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THE LIMIT SETS OF SCHOTTKY QUASICONFORMAL
GROUPS ARE UNIFORMLY PERFECT

XIAOSHENG LI

ABSTRACT. In this paper we study Schottky quasiconformal groups. We show
that the limit sets of Schottky quasiconformal groups are uniformly perfect,
and that the limit set of a given discrete non-elementary quasiconformal group
has positive Hausdorff dimension.

1. INTRODUCTION

The notion of uniform perfectness first appeared in [I0]. A closed subset A of
the complex plane C is said to be uniformly perfect if there exists a constant ¢ > 0
such that

An{z:er<|z—al<r} # @,
for any a € A and 0 < r < diam (A), where diam (A) is the Euclidean diameter of
the set A. Pommerenke proved in [10] that a closed set A C C is uniformly perfect
if, and only if, there is a constant ¢ > 0 such that

cap (AN {]z—a| <7}) = er,

for all @ € A and 0 < r < diam (A), where cap, the logarithmic capacity of a
compact set F, is defined by

cap(8) = i ( max, T TLw—=l) ™

p=1v=1
nAV
The idea of uniform perfectness was first introduced in [1]. In that paper, Bear-
don and Pommerenke showed that the boundary of a domain Q C C not containing
a neighborhood of infinity is uniformly perfect if, and only if, there exists a positive

number ¢ such that ¢

Aalz) 2 dist (z,00Q)

where Aq(z) is the density of the Poincaré metric of Q, and dist (z,00) is the
Euclidean distance of z to 2. In the same paper, they also showed that the limit
set L(QG) of a classical plane Schottky group G is uniformly perfect.

Manié and da Rocha [8] and Hinkkanen [6] proved independently that the Julia
sets of rational functions are uniformly perfect.

In [7] Jarvi and Vuorinen investigated the uniform perfectness of compact sets
of R". They gave several equivalent conditions for uniform perfectness, and they
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showed that uniformly perfect sets have positive Hausdorff dimension and that the
limit set of a non-elementary, finitely generated Kleinian group of R" is uniformly
perfect.

In their 1987 paper [5], Gehring and Martin first introduced the notion of con-
vergence groups in R". They studied the limit sets of discrete convergence groups
and studied discrete quasiconformal groups, which are convergence groups. Tukia,
in [I1], extended the notion of convergence groups to compact Hausdorff spaces
satisfying the first axiom of countability and investigated convergence groups in
that setting.

Petra Bonfert-Taylor and Edward C. Taylor in [2] and [3] extended the Patterson-
Sullivan theory to the quasiconformal group setting. They investigated the connec-
tion between the exponent of convergence of Poincaré series and the Hausdorff
dimension of the limit sets of quasiconformal groups. They showed that the Haus-
dorff dimension of the conical limit set L.(G) has an upper bound; see Corollary
1.6. and Conjecture 1.7. in [3].

Our main results are the following theorems.

1.1. Theorem. For an integer t with t > 2, let G = (g1, g2, ...,g:) be a Schottky
K —quasiconformal group. Then the limit set L(G) is a uniformly perfect set.

1.2. Theorem. Let G be a discrete non-elementary quasiconformal group. Then
the Hausdorff dimension of the limit set L(QG) 1is positive.

This paragraph is about the organization of this paper. Section 2 contains some
notations and basic definitions. We talk about moduli of curve families, and basic
properties of K —quasiconformal mappings in R", then we recall some results about
convergence groups and their limit sets, which are needed in this paper. In section
3, the notion of a Schottky quasiconformal group is introduced, and we give repre-
sentations of the limit set L(G) and the regular set Q(G). In section 4, we show
that the limit set L(G) of a Schottky quasiconformal group is uniformly perfect.
In section 5, we generalize our theorem in section 4, and we show that if G is a
discrete non-elementary quasiconformal group, then the Hausdorff dimension of the
limit set L(G) is positive.

