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INEQUALITIES FOR FINITE GROUP
PERMUTATION MODULES

DANIEL GOLDSTEIN, ROBERT M. GURALNICK, AND I. M. ISAACS

ABSTRACT. If fis a nonzero complex-valued function defined on a finite abelian
group A and f is its Fourier transform, then |supp(f)||supp(f)| > |A|, where
supp(f) and supp(f) are the supports of f and f. In this paper we generalize
this known result in several directions. In particular, we prove an analogous
inequality where the abelian group A is replaced by a transitive right G-set,
where G is an arbitrary finite group. We obtain stronger inequalities when the
G-set is primitive, and we determine the primitive groups for which equality
holds. We also explore connections between inequalities of this type and a
result of Chebotarév on complex roots of unity, and we thereby obtain a new
proof of Chebotarév’s theorem.

1. INTRODUCTION

The starting point for this paper is an inequality for complex-valued functions
defined on finite abelian groups. This result is generally attributed to D. L. Donoho
and P. B. Stark, although in their paper [4], they prove the result only for cyclic
groups. (The more general statement, with a proof, can be found as Theorem 14.1
in the book by A. Terras [12].)

Theorem A (Donoho and Stark). Let A be a finite abelian group and suppose that

f is an arbitrary nonzero complex-valued function on A. Writing f to denote the
Fourier transform of f, we have

[supp(f)||supp(f)| > |A].
Here, supp(f) is the support of f, which is the set of elements of A on which the

function f takes nonzero values. Similarly, supp( f) is the set of linear characters
of A on which f takes nonzero values. In other words, a linear character A of A lies
in supp( f) precisely when A occurs with nonzero coefficient, when the function f
is written as a linear combination of the set A of linear characters of A.

We can think about Theorem A in the following much more general context.
Let S be a finite right G-set, where G is an arbitrary group, and suppose that the
action of G on S is transitive. (It will be no loss to assume that the action of G on
S is faithful, and so we can assume that G is finite.) Let F' be an arbitrary field

and write F[S] to denote the F-space of F-linear combinations of members of S.
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(Alternatively, we could view this space as the set of F-valued functions on S, but
we prefer the former point of view, in which S is a subset of F[S].) If we extend the
given action of G on S linearly to all of F'[S], then F'[S] becomes a right G-module
over F: the permutation module. Now if v € F[S], we write supp(v) to denote
the set of points of S that occur with nonzero coefficients in v. (This, of course, is
exactly the support of the function f corresponding to the vector v, where v and f
are related by the equation v =) ¢ f(s)s.)

Returning now to the situation of Theorem A, take F' = C, the complex numbers,
and G = S = A, where the transitive action of G on S is the regular action, defined
by multiplication in A. In the theorem, we are given a function f defined on A, and
we let v € F[S] = C[A4] be the corresponding vector, so that supp(f) = supp(v).
But how can we interpret supp( f ) in terms of the vector v?

View F[S] = C[A] as the complex group algebra of A, and write ey € C[4] to
denote the idempotent corresponding to the linear character A of A. (Recall that
ex = (1/1A]) X pca A(a)a.) Because A is abelian, the idempotents ey form a basis
for C[A], and thus there exist coefficients ay € C such that v = >~ ayex. If A
and p are distinct linear characters of A and we view them (by linear extension) as
being defined on the entire group algebra C[A], then A(ex) = 1 and p(ex) = 0. It
follows that

ax = Aw) = 3" Mg)f(g) = JAIF V),

geEA

where the third equality follows from the definition of f . We see, therefore, that
lsupp(f)]| is equal to the number of coefficients ay that are nonzero.

It is well known that the ideals of C[A] are exactly the subspaces of C[A] spanned
by the various subsets of the set {ex | A € A}. (This, of course, is because the group
A is abelian. The corresponding general statement for an arbitrary finite group G is
that the ideals of the center Z(C[G]) of the group algebra are the subspaces spanned
by the central idempotents e,, where x runs over Irr(G), the set of irreducible
characters of G.)

It follows that |supp(f)| is the dimension of the smallest ideal of C[A] that
contains v. Since in this case the ideals of C[A] are precisely the G-submodules
of F[S], we conclude that |supp( f)| is equal to the dimension of the G-submodule
(v) of F[S] generated by v. We see, therefore, that the following result includes
Theorem A.

Theorem B. Let S be a finite transitive right G-set and let 0 # v € F[S], where
F is an arbitrary field. Then

[supp(v)| dim((v)) = |S],
where (v) is the G-submodule of F[S] generated by v.

Observe that this result generalizes Theorem A in three distinct ways. The group
G need not be abelian and the field F' need not be the complex numbers. Also, the
function f need not be defined on the group G itself; it can be defined instead on
an arbitrary transitive right G-set S.

