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RENORMING JAMES TREE SPACE

PETR HAJEK AND JAN RYCHTAR

ABSTRACT. We show that the James tree space JT can be renormed to be Lip-
schitz separated. This negatively answers the question of J. Borwein, J. Giles
and J. Vanderwerff as to whether every Lipschitz separated Banach space is
an Asplund space.

1. INTRODUCTION

The main result of the present paper, Theorem [0 states the existence of an
equivalent 2-WUR renorming (see Definition 2) of the James tree space JT. As a
corollary, and this was in fact the motivation of our work, we answer in the negative
a question of J. Borwein, J. Giles and J. Vanderwerff, whether every Lipschitz
separated Banach space is an Asplund space.

Let us explain the situation in more detail. In [I] authors investigate properties
of the Clarke subdifferential of a typical Lipschitz function on a given Banach
space. In the course of their work, they study extensions of (bounded) Lipschitz
functions from subspaces to the whole space, which preserve the Lipschitz constant.
The results have implications for the behavior of the Clarke subdifferential. More
precisely, they call a Banach space (X, ||.||) Lipschitz separated, if for every closed
convex set C' C X and every bounded 1-Lipschitz real valued function f on C
and x ¢ C there exist 1-Lipschitz extensions of f on the whole X, say fi, fo,

satisfying fi(x) # fa(x). This property depends heavily on the norm ||.||. Let
Bx = {z € X;||z|| < 1} be a unit ball. In [I] the following characterization is
proved:

Theorem 1. For a given Banach space (X, ||.||) the following are equivalent:

(1) X is Lipschitz separated.

(2) For every pair of sequences {xn 521, {yn}or, C Bx such that
limy, oo [|Tn + Ym || = 2, there is no ¢ € X* such that
limsup,, o ¢(x,) < 0 < liminf,,_ o ¢(yy).

It is observed that the WUR property of ||.|| implies (2) and so does the 2-WUR,
(defined below), and on the other hand (2) implies that ||.||** is rotund. The last
fact implies that #; is not isomorphic to any subspace of X.
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3776 PETR HAJEK AND JAN RYCHTAR

Definition 2. Let (X, ||.||) be a Banach space and let Bx be a closed unit ball.
We say that the norm ||.|| is WUR (weakly uniformly rotund) if for all f € X*

lim f(xn - yn) =0,
whenever {z,}%,,{yn}52,; C Bx are such that lim, o [|Zn + yn| = 2. We say
that ||.]| is 2-WUR (2-weakly uniformly rotund) if for every f € X*

lim f(xn - ym) =0,

n,1Mm—00
whenever {z,}°2,{yn}02; C Bx are such that lim, ,m— o0 [|Zn + Ym || = 2.

Many examples of various renormings are presented in [1], supporting the natural
conjecture that Lipschitz separated Banach spaces, although not necessarily WUR,
should be WUR renormable or at least Asplund.

In our paper we construct a 2-WUR renorming ||.|| of JT', a classical example of
a separable Banach space not containing ¢; and having non-separable dual. Thus
(JT,||.|l) is Lipschitz separated, but is neither Asplund nor WUR renormable (see
[5]). Recall that by [3], the space JH of Hagler, which also does not contain /¢y,
does not admit an equivalent norm ||.|| such that |.||** is rotund. Therefore JH
does not admit a Lipschitz separated renorming. Thus separable spaces with 2-
WUR renorming (or Lipschitz separating renorming) cut in between Asplund spaces
and spaces not containing ¢;. Thus, for separable Banach spaces, the property of
being Lipschitz separated for some equivalent norm is strictly weaker than having
a separable dual and strictly stronger than not containing ¢;.

In this connection it would be interesting to find a rotundity renorming char-
acterization of (separable) Banach spaces not containing ¢;, similar to cases of
superreflexive (UR), reflexive (2-R) or Asplund (WUR) (see [3], [7], [B]).

We also do not know whether X admits an equivalent 2-WUR norm if X is
Lipschitz separated.

The organization of this paper is as follows. In Section 2 we introduce our
notation and prove two lemmas that will be often used in the sequel. In Section
3 we state the main theorem and present the core of its proof. For the reader’s
convenience, proofs of auxiliary lemmas will be presented separately in Section 4.

