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STRONG CHIP, NORMALITY, AND LINEAR REGULARITY
OF CONVEX SETS
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ABSTRACT. We extend the property (N) introduced by Jameson for closed
convex cones to the normal property for a finite collection of convex sets in
a Hilbert space. Variations of the normal property, such as the weak normal
property and the uniform normal property, are also introduced. A dual form
of the normal property is derived. When applied to closed convex cones, the
dual normal property is the property (G) introduced by Jameson. Normality
of convex sets provides a new perspective on the relationship between the
strong conical hull intersection property (strong CHIP) and various regularity
properties. In particular, we prove that the weak normal property is a dual
characterization of the strong CHIP, and the uniform normal property is a
characterization of the linear regularity. Moreover, the linear regularity is
equivalent to the fact that the normality constant for feasible direction cones
of the convex sets at = is bounded away from 0 uniformly over all points in
the intersection of these convex sets.

1. INTRODUCTION

Briefly, this paper studies three forms of properties that can be imposed on a finite
collection of closed convex sets in a Hilbert space: the strong CHIP, normality, and
linear regularity.

The concept of CHIP was first introduced by Chui, Deutsch, and Ward [12] as
a sufficient condition for an unconstrained reformulation of a constrained best ap-
proximation problem. Afterward, Deutsch, Li, and Ward [I8] found that a stronger
version of CHIP was actually needed for the reformulation of the constrained best
approximation. In special cases, the reformulation leads to an unconstrained refor-
mulation of a constrained optimization problem, which allows one to use various
unconstrained optimization algorithms to solve constrained minimization problems
[18]. Later, Deutsch [T5] showed that the strong CHIP is a geometric version of the
basic constraint qualification for constrained optimization problems.

The concept of linear regularity was first introduced by Bauschke and Borwein as
a key condition in establishing a linear convergence rate of iterates generated by the
cyclic projection algorithm for finding the projection from a point to an intersection
of finitely many closed convex sets Cy,...,Cy, [5, 4, [6l 8, [7]. Later, Bauschke,
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Borwein, and Li [9] proved that the bounded linear regularity of {C1,...,Cp}
implies the strong CHIP of {C4, ..., C,,}. But the converse is not true (see [3} [10]).
Linear regularity is also related to error estimates for approximate solutions of a
feasibility problem (such as Hoffman’s error bounds) [10} [30} [25].

The normal property for two convex cones was introduced by Jameson [26] to
study the closedness of the sum of their dual cones. The dual form of the normal
property (called property (G) by Jameson) is actually closely related to linear
regularity for two closed convex cones (see [26] Theorem 2.1] or [9] Theorem 6.5]).

Since the strong CHIP and linear regularity are properties for a finite collection
of closed convex sets, a natural question is whether it is meaningful to extend
the definition of Jameson’s normal property for a collection of convex sets. The
main purpose of this paper is to show that such an extension does provide new
perspectives on the relationship between the strong CHIP and linear regularity.
By using various normal properties, we obtain new characterizations of the strong
CHIP and linear regularity.

Even in a finite-dimensional space setting, our results are new. Readers may
read the paper under the assumption that H is a finite-dimensional Euclidean
space. This will help readers understand the main ideas without having to deal
with topological concepts in a Hilbert space (such as weak convergence, etc.).

The paper is organized as follows. In Section 2 we list a few facts about polars
of convex sets and some algebraic/topological properties about convex sets. All
results in Section 2 are needed in the proofs of the main results and should be
studied only if the reader has difficulty in understanding the proofs in the following
sections. In Section 3 various normal properties are introduced and a hierarchy
among various normal properties is established. We devote Section 4 to the dual
normality and show that the dual normality property is a generalization of Jame-
son’s property (G) for closed convex cones. In Section 5 we prove that the weak
normal property is a dual characterization of the strong conical hull intersection
property. Finally, various characterizations of the linear regularity are given in
Section 6. In particular, we prove that linear regularity is equivalent to the uni-
form normal property. Moreover, a collection of closed convex sets {C1,...,Cp,} is
linearly regular if and only if the normality constant for the collection of feasible
direction cones {con(Cy — z),...,con(C,, — x)} is bounded away from 0 uniformly
over all z € N}" C..

We conclude this Introduction by listing the notations that will be used through-
out the paper. Unless otherwise specified, H will always denote a (real) Hilbert
space with inner product (x,y), norm |z| = \/{(z, ), and unit ball By := {z €
H | ||lz|]| < 1}. An important example of a Hilbert space is a k-dimensional Eu-
clidean space R, which is the vector space of all k-tuples = = (z(1),...,z(k)) of
real numbers x(7) with the inner product (z,y) = Z]f x(1)y(4).

