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DIFFERENTIATION EVENS OUT ZERO SPACINGS

DAVID W. FARMER AND ROBERT C. RHOADES

ABSTRACT. If f is a polynomial with all of its roots on the real line, then the
roots of the derivative f’ are more evenly spaced than the roots of f. The
same holds for a real entire function of order 1 with all its zeros on a line. In
particular, we show that if f is entire of order 1 and has sufficient regularity in
its zero spacing, then under repeated differentiation the function approaches,
after normalization, the cosine function. We also study polynomials with all
their zeros on a circle, and we find a close analogy between the two situations.
This sheds light on the spacing between zeros of the Riemann zeta-function
and its connection to random matrix polynomials.

1. INTRODUCTION

If f is a polynomial with all of its zeros on the real line, then all of the zeros
of the derivative f’ also lie on the real line. The same holds for entire functions
of order 1 which are real on the real line. But while the zeros of f in an interval
could in principle be any finite subset of the interval, the condition that f have
only real zeros will impose restrictions on the zeros of f/. The main idea of this
paper is that if the zeros of f lie on a line, then the zeros of f’ are more evenly
spaced than the zeros of f. Repeated differentiation leads the zeros to become more
and more evenly spaced, and under appropriate conditions the zeros will approach
equal spacing. See Section 2.4] for precise statements.

There is a long history to the behavior of the zeros of entire functions under
repeated differentiation. Polya [16] made several interesting conjectures for the
case of real entire functions, some of which have only been solved recently [5] [6]
10} 111, 12} [17]). Many of those questions concern the reality of zeros of a real
entire function, or the motion of zeros toward (or away from) the real line when the
function is differentiated. In this paper we take a complementary view and consider
the motion along the real line when the function is differentiated.

1.1. Zeros of the derivative. It is tempting to think of the zeros of f’ as lying
close to the midpoint of neighboring zeros of f. That is a useful model, and we
analyze the sequence of midpoints and use it as a tool to study the zeros of the
derivative. A more accurate picture is to think of the zeros of f’ as trying to move
as far as possible from the zeros of f, and so move toward regions where there are
fewer zeros of f. See Figure [l for an example. If z; < z;41 are consecutive zeros
of f, then Rolle’s theorem asserts that there will be a zero 2z’ of f’ between z; and
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3790 DAVID W. FARMER AND ROBERT C. RHOADES

zj+1. If there are a large number of other zeros near z;41, then 2’ will be closer to
Zj.

There are several intuitive reasons for this phenomenon. Suppose z; are the
zeros of f, listed in increasing order, and consider

(1.1.1) f—/(z) =3 !

! % z— 2

If z; < p < zj41, then f'(p) = 0 if and only if fjl(p) = 0. Substituting z = p into
(CII) we see two kinds of terms: positive for k < j, and negative for k > j + 1.
If there are not many zeros near z;41, then all of those negative terms have to be
balanced by something. If there are not many zeros near z;, then the only option
is moving p closer to z;. One can think of M = f—f'(%(zj + zj41)) as a measure of
how far the zero of f’ will be from the midpoint. Specifically,

(11.2) . {%(z] + zj11) + 2 (zj41 — 2;)?  if M is small,
1. 8
M

(z; or zjy1) — if M is large.

An illustrative example is the polynomial f with zeros at {0,1,..., N}. The first
zero of the derivative is very close to 1/log N, and (f'/f)(3) =~ —log N.

A less explicit version of the above explanation uses Gauss’ electrostatic model.
By (1), the zeros of f' can be thought of as points of zero electric field for a
collection of equal charges located at {zj}, where like charges repel according to an
inverse linear law. If there is a region of high concentration of charges, then these
will push the equilibrium points toward regions of lower charge concentration.

Another approach concerns the relationship between the spacing of zeros and
the size of the relative maxima and minima of f. Roughly speaking, f gets big
when there are larger than average sized gaps between zeros. But since f is a
polynomial with all zeros on a line, it cannot change slope too fast. This forces the
locations of the relative maxima to shift around so that the slope of f can change
appropriately. See Figure[ll, particularly near the first local minimum and the third
local maximum.

FIGURE 1. The circles are the midpoints of neighboring zeros of
the polynomial f, and the dots are the zeros of f’. Think of the
circles as a target, which the zeros of f’ often miss.
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DIFFERENTIATION EVENS OUT ZERO SPACINGS 3791

This approach is interesting because the current view is that the spacing of
zeros is the key to understanding the large values of functions like the Riemann
zeta-function.

In addition to entire functions with zeros on a line, we also consider polynomials
with all their zeros on a circle. We find a close analogy between the two cases. The
motivation here is that much recent work has concerned the connection between L-
functions (such as the Riemann (-function, which conjecturally have all their zeros
on a line) and the characteristic polynomials of random unitary matrices (which
have all their zeros on the unit circle). The connection between random matrices
and L-functions is discussed extensively in [3].

In the next section we start with an old result that motivates the remainder of
the paper. We first consider polynomials, and then generalize to entire functions
of order 1. Our main results are stated in Section 24l In Section Bl we consider a
somewhat simpler averaging process which we later will compare to differentiation.
In Section Bl we consider the case of zeros which are almost equally spaced, and
determine the rate at which differentiation evens out the spacing. Note that in
Sections [3 and B we treat in parallel the cases of zeros on a line and zeros on a
circle. In Section Blwe complete the proof of our main results, and also discuss the
case that zeros do not lie on a line.

We thank Robin Chapman, Brian Conrey, Nathan Feldman, Chris Hughes, and
Paul McGuire for helpful conversations, and the referee for several useful sugges-
tions.

2. SMALL GAPS BECOME LARGER

If f is a function with all its zeros on a line, define the “smallest gap between
zeros” function

Glf) = inf |a; —axl,

where a; and aj are distinct zeros of f, with zeros repeated according to their
multiplicity (so G[f] = 0 if f has a multiple zero). We will show that if f is a
polynomial with all zeros on a line, then G[f'] > G[f]. That is, the smallest gap
between zeros of f’ is at least as large as the smallest gap between zeros of f. This
is in keeping with the underlying principle that zeros of f’ tend to “move away”
from regions with higher density of zeros of f, and to “move toward” regions with
lower density of zeros of f.