Our proof of Theorem B is quite easy, and in fact, it is shorter than the proof of
Theorem A given in [12].
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Proof of Theorem B. The submodule (v) C F[S] is the linear span of the G-
translates vg of v as g runs over G, and so we can choose a basis B for (v) con-
sisting of such translates. Since v is nonzero and G acts transitively on .S, we see
that every point of S is in supp(vg) for some element g € G. But vg is a linear
combination of members of the basis B, and thus S = J,.zsupp(b). It follows
that ),z [supp(b)| > |S|. If b € B, however, then b is a translate of v, and we
see that [supp(b)| = |supp(v)|. We conclude that |B||supp(v)| > |S]|, and since
|B| = dim({v)), the proof is complete. O

In order to facilitate discussion of Theorem B and related results, we establish
the following notation. Given v € F[S], write t = t(v) = |supp(v)| and d = d(v) =
dimp({v)), and set n = |S|. The assertion of Theorem B, therefore, is that if ¢ > 0,
then td > n.

It is not hard to describe exactly when equality holds in Theorem B, and we
discuss this next. It is clear from our proof that if equality holds, then the supports
of distinct members of the basis B must be disjoint. Since B can be chosen to
contain any two linearly independent translates of v, it follows that if A = supp(v)
and g € G, then either AgN A = {), or else vg = av for some nonzero scalar a € F,
and in particular, Ag = A.

Recall that a nonempty subset A of the G-set S is called a block if for each
element g € G, either Ag = A or AgNA = (. Of course, A = S is a block, and so
is A = {s} for each point s € S. These are the trivial blocks, and we recall that
the transitive G-set S is said to be primitive if every block is trivial. Observe that
if A is a block, then so is every G-translate, and thus the distinct translates of A
partition S. The number of such translates, therefore, is |S|/|A|.

If equality holds in Theorem B, we know that A = supp(v) must be a block.
Conversely, given any block A C S, consider the vector v = >  _,x. Then
supp(v) = A, and in fact, the supports of the distinct G-translates of v are ex-
actly the |S|/|A] = n/t distinct translates of A. The translates of v are thus
linearly independent, and we have d = d(v) = n/t, so equality holds in Theorem B.

It is possible to have td = n even if v is not a scalar multiple of the sum of the
points in its support. We digress briefly to discuss the most general possible case
where this equality holds. Assuming equality, write A = supp(v) and let H = Ga
be the (setwise) stabilizer of the block A. If h € H, then the translate vh also has
support A, and thus, as we have seen, vh must be a scalar multiple of v. If we
write vh = A(h)v, where A\(h) € F, it is easy to see that A is a homomorphism from
H into F*. Also, if x € A and K = G, is the stabilizer of x, then K C H since A
is a block. If k € K, we must have A(k) = 1 because the (nonzero) coefficients of x
in v and in vk = A(k)v are equal.

In the situation of the previous paragraph, the vector v is uniquely determined
(up to a scalar multiple) by the block A and the homomorphism A from H = Ga
into F’*. To see this, fix ¢ € A and note that xtH = A. If the coefficient of z in v
is a, then the coefficient of xh in v equals the coefficient of z in vh=t = A\(h™1)v.
Since this coefficient is a\(h~1), it follows that v is determined by A, A and the
scalar a, as claimed.

Conversely, let A be any block of the right G-set S. Write H = Ga and let
A: H — F* be a homomorphism such that G, C ker A for x € A. We construct
a corresponding vector v € F[S] as follows. Fix € A and recall that +H = A.
Write v = 3 a ayy, where agzp = A(h™1), and note that this is well defined
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because G, € ker A. It is easy to check that the supports of the translates of v are
exactly the |S|/|A] translates of A, and that any two translates of v with equal
supports are scalar multiples of one another. It follows that d = d(v) = |S|/|A],
and thus td = n, as wanted.

If S is a primitive G-set, then all blocks are trivial, and so if 1 < ¢ < n, then
equality cannot hold in Theorem B and we have td > n. In fact, an even stronger
inequality holds in the primitive case.

Theorem C. Let S be a finite primitive right G-set and suppose that v € F[5],
where F' is an arbitrary field. If 1 <t < n, we have (t + 1)d > 2n, where as usual,
t = |supp(v)|, d = dimp({v)) and n = |S|.

We shall see that equality can hold in Theorem C, but only under highly restric-
tive conditions.

Theorem D. Suppose that (t + 1)d = 2n in Theorem C, where 1 < t < n — 1.
Then t = d and the action of G on the set Q of G-translates of supp(v) is doubly
transitive. Furthermore, every point of S lies in exactly two members of (), and
every two distinct members of Q intersect in a single point. Finally, the field F
must have characteristic 2 and v is a scalar multiple of the sum of the points in its
support.

Note that in the situation of Theorem D, the group G is a doubly transitive
permutation group in which the action on the collection of two-point subsets is
primitive. Conversely, we shall see that given any such doubly transitive group and
any field of characteristic 2, there is a corresponding example where equality holds
in Theorem C. In Section 4, we describe exactly which doubly transitive groups act
primitively on the two-point subsets.

