ ⊂ D2 ⊂ · · · ⊂ Dp ⊂ · · · .

3.4. Definition. Let G = 〈g1, g2, . . . , gt〉 be a Schottky quasiconformal group. We
know that G is a free group. For any non-identity g ∈ G, g can be written uniquely
as

g =
q∏

i=1

gsi
ti

,

where gti ∈ {g1, g2, . . . , gt} and gti �= gti+1 for 1 ≤ i ≤ q − 1, each si is an integer
with si �= 0 for 1 ≤ i ≤ q, for some positive integer q. We define the index of g by

ind (g) =
q∑

i=1

|si| ,

for g �= I. We define ind (I) = 0.

3.5. Lemma. Let G be a Schottky quasiconformal group. For m ≥ 1, the sets Am

and Dm are defined as before. Then we have the following:

(1) Dm =
( ⋃

ind (g)≤m−1

g(Σ)
)⋃( ⋃

ind (g)=m

g(Σ)
)

,

and the complement of Dm is given by

(2) Am =
⋃

{g(Bi) : ind (g) = m, 1 ≤ i ≤ 2t, g(Bi) ⊂ A1} ,

where the set A1 =
⋃2t

i=1 Bi.
In addition, if two mappings f and g are in the group G, and f �= g, then

f(Σ) ∩ g(Σ) = ∅ .

If two mappings f and g are in the group G with f �= g, and ind (f) = ind (g),
then

f(Bi) ∩ g(Bi) = ∅ ,

when f(Bi) and g(Bi) are both inside the set A1.

Proof. It is easy to check this by induction. We omit the proof. �

3.6. Lemma. Let G = 〈g1, g2, . . . , gt〉 be the Schottky quasiconformal group defined
as above, and for any integer p ≥ 1, let Ap be the closure of the union of all the
p−th generation open quasiballs. We define

dp = max
E⊂Ap

q(E) ,

where the maximum is taken over all components E of Ap. Then the limit of the
sequence {dp} exists, and in fact, the limit is zero.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2126 XIAOSHENG LI

Proof. Clearly {dp} is a decreasing sequence and so it has a limit d. We suppose
that d > 0. By the Cantor diagonal process, we can choose a sequence of sets {∆p}
with ∆p a component of Ap such that the following hold:

∆i ⊃ ∆i+1

for i with 1 ≤ i < ∞, and
lim

p→∞ q(∆p) = d .

For each set ∆p with 1 ≤ p < ∞, there exists a quasiconformal mapping fp ∈ G
such that

∆p = fp(R
n

� Bjp)

for some jp with 1 ≤ jp ≤ 2t. Since there are only a finite number of Bjp and there
are infinitely many fp ∈ G, there exists at least one Bjp , denoted by B′

0, such that

(3) ∆p = fp(R
n

� B′
0)

for infinitely many fp ∈ G. Without loss of generality, we assume that (3) is true
for all p with 1 ≤ p < ∞.

On the other hand, the group G is a discrete convergence group. For the sequence
{fp} of distinct elements of G, there exists a subsequence of {fp} which is still
denoted by {fp} without danger of confusion, and there exist two points x′

0, y
′
0 ∈ R

n

such that
lim

p→∞ fp = y′
0 , lim

p→∞ f−1
p = x′

0

uniformly on compact subsets of R
n

� {x′
0} and R

n
� {y′

0}, respectively. But this
contradicts (3), and we complete our proof for this lemma. �

3.7. Theorem. Let G = 〈g1, g2, . . . , gt〉 be a Schottky quasiconformal group. For
each i with i ≥ 1, let Ai be the closure of the union of all the i−th generation open
quasiballs and let Di be the complement of Ai with respect to R

n
. Then the limit

set L(G) is given by

(4) L(G) =
∞⋂

i=1

Ai ,

and the regular set Ω(G) is given by

(5) Ω(G) =
∞⋃

i=1

Di .

The proof is easy and we omit it.

4. Uniform perfectness of L(G)

In this section, we show that the limit set of a Schottky quasiconformal group is
uniformly perfect, and by a result of Järvi and Vuorinen [7] the limit set then has
positive Hausdorff dimension.

In the following, we denote by U(x, r, R) a chordal ring centered at x with radii
r and R.
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Proof of Theorem 1.1. We suppose that the limit set L(G) is not uniformly perfect.
Then there exists a sequence of distinct chordal rings Um(xm, rm, Rm) separating
L(G) with 0 < rm < Rm < 1, such that

(6) mod (Um(xm, rm, Rm)) → ∞ .

