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ESTIMATES OF THE DERIVATIVES FOR PARABOLIC
OPERATORS WITH UNBOUNDED COEFFICIENTS

MARCELLO BERTOLDI AND LUCA LORENZI

ABSTRACT. We consider a class of second-order uniformly elliptic operators A
with unbounded coefficients in RY. Using a Bernstein approach we provide
several uniform estimates for the semigroup 7T'(t) generated by the realization of
the operator A in the space of all bounded and continuous or Holder continuous
functions in RV. As a consequence, we obtain optimal Schauder estimates for
the solution to both the elliptic equation Au — Au = f (A > 0) and the
nonhomogeneous Dirichlet Cauchy problem Diu = Au + g. Then, we prove
two different kinds of pointwise estimates of T'(¢) that can be used to prove a
Liouville-type theorem. Finally, we provide sharp estimates of the semigroup
T(t) in weighted LP-spaces related to the invariant measure associated with
the semigroup.

1. INTRODUCTION

In recent years much attention has been paid to the uniformly elliptic operator

N N
A=Y @)Dy +)_bj()Dy,
i,j=1 j=1

with unbounded coefficients in R”. The interest for operators with unbounded
coefficients is due to the fact that they arise naturally in the theory of Markov
processes. Actually these operators have very interesting properties, quite different
from those enjoyed by elliptic operators with bounded coefficients.

If f is continuous and bounded in RY (f € C,(RY) for short), under suitable
hypotheses the Cauchy problem

Dyu(t, x) = Ault, x), t>0, ze&RVN,

(1.1)
U(O,(E) = f(x)a T e RNv

has a unique bounded solution. Moreover, there exists a semigroup {T'(¢)}¢>0 of
linear operators in Cj(RY) such that u(t,z) = (T(t)f)(z). In general, T(t) is
neither strongly continuous nor analytic (see [14]).
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2628 M. BERTOLDI AND L. LORENZI

The problem of estimating the derivatives of T'(¢) f has already been studied in
literature by both analytic ([2, 4], 6, 12]) and probabilistic methods ([5} [19]).

In this paper we prove both uniform and pointwise estimates for the first-, second-
and third-order derivatives of T'(t)f. In section 3 we prove uniform estimates,
namely we show that for any w > 0 and any k,l € N, 0 < k <[ < 3, there exists a
positive constant Cj; = Cj,(w) such that

(1.2)  ITOflermn) < Crat™ 02| fllep@n), vf e Cp(RY), t>0.

To prove we use the Bernstein method and approximate T'(t) f by solutions
of Cauchy problems in bounded domains. We assume dissipativity-type and growth
conditions on the coefficients of A. We notice that some dissipativity condition is
necessary, because in general estimate (I.2)) fails; see [4].

Then, using interpolation arguments, we obtain similar estimates for T'(t)f in
Holder spaces. Namely, we extend estimate (I2) to the case when k,I € Ry,
0 < k <1 < 3. This allows us to prove optimal Schauder estimates for the solution
of the nonhomogeneous Dirichlet Cauchy problem associated with () as well as
for the elliptic equation Au — Au = f (A > 0).

In section 4 we consider the following pointwise estimates for the derivatives of
T(t)f: first we prove that for any k = 1,2,3 and any p € (1,4+00), there exists a
constant oy, € R such that
(1.3)

(D T@H@ < et (TOUFE +.+ D5 @), ¥E>0, 2R,

for all f € C’f (RY). Consequently we deduce the second pointwise estimate

e*ffk,min{pg}t

(1.4) X (TSP + o+ D)) (@),

for any (t,z) € Ry x RN, any f € Cffl(RN) and any p > 1, where ¢, €
C([0,400)) is a suitable function which behaves as t'~"/? near 0 and may grow
exponentially at infinity (see (I6l)). Then, taking the semigroup property into
account, from ([[4]) one readily obtains the estimate

max{1,%
Ok, min{p,2
(DTN P < (2202 a0

ewk’pt

(L5)  (D'TOf) (@) < Cr iy TOLfP)(2),  t>0, 2 € RY,

for any f € C,(RY), any p > 1 and some constants Cr,p > 0, blowing up as p tends
to 1, and wyp € R.

In the particular case when ¢;;(z) = d;;, i.e. when A=A+ b;(x)D;, we also
prove estimate ([L3)) for p = 1. On the contrary, estimate (L4 cannot, in general,
be extended to the case when p = 1. Counterexamples are easily obtained in the
simple case A = A (see [14]).

Such pointwise estimates are typical for transition semigroups of Markov pro-
cesses, and they have already been studied for the first-order derivatives (k = 1);
see [11, 2] B].

In the case when wi, < 0, estimate (LA) with & = 1 allows us to obtain a
Liouville-type theorem, namely, in such a situation we can show that, if Au = 0,
then w is constant. If wy , > 0, in general, such a result fails. Counterexamples are
also given in [I8] in the one-dimensional case.
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In the last section we derive from ([[L3) similar estimates for the derivatives of the
extension of T'(t)f to the LP-spaces related to the invariant measure u associated
with the semigroup. To be more precise, we show that, for any w > 0, any &k = 1,2, 3
and any p € (1, 4+00), there exists a positive constant Cy , = Cj ,»(w) such that

ewk,pt
(1.6) ID*T() flp < Crp iz Iy, £>0,
for all f € LP(RYN, 1), where || - ||, denotes the norm of LP(RY p).

The characterization of the domain D(A,) of the realization of A, in LP(RY p)
is still an open problem. There are just a few results in the particular case when
the drift term is a gradient (see [16]) or A is an Ornstein-Uhlenbeck operator (see
[15]). In such a situation, the invariant measure can be explicitly determined, and
things are easier. In general, the invariant measure is unknown and there are only
a few results on the regularity and behaviour at infinity of its density du/dz, which
do not allow us to perform the same technique as in [I6] to characterize D(A,).

One of the main consequence of ([CH), with & = 1, is that it allows us to give a
partial characterization of D(A,). Indeed, using a standard technique relying on the
representation of the resolvent R(\, 4,)f, at x € RV, as the Laplace transform of
the function ¢t — (T'(¢t) f)(x), we show that if f € D(A,), then the first distributional
derivatives Dy f, k =1,..., N, belong to LP(RY 11).

Notation. Throughout the paper we denote by B(R) the open ball in RY with
center at z = 0 and radius R, and by B(R) its closure in RY. For any a,b € R, we
denote by a Vb and a A b, respectively, the maximum and the minimum between a
and b. When b = 0 we set a™ = a V 0. For any multi-index o = (a, ..., ay), any
open set Q C RN and any smooth function f : Q — R we set D f = Dg .- Dgn
Similarly, for any k € N and any x € Q we set |D* f(z)|* = 3, =, [D* f(2)[*.

2. FUNCTION SPACES AND PRELIMINARIES

In this section we define the function spaces we deal with throughout this paper
and we collect all the needed preliminary results.

Definition 2.1. We denote by C,(R”) the space of all bounded and continuous
functions f : RNV — R endowed with the sup-norm. Moreover, for any k& € R, we
denote by Cf(R™) the spaces of all continuously differentiable up to the [k]-order
functions f such that Df € C,(RY) for any |a| < [k] ([k] denoting the integer
part of k) and D*f is (k — [k])-Holder continuous. We endow CF(RY) with the

norm
Iflcseyy =Y IDflloo+ > [D*flor-miwny, vf e Cy(RY),
b
<[k o =[#]
where
xX) — _
lowany = swp LD ZIWL g ¢ ooy,

eyeRN, oy [T — y[Fl

For any open set Q C RY and any k € [0, +00], C¥(2) denotes the subset of
CF(RN) of all the functions f compactly supported in €.

By CF _(RY), k € Ry, we denote the set of all the functions f : R¥ — R which
belong to C*(K) for any compact set K C RY. Similarly,

crrel22e g 4 oo) x RY)

loc
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2630 M. BERTOLDI AND L. LORENZI

denotes the space of the functions u which are once continuously differentiable
with respect to time and twice continuously differentiable with respect to the space
variables in (0, +00) x R and such that for any compact set D C (0, +00) x RV,
Dyu, DBy (|8] < 2) are a-Hélder continuous in D with respect to the parabolic
distance d((t,z), (s,y)) = (|t — s| + |z — y|>)'/2. For any k € N and any compact
set D C Rx RY, ¢1+a/2.2+k+e (D) denotes the set of all the u’s which admit space
derivatives up to the k-th order in C1+e/2:2+ (D),

For any positive measure y we denote by LP(RY, 1) (p € [1,+00)) (L, for short)
the LP-space related to the measure p and we endow it with the usual norm.

Finally, we denote by W*?(RN 1) (k € N, p € [1,+00)) (W/’f’p for short) the
space of all the functions f : RV — R admitting weak derivatives up to the k-order
in LF,. We endow it with the norm

e = Y 1D flley,  VfeWEP,
la|<k
We now recall some basic results on the Cauchy problem
Diu(t,x) = Au(t, z), t>0, zeRVN,
{ u(0,2) = f(x), z € RN,
where f € Cy(RY). Under the following hypothesis:

H1): ¢;j,b; € CS (RN) for some § € (0,1) and ¢;;(x) = g;i(z) for any i,j =

1,...,N and any « € RN, and

(2.1)

N
> ai(@&& > v@)lef, Ve eRY,
i,j=1
for some function v : RN — R such that inf,cpn v(z) = 19 > 0,

problem (Z1]) admits a classical solution

ue O([0,+00) x RNy n CLH/2219((0, 400) x RY)

loc
satisfying
[u(t, )| < || flloos t>0, xRV,
Without any additional assumption, in general the function u is not the unique clas-
sical bounded solution to problem (see [91[13] for examples of nonuniqueness).
If we assume the further condition
H2): there exists A > 0 and a function ¢ € C?(R") such that
lim ¢(z) = 400 and sup (Ap(z) — Ap(z)) < +oo,

|| =400 TzERN

then the classical bounded solution to (ZIJ) is unique and is given by
(2.2) uto)= [ Gltapfey, V(o) Ry xR,
RN

where G is a positive function such that G(-,-,y) € Cl+5/2’2+6((0, +00) x RY), it

loc

solves the equation D;G(,-,y) = AG(,-,y) for almost any y € R" and
(2.3) G(t,z,y)dy =1, Vt >0, z € RV,

RN
The function G is called the fundamental solution to problem (Z.1J).
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The family of bounded operators {T'(¢)}:>o defined by T(t)f = u(t,-) for any
f € Cp(RY) and any t > 0, gives rise to a contractive semigroup of linear operators
in Cy(RY). In general, T(t) is neither strongly continuous nor analytic in Cj,(RY).
Moreover, the following property holds:

If {fn}nen C Cp(RY) is a bounded sequence such that lim, . fn =
(2.4) f € Cp(RY) uniformly in B(k) for all k > 0, then lim, oo (T'(t) fn)(z) =
(T'(t) f)(x) uniformly in [0,T] x B(k) for all T\, k > 0.