For a given subset S of H, we denote the closure, interior, and relative interior of
S by S, int(S), and 1i(S), respectively. In addition, the convex hull and the affine
span of S are denoted by co(S) and aff (S), respectively. A convex cone is a subset
K of H with the property that K + K C K and 0K C K for all # > 0. The conical
hull of S, denoted by con(.S), is the intersection of all convex cones that contain S;
hence con(S) is the smallest convex cone that contains S. The closures of co(S)
and con(S) are abbreviated by €0 (S) and con (S), respectively. The polar of S is
the set S°:= {z € H | (z,y) <1 for every y € S}; this is a closed convex set that
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contains the origin. The distance from a point © € H to the set S is defined by
d(z,S) =infyecg ||z —y.

There are a number of convex cones that one can generate from a given convex
subset C' of H. We list those that are of main importance to this work. The dual
cone (or negative polar) of C is the set C° := {z € H | (z,y) < 0 for every y € C'}.
Note that the dual cone of C' is a closed convex cone; and if C' is a convex cone,
then C° = C°. The orthogonal complement of C is the set C+ = {z € H |
(x,y) = 0 for every y € C}. If C is a linear subspace of H, then C° = C° = C+.
The normal cone (respectively, tangent cone) to C at a point x € H is the set
Nc(z) = (C —x)° (respectively, Te(x) = con (C —x)). It is not hard to show that
Nc(2)° = Ne(z)® = To(z) and Te(x)° = Te(x)® = No(z). That is, To(z) and
N¢(x) are the dual cones (and polars) of each other. The cone of feasible directions
(see [22] p. 135]) to C at a point = € C' is the set con(C — ). The recession cone
of C is the set

0"C:={z€H|y+0xrecCforall§>0andyc C}

Alternatively, 0YC = {zr € H | C +x C C}. From this it is easy to see that (i)
07 C is a convex cone, (ii) 07C = C if and only if C' is a convex cone, and (iii) if C
is a closed convex set, then 07C is a closed convex cone. It is also not difficult to
verify that

(1.1) 0rCe =C°,

and for arbitrary closed convex subsets C; of H (see [29]),

(1.2) ot (ﬁ Cz-) = ﬁ 0+C;.
=1 i=1

In this paper, we also need some topological concepts in Hilbert spaces. Recall
that a sequence {z,} in H converges weakly to z* if

lim (z,,y) = (¢*,y) forall ye H.
n—oo

A subset D of H is said to be weakly closed, if D contains the limit of any weakly
convergent sequence x, € D. A subset D of H is said to be weakly compact,
if for any sequence z, € D, there exists a subsequence of {z,} that converges
weakly to a point in D. When H = R¥, x,, converges weakly to x if and only if
lim,, oo ||zn, — || = 0; and a set D is weakly compact if and only if D is closed and
bounded.

2. PROPERTIES OF CONVEX SETS

In this section, we collect some facts about polars and convex/conical hulls in
Lemma [ZT1 Moreover, we will give a few technical lemmas about algebraic and
topological properties of convex sets. These lemmas contain some technical state-
ments needed later. This will make it easier to follow the main ideas in the proofs
of the results concerning strong CHIP, normality, and linear regularity in the fol-
lowing sections. Readers should study this section only if they have difficulty in
understanding the proofs given in Sections 3-6.

Lemma ZT](1)-(8) contain a few facts about polars, and some properties concern-
ing convex/conical hull are given in Lemma 2.](9)-(11). Most of these statements
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can be found in a standard convex analysis textbook (cf. [34], 22] or [L6] sections
4.4-4.6]). However, interested readers can also derive them from the definitions.

Lemma 2.1. Let C,C; be convex sets and let K, K; be convex cones in H.

(1) C° is a closed convex set that contains 0 and C° = (C)°.

(2) IfCl C Cy, then Cf D) Cg

(3) (aC)° =L1C° for each constant o # 0.

(4) (Bipolar theorem) C°° =to (C U{0}). In particular, if 0 € C, then C°° =

C.
(5) K° = K® and (N, K:)° D Y.[" K. Moreover, if K; are closed, then

(N K3)° = 307" K7

(6) (U Ci)° = leo(U7" Co)]" = N C5.
(7) If C; are closed and 0 € N]* C;, then (N C;)° =co (U7 C7).
(8) If0 € C, then (K +C)° = K° N C°.
(9) If0 e N]" C;, then co(Uy" C;) € Y1 Ci € m-co(Uy" C;) and co (UT" Ki) =
STUK;.
(10) con(C) = {0z | 0 > 0, € C} = Upso(6C); if 0 € C, then con(C) =
Upso(6C).