If n = |S] is a prime number, then the G-set S is automatically primitive. In this
case, and provided that the field F' has characteristic 0, we prove an even better
inequality than that of Theorem C.

Theorem E. Let 0 # v € F[S], where S is a transitive right G-set of prime
cardinality n and F has characteristic 0. Then t +d > n, where t = |supp(v)| and
d = dimp((v)).

We show in Section 6 that Theorem E is essentially equivalent to a certain
theorem of N. G. Chebotarév concerning complex roots of unity of prime order.
We give an independent proof of Theorem E, and this, in turn, yields a new proof
of Chebotarév’s result.

While this paper was in its final stages of preparation, the authors learned that
what is essentially our Theorem E was independently (and approximately simulta-
neously) discovered by T. Tao. His preprint [11] presents a proof of Chebotarév’s
result and deduces Theorem E from it. Also, Tao credits A. Biré with independent
discovery of the same inequality.

The inequality ¢t + d > n of Theorem E is the best we can ever hope to prove
under any set of hypotheses. This fact is a consequence of the following easy lemma.

Lemma F. Let S be a finite transitive right G-set and suppose that M C F[S] is
an arbitrary nonzero G-submodule, where F is an arbitrary field. Then there exists
a nonzero vector v € M such thatt+d < n+ 1, where t, d and n have their usual
meanings.
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Proof. Since n+ 1 — dim(M) < n = |S|, we can choose a subset X C S such that
|X| =n+1—dim(M). Let W C F[S] be the space of all vectors with support
contained in X, and note that dim(W) = |X|. We have dim(W) + dim(M) =
n+ 1> dim(F[S]), and it follows that W N M > 0. Let v be a nonzero vector in
this intersection. Then supp(v) C X, and so t = [supp(v)| < | X| = n+1—dim(M).
Also, (v) € M, and thus d = dim((v)) < dim(M) and we have

t+d<(n+1-dim(M))+dim(M)=n+1,
as wanted. O

We close this introduction by mentioning that there already is in the literature
a generalization to nonabelian groups of the theorem of Donoho and Stark. (See
Section 8 of [4].) This result, which we paraphrase somewhat, is due to P. Diaconis
and M. Shahshahani. It is much weaker than our Theorem B, and it follows as a
corollary of our result.

Corollary G. Let f be a nonzero complez-valued function on an arbitrary finite
group G. For each character x € Irr(G), choose a complex representation R that
affords x, and construct the matriz My = > o f(9)R(g). Let X be the set of
characters x € Irr(G) such that M, is not the zero matriz. Then

supp(F) 37 x(1)2 = (G-

XEX

Of course, the representation R is determined by the character y only up to
similarity, but this ambiguity does not affect whether or not M, = 0. Note that
if G is abelian, then the set X’ consists exactly of the complex conjugates of the
linear characters in the support of the Fourier transform f . We see, therefore, that
Corollary G reduces to Theorem A in the abelian case.

Proof of Corollary G. Let v € C|[G] be the vector corresponding to the function f.
Recall that C[G] is the direct sum of its minimal ideals, and these ideals correspond
to the irreducible characters of G. If we extend the representation R affording x
to the whole group algebra by linearity, then R is exactly the projection map of
C[G] onto the direct summand corresponding to x. Also, M, = R(v), and so it
follows that v lies in the sum of the minimal ideals for which M, # 0. This sum
has dimension 3 x(1)?, and it clearly contains the right ideal of C[G] generated
by v. Since supp(f) = supp(v), we now see that the result follows by Theorem B
applied to the action of G on itself by right multiplication. (Il

2. PRIMITIVE ACTIONS

In this section we prove Theorem C, which asserts the inequality (¢ + 1)d > 2n
in the case where S is a primitive G-set and 1 < ¢ < n. Also in this section we
study the case where (¢t + 1)d = 2n and we prove Theorem D.

The key to proving the inequality of Theorem C is Rudio’s lemma [9], which also
appears as 8.2 in Chapter I of [13]. Actually, we need only the following weak form
of Rudio’s lemma, which is valid even if S is infinite. (Of course, for the purpose
of this paper, we only need the finite case.)

(2.1) Lemma. Let S be a primitive right G-set and let X be an arbitrary nonempty
proper subset of S. If u,v € S are distinct, then there exists some G-translate of
X that contains exactly one of u and v.
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The full statement of Rudio’s lemma asserts that if G is finite, we can prescribe
which one of u or v lies in a translate of X. As we shall see in Section 7, however,
that conclusion does not necessarily hold for infinite groups.

Proof of Lemma 2.1. For z,y € S, write z ~ y if x and y lie in exactly the same
collection of translates of X. This clearly defines an equivalence relation on S, and
our goal, of course, is to show that u % v.