We refer the reader to [3|,[8] [I3] for the proofs of the previous results.

The solution u(t,z) = (T(t)f)(x) can be approximated with the solutions of
Dirichlet problems. To be more precise let ur be the solution to the Dirichlet
Cauchy problem

Dyug(t,x) = Augr(t, x), t>0, z€B(R),
(2.5) ur(t,x) =0, t>0, z€dB(R),
ur(0,z) = nr(z)f(x), x € B(R),
where f € C (E(R)), and 7ng is any nonnegative smooth function compactly sup-
ported in B(R) and such that ng =1 in B(R/2).
We denote by {Tr(t)}+>0 the semigroup in C(B(R)) associated with problem
(Z3), so that ur(t,") = Tr(t)(Irf); the generator of Tgr(t) is the operator A :

D(AR) — X defined by
(2.6)

D(Ag) = {u €C(B[R) () WLI(BR): wopr) =0, Aue C(E(R))},

1<p<+oo

and Apu = Au for any u € D(AR); see [L1), Corollary 3.1.21].
Now let f € Cp(RY) and fix ¢, 7,n > 0. Then we have

(2.7) AimJu = urllgivsrz2es (e By = 03

see e.g. [3, Theorem 1.12], [T3] Theorem 4.2]. Moreover, the fundamental solution
Gp to problem (ZH) is positive for any R > 0, Gg, < Gpg, for all Ry < Ry,
and Gr tends to the function G in ([Z2) as R tends to +o0o. As straightforward
consequences, we deduce that, for any f > 0 and Ry < Rs, we have

(28) T, (0f <Try(0)f <T()f. >0
(see also [13, Lemma 4.1]), and, for any f € C,(RY),

(2.9) T()f - Ta()f] < (T@) - Ta®)lf, V>0,
Let us now recall the following classical interior estimate (see e.g. [7} Theorems
3.5 and 3.10]).

Theorem 2.2. Suppose that g;j,b; € Clko"g’s(RN) foranyi,j=1,...,N, for some

k € N and § € (0,1), and suppose that H1 holds. Let Q@ C RN be a bounded open

set and let u € L>((0,T) x Q) be a solution of the equation uy = Au in (0,T) x Q.
Then, for any |B] < k, the function DPu belongs to C’lloté/2’2+6((0, +00) X

Q). Moreover, for any e, > 0 (¢ < & < T), and any open set Q' CC Q,
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2632 M. BERTOLDI AND L. LORENZI

there erists a positive constant C depending on e,&',T,Q.Q' k, ||qij||cr+sq) and
bjllertsqy (i, =1,...,N), such that
(2.10) lullcrrsrz it rixany <C - sup — Ju(t,z)].
(t,0)€le,T]x 2
Theorem yields the following consequence: applying (2I0) to u — ug, by
(20) it follows that

(211) REIEOO ||UR - u||01+5/2,k+2+5([6’T]XB(n)) = 0,

for all f € Cy(RY) and all fixed ¢, T,n > 0.

Next, we recall the following result. Even if it is a classical result, to the authors’
knowledge it seems not to be explicitly mentioned in the most used classical books;
then we give a proof.

Theorem 2.3. Let R > 0 and let assumption HI be satisfied. Moreover, as-
sume that the coefficients of A belong to C*+*(B(R)) for some o € (0,1) and
k = 1,2,3. Then for any f € Cg(B(R)) (j = 0,...,k) the function (t,z) —
tk=0)/2(DFTR(t) f)(x) is continuous in [0, +0c0) x B(R).

Proof. The proof follows from a density argument. We just sketch it in the case
when j = k = 3. It is well known that for any f € C5°(B(R)), the functions
(t,z) — (DITg(t)f)(x) (j = 0,...,3) are continuous in [0, +o0) x B(R) (see e.g.
[10, Theorem 5.2]). Using a method similar to the one that we will use in the proof

of Theorem B3] we can easily show that, for any T > 0, there exists a positive
constant C' = C(R,T), such that

(2.12) ITr) fllcsB(ry) < Cllflles@ry) vt € [0,T].

Now, with any f € C3(B(R)) we associate a sequence of smooth functions { f, }nen
C Cg°(B(R)) converging to f in C®(B(R)). Since for any n € N the functions
DiTg(:)fn (j = 0,...,3) are continuous in [0,4+o0) x B(R), taking [ZI2) into
account, we easily get the assertion. O

We conclude this section with the following version of the maximum principle
which will be used throughout all this paper. For the proof, we refer the reader to
[12, Proposition 2.1].

Lemma 2.4. Suppose that assumptions H1 and H2 hold true and let uw : [0,T] x
RY — R be a bounded classical solution of the problem

Dyu(t, z) = Au(t, z) + g(t, z), t€(0,T), =e€RN,
u(va) :f(x)a € eRNv

where f € Co(RN) and g € C((0,T) x RN). If g <0, then u < sup f*, where
fT(z) = max{f(x),0}. Similarly, if g > 0, then w > inf f~, where f~(z) =
min{ f(x),0}.

3. UNIFORM ESTIMATES

In this section, we show that, under suitable assumptions on the coefficients g;;
and b; (i, =1,...,N), for any w > 0, there exist positive constants Cy; = Cj,i(w)
such that

(3.1) IT®) flloyny < Crat™ B2 fllopmy, vf e CyRY),
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for any k,l € N, 0 < k <1< 3. Once (B is established, one can easily prove, by
interpolation, that there exist positive constants Cita,m+6 = Chta,m+o(w) such
that
(3.2)
IT@)fllopromny < Crramrat™ ™02 fl| nragny,  Vf € G RY),

for any m,k =0,1,2, a,0 € [0,1], k + « < m + 0.

Although we limit ourselves to the case when [ < 3, our techniques work as well
for [ > 3 under suitable additional assumptions on the coefficients.

We will consider the following assumptions:

H3): there exists a constant C' > 0 such that

(3-3) zj| < CA+ [a])v(@), qu < C(+ [a)u(@),
N
(3-4) ij(x)xj <O+ |2P)p(2),

forany x € RN, i=1,...,N;
Hy-1): ¢;j,b; € C’llot‘s (RN) for some ¢ € (0, 1) and there exist a constant C' > 0

and a function d : RY — R with L; := sup,cpnv{d(z)/v(z)} < +o0, such
that |Dkqij(x)| < Cv(x) for any i,5,k=1,..., N and

S D@t < df, Vrg e RY:

3,j=1

H4-2): qij,b; € C’2+5(RN) for some 6 € (0, 1), hypothesis H4-1 holds true and

loc
there exist a positive function r : RY — R and three constants K; € R,

Ls, L3 > 0 such that |DPb;(x)| < r(z) forany j = 1,..., N and any |3 = 2,
d(z) + Lor(z) < Lsv(x) and

N
Z Dikgij(x)migmpr < Kiv(z) Z M,
ig,hok=1 h,k=1
for any symmetric matrix M = (mhk)hNk , and any x € RY;
H4-3): qij,b; € oiand (R™) for some § € (0, 1), hypothesis H/-2 holds true and

loc

there exists a constant C' > 0 such that |DPb;(x)| < r(z) and |DPq;;(z)| <
Cv(x) for any i,57 =1,..., N, any |3| = 3 and any » € RV

Remark 3.1. We remark that in H4-I (I = 2,3) we can take 7(z) = L4(1 + |d(z)])
for some L4 > 0. It is sufficient to take Lo < LZI and

Ly = (1 + LyLy) sup (d(x)/v(x)) + LoLavy
zeRN

in H4-2.

Remark 3.2. In some situation, condition HS is easily implied by H4-1. This is the
case, for instance, when there exists a positive constant K such that

(3.5) /01 v(tz)dt < Kv(zx), vz € RV,
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2634 M. BERTOLDI AND L. LORENZI

We limit ourselves to showing that in such a situation, condition ([B4)) follows from
H/-1. The same argument can be used to prove that also (B3] is a consequence of
Hj-1.

To show (B.4) we observe that taking (z,€) = (tz, 2) in Hj-1 gives

N
(3.6) % > bi(tz)z; < Liv(tz)|z]?, vz e RV,
j=1

Integrating (3.6) with respect to ¢ € [0,1] and taking (3.5) into account, we get

S
.
—

I
~—
k)1\2

A

N 1
< ij(O)zj+L1|z|2/ V(t2)dt
j=1 0

|2[[b(0)] + K L |2 (2)
Clz|(1 + [2))v(2),

IAIA

(3.7)

for any 2 € R™, where |b(0)| denotes the euclidean norm of the vector b(0) =
(b1(0),...,bx(0)) and O’ = max{|b(0)|ry ", K L1}.

Let us observe that (33]) is satisfied, for instance, in the case when v(z) = 7(|z|)
for any z € RN and some nondecreasing function 7 : R, — R,, and in the
case when v(z) = ¢+ U(z), ¢ and v being, respectively, a positive constant and a
homogeneous function of degree a > 0.

Theorem 3.3. Let I € {1,2,3}, and let assumptions HI-H3, Hj-l be satisfied.
Then, for any w > 0 and any k = 0,...,1, there exist constants C; = C1(w) >0
such that (30 holds true. In particular, if k =1 we can take w =0 in (31).

Proof. We begin the proof by considering the case when £ =0 and [ = 3. Let ¢ €
C*([0,400)) be a nonincreasing function such that ¢(¢) = 1 for any ¢ € [0,1/2),
and ¢(t) = 0 for any ¢ € [3/4,4+00). With any R > 0 we associate the function
n=ngr : RY — R defined by n(z) = ¢(|z|/R). Of course n € C*(RY), n =1 in
B(R/2) and n = 0 outside the ball B(R).

