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DIMENSION OF FAMILIES OF DETERMINANTAL SCHEMES

JAN O. KLEPPE AND ROSA M. MIRO-ROIG

ABSTRACT. A scheme X C P"t¢ of codimension c is called standard determi-
nantal if its homogeneous saturated ideal can be generated by the maximal mi-
nors of a homogeneous ¢ x (t-+c—1) matrix and X is said to be good determinan-
tal if it is standard determinantal and a generic complete intersection. Given
integers ag,ai, ..., at+c—2 and b, ...,by we denote by W (b;a) C Hilb? (P"+¢)
(resp. Ws(b;a)) the locus of good (resp. standard) determinantal schemes
X C P*t¢ of codimension ¢ defined by the maximal minors of a ¢ x (¢t +c— 1)
matrix (fij)é-z%)’7'_"'_”§+c_2 where f;; € k[zo,®1, ..., Zntc] is a homogeneous poly-
nomial of degree a; — b;.

In this paper we address the following three fundamental problems: To de-
termine (1) the dimension of W (b; a) (resp. Ws(b; a)) in terms of a; and b;, (2)
whether the closure of W (b; a) is an irreducible component of Hilb? (P"*+¢), and
(3) when Hilb?(P"1¢) is generically smooth along W (b;a). Concerning ques-
tion (1) we give an upper bound for the dimension of W (b;a) (resp. Ws(b;a))
which works for all integers ag, a1, ..., at4c—2 and b1, ...,bs, and we conjecture
that this bound is sharp. The conjecture is proved for 2 < ¢ < 5, and for
¢ > 6 under some restriction on ag, a1, ...,at+c—2 and b1, ...,bs. For questions
(2) and (3) we have an affirmative answer for 2 < ¢ < 4 and n > 2, and for
¢ > 5 under certain numerical assumptions.

1. INTRODUCTION

In this paper, we will deal with determinantal schemes, i.e., schemes defined
by the vanishing locus of the minors of a homogeneous polynomial matrix. Some
classical schemes that can be constructed in this way are the Segre varieties, the
rational normal scrolls and the Veronese varieties. Determinantal schemes have
been a central topic in both commutative algebra and algebraic geometry and,
due to their important role, their study has attracted many researchers and has
received considerable attention in the literature. Some of the most remarkable
results about determinantal schemes are due to J.A. Eagon and M. Hochster in
[8], and to J.A. Eagon and D.G. Northcott in [9]. Eagon and Hochster proved
that generic determinantal schemes are arithmetically Cohen-Macaulay. Eagon and
Northcott constructed a finite free resolution for any standard determinantal scheme
and as a corollary they got that standard determinantal schemes are arithmetically
Cohen-Macaulay. Since then many authors have made important contributions to
the study of determinantal schemes and the reader can look at [5], [23], [4] and [10]
for background, history and a list of important papers.
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A scheme X C P"¢ of codimension ¢ is called standard determinantal if its
homogeneous saturated ideal can be generated by the maximal minors of a ho-
mogeneous ¢t X (¢t + ¢ — 1) matrix and X is said to be good determinantal if it is
standard determinantal and a generic complete intersection (see Remark 2.2). In
this paper, we address the problem of determining the dimension of the family of
standard (resp. good) determinantal schemes. The first important contribution to
this problem is due to G. Ellinsgrud [12]; in 1975, he proved that every arithmeti-
cally Cohen-Macaulay, codimension 2 closed subscheme X of P"*? is unobstructed
(i.e., the corresponding point in the Hilbert scheme Hilb?(P"*2) is smooth) pro-
vided n > 1 and he also computed the dimension of the Hilbert scheme at X. Recall
also that the homogeneous ideal of an arithmetically Cohen-Macaulay, codimension
2 closed subscheme X of P"*2 is given by the maximal minors of a ¢ x (¢ + 1) ho-
mogeneous matrix, the Hilbert-Burch matrix. That is, such a scheme is standard
determinantal. The purpose of this work is to extend Ellingsrud’s Theorem, viewed
as a statement on standard determinantal schemes of codimension 2, to arbitrary
codimension. The case of codimension 3, is solved in [19], Proposition 1.12. In
the present work, using essentially the methods developed in [19], §10, we succeed
in generalizing to arbitrary codimension the formula for the dimension of families
of determinantal schemes provided certain weak numerical conditions are satisfied
(see Theorem [3H Proposition and Corollaries [7] [£T10] [4T4] and [L1]).
We also address the problem of whether the closure of the locus W of determinantal
schemes in P"*¢ is an irreducible component of Hilb”(P"*¢) and when Hilb? (P"*¢)
is generically smooth along W (see Corollaries 5.3} (.7 B9 and BI0).

Next we outline the structure of the paper. In Section 2, we recall the basic facts
on standard and good determinantal schemes X C P"*¢ of codimension ¢ defined
by the maximal minors of a ¢ X (¢ + ¢ — 1) homogeneous matrix and the associated
complexes needed later on. Sections 3-5 are the heart of the paper. Given integers
b1, ...,by and ag, ay, ..., ar4c—2, we denote by W (b; a) C Hilb? (P"*¢) the locus of good
determinantal schemes X C P"*¢ of codimension ¢ > 2 defined by the maximal
minors of a homogeneous matrix A = (fﬂ);z%)i-i-c—Q where fj; € k[xo, ..., Tnc]
is a homogeneous polynomial of degree a; — b;. The goal of Section 3 is to give an
upper bound for the dimension of W(b; a) in terms of by, ..., by and ag, a1, ..., Gt4c—2
(cf. Theorem and Proposition BI3)). To this end we proceed by induction on
¢ by successively deleting columns of the largest possible degree and we repeatedly
use the Eagon-Northcott complexes and the Buchsbaum-Rim complexes associated
to a standard determinantal scheme. In Section 4, using again induction on the
codimension and the theory of Hilbert flag schemes, we analyze when the upper
bound of dim W (b; a) given in Section 3 is indeed the dimension of the determinantal
locus. In turns out that the upper bound of dim W (b;a) given in Theorem [3.5] is
sharp in a number of instances. More precisely, if 2 < ¢ < 3, this is known
([19], [12)), for 4 < ¢ < 5 it is a consequence of the main theorem of this section
(see Corollaries and [14), while for ¢ > 6 we get the expected dimension
formula for W (b;a) under more restrictive assumptions (see Corollary [£15). In
Section 5, we study when the closure of W(b;a) is an irreducible component of
Hilb? (P"*¢) and when Hilb? (P"*¢) is generically smooth along W (b; a), and other
cases of unobstructedness. The main result of this section (Theorem (1)) shows that
the closure of W (b;a) is a generically smooth irreducible component provided the
zero degree pieces of certain Ext'-groups vanish. The conditions of the theorem can
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be shown to be satisfied in a wide number of cases which we make explicit in this
section. In particular, we show that the mentioned Ext!-groups vanish if 3 < ¢ < 4
(Corollary [5.3). Similarly, in Corollaries (.71 and (.10l and as a consequence
of Theorem [5.1] we prove that under certain numerical assumptions the closure of
W (b; a) is indeed a generically smooth, irreducible component of Hilb? (P"*¢) of the
expected dimension. In Examples [5.6] and [5.8], we show that this is not always the
case, although the examples created are somewhat special because all the entries
of the associated matrix are linear entries.

We end the paper with a conjecture raised by this paper and proved in many
cases (cf. Conjectures 6.1 and 6.2), and we correct an inaccuracy in [19].

The first author expresses his thanks to the University of Barcelona and the
University of Oslo. Part of this work was done while the second author was a guest
of the University of Oslo and she thanks the University of Oslo for its hospitality.

Notation. Throughout this paper PV will be the N-dimensional projective space
over an algebraically closed field k, R = k[xg,z1,...,2n] and m = (z9,...,2N).
The sheafification of a graded R-module M will be denoted by M and the support
of M by Supp(M).

For any closed subscheme X of PV of codimension ¢, we denote by Zx its ideal
sheaf, Nx its normal sheaf, I(X) = H?(Zx) its saturated homogeneous ideal and
wx =&ty (Ox,Opn)(—N —1) its canonical sheaf. If F and G are two coherent
Ox-modules, we denote the group of morphisms from F to G by Home, (F,G)
while Homo, (F,G) denotes the sheaf of local morphisms of F into G. We often
omit Ox in Homoe, (F,G) (resp. Homo (F,G)) if the underlying scheme X is
evident. Moreover, we set hom(F, G) = dimg Hom(F, G) and aut(F) = hom(F,F)
where dimy, denotes the dimension as k-vector space. These dimensions coincide
with the dimensions of Home, (F,G) and Auto, (F) as schemes.

For any quotient A of R of codimension ¢, let T4 = ker(R — A), let Ny =
Hompg(I4, A) be the normal module and let K4 = Ext{(A, R)(—N — 1) be its
canonical module. When we write X = Proj(A), we let A= R/I(X) and Kx =
Ka.

We denote the Hilbert scheme by Hilb?(PY) (cf. [I3]). Thus, any point px €
Hilb?(PV) parameterizes a subscheme X C PV with Hilbert polynomial p € Q[s].
By abuse of notation we will write X € Hilb?(PY). By definition X € Hilb?(PV)
is unobstructed if Hilb?(PY) is smooth at X.

The pullback of the universal family on Hilb”(P") via a morphism ¢ : W —
Hilb?(PV) yields a flat family over W, and we will write X € W for a member of
that family as well. By definition a general X € W has a certain property if there
is a non-empty open dense subset U of W such that all members of U have this
property.

2. PRELIMINARIES

This section provides the background and basic results on standard (resp. good)
determinantal schemes needed in the sequel, and we refer to [5] and [I0] for more
details.

Let A be a homogeneous matrix, i.e., a matrix representing a degree 0 morphism
¢ of free graded R-modules. In this case, we denote by I(.A) (or I(¢)) the ideal of
R generated by the maximal minors of A.
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Definition 2.1. A codimension ¢ subscheme X C P"*¢ is called a standard de-
terminantal scheme if I(X) = I(A) for some t X (¢t + ¢ — 1) homogeneous matrix
A. X C P*"¢ is called a good determinantal scheme if additionally, A contains a
(t—1) x (t+c¢— 1) submatrix (allowing a change of basis if necessary) whose ideal
of maximal minors defines a scheme of codimension ¢ + 1.

Remark 2.2. Tt is well known that a good determinantal scheme X C P"*¢ is
standard determinantal and the converse is true provided X is a generic complete
intersection; cf. [22].

Now we are going to describe the generalized Koszul complexes associated to
a codimension ¢ standard determinantal scheme X. To this end, we denote by
¢ : F' — G the morphism of free graded R-modules of rank ¢ and ¢t +c—1, defined
by the homogeneous matrix A4 of X. We denote by C;(¢*) the generalized Koszul
complex:

Ci(p*) : 0—=AN'G* @ So(F*)— NT1G* @ 81 (F*) —...— A'G* @ S;(F*) —0.
Let C;(¢*)* be the R-dual of C;(¢*). The map ¢ induces graded morphisms
pi s ATIGE @ ANTF — AIGE.

They can be used to splice the complexes C._;_1(¢*)* ® APT71G* @ ALF and
Ci(¢*) to a complex D;(p*) :

0— AT Se—ic1(F) ® ANF — ATFe2G* @ Se—i—2(F) ® NF — ...
— NG @ So(F) @ N'F — N'G* @ So(F*) — NG @ S1(F*) — ...
— /\OG* ® Sz(F*) — 0.

The complex Dy(¢*) is called the Eagon-Northcott complex and the complex
D1(¢*) is called the Buchsbaum-Rim complex. Let us rename the complex C.(¢*)
as D¢(p*). Then we have the following well-known result:

Proposition 2.3. Let X C P"*¢ be a standard determinantal subscheme of codi-
mension ¢ associated to a graded minimal (i.e., im(p) C mG) morphism ¢ : F —
G of free R-modules of rank t and t+c—1, respectively. Set M = coker(¢*). Then:

(i) Di(¢*) is acyclic for =1 <i<e.

(ii) Do(p*) is a minimal free graded R-resolution of R/I(X) and D;(¢*) is a
minimal free graded R-resolution of length ¢ of S;(M), 1 <i <e.

(i) Kx = Sc—1(M) up to degree shift. So, up to degree shift, D._1(¢*) is a
minimal free graded R-module resolution of Kx .

Proof. See, for instance, [5], Theorem 2.20, and [I0], Corollary A2.12 and Corollary
A2.13. O

Remark 2.4. By Proposition Z23(ii), any standard determinantal scheme X C Pn+¢
is arithmetically Cohen-Macaulay (briefly, ACM). Moreover, in codimension 2, the
converse is true: If X € P"*2 is an ACM, closed subscheme of codimension 2, then
it is standard determinantal (Hilbert-Burch Theorem).

The homogeneous matrix A associated to a standard determinantal scheme
X C P"*¢ of codimension ¢ also defines an injective morphism ¢ : F — G of
locally free Opn+c-modules of rank ¢ and ¢t 4+ ¢ — 1. Since the construction of the
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generalized Koszul complexes globalizes, we can also associate to ¢* the FEagon-
Northceott complex of Opn+c-modules

0 — ATIGF @ S, 1 (F) @ ALF — Ae2G* @ S o (F) @ ANVF — ...
— AG* @ So(F) @ ALF — Opnie — Ox — 0

and the Buchsbaum-Rim complex of locally free Opn+c-modules
0— ATTTIG* @ S, o(F)@ANF — ANT26* @ S, 3(F) @ ANF — ...
L ATLGE @ So(F) @ AF — G £ F* s M — 0.

