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REPRESENTATION DIMENSION: AN INVARIANT
UNDER STABLE EQUIVALENCE
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ABSTRACT. In this paper, we prove that the representation dimension is an
invariant under stable equivalence.

1. INTRODUCTION

Throughout this paper, all algebras are basic artin algebras, all modules are
finitely generated left modules, and compositions are from right to left. For an
artin algebra A, mod(A) denotes the category of finitely generated A modules.
Given two A modules X,Y, we write 5(X,Y), and sometimes (X,Y) if there is
no confusion, for Homu(X,Y'), and we denote by add(X) the full subcategory of
mod(A) consisting of all (finite) sums of summands of X. Call X a generator-
cogenerator of A, if add(X) contains all projective and all injective A modules.

Auslander introduced the concept of representation dimension of an artin alge-
bra to measure how far it is from being of representation finite type. Most methods
on it were developed by Auslander [I]. It is important to investigate the proper-
ties of representation dimension under various equivalence relations such as stable
equivalence, derived equivalence, and so on. Auslander [6] proved that an algebra
which is stable equivalent to a hereditary algebra has representation dimension no
larger than 3. In particular, representation dimension is left invariant under the
stable equivalence in this case. In this paper, we proved that the representation
dimension is an invariant under any stable equivalence.

Theorem 1.1. Let A and A be two stably equivalent artin algebras. Then
rep.dim(A) = rep.dim(A).

2. DEFINITIONS AND PRELIMINARIES

In this section, we give a lemma on the calculation of the representation di-
mension and some results on stable equivalence. First we recall the definition of
coherent functors. Assume A is an additive category, a functor from A°P to the
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category of abelian groups is called coherent if there is a morphism f : A — B, for
A, B € A, which induces an exact sequence of functors:

A(_aA) —A (_vB) —F =0,

that is,
AX,A) —4 (X, B) = F(X)—0

is exact for any X in A.

—

Now suppose that A is an artin algebra. For an arbitrary A module M, add(M)
denotes the category of all coherent functors from (add(M))°? to the category of

abelian groups. It is well known that am) is an abelian category. All functors of

—

the form o (—,C),C € mod(A), are in am) and the projective objects of add(M)
are precisely those functors 5 (—, A), A € add(M) (see [1]).
Then we can describe the representation dimension of an artin algebra A as
follows:
rep.dim(A) = min{gl.dim(am)ﬂM is a generator-cogenerator of A}.
For an arbitrary A module M, we define sd(M) as follows:

sd(M) = sup{pd(—,C) in add(M)|C € mod(A)}.

Lemma 2.1. Let A be an artin algebra which is not semi-simple. If M is a

generator-cogenerator of A, we have gl.dim(am)) = sd(M) + 2. In particu-
lar,

rep.dim(A) = inf{sd(M)|M is a generator-cogenerator of A} + 2.

Proof. Suppose M is a generator-cogenerator of A. -

If add(M) = mod(A), then sd(M) = 0 and gl.dim(add(M)) = 2, for A is of
representation finite type in this case (see [1]).

Now we suppose add(M) # mod(A).

I

For an arbitrary F € add(M), we have a A morphism f : M; — M;, which

induced the following exact sequence in add(M):

0— (—,k‘er(f)) - (_7M1) - (_aMO) — F—0.

Then we have pd(F) < pd(—, ker(f)) + 2. Then gl.dim(add(M)) < sd(M) + 2.
Conversely suppose C is a A module not in add(M), we have the minimal injec-
tive copresentation of C' in mod(A):

0—-C—Iy— I,

which induced an exact sequence in add(M):

0—(—,C)—= (-1 = (-, )= G—0.

Then pd((—,C)) + 2 = pd(G). Thus we have sd(M) + 2 < gl.dim(add(M)).