We fix T' > 0 and define the function

vo3.r(t,T) = |ur(t,®)]* + atn?|Dug(t, v)|* + a*t*n*|D*ur(t, z)|?
+a*t*n° | DPug(t, x))%,
for any ¢ € [0,T] and any « € B(R), where ug(t,x) = (Tr(t)(nf))(x) is the solution
of the Dirichlet Cauchy problem ([Z3]). Taking Theorem [Z3]into account, it follows

that vg 3 g is continuous in [0,7] x B(R), and, with some computations, one can
see that vy 3 g solves the Cauchy problem

Dt’UO,3,R(t) J") = AU0,3,R(t5 J") + gR(t7x)7 te [O7T]a S B(R)7
(38) 00’3’3(@%) = 0, te [O,T], T e 8B(R),

U0,37R(Oa z) = (ﬂf)Q(x)a x € B(R),
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ESTIMATES OF THE DERIVATIVES FOR PARABOLIC OPERATORS 2635

where gr(t,x) = 25:1 gj,r(t,z) for any t > 0 and any =z € B(R), with

N N
g1,R = —2 Z ¢i;DiurDjup — 2at772 Z ¢i; DinurDjnur

ij=1 i,4,h=1
N
— 2aq2¢2pt - D. D.
(3.9) a“t*n qij DinkURDjnkUR
i,4,h, k=1
N
— 2433 i Di D;
a-t-n Qij VinklURL jhEIUR,
i,9,h,k,1=1

(3.10)

N
92,r = —2(at|Dug|® + 6a*t*n*| D*ug|* + 15a*t*n* | D*ug|?) Z ¢i;DinD;n,

ij=1
(3.11)
N
93,r = —2(atn|Dug|? + 2¢*t°n®| D>ug|* + 3a*t*n°| Dupg|?) Z ¢i;Dijn
ij=1
N
— 2(atn|Dug|? + 2a*t*n*| D*up|? + 3¢*t*n°| D3 ug|?) Z b;D;n
=1
N N
—8atn Y ¢ijDinDpurDinug — 16a*t>5° Y qi;DinDpxurDinkur
i,4,h=1 i,5,h, k=1
N
—24d**n° > qi;DjnDaritrDinkiug,
sl =1
N N
9a,R = 2at772 Z DhbijuRDhuR + 4a2t2774 Z DhbijkuRthuR
J:h=1 Jh k=1
(3.12)
N
+ 6a‘3t‘3n6 Z DhbijkluRthluR,
Johki=1
(3.13)
N N
95,8 = 2atn> Y Duqi;DpurDijur+4a*t®n* Y DugiyDpxurDijrur
i,5,h=1 i,4,h, k=1

N
+ 63" DygijD Dy
a-1°n hij PhkiURLijEIUR,
i,5,h,k,1=1
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N
2,2 4
R = 2a°t°n E Dprqij DijurDhrur
i jik=1

N
3,3 6
+ 6a”t’n E DhigijDijiur Dhgiur
i hkl=1

(3.14)
N

+2a%t%n* Z DypbjDjupDprur
k=1

N
+ 6at3n" Z Dby Djiur Dpgiur,
bk l=1
(3.15)

N N
g7.r = 2a°t*n° Z Dhriqi DijurDhgiur + Z thlbijuRthlUR)7

i,3,h,k, =1 gihok =1
(3.16) gs.r = an?|Dug|* + 2a*tn* | D*ug|?* + 3a*t*n°| D3ug|?.

Taking the ellipticity condition H1 into account, we easily deduce that

(3.17) g1.r < —2v|Dug|* — 2atn*v|D*ug|?* — 2a*t*n*v|D3ug|* — 2a3t3n°v|D*upg|?

and that ga g < 0.
To estimate the function g3 g we observe that, by virtue of (3.3), and recalling
that ¢ is nonincreasing in [0, 4+00) and ¢’ = 0 in [0,1/2), it can be easily shown

that

Z g5 (x) Dijn(x)

1,j=1

1 N
S |()0/(|.T/'|/R <—RZ |£L'|3R Z q’L] x1x3>
=1 7] 1

+l" (Jz]/R)| | |2R2 Z ij(x)wi;

(3.18) e

IN

1'2 x2
Cul@) sup [|30/(|a:|/R)|<1|J;||R| TR 2l z|>

lz|<
" 1+|rc|2
O (al/ )| e 2l

C(1+2VN) ¢ v () + 40\/N|\<p"|\o<>1/(x)
=: C'v(x),

IN
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for any € B(R) and any R > 1. Similarly,

IN

Cv) sup (Iw'(|x|/R)|1;;||]§| )

|z|<R

(3.19)

IN

40§ |loov(x) =: C"v(x).

Using (3.4)) and recalling that ¢ is nonincreasing in [0, +00), we can easily show

that
N N
= bi@Dyn(e) = =¢'(lel/ B s =)
Jj=1 j=1
(3.20) ( 1+ IwIQ)
< Cv(x) su R)
|ch<pR "(Jxl/R) wIR
< C"v(x),

for any « € B(R).
Taking (B18), (319) and (B:20) into account and recalling that for any a, b, > 0
it holds that ab < (4¢)~1a? + €b?, we can now easily show that

gs.r < 2aC'tvn|Dug|* + 4a*>C"t?vn3|D?*ug|? + 6a3C"t3vn° | D3ug|?
+ 2aC"tvn|Dug|? + 4a>C"t2vn3| D?ug|? + 6a3C"t3vn® | D3ug|?
N
+ 8aC"tv <4—|DuR|2 + 67}2|D2UR|2>
£
2oz (N 2ip2 2 4113, |2
+ 16a°C"t*v =" |D*ug|” +en”|D°ug|
s, (N aip3, 12 614, |2
(3.21) + 24a”C"t°v =" |D*ug|® +en’| D ug]
N
<2a (C’ +C" + C”—) tv|Dug|?
€
! " " " N 2112 2
+4a | aC't +aC"t +2C"e + aC t? tvn®|D*upg)|
N .
+ 2a* (3aC't +3aC"t +8C"e + 3aC"t—) t2vn*| D3up|?
€
+ 24a3C"t3cvn®| D ug)?.

Taking advantage of assumption H/-1, we deduce that

(3.22) ga.r < 2atdn?|Dug|? + 4a*t*dn*| D*ugr|? + 6a*t*dn’®| D3ug|?.
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The terms gs r, gs,r and gr,gr can be estimated in a similar way by taking
assumptions H4-2 and H/-3 into account, and they yield

N? N
gs.r < atC’2—1/|DuR|2 +aCN (26 + at—> 151/7)2|D2uR|2
5 5
(3.23)
N .
+a?’CN (46 + 3at2—> t2vn*| D3ug|? + 6a3t*<C Nvn*| D*ug|?,
5
(3.24)
22 2 V? 2 2,2 4 N 2, 12
go.r < a“tn r2—|DuR| +a“t*n" |2Kiv+ N 25+3at2— r| |D ug|
€ 5

+ 6a3t3n° (K1v + eN7) |D3ug|?,

N3 N3
(3 25) 97.RrR S a3t37727a2_€|D'U/R|2 + a3t3n4CV¥|D2’U,R|2

+2a3t3n°eN (CvN +7) |D3ug|*.

From BI17), B21))-(323) we immediately deduce that for any ¢ € [0, T] we have
(3.26)

N N? N?
gr <{—wm+atv|-14+2at(C' +C" +C"—= ) + atC— + a*t*C—
€ 2¢e 2¢e
N2
+at {Zd +at(l1+ atN)Q—ET} } |Dug|?
! " i i N
+a{—1/0+2a+1/[—1+4<a0t+a0 t+2C"e + aC t?>
N N3
+CN (25 + at?> + 2K at + a2t202_5]
N2
+at [4d+ <2€N + 3at2—€> r] } tn?|D%up|?
2 U 1" " " N
+a {—1/0+3a+1/[—1+2 <3aCt+3aC t+8C"¢ + 3aC t?)

N
+CN <4g + 3at2—5> + 6atK; + 2ataCN2}

+ 2at(3d + 4eNr) }t2n4|D3uR|2

+2a% (—1 4 12C"e + 3eCN) t3vnS| Diup|?.
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We now choose (a, ¢), sufficiently small, satisfying the following set of inequalities:
3a — vy <0, 4eN < 3L,

N? N?
aT(l + 6111]\7)2—8 S 2L2, 2€N —+ SGJTZ—E S 4L2,

2
—1+aT{ <C’+C”+C” +L3> +CN? +2K1+]

N3
+2¢ (CN +4C") + a2T202—6 <0,

N2
—1+aT { (C’ +C"+ C” + K+ L3> + 302—6 + 2sCN2]
+4e (CN 4 4C") < 0.

With such a choice of (a,¢) we get gr(t,z) < 0 for any ¢ € [0,7] and any = € B(R).
From the maximum principle we now deduce that

vo,3.r(t,2)] < Infl% < II£I13 vt € [0,T], = € B(R).

By (211)), taking the limit as R tends to +oo, we deduce that (3.1]) holds for
t € [0,T], for some constant Cy3 = Co3(T) > 0 and with w = 0. Using the
semigroup property we can then extend the estimate to all the positive ¢. Indeed,
for any w > 0 we can choose T' = T'(w) such that e*t=3/2 > 1 for all t > T(w), and
then if ¢ > T we get

Co,3
1T fllcs@vy = ||T(T)T(t_T)fHC3(RN) < T3 S IT=T)fll
Co,s Co3 €
T3/2 ||f||00 — T3/2 t3/2 ||f||00a

and therefore (31 follows with Cp 3(w) = max{Co 3(T"), Co3(T)T~3/2}.
In the other cases the proof is very similar. It suffices to apply the arguments
above to the function

vk r(t, ) Zajt(J k)+ () |Diug(t,z)|?, Vt>0, z€ B(R), k<I1<3.

Let us Just show that, if & = I, we can take w = 0 in (B). We only consider
the case when [ = 3. A straightforward computation shows that vs 3 g is a classical
solution to the Dirichlet Cauchy problem (B.8) with vs 3 r(0,-) = 23:0 | DI (nf)|?
and gr being replaced by gr = 2]7‘:1 9ir, Where g; r (j =1,...,7) are defined by
the right-hand sides of (B0)-(3IH) after replacing each ¢, therein explicitly appear-
ing, with ¢ = 1. Arguing as above we can easily show that gr can be estimated
for any t > 0 by the last side of (3.26]), where we set T' = 1 and replace the terms
-1 + a, —vg + 2a and —vg + 3a simply by —v. It is now clear that we can take
(a,¢) such that gr(t,z) <0 for any t > 0 and any x € RY, and consequently

[v3.3.5(t,2)] < Infll2% + IDMHIZ + 1D 0F)IIZ + 1D ()],

for any ¢t > 0 and any x € R, which yields (1)) taking the limit as R tends to
+-00. (]

Now, by interpolation, we can prove (B.2).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2640 M. BERTOLDI AND L. LORENZI

Theorem 3.4. Letl € {1,2,3} and let assumptions HI1-HS3, Hj-l be satisfied. Then,
foranyw >0, anyk,m =0,...,1—1 and any o, 0 € [0,1] such that k+a < m+0,
there exist constants Crta,m+0 = Chta,m+o(w) > 0 such that B2) holds true. In
particular, if k + o =m + 0 we can take w = 0 in ([B.2).