Since the degeneracy locus of ¢* has codimension ¢, these two complexes are
acyclic. Moreover, the kernel of ¢* is called the 1st Buchsbaum-Rim sheaf associated
to ¢*.

Let X C P""¢ be a standard (resp. good) determinantal scheme of codimension
¢ > 2 defined by the vanishing of the maximal minors of a ¢ x (¢t + ¢ — 1) matrix
A = (fji)fzf”::t’HC_Q where f;; € klxo, ..., Znte] are homogeneous polynomials of
degree a; — b; with by < ... < by and ag < a1 < ... < agye—2. We assume,
without loss of generality, that A is minimal; i.e., f;; = 0 for all 4, j with b; = a;.
If we let uj; = aj —b; forall j =0,...,t +¢c—2and i = 1,...,t, the matrix
U= (uji)g:%j;‘gt“% is called the degree matriz associated to X. We have:

Lemma 2.5. The matrix U has the following properties:

(i) For every j and i, u;; < ujt1,; and uj,; > wjit1.
(ii) For everyi=1,...,t, ui—1; = a;—1 —b; > 0.

And, vice versa, given a degree matrix U of integers verifying (1) and (ii) there
exists a codimension ¢ standard (resp. good) determinantal scheme X C P"*¢ with
associated degree matriz U.

Proof. The first condition is obvious. For the second one we only need to observe
that if for some ¢ = 1,...,¢, we have u;_1,; < 0, then in the matrix A we have
figw =0for j <i—1and k > 4. But this would imply that the minor which
is obtained by deleting the last ¢ — 1 columns has to be zero contradicting the
minimality of A.

The converse is trivial. Indeed, given a matrix of integers, U, satisfying (i) and
(i), we can consider the standard (resp. good) determinantal scheme X C P"*¢ of
codimension c associated to the homogeneous matrix

Attc—2—b xtllt+u73*bt

x
atyc—3—br_1 atye—a—by 1
A= 0 Tg T , -
0 0 x8t+u—4* t—2 xlllt+u—5* t—2
at—1—bt
Toy 0 , 0
at—2—0¢—1
Toly 0 , 0
at—3—0¢t—2
Toy 0
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(reSp. A —
atrc_2—b atrc_3—b
0t+ 2 t 1t+ 3 t

Qtpe—2—br— Atye—3—br— Atqe—a—bi_
xct+¢ 2—bt_1 x0t+L 3—bi—1 x1t+L a—bg—1

0 xtclwrufs*btfz x8t+u74*bt72 x‘;t+u757bt72
at—1—bt
Ty 0 , 0
at—2 t—1
T 0 0 )
at—3—bt_2

Up to reordering, we easily check that the degree matrix associated to X is /. O

Given integers by, ..., by and ag, a1, ..., a4 42, we denote by W (b; a) C Hilb? (P™1¢)
(resp. Ws(b;a) C Hilb?(P™*€)) the locus of good (resp. standard) determinantal
schemes X C P"*¢ of codimension ¢ > 2 defined by the maximal minors of a homo-
geneous matrix A = (fﬂ) t+c 5 where fj; € k[xo, ety Tnte) 1S @ homogeneous
polynomial of degree a; — b Clearly, W(b;a) C W4(b;a). Moreover, we have:

Corollary 2.6. Assume by < ... < b and ag < a1 < ... < apqc—2. We have that
W(b;a) # 0 if and only if Ws(b;a) # 0 if and only if ui—1,; = a;—1 — b; > 0 for
i=1,..,t

Proof. Tt easily follows from Lemma [2.5] O

Let X C P"¢ be a good determlnantal scheme of codimension ¢ > 2 defined by
the homogeneous matrix A = (f;;)/Z t+c % Tt is well known that by successively
deleting columns from the right- hand 51de of A, and taking maximal minors, one
gets a flag of determinantal subschemes

(2.1) (X): X=X,CX.1C..CXyCPrte

where each X;; C X; (with ideal sheaf Zx,  |x, = Z;) is of codimension 1, X; C
P™*¢ is of codimension i (i = 2,...,c) and where there exist Ox,-modules M;
fitting into short exact sequences

(2.2) 0— Ox,(—a44ri—1) > My = Miz1 — 0 for 2<i<c-—1,

such that Z;(at4,—1) is the Ox,-dual of M, for 2 < i < ¢, and My is a twist of the
canonical module of Xo; cf. (3.4)-(3.7) for details.

Remark 2.7. Assume by < ... < b; and ag < a1 < ... < Gpqe—2. If X is general in
W(b;a) and u;_ min(ont),i = Gi—min(at) b; > 0 for min(a,t) < i <t, then X, =

Proj(D;), for all j = 2,--- , ¢, is non-singular except for a subset of codimension at
least mm{2a —1,5+ 2}, ie.,
(2.3) codimy, Sing(X;) > min{2a —1,j + 2}.

This follows from [6], Theorem, arguing as in [6], Example 2.1. In particular,
if > 3, we get that for each i > 0, the closed embeddings X; C P"™¢ and
X;+1 C X, are local complete intersections outside some set Z; of codimension at
least min(4,i + 1) in X1 (depth,, Ox, , > min(4,i+1)).

Moreover, taking a = 1, we deduce from (Z3)) that a general X in W (b;a) is
reduced provided a;—q > b; for all 1 < ¢ < ¢. This means (see Corollary [Z6]) that a
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non-empty W (b; a) always contains a reduced determinantal scheme. This remark
improves [14], Proposition 2.7.

3. UPPER BOUND FOR THE DIMENSION OF THE DETERMINANTAL LOCUS

The goal of this section is to write down an upper bound for the dimension
of the locus W(b;a) (resp. Ws(b;a)) of good (resp. standard) determinantal sub-
schemes X C P"*¢ of codimension ¢ inside the Hilbert scheme Hilb?(*) (P™*¢), where
p(s) € Q[s] is the Hilbert polynomial of X which can be computed explicitly using
the minimal free R-resolution of R/I(X) given by the Eagon-Northcott complex
(see, Proposition 23] (ii) and [14], Proposition 2.4). In Section 4, we will analyze
when the mentioned upper bound is sharp and in Section 5, we will discuss under
which conditions the closure of W (b;a) in Hilb?®) (P"+¢) is a generically smooth,
irreducible component of Hilb?(®) (Pr+e),

Let X C P™" be a good determinantal scheme of codimension ¢ > 2 defined by
the vanishing of the maximal minors of a ¢ x (t+¢—1) matrix A = (f;;)I=) 2
where fj; € k[zo, ..., Tn+c] are homogeneous polynomials of degree a; — b; and let
A = R/I(X) be the homogeneous coordinate ring of X. The matrix A defines a
morphism of locally free sheaves

¢ te—2
p:F = @OP'rH»u(bi) — G = @ Opn+c(ay)
i=1 =0

and we may assume without loss of generality that ¢ is minimal; i.e., fj; = 0 for
all i,j with bi = aj.

Our aim is to determine an upper bound for dim W (b; a) in terms of by, ..., by and
g, @1, .., Gryc—2. To this end, we consider the affine scheme V = Homoe_, . (F,G)
whose rational points are the morphisms from F to G. Let Y be the non-empty,
open, irreducible subscheme of V whose rational points are the morphisms ¢ :
F — G such that their associated homogeneous matrix A, defines a good deter-
minantal subscheme X, C P"te,

The Eagon-Northcott complex of the universal morphism

U pryF — pryG
on Y x P"t¢ (where pro : Y x P"F¢ — P i the natural projection) induces a
morphism

f:Y — W(b;a)

which is defined by f(¢x) := X on closed points. We consider the affine group
scheme G := Aut(F) x Aut(G) which is an irreducible open dense subset of

G = Aut(F) x Aut(G) C Hom(F,F) x Hom(G,G) = k¥

where T = 37, (b"'_fj:;"ﬂ) +20 (a"'_‘:l";"“). G = Aut(F) x Aut(G) operates
on Y:

c:GxY—Y; ((o,3),0x) — Bora".

The action o is compatible with the morphism f. Thus, at least set-theoretically
f:Y — W(b;a) induces a surjective map from the orbit set Y//G to W (b;a).
Moreover, since the map from Y to the closure W(b;a) in Hilb?(®) (P™*¢) is domi-
nant, we get that W (b; a) is irreducible and we have (small letters denote dimension;
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cf. Notation)

(3.1) dim W (b;a) < home_,, (F,G) —aut(G) — aut(F) + dim(G»)

prte
where

Gy = {(6,7) € Aut(F) x Aut(G) | Toad " = op}
is the isotropy group of any closed point ¢y € Y. By [19], Proposition 10.2, for all
©x €Y, we have (we let (":a) = 0 for a < 0, as usual)

(3.2) dim(Gy) = aut(By) + > <bi —aj+n+ c>

— n+c
st

where By = coker(py). Therefore, we have

) a;—bj+n+c a;—a;tn+c
(3.3) dim W (b;a) < Z ( nj+c ) N Z( nj—i—c )
irj

4,9

bi —bj+n+c bj —a;+n-+c
sz:< iy >+;( nt e )—l—aut(B)\).
Our next goal is to bound the dimension aut(B) in terms of a; and b;, where
B = coker(p) and ¢ is a closed point of Y (see, Proposition B3). To this end we
need to fix some more notation.
Let A; be the matrix obtained deleting the last ¢ — i columns. The matrix A;
defines a morphism

t t+i—2
(34) @i - F= @R(bz) — Gi = @ R(aj)
i=1 j=0

of R-free modules and let B; be the cokernel of ;. Put ¢ = ¢y, G = G, and
B = B.. Let M; be the cokernel of ¢} = Hompg(p;, R), i.e., let the sequence

(3.5) G P P M, 2 Exth(Bi, R) — 0

be exact. If D; & R/Ip, is the k-algebra given by the maximal minors of A; and
X; = Proj(D;) (i.e., R+ Dy — D3 — ... -» D, = A), then M, is a D;-module and
there is an exact sequence

(3.6) 0 — Dj — Mi(ar4i—1) — Miyi(asyi—1) — 0
in which D; — M;(as+i—1) is the regular section which defines D, [22]. Indeed,
(37) 0— Mi(at+i_1)* = HomDi (Mi(at+i_1), Dz) — Di — Di+1 — 0

and we may put I; := Ip,, /p, = M;(at1i-1)". An R-free resolution of M; is
given by Proposition 2.3, and we get, in particular, that M; is a maximal Cohen-
Macaulay D;-module. Using (3.7)) we see that I; is also a maximal Cohen-Macaulay
D;-module. Proposition 2.3 (iii) also gives us Kp,(n + ¢+ 1) 2 .5;_1 M;(¢;) where
éi = Z;i%_Q a5 — 22:1 bq.

In what follows we always let Z; C X; be some closed subset such that U; =
X; — Z; — P"¢ is a local complete intersection. By the well-known fact that
the 1. Fitting ideal of M; is equal to I;_;(;), we get that M; is locally free of
rank 1 precisely on X; — V(L;—1(p;)) 4], Lemma 1.4.8. Since the set of non-locally
complete intersection points of X; < P"*¢ is precisely V (I;—1(y;)) by, e.g., [26],
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Lemma 1.8, we get that U; € X;—V (I;_1(p;)) and that M; and Zx, /%, are locally
free on U;.

Finally, note that there is a close relation between M;;1(as+i—1) and the normal
module Np,, ,/p, := Homp, (I;, Diy1) of the quotient D; — D;y1. If we suppose
depth;(z,y Di > 2, we get, by applying Homp, (;,.) to (3.1), that

(38) 0—D; — Mi(atJri*l) I ND¢+1/D7:

is exact. Hence we have an injection M;41(ait+i—1) — NDH—l/Da‘,? which in the case
depth;(z,y D; > 3 leads to an isomorphism M;1(az+i-1) = Np,,,/p,- Indeed, this
follows from the more general fact (by letting M = N = I;) that if M and N are
finitely generated D-modules such that depth 1zyM =7 +1and N is locally free
on U :=X —Z (X =Proj(D)), then the natural map

(3.9) Ext'y (N, M) — H(U, Homo, (N, M))
is an isomorphism, (resp. an injection) for ¢ < r (resp. i = r). Moreover
HI(U, Homoy (N, M)) ~ H}zrzl) (Homp (N, M)) for i > 0; cf. [15], exp. VL.

Lemma 3.1. Let M be an R-module. With the above notation, the sequence
0 — Homgr(M;, M) - F®rM —- G;®r M — B;®@r M — 0
is exact and Homp(M;, M) = Torf(B;, M).
Proof. We apply Hom(., R) to
(3.10) 0— F—G; — B; — 0
and we get
0 — Hom(B;, R) — G} — F* — BExty(B;, R) = M; — 0.

Hence

0 — Hom(M;, M) — Hom(F*, M) =2 F® M — Hom(G; , M) =2 G, @ M
and we get the first exact sequence and Hom(M;, M) = Torf‘(Bi, M) by applying

() ®r M to @I0). O

Lemma 3.2. With the notation above, if C is a good determinantal scheme, then
depthy(z,y Di > 1 for 2 <i < ¢ and Homp, (M;, M;) = D;.