Since X is nonempty and proper in S, there exist inequivalent members of S,
and so the equivalence class A of u is proper in S. The action of G permutes the
equivalence classes, and it is clear that A is a block. By primitivity, therefore,
A = {u}, and thus u £ v, as wanted. O

The conclusion of Lemma 2.1 is only slightly weaker than the full conclusion of
Rudio’s lemma, and we digress briefly to explain this. Suppose we know that some
translate of X contains exactly one of u or v and we wish to be able to specify
that (say) w is in a translate of X and v is not. We show that this is possible if we
assume one additional piece of information: that ug = v for some element g € G of
finite order. Of course, this condition holds for finite groups G, and thus together
with Lemma 2.1, the following argument provides an alternative proof of Rudio’s
lemma.

Suppose that some translate Y of X contains v but not v and assume that
v = ug, where g = 1 for some positive integer n. We show that an appropriate
translate of Y contains u but not v. We have ug =v € Y but ug" =u ¢ Y, and
it follows that there exists an integer m such that ug™ € Y but ug™*! ¢ Y. Then
u €Yg ™ but v € Yg~™ because vg™ = ug™t €Y.

We now return to our main theme and establish the inequality (¢t + 1)d > 2n
when 1 <t < n and S is a primitive finite G-set.

Proof of Theorem C. We use a refinement of the argument in the proof of The-
orem B. Choose a basis B for (v) that consists of translates of v and note that
Upessupp(b) = S. For each point s € S, write m(s) to denote the number of
members b € B such that s € supp(b), and observe that m(s) > 1 for all s € S.
Since |B| = d and |supp(b)| =t for all b € B, we see that td =) s m(s). (This is
because each side of this equation counts the number of ordered pairs (b,s) € Bx S
such that s € supp(b).)

We claim that for each member b € B, there is at most one point s € supp(b)
such that m(s) = 1. Assuming this for the moment, we see that there are at most
|B| points s € S such that m(s) = 1 and that for all other points s € S, we have
m(s) > 2. Then

(%) td=> m(s) >2|S| - |B| = 2n —d,
seS
and the desired inequality follows.

Suppose then, that there exists b € B and distinct points x,y € supp(b) such
that m(z) =1 = m(y). Then b is the only member of B for which either z or y is
in the support. It follows that for each linear combination ¢ of vectors in B, either
the support of ¢ contains both x and y or neither of them, depending on whether
or not b appears with a nonzero coefficient in the expansion of ¢ in terms of B.

Now if w is any G-translate of v, we have w € (v), and thus w is a linear
combination of vectors in B. It is not the case, therefore, that supp(w) contains
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exactly one of x and y. Writing X = supp(v), it follows that no translate of X
contains exactly one of z and y. But 1 <t < n, and thus X is nonempty and
proper in S, and since S is primitive, this contradicts Lemma 2.1. The proof is now
complete. O

In fact, this argument gives some additional information, which we will exploit
in the following section.

(2.2) Lemma. Suppose that equality holds in Theorem C and let B be any linearly
independent set of translates of v. Then each point of S is in the support of at most
two members of B. Also, the support of each member of B contains a point that is
not in the support of any other member of this set.

Proof. Since B is part of some basis for (v) consisting of translates of v, it is no
loss to assume that B is such a basis. Since we are assuming that (¢ + 1)d = 2n,
it follows that equality holds in (x), in the proof of Theorem C. But we know that
m(s) > 1 for all s € S and that m(s) = 1 for at most one point in the support of
each of the d members of B. We see, therefore, that equality forces m(s) = 1 for
exactly one point in the support of each member of B and m(s) = 2 for all other
points. This completes the proof. O

3. EQUALITY IN THEOREM C

When is it true that the equality (£ + 1)d = 2n holds for some vector v € F[S5],
where S is a primitive G-set? If ¢t = 1, then by Theorem B, we have d = n, and
equality automatically holds. At the opposite extreme, when t = n, it is clear that
equality is impossible except in the degenerate case where n = 1. We will discuss
the case where t = n — 1 later, and so we assume for this section that 1 <t <n—1,
and we work toward a proof of Theorem D, which gives highly restrictive necessary
conditions for equality to hold. As we shall see, these conditions turn out to be
sufficient too.

(3.1) Lemma. Suppose that equality holds in Theorem C and let X and Y be
distinct translates of supp(v). Then the stabilizer in G of each point of X NY
stabilizes the set X UY .

Proof. Let a and b be translates of v that are supported on X and Y, respectively,
and note that a and b are linearly independent since they have distinct supports.
Suppose that £ € X NY and that g = x, where g € G. Then z is in the support
of a, b and ag, and hence by Lemma 2.2, these three vectors cannot be linearly
independent. We conclude that ag is a linear combination of @ and b, and so
supp(ag) C supp(a) Usupp(b). Thus Xg C X UY, and similarly, Yg C X UY. It
follows that (X UY)g = X UY, as required. O

We also need the following elementary combinatorial fact and an easy conse-
quence.

