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TELESCOPING, RATIONAL-VALUED SERIES,
AND ZETA FUNCTIONS

J. MARSHALL ASH AND STEFAN CATOIU

ABSTRACT. We give an effective procedure for determining whether or not a
series Z,I:’: a7 (n) telescopes when r (n) is a rational function with complex
coefficients. We give new examples of series () > 77 ; r(n), where r (n) is a
rational function with integer coefficients, that add up to a rational number.
Generalizations of the Euler phi function and the Riemann zeta function are
involved. We give an effective procedure for determining which numbers of the
form (x) are rational. This procedure is conditional on 3 conjectures, which
are shown to be equivalent to conjectures involving the linear independence
over the rationals of certain sets of real numbers. For example, one of the
conjectures is shown to be equivalent to the well-known conjecture that the
set {¢(s) : s =2,3,4,...} is linearly independent, where ¢ (s) = > n~* is the
Riemann zeta function.

Some series of the form > s({/n, ¥/n+1,---,/n+k), where s is a
quotient of symmetric polynomials, are shown to be telescoping, as is
> 1/(n!'+ (n — 1)!). Quantum versions of these examples are also given.

1. INTRODUCTION

The first example of telescoping that one usually meets is the sum
> 1 =1 1
1.1 — = - — =1.
(1.1) nz::l n(n+1) nz::l n n+l

This is just the tip of a very big iceberg. First of all, given any convergent sequence
{sn}, we can display its limit as the telescoping series

oo

s1 — Z (Sn — Sn+1) -

n=1

A general class of sums where telescoping is often used are sums of the form
N
> p(n),
n=1
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3340 J. MARSHALL ASH AND STEFAN CATOIU

where p is a polynomial. Write p using the basis {1, 2,2 (zx—1),z (x—1) (x=2),...}
and let P be the discrete “integral” of p defined on the basis by the operator
l— -z, z(x=1)--(z—(k-1)) — k’—éx(m—l)~~(m—k),k =1,2,---, and
extended to be linear. For example, if p(n) =5+ Tn+ 11n(n — 1), then P (n) =
~5n—7-3n(n—1)—11-4n(n—1)(n—2). Then P (n) — P(n+1) =p(n) and
we may evaluate the original sum as

N
(1.2) > p(n) Z P(n+1)=P1)—P(N+1).

(See Chapters 22-24 of [KC|, wherein telescoping is viewed as a discrete version of
the fundamental theorem of calculus.)

To appreciate this integration process, first notice that one can always form a
discrete integral. For if Y >° | a, is any convergent series, define sp = 0, and for
any n > 1,let s, = a1 + a2+ -+ ap. Then s, — $,_1 = an andz _10n =
25:1 Sn — Sp—1 = Sn. What is the difference between the useful construction
of P(n) from p(n) and the formal and not very helpful construction of s, from
the sequence of a;’s is that P (n) is given by a simple formula whose length is
independent of n.

For a slight generalization of the original example, let us look at rational ex-
pressions which can be written in the form R (n) — R (n + d), where d is a positive
integer greater than 1. These can also be telescoped, but one needs to operate d
telescopes simultaneously. For example,

1 1 1 n 1 1
‘N n—|—1 n—|—1 n—|—2 n+2 n+3

i(& ENEREI
—\n n+1 n—|—2 n+l n+2 n+3
1 + 1
3
It is natural to ask which rational functions of n have discrete integrals that

are also rational functions of n? For example, we know that d(n) = has

oy
discrete integral D (n) = 1 in the sense that D (n) — D (n+ 1) = d(n); what are
the rational functions that are expressible as linear combinations of differences of
rational functions? More explicitly, say that the rational function over the integers
r (n) is a rational differential if there is a rational function over the integers R so that
R(n)— R(n+1)=r(n). So Y r(n) telescopes, by definition, exactly when r (n)
is a rational differential. Our first result is an effective procedure for determining
when a given rational function over the integers r (n) is a rational differential. Write
7 (n) in partial fraction form, r (n) = q(n) +3_; ) es Ars (n) /f (n)°. Here S is a
finite subset of Q [n] x N, the product of the polynomials with rational coefficients
and the natural numbers; Ay s € Q[n] with deg Ay s < deg f; and each f is monic
and irreducible in Q[r]. As we mentioned before, ¢ is a rational differential, so we
only need to determine which sums of the form
T Ay (n)

fn)

(f,s)es
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TELESCOPING 3341

are rational differentials. Given such a sum, partition S into components using the
equivalence relation (f,s) ~ (g,t) if there is an integer k such that g(n) = f(n+k)
for all n and s = ¢. This induces a decomposition of the sum into a sum of sub-sums.
For example,
34m 4+2(n—1 A+ B(n—4 6 C D

(1.3) { st st (n_§)2+§} M {m + m} + o)
is a partial fraction sum that decomposes into three sub-sums, each enclosed by a
pair of braces. The necessary and sufficient condition for being a rational differential
is that the coefficients of each sub-sum add to zero. In particular this means that
our example is a rational differential exactly when (A4, B,C,D) = (—7,—3,—6,0)
so that 3+ n)+ (4+2n)+ (A+Bn) =0,6+C =0, and D = 0. See Section
and especially Theorem [I] for the general statement and proof.