Proof. If X is a standard determinantal scheme, defined by some ¢x (t+i—1) matrix,
and if we delete a column and let Y be the corresponding determinantal scheme,
then Y is also standard determinantal [3]. Hence if X is good determinantal, it
follows that Y is also good determinantal by the definition of a good determinantal
scheme. In particular, all X;, 2 < i < ¢, are good determinantal schemes and hence
generic complete intersections. By the definition of Z;, we get depth; () D; > 1.

Let U; = Proj(D;) — Z; and note that M1|U is an invertible sheaf. Let S, (M;)
be the r-th symmetric power of the D;-module M;. For 1 < r < i—1, S.(M;)
are maximal Cohen-Macaulay modules and S;_1(M;)(¢;) =2 Kp,(n + ¢+ 1) (cf.
Proposition 2.3 (iii)). By (39) we have injections

HomDi (STMi, S?"M'L') — HS(UIL, HO?’T’L(STM,L', ST‘M’L)) & HE(U“ 151)
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Since S;_1(M;) is a twist of the canonical module on D; and since Hom(Kp,, Kp,)
=~ D;, we get the lemma from the commutative diagram

¥ | [
HomDi (Si—lMi7Si—1Mi) — Hg(UIL,Dz)
Indeed, 1 is injective and we conclude by
Di — HOIIlDi (Mi, Ml) — HOIIlDi(Sl;lMi, SiflMi) = Di.
O

Proposition 3.3. Assume b1 < ... < by, ag < a1 < ... < Qppe—2 and ¢ > 2. Set
(= 232872 a; — Z§=1 bi. If (¢ — Datye—2 < {, then aut(B) = 1. Otherwise we
have

c—3

aut(B) < Z Z Z (_1)i—r<hi+ai1 +...:iirc+ bj, "'+bjs>

=1 r4s=i 0<i;<...<ip<t+i
1<j1<...<js<t

h
+< 0 >+1
n—+c

where we set h; ‘= 2a4414i + Q4247+ Qept—3 + Aert—2 — L+ n + ¢, fori =
0,1,---,c—3.

Proof. Set S(B) = Supp(Ext (B, Opn+c)). Since pd(B) = 1 and codim(S(B),P"+¢)
> 3, B is a rank ¢ — 1 reflexive sheaf on P"*¢ ([24], Proposition 1.2). Moreover, if
(¢ —1)ayc—2 < ¢, then by [19], Lemma 10.1(ii), B is stable and aut(B) = 1 because
stable reflexive sheaves are simple. So, from now on, we assume (¢ — 1)asyc—2 > ¢
and we will proceed by induction on ¢ by successively deleting columns from the
right side, i.e., of the largest degree. For ¢ = 2 the result was proved in [12] if n > 1
and in [19] for any n > 0. So, we will assume ¢ > 3.
Consider the commutative diagram

0 0
! |
Opnte(atte—2) = OIP’"‘FC(ft-i-c—Q)
|
0 — @ Opnre(bs) 25 B Opnse(a;) — B, — 0
[ l |
0 — @ 0pre(bi) “= @3 Opnic(a;) — B._1 — 0
! |
0 0

and the exact sequence
0 — Hom(B.—1,B.) — Hom(B,, B.)
—% Hom(Opn+e(aryc2), Be) = H(Be(—ar1e—2))

— Exto,_ . (Be-1,B.) — Extgp_ . (Be, Be) — 0.

n+tc n+tc

Moreover, if we tensor with . ® g B, the exact sequence

0— Dc—l(_at+c—2) — M.y — M. — 0,
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we get

Tor(B,, M.—1) — Tort(Be, M) — D¢_1(—at4c—2) @ B,
— M. 1 ® B, = Exth(B._1, B.) — M, ® B, = Exth(B,, B.) — 0.
Applying Lemmas B.1 and we get Torf(B., M, 1) = Hom(M., M, 1) = 0

(since M. is supported in X, which has codimension 1 in X, = Supp(M._1)) and
Tor®(B,, M.) = Hom(M,, M.) = D. = A. Hence,

HO (BC(—at+C,2)) — EXt}gﬂm+u (Bcfl, BC)

coincides with (De—1(—a¢4c—2) ® Be)o — (M.—1 ® B.)o whose kernel is Ay & k,
i.e., 1-dimensional. Therefore, dim(im(«)) = 1 which gives us

(3.11) aut(B.) = hom(B._1,B.) + 1.

We call e € Ext'(B._1, Opnte(asic_2)) the non-trivial extension (e # 0) satisfy-
ing
€. 0— Opn+c(at+c,2) — Bc — 8671 — 0.

Then we have
0 — Hom(B._1,O(at4c—2)) — Hom(B._1, B.) SN Hom(B.-1,B.-1)
2 Ext' (Be_1, O(arse_2)).

Since (1) = e # 0, we have dim(ker(d)) < aut(B.—1) — 1. On the other hand, using
the hypothesis of induction to bound aut(B._1), we obtain

(3.12) hom(B.—1,B.) = hom(B.—1, O(at4c—2)) + dim(im(n))
= hom(B._1, O(at4c—2)) + dim(ker(d))
< hom(B.—1, O(at4c—2)) + aut(B._1) — 1

h
< hom(Be-1,0(at1c-2)) +1 -1+ (n _:_) c)

c—4
. hi+ail+"'+ai +bj1"'+bj
_1 1—T ™ E
53 DIED e
i=1 r4s=i 0<i]<...<ip<t+i
1<ji <...<js<t
where we set h; ' = 204414+ Qtp24+i+- -+ ape—2—L+n+c, forali=1,---  c—3.
Now, we will compute hom(B._1,O(a;4.—2)). To this end, we first observe that
Hom(B.—1, ) is the first Buchsbaum-Rim module associated to

t+c—3 t
0i1: Gl = @ R(—a;) — F*:= @ R(~by).
j=0 i=1

Therefore, we have the following free graded R-resolution

0 — ATT2G% 1 ® 8, 3(F)@AN'F — - — ANTTHIGE @ S(F) @ AR
— L — AT ® So(F) @ A'F — Hom(B._1,0) — 0.
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Since
/\tF = R(Z bi)7
i=1
Su(F)= € Ry +..+bj,),
1< < Sgm St
and
N(Go_y) = R(—a;, — ... —a;,)
0<iy <...<ip<t+c—3
t+c—3
= @ R(— Z a; +a; +...+ ait+6727,,,)
0Si1<...<it+5_2_7‘§t+c—3 7=0
t+c—2
= @ R(_ Z a; + At+tc+2 + gy + .+ aif,+c—2—r)a
0<i1<...<itqe_o_pr<t+c—3 =0
we have
ATHHGE_ )@ Si(F) @ A'F
= &b R(—l+ atye—n+ai;, + ..+ ai,_, , +bjy + .. +bj,).
0<i1<...<io_3_;<ttec—3
1<j1<...<j; <t
So,

dimg (ATTTH(GE ) @ Si(F) @ AUF)

B Z <—€+at+c_2—|—ail +otai, , , +bj .+ by +n+c>
_i<t+c—3

n C
0<i1<...<io_3 +

1<j1<.. <4<t
and, we conclude that

(3.13) hom(Be-1, O(at+c—2))

_ Z Z (—1)e-t-r <h0_3+ail + .. 4a; +b + ...+bjs>

n-—+c
r+s=c—3 0<iy;<...<ip<t+c—3
1<j1 <. <js <t

being h.—3 = 2atyc—2 — £ + n + c. Putting together B11]), BI12) and BI3), we
obtain

aut(B.) < ( ho >+1
n—+c

c—3

i (i g+t ag + by -+ b

-1 1= g 11 Tr J1 Js

551 DI SRR
i=1 r4+s=t 0<i; <...<ip<t+i
1<j1<...<ja<t

where we set h; := 244144 + Q245+ F Qppe—2 — L+ n+c, fori =0,1,...,c— 3,

which proves Proposition B.3. O

Remark 3.4. Note that aut(B) = 1 provided ¢ > 2a¢1c—2 + tyc—3 + ... + az+1 and
¢ > 3. (Indeed, all binomials in the expression in Proposition [33] vanish.)
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We are now ready to state the main result of this section.

Theorem 3.5. Assume ag < a1 < ... < Ggge—2, b1 < ... < b and ¢ > 2. Set
l = Z;Z;Q a; — Zle bi and h; := 2a4114i+ Gryori + -+ Gppe—o — L+ n+c, for
i1=0,1,....,c—3. Then

(1) If (¢ = Dagye—2 < ¢, then

. a;—bj+n+c a;—a;+n+c
d1mW(b;Q)§Z< nj—f—c )_Z< nj—f—c )
i,

2]

_Z<bi—bj+n+c>+Z<bj—ai+n+c>+1.
i n+c oy n—+c
(ii) If (¢ = D)atqe—2 > ¢, then

. a;—b;i+n+c a; —aj; +n+c
dim W (b; a) <Z( n]—i—c )_Z< nj+c )

i.j .3

_Z<bi—bj+n+c>+Z<bj—ai+n+c>+< ho )+1
7 n—+c - n—+c n—+c

Jst

c—3 ) hz it i b1 b;
NI DI S G

r4s=i 0<iq <...<ip<t+i
1<j1<...<js <t

Proof. These follow from the inequality (3.3]) and Proposition [3.3l O
Remark 3.6. Note that if ¢ > 3 and £ > 2a44c—2 + G44c—3 + ... + az41, then

. a;—bj+n+c a;—a;+n+c
dim W (b; a) SZ( nj—f—c )_Z< nj—’—c )

4,3 4,9

bi —bj+n+c bj —a;+n+c
— 1.
SN (PR

Indeed, this follows from Theorem and Remark B4

Remark 3.7. Given integers ag,ai, - ,airc—2 and by, -, by, we always have
dim Wy (b;a) = dimW(b;a). In fact, it is an easy consequence of Corollary
and the fact that a standard determinantal scheme is good determinantal if it is a
generic complete intersection, and being a generic complete intersection is an open
condition.

Example 3.8. (i) According to Ellingsrud’s Theorem ([12], Théoréme 2), in the
codimension 2 case, the bound given in Theorem [3.5] is sharp provided n > 1.

(ii) According to [19], Proposition 1.12, in the codimension 3 case, the bound
given in Theorem [3:5 is sharp, provided n > 1 and depth;(z,) D2 > 4.

(iii) A Rational normal scroll X C PV is a non-degenerate variety of minimal
degree (i.e., deg(X) = codim(X)+1) defined by the maximal minors of a 2 x (¢+1)
matrix with linear entries (¢ = codim(X)). As an example of rational normal scrolls
we have the smooth, rational normal curves of degree d in P?. It is well known that
the family of rational normal scrolls of degree d and codimension d — 1 in PV is
irreducible of dimension d(2N + 2 — d) — 3. So, again in this case the bound given
in Theorem [3.5 is sharp.
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(iv) Every closed subscheme X C P"*¢ with Hilbert polynomial p(t) = (‘")

n
is a linear space of dimension n and it is defined by c¢ linear forms. Hence,

W(0;1,...,1) = Gr(n + 1,n 4 ¢ + 1) = Hilb?® (P7+¢). It is well known that the
Grassmannian, Gr(n + 1,n 4+ ¢+ 1), is a smooth, irreducible variety of dimension
¢(n+1). So, again the bound given in our Theorem B.5 is sharp.

We are led to pose the following questions.

Question 3.9. (i) When is the closure of W(b;a) an irreducible component of
Hilb? (P7+¢)?

(ii) Is W (b; a) smooth or, at least, generically smooth?

(iii) Under which extra assumptions are the bounds given in Theorem [B.H sharp?

We will address questions (i) and (ii) in Section 5 and question (iii) in Section 4.

Finally, we will show that the inequality for aut(B) in Proposition B.3]is indeed
an equality. One may show this by construing the proof of Proposition B3] more
carefully. We will, however, take the opportunity to compute aut(B) by a different
method, leading to an apparently new formula, and then prove that they coincide
provided we assume ap < a1 < ... < agpe—2 and by < ... < b, (see Proposition
BI2). This new formula will be used in the next section. We assume the notation

of B.4)-[B.3)
Lemma 3.10. There is an exact sequence
0 — Homg(B,, F') - Homg(B.,G.) — Homg(B,, B.) — Homg (M., M.) — 0.
Proof. We apply Hompg(B,,.) to
0—F—G.— B.—0
and we get
0 — Hom(B,, F) — Hompg(B., G.) — Hompg (B, B.)
— BExth(B.,F) = M. ®r F — Ext'(B.,G.) = M, ®g G..
By Lemma [B.1] we have the exact sequence
0 - Homgr(M., M.,) - M. ®r F — M. ®r G.
and we are done. O
Using the Buchsbaum-Rim resolution
0 — ATTIGE @ S o( F) @ AN'F — - — AP @ S (F) @ AUF
— . — ATTIGE ® Sy(F) @ A'F — Hom(B., R) — 0,
we immediately get the following corollary:

Corollary 3.11. Set 7, := hompg(B., R),. Then,
t+e—2

t
aut(B.) =1+ Z Ta; — ZTbi.
§=0 i=1

Proof. Tt follows from Lemmas[3.2] and BI0land the isomorphisms
¢
Homp(B., F) 2 Hom(B,, R) ® F = (P Hom(B, R(b;)).

i=1
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Proposition 3.12. Set K, := hom(B;_1, R(at+i—2))o, for 3 < i < c¢. Suppose
b1 <...<band ap < a1 < ... < apye—2. Then we have

awt(B) =1+ Ks+ K4+ --- + K.,
and the inequality for aut(B) in Proposition B3l is an equality.
Proof. Dualizing the exact sequence 0 — R(atyc—2) — B. — B.—1 — 0, we get
0 — Hom(B.-1, R) — Hompg(B., R) — R(—attc—2) = Me1 — M. — 0

which together with (3:6) gives us the exact sequence

(3.14) 0 — Hom(B._1, R) — Homp(B., R) — Ip, ,(—at1c—2) — 0.
Look at the commutative diagram
0 0
! !
Hom(B._1, F)o — Hom(B.—1,G.)o
! i
Hom(B., F)g — Hom(B., G¢)o
! i

0 = Hom(R(at1c—2), F)o — Hom(R(aryc—2),Ge)o.