I—

Then gl.dim(add(M)) = sd(M)+2, and the second conclusion follows easily. O

Now we give some notation and results about the stable equivalence of artin
algebras (see [3], @], [5]). Let A be an artin algebra, then we denote dy mod(A)
the stable module category of A. The objects of mod(A) are the same as those
of mod(A), which we write as C, for C € mod(A); morphism sets in mod(A) is
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AX,Y) =p (X,Y)/P(X,Y), where P(X,Y) is the subgroup of 5(X,Y) con-
sisting of morphisms which factor through projectives. We denote by modp(A)
the full subcategory of mod(A) consisting of all modules without projective sum-
mands, and by mod;(A) the full subcategory of mod(A) consisting of all mod-
ules without injective summands. mod(mod(A)) is the category of all (finitely
presented) coherent functors from mod(A)°P to the abelian group category which
vanish on projective modules. The projective objects of mod(mod(A)) are pre-
cisely those functors (—,C),C € modp(A), where (—,C)(X) = (X,C). The in-
jective objects are precisely those functors Ext!(—,C),C € modr(A). The func-
tor modp(A) — mod(mod(A)) defined by C — (—,C) is a natural embedding.
If « : mod(A) — m_od(A/) is an equivalence, then there is an induced equivalence
mod(mod(A)) — mod(mod(A')), and an induced correspondence between modp (A)
and modp(A"), which we both denote by o (see [3], []).

We now give some lemmas of Auslander which we will use later.

Lemma 2.2 ([4]). Let A be an artin algebra, and let
0—-A—-B—-C—0

be an exact sequence without split summands. Then we have the following
(1) the induced exact sequence of functors

(=B) = (=C) = F—=0

is the minimal projective presentation of F in mod(mod(A)), where F is the cokernel
of the induced morphism of functors (—,B) — (—,C);
(2) the induced exact sequence of functors

0 — F — Ext'(—,A) — Ext'(—, B)
is the minimal injective copresentation of F' in mod(mod(A)). O

Lemma 2.3 ([B]). Let A be an artin algebra, and A, B € modr(A). Then A~ B
if and only if Ext'(—, A) ~ Ext'(—, B). O

We recall that for an artin algebra A, e(A) is the set of indecomposable non-
injective A modules A such that if 0 - A — B — C — 0 is an almost split
sequence, then either A or B is projective.

Lemma 2.4 ([4]). Let o : mod(A) — mod(A') be an equivalence, which induced the
equivalence o : mod(mod(A)) — mod(mod(A")). If A is a A module not in e(A),
then a(Ext)(—, A)) ~ Ext), (-, a(A)). O

3. PROOF OF THE MAIN THEOREM

In this section we fix two artin algebras A and A, which are not semi-simple,
and an equivalence « : mod(A) — M(A/) with its inverse 3. We want to prove
the two algebras have the same representation dimension. Before we give the proof
of the main theorem we give some notation and lemmas.

Define n(A) to be the set of indecomposable non-projective non-injective A mod-
ules A such that a(Ext)(—, A)) 2 Ext/lv (=, (A)). Define n(A") to be the set of in-

decomposable non-projective non-injective A" modules A" such that 3 (Ea:t/lx, (-, A/))
2 Eaxth (-, 3(A4")). Obviously n(A) C e(A) and n(A") C e(A).
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Lemma 3.1. (1) If P is an indecomposable projective non-injective A module, then
a(Bath (-, P)) = Eathy (~,Q)

for some indecomposable A" module Q which is either projective or in n(A/).
(2) If Q is an indecomposable projective non-injective A module, then

B(Eaty, (-, Q) = Exty(—, P)

for some indecomposable A module P which is either projective or in n(A).

(3) If I is an indecomposable injective non-projective A module, then () is
either injective or in n(A').

(4) If J is an indecomposable injective non-projective A module, then B(J) is
either injective or in n(A).

(5) If A is a module in n(A), then a(A) is either injective non-projective or in
n(A).

(6) If A" is a module in n(A"), then B(A') is either injective non-projective or in
n(A).
Proof. It suffices to prove (1), (3) and (5).