(11) If C is weakly compact, then @ (C) = co(C).
Remark 2.1. In the sequel, we will use the following simple fact without explicit
mention:
If D is a nonempty set and K is a convex cone in H, then
D= m(D+€BH) and O(K+D)=K+6D forevery 6>0.
e>0

The following lemma shows that in a certain case, we can exchange the order of
intersection and union for convex sets.

Lemma 2.2. Let A;(0) be a set for each 8 > 0 and i € {1,2,...,m}. Suppose
that this collection of sets is monotone. (That is, either A;(61) C A;(02) for each i
whenever 0 < 6y < 0y, or A;(61) D A;(62) for each i whenever 0 < 6y < 63.) Then

UAi(a) :U ﬂAi(e)

0>0 6>0 Li=1

m

(2.1) N

=1

In other words, the union (over all @ > 0) commutes with the intersection (over all
i€{1,2,...,m}).

Proof. We assume the sets are monotonely increasing. The proof for the decreasing
case is similar. Let A = [Jpoo(N2; 4i(F)) and B = (", (Upso 4i(0)). We must
show that A = B. If € A, then there exists § > 0 such that x € (-, 4;(0).
It follows that x € A;(0) for each 4, which implies that = € (Jy- Ai(0) for each .
Hence z € ;2 (Upso 4i(f)) = B. Thus A C B.

Conversely, if € B, then x € (Jy-, Ai(0) for each i, which implies that for each
i there exists 6; > 0 such that x € A;(6;). Let § = maxj<;<, 0;. Since the A;’s are
increasing, we have that = € A;(6) for all 4, which implies that z € (]" A4;(6), and
hence z € A. Thus B C A, and the proof is complete. O
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The next lemma is about the closure and closedness of convex sets.

Lemma 2.3. Suppose that C7 and Cy are convex subsets of H.

(1) If C1,C5 are closed and Cy is bounded, then C1 + Cs is also closed.
(2) If Cyn int(C'l) #* @, then C1 N Cy = C1 N Cs.

(3) C1+CoCCL+Cy=C1 +Cs.

Proof. (1) Assume that Cy and Cy are closed. Let z, = x,, + y, € C1 + Cy with
lim, z, = z € H. Since C} is a bounded closed convex set, it is weakly compact.
We may assume (by replacing z,, by a convergent subsequence) that x,, converges
weakly to xz € Cy. Then y,, = z, —x, converges weakly to z—x. Since C, is a closed
convex set, it is weakly closed. Thus, z —x € Co and z =z + (2 — ) € Cy + Cs.
This proves the closedness of C7 + Cs.

(2) It suffices to prove that C1NCy € Cy N Cs. Let 2 € C1NC5. Then there exist
T, € Oy such that lim, z,, = z. Since Cy Nint(Cy) # 0, there exist zy € C; N Cy
and € > 0 such that 29 + 2eBy C C;. Then (1 — t)x + t(xo + 2¢eBy) C O for
0 < t < 1, which implies that

(1 —t)z +t(zo +eBy) C int(Cy) = int(Cy) forall 0 <t < 1.
Fix t for the moment. Then, for sufficiently large n, we have ||z — z,| < te.
Therefore,
(1 — t)IEn + txg € (1 — t).’ﬂ + t(l‘o + €BH) c (.

Since xg, ., € Cy, we have (1 —t)x, +txg € C1 NCy for sufficiently large n. Letting
n — 00, we obtain (1 — t)x + txg € C1 NCs for 0 < ¢t < 1. Taking the limit with
respect to t as t — 01, we get € C; N Cs.

(3) Let x +y € C1 + Cy. Then there exist z, € C; and y, € Co such that
lim, 2, = « and lim, y, = y. Then (x + y) = lim,(z, + y,) € C1 + Co, which
implies C1+Coy C Cp + Co. Therefore,

C_1+C_2C (Cl +CQ) =C;+Cy CE+FQ
This proves (3) and we complete the proof of Lemma [Z3] |

The following lemma shows that if the intersection of the e-ball neighborhoods
of convex sets is contained in the closure of a convex set D, then the intersection of
smaller neighborhoods of these convex sets is contained in D. This lemma will be
used to prove that certain properties of {C,...,Cp,} also hold for {C1,...,C,,}.

