
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 357, Number 10, Pages 4043–4064
S 0002-9947(04)03649-9
Article electronically published on September 23, 2004

INVERSE SPECTRAL PROBLEM FOR NORMAL MATRICES
AND THE GAUSS-LUCAS THEOREM

S. M. MALAMUD

Abstract. We establish an analog of the Cauchy-Poincare interlacing theo-
rem for normal matrices in terms of majorization, and we provide a solution
to the corresponding inverse spectral problem. Using this solution we gener-
alize and extend the Gauss–Lucas theorem and prove the old conjecture of de
Bruijn-Springer on the location of the roots of a complex polynomial and its
derivative and an analog of Rolle’s theorem, conjectured by Schoenberg.

1. Introduction

Let A = A∗ be a Hermitian n×n matrix and An−1 its principal (n−1)× (n−1)
submatrix obtained by deleting the last row and column. Let σ(A) = (λ1 ≤ . . . ≤
λn) and σ(An−1) = (µ1 ≤ . . . ≤ µn) be the ordered lists of (real) eigenvalues of A
and An−1, respectively. By the Cauchy–Poincare interlacing theorem, the sequences
interlace each other, that is,

(1.1) λ1 ≤ µ1 ≤ λ2 ≤ µ2 ≤ . . . ≤ λn−1 ≤ µn−1 ≤ λn.

It is known (see [18], [26]) that the converse is also true, that is, for any two
sequences (λj)n

1 and (µj)n−1
1 of real numbers satisfying (1.1), there exists a (non-

unique) n×n Hermitian matrix A such that σ(A) = {λj}n
1 and σ(An−1) = {µj}n−1

1 .
We say that such a matrix A solves the inverse spectral problem for the sequences
(λj)n

1 and (µj)n−1
1 . A theorem of Hochstadt [17] asserts that there exists a unique

Jacobi, that is, tridiagonal Hermitian matrix A solving the inverse spectral problem
for these sequences.

In the present paper we generalize both the Cauchy-Poincare interlacing theorem
and the Hochstadt theorem to the case of normal matrices. Since the eigenvalues
of a normal matrix are not real, the statements of these generalizations must be
different from the Hermitian case. Moreover, the principal submatrix An−1 of a
normal matrix A is only normal in trivial cases (see [12] or Lemma 4.14 below).

The main result of the first part of the paper is Theorem 3.11. It provides neces-
sary and sufficient geometric conditions for two sequences {λj}n

1 and {µj}n−1
1 to be

the spectra of a normal matrix A and of its submatrix An−1 respectively. In order
to formulate these geometric conditions we introduce in Section 2 several notions
of majorization for sequences of vectors from Rn, which are natural generalizations
of the classical notions for the case n = 1.
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4044 S. M. MALAMUD

Note that the sufficient conditions for the tuples {λj}n
1 and {µj}n−1

1 of complex
numbers to be the spectra of a normal matrix A and its principal submatrix An−1

respectively can be expressed analytically without the notion of majorization and
read

(1.2) ck := Resλk

(∏n−1
j=1 (λ − µj)∏n
j=1(λ − λj)

)
≥ 0, k ∈ {1, . . . , n}.

The second part of our paper concerns the location of the roots of a polynomial
and its derivative and in particular the Gauss-Lucas theorem [33], stating that the
roots {µk}n−1

1 of the derivative p′ of any complex polynomial p(∈ C[z]) of degree
n lie in the convex hull of the roots {λj}n

1 of p. The following proposition provides
a “bridge” between the first and second parts of the paper.

Proposition 1.1. Let p(z) be a polynomial of degree n with zeros {λj}n
1 and

{µj}n−1
1 the zeros of its derivative. Then there exists a (nonunique) normal matrix

A ∈ Mn(C) such that σ(A) = {λj}n
1 and σ(An−1) = {µj}n−1

1 .

Proposition 1.1 immediately follows from (1.2) since in this case ck = 1, k ∈
{1, . . . , n}.

Combining Proposition 1.1 and Theorem 3.11 below, we immediately arrive at
the following result (Proposition 4.3):

{µj}n−1
1 ≺uds {λj}n

1 .

This is a generalization of the Gauss-Lucas theorem. Proposition 1.1 allows us
to apply linear algebra to study the location of the zeros of a polynomial and its
derivative. For example, using exterior algebra we obtain a generalization of the
Gauss-Lucas theorem for the products of roots (see Proposition 4.3 and Corol-
lary 4.4). In particular we show that µk1µk2 ∈ conv{λj1λj2 : 1 ≤ j1 < j2 ≤ n} for
any pair {k1, k2} with 1 ≤ k1 �= k2 ≤ n − 1.

Note that while the second topic has attracted a lot of attention during the last
two decades (see [2], [4], [7], [9], [29], [30], [36], [39]), our approach seems to be new
and promising. In particular in the framework of this approach we get simple (and
short) solutions to the old problems of de Bruijn-Springer [8] and Schoenberg [38].

Let us briefly describe these problems.
In 1947 de Bruijn and Springer [8] conjectured that the following inequality holds

for any convex function f : C → R:

1
n − 1

n−1∑
j=1

f(µj) ≤
1
n

n∑
j=1

f(λj).

They succeeded in proving this inequality for a class of convex functions. It is not
difficult to see that this class actually coincides with the class CV S(C), defined in
(2.10) below.

We provide a complete proof of this conjecture by showing that a doubly sto-
chastic matrix S in the above-mentioned representation µ = Sλ can be chosen
in such a way that all entries in the last row equal 1/n. Moreover, we prove (see
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Theorem 4.10) that the following inequality is valid for any k ∈ {1, . . . , n − 1}

1(
n−1

k

) ∑
1≤ii<...<ik≤n−1

f

 k∏
j=1

(µij
− α)


≤ 1(

n
k

) ∑
1≤i1<...<ik≤n

f

 k∏
j=1

(λij
− α)

 .

(1.3)

In 1986 Schoenberg [38] (see also [9]) conjectured that if
∑n

j=1 λj = 0, then

(1.4) n

n−1∑
j=1

|µj |2 ≤ (n − 2)
n∑

j=1

|λj |2

and the equality holds if and only if all numbers λj lie on the same line. We prove
this conjecture below (Theorem 4.15).

Let us briefly sketch the contents of the paper.
In Section 2 we introduce two new notions of majorization for sequences of

vectors with non-equal numbers of entries and establish some simple properties of
those. We also study the connections between these two notions of majorization
and show that they are not equivalent even in the two-dimensional case. This fact
provides an answer to a question of Marshall and Olkin [27], p. 433.

In Section 3 we establish an analog of the Cauchy-Poincare interlacing theorem
for normal matrices (Theorem 3.11). As a corollary we prove an analogous state-
ment for “convex” combinations of normal matrices with non-commuting weights
(Corollary 3.15). We also prove an analog of the Hochstadt theorem for normal
matrices.

In Section 4 we apply the results of Section 3 to generalize and extend the
Gauss–Lucas theorem and prove the de Bruijn-Springer and Schoenberg conjec-
tures. Finally, we prove an analog of the de Bruijn-Springer conjecture for zeros of
the Mason-Shapiro polynomials (see Theorem 4.17).

A preliminary version of this paper has already been published as a preprint [23].
The main results of the paper have been announced without proofs in [24].

