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ABSTRACT. We improve a lower bound for the Bergman distance in smooth
pseudoconvex domains due to Diederich and Ohsawa. As the main tool we
use the pluricomplex Green function and an L?-estimate for the d-operator of
Donnelly and Fefferman.

1. INTRODUCTION

Diederich and Ohsawa [14] have shown that if 2 is a smooth bounded pseudo-
convex domain in C”, then the following lower bound for the Bergman distance in
Q holds: for a fixed wy € 2 and w € €2 close to the boundary, one has

(1.1) disto (w, wo) > éloglog(l/ég(w)),

where dg(w) denotes the euclidean distance of w to 9Q and C' is a constant de-
pending only on €. They also asked if (1.1) could be improved to

(1.2) disto (w, wo) > %log(l/ég(w))

which is known to be the best estimate for strongly pseudoconvex domains.
The main goal of this paper is to show that one can improve (1.1) to

. log(1/6a(w))
(1.3) disto (w, wo) > C'loglog(1/da(w))

for C? smooth bounded pseudoconvex € in C". Our main tool will be the pluri-
complex Green function. We recall that for a bounded domain € in C™ and a pole
w € € it is defined by

90,w = sup{u € PSH(Q) : u < 0,limsup(u(z) —log|z — w|) < co}.

zZ—w
We refer to [10] or [20] for basic properties of go. The direct relation between
the Bergman metric and the Green function has been explored quite extensively
in recent years (see for example [6], [7} 13 [16]). In [I4] a certain technical function
similar but different from go was used. Here however, unlike in [I4], we are able
to apply the Green function directly. The main relation for us with the Bergman
metric will be the following quite general result (it is a special case of Theorem 4.4
below).
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Theorem 1.1. There exists a positive constant c,, depending only on n, such
that if 0 is a bounded pseudoconvexr domain in C" and w,w € € are such that
{900 < -1} N{ga,s < —1} =0, then

(1.4) distq(w, W) > ¢p.

The main ingredients of the proof of Theorem 1.1 are the Kobayashi lower bound
for the Bergman distance [21] and an L2-estimate for the 0 operator essentially due
to Donnelly and Fefferman [15]. As shown by Berndtsson [I], [3], it is in fact a
simple consequence of the original Hérmander theory [18]. It should be pointed
out that in many papers (see for example [7], [§], [14]) much more complicated
L?-estimates for the 0 operator were used.

Therefore, thanks to Theorem 1.1, in order to get a lower bound for the Bergman
distance, it is enough to estimate the pluricomplex Green function from below in
order to study the behavior of its sublevel sets. We do it in Section 5 following two
basic ideas due to Herbort [I7] and Diederich-Herbort [13]. The first is to use an
inequality for the complex Monge-Ampere operator from [4] to estimate | ggﬂu(z )|
from above in terms of |gq.c(w)| for some ¢ close to ¢. Then one estimates the
modulus of continuity of go ., which is known to be continuous precisely when {2
is hyperconvex, that is, when it admits a bounded plurisubharmonic exhaustion
function (see [L0]). As a result, we improve some estimates from [17] and [13],
by the way simplifying the part of Herbort’s argument involving the estimate for
the modulus of continuity of go . [L7, Main Lemma]). In particular, we get the
following result (see Theorem 5.2 below with a = b).

Theorem 1.2. Let Q be a bounded domain in C™ with diameter R for which there
exists v € PSH(Q) and positive constants A and a such that in Q@ we have

1
A
Then there exist positive constants C1,Csy depending only on n,A,a and R such

that if w € Q is such that r := dg(w) < e~ 2, then

{900 < =1} € {Cy r(log(1/r)) 7/ < 6a < Car(log(1/r))"/}.

(1.5) 5% < |v] < A8S.

We will now explain how Theorems 1.1 and 1.2 imply the estimate (1.3) for C?
smooth pseudoconvex domains in C". By [I1] such domains satisfy the assumption
of Theorem 1.2 and therefore (1.4) holds provided that

(1.6) do(w) > do(w)(log(1/8a(w)))

where C' > 1 depends only on Q and dg(w) < e~¢. Assume that 7 := da(w) <
min{e~¢, dq(wg)/2} =: ro. The function v(p) := p(log(1/p))¢ is increasing on
the interval (0,70). We can find an integer k such that v*=1(r) < rg < 4(r),
where ¥ = yo0---0~. Any curve joining w with wy intersects the level sets
{6o = +/(r)}, j = 1,...,k — 1, and thus by (1.6) and Theorem 1.1 its Bergman
length can be estimated from below by (kK — 1)c¢,. One can show inductively
that if r(log(1/r))*~DC < rq, then v*(r) < r(log(1/7))kC. It follows that ro <
r(log(1/7))k¢ which easily implies the estimate (1.3).
In [14] the jump in the Bergman distance was obtained for w,w with