2. PRELIMINARIES

Let R™ be the n-dimensional Euclidean space and let R be the one-point com-
pactification of R™. We write ey, ea,..., e, for the standard basis of R™, where
e1 = (1,0,...,0), etc. For z € R™, we define

|x|:\/x%+x§+...+x$l.

We write B"(x,r) for the open ball centered at x with radius r, and write

S Y(z,r) = OB"(x,r) for the boundary of B"(z,r).

The stereographic projection 7 : R" — S™(ent1, 3) is given by

T — €Ent1
mr) =€eps1 + —mmmm= .
( ) n+ |£L‘—€n+1|2
Clearly, for = (x1,x2,...,2,) € R™, we have
(2) 1 T |z)?
w(x) =
22+ 17 e+ 1 a4+ 1)
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and we define m(00) = en41. The function 7 : R' — S™ (Yent1,1) is a bijective
map. We define the chordal metric on R" by q(x,y) = |x(z) — n(y)| for z,y € R".
For subsets X,Y C R", the diameter of X is defined as q(X) = sup, yex q(7,y)
and the distance between X and Y is given by ¢(X,Y) = infoex yev ¢(,y).

Let By(x,r) denote the chordal ball

By(z,r) = {y € R" : q(x,y) <7} .

A Moébius transformation acting on R" 1s a finite composition of reflections in
spheres and hyperplanes. We write GM (R ) for the group of all Md&bius transfor-
mations. A Mébius group is a subgroup of GM (R ) Let D and D’ be domains in
R". A homeomorphism f:D — D'is a conformal mapping if f € C', and

| (2)h] = mMU(HW

for any x € D and h € R™. If D and D’ are domains in En, then a homeomor-
phism f : D — D’ is conformal if f is conformal in D \ {oo, f~%(c0)}. Mébius
transformations are conformal mapplngs By Liouville’s theorem, when n > 3, the
only conformal mappings in R" are Mobius transformations.

Let T" be a family of curves in R" , and let F(I") be the set of admissible functions,
i.e., non-negative Borel functions p : R" - RU {oo} such that

/pdle
.

for any locally rectifiable v € I'. For p > 1 the p—modulus of T" is defined as

M, (T') = inf P dm.
WD) = it /,/’ m

The p—modulus M, is an outer measure in the space of all curve families in
R". When p = n we denote M,(I') by M(I'). The quantity M (L) is conformally
invariant, i.e., if f: D — D’ is a conformal mapping and I is a curve family in D,
then we have

M(fT) = M(I'),
where fT'={fo~:v €T}. From now on we denote fT by I'.

2.1. Definition. Let f : D — D’ be a homeomorphism. The inner and outer
dilatations Ky(f) and Ko(f) of the mapping f are defined by

M) M(T)

K}(f)zsupm, o(f)zsupm7

where the suprema are taken over all curve families I" in D such that M (I") and
M(T") are not simultaneously zero or co. The maximal dilatation of the map-
ping f is defined as K(f) = max{K;(f), Ko(f)}. The mapping f is said to be
K —quasiconformal if K(f) < K < oo, for some constant K. Equivalently, the
mapping f is K —quasiconformal if, and only if,
M(T)
K

for every curve family I" in D.

< M(I") < KM(T)
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Let f be K;—quasiconformal and let g be K3—quasiconformal. Then the inverse
function f~!is K;—quasiconformal, and f o g is K; Ko—quasiconformal.

Let G be a group of self-homeomorphisms of a domain D. We say that the group
G is a K—quasiconformal group if every element of G is a K —quasiconformal self-
mapping of D. We say that G is a quasiconformal group if it is a K —quasiconformal
group for some constant K. Mobius groups are 1—quasiconformal groups.