Proof. The proof follows easily from an interpolation argument. We limit ourselves
to sketching it in a particular case, since the same techniques can also be applied
to all the other cases. So, let us assume that [ =3, k=m=2and 0 < a <60 < 1,
and fix w > 0. From 3I) with (k,1) = (2,2) and (k,1) = (2, 3), we deduce that
1

(3:27) Tl zcz@yy,czmny) < Co.2, 1T (1) Lic2n),cpmny) < Cast™Ze,
for any ¢ > 0. Recalling that (CZ(R™); CZ(RY)) 5,00 = CEJFB(RN), for any 5 € (0,1)
(see [11} Theorem 1.2.17]), and applying a well-known result in interpolation (see
[11), Proposition 1.2.6]), we easily see from (B.27) that T'(¢) is bounded from CZ(R™Y)
into C’f"’ﬁ(RN) for any 0 € (0,1) and

(3.28) I ez, o248 ) < Oy oy gt~ P/2ePet, Vt > 0,

where Cy 048 = 021’56026’3.
Applying the same argument to Bd]), with (k,1) = (3,3) and to (B:28), we
deduce that T'(t) is bounded from CZ+*(R™Y) into C§+B+(1_B)Q(RN) and
||T(t)||L(C§+Q(RN)7C§+/1+(1—5)@(RN)) < Cg_i_a,g_,_ﬁ_,’_(1_B)at*(1*a)5/26(17a)ﬁwt’

for any t > 0, where Coiq 24 84(1-8)a = CQIE_O;BC§3. Now the assertion follows,
taking 8= (0 — a)/(1 — ). O

In some cases, we can extend Theorems and B4 to the case when in H4-j,
the j-th-order derivatives of the coefficients are merely continuous in RY. As the
following theorem shows, this is the case when condition (.5 is satisfied and there
exist m, M > 0 such that

1
(3.29) / d(tz +y)dt < Mv(z +vy), vz € RN, y € B(m).
0

As is immediately seen, the previous condition is satisfied, for instance, when d
is bounded from above.

Theorem 3.5. Suppose that assumptions H1-H3, Hj-j (with the j-th-order deriva-
tives of the coefficients merely continuous in RY ) and conditions (3.35) and (B:29)
are satisfied. Then, Bl and B2) hold true for any k,1 e N, k <1< j.

Proof. The proof follows from a density argument. Of course, we can limit ourselves
to dealing with (B.I), since, as Theorem B4l shows, [8.2) follows easily from (BII).

For any ¢ > 0, let ¢ (x) = e~ Np(z/e), where ¢ € C°(RY) is any nonnegative
even function compactly supported in B(1) with integral 1. We denote by f¢ the
convolution between f and ¢°.

Let A® be defined as A with ¢;; and b; being replaced, respectively, by q;; and b5.
As it is immediately seen, ¢f; and b5 (i,7 =1,...,N) satisfy assumptions H1, H4-j,
with v(x),d(z), r(z) being replaced by v°(z), d*(x) and r*(z), C* = C, L5 = L; for
i=1,2,3, K{ = K; (if j > 1) and v§ > vp.
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Let us check that ¢f; and b5 (4,7 = 1,...,N) satisfy condition H3 for some
positive constant independent of €. For this purpose, we observe that ([3.5) implies
that

i ()| < 1ai(0)| + CEVN|z|v(x), veeRY, i,j=1,...,N,

which yields ([B3).
A straightforward computation now shows that

lg;; ()] < g (0)] + C’K\/N(|m| + e (x), VeeRN, i,j=1,...,N,

so that the ¢f;’s satisfy condition (B.3) with a constant independent of € € (0, 1].
Similarly, we can show that the b5’s satisfy (3.4) with a positive constant inde-
pendent of ¢ < m. Indeed, combining B7) and (B29) we deduce that

/Olde(tx)dt = /B(E) dy/old(tx—y)soe(y)dt

1
<M dy/ v(z —y)e®(y)dt
B(e) 0
= Mv®(x),
for any z € RY and e < m. Now, arguing as in the proof of (B.7) we get

N N 1
> 5@y <D b5(0)a; + |x|2/ d*(tw)dt < sup |b(y)||z| + Mla]*v*(z),
= = 0 yeB(e)

for any x € RY, which yields (84) with a constant, independent of ¢ < m.

Now, applying the same arguments as in the proof of Theorem we can show
that for any w > 0 and any k,l € N, 0 < k <[ < j, there exists a positive constant
Ci = Ci(w), independent of ¢, R, such that

wt

e p—
TR fller@ry) < Ck,lm”f”ck(ﬁ(m)a vt >0, feCy(B(R)),

where Ty is defined as Tr with A being replaced by A°. As R tends to +oo,
T5(t) f tends to a solution u® =: T=(¢) f to the Cauchy problem (I.1]) (with A being
replaced by A°) which satisfies

ewt

(3.30) I7%0) legam, < Crt o lcpemy ¥ 0
(see Section [2). Theorem 2.2 and (B30) easily imply that there exists an infin-
itesimal sequence {e, }nen such that T°(¢)f and its space derivatives up to the

(j — 1)-th-order converge in Cl+6/2’2+5((0, +00) x RY) to a function u =: S(t)f

loc

satisfying
ewt
(3.31) 1S flley @y < Ck,lm”f”cg(ﬁ&fv), vt > 0.
Since the coefficients ¢;; and b; (4,7 =1,..., N) are locally lipschitz continuous,
qf] and bj converge locally uniformly in RN as n tends to 400, respectively to

¢i; and bj, so that S(t)f satisfies the differential equation in (). Moreover,
for any f € CZ(RY), S(t)f converges to f as t tends to 0 locally uniformly in
x. This can be seen by a localization argument. For this purpose, we fix £ € N
and let n = m, be as in the proof of Theorem B3 Moreover, for any n € N we
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set vy (t, ) = n(z)(Te"(t)f)(x) and observe that v, is a solution to the Cauchy

problem

Dy, (t,z) = A% v, (t, x) + ¥, (t, x), (t,z) € [0,T] x B(k),

vp(t,x) =0, x € 0B(k),

v, (0, ) = n(x) f(x), r € B(k),
where

Un(t,) = =27 (1) f - A () — 2 Z a5y DT (t)f - Dj.
i,5=1

Since the coefficients ¢f; and b5 (i,j = 1,...,N) converge locally uniformly in

RN, they are equibounded (with respect to n € N) in B(k) and there exists a
positive constant C such that ||.A= Ile@m) < C||g||02(3(k)) for any g € C?(B(k)).

Therefore, from (B30) we deduce that there exists a constant C, independent of n,
such that

(332) WD) < gl W(t0) € OT)x BE), ne .

Estimate (8:32) implies that v, can be written by the usual variation-of-constants
formula as

vn(t,) = Ton(B)(nf) + /O Ton(t = $)bu(s,)ds, ¥t € (0,7,

where Ty, (t) is the semigroup associated with the realization Ay, of A°* in
C(B(k)) with Dirichlet boundary conditions (see Section [2).

Since nf € D(Ay.n) (see (Z8)) and T}, ,, is a semigroup of contractions in C(B(k))
for any n € N, then

I Ten®)0f) = nflecsa = \

C(B(K))

t
/0 Ty (5) A% (nf)ds

< A" )l cary < Ctnflle:aawy, vt € (0,T),
which readily yields

(3.33) tli%l+ sup | T, () (0f) = f o By = O-

From (B:32) and [B33) we can now easily show that
Jim, sup vn(t, ) = nflc@xy =0
Recalling that n = 1 in B(k/2), we deduce that
[(S(B))(x) = fz)] < sup (T (8) ) () = () f ()]
(3.34) + limsup [(T°" (2) f) (z) — (S()f) ()|

n—-+o0o

<sup [|v(t, ) = nfllcam)
neN

for any (t,z) € (0,T) x B(k/2). Taking the limit as ¢ tends to 0 in both the first
and the last side of (334]) gives

lim  sup |u(t,z) — f(x)| =0.
t—0% 2eB(k/2)
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From the arbitrariness of k € N, we deduce that S(¢)f converges locally uniformly
(with respect to z) to f as t tends to 0. Hence S(t)f is a classical solution to
problem (1) and the maximum principle in LemmalZ4implies that T'(t) f = S(¢) f.
Since CZ(RY) is dense in C} (RY) (endowed with the sup-norm) we can extend the
previous equality to all the f € C}(RY), obtaining (B1]) in the case when k > 1.
Finally, with any f € Cy(RY) we write T'(t) = T(t/2)T(t/2)f and observe that
since T'(t/2)f € CL(RYN), then T'(t)f = S(t/2)T(t/2)f. Applying B.31) with (¢, f)
being replaced by (t/2,T(t/2)f), we easily get (3I)) also in the case when k =0. O

Estimates (31) and (3.2) can be used to prove optimal Schauder estimates for
the elliptic equation A\u — Au = f.

Theorem 3.6. Letl € {1,2} and let assumptions H1-HS3, H/j-l be satisfied. Then,
the mazimal domain of the operator A in Cy(RY), i.e. the set

(3.35) Diax(A) = {u cC®Y)N (] WiIPRY):Aue Cb(RN)},
1<p<+oo

is contained in CJ(RN) for any 0 € (0,1], if | = 1, and for any 0 € (0,2), if

l =2. Moreover, for any w > 0 and any 6 as above, there exists a positive constant

C =C(0,w) such that

1—8

9
(3.36) l[ulleg ry < Cllulloo * H(w — A)ullS, Vu € Dimax(A)-

Finally, if assumption HJ-3 is also satisfied, then for any f € CZ(RY) (a € (0,1))
and any A > 0, there exist a unique solution u € C§+°‘ (RN) of the elliptic equation
A — Au = f and a positive constant C = C(«a, \) such that

||U||c§+“(RN) < C”f”Cg*(]RN)'
Proof. The proof of (336) can be obtained from (Bl arguing as in [12] Theorems
1 and 4.1]. O

Taking advantage of the quoted estimates and Theorem B.6, one can now prove
sharp estimates for the solution to the Cauchy problem

Dyu(t, x) = Au(t, z) + g(t, z), t>0, xeRY,
(3.37)
u(O,x) = U'O(x)7 HASS RNv

whose “mild” solution is given by the usual variation-of-constants formula
t
(3.38)  wu(t,x) = (T(t)ug)(x) +/ (T(t—s)g(s,-))(x)ds, t>0, zeRY
0

(see e.g. [I71 Theorem 3.5]). Arguing as in [I2, Theorem 2], one can prove the
following theorem.

Theorem 3.7. Suppose that assumptions H1-H3, Hj-3 are satisfied. Let T > 0,
6 € (0,1) and let g : [0,T] x RN — R be a bounded and continuous function such
that g(t,-) € CZ(RYN) for every t and supsefo, 71 19t )llco@ny < +oo. Moreover,
let ug € CFTO(RN). Then, the function w in (B338) is the unique strict solution to
problem [B37) (i.e. Dyu, Dyu, Dyzu € Cp([0,T] x RY) and u solves [B.37)) and
there exists a positive constant C' = Cp such that

sup ju(t; )l cz+o SC( || 246 gy + sup [lg(t, )| o )
+€[0,T] || ( )ch (RNV) || ”Cb (RN) re0.1] || ( )”Cb(RN)
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4. POINTWISE ESTIMATES

This section is devoted to prove pointwise estimates for the first-, second- and
third-order spatial derivatives of T'(t)f. Throughout this section we assume that
conditions H1-H3 of Section Bl hold true and we replace assumptions H/ with the
following ones:

Hj-1-y): qij,b; € CLEP(RN) for some & € (0,1) and there exist v € (0

loc

1)
constant C' > 0 and a function d : RY — R with sup,cpn~{d(z)/v(z)"}
+o00, such that |Dyg;;(x)| < Cv(x)? for any ¢,5,k=1,...,N and

)

a
<

S D@t < df, Vrg e RY:

t,j=1
H4-2-y): qij,b; € C’2+5(RN) for some ¢ € (0, 1), hypothesis H4-1-v holds true

loc

and there exist v € (0,1), a positive function r : RV — R with
sup {(d(z) + Lor(z))/v(x)7} < +oo,
zERN

where Lo := N3/2/\/§, and two constants C' > 0, K; € R such that
1D%;(x)| <r(x),  j=1,....N, [f=2 xzeRV

and

Z Dprgij(z)migmp, < Kiv(x Z mi,,
i k=1 hh=1

for any symmetric matrix M = (mhk)hNk , and any = € RY;
H4-3-): ¢i5,b; € C3+5(RN) for some 0 € (0, 1), hypothesis H4-2-y holds true

loc
with Lo being replaced by L3:=2/v/5 if N = 1 and L3:=/N3(N +1)/3
otherwise. Moreover, there exist v € (0,1) and a constant C' > 0 such that
|DPb;(x)| < r(z) and |DPg;;(x)] < Cv(z)” for any i,j = 1,...,N, any
|3| = 3 and any z € RN

Remark 4.1. Assumptions H/-l-y (I = 1,2,3) allow us to consider the case when
the coeflicients are of polynomial type.