S () > S (w)'/C
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and then (1.1) immediately followed. On the other hand, a slightly weaker condition
than (1.5) was assumed in [I4]. To obtain (1.2) one would need to improve (1.6) to

This we are able to prove in arbitrary bounded convex domains with the constant

C = (e +1)?/(e — 1)? (Theorem 5.4 below). Thus, using the localization principle
for the Bergman metric (see for example [12] or [22]), we obtain the following.

Theorem 1.3. Let Q be a bounded domain in C™ such that for every zy € 082
there exists an open neighborhood U of zy, open V in C" and a biholomorphism
F:U — V such that F(QNU) is convex. Then there exists a positive constant
C' depending only on 2 such that (1.2) holds for every wog € Q and every w € Q
sufficiently close to 0N).

Note that again no assumption is made on the regularity of Q (of course in the
latter case the boundary must always be Lipschitz continuous).

2. THE KOBAYASHI CONSTRUCTION

In this section we will briefly sketch the construction of Kobayashi [2I] and
discuss some of its consequences. We assume that 2 is a bounded domain in C™.
By H?(Q) we denote the Hilbert space of square integrable holomorphic functions
in  and Kq(z,w) is the Bergman kernel of € (holomorphic in z, antiholomorphic
in w). We define the immersion of €2 into the (infinitely dimensional) projective
space P(H?(f2)) as follows:

Q3w [Ka(,w)] € P(HX(Q)).

One can show that the Bergman metric in €2 is precisely the pull-back of the Fubini-
Study metric in P(H?(Q2)). Therefore

disto (w, w) > distp(g2(q)) (T(w), 7(W)), w,w € Q.
Moreover, P(H?((2)) (with the Fubini-Study metric) is complete and

1.0l 2
e 9 € @0}

We can now easily deduce the following two results.

distpz2 () ([f], [9]) = arccos

Proposition 2.1. For a bounded domain €2 in C™ we have
|Ko(w, w)]

VEq(w, w)Kq (W, w)

Proposition 2.2. If a bounded domain 2 in C™ satisfies

(2.1) IL“L%‘QP% <Afllz@, £ e B\ {0},

distq(w, w) > arccos w,w € Q. O

then it is Bergman complete.

Proof. Let w; be a Cauchy sequence with respect to disto. Then let 7(w;) be a
Cauchy sequence with respect to distp(g2(q)). Since P(H?(£)) is complete, we can
find f € H%(Q) \ {0} such that 7(w;) = [Ka(-,w;)] — [f]. In particular,
|f (w;)] _ |<L Ko(w;)
AV Easwy) VAT TRaC,w)

) =1
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which by assumption means that w; has no accumulation point on 2. But this
of course means that w; is also a Cauchy sequence with respect to the euclidean
metric. O

Zwonek [24] constructed a bounded, Bergman complete domain in C not satis-
fying
lim sup Wl 0, feH*Q),
w—0Q /Kao(w,w)
which was the criterion for Bergman completeness formulated in [21]. It remains
an open problem to construct a Bergman complete domain 2 in C™ such that the
(possibly) weaker condition (2.1) does not hold.
Proposition 2.1 shows that in order to estimate disto(w, w) from below we need
to estimate |Kq(w,w)|/\/Kao(w,w)Kq(w,w) from above. Similarly as in [I4], we
will see that it is enough to construct a right function from H?(2).

Proposition 2.3. Let Q be a bounded domain in C", w,w € Q. Suppose that
f € H%(Q) is such that f(w) = Kq(w,w)/\/Kq(w,w) and f(w) = 0. Then
Ko@) __ Ml

VEao(w,w)Ka(w,w) ~  /1+ ||f||2L2(Q)

disto (w, @) > g —arctan || f]|z2(q) -

and

Proof. We first note that the second estimate is a direct consequence of the first one
and Proposition 2.1. We may assume that f # 0. Set h := Kq(-,w)//Kq(w, w).
Then (f,h) = f(w)/\/Kao(w,w) = 0 and therefore we can find an orthonormal
basis {@o, @1, ...} of H?(Q) such that ¢y = h and ¢; = f/||f||. Then

_ = _ 2 2 |f(z)|2
Ka(z,2) =Y lp;(2)]> > |h(z)* + 5 2€Q.
o I1£1]
Applying it for z = w we get the desired estimate. O

3. THE HORMANDER-DONNELLY-FEFFERMAN-BERNDTSSON
L2-ESTIMATE FOR THE O OPERATOR

Our main tool in constructing square integrable holomorphic functions will be
the following estimate for the 9 operator, essentially due to Donnelly and Fefferman
[15].