2.1. Motivating result. The following theorem is attributed to M. Riesz; see [I8].
The result was rediscovered several times [19] 20/ [21], including some results which
are quantitatively stronger than the statement below. Our proof is similar in spirit,
but somewhat simpler, than previous versions.

Theorem 2.1.1. Let f(x) = e**h(x), where h is a polynomial with only real zeros.
If & and a are real, then G[f' +af] > G[f], with strict inequality provided the zeros
of [ are simple.

In particular, zeros of f’ are ‘further apart’ than zeros of f.
It is implicit, and we give Lagrange’s proof following equation (Z-T.2)) below, that
all zeros of f/ + af are real.
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3792 DAVID W. FARMER AND ROBERT C. RHOADES

Proof. We may assume that f has only simple zeros ag < a; < --- < ay. We can

write
J
(2.1.1) = e [[(z - ay)
§=0
and so
/
(2.1.2) fraf o —a+a+z

f - aj
We see that all the zeros of f’ + af are real because if x has positive (negative)
imaginary part, then each term in the sum has negative (positive) imaginary part.
Also, between each pair of zeros of f there is exactly one zero of f’ 4+ af, and there
is one additional zero if a + o # 0.

Let g < p be successive zeros of f' + af. Assume, for a contradiction, that
p—q < aj4q — aj for all 7. Note that this is equivalent to

1 1
(2.1.3) > ;
P—aj1 gy

because p—a;1 and ¢ —a; are either both positive or both negative, which follows
from the fact that there is only one zero of f between p and q.

We have
S|
0 = arary L
j=o P
and
S
0 = at+a+ Z
=017
Subtracting the two equations gives
J
1
' - 2Grs i)
jzo —aj S g- a;
J—1
1 1
(2.1.4) = + < > .
P — ap q—CLJ =0 —aj+1 q—aj

The first two terms above are strictly positive, and by (ZI1.3) all the terms in the
sum are nonnegative. So the right side is strictly positive, which is a contradiction.
O

Repeatedly applying the result leads to various linear combinations of f and its
derivatives which satisfy the corresponding inequality. For example, G[f — cf"] >
G|[f] provided ¢ > 0.
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DIFFERENTIATION EVENS OUT ZERO SPACINGS 3793

2.2. Entire functions of order 1. We wish to generalize the above result to
functions having infinitely many zeros. The appropriate class to consider is that
of entire functions of order at most 1. We recall the standard terminology and
properties of these functions. For more details, see [1].

If f is an entire function, then f is of order p if

. log log M (r)
2.2.1 limsup —————= =
(2.2.1) msup 2
where M (r) = max|,|—, |f(z)|. That is, f(z) = O(exp(|z|’™?)) for all § > 0 and no
0 <0.
If f is of order p, then f has type T if
(2.2.2) limsupr="log M(r) = 7.

T™—00

That is, f(z) = O(exp((T + 9)|2|?)) for all § > 0 and no § < 0. We say that f has
minimal (respectively, finite or maximal) type if 7 = 0 (respectively, 0 < 7 < oo or
T = 00).

For example, cos(z) = (e 4+ e7*#), so cos(z) has order 1 and type 1. And by
Stirling’s formula, 1/T'(z) has order 1 and maximal type.

Of particular interest is the connection between order, type, and the distribution
of zeros. Let (2,,) denote the zeros of f, with z; < z;41 and zeros repeated according
to their multiplicity. Denote by n(r) the number of zeros of f in |z| < r. If f has
only real zeros, then let n (r) (respectively, n_(r)) denote the number of zeros in
(0,7] (respectively, [—r,0)). A characterization of functions of finite type is due to
Lindelof:

Proposition 2.2.1 (Lindeldf). If p is an positive integer, then the entire function
f of order p is of finite type if and only if n(r) = O(r?P) and the sum over zeros

(2.2.3) Sry= Y 2"

[zn|<r

is bounded.

That cos(z) has finite type and 1/I'(z) has maximal type follows directly from
Lindel6f’s theorem.

The Riemann (-function is not entire because it has a simple pole at s = 1, but
(s — 1)¢(s) is entire. From the Dirichlet series representation ((s) = > 2 n~* it
follows that the (-function is bounded for R(s) > 14 . By the functional equation

C(s) =2°m*sin(dsm)T(1 — s)¢(1 — )

and the fact that the sine and I'-function have order 1, it follows that the (-function
has order 1.

The Riemann ¢-function has maximal type because ((s) has zeros at the negative
even integers and =T log(T/2me) + O(log T') zeros with imaginary part 0 <t < T
and real part 0 < o < 1, so it fails both tests in Lindel6f’s theorem.

The Riemann &-function is given by

(2.2.4) £(s) = Ls(s — D 2T (1) (s).

It satisfies the functional equation £(s) = £(1 — s). The &-function is entire of
order 1 and has the same nonreal zeros as the (-function, so it has maximal type.
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3794 DAVID W. FARMER AND ROBERT C. RHOADES

The Riemann Hypothesis is the assertion that all zeros of the &-function have real
part %

Sometimes it is convenient to use the Riemann E-function, given by Z(z) =
13 (% +1iz). The Z-function is an even function which is real on the real axis, is entire
of order 1 and maximal type. Assuming the Riemann Hypothesis, = has only real
zeros and ny (r) =n_(r) = (r/2n)log(r/2me) + O(logr).

In the generalization of Theorem 2:1.1]to entire functions of order 1 we will make
use of the Hadamard product. Suppose f is entire of order p and let N = [p] be the
largest integer less then or equal to p. Then there exists a polynomial @) of degree
at most NV such that

(2.2.5) f(z) = Q@2 I (1 - i) exp (PN (i)) :

n

where Py (z) = z+ 32%+-- -4 &2 and ng is the order of the zero of f(z) at z = 0.

2.3. Generalization of Theorem [2.1.1] to entire functions of order 1. We
have

Theorem 2.3.1. Suppose f is an entire function of order 1 which is real on the
real axis and has only real zeros. If ¢ < p are consecutive zeros of f' + af, a € R,
then

(2.3.1) infz,y1 — 2 <p—q<SUP 2py1 — 2n-

If the zeros of f are simple and equality holds for one of the inequalities, then it also
holds for the other, and f(z) = AeB? cos(Cz + D) for some real A, B, C, and D.