(1) Suppose that P is an indecomposable projective non-injective A module, then
a(Exti(—, P)) ~ Ext/lv (—, Q) for some indecomposable non-injective A" module

Q. If Q is non-projective and not in n(A"), then we have

Exty(—, P) ~ fa(Bxty(~, P)) ~ B(Exty, (-, Q)) =~ Bxty(—, 5(Q)),
which forces by Lemma 2.3, P ~ (5(Q), a contradiction. So @ is either projective
or in n(A').
(3) Suppose that I is an indecomposable injective non-projective A module. If
(1) is neither injective nor in n(A’). Then we have Ext}x, (—,a(l)) # 0 and

0 # B(Baty (=, a(l))) = Baty(~, Ba(I))) = Baty(~,1) =0,

a contradiction. This proves that a(I) is either injective or in n(A).
(5) Suppose that A is in n(A), then «(A) is non-projective for A is non-projective.
If a(A) is non-injective, then

Bath, (=, a(4)) 2 a(Bath (-, A) = a(Bath (—, Aa(4))))
and
B(Baty, (=, a(A))) # Exty (=, Ba(A))).
We have that «(A) is in n(A"), by the definition of n(A'). O

Lemma 3.2. Suppose that M € modp(A) and that add(M) contains all modules
in n(A) and all injective non-projective A modules. Then add(a(M)) contains all
modules in n(A/) and all injective non-projective A" modules. In particular, if M®A
is a generator-cogenerator of A with add(M @ A) containing all modules in n(A),

then (M) & A’ is a generator-cogenerator of A with add(c(M) & A') containing
all modules in n(A').

Proof. Suppose A" is a A" module which is either injective non-projective or in
n(A"). Then by Lemma 3.1 §(A') is either injective non-projective or in n(A). We
have that (A’ is in add(M) and hence that A’ is in add(c(M)). O
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The next conclusion is straightforward.
Lemma 3.3. Assume C is an indecomposable non-projective A module. Let
0—A®S®P, —BoP - C—0

be an exact sequence in mod(A) which has no split summands, such that Py, Py
projective, A, B € modp(A), A has no summand in n(A) and S is a sum of modules
in n(N). Then there is an exact sequence without split summands in mod(A'):

0—A®SeQ — alB)eQy -1 a(C) — 0

such that a(g) = g, Q1,Qq is projective, A" € modp(A/), A’ has no summands
inn(A), and S" is a sum of modules in n(A"). In this case, we have a(A) is a
summand of A" ® S’ and that ﬂ(A/) is a summand of A® S.

Moreover, if M € modp(A), and

0—p (—,A@S@Pl) —A (—,BEBP()) —A (—,C)—>O,

—

is exact in add(M @ A), then
0 —y (_aA/ D Sl D Ql) A (_va(B) D QO) A (—,Oé(C)) — 0,
is exact in add(aw\)@ A).
Proof.
0—A@SeP —BoPR -+ C—0
is exact without split summands. Then by Lemma 2.2 we have

A(_7E) A(;g)

is the minimal projective presentation of F' = cok(a(—,g)) in mod(mod(A));
R B 57 PO)
mod(N)).

A(_vg) — F—0

0— F — Exty(—,A®S® P)) — BExty(
is the the minimal injective copresentation of F' in mod(
Apply the functor «, and we get

ar(—(g))
—

n (= a(B))
is the minimal projective presentation of a(F) in mod(mod(A"));

0— a(F) — a(Exty(— AS S P)) — a(Exty(—, B Ry))

n(=a(@) — a(F) —0

is the the minimal injective copresentation of a(F) in mod(mod(A’)).
Then there exists f : a(B) — a(C) such that f = a(g). Then there is some

projective A" module Qg and k : Qp — a(C) such that the composition of h and the
natural epimorphism a(C) — cok(f) is a projective cover. Define g : a(B)® Qo —
a(C) by q (b,q) = f(b) + h(q), for all b € a(B), q € Q. Clear g_/ = al(g).

We get an exact sequence of A" modules:

0—A®SeQ — alB)eQy -1 a(C) — 0

where Q) is projective, A" € modp(A/)7 A’ has no summand in n(/\l)7 and S is a
sum of modules in n(A/). It is easy to check that this exact sequence has no split
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summands. Then by Lemma 2.2, we have the minimal injective copresentation of
a(F) in mod(mod(A")),

0— a(F) — Baxth, (—, A" ® S @ Q1) — Batl, (—, a(B) ® Qo).