2. Majorization

Notation. As usual, Cm×n (Rm×n) stands for the set of all m × n matrices with
complex (real) entries; Mn(R) := R

n×n, Mn(C) := C
n×n.

We denote by C := A◦B the Schur (elementwise) product of two n×n matrices
A = (aij) and B = (bij) defined by (cij) := (aijbij).

We set col(a1, . . . , an) = (a1, . . . , an)t as the vector column.
The convex hull of a set X ⊂ R

m, i.e., the smallest convex set containing X, is
denoted by conv(X).

The set of extreme points of a convex set X is referred to as ExtX.
The abbreviation CV(Y ) stands for the set of all convex functions on a convex

set Y.

2.1. Two definitions of majorization. We start with several known definitions
(see [16], [26], [27]).
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Definition 2.1. (a) A matrix A ∈ Mn(R) is called doubly stochastic if all its
entries are nonnegative and the sum of the elements in each row and each column
equals one.

We denote the set of doubly stochastic matrices by Ωn (⊂ Mn(R)).
(b) A matrix A ∈ Mn(R) is called unitarily-stochastic (orthostochastic) if there

exists a unitary (orthogonal) matrix U ∈ Mn(C)(U ∈ Mn(R)) such that A is the
Schur product of U and Ū : A = U ◦ Ū . The set of all unitarily-stochastic matrices
is denoted by Ωu

n. Each unitarily-stochastic n × n matrix is doubly stochastic, i.e.
Ωu

n ⊂ Ωn. The converse is not true: not every doubly stochastic matrix is unitarily-
stochastic (see [26]).

Remark 2.2. The set of all doubly stochastic matrices is convex and contains all
permutation matrices. A theorem of Birkhoff states that the set Ext(Ωn) coincides
with the set of permutation matrices and thus, by the Krein-Mil’man theorem, Ωn

is the convex hull of all permutation matrices (see [16]).

We recall the notion of majorization ([16], [26], [27]) for sequences of real num-
bers.

Definition 2.3. Let there be given two real sequences α := (αk)m
1 and β := (βk)m

1 .

Let also α̂ and β̂ be these sequences, reordered to be decreasing. We write β ≺≺ α
if

(2.1) β̂1 + . . . + β̂j ≤ α̂1 + . . . + α̂j , j ∈ {1, . . . , m}.
If in addition

(2.2)
m∑

k=1

αk =
m∑

k=1

βk,

then the sequence β is said to be majorized by α which is denoted by β ≺ α.

The following famous theorem is due to Weyl, Birkhoff and Hardy-Littlewood-
Polya (see [15], [16], [26], [27]):

Theorem 2.4. Let α, β ∈ Rm be two real sequences. Then the following five
conditions are equivalent:

(1) β ≺ α.
(2) The following inclusion holds:

β ∈ conv({Aα : A is a permutation matrix})
= conv({(αi1 , . . . , αim

) : {i1, . . . , im} is a permutation of the set {1, . . . , m}}).
(3) There exists a doubly stochastic matrix S ∈ Mm(R) such that β = Sα. In

fact, the matrix S can be chosen to be orthostochastic.
(4) The inequality

(2.3)
m∑

i=1

f(βi) ≤
m∑

i=1

f(αi)

is valid for any convex function f on R.
(5) The inequality

(2.4) f(β1, . . . , βm) ≤ f(α1, . . . , αm)

is valid for any convex function f on Rm, invariant under the action of the permu-
tation group.
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Remark 2.5. Note that (2.2) and (2.1) imply

(2.5) β̂j+1 + . . . + β̂m ≥ α̂j+1 + . . . + α̂m, j ∈ {1, . . . , m − 1}.
Since the convex hull of a set of real numbers is the segment between the minimal
and the maximal one, we can rewrite the condition of majorization as

(2.6) conv(βi1 + . . . + βij
: 1 ≤ i1 < . . . < ij ≤ m)

⊂ conv(αi1 + . . . + αij
: 1 ≤ i1 < . . . < ij ≤ m).

This observation motivates the following definition.

Definition 2.6. Let x = {xk}l
k=1 and y = {yk}m

k=1 be two tuples of vectors in Rn

and l ≤ m. Suppose that the following conditions are fulfilled:

conv(xi1 , i1 ∈ {1, . . . , l}) ⊂ conv(yi1 : i1 ∈ {1, . . . , m})
. . . . . . . . . . . . . . . . . .

conv(xi1 + . . . + xik
: 1 ≤ i1 < . . . < ik ≤ l)

⊂ conv(yi1 + . . . + yik
: 1 ≤ i1 < . . . < ik ≤ m)

. . . . . . . . . . . . . . .

x1 + . . . + xl ∈ conv(yi1 + . . . + yil
: 1 ≤ i1 < . . . < il ≤ m).

(2.7)

Then we say that the sequence {yk} majorizes the sequence {xk} and write x ≺ y;

Remark 2.7. If l = m, the last condition in (2.7) turns into

x1 + . . . + xm = y1 + . . . + ym.

Theorem 2.4, (3) suggests another analog of the notion of majorization in the
multi-dimensional case.

Definition 2.8. Let x := (xk)l
k=1 and y := (yk)m

k=1, l ≤ m be two sequences of
vectors xk, yk ∈ Rn. We say that x is doubly stochastically majorized by y and
write x ≺ds y if there exist vectors xl+1, . . . , xm ∈ R

n and a doubly stochastic
matrix S ∈ Ωm such that x̃ := (xk)m

1 = (In ⊗ S)y. If S can be chosen to be
unitarily-stochastic, we write x ≺uds y.

Remark 2.9. Note that in the case n = 1 and l = m Definitions 2.6 and 2.8 are
equivalent to the above Definition 2.3 of majorization for real sequences due to
Remark 2.5 and Theorem 2.4, (3).

It is easy to see that the following proposition is valid.

Proposition 2.10. If x = {xk} ≺ds y = {yk}, then x ≺ y.

One might think that a complete analog of Theorem 2.4 could be valid in the
multi-dimensional case, that is, the partial orders ≺ and ≺ds could be equivalent.
The following example shows that this is not the case.

Example 2.11. Let n = 2 and m = 4. Set

(2.8)
x = {x1, . . . , x4} = {(12, 12), (12, 12), (5, 3), (3, 5)},
y = {y1, . . . , y4} = {(8, 16), (16, 8), (0, 0), (8, 8)}.

It is easy to check by hand that x ≺ y. At the same time it is easy to see that the
vector x1 = (12, 12) can be uniquely expressed as a convex combination of yk’s:
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x1 = 1/2(y1 + y2). Suppose now that there exists a doubly stochastic matrix S,
such that x = Sy. Then S has the form

S =


1/2 1/2 0 0
1/2 1/2 0 0
0 0 s33 s34

0 0 s43 s44

 ,

which is impossible since x3, x4 do not belong to the convex hull of y3, y4.

Remark 2.12. Definition 2.8 for tuples with equal numbers of elements (i.e. for
l = m) is contained in [27]. Marshall and Olkin use the sign ≺ to denote this
partial order. On p. 433 of [27] they suggest another notion of majorization for
tuples of vectors with equal numbers of elements. It is not difficult to see that this
notion is equivalent to the one introduced in our Definition 2.6 for l = m. Marshall
and Olkin mention that the relation between ≺ and ≺ds is not clear. Example 2.11
provides an answer to this question.