Lemma 2.4. Let Cy,...,Cp,, D be convex subsets of H with (" Ci # 0. If

(2.2) N <Ci + EBH) cD
i=1
for some € > 0, then
(2.3) ﬁ (Ci+éBy) cD forall 0<z<e.

i=1
Proof. Tt follows from (Z.2)) that

m

ﬂ (Ci + EBH)

i=1

(2.4) int C int (5) = int (D),
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where the equality follows from the fact that int(D) = int(D) for any convex subset
of H. Let Oy be the open unit ball of H. Then

N (ci+=0u) =V ( U (i +20m)

i=1 i=1  2,€C;
is an open set (since the union of open sets is open and a finite intersection of open
sets is open). Therefore,

(2.5)

Q (Ci + sOH) = int

where the last inclusion is ([Z4). Since éBy C eOp for 0 < € < ¢, (Z3) follows

from (Z0). O

It is well known that for convex cones, the strong CHIP (see Definition 5.1) holds
at zero if and only if the strong CHIP holds for every point in the intersection of
these cones (cf. [9]). This fact is actually a consequence of the following lemma
concerning a particular inclusion property for the conical hulls of convex cones (see
the proof of Theorem [B.7)).

Lemma 2.5. Let Kq,...,K,, be convex cones in H and let D1, Dy be subsets of
H. If

(2.6) ﬁ (Ki+D1) ﬁ K+ Dy,

i=1 i=1

C int Cint (D),

ﬁl (ci + EOH)

1=

ﬁ (Ci + 5BH)

1=

then

(2.7) ﬁ(con K,—z —|—D1> ﬂcon i — )+ Do forallxeﬂK
i=1 i=1

Proof. Let K := (-, K;. Multiplying both sides of (2.6) by a positive number 6,

we get
(28) ﬁ (Kz + (9D1> C K +60D,.
=1
Subtracting any z € K frorrzl both sides of ([2:8) and dividing both sides of it by 0,
we obtain

i=1
Since # € K, we conclude that all sets 1(K; — ) + Dy and (K — z) + D5 are
decreasing as 6 increases. Using this fact, Lemma [2:2], and Lemma 2I110), we

obtain
ﬂ[con(K-—x + Dy :ﬂU<— i —T) +D1> Uﬂ( +D1>
i=1 i=16>0 0>0i=1
CU{ K-z +D2]Ccon(K—x )+ Dy = ﬂcon i — ) + Da.
0>0
This completes the proof of Lemma 2.5 O
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Finally, we include the following well known characterization for the projection
of a point x in H onto a closed convex set C.

Lemma 2.6. Let C be a closed convex subset of H, x € H, and x* € C. Then
d(z,C) = ||z — 2*|| if and only if x — x* € (C — 2*)®. Furthermore, if 0 € C and
d(z,C) = ||z —a*|, then [lz*]| < ||z|.

Proof. The first statement of Lemma is well-known (see, e.g., [29, Theorem
2.2.2 in Chapter II] or [16, Theorem 4.3, p. 44]). The second statement follows
immediately from the nonexpansive property of the metric projection onto a closed
convex set (see, e.g., [16, Theorem 5.5(5), p. 73]). For easy reference, we give the
following simple proof. Assume d(z,C) = ||z — 2*| and 0 € C. Then x — z* €

(C—z%)%, ie,

(2.10) (x —2*,y—2*) <0 forall yeC.

By substituting 0 for y in ZI0), we get [|*||> < (z,z*) < ||z ||z*]|, which implies
=[] < [l O

3. VARIOUS NORMAL PROPERTIES

In this section we extend the definition of normal property introduced by Jame-
son for two closed convex cones to a finite collection of convex sets. Variations of
the normal property, such as the uniform normal property and the weak normal
property, are also introduced. Then we study the hierarchy structure among var-
ious normal properties. These normal properties will be used later to study the
geometric version of the basic constraint qualification in convex optimization and
the linear regularity property of convex sets. We begin with the following definition
of various normal properties.

Definition 3.1. Let C4,..., (), be convex sets in H that have a nonempty inter-
section.
(1) {C1,...,Cpn} is said to have the closed intersection property if

(5.0 Ne-Na

(2) {C1,...,Cy} is said to have the normal property if there exist ¢ > 0
such that

(3.2) ﬁ(cz +EBH) C <ﬁ CZ> + Byr.

i=1 i=1
(3) {C4,...,C,,} issaid to have the weak normal property if for every y € H
there exists e(y) > 0 such that

(3.3) ﬁ C; +e(y)Br) C (ﬁc) + {y)°.

(4) {C1,...,Cp} is said to have the uniform normal property if there exists
a positive constant € such that

m

(3.4) ﬂ (Ci +neBu) C (n C’i) + nBy for every n > 0.

i=1
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Remark 3.1. (a) In 1940, M. Krein [35, Chapter V, Section 3, Subsection 3.2,
Lemma 1] proved the first result concerning the strong CHIP for a pair of opposite
convex cones K; = K and K = —K in a Banach space. When restricted to
the Hilbert space H, his result yields that K? + K35 = H = {0}° = (K1 N Ky)°
when {K;, K>} = {K,—K} is normal and K N (—K) = {0}. To extend Krein’s
result for two arbitrary convex cones, Jameson defined the normal property for
two convex cones. He also used the abbreviation “property (N)” for the normal
property. Jameson regarded the normal property as a generalization of the notion
of a normal cone (see [35]), and this motivated its name.