By the uniqueness of injective copresentation of a(F'), we have Extjl\/ (—, AosS e
Q1) ~ a(Exty (-, A® S ® P1)). Then we have o Exty(—, A)) =~ Ext}, (-, a(A))
is a summand of Extjl\, (—, AaoS e @1), and by Lemma 2.3, a(A) is a summand
of A @8 ®Q;. But a(A) € modp(A') and Q; is projective, then we have a(A) is
a summand of A" @ S’. Similarly we have B(A’) is a summand of A® S.

Now we go on to prove the second part of the lemma. Suppose M € modp(A),

and
0—n (—,A@S@P1) —A (—,B@Po) —A (—,C)—>0

o —

is exact in add(M @ A).
We show that
0=y (A @S @Qi) =y (—a(B)@Qo) =, (—,a(C) =0

-

is exact in add(a(M) & A').
It suffices to show that for any indecomposable Y € add(a(M) & A'),
0=y (Y, A ©5 ©Q1) =y (Y.a(B)© Qo) =y (Y.a(C)) =0
is exact.
It suffices to show that any A morphism f :Y — «(C) factors through g .

It suffices to prove for the case Y € add(a(M)). We have f: Y — a(C) and
B(f) : B(Y) — C. Then there exists h : 5(Y) — C such that h = 5(f).

Since S(Y) € add(M) and A(—,B® Fy) —a (—,C) — 01is exact in add(/]\/f\GB A),
then A(B(Y),B® Py) —a (B(Y),C) — 0 is exact. Then there exists hy : S(Y) —
B ® Py such that h = ghy,

BY) Y
A
9 J
BapPy, —C—0 aB)®Qy — aC)— 0

Thus f = af(f) = a(h) = a(g)a(h) = g_la(@) There is some f; : ¥ —
a(B) @ Qo such that fi = a(hy). Then f =g fi = g fi. Then f =g fi + ¢,
for some ¢ : Y — a(B) ® Qo which factors through projective modules (hence also
factors through g/). Thus f factors through g/. This finishes the proof. O

Lemma 3.4. Let M € modp(A), and S a module in n(A). Then we have
sd(M@S)<sd(M). Moreover, we have rep.dim(A)=inf{sd(M)|M is a generator-
cogenerator of A such that add(M) contains all modules in n(A)} + 2.
Proof. For any indecomposable A module C, we write pd(—, C) for pdam) (—,0)
and pds(—, C) for pdadmas)(—, C). We show pds(—,C) < pd(—,C).

We prove by induction on pd(—, C).

If pd(—,C) =0, then C € add(M), C € add(M @ S), and we are pds(—,C) = 0.

The conclusion is true.
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Suppose the conclusion is true for pd(—,C) < m —1,m > 1. Now we prove it is
true for pd(—,C) = m.

When C ~ S, pds(—,C) =0, and we are done.

When C 2 S, we have an exact sequence in mod(A):

0 — A — B — C — 0

o —

which induces exact sequence in add(M):
0— (_aA) - (_7B) - (—,C) — 0,

with B € add(M) (that is, (—, B) is projective in am)). Then we have pd(—, C)
=pd(—,A) + 1.

We now prove that the sequence is also exact in add(/]\-/[\@ S). It suffices to show
that for any A morphism f: S — C, f factors through .

S e€n(A), then S € e(A), and there is an almost split sequence

i
O — S — P — TrDS — 0

with P projective.