Consider the question of when Y ° | r(n), where r (n) is a rational function of
n with integer coefficients, sums up to a rational number s. We know that s is
rational if 7 (n) is a rational differential over Q (n) . If the denominator of r factors
into linear factors, we subtract an appropriate telescoping series from Y 7 (n) to
obtain a simpler series, called its standard form which has the form

ZZ n—l—a'

s acQ
a€(0,1]

For example, if r (n) is given by

3 9 A 6 B C
Wiy e e e e )

then the associated standard form is

3+2+A 6+ B C
Y e M e (s

When the denominator of r factors into linear factors, the rationality of a series is
equivalent to the rationality of its standard form, and a series telescopes exactly
when its standard form is zero. Here is a way to get a rational sum from a standard
form. Start with three different decompositions of ¢ (2) = >-n=2 = 72/6:

i2n2+z (2n +1) <Zn2 Zn+1/2 )

0
1 [ S 1 & 1 > >
E<;ﬁ+ o S e 2y n+3/4 ) and
00 1 00 1 o) 1 00 1
1 nz::lﬁ +,;)(n+ 1/8)? +,;)(n+2/8)2 +nz:;)(n+3/8)2

[e ) oo

64 > 1 1 1 1
+Z( +4/8) +Z(n+5/8)2 +Z(n+6/8)2 +Z(n+7/8)2

n=0 n=0 n=0

Let G2 (2) = XnZo iz ¢4 (2) = X0 oy + om0 gy 20d Gs(2) =
00 1 00 1 0o 1 o] 1
Do CESYOR +> 0 T3/a? +> 0 75787 +> .0 (TR The above three
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3342 J. MARSHALL ASH AND STEFAN CATOIU

representations for ¢ (2) can easily be solved for (3, (4, and (g, giving

G2 =3C(2),C1=12¢(2), and (g = 48((2).

These identities lead to many previously unknown infinite series with rational sums.
If (a,b,c) € Q® is such that 3a + 12b + 48¢ = 0, then als + b(y + (s = 0 € Q.
Similarly, Y07 | 3-% — m =3C(2) - ¢+ W + W = 4. By Corollary
[[l neither of these sums is rationally telescoping. We conjecture that the examples
presented so far demonstrate the only ways that a rational sum can be achieved.
We will make this conjecture explicit in Section H] below. In that section we will
give equivalent conjectures which seem plausible. The equivalent conjectures are
extensions of the well-known fact that the set {1,¢(2),¢(4),¢(6),...} is linearly
independent over Q. In particular, if some “atom” such as ¢ (5) = > n~=5 turned
out to be rational, this whole classification conjecture would fall apart.

In Section[H we give a few simple examples that were the original motivation for
writing this paper and then extend the notion of telescoping (which corresponds
to first differences) to that of k-telescoping (which corresponds to kth differences).
The examples in this section lead to two interesting formulas involving binomial
coefficients, formulas (B.3]) and (&4]). The proofs that we found for them are short
and perhaps unexpected. The remainder of this paper gives two other kinds of
examples of telescoping beyond rational functions. The first involves generalizations
of this example involving square roots:

i 1 B i 1 VnFl—n
Vit VnTl e ntltvnvatiovn

=y —Vn+Vn+ti=VN+1-1

(1.6)

n=1

The computational details are straightforward, and hence they are omitted. The
second example involves factorials:

> 1 = /1 1
(L.7) ;(n—l)!—l—n! _;(m_ (n—l—l)!) =1

We also investigate quantum versions of all these examples.
The authors are happy to provide unpublished proofs for all of the results in
Sections [ and [7 as well as computational evidence for Conjecture 2.

2. CHARACTERIZATION OF TELESCOPING

The main object of our investigation in this paper is convergent series of ratio-
nal functions with coefficients in the field Q of rational numbers. By the well-known
Limit Comparison Test and the p-Test, these are series of the form >~°7 | P(n)/Q(n),
where P,Q € Q[x] satisfy the condition deg@ > deg P + 2. For this reason, we
will restrict our attention to the set Q~ (z) = {P(z)/Q(x) : P,Q € Q[z], @ monic,
deg P < deg Q} of all subunitary rational functions over Q. This is a Q-subspace
of the field Q(z) of all rational functions over Q. In fact, via long division and as
a Q-vector space, Q(x) is the direct sum Q(x) = Q[z] & Q~ (x).

If r(z) € Q(x) is a rational function over Q, we say that the series > 2 | r(n)
telescopes over Q if its nth partial sum s, = > ,_, 7(k) is a rational function of
n over Q. This is equivalent to saying that r(n) is a rational differential over Q,
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TELESCOPING 3343

ie, r(n) = R(n) — R(n + 1) for some rational function R(x) € Q(z). In fact
R(n) = —sp—1 + R(1), for n > 1.