For simplicity, we write Um = Um(xm, rm, Rm) and Vm = Bq(xm, rm), where
Bq(xm, rm) is a chordal ball centered at xm with radius rm. Without loss of gen-
erality, we may assume that xm → x0 for some x0 ∈ R

n
. Since L(G) is perfect, we

have

(7) lim
m→∞ rm = lim

m→∞Rm = 0 .

By Theorem 3.7, L(G) =
⋂∞

m=1 Am, where Am is the closure of the union of all
the m−th generation quasiballs. Let m0 be a fixed positive integer. Then there is
one component of Am0 which contains x0, and we denote by ∆

′
m0

the interior of
that component. Since Rm → 0 there exists a positive integer M1 such that when
m ≥ M1, we have Um ⊂ ∆′

m0
. Pick a fixed integer m1 with m1 ≥ M1; then we

have
Um1 ⊂ ∆′

m0
.

Note that the chordal ring domain Um1 separates L(G). Thus there exists a positive
integer M2 > m0 such that whenever m ≥ M2, the set Um1 separates the set Am.

Pick an integer m2 with m2 ≥ M2; then Um1 separates Am2 . In particular, then
Um1 ∩ Am2 = ∅. Clearly, we have m2 > m0.

Now consider the set ∆
′
m0

∩ L(G). If ∆
′
m0

∩ L(G) ⊂ Vm1 , where Vm1 is the
chordal ball centered at xm1 with radius rm1 , then there exists a K−quasiconformal
mapping f ∈ G such that

f−1(∆
′
m0

� Am0+1) = Σ ,

and therefore the ring domain f−1(Um1) separates some component Bj of the in-
terior of A1 and (A1 � Bj) ∩ L(G). We write f−1(Um1) = R(E, F ), where E ⊃ Bj

and F ⊃ (A1 � Bj) ∩ L(G). Then we have

(8) min{q(E), q(F )} ≥ min
1≤i≤2t

{q(Bi ∩ L(G))} > 0 .

Note also that

(9) q(E, F ) ≤ max
1≤j≤2t

{q(Bj , (A1 � Bj) ∩ L(G))} < ∞ .

Thus we have

(10) cap(Um1) ≥
21−n

K
τ

(2 max
1≤j≤2t

{q(Bj , (A1 � Bj) ∩ L(G))}
min

1≤i≤2t
{q(Bi ∩ L(G))}

)
> 0 ,

and this is a contradiction.
From now on we suppose that the chordal ring domain Um1 separates ∆

′
m0

∩L(G).
First for i with m0 ≤ i ≤ m2 − 1 let us consider the set Ai. There are finitely

many components of the set ∆
′
m0

∩Ai. Now we need to use some ad hoc definitions.
For each component ∆ of the interior of ∆

′
m0

∩ Ai, we call ∆ ∩ L(G) an effective
set of ∆

′
m0

∩ Ai.
We define, for i with m0 ≤ i ≤ m2 − 1, that

Θi = {∆ ∩ L(G) : ∆ is a component of the interior of ∆
′
m0

∩ Ai} ,
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i.e., Θi is the set of all the effective sets of ∆
′
m0

∩ Ai. Clearly the number of the
elements of the set Θm0+1 is given by

#Θm0+1 = 2t − 1 .

Here and later we use the symbol # to denote the number of elements in a set.
In general, for i between m0 + 1 and m2 − 1, the number of the elements of Θi

is given by

(11) #Θi = (2t − 1)i−m0 ,

and clearly, #Θm0 = 1.
For a given effective set E1 ∈ Θi, an effective set F1 ∈ Θi is said to be a close

relative set of E1 if F1 and E1 are inside the same element of the set Θi−1 as point
sets.

In the following, we proceed in two steps.
(1) Let us pick an effective set E1 from Θm2−1, and consider all the close relative

sets of E1. We denote by E′
1 the set of all the close relative sets of E1, together

with the set E1.
If there exist two effective sets ∆1 ∩L(G) and ∆2 ∩L(G) in the set E′

1 such that
the chordal ring domain Um1 separates the two sets ∆1 ∩ L(G) and ∆2 ∩ L(G),
where ∆1 and ∆2 are two components of the interior of Am2−1 which are inside
∆′, one component of the interior of Am2−2, then there exists a K−quasiconformal
mapping f ∈ G with

(12) f−1(∆′
� Am2−1) = Σ .