We note the following simple

Proposition 2.13. Let l = m.
(a) Let {yk}m

k=1 be such that conv({yk}m
k=1) is affine isomorphic to the standard

simplex

Σm−1 := {(t1, . . . , tm) ∈ R
m : tk ≥ 0,

∑
k

tk = 1}.

Then x = {xk} ≺ y = {yk} if and only if x ≺ds y.
(b) For m = 3 the orders ≺ and ≺ds are equivalent.

Proof. (a) Under assumption (a) each xk can be uniquely represented as a convex
combination of yk:

xk =
m∑

i=1

skiyi,
m∑

i=1

ski = 1, k ∈ {1, . . . , m}.

By definition, x ≺ y yields

(1/m)
∑

k

yk = (1/m)
∑

k

xk = (1/m)
m∑

i=1

(
m∑

k=1

ski

)
yi.

Defining

βi = 1/m

(
m∑

k=1

ski

)
we get βi = 1/m for all i since the expression via the extreme points is unique.
Therefore the matrix S = (ski)m

k,i=1 is doubly stochastic.
(b) m = 3. If the vectors y2−y1 and y3−y1 are not co-linear, then (a) applies. If

they are, the problem is reduced to the case n = 1, contained in Theorem 2.4. �

Remark 2.14. It is clear that if {yk} are linearly independent, then they satisfy the
assumptions of (a). It is interesting to note that in the case (a) the first condition
xk ∈ conv({yk}m

k=1) together with the last one
∑

xk =
∑

yk are already enough to
imply the existence of a doubly stochastic matrix.
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2.2. The set of extreme points of the set Maj(y). Let n = 1 and x =
(xk)m

1 , y = (yk)m
1 ∈ Rm. It is known [25] that in this case the set of extreme

points of the set Maj(y) := {x : x ∈ R
m, x ≺ y} is

(2.9) Ext(Maj(y)) = {Py : P is a permutation matrix}.
The following statement easily follows from the scalar case.

Proposition 2.15. Let x = {xk}m
1 , y = {yk}m

1 be two tuples of vectors in Rn and
Maj(y) := {x : x ≺ y}. Then

Ext(Maj(y)) ⊃ {(In ⊗ P )y : P is a permutation matrix}.
The following questions naturally arise in this context:

Questions. (1) Find some additional geometric conditions, which together with
(2.7) imply x ≺ds y.

(2) What are the extreme points of the set Maj(y)?
(3) Under which conditions on the sequence y = {yk} do the sets {x : x ≺ y}

and {x : x ≺ds y} coincide?
Let CV S(Rn) be the closed cone (in the pointwise convergence topology in

CV (Rn)), generated by the set of convex functions

(2.10) {f(〈x, y〉) : f ∈ CV(R), y ∈ R
n}.

The class CV S(Rn) arises naturally in the following proposition, which is a
partial generalization of Theorem 2.4.

Proposition 2.16. Let x := {xj}l
1 be a k-tuple and y := {yk, }m

1 an m-tuple of
vectors from R

n and l ≤ m. The following conditions are equivalent:
(1) x ≺ y;
(2) for all vectors h ∈ Rn,

(〈x1, h〉, . . . , 〈xl, h〉) ≺ (〈y1, h〉, . . . , 〈ym, h〉);
(3) the inequality

(2.11)
l∑

i=1

f(xi) ≤
m∑

i=1

f(yi)

holds for any nonnegative f ∈ CV S(Rn).

Proof. (1)⇐⇒(2). By the separating hyperplane theorem, a vector x ∈ Rn lies in
a convex set Y ⊂ R

n iff its projection onto any line through the origin belongs to
the projection of Y onto the same line. Thus

xi1 + . . . + xik
∈ conv({yj1 + . . . + yjk

})
iff

〈xi1 , h〉 + . . . + 〈xik
, h〉 ∈ conv({〈yj1 , h〉 + . . . + 〈yjk

, h〉})
for any h ∈ Rn. By Remark 2.5, this is equivalent to (2).

(2)⇐⇒ (3). By a theorem of Fisher and Holbrook [13], {〈xk, h〉}l
1 ≺ {〈yk, h〉}m

1

if and only if
l∑

k=1

f(〈xk, h〉) ≤
m∑

k=1

f(〈yk, h〉)

for any nonnegative function f ∈ CV(R) (see Remark 2.18). Thus, (2.11) implies
(2). The implication (2) ⇒ (3) follows from Proposition 2.19 below. �
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Let us also mention the following beautiful theorem due to Sherman [37], which
is another partial generalization of the Hardy-Littlewood-Polya theorem.

Theorem 2.17 ([37]). Let x := {xi}l
1 be an l-tuple and y := {yj}m

1 an m-tuple
of vectors in Rn. Let also {µi}l

1 and {νj}m
1 be two collections of positive weights.

Then the following are equivalent:
(1) there exists a matrix S = (sij) ∈ Rl×m with nonnegative entries such that

{xi}l
i=1 = (I ⊗ S){yj}m

j=1 and

(2.12)
m∑

j=1

sij = 1, i ∈ {1, . . . , l}, and
l∑

i=1

sijµi = νj , j ∈ {1, . . . , m};

(2) the weights {µi}l
1 and {νj}m

1 satisfy
∑l

i=1 µi =
∑m

j=1 νj and the inequality

(2.13)
l∑

i=1

µif(xi) ≤
m∑

j=1

νjf(yj)

holds for any f ∈ CV(Rn).

Remark 2.18. This theorem is very nontrivial and the proof differs in an essential
way from the scalar case.

There is an analog of this theorem for general measures on locally-convex spaces
due to Cartier-Fell-Meyer. It plays an important role in convex analysis (see [32],
[6]).

Fisher and Holbrook [13] have obtained a generalization of this theorem to the
case when

∑l
i=1 µi ≤

∑m
j=1 νj . Namely, they show that there exists a stochastic

(by rows) matrix S, such that
∑l

i=1 sijµi ≤ νj for all j ∈ {1, . . . , m} if and only
if inequality (2.13) holds for any nonnegative convex function f.

Combining Proposition 2.16, Theorem 2.17 (with l = m, µi = νj = 1) and
Example 2.11 we get that CV S(Rn) �= CV(Rn).1

To finish the section, we mention the following elegant proposition due to
F. Petrov.

Proposition 2.19. Let {xi}l
1 and {yj}m

1 be two tuples of vectors in Rn and l < m.
The following three conditions are equivalent:

(1) {xi}l
1 ≺ {yj}m

1 ;
(2) for any k = {1, . . . , l} and any k-tuple of indices 1 < i1 < . . . < ik ≤ l there

exist numbers βj ∈ [0, 1] with
∑m

j=1 βj = k such that

(2.14) xi1 + . . . + xik
=

m∑
j=1

βjyj ;

(3) there exist vectors xl+1, . . . , xm ∈ Rn such that {xi}m
1 ≺ {yj}m

1 .

Proof. (i) Let us show that (1) and (2) are equivalent. The implication (1) ⇒ (2)
easily follows from Definition 2.6.