So, if the zeros of f are not equally spaced, then differentiation makes the smallest
gaps larger and the largest gaps smaller. It might not be obvious that if the zeros
of f are equally spaced, then the same holds for f’, but one can check that the
set of functions of the form Ae®?cos(Cz + D) is closed under differentiation. In
particular, the factor e®% shifts all of the zeros of the derivative of cos(Cx + D) by
the same amount.

Proof. We may assume that f(0) # 0 and the zeros of f are simple. We have the
Hadamard factorization

(2.3.2) f(2) = 452 [ (1 - Zi) exp <i> ,

n
n

S0
f+af 1 1

2.3.3 = B - —

(2:3.3) @) =a +§n:z_zn -

Imitating the previous proof, the terms a, B, and z, cancel and equation ([ZI.4)

becomes

(2.3.4) O:Zp LI

TP 4T

By (ZT3)) every term in the sum is nonnegative, and we have a contradiction unless
p—q = zj4+1 — z; for all j. This proves the left-hand inequality in the theorem. The
proof of the other inequality is identical.

Finally, if p — ¢ = z;41 — z; for all j, then the zeros of f are equally spaced, so
we recognize the Hadamard product of f to be of the stated form. ([l
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DIFFERENTIATION EVENS OUT ZERO SPACINGS 3795

A shortcoming of Theorem [Z31] is that the inequalities can be vacuous. For
example, the Riemann =-function has inf 2,41 — 2, = 0. To formulate a “local”
version of Theorem [2:3.1] we must be able to speak of the “local density” of zeros.
Suppose

(2.3.5) ny(r) = L(r) + E(r),

where L(r) is a nice function and E(r) = o(L(r)) should be thought of as an error
term. Then L/(r) is the density of zeros near 7, meaning that L’(r)~! is the average
gap between zeros near r. We want to show that if f’ has zeros which are closer
together than the average spacing, then in some neighborhood f will also have
zeros which are closer together than average. The following theorem asserts that
the neighborhood can be taken to be of size E(r)/L’'(r).

Theorem 2.3.2. Suppose f is an entire function of order 1 which is real on the
real axis, has only real zeros, and ny(r) satisfies [Z3H), where L is an increasing
smooth function such that LY (r) < r~7L(r). Suppose k < K < 1 and q < p are
consecutive zeros of f' +af, a € R, such that p — q < kL'(q)~%. Then there exist
2108 2y, Zny1 Of f such that |z, —q| < E(q)/L'(q) and zp41 — 2, < KL'(q) 7.

For the Riemann =-function we have L(r) = (27) !rlog(r/2me) and E(r) =
log r, giving the following corollary.

Corollary 2.3.3. Suppose 0 < k < K < 1 and v < ~4 are consecutive zeros of
=) with vh — 1 < 2wk/logy1. Then there exist consecutive zeros vy < ¥ of E
with |[y1 — 4| < 1 such that v —v1 < 2mK/log~.

The corollary is motivated by the problem of Landau-Siegel zeros. Conrey and
Iwaniec [4] have shown that if there exists xk < % and § > 0 such that 75 — 71 <
27k / logy for > Tlog's T pairs of zeros 0 < 72,71 < T of the Z-function, then one
can find an effective lower bound for the class number of the imaginary quadratic
field Q(v/=d). By the corollary, if we had > T'log’ T pairs of zeros v, — 7} <
27K /log~ for 2 for any fixed n > 0, then we would have > T such pairs of
zeros for =Z. This falls short of the requirements for Conrey and Iwaniec’s result.
However, it may be possible to modify the proof of Theorem to show that
either = has a pair of zeros which are closely separated and very near to g, or else
= has a large number of zeros which are not too far from gq.

Proof of Theorem 2.3.20 For a contradiction, suppose zj 41 —2z; > p—q for |¢—z;| <
X. We can reuse everything in the previous proof up to (234, say

O_Z( 1 1 )
- P — Zj41 q—zj

J

MR (-

— . — .
lg—z;|1<X  q—2z;<—-X z;—q¢>X J+l q J
=851+ 5 +85s.

(2.3.6)
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3796 DAVID W. FARMER AND ROBERT C. RHOADES

By assumption, S; > 0. We now estimate S3, the treatment of Sy being identical.

Note that
1 1 _ 1 1 p—q
P—=Z2j+1 q4— 2% q—Zj+1 q— % (p*Zj+1)(Q*Zj+1)
1 1 - —q)?
(2.3.7) = - + L9 _ 40 (@7‘”2) .
q—zji+1 q—2  (¢—zj+1) (g —2j+1)

Let Z; denote the smallest zero of f in [¢+ X, 00), so the sum in S5 begins with z;.
In the sum Ss, the first two terms in (Z37) telescope, giving

L -9 +om) Y : !

—.
Zy — — 5.
J—q Lk A= zm)

(2.3.8) Sy =

Writing the sum as a Steiltjes integral and integrating by parts we have

1 [T dny(r)
2 (a—2+1)? /zm (r—q)?

zj—q>X

[ L) [ dE()
- / (ki / a7
(239 L'(241) E(q) /°° L'(r) /°° E(r)
_ ) n = gy 42 =gy
2 ZJ+1 ZJ+1 (T

ziv1—q (2741 —4q) —q)°
Lzr) | Blzra)

zrv1—q (2711 — @)

In the last step we used E(r) = o(L(r)) and L"(r) < L'(r)/r.

Adding all the terms and using the fact that L'(z;41) ~ L'(q) and E(zj41) ~
E(q) we have

(1+0(1))

(2.3.10) g~ la-peg)  El@)a-p)(zn — 9"

2J — 49 Zj+1 — 4 2j+1 — ¢

We assumed ¢ — p < kL'(q)~!, so the first two terms sum to something larger
than 0/(zy41 — ¢) for some § > 0. The numerator of the last term is bounded by
kE(q)L'(¢)"*X ! which is smaller than ¢ provided X > 6 *kE(q)L'(q)~!. For
such X we have S3 > 0, which gives a contradiction. We have X <« E(q)/L'(q), as
claimed. ]

2.4. Long-term behavior. As described in the previous section, differentiation
causes the small gaps between zeros of f to become larger and the large gaps to
become smaller. Thus, one might expect that under repeated differentiation the
zeros of (" will approach equal spacing, which would equal the average spacing
between zeros of f. Also, if the zeros of f(™) approach equal spacing, then f(")(z)
should approach Ae?? cos(Cz + D), where A, B, C, and D may depend on n.