2.2. Definition (Gehring and Martin). A group G of self-homeomorphisms of R"
is said to be a convergence group if each infinite subfamily of G has a sequence {g;}
of distinct elements such that one of the following is true:

(1) There exists a self-homeomorphism g of R" with the property that

lim g; =g, limg '=g"
1— 00 1— 00
uniformly on R".
(2) There exist g and yo in R" (possibly zg = yo) with the property that

. . —1
lim g; =yo, lim g; =0
11— 00 11— 00

uniformly on compact subsets of R~ {zo} and R" < {yo0}, respectively, or simply,
c-uniformly in R” ~ {zo} and R" < {yo}, respectively.

In the above definition, the points yo and x( are called the attracting and re-
pelling points of {g;}, respectively. Both points are called limit points of G. Also
the group G is said to be discrete if (1) never happens, and the group G is said
to be precompact if (1) always happens. By Viiséla [12], Gehring and Martin [5]
quasiconformal groups are convergence groups, and so are Mobius groups.

Let G be a group of self-homeomorphisms of a domain D in R". The group
G is said to be discontinuous at x € D if there is a neighborhood U of z in D
such that g(U) NU = & for all but finitely many g € G. We say that the group
G is discontinuous if G is discontinuous at some point x € D. The group G is
said to be properly discontinuous in an open set O C D if for each compact set
F C O, we have g(F) N F = @ for all but finitely many g € G. We say that the
group G is discrete if there is no sequence of distinct elements {g,} C G such that
gn — ¢ uniformly on compact subsets of D, or c-uniformly in D, where g is a self-
homeomorphism of D. Let G be a convergence group of self-homeomorphisms of
the domain D. The regular set of G, denoted by Q(G), is given by Q(G) ={z € D :
G is discontinuous at x}, and the limit set L(G) is defined by L(G) = D ~ Q(G).
Let X be a subset of R". We say that the set X is G—invariant if f(X) = X for
every f € G. If the number of elements of L(G) is less than or equal to two, we say
that G is an elementary convergence group. Otherwise G is called a non-elementary
convergence group.

2.3. Theorem (Gehring and Martin). Let G be a convergence group in R". Let
Q(G) and L(G) be the regular set and the limit set of G, respectively. The following
statements hold:

(1) The set Q(G) is open, and the set L(G) is closed.

(2) The intersection Q(G) N L(G) is the empty set.

(3) The union Q(G) UL(G) is R".

(4) Both Q(G) and L(G) are G—invariant.
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Let G be a convergence group. By Gehring and Martin [5], and Tukia [I1]], an
element g € G is elliptic if the group generated by ¢ is precompact. For a non-
elliptic element g € G we say that ¢ is parabolic if the number of the fixed points
of g is one, and g is lozodromic if the number of the fixed points of g is two. A
non-elliptic element g € G can fix at most two points.

2.4. Theorem (Tukia). If G is a non-elementary convergence group, then the limit
set L(Q) is an infinite perfect set, and L(G) is in the accumulation set of any orbit
Gr={f(z): f € G}, forx € D, and thus if x € L(G), we have

Gz = L(G).

See also [5].

Let E, F,D be subsets of R". We use A(E, F; D) to denote the family of all
closed paths joining E and F in D; see [12] and [13]. Let D ¢ R” be a domain and
let F be a compact subset of D. Then we call the pair (D, E) a condenser and the
capacity of the condenser is cap(D, E) = M(A(E,0D;D)). A ring domain D is a
domain such that the complement of D has exactly two components E and F. In
this case, we write D = R(E, F'). The modulus of D is given by

M(A(E,F;En)))ﬁ

Wn—1

mod (D) = ( ,
where w,,—1 > 0 is the (n — 1)—dimensional measure of "1
The proof of the following lemma can be found in [13].