Theorem 3.1. Let Q2 be a pseudoconver domain in C" and let 1 be a plurisub-
harmonic function in 2 such that —e ¥ is also plurisubharmonic. Assume that
a€ L? © 1)(9) is such that Oa = 0 and that

loc,
(3.1) iaAa < Hiddy

for some nonnegative, locally integrable function H in . Then for every plurisub-
harmonic ¢ in Q there ezists u € L2, (Q) with Ou = a and such that

loc

/|u|26_‘P < 16/ He %.
Q Q
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Theorem 3.1 is a direct consequence of the next result (with » = 1/4 and ¢, v
replaced with @+ri, ri), respectively), which is a slight improvement of an estimate
due to Berndtsson [Il, Theorem 3.1].

Theorem 3.2. Let Q) be a pseudoconver domain in C" and let ¥ be a plurisubhar-
monic function in Q such that for some fixred r € (0,1), the function —e %/ s also
plurisubharmonic. Then for any o, H and ¢ chosen as in Theorem 3.1 we can find
u € L? (Q) with Ou = a and

loc

ul2et—e 1 e
(3:2) J e < = [

Proof. We first assume that €2 is smooth and ¢, 1 are smooth up to the bound-
ary. We now follow the proof of [2 Lemma 2.2]. We have in particular L?(Q) =
L2(, e®¥0%) for real a,b and —e~¥/" € PSH(S2) means precisely that

10 A O < 1idd).

Let u be the solution to du = a which is minimal in the L?(2,e~%) norm. This
means that

/ufe“’ =0, feH*Q).
Q
Set v := e¥u. Then
/ vfe PV =0, fe H*Q),
Q
thus v is the minimal solution in the L?(Q,e~?~%) norm to dv = (3, where
B =0(eVu) = e¥ (o + udi).
For every t > 0 we have
iBAB<e[(1+tYiana+ (14 t)|u?idw A O]
<V [(1+ N H + (1 + t)rful*)iody
<14+ tHH + (14 t)r|ul?idd(e + ).

Therefore by [18, Lemma 4.4.1] (which is also true with the constant 2 replaced by
1) we get

/|u|26w—w:/ lo[Ze=e—* < (1+t—1)/ Hew—v’+(1+t)r/ 2V
Q Q Q Q

For t = r~1/2 — 1 we obtain the required result when ¢, are smooth.

Now assume that €2, ¢ are arbitrary and v is strongly plurisubharmonic but
otherwise arbitrary (possibly even not locally bounded). By the Radon-Nikodym
theorem there exists 3 =3, Bjridzj Adz) € L}OC7(171)(Q) such that 0 < 8 <400y
and i A a < HB. For ¢ > 0 let Q. C Q be a smooth pseudoconvex domain such
that @. := ¢ * pe, e := 1 * pe, the standard regularizations, are defined in a
neighborhood of Q.. If (Z¥) denotes the inverse matrix of (0%1)./02;0Z), then
H, = Zj’k wgkajak is the least function satisfying ia A @ < H.i00%.. One can
easily check that

0 N O < (10 A D) * pe < riddY.
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and thus —e=¥</" is also plurisubharmonic. By the previous part we can thus find
us € L2 () such that du. = o in Q. and

loc
/ |u5|26'¢'6_§05 S/ Hsews_¢s S/ Heews_‘P.
QE QE QE

We have (. := fxp. < id0v. and there is a sequence ; | 0 such that the coefficients
of B, converge pointwise almost everywhere to the respective coeflicients of S.
Therefore

. Er— i i

lliglo H., < lliréloZﬁgl Q. = Zﬁj ajar < H,

J.k J.k
where (37%) and (32*¥) denote the inverse matrices of (3;x) and (B;jx * pc), respec-
tively. If we now assume that the left-hand side of (3.2) is equal to 1, by the Fatou
lemma we have
lim e, [2e¥s =P < 1.
Q

l—o0
€]

Since ¢., is a decreasing sequence and 1) is locally bounded from above, we see that
the L? norm of u., over €. is bounded for every fixed . Therefore, replacing ¢;
with its subsequence if necessary, we see that u., converges weakly in Q. for every e
tou € L? (Q). We can now show that u satisfies (3.2), which completes the proof
for strongly plurisubharmonic .