Conversely, let (2) be fulfilled. By Proposition 2.16 (2), it suffices to treat the one-
dimensional case n = 1. Assume without loss of generality that y1 ≥ y2 ≥ . . . ≥ ym.
Take any k-tuple (ij)k

j=1 with 1 ≤ i1 < . . . < ik ≤ l and assume that (2.14) holds.

1Using our Example 2.11, F. V. Petrov constructed a simple explicit example of a function
f ∈ CV(Rn) \ CV S(Rn).
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The following inequality easily follows from the monotonicity of yj ’s:

(2.15)
k∑

j=1

(1 − βj)yj ≥ yk

k∑
j=1

(1 − βj) = yk

m∑
j=k+1

βj ≥
m∑

j=k+1

βjyj .

Thus
k∑

j=1

yj ≥
m∑

j=1

βjyj = xi1 + . . . xik

and similarly
∑m

j=m−k+1 yj ≤
∑m

j=1 βjyj = xi1 + . . . + xik
. The implication (2) ⇒

(1) follows by Remark 2.5.
(ii) The implication (3) ⇒ (1) is obvious. Let us prove the implication (1) ⇒ (3).

Take

xl+1 :=

∑m
j=1 yj −

∑l
i=1 xi

m − l
.

Let us show that {xi}l+1
1 ≺ {yj}m

1 .
Let k ∈ {1, . . . , l}. It suffices to consider the tuple (i1, . . . , ik) = (1, . . . , k). By

the equivalence of (1) and (2) established on step (i), there exist βj ∈ [0, 1], j ∈
{1, . . . , m}, such that

(2.16) x1 + . . . + xk =
m∑

j=1

βjyj ,
m∑

j=1

βj = k.

Similarly, there exist γ1, . . . , γm with γi ∈ [0, 1] and satisfying

(2.17) xk+1 + . . . + xl =
m∑

j=1

γjyj ,
m∑

j=1

γj = l − k.

Combining (2.16) and (2.17) we get

(2.18) x1 + . . . + xk + xl+1 =
m∑

j=1

βjyj +

∑m
j=1 yj −

∑l
i=1 xi

m − l

=
m∑

j=1

(βj + 1/(m − l) − βj/(m − l) − γj/(m − l))yj =:
m∑

j=1

αjyj .

Clearly, αj ∈ [0, 1] for all j ∈ {1, . . . , m} and
m∑

j=1

αj = k + m/(m − l) − k/(m − l) − (l − k)/(m − l) = k + 1.

Therefore the (l + 1)-tuple {xi}l+1
1 satisfies (2). One completes the proof by induc-

tion. �

3. Inverse spectral problem and interlacing theorem

for normal matrices

In this section we use the partial orders ≺ and ≺ds for vectors with complex
entries. In this case we identify C with R

2 and hence Definitions 2.6 and 2.8 do not
change.

Let Aj1,...,jk

i1,...,ik
denote the submatrix of A with the rows i1, . . . , ik and columns

j1, . . . , jk. For the sake of brevity denote An−1 := A1,...,n−1
1,...,n−1.
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3.1. A preliminary solution to the inverse spectral problem by two spec-
tra.

Proposition 3.1. Let {λk}n
1 and {µj}n−1

1 be two sequences of complex numbers
and define

(3.1) ∆(λ) :=

∏n−1
j=1 (λ − µj)∏n
k=1(λ − λk)

.

Then the following two conditions are equivalent:
(1) The rational function ∆ has only simple poles and the residues in all poles

are nonnegative, that is,

(3.2) Resλk
(∆(λ)) ≥ 0, k ∈ {1, . . . , n}.

(2) There exists a normal matrix A with the spectrum σ(A) = {λ1, . . . , λn} such
that σ(An−1) = {µ1, . . . , µn−1}.

Proof. Necessity. Let A be a normal matrix with the spectrum σ(A) = {λ1, . . . , λn}
and such that σ(An−1) = {µ1, . . . , µn−1}. Let e = (0, . . . , 0, 1). Consider the func-
tion

(3.3) ∆(λ) := ((λ − A)−1e, e) =
n∑

k=1

|xk|2
λ − λk

=
det(λ − An−1)

det(λ − A)
,

where xk are the coordinates of e in the orthonormal basis of eigenvectors of A.
Clearly, the poles of ∆(λ) are in the spectrum of A and the residues in these poles
are equal to |xk|2 and hence are nonnegative.

Sufficiency. Let (3.2) be fulfilled. Then

(3.4) ∆(λ) =
n∑

k=1

|xk|2
λ − λk

with some complex numbers xk, k = 1, . . . , n, and
n∑

k=1

|xk|2 = lim
λ→∞

λ∆(λ) = 1.

Therefore, considering the diagonal matrix A = diag{λ1, . . . , λn} and writing it
in an orthonormal basis with the last basis vector en = (x1, . . . , xn), we get the
required normal matrix. �

Remark 3.2. Note that the poles of the function ∆(λ) (see (3.3)) are simple (i.e.
of multiplicity one), since the matrix A is (unitarily-) diagonalizable. Therefore it
easily follows from (3.3), as well as from general dimension arguments, that if A
has a k-multiple eigenvalue λ0, then λ0 is an eigenvalue of Am−1 of multiplicity at
least k − 1. Note that An−1 is normal only in some special cases (see Lemma 4.14
below). It may even happen that An−1 is non-diagonalizable.

Remark 3.3. (a) By the definition of a residue, (3.2) can be rewritten as

(3.5) lim
λ→λk

∏n−1
j=1 (λ − µj)∏

1≤j≤n,j �=k(λ − λj)
≥ 0.
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In the case of real numbers λ1 ≤ . . . ≤ λn and µ1 ≤ . . . ≤ µn−1 these conditions
mean that the numbers {µj} and {λk} are interlacing, that is,

(3.6) λ1 ≤ µ1 ≤ λ2 ≤ . . . ≤ µn−1 ≤ λn.

This is the Cauchy-Poincare interlacing theorem [26].
(b) The criterion (3.5) ((3.2)) is trivial and provides no information on the loca-

tion of the complex numbers {λk}n
1 and {µj}n−1

1 . It is even unclear how far µj ’s can
lie from λk’s. Therefore it would be desirable to have a more “geometric” answer
which would be in some sense an analog of the Cauchy-Poincare theorem.

Corollary 3.4. Let two tuples of complex numbers {µj}n−1
1 and {λj}n

1 satisfy

(3.7) ∆(λ) :=

∏n−1
j=1 (λ − µj)∏n
j=1(λ − λj)

=
n∑

j=1

|xj |2
λ − λj

with some complex numbers {xj}n
1 . Then for any unitary matrix U = (uij)n

i,j=1 with
the last row (un1, . . . , unn) = (x1, . . . , xn), the normal matrix A := U diag{λj}n

1U∗

satisfies the hypothesis of Proposition 3.1 (2).

3.2. Quasi-Jacobi normal matrices and an analog of the Hochstadt the-
orem. It is known and easy to see that any Hermitian matrix (bounded operator)
is unitarily equivalent to a Hermitian tridiagonal (Jacobi) matrix.

We shall find an analog of such a form for a normal matrix and use it to obtain
an analog of the Hochstadt theorem [17] on the unique recovery of a Jacobi matrix
from two spectra.