In order for the above argument to hold, there must be an appropriate sense
of average spacing between zeros of f. Below we show that it is sufficient to have
ny(r) ~ n_(r) ~ kr for some k£ > 0, but it is possible that this condition can
be weakened. Since AeP?cos(Cz + D) has finite type, one might expect that this
would also be a necessary condition on f, but this is not the case. The assumptions
in the following result are stronger than the first condition in Lindel6f’s theorem,
but weaker than the second.
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DIFFERENTIATION EVENS OUT ZERO SPACINGS 3797

Theorem 2.4.1. Suppose f is an entire function of order 1 which is real on the
real axis, has only real zeros, and ny (r) ~ n_(r) ~ kr. Then there exist sequences
(A,), (By), and (D,,) with D,, bounded, such that

(2.4.1) lim A,eP* " (k712 + D,) = cos(nz),

uniformly for |z| < X for any fived X > 0. In particular, the zeros of f™) approach
equal spacing.

We give the proof in Section

It seems that A,, in the theorem is increasing or decreasing according to whether
n(r) — 2kr is generally negative or positive, but we have not succeeded in finding a
precise statement. The theorem also suggests that the regularity in the distribution
of the zeros of f should lead to a great regularity in the Taylor series coefficients
of f. This seems worth exploring further.

A trivial example of the theorem is when f(z) = AeP?cos(z + D) for some
A,B,D. We have f'(z) = vB2+1f(z + ¢), where cos(p) = B/vB?+1 and
sin(p) = 1/v/B? + 1, Therefore, the conclusion of the theorem holds with A, =
A=Y(B?+1)~% and D,, = —D — ny (mod27). Somewhat more generally, suppose
f(z) = AeP? (cos(z + D) + E), where |E| < 1. This function has zeros consisting
of two interlaced sequences which separately are equally spaced. The conclusion of
the theorem holds with the same A,, and D,, as in the previous example. Similarly,
if f(z) = F(2) cos(z) where F' is a degree N polynomial, then the conclusion holds
with 4, =n~" and D, € {-5,0,%,7}.

A less trivial example is the Bessel function J,,(z). We have ny(r) = 7~ r+0(1),

so the theorem applies. In this case the theorem can be verified directly because
1 s
Jn(mz) = = / cos(mzsint — nt) dt,
0

™

so for an even number of derivatives

(2k) (*W)k " 2%k .
J (mz) = sin“"(t) cos(mzsint — nt) dt
™ 0

(2.4.2) ~ (—W)k\/%cos (71'2: - %) ,

because \/k/2msin® tdt is approaching a Dirac d-function at ¢t = 7/2. So the
conclusion of the theorem holds with Ay, = 7% k/m and Doy = ”7” mod 27,
and similarly for & odd. Equation ([242) can also be obtained from the Taylor
series for .J,,.

Theorem [ZZ.1] asserts that the zeros of f(") approach equal spacing. The ap-
proach to equal spacing is actually quite fast. The general case is somewhat in-
tractable, so we will assume that the zeros are close to equally spaced and do a
first order approximation. We also suppose further that f is approximately an odd
function, although this is not essential and we describe the necessary modifications

during the proof. Thus,

(2.4.3) f()=0C(z—e0) [] (1 —jfgj) P (jfej)’

J#0

where |¢;| < € for some small .
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3798 DAVID W. FARMER AND ROBERT C. RHOADES

Theorem 2.4.2. Suppose f is given in (ZZ3) and let 2} be the zeros of the jth
derivative f). Then 2 | — 2} =1+ O(j ™).

We give the proof in Section 3]

If the zeros of f do not have a nonzero average spacing, then the results in this
section do not apply. Suppose, for example, ny(r) and n_(r) grow faster than
linearly. The “overall” average spacing is 0, and under repeated differentiation
there is a competition between zeros moving toward the origin and zeros trying to
become locally equally spaced. If ny(r) and n_(r) are sufficiently nice, then there
is the possibility that an analogue of Theorem 24Tl may hold. This was established
by Haseo Ki [9] in the special case of the Riemann E-function:

Theorem 2.4.3 (Haseo Ki [9]). There exist sequences A, and Cy, with C,, — 0
slowly, such that
(2.4.4) lim A, Z®"(C,z) = cos(2)

n—oo

uniformly on compact subsets of C.

The above result was conjectured in an earlier verision of this paper. The =-
function has n(r) = (2r) " 1rlog(r/2me) + O(logr) so the zero counting function
is particularly well behaved. However, Ki’s proof makes use of the fact that the =-
function has a nice representation as a Fourier transform, rather than directly using
properties of the zeros. The theorem suggests that log(¢ (")(%)) should grow very
regularly and not too much faster than linearly as n — co. Rick Kreminski [13] [14]
has calculated the first 490 derivatives and his data appears to grow approximately
like nlogn.

More generally we conjecture:

Conjecture 2.4.4. Suppose f is a real entire function of order 1 having only real
zeros, with ny (r) and n_(r) sufficiently nice and ny(r)—mn_(r) not too large. Then
there exist sequences Ay, By, Cpn, and D, with D, /C,, bounded, such that

(2.4.5) lim A, eB* ) (C,z + D,) = cos(z)

n—oo

uniformly on compact subsets of C.

3. AVERAGING, INSTEAD OF DIFFERENTIATING

Differentiation is a process which takes one sequence of points (the zeros of f)
and replaces it with another sequence of points (zeros of f’), such that the two
sequences interlace each other. For comparison, we also consider the much simpler
process of making a new sequence from the midpoints of neighboring elements of
the given sequence.

3.1. Averaging on the line. Suppose (z,,) is an increasing sequence. Then form

new sequences (z4,) where 20 = z,, and 2/t = 1 (xil +xfl+(_l)j). That is, the
terms of each new sequence are the midpoints of consecutive terms in the previous
sequence. The subscript n 4+ (—1)7 is designed so that if (x7) is equally spaced,
then 2472 = zJ . If that subscript was n + 1, then the equal spaced case would give

J and the terms would be “drifting to the right.”