If 4 is not necessarily strongly plurisubharmonic, then we may approximate it
by functions of the form v + £|z|2. Note that i@ A a < Hi00(¢) + €|z|?) and the
general case easily follows along the same lines as before. O

Note that the assumption on ¢ in Theorem 3.1 means precisely that 1 is of the
form

w = - 10g(—1})7

where v is a negative plurisubharmonic function in 2. We shall usually use Theorem
3.1 for « given by

(3.3) a = —f(x(log(—v)),

where f is holomorphic and x € C%1(R). If v is locally bounded near 9§, then by

9 v e I/Vllof(Q), and thus « € L%OJ)JOC(Q). The inequality (3.1) is then satisfied
with

H = |fx'(log(—v))|*.
Theorem 3.1 thus gives the following result.

Theorem 3.3. Let f be a holomorphic function in a pseudoconver domain € in
C™. Assume that p,v are plurisubharmonic in Q0 such that v < 0 and v is locally
bounded near OS. Let moreover x € C%1(R). Then one can find a holomorphic
function F in Q satisfying the following estimate:

/Q IF — fx(log(~v))Pe™ < 16 / | (log(—v)) 2%
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4. APPLICATIONS TO THE BERGMAN KERNEL AND METRIC

Theorems 3.1 and 3.3 seem to be quite universal tools in obtaining various esti-
mates related to the Bergman kernel. First, we get the following estimate due to
Herbort [16] (with a different constant though, depending also on the diameter of

Theorem 4.1. Let Q be a bounded pseudoconvexr domain in C" and f € H?(Q).
e |f (w)]
w 4
— < (14— i, weQ,
Ko (w,w) ( n(n)> ||f||L2({9sz,w§ 1})
where

> dx
n(y) /y ot

Proof. We apply Theorem 3.3 with ¢ := 2ngq 4, v '= go,» and
0, t <0,
t) := s _
x(®) {fot e "¢ ds, t>0.
We can find a holomorphic F' in 2 such that
[[FlL2(0) < [[fx(og(—=v)llL2(o) + [F = fx(log(—v))l|r2(0)
< X)) fllz2({ga.0<—13) + [[F = Fx(log(=v))l|L2(,e-+)
< )| f1lz2((gawz—13) + 41X log(=v))[L2 (e
< (n(n) + YUl L2(tg0.0<-13)-

Since e~ ¥ is not integrable near w, from Theorem 3.3 it also follows that F'(w) =
x(00) f(w) = n(n)f(w). Hence
ol F@) Pl

VEow,w) nn)y/Kow,w) ~  n(n)

O

Theorem 3.3 together implies in particular, thanks to Proposition 2.2, that if €2
is bounded pseudoconvex in C™ and

. < 1) —
wlingﬂvol({gg7w_ 1}) =0,

then Q must be Bergman complete.
Next, we generalize results of Chen [§] to several variables.

Theorem 4.2. Let Q and U be bounded domains in C" such that QU U 1is pseu-
doconvex with diameter R. Assume that U C B(zg,7). Then for every f € H?(Q)
there exists F € H*(QUU) such that for every A > 1 we have

4
I[1F" = fllL2(a) < (1 + @) 1l L2(0nB(z0,(r/R)1/))-

Proof. We set v(z) :=log|z — z0|/R, ¢ := 0 and, for p > r,

1, t <loglog(R/p) —log A,
x(t) = %, loglog(R/p) —log A < t <loglog(R/p),
0, t > loglog(R/p).
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Note that (3.3) defines d-closed o € L? (QUU). We obtain a holomorphic F

(0,1),loc
with
1F = Fllzagey < 171 = xClog(~))llz2(@) + 4L (Gog(~)) |20
and the desired estimate will follow if we let p tend to r. O

Corollary 4.3. Assume that Q) is a bounded domain in C" satisfying the following
property: for every zo € 0N there exists a neighborhood basis U; of zo such that
QUU; is pseudoconvex for every j. Then, if

wli{gﬂ Ko(w,w) = oo,
it follows that ) is Bergman complete.