(b) In (2), (3), and (4) of Definition B, one could replace By by the open unit
ball Oy = {z € H | ||z|| < 1} everywhere to get equivalent definitions of various
normal properties. We leave the details to the interested reader.

(c) In essence, the normal property means that if each C; is expanded outward
by an e-ball, then the intersection of the expanded sets is within a fixed distance
from the intersection of the original sets. It is interesting to note that the “reverse”
version of the normal property was also studied in convex optimization, which is
called the bounded excess property. Let g;(x) be convex functions on H and define
C; = {x € H | gi(z) < 0}. Then {C4,...,Cy} is said to have the bounded
excess property if there exist § > 0 and € > 0 such that

i=1 i=1

where Cj(—¢) := {z € H | g;(z) < —e} can be considered as the algebraic version
of shrinking C; inward by an e-ball. Tt was proved that (3.5) implies the existence
of a global error bound for approximate solutions of the convex feasibility problem:
gi(x) <0 for 1 <i < m. That is,

d (m, ﬂ C’i> <7 Zmax{gi(x),O} for all = € H,
i=1 i=1

where v > 0 is a positive constant. See [13| [14] and [25, Theorem 5] for details. It
is not clear whether there is a relationship between the normal property and the
geometric version of the bounded excess property of ([B.0]), where C;(—¢) is defined
as the set obtained by shrinking C; inward by an e-ball:

Ci(—¢) = {:c e d(:c, (H\ C;)N aH(Oi)) > 5} .

Our conjecture is that the bounded excess property implies the uniform normal
property, but the converse is not true. (After this paper had been submitted for
publication, Hein Hundal privately communicated a counterexample to this conjec-
ture.)

The following theorem shows a hierarchy of various normal properties for a finite
collection of convex sets.

Theorem 3.1. Let Cy,...,C,, (respectively Ki,...,K,,) be convezr sets (respec-
tively convex cones).

(1) If each C; is closed, then {C4,...,Cy} has the closed intersection property.
(2) If {C4,...,Cun} has the uniform normal property, then it has the normal
property and the closed intersection property.
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(3) {K1,...,Kn} has the normal property if and only if it has the uniform
normal property.

(4) If {K1,..., K} has the normal property (or, equivalently, the uniform
normal property), then it has the weak normal property and the closed in-
tersection property.

(5) {Ki,...,Kn} has the normal property, the weak normal property, or the
uniform normal property if and only if it has the closed intersection property
and {El, . 7Em} has the normal property, the weak normal property, or
the uniform normal property, respectively.

Proof. Statement (1) is trivial. To verify (2), let {C4,...,Cy,} have the uniform
normal property. Then clearly it has the normal property (take n = 1). If we
intersect both sides of equation (34) over all n > 0, we obtain that (" C; C Ny Ci.
Since the reverse inclusion is obvious, it follows that {C1,...,C,,} has the closed
intersection property, and this verifies statement (2).

If {Ki,...,K,} has the normal property, multiply both sides of relation (B.2))
(with C; = K;) by n > 0 to obtain the relation (34) (with C; = K;), and this
shows that {Kj,...,K,,} has the uniform normal property. Since the uniform
normal property implies the normal property by (2), it follows that (3) holds.

To prove (4), suppose that { K7, ..., K, } has the normal property, and let y € H.
If ||y|| <1, then By C {y}°, so that relation (B3) holds with e(y) = e. If ||y|| > 1,
then multiplying both sides of relation ([B:2) by 1/||y||, we obtain that

m

[l J R
But since H%HBH C {y}°, it follows that (B3) holds with e(y) = ¢/||y||. Thus,
{Kji,..., K} has the weak normal property, and (4) is verified.

If {Ky,..., K} has the normal property, then it has the uniform normal prop-
erty by (3), and hence the closed intersection property by (2). Using the normal
property, we have that

m

m m m
—_— E —_—
(3.6) (&, + 5B#) C ()(Ki+eBu) C () Ki+ Bu C QK + By.

i=1 i=1 =1

This proves that {Fl, . ,fm} has the normal property (with £/2 instead of ¢).
Conversely, assume that {K;, ..., K,,} has the closed intersection property and
that {K,..., K, } has the normal property. Then there exists ¢ > 0 such that

m

(37) ﬁ(?i—FSBH) C ﬂ?l—i-BH

i=1 i=1

Now we can derive that

ﬂ(Kz+5BH) C ﬂ(?zﬁ-EBH) C ﬂEzJ’_BH = sz+BH C ﬂKz+BH>
i=1 i=1 i=1 i=1 i=1

where the first inclusion is obviously true, the second inclusion is (B7), the equality
is by the closed intersection property, and the last inclusion follows from Lemma
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2:3(3). Applying Lemma [Z4 with C; = K; and D = (-, K;) + Bp, we get

m m
((Ki+éBr) C [ Ki+ By forall 0<é<e,

i=1 i=1
which implies that {K7,..., K,,} has the normal property. Thus, the statement
in (5) concerning the normal property is verified. Using (4), it follows that the
statement in (5) concerning the uniform normal property is also valid.