By (B14), Hom(B.,G.)o — Hom(R(aitc—2),Ge)o is zero because its image is
(Ip._, ® Ge(—atyc—2))o- Hence, we get

hom(B., G.)o — hom(Be, F)g
= hom(B._1,G¢—1)0 + hom(B._1, R(attc—2))o — hom(B._1, F)o.
Since we have
aut(B.) =1 + hom(B,, G.)o — hom(Be, F)o
by Lemma B.10] and we may suppose
aut(B.—1) = 1+ hom(B._1,Gc—1)o — hom(B._1, F)o,
we have proved
(3.15) aut(B.) = K. + aut(B._1).

Now, we conclude by induction taking into account that aut(Bz) = hom(Ip,, Ip,)o
= 1. Moreover, combining (BI5) and the definition of K. with (BI3) we see
that the expression for aut(B.) coincides with the corresponding binomials in the
expression of aut(B.) in Proposition B3] and it follows that the inequality must be
an equality. O

So, we can rewrite Theorem and we have

Proposition 3.13. With the above notation

. a;—bi+n+c a; —a;tn+c
dim W (b; a) < Z( nj—f—c ) _Z< nj—’—c )
4,

4,J
bi—b;+n+c b —a;+n+c
—z( j )+2(f )+1+K3+---+Kc.
— n—+c — n+c
1,7 J5t
Proof. Tt follows from the inequality (33]) and Proposition 312 O
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Remark 3.14. We may show that the right-hand side of the inequality for dim W (b; a)
in Proposition B3 is equal to dim Extk(B., B.)o. This indicates an interesting
connection to the deformations of the R-module B..

4. THE DIMENSION OF THE DETERMINANTAL LOCUS

The purpose of this section is to analyze when the bound given in Theorem B.H
is sharp. We will see that under mild conditions the upper bound for dimW (b; a)
given in the preceding section is indeed the dimension of the determinantal locus
W (b; a) provided the codimension c is small. Indeed, if 2 < ¢ < 3 and n > 1, this
is known ([19], [12]) while for 4 < ¢ < 5 it is a consequence of the main theorem of
this section. If ¢ > 6, we also get the expected dimension formula for W (b; a) under
more restrictive assumptions. As in the preceding section the proofs use induction
on ¢ by successively deleting columns of the largest possible degree.

We keep the notation introduced in §2 and §3; see, in particular, (34)-(33])). If
we denote by W(F,G) := W(b;a) and by V(F,G;) := Home,_,,, (F,G;) the affine
scheme whose rational points are the morphisms from F to G;, we have by the
definition of W(F,G,.) and W (F, G._1) a diagram of rational maps

V(F,Go) —— V(F,Go_1)

| |

W(F,G.) W(F,Ge-1)

where the vertical down arrows are dominating and rational and V(F,G.) —
V(F,G._1) is defined by deleting the last column.

To prove that the upper bound of dimW (F,G.) of Proposition [3.13] is also a
lower bound, we need a deformation-theoretic technical result which computes the
dimension of W (F,G.) in terms of the dimension of W (F,G.—_1). To do so, we
consider the Hilbert flag scheme D(p,q) parameterizing “pairs” X C Y of closed
subschemes of P""¢ with Hilbert polynomial p and g respectively and the subset
D(F,G;,G;—1) of “pairs” X C Y where X € W(F,G;) is a good determinantal
scheme defined by a matrix A; € V(F,G;) and Y is a good determinantal scheme
defined by the matrix A;_1 € V(F,G;_1) obtained by deleting the last column of
A;. Then the diagram above fits into

V(F,G.) V(F,Ge-1)
\DEF, GC, Gc—l) p2—> I/V(F‘7 Gc—l)

o

W(b;a) = W(F,G.)

where p; and py are the restriction of the natural projections pry : D(p,q) —
Hilb? (P"*¢) and pra : D(p,q) — Hilb?(P"*¢) respectively, and where V(F,G..) —»
D(F,G.,G._1) is dominating and rational by definition. Denoting

m;(v) = dimyg, M;(ar4i—2)v
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we have

Proposition 4.1. Let ¢ > 3. Suppose that W (b;a) # 0 and that depth; ;) De—1
> 2 for a general D.—1 € W(F;G._1). Then

(1) po is dominating and
dim D(F, G, Ge—1) > dim W (F,G.—1) + m.(0);

(2) dim W(b;a) > dim W (F,Gc—1) + m.(0) — homep Ix, 11 Ze1)-

Hm+u( c—19

Proof. Due to [22], Proposition 3.2, we see that for any Y € W(F,G._1) there
exists a regular section R/I(Y) — M._1(at+c—2) whose cokernel is supported at
some X with dim X < dimY’, and such that M,._; is the cokernel of the morphism
wi_y: Gi_; — F* asin §3. Moreover, for a given Y, the mapping cone construction
shows that for any regular section R/I(Y) < M._1(at+c—2) there is a morphism
% G* — F* which reduces to the given ¢}_; by deleting the extra (say the last)
column of the corresponding matrix. This shows that ps is dominating and that the
fiber pgl(Y) “contains” the space of regular sections of M._1(a;y.—2) in a natural
way.

More precisely, note that every ¥ € W(F,G.—1) corresponds to some mor-
phism .1 between the same graded modules F' and G._1. These modules de-
termine all free graded modules in the Buchsbaum-Rim resolution D;(p}_;) of
M._1 = coker(¢%_;) (ct. Proposition 2.3). Hence, for all Y € W(F,G._1) the cor-
responding vector spaces M._1(a¢+c—2)o have the same dimension. Since by (BH)
Mc(atqe—2)0 = Me—1(atrc—2)0/k, it follows that m.(0) is the same number for all
Y e W(F,G.—1). Now if Y € W(F,G._1) is general, we have

dim D(F,G.,G._1) = dim W (F; G._1) + dim p; (V)

by generic flatness. Hence it suffices to see that dimp,*(Y) > m.(0). Pick
(X CY) € p'(Y), look at (B8) and consider the injection M(asic_2)0 —
(Nx/v)o. In the tangent space (Nx,y)o of pry (YY) D py'(Y) at (X C V)
we therefore have a m.(0)-dimensional family arising from deforming the matrix
A = [Ac—1, L] of ¢ leaving i, (i.e., A.—1) fixed (L is the last column of A).
We may think of the last column of such a deformation of ¢} as L + Zi";”l(o) t;L®
mod. (t1,ts, ...,tmu(o))Q where the t;’s are indeterminates and where the degree
matrix of the columns L") are exactly the same as that of L. Since the degeneracy
locus of the t x (t + ¢ — 1) matrix [A._1, L + Zi";”l(o) ;L] defines a flat family
over some open subset T" of Spec(k[t1, ..., 1, (0)]) containing the origin (because the
Eagon-Northcott complex over Spec(k[t]) must be acyclic over some T provided
the pullback to (0) € Spec(k[t]) is acyclic), we see that the fiber p; ' (V') contains a
m.(0)-dimensional (linear) family, as required. This proves (1).
(2) Tt is straightforward to get (2) from (1). Indeed,

dim D(F, G, Ge_1) — dim W (b; a) < dim p; ' (D.)

and since p; ' (D) is contained in the full fiber of the first projection pry : D(p,q) —
Hilb? (P"*+¢) whose fiber dimension is known to have hom(Zx,_,,Z._1) as an upper
bound (e.g., [19], Chapter 9), we easily conclude. O

Proposition 1] allows us, under some assumptions, to find a lower bound for
dim W (b; a) provided we have a lower bound for dim W (F,G._1). Indeed, since it
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is easy to find m;(0) using the Buchsbaum-Rim resolution of M; or by using (B.0)
recursively, it remains to find hom(Zx,,Z;) in terms of hom(Zx, ,,Z;—1).

i1
Lemma 4.2. Set a = ay4i—2 — Qp4i—1-

(a) IfExtp, (Ip,_, ® I} 1, Ii1)y+a =0 and depthy(z, ) D;_1 >3, then

hom(Ip,,I;), < dim(D;)y4q + hom(Ip, ., Li—1)v+ta-
(b) If Ext],  (Ip,_, ® I} 1, 1i—1)uta =0 and depthy(,, y Diy >4, then
Extp,  (Ip, ,/1p. . 1i-1)v+a = 0= Extp (Ip, /I3, I;), = 0.
Remark 4.3. Since I;_1 = M;_1(at+i—2)*, we have also
Extp,  (Ip,_, ® I}, Ii—1(a)) 2 Exty, (Ip,_, ® Mi—1, M;" 1 (—aiti—2 — Qri-1)).
Proof. (a) We consider the two exact sequences
(4.1) 0 — Homg(I;-1,1;) — Homg(Ip,, ;) - Homg(Ip, ,,I;),
0 — Homp, ,(Ip, , ® I 1,I;_1) — Homp, ,(Ip, , ® I} {,D;_1)
— Homp, ,(Ip,_, ® I_1, D;).
We have depth(z, )y D;—1 > 3 and hence depth;(,, )y D; > 2and depthyz, ) [; >
2 and we get by (39)
(4.3) Hom(I;_1,1;) = HY(U;_1, Hom(Z;_1,T;))
= H)(Ui—1, Homoy, (Ti-1 ®oy, , Ox, ®I;,0x,)) = D;(a)

because, by B8), M;_1(ari_2) ®oy,_, Ox,
I’i*l ®OX1‘,—1 OXI Ui—1 in(_a)

(4.2)

U, = Mi(atﬂ_l)(aﬂw_l and hence

Uiy~
For similar reasons;
Homp, ,(Ip,, ® I} 1, Di—1) & H) (U1, Hom(Zx,_, /T%, , ®T;_1,0x,_,))

~ HY(U;—1, Hom(Zx,_, /T%, ,,Zi-1)) = Homp(Ip, ,,L;—1)
and

Hompg(Ip,_,,I;) = H) (U1, Homoy, (Ix,_, /T, , ® T;,Ox,))
is furthermore isomorphic to

Homp, ,(Ip, , ® I} 1, D;(a))
=~ H)(U;_1, Homoy, (Ix,_, [Tx, , ©I; | ®oy, , Ox,,0x,(a))).

Putting all this together, we get that the exact sequences ([@1l) and ([f2) reduce,
in degree v and v + a resp., to

0 — (Di)era — HOII]R(ID”IZ‘)V — HomR(IDi,UIi)u
= HomDi—l (IDi—l & Ii*fla Di)VJraa

1—17

(4.4)

(4 5) O i Hom(ID,;_1 ® Ii*fla Ii—l)u-i—a i HOmR(IDi_l ) Ii—l)u-i—a
. - HomDi—l (IDi—l ® Iz?k—lv Di)u-{-a -0

where (@.3) is short-exact by assumption. Taking dimensions, we immediately get

().
(b) As in ([E3) we see that

(4.6) Extp, | (li-1,1;) = H(Ui—1,0x,(a)) = 0.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DIMENSION OF FAMILIES OF DETERMINANTAL SCHEMES 2889

Sheafifying (£4]) and (B35) and taking global sections, we get
0 — H}(Ui—1,Hom(ZIx, /T%,,Zi(—a))) — H}(Ui—1,Hom(ZIx,_, /I%, ,,Zi(—a)))
(4.7) I
— HNU; -1, Hom(Zx, , ® I} ,,0x,_,)) — H{U;_1, Hom(Zx, , @ I} ,,0x,))
— H2(Ui_1, Hom(Ix, , @ T} 1, T;i_1)).
Since Hom(Zx,_, ®Z; ,Ox,_,)=Hom(Ix,_, /T%, ,,Zi-1), thendepth;; ) Di 1

> 4 and (39) show that the Hi-groups of () are isomorphic to the Ext’-groups in
the following diagram:

0— EthDi (IDL /I%La Il) - EthDi,1 (ID’L'—I/I%,L',1 ’ Il)

(4.8) I
— BExtp_ (Ip, , /T, . Ii—1(a)) — Extp,_ (Ip,_, ® I}y, Di(a))
— Ext},  (Ip,_, ® I}_1, Ii_1(a))
of exact horizontal sequences. Using (4.8) we easily get (b). O

Remark 4.4. By (@4) the conclusion of Lemma 4.2 obviously holds provided we
have Homg(Ip, ,,I;), = 0. Using the Eagon-Northcott resolution of Ip, ; (i.e., of
D;_1), one may see that this Hom,-group vanishes if a;4;_» is large enough.

a;—bj+n+c bj —ai+n+c
Ac 1= L T
() ()

i,j ,J

_Z<ai—aj+n+c> _Z<bi—bj+n+c>+1
7 n+c n-+c

4,9

Put

where the indices belonging to a; (resp. b;) range over 0 < j < ¢t 4 ¢ — 2 (resp.
1 < i <t). We define A\c—1 by the analogous expression where now a; (resp b;)
ranges over 0 < j < t+c¢—3 (resp. 1 <14 <t). It follows after a straightforward
computation that

¢
Qipe—2 —bj+n+c
(4.9) Ae=Ae1+ Y ( )
Pl n-—+c
B t—fB <at+c2 —a; +n+ C> B HfQ <aj — Qgqc—2+Mn+ c>
: n+c : n+c ’
Jj=0 7=0

We now come to the main theorem of this section which shows that the in-
equalities in Theorem B.H are equalities under certain assumptions. Recalling the
equivalent expression of the upper bound of dim W (b; a) given in Proposition BI3
we have

Theorem 4.5. Let ag < a1 < ... < Gpqe—2 and by < ... < by and assume
Qimin(2,t) > bi for min(2,t) < i < t. Let ¢ > 3 and let W(b;a) be the locus
of good determinantal schemes in P" "¢ wheren > 0if ¢ > 4 andn > 1 if c = 3.
For a general Proj(A) € W(b;a), let R - Dy — D3 — ... = D. = A be the flag
obtained by successively deleting columns from the right-hand side. If

EthDi_l(IDi—l @I 1, Ii—1)y=0forv<0and3<i<c-—1,
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then
dimW(Z_);Q) =X+ K3+ K4+ ...+ K,
where K; = hom(B;_1, R(atyi—2))o for 3 <i<ec.