J+2
Ty = Tp—1»
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DIFFERENTIATION EVENS OUT ZERO SPACINGS 3799

Theorem 3.1.1. Suppose (z,)nez i a sequence with x, = n + €,, where €, <K
E(|n|), as n — zoo, for some increasing function E. If E(n) = o(n), that is
T, ~n, then as j — oo the jth midpoint sequence (xJ) approaches equal spacing.
Furthermore, if E(n) < n with 0 <60 < 1, then

o, —al =140 ((n9 +j%9)j*%) :

Proof. Tt is straightforward to show by induction that

_ . j
wh =277 Y (k)mnﬂj/z]k-

0<k<j
Thus,
, ) iy j
T —wh = 27 ) (k) (@nt1+03/21-k = Tnsiiy2)-)
0<k<j
_ J —j J
= 27 ) (k) +277 ) <k) (Ent1ti/21-k = Entlis2l-k)
0<k<j 0<k<j
_4 J J
= 142 J Z .En+1+[j/2]_k ((]{1) - <l€— 1))
0<k<j
+277 (entiisa-j — Entlis2)
. i\ —l+1 o
3.1.1 = 1427 en ( )7 +0(2 7 (n + ).
(3.L1) Y eyl ) o 07D

—i<e<i
We may assume that F is an increasing function and E(a + b) < E(a) + E(b) for
a,b > 0. So the sum in (BILT]) is bounded by

3.1.2 Emy+e@) (7 ) —
(3.1.2) 3 <>>(;+€)%_H1

i
2

Now use the fact that the binomial distribution approaches the Gaussian to
estimate the binomial coefficient

; j+3 Ay
(3.1.3) (2) ~ 2\/% exp (—%) .

So,
( 2i 202 (
E(()(lig)j T < 3 E(Z)exp(——.>j y—
0<e<y 2T 50 % 0<e<d T/aTer
2 (3 22 t
Jz Jo J /) i-t+1
“ :
(3.1.4) = 2jj%/ E(t\/j) exp (—2t?) —————dt.
0 (=2£) I—t/j+1
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We may assume E(ab) < E(a)E(b) for a,b > 1, so (31.4) is bounded by
Vi

(3.1.5) 2jj%E(\/3’)/O " exp (-26%) dt < 2§72 B(\/j),

2
% - t\/g +1
the integral being seen to be < j~! by breaking it at j°, for any 0 < § <
estimating the two parts separately.
To finish the proof, note that if E(n) = o(n), then j_%E(\/j) = o(1), and if
E(n) < n?, then the other estimates follows immediately. O

1

7> and

If ©, = n+ O(1), then the above shows that the jth midpoint sequence ap-
proaches equal spacing with a discrepancy of order j ~3. This convergence to equal
spacing is actually quite slow, and in some sense it is the slowest way to “even out”
a sequence. In particular, Theorem 2.4.2 says taking successive derivatives evens
out the sequence much faster, with a discrepancy of order j~!. These topics are

discussed in Section A3,

3.2. Averaging on the circle. As mentioned in the Introduction, it is believed
that there is a close analogy between L-functions, which (conjecturally) have all
their zeros on a line, and the characteristic polynomials of random unitary matrices,
which have all their zeros on a circle. See [3]. It is obvious that the analogy must
break down if pushed too far, for a polynomial has only finitely many zeros. In this
section we consider the averaging of points on a circle, in analogy to the averaging
on a line in the previous section. Here we find that the discrepancy from equal
spacing vanishes exponentially, in sharp contrast to the j =2 of the linear case. This
exponential convergence is a general property of iterative averaging procedures on
finite sets, as described in Section 4.4 of [7].

Suppose pi,...,pe are points on the unit circle, and form new sets of points
on the circle (pf) in analogy to the midpoint sequences of the previous section,
where 0 < pJ, < 27 is interpreted as an angle. If j < m, then this process is
indistinguishable from the averaging process in the previous section. But when
7 > n the fact that there are only n points on a circle comes into play. This causes
the averaging to even out the spacing more rapidly.

Proposition 3.2.1. Let (p,) and (p,) be sequences of £ points on the unit circle
as described above. Then p),, | —pl = 2L + O((1 — %)J‘),

Proof. Starting exactly as before, but using the fact that p; = p;, if j = k mod /,
we have

_ _ iy j
Py —p, = 277 Z <k> (pn+1+[j/2]fk_pn+[j/2]*k)

0<k<j
- j
= 2_J Z (perl - pm) Z <k>7
m=1 0<k<j
k=M mod ¢

where M =n+1+[j/2] —m. _
Now let p be a primitive £th root of 1, and let p; = p’ for 0 < j < £ — 1. Using
the binomial theorem and the fact that ), pj = 0 except when n = 0 mod ¢, we
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have
(321) ¢ Y (i) = A+ +pa,(L+p1)d 4+ 4 par, (14 pe_q)?
kzolékxfojdé
] i 2 J
— 9] J _
(3.2.2) 2 +0<2 £<1 2€2> )

where pyr; is an ordering of the pi depending on M. The last step follows from
2

14 e/ =2(1— Z3) + O(™4).
Finally, use the fact that Zﬁbzl(pmﬂ — Pm) = 27 to finish the proof. O

4. ALMOST EQUALLY SPACED ZEROS

Suppose f(z) is an entire function of order 1 which is real on the real axis, has
only real zeros, and the zeros have average spacing 1. As we repeatedly differentiate,
the zeros will approach equal spacing, and we want to determine the rate at which
this occurs. We will see that the approach to equal spacing is much faster than in
the midpoint process of Section [3.

We treat in detail the case that the zeros of f are close to equally spaced, both
on the line and on the circle. At the end of this section we determine the rate at
which differentiation evens out zero spacing.

4.1. Almost equally spaced zeros on a line. Suppose
z z
4.1.1 z2)=C(z—¢ 1— - ex - ,
(11.) s == (1- 55 )ew (52)
J#0
where |¢;| < € for some small €. That is, f is approximately an odd function with
zeros close to equally spaced.

Theorem 4.1.1. In the notation above, f' has zeros at k + % + oy, where
4 Citk 2
= — ———+0
g 2 ; (2] — 1)2 + (8 )7

and f" has zeros at k + B, where

1 2 i
By = zer+— Y Ltk 0(e%)
3 w2 Lt 52
J#0
In the proof of Theorem EET1l we will require the following standard formulas:
(4.1.2)

1 2 1 ”—22 n#0
—_—— = — and = { 8n*’ ’
2T 2GR T AT {— n=0.

Proof of Theorem EETTl. We have
oo o 1 1
f(z)_22’7j75j+j+€j.