Proposition 3.5. Every normal matrix A is unitarily equivalent to a direct sum
of normal matrices Ai, i ∈ {1, . . . , k}, satisfying (Ai)r,s = 0 for s ≥ r + 2 and
(Ai)j,j+1 �= 0. The matrix A has simple spectrum iff k = 1.

Proof. The proof is very simple and standard. Clearly, it suffices to treat only the
simple spectrum case. Taking any cyclic vector x, we get that {Ajx}m−1

0 forms
a basis in Cm. We get the required orthonormal basis after the Gramm-Schmidt
procedure. �

Definition 3.6. A matrix A is called quasi-Jacobi if (A)r,s = 0 for all s ≥ r + 2.

Thus, the quasi-Jacobi form is in a sense a normal form for a normal matrix.
We can now complement Proposition 3.1 with a uniqueness statement.

Theorem 3.7. For any two tuples of complex numbers {λj}n
1 and {µj}n−1

1 satis-
fying (3.2) there exists a unique normal quasi-Jacobi matrix A such that σ(A) =
{λj}n

1 and σ(An−1) = {µj}n−1
1 .

Proof. Writing the function ∆(λ) from (3.7) in the form

∆(λ) =
∫

dµ(z)
λ − z

with dµ =
∑n

k=1 x2
kδλk

, we can introduce the orthogonal polynomials with respect
to this measure just as in the case of Jacobi matrices (see, e.g. [1] and Gesztesy and
Simon [14]) and then, following the same lines as in [14], we get what we need. �

Remark 3.8. The function ∆(λ) is an analog of the Weyl M-function in this case
(see [14], [20]).
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3.3. The set of all possible diagonals in the unitary orbit of a normal
matrix. In this subsection we start with an arbitrary normal matrix A and give a
(trivial) description of the set of diagonals of its unitary orbit.

Define
U(A) := {UAU∗ : U ∈ Mn(C), U ∈ SU(n)}

where SU(n) is the special unitary group. Put

diag(U(A)) := {x = (xi)n
i=1 ∈ C

n : x = diag B, B = (bij) ∈ U(A)}
where diag B := (b11, . . . , bnn).

Proposition 3.9. Let A ∈ Mn(C) be a normal matrix with the spectrum σ(A) =
{λj}n

j=1. Then
(a) {ajj}n

j=1 ≺uds {λj}n
j=1 and

diag(U(A)) = {x ∈ C
n : x ≺uds {λj}n

1} = Ωu
n((λj)n

1 );

(b) if A is Hermitian, then the set diag(U(A)) is convex;
(c) if A is not Hermitian, then the set diag(U(A)) is not necessarily convex.

Proof. The validity of (a) is obvious.
(b) is due to Horn.
(c) Clearly, since permutation matrices are unitary, diag(U(A)) contains the

orbit of (λj)n
1 under the permutation group. Thus, if diag(U(A)) were convex, we

would have diag(U(A)) = Ωu
n((λj)n

1 ) = Ωn((λj)n
1 ). Take

S =
1
2

1 1 0
1 0 1
0 1 1

 .

It is known (see [26]) that S is not unitarily stochastic. Set (λ1, λ2, λ3) = (1, i, 0).
We have

S · col(λ1, λ2, λ3) = col(α1, α2, α3) = col(1 + i, 1, i).
If there existed a unitarily-stochastic matrix O, such that

O · col(λ1, λ2, λ3) = col(α1, α2, α3),

it would immediately yield O = S. �

Remark 3.10. The only nontrivial part of Proposition 3.9 is (b). The statement
of (b) is due to Horn [18], [26]. It is a special case (for the semi-simple Lie group
SU(n)) of the famous Kostant convexity theorem (see [19]).

3.4. Analog of the Cauchy-Poincare interlacing theorem and a solution
to the inverse spectral problem for normal matrices. Let X ⊂ Cm. We
denote by X ′ the set of limit points of X.

Define for any vector (λj)m
1 ∈ Cm the vector

(3.8) Ck((λj)m
1 ) := (λi1 · · ·λik

)1≤i1<...<ik≤m ∈ C(m
k ).

Theorem 3.11. Let (λ1, . . . , λn) and (µ1, . . . , µn−1) be two complex vectors. Let
X ⊂ C be any set such that X ′ ⊃ {λ1, . . . , λn}.

Then for the existence of a normal matrix A such that σ(A) = {λ1, . . . , λn} and
σ(An−1) = {µ1, . . . , µn−1} it is necessary that the condition

(3.9) Ck((µi − α)n−1
1 ) ≺uds Ck((λj − α)n

1 )
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be fulfilled for all complex numbers α ∈ C and all k ∈ {1, . . . , n − 1} and sufficient
that it be fulfilled for k = n − 1 and all α ∈ X.

Proof. Sufficiency. Suppose first that µi �= λj for all i ∈ {1, . . . , n − 1} and all
k ∈ {1, . . . , n} and that the eigenvalues are simple, i.e. λi �= λj for all i �= j. Take
α = λj . Then (3.9) for k = n − 1 reads

(3.10)
n−1∏
i=1

(µi − λj) ∈ conv

 ∏
1≤i≤n,i �=l

(λi − λj) : l ∈ {1, . . . , n}


= conv

0;
∏

1≤i≤n,i �=j

(λi − λj)


and hence (3.5) is valid. The general case follows by continuity. Proposition 3.1
yields the required assertion.

Necessity. Let A be a normal matrix with the spectrum σ(A) = {λ1, . . . , λn}
and σ(An−1) = {µ1, . . . , µn−1}. By the Schur Theorem [18], there exists a uni-
tary matrix V1 ∈ Mn−1(C) such that the matrix V ∗

1 An−1V1 is upper triangular.
Therefore, considering the matrix U1 := V1 ⊕ 1 ∈ Mn(C) we get the normal matrix
B := U∗

1 AU1 with σ(B) = σ(A), but the numbers {µi}n−1
1 are on the diagonal of

B. Proposition 3.9 implies {µi}n−1
1 ≺uds {λj}n

1 .
Take an arbitrary α ∈ C. Let us consider the exterior power Ck(B − αI) :=

∧k(B − αI) acting on the space ∧kH := H ∧ · · · ∧ H︸ ︷︷ ︸
k times

. This matrix is normal with

the spectrum

σ(Ck(B − αI)) = {(λj1 − α) · (λj2 − α) · · · (λjk
− α)}1≤j1<j2<...<jk≤n.

The diagonal elements of Ck(B − αI) are the k × k principal minors of B − αI.
Since Bn−1 − αIn−1 is upper triangular, the k × k principal minors of Bn−1 − αI
equal

(µi1 − α) · (µi2 − α) · · · (µik
− α), 1 ≤ i1 < . . . < ik ≤ n − 1.

Proposition 3.9 (a) implies what was required. �

Remark 3.12. (i) If λi �= λj for all i �= j, then it suffices to take X = {λ1, . . . , λn}.
(ii) Theorem 3.11 and Proposition 2.10 together yield that Ck((µi − α)n−1

1 ) ≺
Ck((λj −α)n

1 ) for any k ∈ {1, . . . , n− 1}. Therefore these vectors satisfy the simple
geometric conditions (2.7), clarifying the relative location of the numbers {µi}n−1

1

and {λj}n
1 .

(iii) It is easy to see from the proof that the unitarily-stochastic matrices in (3.9)
are independent of α.