2.5. Lemma. For two numbersr and s with0 <r <s <1 and x € @n, the domain
D = B} (x, s)\EZ(a:, r) is called a chordal ring. Then the modulus of the chordal

ring D is given by
sv1—r?
o (D) = log (2T,
(D) =log ( ———

A ring domain D is called a Teichmiiller ring if the complementary components
of D are [—eq,0] and [se1, 0o], where s > 0. We use 7,,(s) to denote the modulus of
the family of all curves connecting the two complementary components of D, and
we also briefly write 7(s) instead of 7,,(s). The function 7(s) is decreasing and

lim 7(s) =00, lim 7(s)=0.
s—0t §—00

Let X be a subset of R" and let D = R(E,F) be a ring domain. Then we say
that D separates X it XND =&, XNE# & and XNF # &. Let X and Y be
two subsets of R". We say that the ring domain D = R(E, F) separates the sets
XandY ifwehave X CE, Y CForYCE, XCF.

2.6. Definition. Let X C R" be a closed subset containing at least two points.
Then we say that X is a umformly perfect set if there exists a constant C' such that
for any ring domain D C R" separating X, the modulus of D is bounded above by
the constant C.

The following two lemmas are due to Jarvi and Vuorinen; see [7].

2.7. Lemma. Let X be a closed subset of R" containing at least two points. Then
X is uniformly perfect if, and only if, there is a constant C' such that the modulus
of any chordal ring domain separating X is bounded above by the constant C.
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2.8. Lemma. Let D = R(E,F) be a ring domain in R". Then the following
inequality is true:
2q(E, F) )
min{q(E), q(F)}/ "
where T is the Teichmiiller ring capacity.

cap(D) > 217717'(

3. SCHOTTKY QUASICONFORMAL GROUPS

For t > 2 let By, Bs,...,Bs;1 and Bg; be t pairs of open balls with disjoint
closures in R". Set C1 = 0B1,Cy = 0Bs,...,Co_1 = 0Bg;_1 and Cy = 0Bg;.
The classical Schottky group is a Mobius group I' such that I is finitely generated
by t M&bius transformations g1, g2, ..., g of R" with the property that

gi(Bai_1) =R" <\ By
for all 7 with 1 <7 <.

3.1. Theorem. Let I' be a classical Schottky group defined as above. Then T is
a free group and every element of I' is loxodromic. In addition, the group T' is a
discrete Mdbius group.

See [4] and [9].
Discrete Mobius groups are also called Kleinian groups. In the rest of this section,
we assume that By, Ba, ..., Bo;_1 and Bg; are open quasiballs with disjoint closures,

Le., for each ¢ with 1 <14 < 2{, the set B; is the image of a ball in R" under some
quasiconformal mapping of R". For1<i< 2t, we set C; = 0B;.

3.2. Definition. A group G = {(g1,92,...,g¢) is called a Schottky quasiconformal
group acting on R" if G is K —quasiconformal group on R" for some K > 1, and

gi(Bai_1) =R" <\ By
for all 7 between 1 and ¢.

We give an example of a Schottky quasiconformal group. Let I' be a classical
Schottky group. Let g be a K —quasiconformal mapping on R". Then the conjugate
goTl'og™! of T under g is a Schottky K?—quasiconformal group.

Notation. Set A1 = U?il B;, D, = R" < A;. We use ¥ to denote D; throughout
the remainder of this paper. Clearly the set 3 is open.

3.3. Lemma. The Schottky quasiconformal group G = {g1,92,...,9t) is a discon-
tinuous group, and hence it is a discrete group.

Notation. Consider Bj; there are 2t — 1 smaller quasiballs inside Bj, which are
images of By, B3, By, . . ., By under the K —quasiconformal mapping g7 ! Similarly,
for each of the remaining B;, there are 2¢ — 1 smaller quasiballs inside the B; which
are the images of certain 2¢ — 1 original quasiballs under g; or gj_1 for some j
between 1 and ¢. Clearly, there are a total of 2¢(2¢ — 1) such smaller quasiballs,
called the second generation quasiballs of the group G. For i with 1 <i < 2¢(2t—1),
we denote these quasiballs by B?, and set

2t(2t—1)

4= |J BZ
i=1
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The complement of As is denoted by
D2 \ A2

The set A is closed and Ds is open.