Let P/Q be an element of Q~(z). If Q = fi* f5%...f{* is the prime factorization
of Q in Q[z], with f;’s being distinct monic irreducible polynomlals over Q, then by
the well-known partial simple fractions decomposition theorem, we can write P/Q
uniquely as a sum

P(z) _ s Ay (@)
0~ 2 iy
where A; ; € Q[z] satisfy deg A; ; < deg f;, for all 4,j. Moreover, without losing

uniqueness, we can extend this expression by adding infinitely many zero terms so
that P/@Q can be written uniquely as an infinite sum of finite support:

SEEED VD W i)
Q(x) fEQ[x s>0
f monic irreducible

where the Ay, € Q[z] and satisfy deg Ay, < deg f, for all f,s. Furthermore, if
f and ¢ are monic irreducible polynomials in Q[z], we say that f ~ g if there is
an integer k such that g (x) = f(x+ k). This is an equivalence relation on the
set of all monic irreducible polynomials in Q[z]. Let R be a complete system of
representatives of the equivalence classes for this relation. Later on we will make the
assumption that the degree 1 elements of R are of the form z+a, with a € (0, 1]NQ.
Then P/Q can be written uniquely as an infinite sum of finite support:
=Y Yy e
(x+71)

fER s>0reZ

where Ay, € Q[z] satisfy deg Ay, < deg f, for all f,s,r. This is equivalent to
saying that the set

B = U{ ot o)™ ros,meZ,s>0,0<m<degf}
jer f@4T)

is a Q-basis of Q™ (z).

The difference operator A : Q(x) — Q(z), defined by (Ar)(z) = r(z) —r(z+1)
for all r € Q(x), is clearly Q-linear. Its image AQ(z) is the Q-space of all rational
differentials over Q. We observe that both Q[z] and Q™ (z) are invariant subspaces
of A, so the subspace of all subunitary rational differentials over Q is AQ(z) N
Q (z) = AQ™ (z). In particular, AQ™ () is spanned by the set

AB—U{ (x+r+1)™  (z+r)™

— s r,s,meZ,s>0,0<m<de .
rer feslx+r+1) fs(x+r) g/}

Moreover, since

(:C+T+1)7n _ (:C-‘,—T)’m N ((:C-‘,—T-‘rl)"" _ g ) _ ((x_,’_,’,,)m _ g )
[atrtD) ~ Tt~ \FarrtD ~ F@

fe(@+r)  fo(x) )0
the set AB and therefore AQ™(x) is spanned by the set
m

B—U{x+r _Z crs,mEZ,r#0,5>0,0<m<degf}.
sor fPatr) o fo(2)

By taking linear combinations and putting together the terms with the same de-
nominator, what we have just proved is that every subunitary rational differential
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P/Q can be written in the form
ZZ Z <Af”x+r) _Afysﬁr(x)>
fER s>0reZ\{0} a? + T) f? (a:)

where Ay, € Q[z] satisfy deg Af s, < deg f, for all f,s,r.
How can we tell whether a specific rational function such as s (:c) = %2 is a

rational differential? Of course, those of us who know that > 7 | &> = %2 have a
pretty strong suspicion that in this case the answer is no. A very general answer to
the question is given by the following classification theorem, which gives a necessary

and sufficient condition for a rational function to be a rational differential.

Theorem 1. Let P,Q € Q[z] be polynomials with rational coefficients such that
deg P < deg@, and let R be a complete system of representatives of monic irre-
ducible polynomials in Q[x] via the equivalence relation ~ defined above. Then:

(i) The form P/Q € Q(z) can be expressed uniquely as

PJ? Af,gTJ?—F’I“
SR

where the As s, € Q[z] and satisfy deg As s, < deg f for all f,s,r.
(ii) The rewriting

XY Y (Al Arl0)) 55 S A ()

fER s>0reZ\{0} fER s>0

of the expression in part (i) is a unique decomposition of P/Q as a sum of a
rational differential form and a non-rational differential form over Q. These are
the “rational differential part” and the “representative part” of P/Q.

(iii) The series > oo, P(n)/Q(n) telescopes over Q if and only if

P/Q is a rational differential over Q if and only if

the representative part of P/Q is zero if and only if

Yorer Afsr(x) =0, for all f and s.

Proof. Part (i) is the standard partial fraction representation. We have already
shown that the first sum in part (ii) is a rational differential. It remains to prove
both uniqueness and that the second sum is not a rational differential. It suffices to
show, for both, that the only way the second sum is a rational differential is when
it is zero. Indeed, if the representative part of P/Q is a rational differential, then,
by the comments preceding the theorem, we can write it as

ZTEZ Af,S r Byjsr(z+71) _ Bys.r(2)
Sy EEET-Yy Y (s )

fER s>0 fER s>0rez\{0}

where the By, , € Q[z] and they satisfy deg B, < deg f for all f,s,r. Since
flx+r) ¢ R, for all f € R and r # 0, uniqueness in part (i) implies that
Bfsr(x+1r) = 0, for all s. Replacing « by « — r gives By, r(x) = 0, for all
fss,r. Thus the right sum is zero and this finishes the proof of part (ii). The first
equivalence in part (iii) comes by definition, the second comes from the uniqueness
in part (ii), and the third comes from the uniqueness in part (i). (I

An interesting particular case of this theorem is when @ splits, i.e., factors
completely over Q.
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TELESCOPING 3345

Corollary 1. Let P(x)/Q(z) be a rational function over Q, and suppose that @
splits over Q. Then P/Q is a rational differential over Q (or, equivalently, the series
oo L P(n)/Q(n) telescopes over Q) if and only if P/Q has a unique expression as
an infinite sum of finite support

P(x) ad Ao s

0@ 2 2 X G

s=1CeQ/Z acC

where for every positive integer s and every coset C of Q/Z,

(2.1) Z Aps = 0.

aeC

Here Q(z) € Qlx] and Ay s € Q, for all a € Q, and integers s > 0.
This corollary is illustrated by the passage from ([L4)) to (LE) in the Introduction.