2. PRELIMINARIES AND NOTATION

The James tree space JT was introduced by J. Lindenstrauss and C. Stegall in
[6]. Let us summarize the notation we use here. Let T be an infinite dyadic tree,
that is,

T ={(n,i);neN,ie{0,...,2" —1}}.
We define a partial ordering > on T by letting (m, j) > (n,4) if and only if m > n

and there is a sequence of integers {i}, " such that ig = 4,%,,—p = j and i}, €
{2i-1,2ip—1 + 1}, for k < m —n. A maximal linearly ordered subset of T" will
be called a branch. The set of all branches will be denoted B. An interval [s, ]
is the maximal linearly ordered subset of T" with s as a minimal element and t as
a maximal element. Similarly we define intervals (s,?], (s,t), [s,t) and [s, o). For
every t = (n,i) € T we define the height of ¢ as |t| = n. Denote T,, = {t € T;|t| <
n}. For a non-empty and finite set A C T define min(A) = min{|¢|;¢ € A} and
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RENORMING JAMES TREE SPACE 3777
max(A) = max{|t|;t € A}. For every real bounded function = : 7" — R define a

Hilbertian norm
el = 2 (t) 2.
teT

We say that S = (Sj)é?:l is an admissible collection if it is a collection of pairwise
disjoint intervals of T'. If z : T'— R is a real bounded function and § = (Sj)?zl is

an admissible collection, we define

Jall2 = i(z x(t>)2.

j=1 MeS;

Observe that ||.||s is a Hilbertian seminorm for every admissible collection S. The
James tree space JT is defined in [6] as the space of all bounded functions z : T — R
such that ||z| jr < oo, where

(1) |37 = sup{”xH%;S is an admissible collection}.
Let us define an equivalent renorming ||.|| of JT by means of the formula
(2) l(1* = Nl 57 + il

Let Byr = {x € JT;||z|| < 1}. For x € JT we define the support of =, supp(z), by
supp(z) = {t € T; z(t) # 0}.
For € > 0 and x € JT define
A(z,e) = {S;S is an admissible collection, ||z||% + ||z]|* > |lz||* — £2}.

Observe that A(x,e) # 0 for every x € JT and every € > 0.
If D #S C T is a set, then we define fg € JT* by

fs(z) = Zx(t), for every z € JT.
tesS

The set S will not always be finite but will be such that fg will always make sense.
In case S = () we set fs = 0. Note that if S is an interval, then || fg| < 1.

Let z € JT and T C T. We denote by x| the element of JT such that
x| (t) = x(¢), for t € T, and x| (t) =0 for t £ T".

Lemma 3. Let g > 0,2,y € Byp, ||z +y||> >4 —¢cf and S € A(z +y,e0). Then
(1) Se A(Z,&Q) N A(ya 50)7
(ii) [lo—yl3 < 2e5.

Proof. By contradiction, let us assume that S € A(x,eq). This implies that ||z]|% +
[lz[|*> < 1 — . Using the parallelogram identity,

4-2e5 < o +yll* —&f < llz +yl5 + lz + yll?
lz + 1% + llz + yllI* + llz = ylI5 + llz = ylI”
= 2(llzllz + Nall®) +2(lylls + lyll®) < 2(1 - <) +2,

IN
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3778 PETR HAJEK AND JAN RYCHTAR

a contradiction. Hence |z||* — &3 < ||z||3 + [|z[|* and by the same argument
lyll> — €3 < llyll% + llyllI>. Thus (i) is satisfied. Moreover

0 < Jo-yls +llz—yll?
= 2(ll2l5 + =) + 2(lylE + Myll*) = (e + ylis + e+ yl*)
< 2z + 20yl = (lz +yll* - <5)
< 242—(4—2e3) = 2¢3,
and (ii) is satisfied. O

Lemma 4. Let x € JT, g9 > 0 and S € A(x,e0). Let S C T be an interval such
that 8" = SU{S} is an admissible collection. Then

}fs($)| < €o-
Proof.
2
Il > llzllE + ll2l* = l2llF + l2ll® + | fs(2)]
2
>l —ef + | fs (@)

3. MAIN THEOREM
Theorem 5. The norm ||.| on JT defined above is 2-WUR.

Proof. The proof proceeds by contradiction. Assume that there is &’ > 0, {z],}22 ;,
{y,.}5°_, € Byr and ¢ € JT* such that

lim |z}, +yy,[| =2
and
(3) limsup ¢(z),) + &' < liminf p(y.,).