Example 3.13. In the case n = 3 the orders ≺ and ≺ds are equivalent. Therefore
in this case conditions (3.9) take a simple form:

µ1, µ2 ∈ conv{λj}3
1, µ1 + µ2 ∈ conv{λ1 + λ2, λ2 + λ3, λ1 + λ3},

µ1µ2 − α(µ1 + µ2) ∈ conv{λkλp − α(λk + λp)}1≤k<p≤3, α ∈ C.
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An immediate consequence of Theorem 3.11 is:

Corollary 3.14. Let A be a normal matrix with the spectrum σ(A) := {λ1, . . . , λn}
and P an m(≤ n)-dimensional orthoprojection in Cn. Let also B := PA�PCn and
σ(B) := {µ1, . . . , µm}. Then

(3.11) Ck((µi − α)m
1 ) ≺uds Ck((λj − α)n

1 )

for all k ∈ {1 . . . , m} and any α ∈ C.

Corollary 3.15. Let {Ai}p
1 be a p-tuple of normal matrices, Ai ∈ Mni

(C), i ∈
{1, . . . , p}, and σ(Ai) = {λi

k}
ni

k=1 their spectra. Let Si ∈ C
m×ni for i ∈ {1, . . . , p}

and satisfy

(3.12)
p∑

i=1

S∗
i Si = Im,

where Im is the m×m identity matrix. Consider B =
∑p

i=1 S∗
i AiSi and let σ(B) =

(µ1, . . . , µm). Set n = n1 + . . . + np and

(3.13) (λ1, . . . , λn) = (λ1
1, . . . , λ

1
n1

, λ2
1, . . . , λ

2
n2

, . . . , λp
np

).

Then the tuples (λ1, . . . , λn) and (µ1, . . . , µm) satisfy (3.11) for all k ∈ {1, . . . , m}
and any α ∈ C.

Proof. Consider the normal matrix A :=
⊕p

i=1 Ai. Condition (3.12) means that the
operator

V :=

S1

...
Sp

 : R
m → R

n

is an isometry and hence the operator B = V ∗AV is unitarily equivalent to
PA�PCn where P is the projector onto the image of V. Corollary 3.14 completes
the proof. �

Remark 3.16. There is another way to implement the trick of going from Corol-
lary 3.14 to Corollary 3.15. See [21], [22].

4. Location of the roots of a polynomial and its derivative

4.1. Generalization of the Gauss-Lucas theorem. Recall the Gauss-Lucas
theorem.

Theorem 4.1. The roots of the derivative p′ of a polynomial p ∈ C[z] lie in the
convex hull of the roots of p.

Numerous papers are devoted to different generalizations and improvements of
this theorem (see e.g. [2], [4], [10], [30], [36], [39]).

In what follows we denote by p ∈ C[z] a polynomial of degree n with complex
coefficients. Let also {λj}n

1 be the roots of p and {µj}n−1
1 the roots of its derivative

p′. We set additionally µn := (
∑n

1 λj)/n. Then the Gauss-Lucas theorem reads:
there exists a stochastic (by rows) matrix S′ such that µ = S′λ, where µ := {µj}n

1

and λ := {λj}n
1 . We start with the following proposition, which is already mentioned

in the introduction.
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Proposition 4.2. Let p(z) be a polynomial of degree n with zeros {λj}n
1 , and

{µj}n−1
1 the zeros of its derivative. Then there exists a (non-unique) normal matrix

A ∈ Mn(C) such that σ(A) = {λj}n
1 and σ(An−1) = {µj}n−1

1 .

Proof. The claim immediately follows from the identity

(4.1) p′(z)/p(z) =
n∑

j=1

1/(z − λj)

and Corollary 3.4. �

Therefore we can apply Theorem 3.11 and get the following generalization of the
Gauss-Lucas theorem.

Proposition 4.3. Let p (∈ C[z]) be a degree n complex polynomial with roots
{λj}n

1 , and let {µk}n−1
1 be the roots of its derivative p′. Then the vectors (λj)n

1 and
let (µk)n−1

1 satisfy (3.9) for k ∈ {1, . . . , n − 1}.

Corollary 4.4. Let λ := (λj)n
1 and µ := (µi)n−1

1 be as above and k ∈ {1, ..., n−1}.
Then Ck((µi)n−1

1 ) ≺ Ck((λj)n
1 ) and in particular

(4.2) µi1µi2 · · ·µik
∈ conv{λj1λj2 · · ·λjk

: 1 ≤ j1 < j2 < ... < jk ≤ n}

for any k-tuple {i1, . . . , ik} with 1 ≤ i1 < i2 < ... < ik ≤ n − 1.

The Viete formulae immediately yield

(4.3)
1

Ck
n−1

∑
1≤i1<...<ik≤n−1

k∏
j=1

(µij
− α) =

1
Ck

n

∑
1≤i1<...<ik≤n

k∏
j=1

(λij
− α).

It turns out that in this case we can get more information on the matrices S ∈ Ωu
n,

realizing majorization, using the special form of the identity (4.1) (compare with
(3.7)).

Definition 4.5. A matrix S = (sij) ∈ R
m×n is put in the class Ω(m, n) if sij ≥

0 for i ∈ {1, ..., m}, j ∈ {1, ..., n} and

(4.4)
n∑

j=1

sij = 1, i ∈ {1, . . . , m}, and
m∑

i=1

sij =
m

n
, j ∈ {1, ..., n}.

It is clear that Ω(n, n) = Ωn. The following multiplicative property of the classes
Ω(m, n) is obvious.

Lemma 4.6. Ω(m, k) · Ω(k, n) ⊂ Ω(m, n).

For every S ∈ Ωn and every m < n we denote by S(m, n) the (m×n) submatrix
of S, lying in the first m rows.

Theorem 4.7. Let k ∈ {1, . . . , n − 1}, a :=
(
n−1

k

)
, b :=

(
n
k

)
. Then there exists

a matrix Sk = (sijk) ∈ Ωu
b such that Sk(a, b) ∈ Ω(a, b) and Ck((µj − α)n−1

1 ) =
Sk(a, b)Ck((λj − α)n

1 ) (see (3.8)).
In particular there exists an S1 ∈ Ωu

n such that snj1 = 1/n, j ∈ {1, . . . , n} and
(µj)n

1 = S1(λj)n
1 .
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Proof. Set D := diag(λ1, . . . , λn). Corollary 3.4 and (4.1) together yield that for
any unitary matrix V with the last row consisting of 1/

√
n, the normal matrix

A := V DV ∗ solves the inverse spectral problem for the pair of tuples {λj}n
1 and

{µj}n−1
1 , that is, σ(A) = {λj}n

1 and σ(An−1) = {µj}n−1
1 . Further let U1 be the

same unitary matrix as in the proof of Theorem 3.11. Then U := U1V (∈ Mn(C))
is a unitary matrix with the last row consisting of 1/

√
n. Moreover, it follows from

the proof of Theorem 3.11 that (µj)n
1 = S1(λj)n

1 , where S1 := U ◦ Ū(∈ Ωu
n) is a

unitarily-stochastic matrix with the last row consisting of 1/n.
Therefore, passing to the exterior powers as in the proof of Theorem 3.11, we

get that the unitarily-stochastic matrix

Sk := Ck(U) ◦ Ck(Ū), k ∈ {1, . . . , n}
realizes the unitarily-stochastic majorization of the tuples of numbers Ck((µj)n−1

1 )
and Ck((λj)n

1 ). We shall prove that Sk has the additional property

(4.5)
∑

1≤i1<...<ik−1≤n−1

∣∣∣det U1,...,k
i1,...,ik−1,n

∣∣∣2 =
n − k

n
,

By symmetry, the same identity is certainly valid for any other choice of k columns,
that is, Sk(a, b) ∈ Ω(a, b).