It remains to verify the statement in (5) concerning the weak normal property.

First assume that {Kj,..., K,,} has the weak normal property. Then for each
y € H, there exists e(y) > 0 such that

(3.8) ﬁ <K— + #&1) C ﬁ(Ki +¢e(y)Br) C ﬁ K +{y}° C ﬁfi +{y}°.
=1 i=1 =1 =1

This proves that {K, ..., K, } has the weak normal property, where ¢(y) := £(y)/2
works for each y € H.

To show that {Kj,..., K,,} has the closed intersection property, we intersect
both sides of the inclusion in (B3) over all y € H to get

(3.9) ﬂKCmﬂK-l-E )Br) C ﬂ(ﬂK+{y}>

yeH i=1 yeH

Next we prove that the last set in (B.9) is contained in K := " K;. Let 2 ¢ K.
Since d(z, K) > 0, for any 0 < p < d(z, K), we have (z + pBy) N K = (. By the
first separation theorem (see [35, Ch.IL, §9] or [16, Theorem 6.23, p. 103]) applied

to K and z + pBy, one can find § € H such that <g, ?> <0< 1< {g,z), which
implies that (g, 2z —2) > 1 for € K. Thus, z ¢ K + {}°. This proves that

(3.10) N lﬂ K + {y}°

yeH Li=1

m
CK= ﬂKZ

i=1

It follows from (33) and BI0) that N, K, € (i, K;. But N, K; c N, K,
So 'K, = N} K; and {K, ..., K,,} has the closed intersection property.
Finally, assume that {Fl, e ,fm} has the weak normal property and that
{Ki,..., K} has the closed intersection property. We must show that {K;,...,
K.} has the weak normal property. For each y € H, there exists Z(y) > 0 such

that
(3.11) (VK +2w)Bu) < [V K, + ().
Then ) )
N (& +2w)Ba) < () (E, )< |NE+
ﬂK +{y}° c ﬂK +{y}e.

i=1

where the first inclusion is obv1ously true, the second inclusion is (BITl), the equality
is by the closed intersection property, and the last inclusion follows from Lemma
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2.3(3). Applying Lemma 24 with C; = K;, e = £(y), and D = (N2, K;) + {y}°,

we get

m m

((K: +Br) C () Ki + {y}° forall 0<z<&(y),

i=1 i=1
which implies that {K3, ..., K,,} has the weak normal property. This completes
the proof of Theorem [B.11 O

4. DUAL NORMALITY

In this section, we study a dual form of the normal property, which is a gen-
eralization of the property (G) that was introduced by Jameson for closed convex
cones. A quantitative relationship between the normal property and the dual nor-
mal property is established in Theorem[41] To explore the quantitative relationship
explicitly, we define the normality constant and the dual normality constant for a
finite collection of convex sets {C1,...,Cy,} in Definition @2 If {Cy,...,C,,} has
the closed intersection property, then the normality constant for {Cy,...,Cy,} is
the same as the dual normality constant for its collection of polars {CY,...,Cs,}
(see Theorem E2)). In the special case when all the sets are closed convex cones, the
dual normal property is actually equivalent to property (G) introduced by Jameson
(see Theorem and Corollary ET). In the next section, we will see how the dual
normal property can be used to characterize the linear regularity of {Cy,...,Cy,}.

The main technical difficulty in this section is to prove a few facts about the
polar of the sum of two convex sets. This turns out to involve the “inverse sum”
of two convex sets. Therefore, let us define the inverse sum of two convex sets and
study some of its properties.

Definition 4.1. Let D; and D5 be convex subsets of H with 0 € D;NDy. Then the
inverse sum of D; and Dj is defined as the union of the convex sets [tD1N(1—t)Ds]
(0 <t < 1) and their limits (with respect to t as t — 0T and ¢ — 17); that is,

(1)  Di#Ds = ( U toin- t)Dg]) U (D1 N0+ Dy) U (Dy NO*Dy).
0<t<1

Remark 4.1. The definition and notation for the inverse sum are adopted from the
book of Kusraev and Kutateladze [28, §1.1.6(8)]. One can find a detailed exposition
of the inverse sum and its applications in this book. We should note that Rockafellar
[34], section 3 of Chapter 1] defined the inverse sum somewhat differently than this.
He essentially dropped the two terms involving the recession directions, i.e., his
inverse sum was defined to be the set of all proper convex combinations of elements
of Dy and Dy. Of course, in case both Dy and D, are bounded, then 07 D; = {0}
for i = 1,2 and the two definitions agree.