Similarly, we can define A, as the closure of the union of all p—th generation
open quasiballs, and D, is the complement of A,. The set A, is closed and D, is
open. Also we have

AiDA D DA, D
and
YCDyC---CD,C--

3.4. Definition. Let G = (g1, 92, ..., gt) be a Schottky quasiconformal group. We
know that G is a free group. For any non-identity g € G, g can be written uniquely

as
q
— Si
g = Hgt, 9
i=1

where g¢, € {91,92,...,9:} and g, # g¢,,, for 1 <i < g —1, each s; is an integer
with s; # 0 for 1 < i < g, for some positive integer q. We define the index of g by

ind (g Z [si] s

for g # I. We define ind (1) = 0.

3.5. Lemma. Let G be a Schottky quasiconformal group. For m > 1, the sets A,
and D,, are defined as before. Then we have the following:

(1) on=( U Ul U ).
ind (g)<m—1 ind (g)=m

and the complement of D,, is given by

(2) m—U{g ind (g) =m, 1 <i < 2t, g(B;) C Ar},

where the set A; = U
In addition, if two mappmgs f and g are in the group G, and f # g, then
fE)ngE)=2.
If two mappings f and g are in the group G with f # g, and ind (f) = ind (g),
then . o
f(Bi)Ng(Bi) =2,
when f(B;) and g(B;) are both inside the set Aj.
Proof. 1t is easy to check this by induction. We omit the proof. O

3.6. Lemma. Let G = (g1, g2, ..., ) be the Schottky quasiconformal group defined
as above, and for any integer p > 1, let A, be the closure of the union of all the
p—th generation open quasiballs. We define

dp = nax a(E),

where the mazimum is taken over all components E of A,. Then the limit of the
sequence {dp} exists, and in fact, the limit is zero.
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Proof. Clearly {d,} is a decreasing sequence and so it has a limit d. We suppose
that d > 0. By the Cantor diagonal process, we can choose a sequence of sets {A,}
with A, a component of A, such that the following hold:

Ai D Ai+1

for ¢ with 1 <i < oo, and
lim ¢(A,) =d.

p—00
For each set A, with 1 < p < oo, there exists a quasiconformal mapping f, € G
such that
—Nn
Ap = fp(R° N Bj,)
for some j, with 1 < j, < 2t. Since there are only a finite number of B;, and there
are infinitely many f, € G, there exists at least one B; , denoted by By, such that

(3) Ap = fp(ﬁn N B{))

for infinitely many f, € G. Without loss of generality, we assume that @) is true
for all p with 1 < p < cc.

On the other hand, the group G is a discrete convergence group. For the sequence
{fp} of distinct elements of G, there exists a subsequence of {f,} which is still
denoted by { f,} without danger of confusion, and there exist two points (), y(, € R"
such that

lim f, =y), lim f "=

p—00 p—00
uniformly on compact subsets of R ~ {z)} and R" ~ {y}}, respectively. But this
contradicts (B)), and we complete our proof for this lemma. ([

3.7. Theorem. Let G = (g1,92,-..,9:) be a Schottky quasiconformal group. For
each i with 1 > 1, let A; be the closure of the union of all the i—th generation open
quasiballs and let D; be the complement of A; with respect to R". Then the limit
set L(G) is given by

(4) L(@) = 4.

(5) QG = Di.
The proof is easy and we omit it.

4. UNIFORM PERFECTNESS OF L(QG)

In this section, we show that the limit set of a Schottky quasiconformal group is
uniformly perfect, and by a result of Jarvi and Vuorinen [7] the limit set then has
positive Hausdorff dimension.

In the following, we denote by U(z,r, R) a chordal ring centered at x with radii
r and R.
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Proof of Theorem 1.1. We suppose that the limit set L(G) is not uniformly perfect.
Then there exists a sequence of distinct chordal rings U, (2, 7m, Rm) separating
L(G) with 0 < ry, < Ry, < 1, such that

(6) mod (U, (m, Tm, Rim)) — 0.