Proof. Let Q > wy, — 20 € 02 and f € H?(Q2). By Theorem 4.2 there exists a
sequence F; € H*(QUUj) such that ||[F; — f|[12() — 0. We have
)l |Fy(w)
VEa(wi,wp) — /Ka(wg, wy)

For every fixed j, since F} is holomorphic in a neighborhood of zj, the sequence
|F;(wg)| is bounded. Thus, if we first let & — oo and then j — oo, the corollary
follows from Proposition 2.2. O

+F; = fllz2 o)

Note that the assumption on €2 in Corollary 4.3 is always true if n = 1 but not if
n > 1: it is not satisfied for the Hartogs triangle Q = {(z,w) € C? : |z| < |w| < 1}.

Theorem 4.4. Let Q be a bounded pseudoconver domain in C". Assume that
w,w € Q and a, & > 0 are such that {gow < —a} N{gas < —a} =0. Then

~ 0 ene
distq(w, w) > 5 arctan (1 + 4@) ,
where 1 is as in Theorem 4.1.

Proof. Let h := Kq(-,w)/\/Ko(w,w) € H*(Q) so that ||h|[2(0) = 1. Set ¢ :=
2n(g9o.w + 90.@), ¥ = gao,w and

0, t < loga,
t) = ¢ s
x(®) / e " ds, t>loga.
1

oga
Then in particular x(log(—v)) = x(o0) = n(na) at w and x(log(—v)) = 0 at w. By
Theorem 3.3 there exists f € H?({) such that
fllz2 (o) < |[hx(log(=v))llz2(0) + |If — hx(log(—v))llr2(e)
<1+ ||f — hx(log(—v))[|L2(0,e-+)
< 14 4f|hx (log(—v))l| L2 (0,e-#)

en&
<1+4 :
n(na)
Since e~ % is not integrable near w and w, it also follows that f(w) = h(w) and
f(w) = 0. It is now sufficient to apply Proposition 2.3. O
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5. ESTIMATES FOR THE PLURICOMPLEX GREEN FUNCTION

The following theorem will be the main step in estimating the Green function.
The main idea of the proof comes from [I7] (see also [13]).

Theorem 5.1. Assume that  is a bounded hyperconver domain in C™ with the
diameter R. Let (,w € Q and 0 < & < min{r/2,|¢ — w|/2}, where r := dq(w).
Then

og(r/(2¢))

Proof. By [10] (see also [20]) the function gq, is continuous on Q \ {w} (with
go,w = 0 on 9Q). Let a :=log(R/e). By [] and since (dd°ga,w)" = (27)" 0w,

]Q|gaﬂA”<ddCrnax{gQ£,—-a})” < nl(2m)"a" g, (w)).

mw@wfﬁmd<wpmﬂﬂmwwwmwwwmmwﬂ.

{8a=¢}

The measure (dd® max{gq ¢, —a})" is supported on the set {go,c = —a} C B((,¢)
and its total mass is equal to (2m)". Therefore, there exists ¢ € B((,¢) such that

(5-1) 192,(Q)[" < nl(log(R/))"|ga.c(w)].

By u denote the relative extremal function of the ball B(w,¢), that is,

u =sup{v € PSH(Q) : v|o < 0,0|5,, < -1}

By [23] (see also [5]) the function u is continuous on Q (with u = 0 on 9Q and
u = —1 on B(w,¢)). One can easily check that

(5.2) log(R/e)u < ga.o <log(r/e)u on Q\ B(w,e)
(since the functions are maximal in 2\ B(w,¢) and vanish on 952, it is enough to

show these inequalities on dB(w,¢)). In particular,

sup |90,
{da=c}

< e=Er
IS Pogre)
Set Q:={2€Q:24+(—(€Q}andfor§ >6

fmax{u(z),u(z+C~¢) -8}, 2€Q,
h(z) := {u(z), Ceo\d

=:0, ifdq(z) <e.