For C' 2 S, we have that f is not a split monomorphism. Then there exists
g : P — C such that f = gi. But P is a projective A module, then there is
h: P — B such that g = wh. Thus f = whi, that is, f factors through m,

O — S — P — TrDS — 0
f . ..
h g

0 — A — B TC'—>O

We get that
0— (_7A) - (_7B) - (_70) —0
is exact in add(/J\l\@ S). Then we have pds(—,C) = pds(—, A) + 1. By induction,
pds(—, A) < pd(—, A), then pds(—,C) < pd(—,C).
We have proved that for any indecomposable A module C, pd,(—, C) < pd(—, C),
which implies sd(M & A @ S) < sd(M @ A). This finishes the proof. O

Lemma 3.5. Suppose M € modp(A) and M © A is a generator-cogenerator of
A with add(M) containing all modules in n(A). Let N = «a(M). Then we have

sd(M @A) = sd(N @A), and gl.dim(add(M ® A)) = gl.dim(add(N & A')).

Proof. We first prove sd(M @A) = sd(N@A'). Tt suffices to prove that for any inde-
compo.sable non-projective A module C, pdade) (—,C) :pdadd(/NgA,) (=, a(C)).
We write pd(—, C) for pdad(ml\)(—, C) and pd(—, a(C)) for pdadd(/NgA,)(—, a(C)).

We proceed by induction on pd(—,C). When pd(—,C) = 0, we have C' €
add(M @ A), then o(C) € add(N @ A"), thus pd(—,a(C)) = 0.
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Suppose the conclusion is true for pd(—,C) < m — 1,(m > 1). Now suppose
pd(—,C) = m. There exists an exact sequence in mod(A),

0—A®SaP — BaP -5 C—0

where Py, Py is projective, A, B € modp(A), A has no summands in n(A), S is a
sum of modules in n(A), and B € add(M), such that the induced sequence

00— (—,A@S@P1) —A (—,B@Po) —A (—,C)—>0

is exact in add(M @ A). Then (—, B @ Fy) is projective in add(M & A), and we
have that pd(—,C) = pd(—, A ® S) + 1. But S is a sum of modules in n(A), and
add(M) contains all modules in n(A), then we have that pd(—,C) = pd(—, A) + 1,
and, by induction, that pd(—, A) = pd(—, a(A)).

Then by Lemma 3.3, we have an exact sequence in mod(A ),

’

!’ ’ g
0 — A4a8S5a8@1 — aB)®Qo — o) —0

such that a(g) = g_/, Q1, Qo is projective, A" € modp(A/), A’ has no summands in
n(A"), S is a sum of modules in n(A’), a(A) is a summand of A" @ S’, and that
B(A) is a summand of A @ S, which induced an exact sequence in add(N @ A)

0=y (A @S @Qu) =y (—a(B)@Qo) =y (—,a(C) — 0,
with a(B) € add(N), and hence ,/(—, a(B) @ Qo) is projective in add@ A).

Then we get pd(—, a(C)) = pd(—,A/ ® S/) +1= pd(—,A/) + 1, since add(N) =
add(a(M)) contains all modules in n(A) by Lemma 3.2.

Thus we have that pd(—,C) = pd(—, A)+1 = pd(—, a(A))+1 < pd(—, A’ @S )+
1=rpd(—,A)+1=pd(—,a(C)), since a(A) is a summand of A" @ S". Conversely
pd(—,a(C)) = pd(— A) +1 < pd(—,a(A) & a(S)) +1 = pd(—, a(A) +1 =
pd(—, A) + 1 = pd(—,C), since B(A’) is a summand of A @ S and hence A" is a
summand of a(A) & a(S) with a(S) either injective non-projective or in n(A’),
which is contained in add(N).

Now we have proved that for any indecomposable non-projective A module C,
pd(—,C) = pd(—,a(C)). Tt follows easily that sd(M & A) = sd(N & A').

The next conclusion follows by Lemma 2.1. O

Now we can easily prove our main theorem.

Proof of Theorem 1.1. We only prove the case that A with A" are both basic and
neither semi-simple.

By Lemma 2.1, Lemma 3.4 and Lemma 3.5, we have rep.dim(A) = inf{sd(M)|M
is a generator-cogenerator of A such that add(M) contains all modules in n(A)} +
2 = inf{sd(N)|N is a generator-cogenerator of A" such that add(N) contains all
modules in n(A)} + 2 = rep.dim(A’). O
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