In what follows we denote indifferently by w and T'(¢) f the solution to problem
(200) corresponding to the initial datum f.

We begin by proving the following lemma which will be essential to prove the
first type of pointwise estimates.

Lemma 4.2. Let k € {1,2,3} and let assumptions H1-H3 and HJ-k be satisfied.
Then, if f € CF(RN) the function (t,z) — (D*T'(t) f)(x) is continuous in [0, +00) X
RN
Proof. Let f € CF(RN) and u(t,z) = (T(t)f)(z). The regularity of u for ¢t > 0 is a
classical result, recalled in Theorem [2:21 Thus we have only to prove the regularity
at t = 0. The proof is based on a localization argument.

Fix 79 € RY, let Q be a smooth bounded neighborhood of ¢ and let ¥ € C§° ()
be such that ¢ = 1 in a smaller neighborhood Q¢ C Q of 2g. Set v(t, ) = d(x)u(t, x)
for t > 0 and = € ; then the function v satisfies the equation

vi(t, ) — Av(t, z) = p(t, z) = —u(t, z) Ad(z) — 2 Z gij(x) Dyu(t, ) Dj9(x),

1,j=1
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for all ¢ > 0 and = € 2, and the boundary condition v(¢,2) = 0 for all ¢ > 0 and

x € 0f). Moreover, it is readily seen that there exists a constant C' > 0 such that

CO,leu'JT
Vi

Here, we have used the estimate (3.I]) with (k,7) = (0,1). In particular, the function
t — ||¢(t, )| belongs to L1(0,T) for all T > 0, and therefore we can write

[9(, oo < Cllult, )ler@ < C [flls,  O0<t<T.

oft,2) = (Ta(t)(0F))(z) = / (Talt — s)6(s, ) (@)ds,  Vi>0, zeQ,

where Tq(t) is the semigroup associated with the Cauchy problem with Dirichlet
boundary condition in . Now let k = 1,2,3 and f € CF(RY); using the classical
gradient estimates for Tq(¢) and the estimate [B1), we get

C
ID*Tat = (s Mlow < =005, Mlorr)

<C /—t_S”U(Sa')Hck(ﬁ)
< CpiC .
ek T_Sllfllckm )

for any 0 < s < t < T, where C,Cr > 0 are constants. This means that the
function t +— || D¥Tq(t — 5)9(s, )| s belongs to L*(0,T) for all T > 0, and therefore
we can write

¢
DFu(t,z) — (D*To(t)(0f))(x) = / (DFTo(t — 8)(s,-))(z)ds, t>0, ze,
0
and
|D*o(t, ) — (D*Ta(t)(9f))(x)] < /t oS

’ . “Jo Vi-s
This implies that the function (¢,z) — D¥uv(t,z) is continuous in [0, 7] x 2 since,
by virtue of Theorem 23] (D*Tq(t)(9f))(z) tends to D¥(9f)(z) uniformly in s,

for any § > 0, as t tends to 0. Since v = u in a neighborhood of xg, it follows that
D¥u(t,z) is continuous at (0, zo). O

£l oy ds, 0<t<T, ze€q.

We now define the following quantities which will be widely used in what follows.

We set
(4.1)
M, = Set%pN{d(x)/V(x)V}v My, = S;gpN{(d(“’”) + Lir(z))/v(2)} (b =2,3),

where Ly, (k = 2,3) is defined in assumption H/-k-y.
We are now able to prove the following theorem in which we assume that M > 0.

Theorem 4.3. Let | € {1,2,3} and let assumptions HI1-H3, Hj-l-y be satisfied.
Further assume that M; > 0. Then, for any f € CL(RY) and any p € (1,+00)

(4.2)
I 5
(Z IDjf|2>

(D'T(t) f)(z)|P < etrt <T<t)
=0

)(x), vt >0, z e RV,
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where, if p € (1,2],

Ci(p)
p—1

o =p s {1 = o) + S i) | v

TERN

Ci(p) being a suitable positive constant (that can be explicitly determined) such that
hmle Cl(p) € R, while, if p > 2, Olp = gglyg (l =1, 2,3)

Proof. We begin with the case when [ = 3 and p € (1,2]. For any 6 > 0 we
introduce the function ws : Ry x RY — R defined by

ws(t,2) = (Ju(t, @) + |Du(t, ©)|? + |D*u(t, 2) + [Du(t, x)|* +8) %

for any t+ > 0 and any * € RY. By Lemma B2 ws € Cy([0,+00) x RY) N
C2((0,400) x RN) and a straightforward computation shows that it solves the

loc
Cauchy problem
(4.3)
Dyws (t,x) = Aws(t,x) + gs5(t, x), t>0, x€RY,
ws(0,2) = (|f (@) +|Df (@) +|D f (2)+|D* f ()" +3) | z RV,
where

z_q
gs =p (|u|2 + |Du|2 + |D2u|2 + |D‘°’u|2 + 5) 2

N N N
o E : qij DiuDju— § Qi DinuDjpu— E Qij DinkuDjpiu
,j=1 i,4,h=1 i,4,h,k=1
N N
- E ¢ DintuDjniiu + E Dygij DpuDiju
i,4,h,k,1=1 i,5,h=1
N N
+2 E DyqijDnguDijru + 3 E Diqij DriiuDijgiu
g, k=1 i g bk l=1
N N
+ E DhbijuDhu +2 E Dhbijkuthu
J,h=1 j,h,k=1
N N
+3 E Dpb;DjgiuDpgiu + E Dinrqij DijuDpru
Jyh,k,l=1 i,,h, k=1
N N
+3 E DhiqijDijiuDpiu + E DpibjDjuDpiu
i,5,h,k,1=1 johk=1
N N
+3 E Dpibj DjiuDppgu + E Dhrigij DijuDpgiu
Jsh,k,l=1 i,5,h,k,l=1

N
+ Z thlbijuthlu>
Johkel=1
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+p(2 = p) (|ul® + | Dul> + |D?uf* + |D*uf? +8)*

N N N
X > gij <UDiU + Y DpuDijpu+ Y DpguDipgu
ij=1 h=1 h k=1

N
+ Y thlUDihklU>

Rk, l=1

N N
X (uD]u + Z DhuDjhu + Z thuDjhku
h=1 h k=1

N
+ > thzUDjhkzu>~

h,k,l=1

Now, let h,k € {0,1,2,3} be fixed. Applying the Cauchy-Schwarz inequality
twice (first to the inner product (&, 1) — (Q(z)&,n) and then to the euclidean one)
we deduce that

(4.4)
N
> ¢; Y D*uD;D%u »  D’uD;D%u
,j=1  |a|=h |8|=Fk
N
— Z Z D*uDPy Z qijDiD“uD; DPu
loa|=h |8|=k i,j=1
1 1
N 2 N 2
< Z |D(’u|< Z qijDiD(’uDjD“u> Z |D5u|< Z qijDiD%DjD%>
loo|=h i,=1 |81=k i,j=1
N 3 N 3
< |Dhu||Dku|< Z Z qijDiDauDjDau> (Z Z qijDiD’BuDjDﬁu> .
la|=h i,j=1 |Bl=k i,j=1

This estimate can be used in order to get

N N N N
(4.5) Z %ij (uDiu+ZDhuDihu+ Z DpruDipku+ Z thlUDihklU>

i,j=1 h=1 h,k=1 h,k,l=1

N N N
X (uDju—l—ZDhuDjhu—f— Z thuDjhku—i— Z thluDjhklu>
h=1 hk=1 k=1

1
2 2

N 2 N
< [|’U;|< Z qijDiuDju> + |Du|< Z qijDihuDjhu>

ij=1 i,5,h=1

N 3
+|DQU|< Z QijDihkUDjhkU>

ij,hok=1
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:

=

N

+|D3u|2< Z QijDithUDjhklu>

i,5,h,k,[=1

< (|u|2 + |Du|2 + |D2u|2 + |D3u|2)

N N
X < Z gi; DiuDju + Z @i; DinuDjpu

ij=1 ij,h=1

N N

+ Z Qij DinguDjpru 4 Z QijDihklUDjhklu>-
i.5,h k=1 4.4, hk, =1

Taking ([@5) into account, it is immediate to check that

N N
g5 < p{(l —p)[ Z ¢ijDiuDju + Z ¢ijDinuDjpu
i,j=1 i,5,h=1
N N
+ Z qij DinkuDjnru+ Z QijDihklu-Djhklu]

i,5,h,k=1 i,5,h,k,[=1
N N

+ Z DhqithuDiju +2 Z DhqithkuDijku
i,4,h=1 i,9,h, k=1
N

+3 Z Dpqij DpriuDijriu + Z DpbjDjuDpu
ird okl =1 jh=1

N N
+2 Z DpbiDjpuDpru + 3 Z Dpb; DjriuDpigu

dohk=1 Gk =1
N N
+ E DhrgijDijuDpru + 3 E Dhrgij DijiuDpgu
i k=1 igih k=1
N N
+ E Dyib;DjuDpru + 3 E Db DjiuDpgu
Jyh,k=1 Jyh,k, =1
N N
+ E Dhirigij DijuDpgiu + E Db DjuDpiu
i bk l=1 Gk l=1

x(|ul? +|Dul? + |D?u|? + | D3u|? + §) 21
Hence, using hypotheses H1 and H4-3-y, we get for all ,e1 > 0

N2 N? ,
g <py |1=-pv+C—v"+d+r—(N+1)||Du
460 461

N? N3 )zﬂ

+ |:(].—p)l/+ (CEON'FCE"'CZ'FKI

3N
+2d +rN (el + —)} | D?ul|?
461
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N2
(4.6) + [(1 —p)v+ <2C€N + (134—6 +eCN? + 3K1> VY
+3d + 47~31N} | D3ul?
+ ((1 = p)v'~7 4+ 3CeN) 1/7|D4u|2}

% (Jul? + | Dul? + | D>l + |D3ul2 + 6)* .
We now choose e = g9 = (p — 1)ry, 7 /(3CN) and ¢, to be the minimazing point
of the function g : R4 — R defined by
g(x) = Nmax{(N?+ N)/(4z), (42* + 3N)/(8x), 4x/3}, vz € RV,
We obtain e; = 3v/5/10 if N = 1 and &1 = /3N (N + 1)/4 otherwise. With this
choice of € and €1, we get

5 <] (1= 0+ G ) IDuP + (1= g + Caloh”) PP

+ ((1 )+ ég(p)m) |D3u|2}
x (Jul? + |Dul? + |D?ul? + |D3uf? + 6)* ",

where

~ 3C?°N3 __
Ci(p) = vy~

M.
p-no T

1 1-,  3C?N3(N+2) ,
= —(p- T+ T L K 2 M
Cs(p) 3(p 2 =) vy + Ki+2Ms,

~ 1 _,  9C?N3
Cs(p) = g(N+2)(P—1)Vé 7+4(T_1)V3

with M3 being given by (). Now let o3, be as in the statement of the theorem
with C3(p) = (p — 1) max{C1(p), C2(p), C3(p)}. Then, we have

14 3K, +3M;,

gs(t,2) < o3, (|Du2+|D?ul? + |D%uf?) (juf?+ | Duf? + |D?ul? + | Dul? +6)
S O'&p’ll)(t,l‘),
for any ¢ > 0 and any x € R™. This yields
Dyws(t,x) < Aws(t, x) + o3 pws(t, x).