We claim that h is a negative plurisubharmonic function in 2. Indeed, for z € QNoN
we have do(z) < e and u(z) > —0 > u(z+¢—¢)—4’, hence h = w in a neighborhood
of QN IN and it follows that h is plurisubharmonic. We have

u(z) < M, z € Q\ B(w,e)

log(r/e)
(because both functions are maximal and the inequality holds on the boundary),
and
24— (e B(w,2) C B(w,r), z¢cBwe)cC
Therefore B o
u(z+(—-¢) <—p, z€B(w,e),
and

h <max{-1,-3-0} < -8 on B(w,e),
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where
o 1o8(/(22)
- log(r/e)
From the definition of u it thus follows that h(z)/3 < u(z) for z € Q. Forz = ¢ € Q
letting 0’ tend to § we get

u(¢) — 0 < h(¢) < Bu(),
which together with (5.1) and (5.2) gives the required inequality. O

Remark. For n = 1 the theorem recovers the symmetry of gq: it is enough to let
e —0. U

Theorem 5.2. Let Q be a bounded domain in C™, where we can find v € PSH ()
and positive constants A, B, a,b such that in Q the following estimate holds:

1
(5.3) 108 <l < Bé&Y,.

Then there exist positive constants C, C depending only on n, A, B,a,b and R, the
diameter of 0 such that for (,w € Q with r := dg(w) < e™2 and p := Jo(¢) < e~ ?

we have

Cp—zlog(l/r), if p<r/2,
(5.4) 92.w(OI <4 _Tom

Cpm(10g(1/7”))1’1/”(10g(1/ﬂ))1/", ifp>2r

In particular,
{900 < —1} C {C7Vor/b(log(1/r))7® < 8o < C™/ ¥ (log(1/7))™/@}.
Proof. Assume first that p < r/2. We have
9o,w(z) > log(|z —w|/R), =z€ .
Therefore
9w > % v in Q\ B(w,r/2)
B(w,r/2)
(because the inequality holds on the boundary) and (5.3) now gives

b
190.(¢)] < 2“ABf—a log(2R/r)

which implies the first inequality in (5.4).
Now assume that p > 2r. By C1,C5,... we will denote positive constants
depending only on n, A, B,a,b and R. If 0 < £ < r/2, then by the first inequality

b
€
sup [ga.w| < C1— log(1/r)
(SQZE} T

and .
-
l90,¢(w)] < CIE log(1/p),

if r is sufficiently small. Therefore, by Theorem 5.1
(5.5)

lg.()] < G 2E1/E)

_O\/E) e rb/m 1-1/n 1/n
= ?log(r/(2¢)) (r_alog(l/THW(lOg(l/E)) /" (log(1/p))"/ )
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We set .
e = 1 (log(1/r) ",
where ) )
P ) S
bn n

since a > b. Then
b
€ b—a)/n 1/n
—a log(1/7) < r(=0/m(log(1/r))"/

(5.6) < =9/ (log(1/2))' 1/ (log(1/r) /"
Tb/n

< Oy (log(1/2)' =/ (os(1/p) /"

(recall that p > 2r). We also have

log(1/2)
. — <
o) fog(r/22)) = "
and
(5.8) log(1/¢e) < Cslog(1/r).
Combining (5.5)-(5.8) we arrive at the second inequality in (5.4). O

Theorem 5.2 immediately gives the following result which slightly generalizes the
main result from [17].

Corollary 5.3. Let Q be as in Theorem 5.2. Then for every compact subset K of
Q we have
li w| = 0.
i sup |902,0]

Remark. Tt remains an open problem if Corollary 5.3 holds for arbitrary bounded
hyperconvex 2. Note that then we know from [6] that

li =0

Jim [l90.wllze @)

for every p < oc. ([
Theorem 5.2 can be improved and its proof simplified when 2 is convex.

Theorem 5.4. Let Q be a bounded convex domain in C™. For given (,w € Q set
p:=10a(C), r:=dq(w). Then

- T
gQ,w(C) > 1Og |IZTT|

In particular,

e—1 e+1
w < —1 < g < .
{900 < }C{e+1r797 7

Proof. By the Lempert theorem (see [19]) ga . (¢) is symmetric in w and ¢ and
thus we way assume that p > r. Let H be a real hyperplane in C"® with HNQ = ()
and dg(w) = dist(w, H). After an orthonormal change of variables we may assume
that H = {Rez1 = 0}, @ C {Rez > 0}, w = (r,0,...,0) and p := dist({, H) =
Re(y > p. Then

G — 7| p—r p—

> log = > lo .
Grr = 85t %ty

go,w(C) > log 0
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Remark. Actually, one can avoid the use of the Lempert theorem in the proof of
Theorem 5.4. Namely, for p < r one has to repeat the same argument but with the
hyperplane H such that H N Q = @) and dq(¢) = dist(¢, H). O
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