(3.2) Lemma. Let Q be a collection of subsets of some set S and assume that
each point of S lies in exactly two members of Q. Say that a subcollection A C Q)
is even if every point of S lies in an even number of members of A. The following
then hold:

(a) The intersection of any two even subcollections of € is even.
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(b) If A C Q is even, then each member of A is disjoint from each member
Q—A.

Proof. Suppose that A, A C ) are even. Let s € S and suppose that the number
of members of AN A that contain s is nonzero. If X and Y are the two members of
Q) that contain s, then at least one of X or Y is in both A and A. Thus since these
collections are even, both X and Y lie in both A and A. Then s lies in exactly two
members of AN A, establishing (a).

Now suppose that s € S lies in some member X € A, where A is even. Then
both members of 2 that contain s lie in A, and so no member of 2 — A can contain
s. This proves (b). O

(3.3) Lemma. Let S be a finite primitive G-set and let T be a set of vectors in
F[S], where F is an arbitrary field. Suppose that the members of T have distinct
supports and that Q = {supp(v) | v € T} is transitively permuted by G. If every
point of S lies in exactly two members of ), then every proper subset of T is linearly
independent, and so the dimension of the linear span of T is either |T| or |T|—1.

Proof. We can suppose that 7 is not linearly independent, and we choose a minimal
dependent subset 7o C 7. We can thus write > a,v = 0, where the sum runs over
v € 7y and all of the coefficients a, € F' are nonzero. It follows that no point of S
can lie in the support of exactly one vector v € 7.

Let Qo = {supp(v) | v € Tp}. We have seen that each point of S lies in either zero
or two members of g, and so by the language of Lemma 3.2, the collection g is
even. Since )y is nonempty, we can choose a minimal nonempty even subcollection
A C Q.

Let U = [JA, the union of all members of A. Suppose that g € G is an element
such that Ug # U, and observe that Ag # A. Now Ag is even, and thus AN Ag is
even by Lemma 3.2(a). But AN Ag is proper in A, and it follows by the minimality
of A that AN Ag = 0. Thus no member of Ag is in A, and so by Lemma 3.2(b),
we see that each member of Ag is disjoint from U. It follows that U NUg = @), and
hence U is a block.

Since each point of S is in more than one member of €2, the members of () cannot
be singleton sets, and hence the block U is not a singleton. But G is primitive on
S, and so we must have U = S, and thus no member of 2 is disjoint from U. By
Lemma 3.2(b) it follows that A = Q, and thus Q¢ = Q. Then 7o = 7, and hence
every proper subset of 7 is linearly independent. The span of 7, therefore, has
dimension |7 | — 1, as wanted. O

Recall that Theorem D asserts (among other things) that the group G has a
doubly transitive action in which the stabilizer of a two-point subset is a maximal
subgroup. (In other words, its action on the two-point subsets is primitive.) In order
to obtain the conclusion in Theorem D that the field F' must have characteristic
2, we need to study such doubly transitive groups, and that is the purpose of the
following lemma. This lemma will also be crucial in finding the examples where
equality holds in Theorem C.

(3.4) Lemma. Let G be a doubly transitive permutation group on a set ) and
assume that the stabilizer of a two-point subset of Q is a maximal subgroup of G. If
N is a minimal normal subgroup of G, then either N is a nonabelian simple group
or [IN|=3=1Q].
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The key to the proof of Lemma 3.4 is to show that N must be primitive on ),
and then it follows by a standard argument that N is either abelian or simple. In
the abelian case, the conclusion that |[N| = 3 follows easily from the primitivity of
G on the two-point subsets of Q. It is true (but not quite trivial) that in general,
a nonabelian minimal normal subgroup of a 2-transitive group must be primitive,
and hence simple. (See page 202 of [1].) The primitivity of the action of N on
Q is much easier to prove, however, in our case, where G acts primitively on the
two-point subsets. We have decided, therefore, to give the direct and elementary
proof.

Proof of Lemma 3.4. Write |Q2] = r and observe that r > 3 since the stabilizer of a
two-point subset is proper. Also, because G is 2-transitive on (2, we see that N is
transitive, and thus N cannot fix a two-point subset of (2. Since the action of G on
these subsets is primitive and N acts nontrivially, it follows that N is transitive on
the collection of two-point subsets, and this implies that N is primitive on Q. (To
see this, observe that if there were a nontrivial N-block A C , we could choose
a,f € Aand ye Q— A, and then no element of N could take {«, 5} to {a,~}.)

Since N is minimal normal in G, we see that if it is not simple, we can write
N = A x B, where each of A and B is nontrivial. Since N is primitive on £, it
follows that each of A and B is transitive, and since A and B centralize each other,
we conclude that they are both regular. Thus |A| = r = |B| and |[N| = r2.