In order to proceed faster to the core of the proof of Theorem [, proofs of the
following two facts are presented in the next section.

In our first step we replace z/,,y,, € JT and ¢ € JT* by zp,y, € JT and
fB € JT* having additional properties.

Fact 6. There is ¢ € (0,2007%), and there are o € JT, sequences {zy}3,,
{wi}i2, € Byr, no € N and B € B such that for all k,l € N
(4) fo(xr) + Ve < fu(w),
and moreover

(@) ||lzx +mll > 2 — 2e,

(b) xklr,, = wlr,, = o,

(¢) np < mintail(zy) < maxtail(zy) < mintail(yy), for all k > 1,

(d) mintail(y;) < maxtail(y;) < mintail(z;41), for all 1 > 1,
where

mintail(z) = min{supp(x - xo)},

maxtail(z) = max{supp(x - :co)}.
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RENORMING JAMES TREE SPACE 3779

From now on, B will be the branch provided by Fact 6 In the rest of the proof
we will show that the statement of Fact [f] (i.e. the estimate (#)) is contradicting.
Note that x; and y; are finitely supported for all k,1 € N.

Fact 7. Upon passing to subsequences and keeping the original notation, there are
sequences {xk 1321, {ui}52, and an admissible collection S, € Az +yi, 9veE) such
that the conclusion of Fact[dl still holds, and for all k € N:
(a) min(S) < ny, for all S € Sk, and all l > k, where ny, = maxtail(zy).
(b) For everyl >k, every S; € Sk, and everyl' > k, there is Sy € Sk, such
that S;NT,, = Sy NTy, . Moreover, if Sy is such that max(S;) < ny, then
S =Syp.
(¢) If P C T,, is a fized set and S,sl C Sk, is the collection of intervals
starting at points of P, then traces

SeiNTy, ={SNT,;5 €S8}
are, for fixred k € N, independent of | > k. In particular, ”I’“”‘sz are,
for fired k € N, independent of | > k. Y
Similarily, for all | € N:

(d) min(S) < my for all S € Sk, and all k > 1, where m; = maxtail(y;).

(e) For every k > 1, every Sy € Sk, and every k' > 1, there is Sy € Sk, such
that Sk, N T, = Sk N Th, . Moreover, if max(Sy) < my, then Sy = Si.

(f) If P C Ty, is a fized set and Slf,l C Si, is the collection of intervals
starting at points of P, then traces

SENTy, ={SNTy;S € St}
are independent of k > 1. In particular, ||yl||551 are independent of k > 1.
Thus, by Lemma [3,
(5) lzx — wll3, , < 2.9% = 162¢,
and consequently,
(6) | fs(ar — yz)‘2 < ||z — yl”?ng < 162¢,

for all k£, € N and all S € S;;. The problem is that the branch B need not
be covered by intervals S € Sy, in a nice way to use (B) directly for estimating
|fB(zr — y1)|- Thus the following case analysis is needed.

For all k,1 € N we define subcollections S,fl(i) C Sp,, fori=1,2,4,5, of intervals
starting on B as follows:

S,fl(l) = {5 € Sk;;min(S) < ng, max(S N B) < mintail(zy)},
S,f:l(?) = {5 € 8k min(S) < ng, max(S N B) > mintail(zy) },
8,51(4) = {S € Sk,i;min(S) > mintail(xy),

max(S N B) < maxtail(zy) },
Sgi(5) = {8 € Sky;min(S) > mintail(zy),

max(S N B) > maxtail(zy) }.
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3780 PETR HAJEK AND JAN RYCHTAR

Note that the above represents all intervals in Sy ; starting on B. In the following
steps, we will define a partition of B into at most six pieces B,gl, . ,B;Z’J such that

5
folar —y) =Y fa (@ —w),
=0

and we will estimate each term |fp; (zx — yi)| separately.

The following proof is like an algérithm in the shape of a tree with seven levels.
In first six levels, there is a branching in the proof. There are places where the proof
ends, and there are two places where a certain estimate holds for all but finitely
many k € N. This should be understood in the following way. If we come during
the proof to such an estimate, we have to skip those finitely many k& € N for which
that estimate does not hold, and after that we have to return to the beginning
and start again at the Level 0. If we come to the same estimate once more, it will
already hold and we can proceed futher. For initiating the process, set k =1 = 1.