Expanding each minor with respect to the last row we get

(4.6) detU1,...,k
i1,...,ik−1,n =

1√
n

k∑
l=1

(−1)l+1 det U1,...,l̂,...,k
i1,...,ik−1

and thus

(4.7) | detU1,...,k
i1,...,ik−1,n|2 =

1
n

k∑
p,q=1

(−1)p+q det U1,...,p̂,k
i1,...,ik−1

det Ū1,...,q̂,...,k
i1,...,ik−1

.

Consider now the matrix V := U1,...,k
1,...,n−1. Then, since U is unitary, we get

T := V ∗V = {tij}k
i,j=1 with tij =

{
n−1

n , i = j,

− 1
n , i �= j.

Therefore
Ck−1(V )∗ · Ck−1(V ) = Ck−1(T ).

By (4.7), one easily sees that the required sum in (4.5) is a linear combination of the
elements of the matrix Ck−1(V )∗ · Ck−1(V ). Therefore this sum depends only on
the matrix T, is independent of the choice of U (with unj = 1/

√
n, j ∈ {1, . . . , n}),

and is the same for any other choice of k columns.
Identity (4.3) implies that these sums must equal (n − k)/n. The proof is com-

plete. �

Corollary 4.8. Let U(∈ C
n×n) be a unitary matrix with unj = 1/

√
n. Let Ck(U)

be its k-th exterior power, and Sk := Ck(U)◦Ck(Ū). Then for any k ∈ {1, . . . , n−1}
the matrix Sk is unitarily stochastic and satisfies

(n−1
k )∑

i=1

sij =

(
n−1

k

)(
n
k

) =
n − k

n
, j ∈

{
1, . . . ,

(
n

k

)}
,

that is, Sk(a, b) ∈ Ω(a, b).
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4.2. The conjecture of de Bruijn-Springer and its generalization. In 1947
de Bruijn and Springer [8] conjectured that the inequality

(4.8)
1

n − 1

n−1∑
j=1

f(µj) ≤
1
n

n∑
j=1

f(λj)

holds for any convex function f : C → R.
In order to prove this conjecture and its generalization we need the following

simple lemma, which is actually contained in Theorem 2.17.

Lemma 4.9. Let (xj)k
1 , (yj)n

1 be two sequences of vectors from Rm. Suppose that
there exists a matrix S = (sij) ∈ Ω(k, n) such that (xj)k

1 = (Im ⊗S)(yj)n
1 . Then the

inequality

(4.9)
1
k

k∑
j=1

f(xj) ≤
1
n

n∑
j=1

f(yj)

holds for any function f ∈ CV (Rm).

Proof. The proof follows by an application of the Jensen inequality. �

The following theorem contains in particular a positive solution to the conjecture
of de Bruijn and Springer [8].

Theorem 4.10. The following inequality holds for any convex function f : C → R

and any k, 1 ≤ k ≤ n − 1:

1(
n−1

k

) ∑
1≤ii<...<ik≤n−1

f

 k∏
j=1

(µij
− α)


≤ 1(

n
k

) ∑
1≤i1<...<ik≤n

f

 k∏
j=1

(λij
− α)

 .

(4.10)

Proof. The inequality immediately follows by combining Theorem 4.7 with Lemma
4.9. �

Remark 4.11. By Theorem 2.17, Theorem 4.7 and Theorem 4.10 are equivalent.

4.3. The Schoenberg conjecture. We will need two lemmas. The first one is
known [26], but we present it with a proof for the reader’s convenience.

Lemma 4.12. Any matrix A = (aij)n
i,j=1 ∈ Mn(C) with spectrum σ(A) = {λj}n

1

satisfies the inequality

(4.11)
n∑

j=1

|λj |2 ≤ ‖A‖2
2 =

n∑
i,j=1

|aij |2

and the equality holds if and only if A is normal.

Proof. It is clear that the equality holds for a normal matrix. Conversely, let A
satisfy the equality. By the Schur theorem, A is unitarily equivalent to an upper-
triangular matrix with λj ’s on the diagonal. Since ‖A‖2 is unitarily invariant, this
upper-triangular matrix is diagonal, that is, A is normal. �
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Lemma 4.13. Let ε = e2πi/n and U = n−1/2(εk(j−1))n
k,j=1. Let also

∑n
j=1 λj = 0.

Define

r(z) :=
n∑

j=1

λjz
j−1

and
A := U diag(λj)n

j=1U
∗ =

1
n

(r(εk−j))n
k,j=1 =: (aij)n

i,j=1.

Then A is a normal matrix with σ(A) = {λj}n
1 and σ(An−1) = {µj}n−1

1 and
satisfies

n‖An−1‖2
2 = (n − 2)‖A‖2

2.

Proof. The first statement follows from Corollary 3.4, since the last row of U con-
sists of 1√

n
. It remains to prove the last identity.

It is easy to see that ajj = 0 and anj = an−k,j−k for k < j and anj = ak−j,k for
k > j. Therefore the required identity takes the form

n∑
j=1

|λj |2 = n

n−1∑
j=1

|anj |2.

But

n

n−1∑
j=1

|anj |2 =
(n − 1)

n

n∑
j=1

|λj |2 +
1
n

2
∑
i<j

�
(
λiλ̄jcij

)
with

cij =
n−1∑
k=1

ε(i−j)(n−k) = −1

for all 1 ≤ i �= j ≤ n. We have∣∣∣∣∣∣
n∑

j=1

λj

∣∣∣∣∣∣
2

= 0 ⇐⇒ 2
∑
i<j

�(λiλ̄j) = −
n∑

j=1

|λj |2.

This completes the proof. �
The next lemma is due to Fan and Pall [12].

Lemma 4.14. Let A be a normal matrix such that its submatrix An−1 is also
normal and A �= An−1 ⊕ ann. Then all eigenvalues of A lie on the same line.

The following inequality has been conjectured by Schoenberg [38] (see also [9]).

Theorem 4.15. Let
∑n

j=1 λj = 0. Then

n

n−1∑
j=1

|µj |2 ≤ (n − 2)
n∑

j=1

|λj |2

and the equality holds if and only if all numbers λj lie on the same line.

Proof. Combining Lemma 4.12 and Lemma 4.13, we get

(4.12) n
n−1∑
j=1

|µj |2 ≤ n‖An−1‖2
2 = (n − 2)‖A‖2

2 = (n − 2)
n∑

j=1

|λj |2.

By Lemma 4.12, equality holds in (4.12) if and only if An−1 is normal. By
Lemma 4.14, this is possible if and only if all λj ’s lie on the same line. �
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4.4. The Mason-Shapiro polynomials. In [28] Gisli Mason and Boris Shapiro
initiated study of a class of differential operators TQ defined as follows: let Q be a
degree k monic polynomial. Then TQ is defined via

TQ : f → (Qf)(k).