Now set zs(t,x) = e~ 93»lwgs(t, ) and observe that zs satisfies

(4.7)
Dyzs(t,x) < Azs(t, x), t>0, zeRVN,
25(0,2) < (|f(@)P+|Df (@) 2+ D2f @)+ D f (@) > +6) * | z e RN,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2650 M. BERTOLDI AND L. LORENZI

Then, the maximum principle in Lemma [2.4] implies that

ss(t,w) < (T (12 + PSP + D P + D)) (), t>0, zeRY,
for any § > 0. Taking the limit as ¢ tends to 0 we get

(Ju(t,z)|? + |Du(t, )|* + |D?u(t, z)|* + | D3u(t, z)|?)
< et (T(0) (|f12 + DS + D22+ D)2 (@),

for all t > 0 and x € RY. Then, [@3) follows.
Finally, we consider the case when p > 2. Since

[N

(4.8)

\D*T(t)f ()" = ((D*T()f)(=)*)
< (e (T() (1P + DS + D2+ D)) () |
we get (A2) (with | = 3) observing that ([2:2)) and (2:3) easily imply that
(TOw)? < T(H)(WP?),
for any ¢ > 0 and any nonnegative 1) € Cp,(RY).
To get (B2) in the case when p € (1,2) and | = 1,2, it suffices to apply the
previous arguments to the function
ws(t,z) = (I(T()) @) + [(DT@ (@) +6)* t>0, z€RY, §>0,
if { = 1 and to the function
ws(t,z) = ((T@)f)(@)]* + (DT @) )(@)]* + (ID*T(8) f)(«)]* +9)

if I = 2. Arguing as above we get

NS

, 6 >0,

! £ l 5
(4.9) <Z|Dju(t,x)|2+5> <ealmt<T(t)<Z|Djf|2+5> )(x)+5%,
j=0 j=0

for any [ = 1,2, with

(4.10)

(4.11)

Ca(p) {CQN%* p—
= max

p—1

where M; and My are given by (@I). Taking the limit as § tends to 0 gives (2.

In the case when p > 2, (£2)) (with [ = 1, 2) follows from the case p = 2, applying
Jensen’s inequality. This finishes the proof. O

As the following theorem shows, in the case when My < 0 (k = 2,3) the result
in Theorem [4.3] can be improved.

Theorem 4.4. Let | = 1,2,3 and let assumptions HI-H3, HJ-l-y be satisfied.
Further, assume that M; < 0 (if | = 2,3) or My < —%Vg_l for some py €
(1,2) if l=1. Then
(4.12)

2

l 5 l 5
(ZI(DjT(t)f)(x)F) <e?k:vt<T<t><Z|Djf|2> ><x>, Vi 0, 2 € R,

Jj=1
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for all f € CL(RY) and any p € (1,+00) if | = 2,3 and any p € [po, +o0) if | =1,
where G, (p € (1,+00)) are suitable constants that can be explicitly determined
(see the proof) and they possibly blow up as p tends to 1.

Proof. The proof is close to that of Theorem [£:3l Hence we just sketch it. To get
#I2), in the case when p € (1,2] and [ = 3, one has to deal with the function

Ws3(t,x) = (|Du(t, z)|? + |D?u(t, z)|* + |D3u(t, z)|> 4+ )2, vt >0, z € RV,
A straightforward computation shows that ws 3 solves problem (E3) with g5 re-
placed by a function g5 € C([0,+00) x RY) which satisfies estimate (&), where
we drop out the term —(1 — p)v in the first round brackets and the term |u|? in the
last ones. We now choose g9 > —CN?2/(4Mj3), € and &1 as in the proof of Theorem
I3, and we set
( CN?

Cl(p7 EO) = 450

+M3> Vg,

2773
BCINY(N +2) s +K1+2M3> Vv>7

Ca(p,e0) = sup ((1 —plv+ (CeoN + - 1) 0

i
Cs(p) = sup ((1 —p)v+ 53(19)1/”)

RN
cn2 {max {C1(p, o), C2(p, €0), C3(p)} }. We get

and @3, = pmin
3p =P €0>— 11

s < s, (1Dul? +|D2ul? + |D3uf?) (|Duf? + |D2uf? + |D3ul? + 8)F "

< T3pWs3 — T3p00 .
If 55, > 0, the proof follows as in Theorem In the case when 73, < 0, we
introduce the function Zs 3(t, z) = e~ 73»!(ws 3(t,2) — §%) which satisfies (@7T). The
maximum principle in Lemma [2Z-4] implies that

y
2

Zsa(t,2) < (TWO(DSP + D + D)) (@),

which gives (£I2) taking the limit as § tends to 0. The case when p > 2 follows
from the case when p = 2 and from Hélder’s inequality, and gives 75, = £73 5.
Applying the same arguments respectively to the functions

Ws1 = (|Dul* +6)5,  Wso = (|Duf® + [D*ul* +6)%,
one finally gets (£12) with 71, = p(po — p)vo and
Top =D minN2 {max {F1 (o), E2(e0)}},

60>*§172

where ON?

Eq(e0) = ( 1o + M2> l/g
and

C2N3
Es(g0) = sup [(1 —pv+ <C€0N + b1 vy + K1+ 2M2> zﬂ] ,
RN -

if pe(1,2],and 7y, = §772 (I =1,2) if p > 2. O

Remark 4.5. In the case when | = 1, estimate (£I2) has already been proved in [4]
under assumption H/-1-y with v = 1/2 for any value of the constant M.
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We now consider the second type of pointwise estimates we want to prove. First
we prove the following lemma.

Lemma 4.6. If gr,g : [0,T] x RN, R > 0, are continuous functions such that
lgrllco < M for all R > 0 and limp_, 4 gr = g, uniformly in [,T —¢] x B(k) for
every €,k > 0, then

R (Tr(t)gr(t))(@) = (T(1)g(t))(2),

uniformly in [e, T — €| x B(k) for every e,k > 0.

If f-,fo € Cy(RY), ¢ > 0, are such that ||f-|lee < M for all ¢ > 0 and
lim, o+ fe = fo, uniformly in B(k) for all k > 0, then for all t > 0 we have
lim, o+ T(t —€) f- = T(t) fo, uniformly in B(k) for all k > 0.

Proof. Let ggr, g as above. We have
ITr(t)gr(t) = T()g(t)]l < |Tr(t)(gr(t) — g(t)| + [(T(t) — Tr(t))g(t)]
< Tr(t)(lgr(t) — g®)]) + (T(t) — Tr(t))lg(t)]

(4.13) < T(t)(lgr(t) — g(t)]) + M(T(t) - Tr(t)1,
for all R > 0. In deriving (£I3) we took advantage of (2.9).
Let us observe that the second term in the last part of (£13)) converges to zero

uniformly in [e,T] x B(k) for every ¢,k > 0, by (Z7). To estimate the first term,
we observe that for any t € [¢,T — ¢] and any x € RY we have

(4.14) (T®)(lgr() — g()])) (=) < (T(t)(te[sujp_ ]IgR(t) —9())) ().

Since sup,ep. 7. |gr(t) — g(t)| is a bounded and continuous function in RY con-
verging to 0, locally uniformly in RY | from (2.4) we deduce that the right-hand side
of (@Il converges to 0, locally uniformly, as R tends to +oco, and the conclusion
follows.

We prove the second statement. Let f., fo be as above; we have

(415) |T(t —e)fe = T(t)fol <|T(t —e)fe = T(t —e)fol + |T(t — ) fo = T(t) fol,
for all ¢ > 0. By (2.4)), for any fixed ¢ > 0, the first term in (fI5) converges to
0 as € tends to 0, locally uniformly in B(k) for any k& > 0. The second term in

the right-hand side of ({.15)) converges to zero uniformly in B(k) for any k& > 0 as
well, since the function T'(t)fy is continuous in [0, +00) x RY and, consequently,

uniformly continuous in [0,7] x B(k) for any T,k > 0. O
We can now prove our estimates. For notation convenience, we set

L { o1p, if My > —46)20{;1/371 and p > po, . { Olp, if My >0,

T T1,p, oOtherwise, e O1p, oOtherwise,

for I = 2,3, where 07, and 7, are defined, respectively, in Theorems [£.3] and £.4]

Theorem 4.7. Letl € {1,2,3} and suppose that assumptions H1-H3, and Hj-l-y
hold. Then, for any f € C’,i_l(RN) we have

(4.16)
G1on max{1,% -1 ‘ 5
(OT07) @7 < (1222 b)) (T(t)(Z ID]f|2> )(m%
=0
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for anyt >0 andx € RN, where ¢1.,.(t) = (r(r — Do) 2 15+t for anyr € (1, 2],
and

efr—1.rt _ 1

-3
Pk (t) = ar g ( > +1t, re(1,2], k=23,

a'k—l,r
ar,r (r € (1,2],k = 2,3) being positive constants that can be explicitly determined
from the data.

Proof. We first consider the case when | = 3 and p € (1,2). Even if we limit
ourselves to the case when M3 > 0, our techniques can also be used, with minor
changes, in the case when M3 < 0.