Note that the ring domain f−1(Um1) separates two sets Bi ∩ L(G) and Bj ∩
L(G), where Bi and Bj are two distinct components of the set R

n
� Σ. We write

f−1(Um1) = R(E, F ). Therefore we have

min{q(E), q(F )} ≥ min
1≤i≤2t

{q(Bi ∩ L(G))} > 0 .

In addition, the following is true:

q(E, F ) ≤ max
1≤i,j≤2t

{q(Bi ∩ L(G), Bj ∩ L(G))} < ∞

and therefore,

(13) cap(Um1) ≥
21−n

K
τ

(2 max
1≤i,j≤2t

{q(Bi ∩ L(G), Bj ∩ L(G))}
min

1≤i≤2t
{q(Bi ∩ L(G))}

)
> 0 ,

but this is a contradiction since m1 is arbitrarily chosen.
If there are no two effective sets in E′

1 which are separated by the chordal ring
domain Uqm1

, we consider all the remaining effective sets in Θm2−1, and repeat the
above process.

Now let us go through the second step.
(2) We assume that there are no two effective sets in Θm2−1, which are close

relative sets to each other, and which are separated by the chordal ring domain
Um1 . We consider all the effective sets in Θm2−2 and repeat step (1). If there are
no two effective sets in Θm2−2, which are close relative sets to each other, and which
are separated by the chordal ring domain Um1 , we consider all the effective sets in
Θm2−3, and so on. Since the chordal ring domain Um1 separates ∆

′
m0

∩L(G), after
a finite number of repeating steps we will come to the situation in the first step.
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There are two effective sets of some set Θj for m0 ≤ j ≤ m2 − 1 which are close
relative sets to each other such that these two effective sets are separated by the
chordal ring domain Um1 . The remaining proof is exactly the same as for step (1).
This shows that there are always contradictions with the assumption that the limit
set L(G) is not uniformly perfect. This completes the proof of Theorem 1.1. �

5. Schottky-type quasiconformal groups

In this section, we deal with Schottky-type quasiconformal groups. We show that
the limit set of a given Schottky-type quasiconformal group is uniformly perfect,
and this generalizes our main result in the last section. Then we show that if a given
discrete quasiconformal group contains two loxodromic elements with disjoint fixed
point sets, then the limit set of the quasiconformal group has positive Hausdorff
dimension. Further we prove that discrete non-elementary quasiconformal groups
have limit sets with positive Hausdorff dimension.

For t ≥ 2 let D1, D2, . . . , D2t−1, D2t be 2t continua with non-empty interiors and
disjoint closures. We suppose that there are t quasiconformal mappings g1, g2, . . . , gt

such that

gi(D̊2i−1) = R
n

� D2i ,

where D̊2i−1 is the interior of the set D2i−1.
Let G = 〈g1, g2, . . . , gt〉 be the group generated by the quasiconformal mappings

g1, g2, . . . , gt. We say that the group G is a Schottky-type quasiconformal group if
G is a quasiconformal group.

5.1. Lemma. Let G = 〈g1, g2, . . . , gt〉 be a Schottky-type quasiconformal group.
Then the group G is a discontinuous group, and hence it is a discrete group.

5.2. Lemma. Let G = 〈g1, g2, . . . , gt〉 be a Schottky-type quasiconformal group.
Then the limit set L(G) of the group G is a perfect set.

Proof. The group G is a quasiconformal group, and thus it is a convergence group.
By Lemma 5.1 the group G is a discrete convergence group. Also note that the
limit set L(G) contains more than three points. Therefore the limit set L(G) is a
perfect set. �

Let A1 be the closure of the union of all the sets D1, D2, . . . , D2t−1 and D2t.
First let us consider the mappings g1 and g−1

1 . The images of D2, D3, . . . , D2t−1

and D2t under the mapping g1 are all inside the set D2. The images of all the sets
D1, D3, . . . , D2t−1 and D2t under g−1

1 are all inside the set D1. Similarly, for any
i with 2 ≤ i ≤ t, we consider the mappings gi and g−1

i . The images of D1, D2, . . .,
D2t−1, D2t under the mapping gi are all inside the set D2i, and the images of
D1, D2, . . . , D2i−1, D2i+1, . . . , D2t−1, D2t under the mapping g−1

i are all inside the
set D2i−1. We call all these image sets the second level sets of the group G. We
denote by A2 the closure of the union of all the second level sets of G. In general,
we can define Ap to be the closure of the union of all the p-th level sets of the group
G.