Level 0.

Set m; = maxtail(y;) and define Bg, ; € BNT,,, as the maximal interval containing
(0,0) and such that B,g ;NS =0, forall S € Si,;. Because Sk,lUBg)l is an admissible
collection, by Lemma

(7) |fo (zx —u)| < |fBgyl($k)‘ + |fBgyl(yl)‘ < 18y/e.

If B,S, , = BNT,,, then the above inequality is a contradiction of (Hl) and the proof
is finished. If B,g’l # B N1y, we have to proceed to the next level.

Level 1.

Provided S¢;(1) # 0, let By, = [a1,b1] C B be an interval such that a; is the
minimal and b; is the maximal element of {t € BN S; S € Slfl(l)}. Set By, = 0 if
SP,(1) = 0. Because xx(t) = y(t) for all t B, we have that

(8) By, (e — )| = 0.

Level 2.

As Sj,; is an admissible collection, there is at most one interval in S,f: ,(2). By Fact
[l the existence of such an interval does not depend on [ > k. We will distinguish
the following cases:

CasE 1. There is Sy; € Sf,(2) such that max(Sx,; N B) > maxtail(zy). Put
Sky = (B\ Sku) N {t € T;|t| > mintail(y,)},
S,%ﬁl = (S \B)N {t eT;|t| > mintail(yl)}.
By Fact [ no interval of Sy ; starts after maxtail(zy) for I > k. Thus
S=38;,U {Sli,l}
is an admissible collection and by Fact [ and Lemma [
|[fs1, (@x —w)| = [ fsp, ()] < 9Ve.
By Lemma [IT] there is [ > k such that
sz, (xx — )| = [ fsz, (w)] < 20Ve.
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Finally, by (@) and (8)
\fe(xr—u)| < |fBgyl($k — )|+ |fB,§,L(ﬂfk —y)| + | fs, (ze — w)|
+\fsp, (an —w)| + | fs2, (2 — w)|
< 18y 4+ 04 9v/e + 9/ + 20/,

a contradiction with {@l). Thus the proof is finished.
CASE II. There is S € 8151(2) such that

N

max(Sk,; N B) < maxtail(zy) and max(Sk;) > mintail(y;).

Let By ; = Sg N B and Cy, = B} ;N {t € T} |t| > mintail(z},)}. By Fact[d Cj. does
not depend on [ > k and, by Lemma [I0]

(9) |fBg,,($k — )| = |fo. (@r)| < 10V,

for all but finitely many k& € N
CasE III. There is Sg; € S7(2) such that

max(Sg,; N B) < maxtail(xy) and max(Sk;) < mintail(y;).

Let B,%)l =Sk NB, Ay, = Sk N1y, Cr = B,%J N{t € T;|t| > mintail(zy)}. By
Fact [ Ay and Cy do not depend on I > k. By (@)

| fsii (@i = )| = | Fspna, (@r)] < 9v2.
Thus, by Lemma Rl

(10) |fB,37,($k —u)| = |fer (z)| < 10VE.
Case IV. If §P/(2) = 0 set BY; = (BNTy,,) \ (By, U B} ;). By Fact
(11) |fBgJ(a:k —y)|=0.

In the summary, after Level 2, the proof is either finished or we define B,%’l CB

such that, by (@), (I0), and (ITI),
(12) |fB§Yl(xk — )| < 10v/e.
Level 3.

Set m; = maxtail(y;) and define Bg,l C BNT,, as the maximal interval disjoint
with (B,S)l UB;,U B,%J) and such that no interval of Sy ; starts on B/%,r As in Level
0,

(13) |fos,(ax — )| < 18VE.

If BNT,, = Uf:o By, we have arrived at a contradiction with (@), otherwise we
have to proceed further.

Level 4.
Provided S7,(4) # 0, set By, = [as,bs] C B to be the interval such that by is the

maximal element of {t € SN B;S € 8,51(4)} and

3

Blil = [(070)’ b4] \ U BliJ'
=0
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3782 PETR HAJEK AND JAN RYCHTAR

If SP(4) = 0, set By, = 0. Assume that J € SP(4), J' € S} (4) are such that
JNJ # 0. Then necessarily JNJ' N B # (. Thus k = k' and J = J’. Hence, by
Lemmal[9, for all but finitely many k& € N and for all [ > k,

Hﬂka?s,gl(zx) <2-18%.
Hence
Sk \ SE1(4) € A(y, (9% +2 - 18%)1/?),
and by Lemma [

(14) o, (we —w)| = [ [z, (r)] < (9% +2- 18%)"/2 < 100 /e.