Remark 4.6. If ¢ =2 and n > 1, one knows by [12] that
dim W (b; a) = Aa.

The same formula holds if ¢ = 2 and n = 0 as well. In this case one may get the
formula by taking a general Proj(A) € W (b;a) and show that

hOInR(IA, A)O = ext}%(IA, IA)() =\
by, e.g., using [20], (26). We leave the details to the reader.

Proof. Due to Remark [Z7 and the assumption a@;_min(2,t) > bi for min(2,1)
1 < t, the set Z; = Sing(X;) satisfies depthI(Zi)Di >3 for2<i<c¢c—
depthI(Zc_l) D.—1 > 2 (and also depthI(ZQ) Dy > 3 in case ¢ = 3 since n >
by choosing X = Proj(A) general in W (b; a).

To use Proposition Bl we only need to compute m.(0) and hom(Ip, ,,I.—1)o
because we may by induction suppose that dim W(F,Ge—1) = Aec1+ Ks+...+ K1
for ¢ > 3 (interpreting the expression as A2 when ¢ —1 = 2). By B8]) and (BH) we

Z NIA

get
(4.10) mo(c) = dim M1 (at4c—2)0 — 1
= d1m F* (at+c_2)0 — d1m szl(at_,_c_g)o —|— hOHl(Bc_l7 R(at+c_2))0 — 1
:zt: Gite—2 —bi+n+c _t§3 Utpe—2 —aj +n+c LK. -1
— n+c = n+c c

Thanks to Lemma F2] we can find an upper bound of hom(Ip, ,,I.—1)o. We

have

a+n+c
hom(IDC_17IC—1)O S ( n+c ) +h0m(IDc_2)IC—2)(L

because a = ay1c—3 — Gryre—2 < 0 and dim(D;),, which is either 0 or 1, must be
equal to the binomial coefficient above. Repeated use of Lemma implies
(4.11)

e e —a +n+c
hom(/ I._1)o < g fite—2
om(Ip, ,,Ic—1)o < Z ( it c

) + hom(ID2 ) 12)111,+1 —Qtfe—2°
j=t+1

It remains to compute hom(Ip,, I2), with o = @41 — a4c—2. Using [BI) (cf.
the proof of Lemma 4.2), we get

Hom(IDz,Ig) = I‘IOII]D2 (IDz (24 IQ*, DQ) = I‘IOII]D2 (IDz (24 MQ(at+1), DQ)

Moreover, if £5 = E?:o a; —Ele b;, then My = Kp,(—{¢2+n+c+1) by Proposition
2.3. In codimension ¢ = 2, one knows that

(ID2/I%2)* = EXt}%(IDwIDQ) = EXt}%(IDwDQ) ® IDQ = KD2(n +c+ 1) ® IDQ

and since depthyz,)Da > 3 and hence depthI(ZQ)ID2/I,232 > 2 (because the
codepth of Ip, /17, is <1 by [1]), we get

(4.12) Hom(Ip,,I2)s = Hom(Ip, ® Kp,(n +c+1),D2)(ls — at41)a

= (ID2/1%2)**(€2 - at+1)0t = (ID2/1%2)€2—CH+C—2'
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Thus the inequality a; < as4.—2 and the exact sequences
t
0—>F— Gy = @R(aj) — Ip,(¢2) — 0,
=0
(4.13) 0= ANF > F ® Gy — S3Gy — 1%2 (262) — 0

show

t
hom(Ip,, I2)a = dim(Ga)—a,, o = 3 (% - at+c_—'_2 +nt c).
=0 nTc

Using this last inequality together with (£I0), (ZII) and Proposition 4.1, we
get by induction

t
P
dimW(b;a) > Aec1 + Kz + ...+ Kc1 + Z (at+c 2n+1c—|—n+ c)

i=1
_t4§3 (at+02_a’j+n+c) +KC—1_tJ§3 <aj—at+c2+n+c>
- n+tc : n+c
Jj=0 7=0
=X+ K3+ Ki+..+ K,

where the last equality is due to [@3)). Combining with Proposition B3, we get
the theorem. 0

Note that the vanishing assumption of Theorem 4.5 is empty if ¢ = 3. Hence,
we have

Corollary 4.7. Let W(b;a) be the locus of good determinantal schemes in P"te
where n > 1 and ¢ = 3. If a;—pmin(2,0) > bi for min(2,t) <i <t, then

dim W (b; a) = A3 + K.
Remark 4.8. The above corollary essentially generalizes [I9], Corollary 10.15(i)
where the depth condition is slightly stronger than the one we use in the proof of
Theorem 4.5. The only missing part is that the assumption n > 1 excludes the

interesting case of 0-dimensional good determinantal schemes. See Corollary
for the 0-dimensional case.

To apply Theorem E5lin the codimension ¢ = 4 case, it suffices to prove that
Extp, (Ip, ® I3, I5) = 0.

Due to Remark [£.3 and Proposition 2.3, the Ext'-group above is isomorphic to a
twist of

(4.14)  Extp, (Ip, ® Mo, M3) =2 Extp, (Ip, ® Kp,, K}, ) (2> — 2n — 2c — 2).
Hence, all we need follows from

Lemma 4.9. Let R - D = R/Ip be a Cohen-Macaulay codimension 2 quotient
and suppose Proj(D) — P"¢ is a local complete intersection outside a closed subset
Z C Proj(D) which satisfies depthy ;) D > 4. Then

depth,, Homp(Ip ® Kp, K},) > depth,, D — 1.
In particular, depthI(Z) Homp(Ip ® Kp, K}) > 3 and hence
EthD(ID ® KD,KB) =0.
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Proof. D is determinantal, say D = D, and we have a minimal free R-resolution
(4.15) 0—F — Gy — Ip(ly) —0

as previously. If H; is the i-th Koszul homology built on some set of minimal
generators of Ip, it suffices to show that there are two exact sequences

(4.16) 0 — Homp(Kp(n+c+1),Hy) — A*(F(—{3)) ® D — Hy — 0,
(417) O—>H0mD(KD,H1) —>KB®G2(—€2)

— Hom(Ip ® Kp(n+c+1),Kp) — 0.
Indeed, H; are maximal Cohen-Macaulay modules by [I8]. Hence, the first sequence
shows that Homp (K p(n+c+1), Hy) is maximal Cohen-Macaulay while the second
shows that the codepth of Hom(Ip ® Kp(n + ¢+ 1),K7}) is at most 1 and all

conclusions of the lemma follow easily (cf. ([3.9) for the last conclusion).
To see that (16) is exact we deduce, from ([@I5), the exact sequence

0— Kp(n+c+1)* — F(—ls) ®r D — Ga(—t2) @g D — Ip /I3 — 0.
Indeed, we only need to prove Kp(n+c+1)* =ker[F(—{2)®@rD — Ga2(—£2)®r D],
which follows by applying Homg(., D) to

o= Go(—ly)* — F(—Ly)* = Exth(Ip,R) = Kp(n+c+1) — 0.
Moreover, since one knows that
(4.18) 0— Hy — Gao(—ty) @ D — Ip/I% — 0,
we get the exact sequence
(4.19) 0— Kpn+c+1)"— F(—{3)®g D — H; — 0,

from which we see that the Cohen-Macaulayness of Kp(n + ¢+ 1)* follows from
that of H;. Sheafifying ([@I9) and using [I6], Ch. II, exer. 5.16, we get an exact
sequence

0— Kp(n+c+1) ®Hily — N (F(—£2)) ® Dl — A2Hiy
where U = Proj(D) — Z. Applying H%(U,.) and recalling that H(U, A2H;) = H,
[20], Proposition 18, we get the exact sequence (I6) because depthy ) Hi > 2
implies Hom(Kp(n+c+1), Hy) = HS(U, f(D(n +c+ 1)* ®ﬁ1) and the right most
map in the exact sequence
0 — A3(F(—ts)) — NA3(Go(—Ll)) — A2(F(—{3)) — Hy — 0
(see [1]) must correspond to the map A*(F(—{2))® D — Hy in (@I6) and the latter
is surjective (which we may prove directly as well, by applying HO(U, K}, ® (.)) to
#I9), to see H(U, K}, @ Hy) = 0).
To see that [£17) is exact we dualize (£I8) and we get
0— (Ip/I3)* — Go(—t2)*®@ D — Hf — 0

since Exth(Ip/I3, D) = Exth((Ip/I%) ® Kp, Kp) = 0 by the Cohen-Macaulay-
ness of (Ip/I3) ® Kp(n + ¢+ 1) = (Ip/I%)*; cf. the proof of Theorem [4F for
the last isomorphims and [19], Ch. 6, for the Cohen-Macaulayness. Applying
Homp(., Kp,) to the last exact sequence we get (.I7) because depth; ) D > 3 im-
plies Homp (H{, K3)=Homp (K p, Hy) and Exth (H;, K%)= H(U, Hom(Kp, Hy))
= 0 where the vanishing is due to the Cohen-Macaulayness of Hom(Kp, Hy), which
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holds because we already have proved the exactness of (fI6]). This concludes the
proof. O

Corollary 4.10. Let W(b;a) be the locus of good determinantal schemes in P"+e
where n > 1 and ¢ = 4. If a;_pin(3,0) > bi for min(3,t) <i <t, then

dim W (b;a) = M\ + K3 + Kj.

Proof. Due to Remark ZX7 and the assumption a;_n(3,¢1) > bs for min(3,t) < i <t,
when X = Proj(A) is chosen general in W(b;a), then the set Zs = Sing(Xa2)
satisfies depthy 4, D2 > 4. Hence combining (£I4), Lemma and Theorem ELB]
we are done. (]

To apply Theorem E5lin the codimension ¢ = 5 case, it suffices to prove that
EthDg (ID3 & I§, IB)V = EXt1D3 (ID3 ® Ms, M;(—awz - at+3))u =0

for v < 0. Since depthI(Zs) D3 > 3 and I3 is a maximal Cohen-Macaulay Ds-
module, we have by (B9

Ext}, (Ip, ® M3, M3) = H}(Us, Hom(ZIx, ® Mz, M3))
> H}(Us, Hom(Ix, ® S2(Ms),Ox,)) 2 Extp, (Ip, ® Sa2(Ms), Ds)
where Us = X3 — Z3. Since by Proposition 2.3(iii) Kp,(n + ¢+ 1 — ¢3) = So(Ms)
with 3 = E;i(l) a; — Zle b;, we get (letting B := D3)
(4.20) Extp, (Ip, ® I3,13) = Extp(Ip ® Kp(n+ 1+ ¢ — l3), B(—ay42 — ai13))
~Extp(Ip ® Kp(n+1+4c¢), B)(3 — arro — arr3).

Lemma 4.11. Let R — B = R/Ig be a codimension 3 good determinantal quotient,
let X — P"¢ be the corresponding embedding, and let Z = Sing(X).

(a) If depthyz) B > 4, then there is an ezact sequence
0— Extp(Ip® Kp(n+c+1),B) — Ig/I% — (Ig/I3)™

which preserves the grading. In particular,
(al) Ext}B(IB @ Kp(n+c+1),B)(l3 — aty2 — art3)y =0 for v < apqs +
Q42 — A1 — G-
(a2) If Char(k) = 0, then Extp(Ip®@ K p(n+c+1), B)(f3—atro—as13), =0
for v < aiys + appo — arp1 — ay.
(b) If depth; ;) B > 5, then there is an exact sequence

Ip/I — (Ip/I%)*" — Exth(Ip @ Kp(n+c+1),B) = Hy 5 (Ip/I3) — 0
which preserves the grading.

Remark 4.12. Note that (a2) shows the desired vanishing because in Theorem
we have assumed ag < a3 < -+ < apys.