3. EULER @-FUNCTIONS AND ZETA FUNCTIONS

We begin by introducing a generalization of the Euler phi-function. For each
positive integer s, let s (a) be defined as the cardinality of the set

O, (a) ={m e Z:1<m <a’ and for every prime p, p° { ged (m,a®)} .

Note that ¢, is the usual Euler phi-function. Then ¢, has similar properties to 1,
some of which are listed in the next theorem.

Theorem 2. The function ps enjoys the following properties:

(1) The function @4 is multiplicative, s (ab) = s (a) ps (b) for ged (a,b) = 1.
(2) If p is a prime number, then v, (pé) = pst — ps(t=1)
(3) For any positive integer a = p'ps* - - - pi',

o= (1) (1) 5p)

(4) For every integer a > 2,

aS:Zgos(d).

dla

(5) For every integer a > 2,
a S
(3.1) prl0) =3 (5) e
a

where p is the Mobius function defined by

1 ifn=1,
w(n) = 0 if a® | n for some a > 1,
(-1)" if a is a product of r distinct primes.

(6) For every integer a > 2,

Z m = %asgos (a).

med;(a)
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3346 J. MARSHALL ASH AND STEFAN CATOIU

Proof. For property (1), find integers p and v so that pa® + vb® = 1. For (m,n) €
D, (a) x D, (b), let k be the unique integer so that @ = nua® + mvb® + ka®b® €
[1,a°b%]. Then show that the mapping (m,n) — x is a surjection from P, (a) x
D, (b) to s (ab). Property (2) is straightforward and property (3) is immediate
from properties (1) and (2). Here and below ged (—, —) will be abbreviated to
(=, —). For property (4), for each positive d dividing a, define

Aqg={m € [1,a°] : (m,a’) = d’e, with p° { e for every prime p}.

The cardinality of A4 is s (a/d) and the set {1,2,...,a®} is partitioned by the
family {Aq: d | a}, so a® =3 ), ¢s (a/d) = 34, s (d). Property (5) is a direct
application of the Mdbius Inversion Formula to equation (3d]) (JHW], p. 237). Let

P, (a) = {a1,a2,...,a4,()} - Since (m,a®) = (a® —m,a®), we also have @, (a) =
{as —ay,a® —az,...,a° _aws(a)}' Thus a1 +az2 + -+ + ag (o) = a° — a1 +a® —
az + -+ a® — a,, () and property (6) follows. O

For s > 1 and r € (0,1], let

1
C(s.1)=) s
n=0 (n + T)
In particular, ¢ (s,1) = ((s). These generalizations of the Riemann zeta function
C(s) =>,2,n~ % are very similar to those mentioned in [EMOT| p. 24]. If s = 1
and r € (0, 1], define

oo

1 1
1,r) = - .
O =2 s =g
n=0
The divergent series n%rr is naturally identifiable with ¢ (1,r) in the sense that
whenever Z}]:1 aj = 0, the series > 7 (ijl aj#rj) is convergent and equal to

Zj a;¢ (1,7;). Notice that O (n‘l) terms can appear in 7 (n) only in this way, for
otherwise Y 7 (n) would diverge.
Next, for a > 2 and b integers, let

=3 ¢(s1).
(=1

Lemma 1.

(i) For a and s > 2 positive integers, the number (, (s) is an integer multiple

of ¢ (s). Ezplicitly, (o (s) = s (a)((s).
(ii) When s = 1, the number (, (1) is in the Z-span of the natural logarithms
of the prime divisors of a. Explicitly,

)= p@Y (n L 1) log i,

where a = pypy? - pir.

Proof. For s > 2, we have

STE I B I CF) B SR we)

dla  b=1
(b,a)=d
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TELESCOPING 3347

Therefore

s Ga (s)
>
o 6 (s)
Apply the Mobius inversion formula and property (5) of Theorem 2] to get

a(5) ay s
Cg(g) _%M<3)d = s (a).

When s = 1, letting v, = > ,_; k — Inn be the defining sequence for Euler’s
constant, we calculate

S =Y ¢ Z > JLH;Z< P zﬁ)

dla dla dla  b=1 k=0
(a,b)=d
a n—1
_nlinéo;kzo<ak+b k+1> anlinéo<kzl__z )

=a lim (Yan +In(an) — v, —lnn) =alna.
n—od

By the Mobius inversion formula, we deduce that

Zu( )dlnd—alna— Z 1%1n]%+ Z p;;jlnp:;j_...

dla 1<i<r 1<i<j<r
a
=alna — Z —(lna —lnp;) + Z (lna—lnpl Inp;) —
1<i<r i 1<’L<j<7"p J
=alna | 1- Z — —|— Z
1<’L<7’ 1<i<j<r pzp]

T
In p;
5 51 [ ST i E
i=1 1<5<r Pj 1<j<k<r Pipj DPi
J#i Jik#u
Now apply Property 3 of Theorem [Z,

pla lnpz_ - In p;
Ca(1) = lna—i—z = <1na—|—zpz_1>

’L

_ Mﬁj (ni st 1) Inp.

O

Here is some notation allowing ¢, (1) to be written as a generic infinite sum of
finite support. If P is the set of all prime numbers, a > 1 is an integer, and p € P,
we define exp,(p) to be the exponent of p in a, and the delta function d,(p) to be
1, if pla, and zero otherwise. Then we may write

(3.2 G = pl@) 3 (exnatp) + 27 .

pEP
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3348 J. MARSHALL ASH AND STEFAN CATOIU

Lemma 2. Let P be the set of prime numbers. The set A = {1} U{lnp:p € P}
is linearly independent over Q.