For simplicity, we write Un, = Up(Zm,Tm, Bm) and V,, = Bg(@m, ), where
By(zm,rm) is a chordal ball centered at x,, with radius r,,. Without loss of gen-
erality, we may assume that z,, — o for some zg € R". Since L(G) is perfect, we
have
(7) lim 7, = lim R, =0.

m— 00 m— 00

By Theorem 37 L(G) =(\,._; Am, where A,, is the closure of the union of all
the m—th generation quasiballs. Let mg be a fixed positive integer. Then there is
one component of A,,, which contains zp, and we denote by Almo the interior of
that component. Since R,, — 0 there exists a positive integer M; such that when
m > My, we have U,, C A;no. Pick a fixed integer m; with m; > Mj; then we
have
Un, CA,, -

Note that the chordal ring domain U,,, separates L(G). Thus there exists a positive
integer Ms > mg such that whenever m > My, the set U,,, separates the set A,,.

Pick an integer mo with my > Ma; then U,,, separates A,,,. In particular, then
U, N Ap, = @. Clearly, we have mg > my.

Now consider the set A;no N L(G). If Almo N L(G) C Vp,, where V,,, is the
chordal ball centered at x,,, with radius r,,, then there exists a K —quasiconformal
mapping f € G such that

f_l(Amo ~N Am0+1) =X,
and therefore the ring domain f~!(U,,, ) separates some component Bj of the in-

terior of A; and (A; \ B;j) N L(G). We write f~*(Up,) = R(E, F), where E D B,
and F D (A; \ B;) N L(G). Then we have

(8) IdeE%MFﬂzlggjﬂ&ﬁLKm}>0
Note also that
) o(B.F) < max {a(B;, (A1~ B)) N L(G)} < .

Thus we have

(10) cap(Up,, ) >

1<5<2t
K

yin 2 max {q(By, (A~ B)) N L(G)))
( i (4B, N LG} ) >0

and this is a contradiction.

From now on we suppose that the chordal ring domain U,,, separates A;n ,NL(G).

First for ¢ with mg < ¢ < mgy — 1 let us consider the set A;. There are finitely
many components of the set A, ,NA;. Now we need to use some ad hoc definitions.
For each component A of the interior of A;no N A;, we call AN L(G) an effective
set of A;no NA;.

We define, for i with mg <i < mg — 1, that

0, ={ANL(G) : A is a component of the interior of Almo NA},
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i.e., ©; is the set of all the effective sets of Almo N A;. Clearly the number of the
elements of the set ©,,,+1 is given by

#Opo41 =2t — 1.

Here and later we use the symbol # to denote the number of elements in a set.
In general, for i between mg + 1 and my — 1, the number of the elements of ©;
is given by

(11) #0; = (2t — 1),

and clearly, #0,,, = 1.

For a given effective set E; € ©;, an effective set F; € ©; is said to be a close
relative set of Fy if F} and F; are inside the same element of the set ©;_; as point
sets.

In the following, we proceed in two steps.

(1) Let us pick an effective set Ey from ©,,,_1, and consider all the close relative
sets of Ey. We denote by E the set of all the close relative sets of Ey, together
with the set E;.

If there exist two effective sets A1 N L(G) and A2 N L(G) in the set E{ such that
the chordal ring domain U,,, separates the two sets Ay N L(G) and Ay N L(G),
where A; and Ay are two components of the interior of A,,,_1 which are inside
A, one component of the interior of A,,,_2, then there exists a K —quasiconformal
mapping f € G with

(12) YA N Ap, 1) =2.