Proof. (a) The Eagon-Northcott resolution associated to p3: F'— Gg = @zié R(a;)
leads to

(4.21) 0— F3:=AT2G5 @ SoF @ N'F — Fp := N'TIGE @ S1F @ A'F
— B = NG5 NF — Ig — 0.
Applying Hompg(., R) we get the exact sequence
0—R— F} — Fy — Fy — BExth(Ip,R) = Kg(n+1+¢c)— 0.
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Tensoring with . ® g B leads to a complex
(4.22) 0— (Ig/I3) = F/ @B —>F;®B - F; @B — Kpn+c+1)—0

which is exact except in the middle where we have the homology Ip®@ K p(n+c+1) =
Torf(Kp(n+c+1), B). Indeed this easily follows from the right exactness of .®p B
and the left exactness of Hompg(., B) (applied to ([21])). Since [@21)) also implies

(4.23) 0— H} :=ker(p) — Fy ®@r B 2= Ig/I% — 0

(observe that H'; is quite close to the Koszul homology H;). By [2I], Lemma 35,
we have depth,, (Ip/I%)* > depth,, B — 1 and hence by (31),

Extp(Ig/I1%,B) = 0.
Dualizing ([@23), it follows that
(4.24) 0— (Ig/I3)" - Ff @B —H] —0

(and, if desirable, one may see H; = H']). Since we know the homology “in the
middle” of (LZZ), we get the exact sequences

(4.25) 0— H'] —ker(¥)) = Ip® Kg(n+c+1)—0,
(4.26) 0—>ker(¢)—>F2*®BLF;@B—>K;;(71+C+1)—>O.

Now we have the set-up to prove that Extp(Ip ® Kp(n +c¢+1),B) = K :=
ker(Ig/I%4 — (Ig/1%)**). First, note that dualizing (£24) once more and compar-
ing with ([23) in an obvious way, we see that

0—-H—-H]"-K—0

by the snake-lemma. Now we apply Hom(., B) to ({28) and the left part of ([26).
We get a commutative diagram

F>® B — H' — 0
1 1
Hom(ker(y), B) — Hom(H'],B) — Exth(Ip® Kp(n+c+1),B) — Exth(ker(¢), B)
1

Ext (im()), B)
from which we deduce the exact sequence
(4.27) Exty(im(y), B) — K — Extp(Ip ® Kp(n+c+ 1), B) — Extp(ker(y), B).
Hence it suffices to show that
Exth(im(+), B) = 0 = Extp(ker(1), B).
By (EZ0) we have
Exty(im(v), B)(n + ¢+ 1) = Ext%(Kp, B) = Ext3(Kp © Kp, Kp),
Exty(ker(v), B)(n + ¢+ 1) = Exty(Kp, B) = Exth(Kp © Kg, Kp)

where the rightmost isomorphism is a consequences of the spectral sequence used in
[17), Satz 1.2 because we have depth; ;) B > 3. By [7]; Corollary 3.4, we know that

depth,, So(Kp) > depth,, B—1. Hence by Gorenstein duality Ext’ (S2(Kp), Kp) =
0 for 7 > 2. Defining A by

0—>AN—>Kp®Kp— S3(Kpg)—0
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and noting that Alp.ojp)—z = 0, we get Ext’ (A, Kg) = 0 for i < 3 by (33) and
the assumption depth; ;) B > 4. Combining we get

Exty(Kp ® Kp, Kp) = Ext(S2(Kp), Kp) =0

for i = 2 and 3 as required, i.e., K = Ext(Ip ® Kg(n + ¢+ 1), B) by ([@20).

Now it is a triviality to see (al) because the smallest degree of a minimal gener-
ator of Ip is {3 — a; — a41.

(a2) Since depth; 4 B > 2, we get (Ip/I3)™* = H*(X — Z,Tx/T%) and hence
that K is isomorphic to H?( 2) (B). Similarly, we prove that the kernel of the “uni-
versal” derivation d : Ig/I} — Qp/, @r B is H?(Z)(B) which by [11], Theorem 3,
is isomorphic to Ig) /1% where Ig) is the second symbolic power of 5. Hence we
have a grading-preserving isomorphism

(4.28) Exth(Ip ® Kp(n+c+1),B) =19 /13,

)

Now, in characteristic zero, Ig C mIp by [II], Proposition 13, which shows

that the smallest degree of the minimal generators of Ig) is at least one less than
the smallest degree of the generators of Ig, i.e., we have

(Ig))lsfauzfawﬁv =0forv <0
and we conclude by (4:28).

(b) Again, since depth; ;) B > 2, we have (Ip/I%)** = H)(X — Z,Ix /1%) and
hence coker[I5 /I — (Ip/I3)"] = H} 4 (Ip/1}) = Hj 4 (H}); of. EZ3) for the
last isomorphism. Using (E2H), we get the exact sequence

Exth (ker(v), B) — Exth(H,*, B) — Ext5(Ip ® Kg(n+ ¢+ 1), B)

— Ext%(ker(t), B).
As argued in ([@27) and after [@27), we see that Ext}(ker(¢)), B) = 0 and
Ext (ker(¢), B)(n + ¢+ 1) 2 Extp(Kp ® Kp, Kp) = Extp(S2(Kp), Kp) = 0
where the last isomorphism to the second symmetric power follows from the fact
that depth;z) B > 5 implies Extjz (A, Kp) = 0 for i < 4, and the vanishing to the
right follows from depth,, So(Kpg) > depth,, B — 1. Since by (B9),
Extly(H,", B) = H}(U, Hom(H", B)) = H}(U, H{) = Hj 5, (H})

we are done. 0

Remark 4.13. For generic determinantal schemes one knows that depthy ) (Ip/I%)

> 2 by [6]. So the vanishing of Exty(Ip ® Kg(n + ¢ + 1), B), under reasonable
genericity assumptions is expected (for any v).

Corollary 4.14. Let W (b;a) be the locus of good determinantal schemes in P"+¢
where n > 1 and ¢ = 5. If @;_pmin(3,4) > bi for min(3,t) <i <t and Char(k) =0,
then

dimW(Z_);Q) =X+ K3+ K4+ K5.

Proof. Tt follows from Remark[ZTland the assumption a;_p,n(3,¢) > b; for min(3,t)
<4 < ¢t that the set Z; = Sing(X,) has depthI(ZJ) D; > 4 for j = 2 and 3 provided

X = Proj(A) is chosen general in W (b;a). By (@I4), Lemma 9 @2Z0), Lemma
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HTIT(a2) and Remark the assumptions of Theorem are fulfilled and we
conclude by applying it. O

Now we state the last corollaries of this section which shows that the upper
bound of dim W (b;a) given in Theorem is indeed equal to dim W (b;a) for all
¢ > 3 and most values of ag,a1, -+, @t4c—2;b1, - ,b. Our result is based upon
Remark 4] and the proof of Theorem Indeed, we have seen that

dlmW(l_%Q) =+ K3+ Ki+---+ K.

provided

dimW(F,Ge—1) =Aec1 + K3+ Ky + -+ Koy
and
(4.29) HOHIR(IDC_2,IC_1)0 =0.

Corollary 4.15. Let W (b;a) be the locus of good determinantal schemes in P"+¢
wheren > 0 and ¢ > 6. Assume a;_pin(3,+) > bi for min(3,t) <i <t, Char(k) =0
and

(G6) 1 Qs > ar—1+ap + app1 + apy2 — ag — a1 — az,

(i7) 1 Gpys > apo1 + ap + app1 + app2 + agy3 — ag — a1 — az — as,

) »
(ic) : Gpge—2 > 22371 aj — Z;:o aj-
Then,
dimW(b;a) = A\e+ K3+ -+ K..

Proof. By the Eagon-Northcott resolution the largest possible degree of a generator

. c—4 t+c—2 t
of Ip, , is £. — ijo aj — Qitc—3 — Qtqc—2 Where (. = ijo aj — Y ._obi and

the smallest possible degree of a generator of I,y & Ip_/Ip,_, is {. — Ziiij’ a;

because ag < a3 < -+ < apqc—2. Hence if the latter is strictly larger than the
former, i.e., if

t4+c—4 c—4
Apyc—2 > E aj — E aj,
j=t—1 j=0

then Hom(Ip, ,,l.—1)o = 0 and we conclude using the argument of (£29) and
Corollaries {7, and {.14] O

Remark 4.16. (1) If we want to skip the characteristic zero assumption, we can
avoid the use of Corollary .14 by introducing the assumption

(i5) :  apq3 > ar—1 +ap + a1 — ao — a1
We still get dimW(b;a) = A\ + K3 + --- + K., supposing a;_pmin(s) > b; for
min(3,t) <i <t and (i5), (i),-..,(ic)-
(2) We can further weaken a;_pin(3,¢) > bi for min(3,t) < <1t t0 @j_min(2,e) >
b; for min(2,t) < i <t by avoiding Corollary 10 and assuming, in addition,

(24) : A¢42 > ar—1 + ap — ag.

Remark 4.17. While Corollaries [471] and [L.T14] do not apply to the case when
W (b; a) is the locus of zero-dimensional determinantal schemes, Corollary EETH and
Remark BLT6 do apply to the zero-dimensional case. In particular, using Remark
ELTGl (1) (resp. (2)) for ¢ =5 (resp. ¢ = 4), we get a single assumption, namely (i5)
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DIMENSION OF FAMILIES OF DETERMINANTAL SCHEMES 2897

(resp. (i4)) in addition to @;_min(3,s) > bi for min(3,t) <i <t (resp. a;_min(2,) >
b; for min(2,t) < i < t) which suffices for having dim W (b;a) equal to the upper
bound given in Theorem for the zero schemes as well.

It is worthwhile to point out that this last remark on zero-schemes works also in
the codimension ¢ = 3 case, and here the (i3) assumption is very weak. We have

Corollary 4.18. Let W (b;a) be the locus of good determinantal schemes in P"+3
of codimension 3. If a;_minc2,e) > bi for min(2,t) <i <t and if, in addition,

(i3) © @1 > ag-1,
then dim W (b;a) = A3 + K.

Proof. Slightly extending Remark [Z77 by introducing the determinantal hypersur-
face X1 = Proj(D1) we have depth;(z,) D1 > 3 and depth; 4, D2 > 2 by choosing
X = Proj(A) € W(b;a) general. It follows that (£.4)) is exact also for i = 1, and
since @;_min(2,t) > bi for min(2,t) < i <t implies Homg(/p,, I2)o = 0, we get

hOIIl(ID2 5 IQ)Q = dim(Dg)at_aH_l .

Hence Proposition [41] (ii) for ¢ = 3 applies to explicitly get a lower bound of
dim W (; a), which combining (@I0) and ({3]) turns out to be A3 + K3. Hence,
dim W (b; a) = A3 + K3 by Theorem [3.5 O

5. UNOBSTRUCTEDNESS OF DETERMINANTAL SCHEMES

In this section we keep the notation introduced in Sections 3 and 4 and we
consider the problem of when the closure of W (b; a) is an irreducible component of
Hilb? (P"*¢) and when Hilb? (P"*¢) is smooth or, at least, generically smooth along
W (b; a).

Throughout this section we always assume n > 1 and ¢ > 2. The following result
is crucial to our work in this section:

Theorem 5.1. Let X C P"*¢ be a good determinantal scheme of dimension n > 1,
let X =X,.CX._1C..C Xy CP"¢ be the flag obtained by successively deleting
columns from the right-hand side and let Z; C X; be some closed subset such that
X; — Z; C P 4s a local complete intersection. Let p; € Qls] be the Hilbert
polynomial of X;.

(i) If depthyzy D > 3 for 2 < i < ¢—1, and if Extp, (Ip, /I3, Li)o —
Extbi (Ip,/I},, Di)o is injective fori=2,...,c—1, then X (and each X;) is unob-
structed, and

dimxiﬂ I‘Iﬂbpi"*'1 (]PerC) = dimxi Hll‘bp7 (]PerC) + dim(ND,ﬂ,_,_l/D,',)O - hom(IDi 5 Iz)o

fori=2,3,...,c— 1.
(ii) If ap < a1 < ... < @pye—2, b1 < ... < by and a;_min(2,p) = bi for min(2,t) <
i <t, and if a general X € W (b;a) satisfies
Extp, (Ip, /I, 1i)o =0 fori=2,..,c—1,

then W (b; a) is a generically smooth irreducible component of HilbP (P™T¢).
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Proof. (1) First of all we claim that there are two short exact sequences, the ver-
tical and the horizontal one, fitting into a commutative diagram (whose square is
cartesian)
(5.1)
0
1
HOII]R(ID,L, s Ii)O
1
Ty
Al p—2> HOIIIR(ID”DZ‘)O
Ty, | o !
0— Hom(]i,Di_H)o - HOHI(IDi+1,Di+1)O - HOIIIR(ID“D,H_l)Q — 0
l
0

where Al is the tangent space of the Hilbert flag scheme D(p;y1,p;) at (X;11 C X3)
and Ty, the tangent maps of the projections pr; (see Proposition 4.1 for details).
Since the vertical sequence is exact by assumption and the tangent space description
of the Hilbert flag scheme and its projections are well known ([I9], Chapter 6,
and note that the zero piece of the graded Hom’s above and the corresponding
global sections of their sheaves of [19] coincide by ([BH)), we only have to prove the
short-exactness of the horizontal sequence. Hence it suffices to prove that T, is
surjective. To see this, it suffices to slightly generalize the argument in the proof of
Proposition 4.1 where we showed that the dimension of the fiber is > m.(0). We
skip the details since [19], Theorem 10.13 shows more (see also Remark [6.3 and note
that the new hypothesis (*) of Remark [6-3] corresponds to the depth assumption of
Theorem [5.1)). Indeed, it contains a deformation theoretic argument which shows
that pro is not only dominating but also “infinitesimal dominating or surjective”
(i.e., smooth at (X;41 C X;)). In particular, we have that the tangent map T),, is
surjective; cf. Remark [5.2 for another argument.