For 1 ≤ p < ∞, set

Dp = R
n

� Ap ,
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the complement of Ap with respect to R
n
. Clearly Ap is closed and Dp is open. In

addition,

A1 ⊃ A2 ⊃ . . . ⊃ Ap ⊃ . . . ,

D1 ⊂ D2 ⊂ . . . ⊂ Dp ⊂ . . . .

5.3. Lemma. For 1 ≤ p < ∞, let rp be the maximum of the diameters of all the
components of Ap. Then the limit of the sequence {rp} exists, and

lim
p→∞ rp = 0 .

5.4. Lemma. Let G = 〈g1, g2, . . . , gt〉 be a Schottky-type quasiconformal group of
R

n
. Then the limit set L(G) of the group G is given by

L(G) =
∞⋂

p=1

Ap .

5.5. Theorem. Let G = 〈g1, g2, . . . , gt〉 be a Schottky-type quasiconformal group of
R

n
. Then the limit set L(G) of the group G is uniformly perfect.

The proofs for the above two lemmas and the last theorem are exactly the same
as for the Schottky quasiconformal group case. We omit the proofs for the lemmas
and the theorem.

Next we consider the general discrete quasiconformal groups and prove the fol-
lowing theorem.

5.6. Theorem. Let G be a discrete quasiconformal group. If there are two loxo-
dromic elements g1 and g2 in the group G such that

fix (g1) ∩ fix (g2) = ∅ ,

where fix (g1) and fix (g2) are fixed point sets of g1 and g2 respectively, then the
Hausdorff dimension dimH L(G) of the limit set L(G) is positive.

Proof. Without loss of generality, we suppose that x1 and y1 are the repelling point
and the attracting point of the loxodromic element g1, respectively. Similarly, we
use x2 and y2 to denote the repelling and attracting points of the mapping g2,
respectively. The four points x1, y1, x2, y2 are all distinct by assumption.

Now let U1 and U2 be neighborhoods of x1 and x2 respectively, and let V1 and
V2 be neighborhoods of y1 and y2 respectively, and we can pick U1, U2, V1, V2 so
that they are balls and have disjoint closures.

Note that
lim

i→∞
gi
1 = y1 , lim

i→∞
g−i
1 = x1

uniformly on compact subsets of R
n

� {x1} and R
n

� {y1} respectively, and

lim
i→∞

gi
2 = y2 , lim

i→∞
g−i
2 = x2

uniformly on compact subsets of R
n

� {x2} and R
n

� {y2} respectively. Thus we
can choose an integer k1 ≥ 1 such that

gk1
1 (R

n
� U1) ⊂ V1 ,

and similarly, we can pick an integer k2 ≥ 1 such that

gk2
2 (R

n
� U2) ⊂ V2 .
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Let G1 = 〈gk1
1 , gk2

2 〉 be the subgroup of G generated by the elements gk1
1 and gk2

2 .
It is clear that the group G1 is a Schottky-type quasiconformal group, and hence
the limit set L(G1) is a uniformly perfect set. The Hausdorff dimension of the limit
set L(G1) is positive. On the other hand,

L(G) ⊃ L(G1)

and therefore we have

dimH L(G) ≥ dimH L(G1) > 0 .

This completes our proof. �
Proof of Theorem 1.2. By the Corollary 6.15 in [5], the group G contains infinitely
many loxodromic elements, no two of which have a common fixed point. We pick
two loxodromic elements g1 and g2 of the group G such that

fix (g1) ∩ fix (g2) = ∅ .

By Theorem 5.6 we obtain
dimH L(G) > 0 ,

and this finishes our proof. �
5.7. Corollary. Let G be a discrete convergence group. If G contains two quasi-
conformal mappings which generate a non-elementary quasiconformal group, then
the Hausdorff dimension of the limit set L(G) is positive.

5.8. Corollary. Let G be a discrete non-elementary quasiconformal group. Then
any closed non-empty G−invariant subset of R

n
has positive Hausdorff dimension.

Proof. Let E be a closed non-empty G−invariant subset of R
n

and let L(G) be the
limit set of the group G. Then we have

E ⊃ L(G) ,

since L(G) is the smallest closed non-empty G−invariant subset of R
n
. Hence we

have
dimH E ≥ dimH L(G) > 0 ,

and this completes our proof. �
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192-199. MR0534933 (80j:30073)
[11] Pekka Tukia, Convergence Groups and Gromov’s Metric Hyperbolic Spaces, New Zealand J.

Math. 23 (1994), 157-187. MR1313451 (96c:30042)
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