They have shown that for each m there exists a unique polynomial eigenfunction
pm of TQ of degree m. Moreover,

(4.13) TQpm = λm,kpm

and λm,k depends only on k, m, namely

λm,k = (m + 1)(m + 2) · · · (m + k).

One of the results of [28] is the following interesting analog of the Gauss-Lucas
theorem:

Theorem 4.16 ([28]). The zeros of pm are contained in the convex hull of the
zeros of Q for each m.

Mason and Shapiro have also made a number of beautiful conjectures on the
asymptotic distribution of the zeros of pm’s, partly proved in [3].

We strengthen Theorem 4.16 in the following way:

Theorem 4.17. Let {zj}k
j=1 be the zeros of Q and {wi}m

1 the zeros of pm. Then
(i) there exists a matrix S ∈ Ω(m, k) such that

(4.14) {wi}m
1 = S{zj}k

1 ;

(ii) for any convex function f : C → R:

(4.15)
∑m

i=1 f(wi)
m

≤
∑k

j=1 f(zj)
k

.

Proof. Denote by {w(r)
i }m+k−r

i=1 the roots of (QPm)(r), r ∈ {1, ..., k}, and note that
due to (4.13) wi = w

(k)
i , i ∈ {1, ..., m}. By Theorem 4.7, there exists a matrix

Sr ∈ Ω(m + k − r, m + k − r + 1) such that

col(w(r)
1 , ..., w

(r)
m+k−r) = Sr · col(w(r−1)

1 , . . . , w
(r−1)
m+k−r+1), r ∈ {1, ..., k}.

It follows that

(4.16) col(w1, ..., wm) = S̃ · col(w1, . . . , wm, z1, . . . , zk)

where S̃ := Sk · Sk−1 · ... · S1. By Lemma 4.6, S̃ ∈ Ω(m, m + k).
It is possible to construct the matrix S ∈ Ω(m, k) satisfying (4.14) by resolv-

ing identity (4.16) for the wi’s. We present here an indirect proof, appealing to
Theorem 2.17. Namely, (4.16) and Lemma 4.9 together yield

1
m

m∑
j=1

f(wi) ≤
1

k + m

 k∑
j=1

f(zj) +
m∑

i=1

f(wi)


which is equivalent to (4.15).
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Inequality (4.15) allows us to apply Theorem 2.17 with the weights µi = 1
m , i ∈

{1, . . . , m}, and νj = 1
k , j ∈ {1, . . . , k}. Thus, there exists a matrix S = (sij) ∈

Rm×k with nonnegative entries, satisfying relations (2.12), that is, S ∈ Ω(m, k) and
(i) is proved. �

Remark 4.18. In the case of real numbers wj and zj inequality (4.15) was mentioned
without proof by Harold Shapiro [35].

Final remarks and open problems. (1) Let A ∈ Mn(C) be a normal matrix,
e ∈ Cn a vector and P the orthoprojection onto the orthogonal complement of e.
It is not difficult to construct examples of a nondiagonalizable Ae := PA�PC

n. It
would be interesting to investigate the Jordan normal form and unitary invariants
of the operator Ae.

(2) The same questions as in (1), but for projections P of arbitrary dimension
seem to be even more complicated. We do not even know whether conditions (3.11)
in Corollary 3.14 are sufficient. And the Jordan normal form of a submatrix of high
codimension may certainly be very complicated (you can get any matrix with norm
less or equal to one as a principal submatrix of a unitary matrix).

(3) The location of the roots of higher (even second) order derivatives of a poly-
nomial may be very complicated (see [34]). The following natural question arises
in connection with (2):

Question. Let p be a polynomial. Does there exist a normal matrix with charac-
teristic polynomial p, such that its principal submatrix of codimension k has p(k)

as its characteristic polynomial.

I conjecture that the answer is negative, but perhaps it still holds under some
conditions? (For example, it clearly holds for real roots).

(4) The most famous open problems connected with the Gauss-Lucas theorem
are the conjectures of Sendov and Smale (see [4] for very interesting and nontrivial
recent theorems in this direction and [36] for a survey on this topic). Can one in
any way apply the linear algebraic approach to these conjectures?

Finally, we mention a very interesting recent paper [5] by J. Borcea and B.
Shapiro, where the authors also study relations between majorization and the lo-
cation of the roots of a polynomial and of its derivative, and formulate several
interesting conjectures.
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Note added in proof

When the paper was under review, R. Pereira [31] published a solution to the
de Bruijn-Springer and Schoenberg conjectures, based on similar ideas. The author
thanks the referee for informing him about it.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ZEROS OF POLYNOMIALS AND NORMAL MATRICES 4063

References

[1] N. I. Akhiezer, The classical moment problem, Oliver and Boyd, Edinburgh, 1965.
MR32:1518

[2] A. Aziz and N. A. Rather, On an inequality of S. Bernstein and the Gauss-Lucas theo-
rem. Rassias, Themistocles M. (ed.) et al., Analytic and geometric inequalities and appli-
cations. Dordrecht: Kluwer Academic Publishers. Math. Appl., Dordr. 478, 29-35 (1999).
MR2001e:30006

[3] T. Bergkvist and H. Rullgard, On polynomial eigenfunctions for a class of differential op-
erators, Math. Res. Let. v. 9, pp. 153-171, 2002. MR2003d:34192

[4] J. Borcea, Maximal and inextensible polynomials and the geometry of the spectra of normal
operators. preprint, math.CV/0309233.

[5] J. Borcea and B. Shapiro, Hyperbolic polynomials and spectral order, C. R. Math. Acad.
Sci. Paris 337 (2003), no. 11, 693–698.

[6] O. Bratteli and D. W. Robinson, Operator Algebras and Quantum Statistical Mechanics I.
Springer, 1987. MR88d:46105

[7] T. Craven and G. Csordas, The Gauss-Lucas theorem and Jensen polynomials. Trans. Amer.

Math. Soc. 278 (1983), no. 1, 415–429. MR85d:30031
[8] N. G. de Bruijn and T. A. Springer, On the zeros of a polynomial and of its derivative II,

Indagationes Math. 9, 264-270 (1947). MR9:30b
[9] M. G. de Bruin, K. G. Ivanov and A. Sharma, A conjecture of Schoenberg, J. Inequal. Appl.

4, No. 3 (1999), 183-213. MR2000k:30007
[10] D. Dimitrov, A refinement of the Gauss-Lucas theorem, Proc. Amer. Math. Soc. 126, No.7

(1998), 2065-2070. MR98h:30005
[11] W. F. Donoghue, Monotone Matrix functions and analytic continuation. Springer, 1974.

MR58:6279
[12] Ky Fan and G. Pall, Imbedding conditions for Hermitian and normal matrices, Canad. J.

Math. 9 (1957), 298-304. MR19:6e
[13] P. Fischer and J. A. R. Holbrook, Balayage defined by the nonnegative convex functions,

Proc. AMS 79 (1980), 445-448. MR81f:46012
[14] F. Gesztesy and B. Simon, m-functions and inverse spectral analysis for finite and semi-

infinite Jacobi matrices, J. Anal. Math. 73, 267-297 (1997). MR99c:47039
[15] G. H. Hardy, J. E. Littlewood and G. Polya, Inequalites. Cambridge, 1988. MR89d:26016
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