Now let K = G, be a point stabilizer in G and note that |K N N| is coprime to
r — 1 since |[N| = r2. Also, K acts transitively on the r — 1 points of Q — {a}, and
K NN« K. It follows from this that K N N acts trivially on 2. Then K NN =1,
and so N is regular and |N| = r, which is a contradiction. We conclude that N is
simple.

Finally, if NV is abelian, then it is regular and |N| = r. But N acts transitively
on the r(r — 1)/2 two-point subsets of €, and thus r > r(r —1)/2 and r < 3. We
know that r > 3, however, and thus r = 3, as required. O

(3.5) Corollary. Let G be a doubly transitive permutation group on a set 0 having
at least four points, and assume that the stabilizer of a two-point subset of  is a
mazimal subgroup of G. If 1 < N < G, then N acts doubly transitively on €.

Proof. As in the previous proof, N acts nontrivially on the collection of two-point
subsets of 2. Since G is primitive on this collection and N is a normal subgroup
that acts nontrivially, it follows that IV acts transitively on the collection of two-
point subsets. To show that N acts doubly transitively on €2, therefore, it suffices to
show that some element of IV interchanges some pair of points of ). By Lemma 3.4,
however, N is not solvable, and thus by the Feit-Thompson theorem, N contains
an element of order 2. Such an element, of course, interchanges a pair of points. [

The following result is a somewhat more precise version of Theorem D of the
Introduction.

(3.6) Theorem. Suppose that equality holds in Theorem C and that 1 <t < n—1.
Let Q be the set of G-translates of supp(v). The following then hold:
(a) Each point of S lies in exactly two members of Q, and every two distinct
members of Q) have exactly one point of S in common.
(b) The action of G on Q is 2-transitive, and the induced action on two-element
subsets of ) is primitive.
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yd=1Q|-1=t.

) Each member of Q) is transitively permuted by its (setwise) stabilizer in G.
) v is a scalar multiple of the sum of the points in its support.

) F has characteristic 2.

Proof. We have (t+1)d = 2n and 2 < t+1 < n, and thus 2 < d < n. In particular,
since d is a divisor of 2n, we see that n cannot be prime. Also, since G is primitive
on S and |S| is not prime, it is easy to see that G is generated by the stabilizers of
any two distinct points of S.

Let X,Y € Q be distinct and write u = |X NY|. We argue first that v < 1.
Otherwise, let z,y € X NY be distinct. By Lemma 3.1, the point stabilizers G, and
G, both stabilize the set X UY’, and since these subgroups generate G, it follows
that G stabilizes X UY. Then X UY = S, and we have n = 2t — u.

Now let Z,W € Q be arbitrary. Then ZUW C § = X UY, and since all
members of Q) have equal cardinality, it follows that |[Z N W| > | X NY| > 2.
The previous argument now shows that if Z #% W, then S = Z U W, and thus
|ZNW|=|XNY|=u.

Since the set X NY is not G-invariant, it cannot be the case that Q = {X,Y},
and thus we can choose Z € €, different from X and Y. Then XUZ = S5 = X UY,
andso S—X CYNZ. Thenn—t=|5S—X| <|YNZ = u, and we have
2t —u =n < t—+ u, and thus t < 2u. We have

td < (t+1)d=2n=4t — 2u < 3t,

and we conclude that d < 3. Since d > 2, this is a contradiction, and thus every
two distinct members of 2 have at most one point in common.

Now let X,Y,Z € Q be distinct and suppose that X N'Y N Z is nonempty.
Let x € X NY N Z and observe that by the result of the previous argument, the
intersection of any two of X, Y and Z is exactly the set {z}. Let a, b and ¢ be
translates of v with supports X, Y and Z, respectively, and note that by Lemma
2.2, these three vectors cannot be linearly independent. Thus ¢ (say) is a linear
combination of a and b, and hence Z C X UY. Then Z — X C Y, and we have
Z—-XCYNZ={z}. But x € X, and it follows that Z — X is empty. This is a
contradiction since | X| = |Z] and X # Z. We conclude that each point of S lies in
at most two members of (2.

The action of G on S is primitive, and since 1 < t < n, it follows that supp(v)
is not a block. The members of €2, therefore, are not pairwise disjoint, and so some
point of S lies in two of them. Because G is transitive on S, it follows that every
point in S lies in exactly two members of €2, and this defines a map from S into the
collection of two-element subsets of {2. This map is injective since distinct members
of © can have at most one point in common. To complete the proof of (a), we must
show that our map is surjective, and so it suffices to show that r(r — 1)/2 = n,
where r = |Q]. Since 2n = (t + 1)d, we see that (a) will follow once we prove (c).