Proof. Suppose Zle a;Inp; = ¢, for some «; and ¢ rational numbers. We may
assume that the «; and ¢ are actually integers by multiplying through by their
common denominator. Exponentiation yields Hle pit = e9. Since e is transcen-
dental, so is €4, for any integer g # 0. Since e? is equal to an integer, we must have
q = 0. Finally, by the Fundamental Theorem of Arithmetic, all exponents a; must
be zero. O

This theorem produces numerous previously unknown series with rational sums.

Theorem 3.

o A linear combination ) <o . cven Ba,sCa(s) with rational coefficients B, s is
a rational number if and only if

Zﬁmsgpg(a) =0, for each even s > 2.
a

o A linear combination o faCa(3) with rational coefficients B, is a ratio-
nal number if and only if

Z ﬂa@B(a’) =0.

e For each odd s > 5, a linear combination ) o BaCa(s) with rational coef-
ficients B, is a rational number if

Z ﬁa@s (a) =0.

o A linear combination )y B.C.(1) with rational coefficients B, is a rational
number if and only if

Z Batps(a)(exp, (p) +

for every prime number p.

Proof. All four statements are clear from Lemma[ll The first statement also needs
Euler’s formula showing that for even integers s, ¢ (s) is a rational multiple of 7,
together with Lindemann’s result that 7 is transcendental. The second requires
Apéry’s result that ¢ (3) is irrational [A]. Notice that the third statement is only
an implication since the irrationality of ¢ (s) for odd s > 5 is unknown. The last
statement is an immediate consequence of Lemma P] and formula (3:2). (]

Corollary 2.

(i) dimgspang {C.(1): 2 < a < n} =7(n), the number of primes < n.
(ii) dimgspang {Ca(1) : aln} = p(n), the number of prime divisors of n.
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TELESCOPING 3349

4. CONJECTURES

Let r (n) = P (n) /Q (n) be a rational form with integer coefficients with deg ) >
deg P + 2. Our aim is to conjecture plausible and simple necessary and sufficient
conditions on P/Q for >°° | r (n) to be a rational number. By Theorem[I] we may
write

= Z r (n) = {Telescoping part} + {Representative part}

{g n+1))} 3 n()” +> (iﬁ

n=1 ,8 n=1ae(0,1]NQ
f irred. s>0
deg f>2

= {I} +{II +1II}.

Of course, the first term I immediately telescopes to the rational number R (1). Our
first conjecture is that s is never rational when I7 # 0. This is incorporated into
Conjecture Bl below as condition (i). From now until the statement of Conjecture
Bl we will operate under the assumption that II = 0, which is to say that the
representative part of @ splits over Q and Corollary [1 prevails.

Here are three conjectures about the values of the zeta function:

¢1: The numbers ((2),¢(3),¢((4),... are irrational,
€2 : the numbers 1,{(2),((3),¢(4),... are linearly independent over Q,
¢3: theset {1} U{lnp:p e PU{{(s): s > 2} is linearly independent over Q.
Also, here are three conjectures about infinite series with general term being a
Q-linear combination of generalized zeta functions:
Cal: Fix s > 2. Any linear combination ) (4 sCa(s), with rational coefficients
Ba,s, is a rational number precisely when > G, s¢s(a) =0,
(42 : any linear combination Ea,s>2 Ba,sCa(s), with rational coefficients G, s, is
a rational number precisely when > aBasps(a) =0, for each s > 2,
(43 : any linear combination Za>1_s>1 Ba,sCa(s), with rational coefficients S, s,
is a rational number precisely/v;hen > o Basps(a) =0, for each s > 2, and

>0 Ba1p(a) (expa(p) + 5‘”—@) =0, for all p € P.

p—1

Theorem 4. For i = 1,2,3, statement (i is true if and only if statement (,i is
true.

Proof. If i = 1, by Lemma i), >, fa,sCa(s) = O, Ba,sps(a)) (s ) =
If 3 b

by Lemma [II1) again, >°, ) Ba,sCa(s) = 2oy (02, Basws(a)) ((s).
Lemma [1[(ii) and Lemma [i)
Z 611 sCa - Z <Z 611 ISDS expa( ) Zaipi )) lnp
oy (z ﬁww) o)
s>2 a
(I
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The first set of conjectures is obviously difficult, but it is reasonably plausible.
Euler’s formula showing that for even integers n, ( (n) is a rational multiple of
7w, together with Lindemann’s result that « is transcendental imply that the set
S={1,((2),((4),((6),...} is independent over Q. Furthermore, Apéry showed
n [A] that ¢ (3) is irrational. So, evidence for conjecture (1 is provided by the known
irrationality of all the elements of the set {¢ (3),¢(2),¢((4),¢(6),...}, evidence for
conjecture (2 is provided by the Q-independence of S, and evidence for conjecture
(3 is provided both by the Q-independence of S and by Lemma[2]

We next show how conjecture (,3 sheds light on the question of the rationality
of sums Y p(n)/q(n). Convergence forces degq > degp + 2; suppose ¢ factors
completely over Q. Then r(n) = p(n)/q(n) has a partial fractions decomposition