In the following lemma we list some facts about inverse sums of convex sets,
which will be used to derive a dual form of the normal property.

Lemma 4.1. Let C; and Cy be convex subsets of H with 0 € C; N Cs.
(1) C1#C4 is a convex set.
(2) 01#02 c Ci1NCs.
(3) If C1 is a cone, then C1#Cy = C1 N Cy.
(4) If C1 and Cy are closed, then C1#Cy is closed.
(5) If C1 is closed and bounded with 0 € int(Cy), then C1#Cy C C1#CY.
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(6) If Cy and Cs are closed and Cy N Cs is bounded, then C1#Cy is a weakly
compact set.
(7) (C1+ C2)° = Cy#C5.

Proof. (1) This follows from the definition (see [28, §1.1.7]).

(2) Since 0 € C1; N Cy, for any 0 < ¢t < 1, we have tC; C Cq, (1 —t)Cy C Co,
0+Cl c (1, and 0+CQ C C5. Thus, C1#Cy C C1 N Cs.

(3) Since C is a cone, O+Cl = (. Thus, CinNnCy = 0+O1 NCy C 01#02. By
(2), we have Cy N Cy = C1#C5.

(4) Let {x,} C C1#C5 converge to z*. We must prove that 2* € C1#C5. Since
C; and Cy are closed convex sets in H, C; N 0T Cy is closed. Therefore, if there
exist infinitely many indices n such that x,, € C; N0+t Cs,, then z* € C;N0TCy C
C1#C5. Similarly, if there exist infinitely many indices n such that z,, € CoN0TCy,
then z* € Co, N0TC; C C#C,. Otherwise, by deleting those x,,’s that are in
(C1N0TCy) U (Con0TCy) from the sequence, we may assume that there exists a
sequence {t,} such that 0 < t, < 1 and z,, € ¢t,C1N(1—t,)Cs. Again, by replacing
{tn} with a convergent subsequence, we may assume that lim, . t, =t € [0,1].

First assume ¢t = 0. Let v > 0 be any fixed positive number. Since ¢,, — 0, for n
sufficiently large we have v < 1/¢,, which implies yz,, € t,C; C Cy (since 0 € C).
By taking the limit as n — oo, we obtain yz* € C (by the closedness of C1). Since
~ > 0 is arbitrary, we get z* € 0YCy. Since x, € (1 —t,)Cs C Cy (since 0 € Cy)
and C, is closed, we obtain z* € Cy. It follows that * € Co N0TC, C C1#C5.
Similarly, if ¢ = 1, then z* € C; N0TCy C C1#Cs.

If 0 < t < 1, the closedness of C; and Cy implies that z,/t, € C; converges
to «*/t € Cy and z,/(1 —t,) € Cy converges to z*/(1 —t) € Cy. Thus, z* €
tC1 N (1 —t)Cy C C1#C5. This proves that a* € C1#Cs. Hence, C1#C5 is closed.

(5) Since 0 € int(C1), we have 0 € int(¢tCy) for any ¢t > 0. Let 0 < t < 1 and
x € tC; N (1 —t)Cy. Then

tC1N(1—t)Cy=tCiN(1—1)Co =tC1N (1 —1)Co C C1#Cy forall 0<t<1,

where the second equality follows from 0 € (1 —¢)Csy Nint(tCy) and Lemma Z3)(2),
while the last inclusion follows from the definition of C1#C5. Similarly, we have

CiN0TCy=CyN0TC, = C1 N0TCy C C1#Cs,

where the first equality follows from the definition of the recession cone and the
second equality follows from 0 € 07Cy N int(C}) and Lemma 23|(2). Since Cj is
a bounded set, we have 01Cy = {0}, so Co N0TC, = {0} € C1#C,. This proves
that C1#Cs C C1#Cs.

(6) It follows from (1), (2), and (4) that C;#C5 is a closed bounded convex set
in H, so it is weakly compact (see [16, Theorems 9.12 and 9.16]).

(7) This is the formula (3) in [28, §3.3.12]. However, the proof given in [28] is
quite complicated, involving infimal convolution and subdifferential formulas for
convex functions. Therefore, we give the following elementary proof of (7).