By the proof of Theorem 10.13 of [19], D(pi+1,p:) is smooth at (X,;11 C X;)
provided Hilb?*(P"*¢) is smooth at X; (see Remark for an easy argument).
Since the tangent map of the first projection pri : D(piy1,p;) — HilbPi+1(Pre)
is surjective, we get that Hilb”***(P"*¢) is smooth at X;;;. By induction X (and
each X;) is unobstructed since X5 is unobstructed [12], and the two exact sequences
of (B.1)) easily lead to the dimension of dimx,, , Hilb?*** (P"*¢) because Np,,,/p, =
I‘IOH?[(Ii7 Di—i—l)-

(ii) To prove that W (b;a) is an irreducible component, we use the notation of
Proposition 4.1 and we may by induction suppose that W (F, G._1) is an irreducible
component of HilbPs~ (P"*¢) since W (F, Gz) is an irreducible component by [12].
We have

(5.2) dimD(F, GC,G671) > dimW(F, Gcf1) +mc(0)

by Proposition 4.1(ii) while for an irreducible component V' of D(p., p.—1) contain-
ing D(F,G.,G.—1) we must have

(5.3) dimV < dim W(F,G.—1) +dim(Np_/p,_, o

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DIMENSION OF FAMILIES OF DETERMINANTAL SCHEMES 2899

because dim(Np_/p,_,)o is the fiber dimension of pry at (X. C X._1). Since
depth;(z, ) De—1 > 3, we have by (3.8)
dim(NDc/Dc_l)o = mC(O)

Combining (5.2) and (53) we get dim D(F,G¢,Ge—1) > dimV and hence
D(F,G.,G.—1) is an irreducible component of D(pc,pc—1). Since the first pro-
jection pri @ D(pe,pe—1) — HilbPe(P"¢) is smooth at (X;11 C X;) by the sur-
jectivity of T, and the smoothness of D(pit1,pi) at (X;41 C X;), we get that
W(b;a) is an irreducible component, which necessarily is generically smooth be-

cause Hilb?*(P"*¢) is smooth at a general point X by the first part of the proof
and by Remark [2.7 O

Remark 5.2. If, in Theorem we suppose depthl(zi) D; > 4 we may easily see
the surjectivity of Ty, in the following way. Using ([BH]), we get Extbi (I;,R;) =
Ext%i (I;, I;) = 0 by the depth condition above. Applying Homp, (I;,.) to the exact
sequence 0 — I; — D; — D;y1 — 0, we get ExtlDi (I;; Di+1) = 0 and the lower
horizontal sequence of (BI) is short exact and we easily conclude. Finally, using
the vanishing of ExtlDi (Ii, Dit1)o, it follows from (B9) that Hl(Ui7NDi+1/Di) =
Ext}ji+1 (I;/I2,Di11)0 = 0. Then it is not difficult to see that D(p;;1,p;) is smooth
at (X;4+1 C X;) provided Hilb?? (P"*¢) is smooth at X;.

To apply Theorem [5.1{ii) in the codimension ¢ = 3 case, it suffices to prove that
Extp, (Ip,/I},,12)0 = 0.
By (39) and (4I2) we see that (U = Xo — Z5)
(5.4)  Extp, (Ip,/I},,I2) =2 H:(Us, Hom(Ix,, Kp,(n +4), Ox,)(l2 — ai1))
> H}(Us,Ix,/TI%,(l2 — ar41))

and we consider two cases:

If depthy(z,) D2 > 4, we get depth;(z,) Ip, /1%, > 3 by [1] and the group in (£.4)
vanishes.

If depth;(z,) D2 =3 (e.g., X2 is smooth and 2-dimensional), the group, in degree
zero, is clearly H'(Us, Ix, /T%,(l2 — at11)), and we have to suppose it vanishes in

order to conclude that W (b;a) is a generically smooth component of Hilb? (P"+3)
of dimension A3 + K3. All this is essentially [19], Corollary 10.15 (ii).

The case ¢ = 4 is also straightforward. In this case it suffices to see that (B4
vanishes and that

(5.5) Extp, (Ip,/Ip,,13) = 0.
If we suppose
(5.6) depthy(z,) D2 > 4 and depth;(z,) D3 > 4,

we claim that both groups vanish. We only need to prove (5.8). Since depth;(z,) D>
> 4 it follows from ([39) that ([4) is short-exact for i = 3. Using Lemma £ and
(ET4)), we see that () is short-exact for ¢ = 3 as well, i.e., we have exact sequences

(5.7) 0 — D3(a) — Hompg(Ip,, I3) — Hompg(Ip,,I3) — 0

0 — Hom(Ip, ® I3, Iz(a)) — Hompg(Ip,, I2(a)) — Homp, (Ip, ® I3, D3(a)) — 0
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where @ = a;y1 — as42. By Lemma 9] the codepth of Hom(Ip, ® I3, I2(a)) is
at most 1 while ([£I2) shows the same conclusion for Hom(Ip,, I2(a)). The lower
exact sequence of (5.7)) therefore shows that the codepth of Homp, (Ip, ® I3, D3(a))
is at most 1 as a Ds-module. The upper sequence shows that

(5.8) depth,, Hompg(Ip,, Is) > depth,, D3 — 1.

Now since depthy(,) D3 > 4, we get depthz,) Homp, (Ip, /13, 13) > 3 and hence
by B3) that (EH) holds. By Remark B, we see that (56) holds for a general
X € W(b;a) provided a;_mines, > bi for min(3,t) < i < t. Combining with
Corollary 27 and Corollary 10 we get

Corollary 5.3. Let W(b;a) be the locus of good determinantal schemes in P"t¢
where n > 2 and ¢ = 3 or ¢ = 4. If a;_pin3,e) > bi for min(3,t) < i < t, then
W (b;a) is a generically smooth, irreducible component of Hilb? (P"*¢) of dimension
A+ K5+ ... + K.

Remark 5.4. If ¢ = 4, then the assumption (B.0]) excludes the interesting case when
W (b; a) parameterizes good determinantal curves in P°. To consider this case we
will weaken (2.6]) and only suppose depth;(,,) D2 > 4. Recalling that (I2) leads
to
H}(Us, Hom(Ix, ® T3, 0x,)) = H} (Us, Ix, Tk, (l2 — ar41)) =0,
we have by [@) injections
(5.9)
Exth, (Ip,/Ih,, I3)o — H' (U2, Hom(Zx, ® I3, 0x,(a))) — H*(Uz, Hom(Ix, ® T5,T2(a)))
[ I

HY (U2, Ix,/T%, ® Ox;(l2 — aty2)) — H*(Ua, Ix, /T%, ® Kp,(d'))
where a = apy1 — agpo and @’ = 205 — 6 — az11 — apq2. In the interesting case
X = X, C X3 C X5 C P? where X, is smooth, then Us = X». In particular, if one
of the groups of (B.9) vanishes, then W (b; a) is still a generically smooth, irreducible
component of Hilb?(IP®) of dimension Ay + K3 + Kj.

As a corollary of the first part of Theorem [l we also get the unobstructedness
and the vanishing of some H!(X,Nx) for good determinantal schemes X € P"+¢
of codimension 3 < ¢ < 4. For ¢ = 3, the unobstructedness is essentially proved
n [19], Corollary 10.15 and the vanishing of H!(X, N) is shown in [2I], Lemma
35. Notice that the corollary really gives additional information about the gener-
ically smooth component W (b;a) of Corollary [5.3], because it tells more precisely
where the Hilbert scheme is smooth. Finally, note also that there exists obstructed
good determinantal reduced curves in P* (cf. [19], Remark 9.12), so some kind of
limitations on the singular locus of X is expected to get unobstructedness.

Corollary 5.5. Let X = Proj(A) C P™*¢ be a good determinantal scheme
dimension n > 2 for which there is a flag satisfying depthl(zi)(Di) > 4 for 2
i <c—1.If 3 <c <4, then X is unobstructed and the normal module N 4
Hompg(Ia, A) satisfies depth,, (Na) > n. In particular,

H{(X,Nx)=0for1<i<mn-—2.
Proof. Due to the vanishing of (&) and (BH), the unobstructedness of X follows

at once from Theorem B|(i). Moreover, exactly as we managed to show that the
exact sequences of (1) implied (.8]), we may see that the graded exact horizontal

iins
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and vertical sequences of (B5.1)) for ¢ = 2 (and not only the degree zero piece of these
sequences) imply

(5.10) depth,, Hom(Ip,, D3) > dim D3 — 1

because we have depth;(,,)(D2) > 4 and hence Extp, (Ip,/I3,, L) = 0 by (E.4).
This shows what we want for ¢ = 3. Finally, the same argument for ¢ = 3, assuming
(66) and using (B.8) and (5I0), leads to depth,, Homg(Ip,, D4) > dim Dy — 1 and
we are done. O

In the following example we will see that Corollary [E3] does not always extend
to determinantal curves C' C P%, i.e., the closure of W(b;a) is not necessarily
an irreducible component of Hilb?(P%) although by Corollary EE10] we know that
dim W (b; a) is indeed Ay + K3 + Kj.

Example 5.6. Let C C P° be a smooth good determinantal curve of degree 15 and
arithmetic genus 10 defined by the maximal minors of a 3 x 6 matrix with linear
entries. The closure of W(b;a) = W(0,0,0;1,1,1,1,1,1) inside Hilb'*~?(P?) is
not an irreducible component. In fact, let His10 C Hilb15t_9(]P’5) be the open
subset parameterizing smooth connected curves of degree d = 15 and arithmetic
genus g = 10. It is well known that any irreducible component of His 10 has
dimension > x(N¢) = 6d + 2(1 — g) = 72 (cf. [25], §11b); while by Corollary B0
dim W (b; a) = 64.

For the codimension ¢ = 5 case we have

Corollary 5.7. Let W(b;a) be the locus of good determinantal schemes in P+
where n > 1 and ¢ = 5. If ai_pinzyy = bi for min(3,t) < i < t and if
W(b;a) contains a determinantal scheme X = Proj(Ds) whose flag R — Dy —
D3 — Dy — D5 is obtained by deleting columns of “largest possible degree”
satisfies (with Z; = Sing(X;)), depthyz,y D2 > 4, depth;z, D3 > 5 and
HY (X3 —Z3,1%,(l3—2a43)) = 0, then W (b; a) is a generically smooth, irreducible
component of Hilb? (P"+5) (of dimension A5+ K3+ K4+ K5 provided Char(k) = 0).

Proof. First of all note that by Remark 27, if we choose X € W (b;a) general, we
have depth;(,) D2 > 4 and depth; 4,y D3 > 5. By Theorem Eland the conclusion
of (B.6)), it suffices to show

(5.11) Extp, (Ip,/I},,11)0 = 0.

By Lemma@Z(b) and (EH) we must show that Ext}, (Ip, ® I}, I5)
Looking to (20)), this group is isomorphic to

= 0.

at42—at4+3

EXtQDg (IDa ® KD3 (n +c+ 1)7 D3)€3—2at+3

which by Lemma FETTI(b) is further isomorphic to H}(Z3)(ID3 /1%3 )s—2a,,5- Since
X3 = Proj(D3) is Cohen-Macaulay, the cohomology sequence associated to

O—>I%3 — Ip, —>ID3/IJ%3 —0

gives us
HII(Z3)(ID3/I%3)53*2M+3 = HI2(23)(I%3)43*21115+3 = HI(X3 - Z3aI§(3 (03 — 2a¢+3))
and we get (BLT). O
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We will now give two examples. The first one will be a smooth determinantal
surface S C P7 whose flag R — Dy — D3 — D, — Ds obtained by deleting
columns of “largest possible degree” satisfies all hypothesis required in Corollary
BT and hence W (b; a) is a generically smooth, irreducible component of Hilb? (P%)
of dimension A5 + K3+ K4 + K5 (Char(k) = 0). The second one will be a smooth
determinantal curve C' C PS hence the condition depth 1(z5) D3 = 5 is not fulfilled
and in this case we will see that the closure of W (b;a) is not an irreducible compo-
nent of Hilb?(P%); although by Corollary E.14 we know that dim W (b;a) is indeed
As + K3+ K4+ K5 (Char(k) = 0).

Example 5.8. (1) Let S C P7 be a smooth good determinantal surface of degree
6 defined by the maximal minors of a 2 x 6 matrix with general linear entries. Let
R — Dy — D3 — Dy — Ds be the flag obtained by deleting columns from the right-
hand side. With the computer program Macaulay [2] we check that all hypothesis
required in Corollary [5.7] are satisfied, i.e., depthy(z,y D2 > 4, depthy(z,y D3 > 5
and H'(X3 — Zg,,Ig(3 (b3 — 2a143)) = Hl(X37I§(3 (2)) = 0. By Corollary 51 the
closure of W (b;a) inside Hilb”(P7) is a generically smooth irreducible component
of dimension 57.