Since || = r, we see that 2n = tr because both sides of this equation count
pairs (z,X) € S x  such that z € X. Then tr = (t + 1)d, and so d < r. If two
translates of v have the same support, then by Lemma 2.2, they must be scalar
multiples of one another. It follows that (v) is spanned by a collection of translates
of v, one supported on each of the » members of €. Since d < r, we see by Lemma
3.3 that d = r — 1, as wanted. Then (t + 1)d = 2n = tr = t(d + 1), and it follows
that ¢ = d. This establishes (c) and (a).
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We have a natural bijection between S and the collection of two-member subsets
of ), and so we know that G is transitive, and in fact primitive, on this collection.
To show that G is 2-transitive on 2 and thus complete the proof of (b), it suffices
to show that if z € S, then some element of GG, interchanges the two members
X,Y € Q that contain z. Certainly, G, permutes {X, Y}, and it suffices, therefore,
to show that G, does not stabilize X. But if G, C Gx, then since GG, is maximal
in G, we have G, = Gx and tr/2=n=|G : G,| = |G : Gx| =r. Then ¢t = 2, and
since we know that t = d # 2, we have a contradiction. This proves (b).

Let X € Q. To prove (d), we must show that Gx is transitive on X. But the
points of X are exactly the intersections of X with the various members of Q—{X},
and since G is 2-transitive on (2, these sets are transitively permuted by Gx, and
thus the points of X are also transitively permuted by G x, as wanted.

For (e), let X = supp(v) € 2 and write K = Gx. We know by Lemma 2.2 that
vk must be a scalar multiple of v for each element k& € K, and we define the map
A: K — F by vk = A(k)v. Observe that A is a homomorphism from K into F'*.

Let A be a set of representatives for the right cosets of K in G and note that
the r = d + 1 vectors va for a € A have distinct supports. Also, every translate
of v is a scalar multiple of one of the vectors va with a € A, and hence these
vectors span (v), which has dimension d. It follows that there is a unique (up
to scalar multiplication) linear dependence relation among the vectors va, and we
write Zae 4 Cava = 0, where the coefficients c, lie in F. Also, we know from Lemma
3.3 that every proper subset of {va | a € A} is linearly independent, and thus ¢, # 0
for all a € A.

Let g € G be arbitrary and let a € A. Write a-g to denote the unique element of
A that lies in the coset Kag. Now apply g to the equation ) c,va = 0 and express
each vector vag as an appropriate scalar multiple of v(a-g). (In fact, it is easy to see
that this scalar is A(ag(a-g)~!), although we shall not need this explicit formula.)
Since the map a — a-g is a permutation of A, what results is a new dependence
relation of the form >  b,va = 0. It follows that there must exist a scalar u(g),
depending only on g, such that b, = u(g)c, for all a € A. Furthermore, it is not
hard to see that p: G — F* is a group homomorphism. (What is really going on
here is that F'v is a 1-dimensional K-module, and the vector }_ . 4 ¢.(v ® a) spans
a 1-dimensional G-submodule of the induced module (Fv)¢.)

We can suppose that 1 € A. If we take g € K, then 1-g = 1, and since vg = A(g)v,
we see that by = A(g)c1, and thus pu(g) = A(g) and p is an extension of A to G. (This
conclusion could also be proved using an appropriate generalization of Frobenius
reciprocity.)

Write N = ker < G and observe that N > 1 since it is clear that G is noncyclic,
and thus N is doubly transitive on §2 by Corollary 3.5. Also, N N K = ker A, and
this is exactly the stabilizer of v in K, and hence it is the stabilizer of v in G.

Let € X and write H = G. If g € HN K, then vg = A(g)v and the (nonzero)
coefficients of = in v and vg are equal. It follows that A(g) = 1, and thus u(g) =1
and g € N. This shows that HN K C N.

Now H N K stabilizes both X and the unique other member of () that contains
z. In fact, H N K is a full two-point stabilizer in the 2-transitive action of G on (2,
andso |G: HNK|=r(r—1). f N <G, then |[N: HNK| < r(r—1), and thus N
is not 2-transitive on €2, a contradiction. We conclude, therefore, that N = G, and
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thus K = N N K stabilizes v. By (d), however, K is transitive on X = supp(v),
and (e) follows.

We can replace v by a scalar multiple and assume that v is exactly the sum
of the points in its support. For each member X € Q, write vx = > .z, and
note that these r = || vectors are exactly the G-translates of v. But d < r, and
so the vectors vx are dependent, and we can write )y o cxvx = 0 for suitable
coefficients cx € F, not all 0.

Choose distinct members X, Y, Z € Q with cx # 0. There is a point of S that
lies in X and Y and in no other member of €2, and it follows that c¢x 4+ cy = 0.
Similarly, cx + ¢z = 0 and ¢y + ¢z = 0, and it follows that 2cx = 0. We deduce
that F' has characteristic 2, as required for (f). The proof is now complete. O

To summarize, we see that if equality holds in Theorem C and 1 < t < n — 1,
then G is a 2-transitive group on some set €2 such that the induced action on the
two-point subsets of 2 is primitive. Also, t = d, and thus 2n = (¢ + 1). It follows
that we cannot have t = 2 since otherwise n = 3 and the inequality ¢t < n — 1 would
not hold. Thus ¢ > 3, and so |Q] =t +1 > 4.