Let 0 <t < 1and z € tCyN(1—1t)CS. Then (z,Cy + C3) = (z,C1) + (z,C3) <
t+(1—t)=1,1e., z € (Cq+ C2)°. Thus, U0<t<1[th N(1—1¢)Cs] C (Cy + Co)°.
Ifz € C5N0TCY = C5NOY, then (z,C) + Cy) = (z,C1) + (z,C9) <0+1=1,
so CSNOTCY C (C1 + Co)°. Similarly, C N0TCS C (Cy + C3)°. This proves
CY#Cs C (Cr + C)°.
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Conversely, if z € (Cy + C3)°, then

(4.2) S (@,y1) + sup (z,42) =  sup  (xyity2) = sup  (z,y) <L
y1€C1 y2€C2 y1€C1,y2€C> yeC1+C>

Let t = sup,, ¢, (7, ¥1). Since 0 € C1NCy, we have sup,, ¢, (z,¥;) > 0. Therefore,
(E2) implies 0 <t < 1. Ift = 0, x € CY. Moreover, for t = 0, ([E2) implies
z € CS sox € Cs5NCY = CSNOTCY C Co#Cs. Similarly, if ¢ = 1, then
r€CyNCY =CyN0YCS C Ci#CS. Finally, If 0 < t < 1, then ([2) implies
SUp,,ec, (,92) < 1—t. Since t > 0 and 1 —t > 0, we have x € tC7 N (1 —t)C3 C
CP#Cs. This completes the proof of (7). O

Remark 4.2. If Dy and D5 are closed convex cones, then it follows from statements
(1) and (4) of Lemma [41] that

(4.3)  Di#D :w( U tpin( —t)Dg]) - ( U pin( —t)DQD.

0<t<1 0<t<1

Actually, one can prove the following formula: if D; and D5 are convex cones, then

(44) Di#FDr=eo( |J o101 -6Ds]) = ( |J ED1O(1-6)D3]).

0<t<1 0<t<1

We leave the details to the interested reader. However, in general, Di#D> #+
D,#D,. For example, consider the following two convex cones in R2:

Dy ={(t,00eR?* |t € R} and Do = {(t1,t2) € R* | t1,ts € Rty > 0}U{(0,0)}.
Note that Dy is not closed. It is easy to verify that

(4.5) D1#Dy = D1#D3 = {(0,0)} # Dy = Dy N Dy = D1#D;.

One major step in establishing the dual form of the normal property is to com-
pute the polar of /-, (C; 4+ eBp) for convex sets C;. This will also be used later
to derive the dual form of the weak normal property. For ease of reference, we now
give an expression for the polar of (-, (C; + eBy) in terms of the polars of the
Ci7S.

Lemma 4.2. Let C4,...,C,, be convex sets with 0 € ﬂ:’;l C;. Then

(46) (ﬁ[Cl + EBH]> = CO (G <C:#iBH>> .

i=1 i=1
Proof. We have that
(4.7)

(ﬁ[OH—sB;ﬂ) = ( ﬁ[ci—l—EBH])

i=1 1

<.

(o]

- (Neem) —= |0 e

=1

m

et

i=1

m

U (O;’#iBH)

i=1

= COo = CO = Co

3

U (Cz + EBH)O
=1

where the first and fourth equalities are by Lemma ZT](1), the second equality is
by Lemma 2.3|(2), the third equality is by Lemma 2.I17), and the fifth equality is
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by Lemma EI(7). By Lemma [I(6), each set C9# 1By is weakly compact. Since
a finite union of weakly compact sets is also weakly compact, the last equality in
(ED) follows from Lemma[2ZT|(11). This completes the proof of Lemma E2. O

Now we can formulate the dual form of the normal property for a finite collection
of convex sets. The equivalence of the normal property and its dual form is not
exact. The main effort is to derive the dual form without the closure operation
involved, which creates some technical difficulty in the proof.

Theorem 4.1. Let C1,...,C,, be convex subsets of H and let 0 € ﬂ:il C;. Assume
that € is a positive constant. If

(4.8) ﬁ(cz +eBpy) C (ﬁ CZ> + By,

i=1 i=1
then
(4.9) By# co (L_Jl c;) C co <L_J1 <Of#iBH>> .

Conversely, if @9) holds and {C1,...,Cn} has the closed intersection property,
then

(4.10) ()(Ci+éBn) C (ﬂ cz—) + By forall 0<é<e.
=1 =1

Proof. Applying the polar operation to both sides of (£8]) and using Lemma ZT7)
together with Lemma [T|(7), we obtain

(4.11) By #7to (6 C;) C

i=1

m ©

m (Cz + EBH)

=1

By Lemma [£.2] (B.11]) can be rewritten as follows:

m m
= (o) o] 1
(4.12) By #¢o (U ci> C co <U <C’i#gBH>>,
=1 i=1
which obviously implies (9).
Conversely, if (£9) holds, b