(2) Let C' C PS be a smooth good determinantal curve of degree 21 and arithmetic
genus 15 defined by the maximal minors of a 3 x 7 matrix with linear entries.
Since dim(C) = 1, we have dim(X3) = 3 and hence depth; 4, Ds < 4. The
closure of W (b;a) inside Hilb?**~'*(P%) is not an irreducible component. In fact,
let Ha115 C Hilp?t—14 (]P’G) be the open subset parameterizing smooth connected
curves of degree d = 21 and arithmetic genus g = 15. It is well known that any
irreducible component of Hsi 15 has dimension > 7d + 3(1 — g) = 105; while by
Corollary ELT4], dim W (b; a) = 90.

Our final corollaries are similar to Corollaries and [LI8] To apply the
final part of Theorem [B.J] we must show that Extbi (Ip, /13 ,1i)o = 0 for i =
2,...,c — 1. Using, however, the upper sequence of ([J) it suffices to show that
EthDi_l(IDi—l/I%,;_17Ii)O = 0 provided depth;(,, ,yD;—1 > 4. This vanishing is
fulfilled if

(5.12) Extr(Ip,_ ,,L)o=0fori=4,...c—1
(since Extp, (Ip, /I3, ,1i)o = 0 for i = 2,3 provided dimj(z,) D; > 4 by (5.4) and

Corollary 5.9. Let W(b;a) be the locus of good determinantal schemes in P"te
where n > 1 and ¢ > 5, orn > 2 and 3 < ¢ < 4. Assume a;_pmin(3,1) = bi for
min(3,t) < i <t. Moreover, if ¢ > 5, we assume in addition

(]5) Q43 > g1 T ap + a1 —ap — b1,

(J6) : @ra > ar—1 + ap + app1 + apy2 — ag — ag — by,

c—4 c—5

(]c) D Qtge—2 > E;it71 a; — Ej:O aj; — bl.
Then W (b;a) is a generically smooth, irreducible component of Hilb? (P"*¢) of di-
mension A\ + K3 + ... + K.

Proof. The relation of Ip, , of the largest possible degree is ¢, — Z;;g a; — by —
Gt4c—3 — Gi4c—2 and the smallest possible degree of a generator of I._; is £, —

t+c—3 1 : c—5
Zj:Fl a;. Hence Extp(Ip, ,,lc—1)o =0if £, — E]‘:O a; — b1 —Qiqe—3— Atqe—2 <
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b, — Z;Z:? a; or, equivalently, ajyc—o > Ziii:f a; — Z;;g a; — by which is our
assumption (j.).

Similarly, we get Exth(Ip, ,,I;)o = 0 if (ji;1) holds. Since by Remark 2T
and the hypothesis a;_yin 3, > bi for min(3,t) < i <t we know that a general
X € W(b;a) satisfies depth; 5,y D; > 4 for 2 <i < ¢ — 2; we conclude by (EI2).

For the dimension formula we use Remark (1). O

Since Corollary[5.9 does not apply to n = 1 and 3 < ¢ < 4, we include one more
result to cover these cases. For ¢ = 3, the result is known ([19], Corollary 10.11).

Corollary 5.10. Let W(b;a) be the locus of good determinantal schemes in P"+e
of dimension n > 1. If either
(1) ¢ =3, @Gi—min(2,t) = bi for min(2,t) <i <t and az11 > az—1 +as — by, or
(2) c =4, ai—min,p = bi formin(3,t) <i <t and azyo > a1+ ap — by,

then W (b; a) is a generically smooth, irreducible component of Hilb?(P"*¢) of di-
mension A\ + K3 + ... + K.

Proof. Let ¢ = 3. To see the vanishing of Extp, (Ip, /13, 12)o of Theorem BT it
suffices to prove Exty(Ip,, I2)o = 0. As in the proof of Corollary [5.9] we find the
minimal degree of relations of Ip, to be o — by, and we get the vanishing of the

Ext}%—group above by assuming lo — b1 = €3 — a1 — by < 3 — Et

j=t—1 aj, 1.€.,

(Jg) : @41 > apg—1 +ap — by.

If ¢ = 4, it suffices to prove that Ext}(Ip,,3)o = 0 by the argument of (5.12).
Indeed, (54) vanishes and we know that depth; z,) D2 > 4 implies an injection

EthDg (IDa /1%3 ’ 13)0 — EthDz (ID2/I%2 ’ 13)0

by (ES) and that the latter Ext'-group vanishes if Exty(Ip,, I3)o = 0. Now exactly
as in the first part of the proof of Corollary[5.9 we have Ext}%(I Dy, I3)0 = 0 provided

(]4) D Q42 > Qi1+ ap — by,

and we conclude by Theorem Bl For the dimension formulas, we use Remark

ELT6(2) and Corollary I8 O

Remark 5.11. Looking to the proofs of Corollaries[5.9 and[5.10 we get the following.
Let U C W (b; a) be the subset where Hilb? (P"*¢) is smooth, and assume ag < a3 <
o+ < apqe—2 and by < --- < by, Then U contains every X for which the flag

X=X.C---CX;=Proj(D;) C---C Xy CP"*¢

of Theorem [H.1] satisfies depthl(zi) D;>4for2<i<c-2, depthl(zkl) D._.1>3
and

(1) () if e = 3,

(2) (ja) i ¢ = 4,

(3) (js) to (jo) if ¢ > 5.

Moreover, if 3 < ¢ < 4, we can drop (j3) and (j4) provided we increase the depth
assumption to depthl(zi) D;>4for2<i<c—-1.

Corollaries and and Remark E.10(1) can be improved a little bit if we
increase depth; ) D;. In fact, by Remark R7we know that under the assumption
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Qi —min(3,t) > bi for min(3,t) <14 < t, we can suppose depth;(zyD; > 5 for i > 3,
letting Z; = Sing(X;). Since Z; C Z;_1, if we suppose

(513) depthI(Zi_2) Di_g > 5,

we get depthyz .,y D;—1 > 4, and hence depth;z_,yD;—1 > 4, as well as
depth;(z, ,) D; > 3. As in ([E3), we see that

Extp, ,(li—2, I;) = H} (Ui—2, Homoy., , (Zi—2,T;))
o~ H*l(Ui,Q,Homoxi (Z; 2 ®I7,0x,)) = H (Ui—2,Ox, (a44i-3 — ar4i—2)) = 0.
Arguing as in @) and combining with (8] we get injections
(5.1;)(’5}),; (Ip, /1%, i) = Extp,_ (Ip, , /T, ,, i) = Extp, (Ip, , /I, ,, L)
In particular, if Extk(Ip, ,,I;)o = 0 and if (5.13) holds, then
Extp, (Ip, /I, Ii)o = 0.

Now looking to the proof of Corollary 5.9} we easily see that Extk(Ip, ., le—1)o =0

provided
t+c—5 c—6

(515) Aty > Z aj — Zaj —by.
j=t—1 7=0

Hence if (j.—1) holds, then (B.I5]) holds because attc—2 > @ttc—3, and it is superflu-
ous to assume (j.) in Corollary B9 The argument requires depth 1(Z_g) De—3 29,
i.e., ¢ > 6, and arguing slightly more general, we see that for 6 < i < ¢, then (j;) is
superfluous provided (j;—1) holds.

In particular, the conclusion of Corollary [5.9] holds if (j;) holds for any odd
number 7 such that 5 <i < ec.

Remark 5.12. (1) In Corollary[5.9] the assumption (j;) is superfluous if (j;—1) holds,
6<i<ec

(2) Increasing depth; ) D; even more (say by assuming a; min(a,s) > b; for
min(4,t) < i < t, cf. Remark [Z1), we can weaken (ji), resp. (ix), conditions of
Corollary 0.9, resp. Corollary EETH, further.

6. CONJECTURE

We now state a Conjecture raised by this paper. In fact, Theorem B35, Example
(i)-(iv), Proposition B:13, and Corollaries[4.7, £.10, E14, 15 and[£18 suggest—

and prove in many cases—the following conjecture:

Conjecture 6.1. Given integers ap < a1 < ... < Gpqe—2 and by < ... < by, we set
{ = Z;:gﬁ a; — Z§=1 b; and h; := 2a44144+ Qpao4i + -+ Arype—o — L+ n+c, for
i=0,1,..,c— 3. Assume ;_min([c/2]+1,t) = bi for min([c/2] 4+ 1,t) < i <t. Then
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we have

. a; —bj+n+c a; —a;+n+c
dmWike) _Z( n]—i—c ) _Z< nj—i—c )
i,j ,J

_Z<bi—bj+n+c>+Z<bj—ai+n+c>+< ho )+1
7 n—+c n-+c n—+c

Jst

c—3
—|—Z Z Z (_1)7,_7-<h7/+a/11++a/’tr+bj1++b_];)
- o : , n+c
i=1 r4+s=t 0<i; <...<ip<t+i
1<j1<...<js<t
In particular, we would like to know if the Conjecture 6.1 is at least true when
the entries of A all have the same degree. More precisely,

Conjecture 6.2. Let W(0;d) be the locus of good determinantal schemes in P"+e
of codimension ¢ given by the mazimal minors of a t x (t+c—1) matriz with entries
homogeneous forms of degree d. Then,

d+n+c

dimW(Q;d)—t(t+c—1)< e

> 2= (t+c—1)? +1.
Finally, since the results of this paper deal with and extend the results [19], §10,
we take the opportunity to mention an inaccuracy in [19], (10.12) and correct it.

Remark 6.3. We propose to substitute for the hypothesis [19], (10.12):

Given C C P"¢ a good determinantal scheme of dimen-
sion n, there always exists a flag C = X, C X.—1 C ... C
Xy C P such that for each i < c, the closed embedding
X; — P and X;11 — X; are local complete intersec-
tion (l.c.i.) outside some set Z; of codimension 1 in X1
(depch,; OXi+1 > 1)

the following corrected hypothesis (*):

Given C C P"*¢ a good determinantal scheme of dimension
n, we will assume that there exists a flag C = X, C Xo—1 C
... C Xo C P™*¢ such that for each i < c, the closed embed-
ding Xiy1 — X; is l.c.i. outside some set Z; of codimen-
sion 2 in X;y1 (depthy Ox,,, > 2). Moreover, we suppose
Xy — P*¢ 45 q l.c.i. in codimension < 1.

The reason of increasing the depth related to X;y; — X; by 1 is that the
exactness of [T9], (10.15), in the proof of [T9], Proposition 10.12, is straightforward
to see if (*) holds (by e.g. (33)) while it is doubtful with the original hypothesis.
Hence in [19], Proposition 10.12, Theorem 10.13, Remarks 10.6 and 10.14, Example
10.16, Corollary 10.17 (n = 1) and Example 10.18 (n = 1), we should suppose (*)
instead of [19], (10.12). So in [1Y], Corollary 10.17 (n = 1) and Example 10.18
(n = 1), we need to suppose C' C S to be Cartier instead of generically Cartier
and S to be G1, while [19], Corollary 10.15, needs no change because C C S is
supposed to be Cartier outside a sufficiently small Z. In [19], Corollary 10.15, we
may replace [1Y], (10.12), by (*) and hence by “S is G1”, and hence we point out
that [19], Propositions 10.7 and 1.12, are valid as stated.
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Now we consider the O-dimensional case. Looking closer to the proof of [I9],
Proposition 10.12, we need the graded version of [19], (10.15), to be exact in degree
zero. Therefore still assuming (*) the proof is only complete for a flag R — Dy —»

.. = D. = A satisfying dim A > 2 or dim A = 1 and M.(at4c—2)o = (Np,./p,_,)0;
cf. (39). Hence in [19], Theorem 10.13, the H-unobstructedness (when dim C' = 0)
does not necessarily follow from [19], Proposition 10.12. Fortunately, [19], Theo-
rem 9.6, makes explicit an assumption which implies the H-unobstructedness of C'
(see (iii) below), and we can weaken (iii) further to Ext!(I./I2, A)y = 0 by the
proof of [T9], Theorem 9.6, because H?(D._1, A, A) = Ext!,(I./I?, A). Summing
up, in the dim C' = 0 case of [19], Theorem 10.13 and Corollary 10.17, if we assume
(*) instead of [19], (10.12), and in addition at least one of the following conditions:

(i) C is H-unobstructed (e.g., Ext! (I./I2, A)g = 0),
(ii) Mc(atqe—2)0 = (Nayp,_,)o (ie., (B8) extends to a short exact sequence in
degree zero for i = ¢ — 1),

(iii) Homp (1., H2(14))o = 0,
then the conclusions hold. The only example in which dim C' = 0 is [19], Example
10.18. In this example (iii) holds because the degree of all minimal generators of I
arem —t—1and H2(Ia), 2 H (Zc(v)) =0 for v > m +t — 3; cf. [19], Example
7.5, for details. Similarly, in the situation of [19], Corollary 10.17, using the order
by > ... > b and ag > a1 > ... > apy1 appearing in [19], Corollary 10.17, we see
that (iii) holds provided a; + a2 < 3+ 2b;, a rather strong condition. The condition
(i) might, however, be weak.

So while the substitution of [19], (10.12), by (*) in the case dim C' > 1 is rela-
tively innocent (i.e., X;+1 <— X; has to be Cartier in codimension < 1 instead of
generically Cartier), the 0-dimensional case leads to an extra assumption. There-
fore, it is probably a more natural approach in the 0-dimensional case to just find
dim W (b; @) without trying to prove that W (b;a) is an irreducible component of
GradAlg and if dim C' > 1, it is natural both to find dim W (b;a) and to show that
W (b; a) is a generically smooth, irreducible component of Hilb? (P"*¢), as has been
the strategy of this paper.
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