We fix d,t, R > 0 and let g be the cut-off function defined at the beginning of
the proof of Theorem B3 For any «, 8 > 0 and any f € CZ(RY) we define the
function g5 : [0,¢] — C(B(R)) by

95(s) = Tr(s)((alTr(t = 5)f1* + G| DTalt — )
(4.17)

b

+77§§|D2TR(t—s)f|2+6)§—65>, 0<s<t,

where Tg(+) is the semigroup generated in C,(B(R)) by the realization Ag of the
operator A with Dirichlet boundary conditions (see Section 2). To simplify the
notation, throughout the remainder of the proof, we set ¢} := Tr(t — r)f and
¢" =T (t—r)f for any r € [0,¢].

As is easily seen the function

(|l + BrZ| Dy |2 + k| D2gh|? + 8)7/% — 512
belongs to D(Ag) for any r € [0,¢). Recalling that .A(67/2) = 0, we get

N N
95(s) = PTR(S){ la > 4Dy Didk + Bur D> a4 DindiDindy

i,j=1 i,5,h=1

N
S 6
g Y QijDihk¢§%Djhk¢R+5-’4(7712%)|D¢§%|2
i k=1
1 N
+ §A(U§2)|D2¢§z|2 +48nr > qijDinrDr¢iDindh
i,j,h=1
N
+ 81 Z 4i; DinrDpr ¢ Dink @’y
t,5,h, k=1
N N
— Bk | D DuaijDnéuDijéi + > DubiD;dsDudy
,J,h=1 J,h=1
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N
- 7731%< (2DnqijDijr ¢k + DnrqijDij o) Drrdn
i k=1

N
+ ) (2Dhbijk¢iz+thbij¢§z)th¢§>]
Ghk=1

S s s p_1
< (aldf? + BIRIDGH + nID?65P + ) }

N
p(2 _p) s s s
= = TR() | D i Di (al6k [ + Bngl Do + ngl D20 )
i,j=1

x Dj (a|¢nl® + BnR| DoRl* + nk|D?¢%[%)
L2
x (o) + Bng| DoR[* + | D*dR[* +6) ] :

Arguing as in the proof of (4] and recalling the inequality (a +b)? < (1 +¢)a® +
(1+&71)b? for any a,b,e > 0, we easily deduce that

N
1 S S S
137 i Di (al6h) + ndI DRI + nklD203?)

i,j=1
x Dj (a(¢3)* + B DORI* + nk D65 )
1 1
N i N 1
< (1+e) a|¢SR|< > qz‘jD@%DM%) +57712%|D¢§%|< > qijDihqﬁﬁngmE)
4,j=1 i,5,h=1

1
N 372
+77§12|D2¢§|< > QijDth?szthz) ]

i,j,h k=1

N
1 s s 12\ 2
+ <1 + g) (Bnr|De%l* + 20} D*6%*)” > iy DinrDinr
ij=1

N N
a Y qi;DidRD;d% + Bk > 4 DindiDindk

ij,h=1

<(l+4¢)

i,j=1

N
+nf Z 4 Dink @ Djnkdn
irjhok=1
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x (aldnl* + Bng| DogR|* + ng| D*¢%[*)

1
+ (1 + g) (BIDGRI? + 41| D> %) (Bnil DORI* + i D> [7)

N
X Z qi; DinrDjnr.
inj=1
Hence,
N N
95(s) = pTR(S){ aCep Y qijDid3 Dok + BCepmf Y 4 DindkDindh
i,j=1 i,5,h=1
S 8
+ Cepll Z 4ij Dinkdr Djnkdr + §A(7712?,)|D¢§%|2
irjhok=1
. N
+ §A(U§2)|D2¢§z|2 +4Bnr Y 4 DinrDadyDindy
i,j,h=1
N
+ 80, Z 4i; DinrDpi ¢ Dink ¢'p
irjihok=1

N N
—677%( > DnaijDnéiDijdh + > Dhbij‘;Dhqbﬁz)
ij,h=1 Jh=1

N
— g ( (2Dnqij Dijkdr + DnrqijDij o) Dukdn
i k=1

N
+ ) (2Dnb; Doy +thbij¢§z)th¢§a)
Ghok=1

1
-9 (14 1) (ADSHP + arhID 65 P)
N
X Z QijDinRDjnR]

ij=1

s s s -1
x (aloh|® + Bnk| DéRl* + nk|D*¢%)* +6) 2 }
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where C; , =1+ (1 +¢)(p — 2). Taking assumption H3 into account and arguing
as in the proof of (BI8), one can easily check that

N
(4.18) > aij(@)Ding(x) Ding(z) < C"v(),

ij=1

for any x € B(R) and some positive constant C"”, independent of R. Moreover, in

view of (3I8)-(B20) we can write

(4.19) A(ng) > =2(C" + "),
(4.20)
N
A(ng) = 205 AME) +2 Y i D Dyngy > 20 A(ng) > —4(C" + C")nfv,
Q=1
- C"N 2 2 12 48 |2
421)  |nr Y qiyDmrDhdRDindy| < 1 VIDekR| +eC gD,
ij,h=1
(4.22)
N "N
M D G DinrDrskDinkd| < —— v D* 65| + cC"npr| DX o 2,
id,hok=1
for any € > 0.
Now, from assumptions H1, Hj-1-y and (&I3), ([@I9)-(#22), we easily deduce
that
! 1 C/,N 1" 1
4(6) = T { | ((aCep = 1"+ 0 = 55 4 o200 (14 1) ) v

CN? N?
05 = (B ) ) 106

2C"N
€

+ <<ﬂ(C€,p —4eC") = 2(C"+C") —

+4(p —2)C" <1 + %)) v

CN?
- (ﬁC’e]\H— . +K1+) v =0k (2d+rsN)> ng|D* %I

+ ((Cs,p - 860”) V= 205]\[1/7) n;l%lDB(b?%lQ]

< (aloh? + BuRIDORP + D5 +0)E |
In view of assumption H4-3-v, we have
N2

2 2
i) + i) < (5 o) MY ) + L5 M )

2d(x) + er(z)N < 2M3 (v(z))?,
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for any x € RY, provided ¢ < 2L3N~! and 8 > N?/(4cL3). Here L3 is as in
assumption H4-3-y and M3 is given by (ETI).

We now choose ¢ sufficiently small and o = o, § = 3, sufficiently large such
that

0< A =a(l+(1+e)(p—2) —BC +C")
—BC"Ne '+ B(p—2)C" (1 +71),

0<A:=031+(1+¢)(p—2)—4eC") —2(C" +C")

—2C"Ne ™t +4(p—2)C" (1 4+71),
(BON2%e™! 4 (48 — N2 'Ly )My + N2 1L M)l ™! < 44,
(2BCeN + ON%c™ + 2K, +4M3 )] ™" < 24,,

0<Az:=1+4(p—2)(14¢)—8C",  20eNy] ' < As,

€ <2L3N~H, 46 > N2Lz'e

Consequently, we can find out a positive constant ¢, such that
34(6) > o Ta(s) (Wh(IDORE + DR + [D*05P)
(4.23) x(apldnl® + Byt DoRI? + nk| D>l +) "

Then, integrating (A23) in [e,¢ — €] (¢ > 0) we get
(4.24)

t—e
o [ (o) (nhID0 P + D% + D)

< (0|85 + Bpnf| D3 |* + 1| D25 |* + 6)2

wl\z
,i
\_/

< (Tt = &) ((ap (=) £ 12+ By | DT () £+ 1l D*Th(e >f|2+6>%—6% )
— (Ta(e) ((apl6ml® + Bk DORI + kD205 +6)% — 5%) ) (x)
< (Talt - ) ((p|Tr() /1 + Byt DTR(2) [ + nk| D*Ta(e)[2)F ) ) (2).
Therefore, taking (ZIT) into account, from Lemma [L.6] we have
L ATr()[MR(IDORI + DR [* + D% [?)
% (gl |? + B DSy 2 + ik D203 +6)F 7 H(a)
= {T(s)[(1D¢*|? + |D?¢°|* + |D36" )
% (ap|6* 2+ | D&* 2+ D% +6)* '] H(a),

the convergence being uniform in [e,t — €] x B(k) for any k£ > 0, and

lim (TR(t—€) ((O‘p|TR(5)f|2+6p7712%|DTR(5)f|2+7731%|D2TR( )/ )g>)( )

R—+00

= (T =) ((0pT@ 1P + BIDT ()P +1D°T()1P)E) ) (2),
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uniformly for s € [e,¢ — ¢]. Then, from ([E24) we get

t—e
o [ {16100 p + D2 + D)
(1.25) <(agl6* + By De* 2+ (D02 +8)5 ] Yo s
< (Tt =) T2 + B, DT f12 + ID*T () f1)¥ ) (a),

for any € RY. Now, from Lemma 2] it follows that

lim DIT(e)f = D' f, j=0,1,2,

e—0t
uniformly in B(k) for all k£ > 0. Therefore from Lemma L6 we have

(4.26) JIp, (T(t_g)(%|T(€)f|2JrﬁplDT(E)fIQJrID2 ©)f] )%)( )
= (T()((aplf1? + B, DS + D2 f2)%)) (),

for any x € RY. Hence, taking the limit as ¢ tends to 0 in ([@25), we get
t
o [ T ((1D6F + D2 + D)
(1.21) < (a2 + BlD6" 2 + D272 + )2 ) (w)ds
< (T(W)(apf? + B, IDSP + D))} (@),

for any = € RN.

We now adapt the technique in [4, Proposition 4.3] to our situation. Let us
observe that from ([9) (with [ = 2) and the Young and Holder inequalities, we
deduce that for any v € R,

(IDT(W) P + DT (W) [ + |D*T (1) f12)*

(IDT(5)(@*)? +|D*T(s)(6°) > + |D*T(5)(6°)|) *

e T(s) [(|Dg* 2 + |D?6°2 + | Do ﬂ + e T (s)(6°])
(

|
—~ =

IN

IN

e T(s) [(IDg** + [ D** 2 + | Do )
x (aplg®* + B, D" > + | D?¢°* + 6)
< (aplo* 2 + 8| Do*[2 + D26 + )|
e (1) (I 17)
e {7(9)| (D2 + 1D 4 D)

IN

P

« (ap|6" + B, D& ? + |D?6* 2 +6) " F ]}

NS

2~ 1-
x {T<s> [(ap|¢>8|2 T 8|S + | D2 P +5>ﬂ}
LT () (|£17).
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Choosing v = p(2 — p)/4, using Jensen and Young inequalities, and recalling that

(I6°* + |Dg* | + | D" + 6)
< eIt — 8)((f2+ |DfI* + |D*f* +6)2) + 6%

(see again (@), we get for all e > 0

(4.28)
(IDT®)f? + |D>T (&) + DT () ) *

IN

osre{7(9)| (D2 + 1D 4 Do)

x (apld®[* + Bp|DS° | + | D?° |2 +5)%_1} }

1-%
X{T<s> (|2 + B DS* 2 + D" +6) } + e (L)1 1F)

IN

e”wS{ge%T(s) [ (IDg*|* + |D*¢*|* + |D*6° )

S S S %71
X (ap|¢®[* + Byl Dg** + |D*¢°|? + 6)

[N S—

+(1=2) &5 T(5) [(aplo™ 2 + Bl D" [ + (D272 + ) | }
+eT Tt (| f17)

IN

eas,ps{gg%T(s) [ (ID*> + [D?¢°|* + | D*¢°|?)
x (a|6° 7 + B\ D& + D6 +6)* |
+ (1 - g) = max{ay, 8,1} 2

x (eI () ((£2 4 DS+ D212 + 6)8 ) + 6%

+T(t)(|f|”)}-

Multiplying the first and last side of (28] by e~ 727, integrating in (0, t), pointwise
with respect to # € RV and taking (£27) into account, we get

_ o~ 03,pt p
S (DTS + DT + DTS
< 5 T(t) (0 f? + B DS + D)%) +¢1(0)(|117)

Cp

+ (1 - g) evs max{ay, Bp, 1}g

(4.29) « [&T(t)((fQHDﬂQJr ID2f1? 4 6)5) + 6% |

02,p
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Letting 6 tend to 0 in (429) gives
1— e 930t

(IDT@®)f12 + |D*T (&) 2 + |D*T(t) ) ®

3,p

o . (P 2 p\ €727t —1 2
1 P l1—=) ——— b~ t
max{ay. 1) {uig (2 + (1-5) = ) )
T(t)((f* + [Df|* +|D*f|*)%)

P —2 o2,pt _ 1 17%
= max{ay, Bp,1}2 [cp 2 <67> +t

IN

T(t)((f*+|DfP? + |D*f*)%)

02,p

and ({I6) follows with p € (1,2).