It is possible (by appealing to the classification of finite simple groups) to list
all possible doubly transitive groups G on four or more points such that the action
of G on the two-point subsets is primitive. We shall see in the next section that
given any such group and any field of characteristic 2, it is possible to construct a
corresponding example where equality holds in Theorem C.

4. THE EXAMPLES WHERE 1 <t <n —1

We know that if equality holds in Theorem C and 1 < t < n — 1, then G has
a doubly transitive permutation representation on some set ) of cardinality ¢ + 1,
where the induced action on two-point subsets of {2 is primitive.

Conversely, suppose that G is doubly transitive on some set 2 with |[2| > 3. Let
S be the set of two-point subsets of {2 and suppose that the action of G on S is
primitive. Let K be the stabilizer in G of a point a € € and let H be the stabilizer
in G of the two-point set {a, 5} C S.

Since G is doubly transitive on €2, some element ¢ € G interchanges o and 3, and
we see that ¢t € H, and so H is transitive on {«, 5}. It follows that |H : HNK| = 2.
Also, K is transitive on Q — {a}, which contains at least 2 points, and so K does
not fix 3, and it follows that K ¢ H. Finally, we observe that since || > 2, we
have |S| > 1, and so K, which stabilizes a point of .S, is certainly not transitive on
S.

We consider a somewhat more general situation.

(4.1) Lemma. Let S be a finite primitive right G-set and let H = G, for some
point x € S. Suppose that K C G is any subgroup that satisfies the following three

conditions:
(1) |[H: HNK|=2.
(2) K< H.

(3) K is not transitive on S.

Let F be any field, and let v € F[S] be the sum of the points in the K-orbit of
x. As usual, write t = t(v), d = d(v) and n =|S|. The following then hold:

(a) t=|K : HN K]
(b) G : K| = 2n.
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(¢) Eitherd=|G: K| ord=|G: K| - 1.

(d) If F has characteristic 2, then d = |G : K| — 1.
Proof. Statement (a) is clear since |K : HN K] is the size of the K-orbit of . Thus
t|G: K| =|G: HN K| = 2|G : H| = 2n, where the second equality follows by
assumption (1), which establishes (b). We work next to determine d.

We claim that K is the full stabilizer in G of the K-orbit X containing z.
Otherwise, there exists a subgroup J C G such that J stabilizes X and K < J. In
fact, J < G since X is proper in S by assumption (3). Since K is transitive on X
we have J = KJ, = K(HNJ), and thus HNJ € K. Then HNK < HNJ C H.
But |H : HN K| = 2, and so it follows that HNJ = H and H C J. In fact, H < J
since K C J but K ¢ H by assumption (2). We now have H < J < G, and this is
a contradiction since by the primitivity of .S, the point stabilizer H is maximal in
G.

Let © be the set of G-translates of X. Then |Q2] = |G : K| since we now know
that Gx = K. Since G is transitive on S and on 2, we see that the number of
members of ) that contain each point y € S is some constant m, independent of
the choice of y. If we count ordered pairs (y,Y), where Y € Q and y € Y, we see
that mn = t|Q| = t|G : K|, and thus m = 2 by (b). Each point of S, therefore, lies
in exactly two members of €2.

The translates of v are exactly the |G : K| vectors vy =}_ .y y for Y € Q, and
d is the dimension of the linear span of these vectors. By Lemma 3.3, therefore,
either d = |G : K| or d = |G : K| — 1, proving (c).

If F has characteristic 2, it follows from the fact that each point of S lies in
exactly two members of Q that > vy = 0, and thus the vectors vy are dependent
and we have d < |G : K|. Then d = |G : K| — 1, as wanted. O

In the situation of Lemma 4.1, write r = |G : K|. Then d =7 or d =r — 1 and
tr = 2n. Thus either td = 2n or t(d + 1) = 2n, and if F' has characteristic 2, then
only the second alternative can occur.

In the case where G is doubly transitive on €2 and H is the stabilizer of a two-
point subset, we have r = ||, and thus n = (r — 1)r/2. If F has characteristic
2, thend=r—1land t(d+ 1) =2n = (r—1)r =d(d+ 1), and so t = d. Then
(t + 1)d = 2n, and we have equality in Theorem C. Note also that if |Q| > 4, then
t=r—12> 3, and we certainly have 1 <t <n — 1.

We now address the question of finding all doubly transitive permutation groups
G acting on a set ) consisting of at least four points and such that the induced
action of G on the two-point subsets of €2 is primitive.

First, recall Lemma 3.4, which asserts that a minimal normal subgroup N of
G must be a nonabelian simple group. By Corollary 3.5, furthermore, the simple
group N must itself be doubly tra