Note that the ring domain f~!(U,,,) separates two sets B; N L(G) and B; N

L(G), where B; and B, are two distinct components of the set R" <. We write
Y (Un,) = R(E, F). Therefore we have

min{q(E), q(F)} > min {q(B; N L(G))} > 0.
1<i<2t
In addition, the following is true:

a(B.F) < | max, {q(B: 1 L(G), B; N L(G)} < o

and therefore,

(13)  cap(Um,) =

yion /2 max {g(B:NL(G). B, N L(G))}
2% 7'< >>O,

1<i,y<
(min {q(B; N L(G))}
but this is a contradiction since m; is arbitrarily chosen.

If there are no two effective sets in F{ which are separated by the chordal ring
domain U,,, , we consider all the remaining effective sets in ©,,,,—1, and repeat the
above process.

Now let us go through the second step.

(2) We assume that there are no two effective sets in ©,,,_1, which are close
relative sets to each other, and which are separated by the chordal ring domain
Upm,. We consider all the effective sets in ©,,,_2 and repeat step (1). If there are
no two effective sets in ©,,,,_2, which are close relative sets to each other, and which
are separated by the chordal ring domain U,,,, we consider all the effective sets in
O,—3, and so on. Since the chordal ring domain U,,, separates A;no N L(G), after
a finite number of repeating steps we will come to the situation in the first step.
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There are two effective sets of some set ©; for mg < j < my — 1 which are close
relative sets to each other such that these two effective sets are separated by the
chordal ring domain U,,,. The remaining proof is exactly the same as for step (1).
This shows that there are always contradictions with the assumption that the limit
set L(G) is not uniformly perfect. This completes the proof of Theorem 1.1. O

5. SCHOTTKY-TYPE QUASICONFORMAL GROUPS

In this section, we deal with Schottky-type quasiconformal groups. We show that
the limit set of a given Schottky-type quasiconformal group is uniformly perfect,
and this generalizes our main result in the last section. Then we show that if a given
discrete quasiconformal group contains two loxodromic elements with disjoint fixed
point sets, then the limit set of the quasiconformal group has positive Hausdorff
dimension. Further we prove that discrete non-elementary quasiconformal groups
have limit sets with positive Hausdorfl dimension.

Fort > 2let D1, Do,..., D1, Dy be 2t continua with non-empty interiors and
disjoint closures. We suppose that there are ¢t quasiconformal mappings g1, g2, - - -, gt
such that

gi(b%—l) = Rn N 321 ,

where lo)gi_l is the interior of the set Do;_1.

Let G = (g1, g2, ..., g:) be the group generated by the quasiconformal mappings
91,92, ..., g:. We say that the group G is a Schottky-type quasiconformal group if
G is a quasiconformal group.

5.1. Lemma. Let G = (q1,92,-..,9:t) be a Schottky-type quasiconformal group.
Then the group G is a discontinuous group, and hence it is a discrete group.

5.2. Lemma. Let G = (q1,92,-..,9:t) be a Schottky-type quasiconformal group.
Then the limit set L(G) of the group G is a perfect set.

Proof. The group G is a quasiconformal group, and thus it is a convergence group.
By Lemma [51] the group G is a discrete convergence group. Also note that the
limit set L(G) contains more than three points. Therefore the limit set L(G) is a
perfect set. O

Let A; be the closure of the union of all the sets D1, Ds, ..., Do;_1 and Daoy.
First let us consider the mappings g; and gl_l. The images of Do, D3,..., Do
and Dy, under the mapping g, are all inside the set Dy. The images of all the sets
Dy,Ds,..., Do 1 and Dy under gfl are all inside the set D;. Similarly, for any
i with 2 <4 < ¢, we consider the mappings g; and g;l. The images of D1, Do, .. .,
Dsi_1, Doy under the mapping g; are all inside the set Ds;, and the images of
Dl, DQ, c. ,Dgi_l, D2i+1; ey Dgt_l, Dgt under the mapping g;l are all inside the
set Do;_1. We call all these image sets the second level sets of the group G. We
denote by As the closure of the union of all the second level sets of G. In general,
we can define A, to be the closure of the union of all the p-th level sets of the group
G.