The case when p = 2 is similar and even simpler. It suffices to apply the previous
arguments to the function gy defined by (@IT) (with § =0 and p = 2).

In the case when p > 2, [@I6]) (with [ = 3) can be obtained from the case when
p = 2 observing that

(DT f)(@)]” = ((D*T()f)())
03,2 5 2 2 2002
< (mfbw(ﬂ) (@) (f2+DFPP + |D* 7)) (2))
and then applying Holder’s inequality.

The proof of ([@IH) in the case when | = 1,2 is completely similar, hence it is
omitted. Actually, one can prove that

l
S UDIT() f) ()
7=0

P
2

y
2

2

NS

max{1,5} -1 4
(4.30) < (%@,pw(t)) (T(t) (Z DI f|z>

) o

for any t >0, 2 € RY, p € (1, +00). O

Corollary 4.8. Let | € {2,3} and let assumptions HI-H3, Hj-l-y be satisfied.
Then, for any f € Cy(RY) and any p € (1, +00) we have

(431) |
L ko1 s max{1,%
(OTONEE < | 3 TT =522 61 sana(t/D) TO1)@).
k=1 j=0

for any t > 0 and any v € RN, where ¢j.r and G, are as in Theorem A7,

Proof. We begin by proving (£31) in the case when [ = 3 and p < 2. We fix
f € Cy(RY) and t > 0. Splitting T'(t)f = T(t/3)T(2t/3) f and applying (@I16) with
f being replaced by T'(2t/3)f, we get

(D TOREP < T ,(1/3)
(4:32) <T(t/3){ (IT(2t/3) P +|DT(2t/3)f 2+ |D*T(2/3) %) * } (@),
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for any z € RY. Now, taking (Z30) into account, with T'() f replaced by T'(2t/3)f,
we get

(4.33)
(IT(2t/3) > + |DT(2t/3) f|* + | D*T(2t/3) f|?)

ya
2

92,p
1— e*é’zypt/B

IN

02.p(t/3)T(/3) { (IT(/3) 12 + |DT(t/3) f)* } + T1/3)(1 1)

92,p O1,p

< T 03) | o BT+ T (51
ST,

Combining (£:32) and (Z33) gives ({31 for p < 2. If p > 2 and [ = 3, (L3T) follows
from the case when p = 2 applying Holder’s inequality. The proof of (£31) (with

[ = 2) is similar: we write |(D?T(t)f)(x)|?> = |(D?*T(t/2)T(t/2)f)(z)|? and apply
(ET8), respectively with [ =1 and I = 2, to T'(¢t/2)f. We omit the details. O

We now prove a Liouville-type theorem. Namely, we show that under suitable
assumptions on the coefficients, if u € Cy(RY) satisfies the equation Au = 0, then
u is constant. As already stressed in the Introduction, such a result fails in general.
We refer the reader to [I8] for further details.

Theorem 4.9. Suppose that assumptions H1-H3 and H4-1-y (v € (0,1)) hold true.

Further assume that

C2N3y) !
4

where My is given by (@) and C is as in Hj-1-y. If f € Cp(RYN) satisfies Af = 0,

then f is constant.

Proof. We observe that if f € Cy(RY) is such that Af = 0, then, by local ellip-
tic regularity, it follows that f € Dpax(A) (see (B35)). Moreover, the function
t — (T(t)f)(x) is continuously differentiable in (0,4o00) and D:((T(t)f)(x)) =
(AT () f)(z) = (T()Af)(z) (see e.g. [12, Theorem 4.1]). Hence, D,T(t)f = 0 for
any t > 0, so that T'(t)f = f for any ¢ > 0. From (£I0) we deduce that

(4.34) + M, <0,

c wt 1/2 C
(DT (t)f)(2)] < N (Tt fH(x) "~ < 7

for some C > 0 and some w < 0. Indeed, (439) implies that 12 = 0. As ¢ tends
to +o00, we get

et £l oo vVt >0, z € RV,

Df(z) = lim (DT(t)f)(z) =0, Ve € RY,

t——+o0

so that f is constant. O

4.1. Further estimates for A = A + Z;vzl bj(x)D;j. We now consider the par-
ticular case when g;; = ;5. It is well known that in this case the gradient estimate
(E2) (with I = 1) can also be proved for p = 1. More precisely, if there exists a
constant dy € R such that Zf\’[j:l Dib;(2)€:&; < do|€|? for any x,& € RY| then we
have

(DT (t)f)(2)| < e™*T()(|Df])(2), vt >0, z €RY,
for any f € CL(RYN) (see e.g. [1,2,[]).
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With this in mind, here we extend the estimates for the second- and third-order
derivatives given in Theorem [ 7] to the case p = 1.

Theorem 4.10. Let ! € {2,3} and let assumptions H2, Hj-l-y (with ¢;; = d;;) and
B3) be satisfied. Then,

(4.35) [(D'T(t)f) ()| < ™ <T(t)

l 3
(Z |Djf|2> ] (x)), vt >0, z € RY,
Jj=1

where op = My + (I — 1) M;" (see (E))).
Proof. We limit ourselves to sketching the proof in the case when [ = 2.
Let § > 0, f € C}(RY) and consider the function ws : R4 x RY — R defined by
1
ws(t,z) = (|Du(t,z)|* + [ D?u(t, 2)* +0)”

where, as usual, u(t,-) = T'(t)f. Arguing as in the proof of Theorem[4.3] and taking
Cauchy-Schwarz inequality into account, we can easily show that ws turns out to
solve the Cauchy problem

thé(f'a J)) = Awé(ta J)) + gé(ta JJ), t>0, z¢€ RNv

ws(0,2) = (|Df(@)]2 + [D2f (@)[2 +5)* , r €RV,

where
N N N
9s <w5—1< > DybDjuDpu+2 > DypbjDjuDpgu+ » thbijuthu)
j,h=1 j,hk=1 j,hk=1

From H4-2-v we get for all e > 0

N? N
g5 < w51< (d + 4—6r) |Dul? + 2 (d + %r) |D2u|2).

We choose € = \/N/2 so that eN/2 = N2 /(4e) = N3/2/,/8 and we get

N2 N
d@) + r(@) < Mp, d@) + %r(m) <M,  VzeRV.

Now, if M5 > 0 it follows that gs < 2Mywy; if Mo < 0 we have
95 < My (|Duf® + |D*uf* + 8) 2 (|Dul® + |D*ul?) < Maws — Mad?.
Following step by step the proofs of Theorems and 4] we can easily get

@) O

Remark 4.11. Tt is well known that in general estimates (16) and (E3T) fail for
p = 1. We refer the reader to [4, Example 5.5] where a counterexample is exhibited
in the case when A = A.

5. INVARIANT MEASURES

In this section we will show that the pointwise estimates of the previous section
imply global estimates for the derivatives of T'(¢) f in LP-spaces associated with the
semigroup invariant measure, whenever it exists.
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We recall that a probability measure p in RY is an invariant measure of the
semigroup {7T'(t)}+>o if

| rOn@ain@ = [ @i,

]RN
for any f € Cp(R™) and any ¢ > 0. If an invariant measure exists, then it is
unique, it is absolutely continuous with respect to the Lebesgue measure and it has
a strictly positive density (see for example [I3], Section 6]).

The Has’minskii theorem shows that if there exists a nonnegative function ¢ €
C?(R™) such that lim;|_ 4 Ap(x) = —o0, then there exists an invariant measure
of the semigroup {T'(t)}+>0. See [8, Chapter III, Theorem 5.1] for more details.

If an invariant measure y exists, then the semigroup {T'(¢)};>0 can be extended
to a strongly continuous contraction semigroup in LF, which, in general, is not
analytic (see [14]).

The following theorem both extends the results in [4, Corollary 5.4] to our situ-
ation, and gives, for any p € (1,400), LP-estimates for the second- and third-order
derivatives of T'(t) under the same assumptions on the coefficients as in Section Hl
For this purpose, we observe that estimates ([I6) (with [ = 1) and (@31]) can be
rewritten in a simpler and more readable way as

eWint

(5.1) [(DIT() f)()" < Civ =7 (T (), vt >0, z € RY,

for any p € (1,400), any j = 1,2, 3 and some constants C;, > 0 and w;, € R.

Theorem 5.1. Let p be the invariant measure associated with the semigroup T'(t).
Moreover, let | € {1,2,3} and let assumptions H1-H3, Hj-lI-y be satisfied, and fix
p € (1,400). Then, if w;, <0,

ewlypt
(5.2) ID'T ()l < Cro—7a I/l vt > 0.
If wp > 0, then for any w > 0 there exist positive constants @,p = 5’17p(w) such
that
. - ewt
(5.3) IDT@)fllp < Crpyz 11l

for any f € LP(RN 1) In particular, if | = 1, then D(A,) C W/}’p(RN) and there
exists a positive constant M = M (w) such that

1 1
(5.4) [Dullp < Mlull || (Ap — w)ull5.

Proof. We fix f € Cp(RY) and, for any fixed ¢+ > 0, we integrate in RV
obtaining

ewlypt

[ 0Ton @Pau) < 6,55 [ @) @i

A

ewlypt

Con g [, V@) duo).

By density we can extend (&3] to all f € L. If wyp <0 we are done. In the case
when wy , > 0, from (G.3) we easily get (3)) if we recall that T'(¢) is a semigroup
of contractions in LF and argue as in the last part of the proof of Theorem 53
Finally, we observe that (&.4)) follows from (B2)) and (E3) (with [ = 1), arguing
as in the proof of [, Corollary 5.4]. O

(5.5) -
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