J

Here and below, zl means that the j = 0 term must be modified in the obvious
way. The zeros of f’(z) will be approximately halfway between the zeros of f, so
suppose one of the zeros is k + % + .
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Note: if we did not assume that f was odd, and so a factor of e** occurs in our
function, then the zeros of f’ would not be halfway between the zeros of f. But
the zeros of f’ would all be shifted from the midpoint by the same amount, and all
of the calculations below would work with a slight modification. So,

f/
0= f(k+2+04k)
¥ 1 L
- k+itay—j—¢ Jj+g
_\ 2 Ale; — o) 1 2, 2
I S (M (- LA E R

_ 51_0% 2 2
Z (R + 0 +a})

= 42 2?:”1 —m?ay + O(e? + o).
Solving for oy, gives the first formula in the theorem. The O(g?) error term follows
because the above formula shows that oy, = O(e + €% + a2), but €2 = o(e) and
ai = o(ay), so ai = O(e).
To understand the effect of the second derivative on the zeros, we must iterate
the above formula. The second derivative f” will have zeros near the integers, so
suppose there is a zero at k + ;. By the first formula in the theorem, and using

formulas (@I12),

Ajik—1
Pe = ﬂ.zz ;_1 0(?)

Em+ +k 1 2
= 3 Z 73 Z J +0(e?)
16 1 2
- Zgn-'rkz 2]_1 n_]+1)_1)2+0(€ )7

(4.1.4) - —€k+ ZE"“‘“ (2),
n#0

as claimed. O

4.2. Almost equally spaced zeros on a circle. If the polynomial f has all its
zeros on a circle, then f’ has all its zeros strictly inside the circle, except at points
where f has a multiple zero. This follows from the famous Gauss-Lucas theorem
that the zeros of f’ lie inside the convex hull of the zeros of f. Thus, if we are
to find an analogy with the case of zeros on a line, we must do something slightly
different than differentiation.

Lemma 4.2.1. If f is a degree n polynomial with all its zeros on the unit circle,
then
d

P () 4500

also has all its zeros on the unit circle. The zeros of fi1 interlace the zeros of f7.
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Proof. From

(4.2.1) f)= Y adr=a, J] (z—2)

0<k<n 0<k<n

and the fact that 1/z; = Z;, we have f(z) = (ao/a,)z"f (1/Z). It follows that
Z(2) = (ag/an)~ %2~ % f(2) is real on the unit circle. By Rolle’s theorem, -4 7 (')
has n zeros in 0 < # < 27. But these give the n zeros of Z’, which are the same as

the zeros of f1. [l

We now derive the analogue of Theorem [LT.1l1 Suppose the zeros of f are close
to equally spaced on the unit circle:

o -T1(-«(2+5)),

J
where |e;] < e and we set e(z) = €2™@. In the above formula and in Proposi-
tion unrestricted sums and products over j should be interpreted as over j
modulo 7, and we consider €; to only depend on j modulo n.
Let
9(z) =272 f(2)

and suppose ¢’ has a zero at e(% + % + ay).

Proposition 4.2.2. In the notation abowve,
Eit+k 2
n2zsm 7T2J 1)+O(E )

Note that the above sum is
LA S s

"2 2 (2 1)

as n — 00, so this formula matches that in Theorem ETTl

2

Corollary 4.2.3. ((2) = % .

Proof. Using sin(z)~2 = 272 4+ O(1), from Proposition we have

4 Ej+k 1 2
aE = F ngl ) 7(2']_1)2 + O ﬁ n54 . |€j+k| +O(€ )
—5<j<% —5<j<y
4 Eitk
4.2.2 = — Itk
(422) 2 Z (27 —1)? +O< )+O( )
—E<j<

asn — oo and € — 0.
If e; = ¢ for all j, then by a change of variables we see that the zeros of ¢’ are
at e(£ + L +¢). This means that aj, = ¢, so canceling ¢ in [{2.2) gives
4 1 1
1=—= ———+0 (=] +0().
= ¥ arrols)roe
—5 <<y
Since n and € are arbitrary, 1 = =% 3 ; ﬁ, which is equivalent to >0, L =

Jj=1j
2

=, 0
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Proof of Proposition 221 We have

q n 1
PES =D Dy ey

so setting z = e(£ + L + ay,) gives

1
BT ) ~ 2= T D) D)

j TL

Write E(t) = e(t) — 1, so that it is easier to keep track of the main terms:

n k 1 n k 1
sel= — 5 )t gel= — o) E(-a)
1
- —e(E 4 g0) —e(d) +e(k + gp) Blar) — e(2)E(e))
(4.2.3) _ 1 e(2)B(e;) — el + 57) Blow)
(b ) —e(d) +zj: (e(% +55) —e(2))?

The first terms on both sides of the above can be canceled, because both equal

722—6]/%

d
1 log(z" — 1)

evaluated at e(£ + L.
Rearranging to put the terms with oy on one side and multiplying by e(% + ﬁ),
we have

gE(—Oék)'FE(OZk) Z

e(®+ ;) e(y
1
J 2n

ek + o) -y 5l

The sum on the left side equals — ”(" 2 hecause it equals
d2 nz?" + (n? —n)z" 22
log(en -y = M LSS S 2
d (2" —1) (z —e())

evaluated at e(% + 5-). This brings us to
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Now use the approximation E(t) =t + O(t2) for ¢ small, and solve for ay:

Q= n2z ’ ))+O(ns2)

sin? 271'(2n ——%

_ Ej+k 2
= = me = 3T, + O(ne?),

as claimed. O

4.3. Rate of convergence to equal spacing. Now we analyze the rate at which
differentiation evens out zero spacings.

For both the midpoint and differentiation process, applying the operation twice
has somewhat nicer properties than just applying it once. For example, if the
points are equally spaced, then applying the operation twice leaves the sequence
unchanged. In the discussion below we will generally work with the second de-
rivative and second midpoint process, although the same ideas apply to the basic
process.

We will view differentiation and midpoint averaging as two examples of a general
procedure. Suppose P is a probability measure on the integers such that P is even,
P(0) is the maximum, and P(j) is increasing for j < 0 and decreasing for j > 0.
The conditions on P are natural if one is thinking in terms of using P to smooth
out the irregularities of a sequence.

Given a sequence (g,,), define a sequence of sequences by 3% = ¢,, and

(4.3.1) = ZP ! ke

For the second derivative process P(0) =
(second) midpoint averaging process P(0
otherwise.