Level 5.
This level is almost identical to Level 2, Case I. By the admissibility of set Sy,
there is at most one interval in 851(5). By Fact[7, its existence does not depend on
I > k. If there is Si; € Sf,(5), put
Spa = (B\ Sgy) N {t € T;[t| > mintail(y,)},
S,il = (S \ B)N{t € T;|t| > mintail(y;) }.
By Fact [[] no interval of Sy ; starts after maxtail(xy) for { > k. Thus
S= Sk,l U {S;,l}
is an admissible collection and by Fact [[land Lemma @]
|[fsr, (ax = )| = | fsp, (w)] < 9Ve.
By Lemma [IT] there is [ > k such that
sz, (xx — )| = | fsz, (w)] < 11V
Thus by (@), @), (I2), ([I3), and (I4)

4
|fB(ar—u)| < Z|f3;‘c,l($k — )| + | Fsp, (xn — w0)|
1=0

+ sy, @n —w)| + | fsz, (2 — w)]
< Ve(184+0+ 18+ 100+ 9 +9) + 10ve + 11+/e,

a contradiction of (). Thus the proof for this case is finished.
If §2,(5) = 0, we have to go to the last level.

Level 6.
Define BZ’Z C B as the maximal interval disjoint with U?:o B,i%l and such that

max(B,E)l) = maxtail(y;). By Fact [ Si; U BZJ is an admissible collection and
thus, by Lemma @]

(15) B3, (o — )| < 9ve.
Thus by (@), ), (@2), (@3), ([4), and ([I5)
|fB(zr — )| < Z|fB;‘c,l($k — )| <50+,

i=0
a final contradiction of (). O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RENORMING JAMES TREE SPACE 3783

4. AUXILIARY LEMMAS
Proof of Fact®. As {x,}°2,,{y,,}5°_, C Byp are such that

lim ||z, 4y, [ =2,

n,m— 00

by [2, Fact I1.2.3 (ii)],
lim fry(2),) = lim a7, (t) = lim g, (t) = Lm fry(y),),
n—oo

n—oo m— o0 m— 00

for all t € T. Recall that JT,, the predual of JT', can be represented as
JT, = span { fyy;t € T}
Thus there is z(, € JT such that

(16) w'— lim 2, =z; =w" — lim y,.

Since
JT* = Span{{f{t};t eTYU{fa;A€ B}},
by @), there is B € B such that

lim fp(x;,) # Jim IB(Yn)-

n—oo

After a possible passing to subsequences and keeping the original notation, we may
assume that there is €” > 0 such that

(17) e" + fa(xy,) < fa(yn),

for all n,m € N. Pick
e < min{107'2(")8, 20078},

and assume ||z, + y,,|| > 2 —¢/3, for all m,n € N. Set
ng = min{n e N |lzg|r, || > =gl — 6/3} +1,
and define
zo = xy|1,,, -

By ([I6) and (I7) it is possible to find sequences {Zx}2,,{mi}2; C JT and se-
quences {n;}72; and {m;};2, of integers such that

(a) [lZx — a7, || < /3,

(b) Hyz - ymlll <e/3,

(¢) Zklr,, =0 =UllT,,

(d) ng < mintail(Ty) < maxtail(Zy) < mintail(yy) for all k € N,

(e) mintail(y;) < maxtail(y;) < mintail(z;41) for all [ € N.

Clearly, [|Zx + Ui|| > 2 — ¢, and ||Zk|| < 14¢/3, ||gi|| < 1+ ¢/3, for all k,l € N.
Set x, = (1 +¢/3) 712y, and y; = (1 +&/3)"1y;. Thus |lzx|| < 1, |lu < 1, and

ek +ull > (2—e)(1+¢/3)"! > 2 — 2,
for all k,1 € N. Moreover, by ([0,
fa(zr) + Ve < fo(ar) + (6" —2¢/3)(1 +¢/3) < fuln).
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3784 PETR HAJEK AND JAN RYCHTAR
Proof of Fact[l. Note that [z + yl|* > (2 — 2¢)* > 4 — 10s. For k,l € N choose
an admissible collection Sy ; € A(xy + i, 41/€) and define

Spt = {S € Spu; S Nsupp(xy) # 0 and S N supp(y;) # 0},

Sp=1{S¢ Sk.1; S Nsupp(ay) # 0 and S Nsupp(y,) = 0},

Sy, =15¢ Sk1; S Nsupp(y) # 0 and S Nsupp () = 0}.