For 1 < p < o0, set

=n

D,=R ~A4,,
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the complement of A, with respect to R". Clearly A, is closed and D), is open. In
addition,
A1DAD...DA, D ...,
DiCcDyC...CD,C....

5.3. Lemma. For 1 < p < oo, let r, be the mazimum of the diameters of all the
components of A,. Then the limit of the sequence {rp} exists, and

lim r, =0.

p—00

5.4. Lemma. Let G = (g1, 92,...,g+) be a Schottky-type quasiconformal group of
R". Then the limit set L(G) of the group G is given by

L(G) = ﬁAp.

5.5. Theorem. Let G = (g1, 92,...,9:) be a Schottky-type quasiconformal group of
R". Then the limit set L(G) of the group G is uniformly perfect.

The proofs for the above two lemmas and the last theorem are exactly the same
as for the Schottky quasiconformal group case. We omit the proofs for the lemmas
and the theorem.

Next we consider the general discrete quasiconformal groups and prove the fol-
lowing theorem.

5.6. Theorem. Let G be a discrete quasiconformal group. If there are two lozo-
dromic elements g1 and go in the group G such that

fix (g1) Nfix (92) = @,
where fix (g1) and fix (g2) are fized point sets of g1 and go respectively, then the
Hausdorff dimension dimg L(G) of the limit set L(G) is positive.

Proof. Without loss of generality, we suppose that x; and y; are the repelling point
and the attracting point of the loxodromic element g, respectively. Similarly, we
use x2 and y2 to denote the repelling and attracting points of the mapping go,
respectively. The four points x1,y1, x2, y2 are all distinct by assumption.

Now let U; and U be neighborhoods of 1 and x5 respectively, and let V7 and
V5 be neighborhoods of y; and ys respectively, and we can pick Uy, Us, V1, Vs so
that they are balls and have disjoint closures.

Note that

lim ¢f =y, lim gfi =
1— 00 11— 00
uniformly on compact subsets of R~ {21} and R" ~ {y1} respectively, and
lim gb =y, lim g;i = T2
1— 00 11— 00

uniformly on compact subsets of R" ~ {2} and R" ~ {y2} respectively. Thus we
can choose an integer k1 > 1 such that

gllcl(ﬁn ~ Ul) c W,
and similarly, we can pick an integer ks > 1 such that

9B R" \Uy) C Va.
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Let G1 = (gfl , g§2> be the subgroup of G generated by the elements g’fl and 952.
It is clear that the group G is a Schottky-type quasiconformal group, and hence
the limit set L(G1) is a uniformly perfect set. The Hausdorff dimension of the limit
set L(G1) is positive. On the other hand,
L(G) 5 L(Gh)
and therefore we have
dim g L(G) > dimyg L(Gl) > 0.

This completes our proof. O

Proof of Theorem 1.2. By the Corollary 6.15 in [5], the group G contains infinitely
many loxodromic elements, no two of which have a common fixed point. We pick
two loxodromic elements g; and g of the group G such that
fix (g1) Nfix(g2) =@ .
By Theorem [5.6 we obtain
dimg L(G) >0,

and this finishes our proof. O
5.7. Corollary. Let G be a discrete convergence group. If G contains two quasi-

conformal mappings which generate a non-elementary quasiconformal group, then
the Hausdorff dimension of the limit set L(G) is positive.

5.8. Corollary. Let G be a discrete non-elementary quasiconformal group. Then
any closed non-empty G—invariant subset of R" has positive Hausdorff dimension.

Proof. Let E be a closed non-empty G—invariant subset of R and let L(G) be the
limit set of the group G. Then we have

E > L(G),
since L(G) is the smallest closed non-empty G—invariant subset of R". Hence we
have
dimg F > dimyg L(G) >0,
and this completes our proof. (I
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