C'b/a s
sz:lce%;/zz;/za;c n+b/a)®

where all Cy/, s are rational. For each C € Q/Z, there is a unique irreducible
rational fraction b*/a* € C N (0, 1]. Recall that the standard form r*(n) of r(n) is
the rational form

Z Z Eb/aEC Cb/a s
s= 1CeQ/Z n+br/ar)e

Then

1 1
r(n) Z Z Z Cb/as[n—l—b/a)s_(n—i—b*/a*)S

s=1CeQ/Zb/acC

By Section [l the series Y, 7(n) — r*(n) telescopes, hence it sums up to a ra-

tional number. In particular, > 7, r(n) is a rational number if and only if its

standard form > 7, r*(n) is a rational number. Another way to see that, when

the denominator splits, passing from a series to its standard form does not affect

rationality is that a finite integer shift of the variable changes the corresponding
o0

infinite sum by only a finite number of terms. For example, ) ", m =

00 1 1 1 :
Doy iR T @t (5/2)2..In(:1dentally, by Corolllary IIL >r(n) telescope.s
exactly when its standard form is 0. Therefore, working with standard forms is
equivalent to working modulo telescoping.

Now we can rephrase conjecture (,3 as follows.

Conjecture 1. Let r(n) = P (n) /Q (n) be a rational form with integer coefficients
with deg @ > deg P + 2. Suppose

(i) Q (n) factors completely over the rationals, and
(i) the standard form of Y r(n) is expressible as a Q-linear combination of
Ca (8) for some finite set of positive integers a and s, i.e., is of the form

> BassCals)

a>1,s>1

with all Bq,s € Q.
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A necessary and sufficient condition for > r(n) to be a rational number is that

Zﬁmsgos(a) =0, for all s > 2, and

Zﬁa 19(a (expa( )+ %) =0, for all prime numbers p.

We will make an even stronger conjecture by dropping the condition that only
terms of the form (, (s) appear in the standard form.

Conjecture 2. Let r(n) = P (n) /Q (n) be a rational form with integer coefficients
with deg QQ > deg P + 2. Suppose
(i) Q (n) factors completely over the rationals.

A necessary and sufficient condition for > r (n) to be a rational number is that its
standard form be expressible as a Q-linear combination of (, (s) for some finite set
of positive integers a and s, i.e., be of the form Ea>1’8>1 Ba,sCa(s) with all Be,s € Q
and that -

Zﬁmsgos(a) =0, for all s > 2, and

Zﬁa 19(a (expa( )+ %) =0, for all prime numbers p.

For this conjecture to be true we need even more independence than what was
asserted in conjecture (3 above. We also need all the parts of each (, (s) to be
independent from one another. For example,

G(1) =¢(1,1/3)+¢(1,2/3) = 3In3,

but there are no further Q-linear relations among the elements of the set

{¢s(1),¢(1,1/3),¢(1,2/3)}
since ¢ (1,1/3) = 2In3 + 775 and ((1,2/3) =23 - 7.5 S0 what we need is for
the elements of the set
T={C(s,b/a):s>1,a>1,(ba)=1,1<b<a)}U{l}

to be Q-independent, except for dependencies induced by dependencies among the
various (4 (s) : s > 1,a > 1. These arise from the definition of ¢, (s) and the two
parts of Lemma[Il A compact way to put this is to demand that the set

b 1 1
{I}U {4(8, 5) s> 1,1< b< a, (aab) = 1} U {4(8, 5) s> 1} U {C(l _) prnne}
be a basis for the span of T over Q. In the light of conjecture (3, it follows that
this conjecture is equivalent to asserting that the set
{1} U{¢(s,b/a) :s > 1,1 <b<a,(a,b) =1} U{{(s): s >1} U{lnp: p prime}

is a basis of the span of T.

Our final conjecture is even more bold but less supported. It basically says that
all the ways that the sum of a series of rational forms can be rational have already
been found.
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Conjecture 3. Let r(n) = P (n) /Q (n) be a rational form with integer coefficients
with degq > degp + 2. A necessary and sufficient condition for > r(n) to be
rational is that the following three conditions hold:

(i) the representative part of r(n) consists of only terms whose denominators
split over the rationals, so that the representative part differs from the standard
form by a rational number,

(ii) the standard form of r (n) be expressible as a Q-linear combination of (, ()
for some finite set of positive integers a and s, i.e., be of the form Za>17s>1 Ba,sCa(s)
with all Bq.s € Q, and B

(iii) that

Zﬂa,saps(a) =0, for all s > 2, and

Zﬂa 19(a (expa( )+ (5a_(p2> =0, for all prime numbers p.
p—

We have looked at a number of examples wherein the representative part has
terms involving irreducible polynomials of degree at least 2, such as ) ng—}mQ with
a=1,2,3,4, and have not found anything contrary. But since very few such series
have been evaluated exactly, there really is not much additional evidence one way
or the other for this conjecture.