We may and do assume that

Sk7l = Sk)l U Slf,l U Si{,l'

By Lemma [3(ii) applied for 9 = 4v/e, ||z — yl||%kl < 32¢e. Thus the following
estimate holds for both S = Sf; and S = S}/ :

) (Zm +yz)(f)>2 ) (Zm —yz)(f)>2

ses \tes ses \tes
2k — will% < |lzx — ylH%kl < 32e.

Hence

lex +wlls,, + llox +wll® > o+ yzll?gw + [l + yl* — 64e

V

llzr + wil|* — 16 — 64e.

This shows that

(18) Sk € Alzy + 1, 9Ve).

Clearly, Sk satisfies properties (a) and (d). Denote E; = N and k1 = min(E7). Set

n, = max(supp(z1)). There are only finitely many possibilities of what collections
Sk aNTh, ={SNTy,,;5 € S}

can look like for [ € Fy. Thus there is an infinite set F{ C E; such that the system
Sky1 N T, does not depend on | € E] and the first part of the property (b) is
satisfied. For every [ > k; and every interval I € Sy, ; N1}, there is a unique
interval I; € Sg, ; such that I = I; NT,,,. There are exactly two posibilities: either
max(I;) is less than mintail(y;) or it is not. Thus there is an infinite set EY C Ej
such that the above property is independent of | € E{. Take l; = min(EY}).
Assume that k;,1;, F; and EJ have been defined for i = 1,..., N. Define En41 =
En\{ki,l;;i =1,...,N}, knyt1 = min(En41) and repeat the above procedure.
This will define sets of indexes K = {k;;i € N} and L = {I;;¢ € N} such that the
properties (a) and (b) are satisfied for k € K and [ € L, [ > k. Clearly, (c) follows
from (b).

By the similar procedure, we get the properties (d), (e) and (f). O

Lemma 8. Let + € Byp,e > 0 and S € A(x,9v2¢). Assume S € S and an
interval A C S are such that
|fs\a()] < 18V2e.
Then
| fo ()] < 10V,
for any interval C C S\ A.
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RENORMING JAMES TREE SPACE 3785

Proof. Clearly 8" = SU{A,C}\ {S} is an admissible collection. Thus
Izl > zl% + fl]®
= lzlE + llzll? + [ £a(@)|* + | fo@)]” = | £s(2)]?
12 + llzll? + | £a(@)|* + |fe@)]* = |fsval@) + fa(@)|”
[lz]|* = (9ve)? + ‘fc(ﬂﬁ)|2 = 2| fs\a(@)||fa(ze)| — | fs\alz)
|2]|? — 81e — 2.18v/22 — 2.18% + | fo(a)|*

v

‘ 2

v

Lemma 9. Let S,g’l C Sk, for k,1 € N, be collections of intervals such that
S={J s,
k<M

is an admissible collection for any M € N and any | > M. Then
card {k €N [|lzllso, > 18V2¢ for some 1 > k} < (V24 1)2

Proof. Put N = (¢7'/2 4 1)2. Note that [2kllso, is independent of I for I > k by

Fact [ Assume, by a contradiction, that the statement is not true. Without loss
of generality we may assume that

o llsy, > 18V2e

for all k < N and | = N. By (B) and the triangle inequality,

W2 = |lze —wills.. = llze —willsy, = {lzellsg, — llullsy, |,

ki —
for all kK < N. Therefore
lyillsg, > 9v2e,

for all K < N. Hence

N
12l > luld = 3 lully, > N(OVE)? > 92,
k=1

a contradiction. O
Lemma 10. Let S, € S7,(2) be such that

max(Sk; N B) < maxtail(zy) and max(Sk,;) > mintail(y;).
Let Ay, = Sk N Ty, and Cy = Sk N BN {t € T;|t| > mintail(zy)}. Denote