In Theorem we start with 2z, = k + €5, so in the notation above the
discrepancy of 2!, 41 and 2! from the average spacing is ﬁ£ 1 B,‘i. We wish to
estimate this in terms of €,,. We can write ﬂ,ﬁ in terms of ¢, as, for instance,

(4.3.2) Z PY(n)en .

1 and P(n) = =25 otherwise, and for the
) =12

P(-1)=P(1) =1, and P(n) =0

We can estimate the difference as

Bi— B = Zsmk(P”(n)—Pf(n—l))
< z—:Zuﬂ — Pt(n—1)]

(4.3.3) = 25Pf (0).

The last step requires that P*(0) is the maximum, and P*(n) is increasing for n < 0
and decreasing for n > 0. We will see that this is the case.

It can be seen that P* = P % P x---x P is just the (-fold iterated convolution of
P with itself, where

(4.3.4) PxQ(n) =Y P(m)Q(n—m).
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The ¢ = 2 case was demonstrated in Section 1], where 3;, was calculated from «;.
It is straightforward to check that if 0 is the global maximum for P and @, and
both functions are increasing for n < 0 and decreasing for n > 0, then the same
holds for P* Q. Thus, inequality (£:3.3) applies and we need only evaluate P‘(0) =
PxPx---x P(0).

The evaluation can be done using the properties of convolutions and Fourier
transforms. Given a sequence S, let

(4.3.5) Fs(x) = S(n)e*™*.

Then

Fg(z)Fr(z) = <Z S(n)e%mw) ZT(j)ezm‘jw
33 STt
Z e2mima Z S(n)T(m - Tl)

(4.3.6) = ) _(SxT)(m)e*™me.

m

That is, convolution of sequences corresponds to multiplication of Fourier series.
The final ingredient is to note that if

F(z) = Z cje%”'j””7
J
then
1
co = / F(x)dx,
0

provided we can integrate term by term, because fol €% dx = 0 unless j = 0.
Thus,

PY0) = PxPx---%P(0)
1 14
(4.3.7) = /O<ZP(H)62”"I> dx.

Now we need only identify the function in the integrand above.
In the case of the (second) midpoint process, we have

; 1 1
ZP(n)e2mm =3 + 3 cos(2mx).
n
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You can either recognize the Beta integral or ask a computer algebra package to

verify that
L1 ¢
PY0) = / (—+—cos(27rx)) dx
, \2 72

2I'(2 +0)
(1+20) /70 (1 +£)

(4.3.8) ~

2~
[

= o),

which is the error term from Theorem [Tl assuming ¢, < 1.
In the case of the (second) differentiation process, it follows from the Fourier
expansion

2 e
1 1 4 cos(2mnx)
4(x——) :§+Fn§:1T, 0<z <1,

that

for 0 <z < 1. Thus

Y

~

—

e

Il
S—
2.
/N

N
/~

8

|
N =
~——
[\)
~
o~

=W

5]

(4.3.9) -

I
S)
=
3
L
~—

as claimed in Theorem

The discrepancy from equal spacing is much smaller for the differentiation pro-
cess than for the midpoint process, and this is not surprising. Both processes
average among neighboring points, and that averaging will be more effective if it
takes place over a larger range. In the setup we have described, if P has finite
variance o2, then Fp(x) ~ 1 — 2720222 for  near 0. Therefore

4
1
Fp(z) do ~o ——
/—5 P (@) V2m o2/

as we saw for the midpoint process. For the differentiation process we found that
Fp(x) =1 —blz| + O(2?) for x near 0, where b = 4. Therefore

0 2
/_5Fp(x)edx ~ 57

as in Theorem 242 Many other behaviors are possible. If P has infinite variance
but decreases like n=4, then Fp(z) ~ 1 —alz|* as x — 0, where a = A — 1, and so

’ e, 20(R)
/ﬂsFP(x) dx NS

Thus, we have averaging processes where the /th iterate approaches equal spacing
as fast as any given power of ¢.
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It should be noted that if one violates the conditions that P(0) is a maximum
and P(n) increases (decreases) for n < 0 (n > 0), then the “averaging process” may
not lead to equal spacing. For example, if P(—1) = P(1) = %, then the process
leads to two interlaced sequences which separately approach equal spacing.

5. PROOF oF THEOREM .4.1]

We wish to show that if f is an entire function that meets suitable additional con-
ditions, then the nth derivative f(™, appropriately rescaled, approaches the cosine
function. The real issue here is proving that the zeros approach equal spacing with
sufficient uniformity. For if the zeros approach equal spacing, then the Hadamard
product for f() can be seen to be close to AeP?® cos(Cz 4+ D) for some A, B, C, D.
So we first show that the zeros of f(™) approach equal spacing, and then the proof
is almost immediate.

Our method makes extensive use of the midpoint process we studied in this
paper. It would be interesting to find a more direct proof, which could possibly
lead to a stronger result. At the end of this section we also discuss the case that
the zeros of f lie near, but not necessarily on, a line.

5.1. Repeated differentiation leads to equal spaced zeros. We have shown
that under repeated differentiation the small gaps between zeros are becoming
larger, and the large gaps are becoming smaller, but it does not trivially follow that
those gaps are approximately equal. Since we know that the midpoint process gives
gaps which approach equal spacing, one possibility is to show that differentiation
is better than midpoint at evening out the sequence:

Conjecture 5.1.1. Differentiation is better than midpoint. Suppose f is
an entire function of order 1 which is real on the real axis and has only real zeros,
and suppose z; are the zeros of f, listed in increasing order. If ¢ < p are consecutive
zeros of [, then

1 !
inf i(zn” —2,) <p—q<sup §(Z"+2 = Zn)-

A similar result should also hold when the spacing between zeros of f varies
slowly, in analogy to the relation between Theorem [2.3.1] and Theorem 2:3.2. Note
that we interpret the right side of the above inequality as “c0” if f has only finitely
many Zzeros.

In contrast to Theorems 2231l and 22372 the conjecture is not true if instead
we assume p and g are zeros of f’ + af, for if a is large, then p and ¢ are very
close to zeros of f. Also, the conjecture is not true if %(Zn_l,_Q — zy) is replaced by
2(2n43 — Zn).

We now show that repeated differentiation leads to equal spaced zeros. The
proof makes use of the fact that the midpoint process leads to equal spacing, but
our approach is somewhat less elegant than would follow from the above conjecture.