5. MOTIVATION AND k-TELESCOPING

The motivation for this paper was a simple problem in a calculus textbook.
Problem 34 of section 12.2 of James Stewart’s Calculus, 4th ed., Brooks/Cole,
1999, asks for the evaluation of

> 1
S:Zn(nﬂ)(nm)'

n=1

The straightforward solution
(et
n+1l n+2

10:0 1 1 1
:§Z< (n+1) (n+1)(n+2)> 4

leads immediately to two different generalizations: the first is

l\DI»—l

1 1< 1
(5-1) nn+1)(n+2)---(n+k) _k;_z:% (>n+j

which Doron Zeilberger told us is a specialization of the Vandermonde-Chu relation

since it can be reached by simple manipulation starting from Z?:o (fo) (_j") = (ﬁ)

or oFy (—k,n;n+1;1) = (de_l‘_)lx (see pp. 1-3 of [GR] for the definitions of 2 F}
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and (a), and for this identity); while the second uses the partial fraction fact

1 —1(1_ _1_
n(n+k) = k \n n+k )

+
1 & 1 1
:%Z<n(n+1)(n+2)...(n+k—1)_ (n+1)(n+2)---(n+k))
1

(This is well known, see, e.g., formula 5.1.24.7 of [PBM].)
More generally, the same argument that produced formula (5.2)), when coupled
with the application of d telescopes, gives

> -3 s
(n+d)- (n+kd kd “~ 6(d+06)---((k—1)d+ )’

When a,, — 0, we have this basic telescoping formula

Z —an+1 = aj.

n=1

It can easily be generalized to

k—1k—1—k
Z (Z Qptr— 11‘&) = Z Z Or+jTr,

n=1 k=1 j5=0

which we will call k-telescoping. An application of higher telescoping comes when

we evaluate
o0

1
;n(n+1)(n+2)-~-(n+k)

=1

in two different ways. On the one hand, the simple partial fraction argument given
in formula (5.2) shows this sum to be 4; on the other hand, applymg formula

(51) and then k-telescoping shows this sum to be Ly * Z () (—1) K}r]
Putting these two facts together gives the identity

(5.3) ;i: () ﬁij:%.

If we do exactly the same thing in the ¢ setting, starting from formulas (ZH) and
(T3) we arrive at a g-analogue of this identity, namely

HM

K+j 1

(5.4) zk:kif m q U=z (—1y [nq+ 7 _ o (1 —(1-¢)* [k:]q!) )

k=1 j=0 J q

There are also g versions of the discrete integral mentioned above in connection
with formula (IZ) [KC].
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6. SQUARE ROOTS, CUBE ROOTS, AND ALGEBRAIC INTEGERS

Generalizations of the basic square root example (LG]) are

> 1 V2 -1

6.1 - 7
(6.1 = (Vn+Vn+l) (Vr+Vn+2) (Va+ T+ Vn +2) 2
(6.2)
N Vntyvnt1l+vnt2+vn+3
< (Vb D) (Vi Vad2) (Vi i) (Va1 d2) (Vi T Vi 3) (Vi 2+t 3)
n=

_—VB+2v2-1
B 6
and, more generally,

> dr (1) —loo "k 0V g
o ; 11 (\/n—+i+\/m)_k!nz::1 ;(‘)H) Vit

0<i<j<k

= .016...,

Here

$2(n) =1,¢3 (n) = s1,¢4 (n) = s152 — s3,
d5 (n) = (95, — 345,259 + 425153 + 14s,° — 4254 — 195) /6,
where s; = s; (k,n) is the ith elementary symmetric function in the k 4 1 variables
{V/n,...,v/n+k}. For example, the so appearing in the evaluation of ¢4 (n) is

Zo<i<j<4 vn +iy/n + 7. Each of these formulas involves summing the underlying
identity

(bk (n) 1 zk: (k) ( 1)k*j / T -
- - |
H (\/n-i-z-i-\/n-f—]) k! =0 J
0<i<j<k
over all n > 1. We find these identities interesting because for each k = 1,...,5, the
left side is invariant under every permutation of the variables {\/ﬁ, ceoVn+ k},
while the right hand side is not. To be a little more explicit about this phenomenon,
return to the identity underlying the basic square root example,

1

i Vn+1—+/n.

If the “variables” \/n and v/n + 1 are interchanged, the left side remains invariant,

while the right side changes sign. This is possible because the quantities v/n and

vn + 1 are not independent. What we are trying to do is find a large class of

expressions similar to v/n + 1 — \/n which are easily summed by telescoping and

which can be expressed as symmetric functions of the associated variables. Each

time this is done, an example of a series with symmetrical terms that can be summed
exactly is created.

We will present neither the derivations of formulas (61]) and (62) nor the veri-

fication of formula (63) for the cases of k = 4 and 5, all of this being routine. It
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seems possible to guess a general formula from these five square root results, but
we found the results (and also the derivations) becoming somewhat ponderous, so
we will stop with the conjecture that for & > 6, ¢y is still a polynomial of degree
k—1 in the variables {\/ﬁ, ceVn+ k} and ¢, can still be written as a polynomial
in the elementary symmetric functions of those variables.

After square roots come cube roots. Here are two more formulas.