Q= {k € N; | fs, )\, (xk)‘ > 18/2¢, for some | > k} .
Then
card (Q) < (e7Y2 +1)%,
and for k & @Q,

|fo, (zr)| < 10V/e.
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Proof. Note that, by Fact [T, A, C, and fg, \a, (zx) do not depend on [ > k. Put
N = (712 4+ 1)2. Assume, by contradiction, that card (Q) > N and without loss
of generality assume that {1,...,N} C Q. Set I = N +1. Let Ry; = S, N{t €
T;|t| > mintail(y;)}. Thus by (@)

V2% > |fs,, (@ — )| = | Fsenar (@) = R, ()],
and consequently
| fr, ()] > 9V 2.
As S = U]k\[:1 Ry, is an admissible collection we have

N
2
U= ul® > Mg = [ fre, ()| > N(9V2e)? > 9,
k=1
a contradiction. Finally, by Lemma K]

|for (xx)] < 10V,
for k ¢ Q. 0

Lemma 11. Let kg € N be fized. Upon passing to a subsequence of {y;},

Fsz ()] < 11V,

for alll > ko, where S, | = (Sky,u\B)N{t € T;|t| > mintail(y;)} and Sk, € S (2)
or Sko,l S S,J?O’l(5).

Proof. The proof will be divided into several steps. For simplicity of notation we
will omit the index ko and write L; = S7 ;. Notice that the family {L;;1 > ko} is

disjoint. Moreover
M

S:=|J {9 €Sk S starts on L}
1>ko
is an admissible collection for every M > ko and every k > M. Set Sy ;(L;) = {S €
Sk,1; S starts on L;}. By repeating the proof of Lemma Bl we get

card {l > ko; llill s, (z,) > 18V/2¢ for some k > l} < (e7V241)2
Thus we may assume that
||yl||5k,l(Ll) < 18V,

for all | € N and all k > [. Hence Sy \ Sk.(Li) € A(y1, vV809¢). Define L? C L; as
the maximal interval such that, for all k£ > [, all intervals of Sy ;(L;) start at some
point of L?. Notice that, by Fact [ the definition of L? does not depend on k > [
and Sk \ Sk, (L) U{L?} is an admissible collection. By Lemma ] we have

(19) | fr2(w)| < V809 < 30v/E.
Set L} = L; \ L}. We claim that upon passing to a subsequence of {y;}
(20) |y (w)] < 10V,

for all | € N. Indeed, if L} = (), the above inequality is trivial. If L} # 0, by the
maximality of LZQ7 there has to be an interval Ij,; € Sy, such that Ll1 C I, We
will distinguish the following two cases. By Fact [[] if one of them occurs for one
k > [, then it occurs for all k > 1.
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CASE I. max(ly;) < maxtail(y;). By Fact [ Ix; does not depend on k > I. Put
Ilo = I NT,,. Thus, by (@), for k > 1+ 1,

’f[,c,,,\llf)(yl)| = |fr..(xr — )| < 9v/2e.
Since L} C I, \ I, by Lemma[§
| fr(y)| < 10Ve.

CASE II. max(Ij;) > mintail(zy). In this case the interval Iy ; depends on k > I.
Define I};l =1 NTy,, I,;l =TI\ I,Sﬁl, and I,fﬁl = I, N {t € T; mintail(zy) < |t]| <
maxtail(zy)}. Then

froa () = fro (xo) + [y, (),
froi () = frg (wo) + frz (k).
Thus, by (@),
12, () = frz (en)| = | Fr (on — w0)| < 9V2e.
We claim that
(21) |z, ()| < 18V2e,

for all I > kg and any k& > [. Note that, by Fact [[] the above is independent of
k > l. Indeed, if, for some ly > kg, the inequality (2I) does not hold, then

‘f]grl(‘rk” > 9\/%5
for all k > . Set ky = lo + 1 4 (¢~'/2 +1)2. The family

k1
s=J 1y

k=lo+1
is an admissible collection and
k}l 9
12> [z |* > e, 15 = > |z, (an)]” = (2 +1)%(9vE)* > 9%,
k=lp+1

a contradiction.
Since Lj C I, by Lemma

|fL}(yl)| < 10v/e.

Thus by ([3) and 20)
|\ fr )| < | Foa(u)| + | frz (w)]| < 11Ve.
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