Proposition 5.1.2. Suppose f is an entire function which is real on the real line,
has only real zeros, and n(r) ~n_(r) ~r. Then if (21) are the ordered zeros of
the jth derivative f), then zh 1 — 2 =1+0(1) as j — co. In addition, |z]| > n.

Proof. The same method as in the proof of Theorems 2.3.1] and 2.3.2] shows that if
(z,,) are the ordered zeros of f and (z/)) are the ordered zeros of f’, then

(5.1.1) inf(zpyn — 2n) < 2y v — 25, < SUP(Zng N — 2n),
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for any N, and similarly when considering zeros with |z, — z},| < X. When N = 2,
the difference z,12 — 2z, is twice the gap between the midpoints of consecutive
zeros of f. By Theorem [3.1.]], iterating the midpoint process gives sequences which
approach equal spacing. Thus, the sequence of next nearest neighbors of zeros of
fU) approaches equal spacing. That is, the zeros of f() consist of two interlaced
sequences which separately are approaching the (same) equal spacing.

It remains to show that the whole sequence of f() zeros is approaching equal
spacing. One possibility is to now prove that fU)(z) is approximately of the form
AeP? (cos(Cz + D) + E), so then the zeros of derivatives of fU) will approach equal
spacing, as discussed in the paragraph after Theorem 241l But our goal is to
prove that the zeros become equally spaced and then use that as a tool to prove
the functional form.

We will show that the zeros of f) also consist of three interlaced sequences,
each separately approaching equal spacing. From this it immediately follows that
the entire sequence is approaching equal spacing. We will use (BI1]) with N = 3.
Note that

Zn4+3 — 2Zn = (Zn+3 + Zn+42 + ZnJrl) - (Zn+2 + Zn+41 + Zn)

(5.1.2) = 3(Znt2 = Zny1),
where %, = %(zn_1 + 2zp + zn+1). By either imitating the proof of Theorem
or using the method of Section 23 with P(—1) = P(0) = P(1) = %, we sce that
iterating the averaging process (z,) — (Z,) leads the sequence to approach equal
spacing. So 27, 43— zJ is approaching equal spacing, as required.

The final assertion follows from the fact that 20 ~ n and that each successive
zero set interlaces the previous one. (I

5.2. Proof of Theorem [2.4.1l Assume x = 1, so the zeros of fU) are 1 apart
on average. We first shift the function slightly so that the zeros are arranged
conveniently. Suppose the smallest nonnegative zero of f(4) is at w; and the largest
negative zero is at w_,. Choose d; = %(w_l + wy) and let 21, z9,... denote the
positive zeros of f(j)(z +d;) and z_1, z_o, ... the negative zeros.

We have the Hadamard factorization

FO(z+dj) = Ajexp (Byz) [| (1 - i) exp <i>

(521) Ao (B2) 1] (=) (-2)
’ In1|_>[Y (1 . i) o (_n>

= Aj exp (Bjz) Fj(2)G;(=),

say, where Y is to be chosen later. We must show that if |z|] < X, then F;(z) —
cos(mz) and Gj(z) — 1.

Given X, £ > 0, first choose Y so that |G,(z) — 1] < ee™™* for |z| < X and all
j > 0. This is possible because z, > n.

Let F and G denote the above products in the special case that z4,, = (nF %)_1
for all n > 0. Since F(2)G(z) = cos(mz), it follows that |cos(wz) — F(z)| < ¢ for
|z] < X.
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J
n—1

j so that zy, is sufficiently close to (n F %)’1 for 0 < n <Y to ensure that
|Fj(2) — F(2)] < e for |2] < X. Using |cos(mz)| < €™ for |z| < X and combining
all estimates we have |A]-_1 exp(—B;-z)f(j)(z + D) — cos(mz)| < 4e for |z < X,
which completes the proof.

For each n, as j — oo the gap 2/ — z is approaching 1, so we can a choose

5.3. Zeros not on a line. We have seen that repeated differentiation leads to a
function whose zeros approach equal spacing. Surprisingly, this does not always
require the zeros of the original function to lie on a line (or circle), but only that
the zeros lie in a suitable neighborhood of the line (or circle).

This is easy to see in the case of the circle. Suppose f is a degree n polynomial
and let g(z) = 27 "/2f(2), so

3. g(z :anz% +an,1z%_ +---—|—aoz_%.

5.3.1 !

Then

(5.3.2) 29’ (2) = ganz% + (g — 1) Un_122 14 4 (—g) apz" 2,

and the “kth derivative” equals

(5.3.3) (zdiz)kg(z) = (g)kanz% + (g - 1)kan_1z%*1 T <7g)k apz" 2.

If ag # 0, then the factors (%)”C from the first and last terms dominate everything
else, so the zeros are approaching the zeros of z" + (—l)ks—o. Note that we did not
actually require the zeros of the original polynomial f to be on the unit circle. As
long as 0 is not a root of f, the above process gives a sequence of functions whose
zeros eventually lie on a circle, and in fact approach equal spacing on a circle!

For zeros on a line, we have the following result of Young-One Kim (this is a

slight revision of Theorem 2 from [12]):

Theorem 5.3.1. Let f(z) be a nonconstant real entire function, 0 < p < 2, and
assume that f(z) is of order less than p or is of order p and minimal type. If there
is a positive real number A such that all the zeros of f(z) are distributed in the
infinite strip |Sz| < A, then for any positive constant B there is a positive integer

ny such that f)(z) has only real zeros in |Rz| < Bnr for alln > n;.

In other words, if the zeros do not start out too far from the real axis, then they
end up on the real axis as you differentiate. Thus, Theorem[2.4.1]can be modified to
only assume that the zeros lie in a strip around the real axis, and Conjecture
should only require the zeros to lie near the real axis.

The theorem applies to the Riemann =-function with p = 14 ¢. It is interesting
to note that Conrey [2] has shown that Z0) has a positive proportion of its zeros
on the real axis, and that proportion is 1+ O(j~2) as j — oo.

If f(z) = Z;io cjzd /4! is entire of order 1 and all ¢; are real, then a necessary
condition for the zeros of f to be real is the Turdn inequalities ci — Ck—1Ck+1 > 0,
for k > 1. The above ideas suggest that the Turdn inequalities should hold for
sufficiently large k, provided only that the zeros of f lie in a neighborhood of the
real axis.
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