—ZW—\F—«/—l—l

1
(6.4 ;
) ; (n+ 1> 4+ (n+1)"3n1/3 4 n2/3

For the second cube root formula, let C (m,n) = m2/‘3 +m'/3nl/% + n2/3. Then

(6.5) Z\FJ”””L +Vn+?2 12%—2\3/n+1+\3/n+2
Clnt+in+j) 2 =
0<i<j<2

-1 V2 — 1
:7(\3/1—2\3754‘\3/5):\/_2 .
There is an obvious generalization of equations (LG) and (6.4) to rth roots based

on the identity

q‘,_‘
%IH

‘M‘

KA
nr

(6.6) 1:(n+1)—1:<(n+1 (n+1) "

For any natural numbers r and d, let

Adr (n d,z() 1Y mEg

denote the dth forward difference of the rth root of n. Then define ¢, q4(n), a
polynomial in the d + 1 variables ¥/n, ¥/n+1,...,v/n+d, by

9ra () — Ag,(n).
[ (atitvnry)

0<i<j<k

A natural and fairly far-reaching generalization encompassing all the equations
above is the conjecture that ¢, 4 (n) can always be expressed as a symmetric poly-
nomial in the variables /n, v/n+1,...,v/n+d. It is always possible to telescope
> nAar(n), so a consequence of this conjecture is the existence of a lot of sums
with symmetrical summands that can be computed exactly, namely one for every
pair (r,d) .

One can hope to go even further than kth roots, possibly all the way to algebraic
numbers in general. Here is one small example that points in this direction. Let

V14 vVn = ag.

As above, Zgzl Aa,, = a1 — ay41 provides motivation for wishing to find

a representation of \/1 +vn — \/1 4+ +vn + 1 that is symmetric in the sense of
being invariant under the transposition of the variables «,, and a;,+1. We compute

2
a = (wl—l—ﬁ) = 1+ +/n, (ozi—l)2 =n, ar —2a%2 +1 = n. Subtract

this equation from o}, — 202, +1 = n + 1 and factor in order to obtain the
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equation (a41 — o) [( + ang1) (2 — a2 — a2 )] = 1. The quantity in brackets
is symmetric, so the desired relation is
1

(an + ant1) (2— (@2 +a2,)))

Qp1 — Qp =

7. QUANTUM FORMULAS

Fix a real number ¢. For each positive integer n, define [n ] =1+q+---q" 1=

qn_l

The idea of this section is to think of ¢ as a “generalization” of 1 and,
consequently, of [n], as a generalization of n. We will demand only that [¢] < 1,
but we will informally think of ¢ as being close to 1. A quantum formula for us is
any true formula obtained essentially by replacing integers by their analogues in a
standard formula that reduces back to that standard formula under the “formal”
transformation ¢ — 1. To get a feeling for how these generalizations work, we will
start by trying to get a g-analogue of the very first telescoping example (IZI). That
example depended on the partial fraction fact that

111

nin+1) n n+1

: n+1] —[n
The ¢ analogues of the two sides are m and ﬁ — [n_&l]q — [[n]qggﬁ_[l]lq, But
[n+1], — [n], # 1, so a little ingenuity is called for. In fact,
(7.1) [n—l—l]q—[n]q:l—i—---—i—q"—(1+---+q"_1):q”.

So one thing we might study is

EZ: n—|—1

Because of (1)), it seems as though we have

A <Y G SRR S D S
I TRTES D ([mq [n+11q> BT

n=1 =1
On the other hand, by equivalence, we have (11:3:) = (1;;1”:11 )7 1[;]‘1” = 1[211;1
T—q =g q q
1 . qn o 1 . qn+1
W, " T, ~ e, G, 20d
1 1 n n+1
2 S S U il
nl,  [n+1], [0, [n+1],

Taking ([C2) into account and then telescoping gives this different, ostensibly con-
tradictory, result

o0 o0

1 1 qn qn+1 q
1_Z<W‘r+u >_Z<WTH] T,

n=1 q q n=1 q q q
What is wrong is the first calculation. When we write Y 2 (an — @pt1) = a1,
this is shorthand for 22:11 (an —ant1) = a1 —any and limy_.ocay = 0. In the
standard case, our shorthand worked because limy_. o ]i, = 0, but here, as long

as |g| < 1, we have limy_, o [1\}] = limy_ oo 11— 1—¢q # 0. Just to leave

q

q
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the reader no doubt, the conclusion of this introductory exploration of quantum
telescoping is this identity: whenever |¢| < 1, we have

n

00 q B
Z[n} mr1, ¢

n=1
This phenomenon also validates our choosmg the ¢ analogue of > | — (n 0y to
be Zn 1 m, rather than Z W, since the former is a convergent
series, while the nth term of the latter tends to (1 — q)2 , making the series strongly
divergent.
Two more notational items are the quantum factorial,
1 if k=0,
Kyl =
1], [k —1], [K], if k>1,

and, for integers k and j, with 0 < j < k, the quantum binomial coefficient,

i

We now find ¢ analogues of (5.1]) and (£.2)). For (5.I)) we offer two generalizations.

They are
L[] e g 4 q"
73 [qu']zo[j]f SR TE B DR TS
and
1 & o1 ;o1 "
(7.4) m]z: { } /2 (1) TES R

A satisfying generalization of relation (5.2) is that for |¢] < 1,

> q" 1 1
(7.5) Z [n]q o nt k]q = E (W{]' -(1- q)k> )

n=1

We also give quantum versions of the standard factorial and square root formulas,
(L7) and (LG). They are, for |q| < 1,

(7.6)
S S

TR N e R e TR R T

and

(1.7)

N qn B -
;\/@Jr\/m,/wﬂ]q 1

We will not derive ¢ analogues of formulas (6.I) and (6.2]). Doing so should not
present any major difficulties.

After we had submitted this paper, R. Askey called our attention to the website
of Ashish Sirohi where an understanding of some of the phenomena we investigate
is displayed.
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