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NONAUTONOMOUS KATO CLASSES OF MEASURES
AND FEYNMAN-KAC PROPAGATORS

ARCHIL GULISASHVILI

ABSTRACT. The behavior of the Feynman-Kac propagator corresponding to a
time-dependent measure on R" is studied. We prove the boundedness of the
propagator in various function spaces on R", and obtain a uniqueness theorem
for an exponentially bounded distributional solution to a nonautonomous heat
equation.

1. INTRODUCTION

In this paper, we develop the LP-theory for the Feynman-Kac propagator, cor-
responding to a nonautonomous heat equation of the following form:

v 1
(1) % = §Au — p(t)u.
In (1), p={u(t) : 0 <t < T} is a family of distributions on R™ such that for every
t € [0,T] and every open ball B C R™, the restriction of u(t) to B is a finite signed
Borel measure. We will call such families time-dependent measures. We will also
study the behavior of Feynman-Kac propagators in various spaces of continuous
functions on R".

A two-parametric family {U(¢,7) : 0 < 7 <t < T} of bounded linear operators
on the space LP(R™) with 1 < p < oo is called an evolution family, provided the
following conditions hold:

(D) U, 7)=UNUN 1) for 0<7<A<t<T.

(2) U(r,7) =1 for 0 <7 < T, where I stands for the identity operator on LP.

(3) For every f € LP, the LP-valued function (¢,7) — U(t,7)f is continuous for
0 <7 <t<T. In the case p = 0o, we requre the weak™ continuity in L instead
of the strong continuity.

An evolution family U is called a propagator for equation (1), if in addition to
conditions (1)-(3), the following condition holds:

(4) For every 7 such that 0 < 7 < T, the function u(t) = U(¢t, ) f with ¢t € [r, T
is a solution in the D'((7,T) x R™)-sense to the initial value problem

{ 5 = 38u—u(t)u,
u(r) = f.

One of our objectives in the present paper is to study various classes of time-
dependent measures (see Section 2). Two of these classes, P, and P, 7, will be
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especially important throughout the paper. It will be shown in Section 4 that if
i € Ppr and 1 < p < oo, then the family of linear operators U,, defined by

(2) Un(t,7)f(2) = Eo f(Bi—r) exp{=Cu(t —7,1)}, 0<7<t<T,

is a propagator for equation (1). In formula (2), E, denotes the expectation in
the Wiener space, B; stands for a standard Brownian motion, and C,, is a time-
dependent additive functional of the Brownian motion, corresponding to yu (for the
definition of C), see Section 3). The functional C), satsfies the following condition:

t
lim sup sup E, sup |C,(t,h)— / e%kAu(h —5)(By)ds|* = 0.
k—00 p.0<h<T z€R™ t:0<t<h 0
The family U, is called the Feynman-Kac propagator for equation (1).
Together with equation (1), we will study its dual equation,

Q e

Next we will define backward propagators for equation (3). Let Y (¢,7), 0 < 7 <

r
t < T, be a family of bounded linear operators on the space L?, and let p = {u(t) :
0 <t < T} be a time-dependent measure. Put

(4) v(t) = (T —1), 0< LT,

If the family of operators U, defined by U(t,7) =Y (T —7,T—t) for 0 <7 <t < T,
is an evolution family on LP, then Y is called a backward evolution family. If the
family U is a propagator for the heat equation g—’; = %Au— v(t)u, then the family Y
is called a backward propagator for equation (3). It is clear that if Y is a backward
propagator for equation (3), then for every ¢ such that 0 < ¢t < T, the function
w(t) = Y(¢t,7)f with 7 € [0,¢] is a solution in the D’((0,¢) x R™)-sense to the

following terminal value problem:

{ & - pow s

1
= —§Aw + p(r)w.

w(t) = f
Let € Py 7 and 1 < p < oo. Then the family of linear operators {Y),} defined
by
(5) Y, (t,7)f(z) = Ex f(Bi—r)exp{—Au(t —7,7)}, 0<7<t<T,

is a backward propagator for equation (3) (see Section 4). In (5), A, is a time-
dependent functional of the Brownian motion, corresponding to p (for the definition
of A, see Section 3). The functional A, satisfies the following condition:

t

lim sup sup E, sup |A,(th) 7/ €22 (s + h)(B,)ds|? = 0.
k—00 h:0<h<T zeR™ t:0<t<T—h 0

The family of operators Y}, given by (5) is called the backward Feynman-Kac propa-

gator for equation (3). It is also possible to define the family V), in the case p € P,

and the family Uy, in the case p € P;, . These definitions will be given in Remark

10.

Formulas (2) and (5) are based on the Feynman-Kac formula for Schrédinger
semigroups. The theory of Schrédinger semigroups associated with Kato class po-
tentials was developed by Aizenman and Simon (see [AS|[S]). More information on
Schrodinger semigroups can be found in [DvC] [JL|. Schrédinger semigroups and
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Feynman-Kac propagators have many similarities. However, there are also signifi-
cant differences between them, and one of our objectives in this paper is to explain
these differences. For instance, instead of the Kato class in the theory of Schrodinger
semigroups, two classes of time-dependent measures, Py, 1 and P, 1, arise naturally
in the theory of Feynman-Kac propagators. The first of them controls the behavior
of the Feynman-Kac propagator, while the second one is related to the backward
Feynman-Kac propagator. Another difference between Schrodinger semigroups and
Feynman-Kac propagators is the following: Schrodinger semigroups with Kato class
potentials are always bounded on L', which is in general false for Feynman-Kac
propagators. It will be shown in Section 4 that there is a time-dependent function
V € Ps; such that U,(t,0) ¢ L(L*, L") for all 0 < ¢ < 1.

Much literature is devoted to perturbations of second order partial differential
operators by time-independent or time-dependent potentials and to the correspond-
ing elliptic and parabolic equations (see [AM] [BMT], BM?2] [ET.P] [F, [Gel H] P [N}
QZ1], [QZ2] RRSV] [SVL[7] and the references therein). Interesting results concerning
the existence of the fundamental function for a second order parabolic partial dif-
ferential equation with coefficients from nonautonomous Kato classes were obtained
in a recent paper of Liskevich and Semenov [LS]. The Feynman-Kac propagator
for the heat equation 4% = 1Au — V(t)u, where V is a function on [0,7] x R"
belonging to the class P, r, was studied in [Gu3].

We now give an overview of the results obtained in the present paper. Section
2 is devoted to the study of various classes of time-dependent measures. These
classes generalize the Kato class of measures (see [AS| [BMT], [DvC, [F, [GuTl, (1T [S]
V1, V2, [Z] for more information on the Kato classes of functions and measures),
the enlarged Kato class (see [VI][V2], see also [Gull [GK]), and the nonautonomous
Kato classes of functions (see [Gu3l, LS| N, |QZ1}, |QZ2, RRSV], SV]). Our main result
in Section 2 is a characterization of classes of time-dependent measures in terms
of the corresponding potential operators (see Theorem 1). For the Kato classes of
functions and measures, this result was obtained in [Gull [GK].

In Section 3, we introduce and study the additive functionals C,, and A, that
were used in formulas (2) and (5). The existence and uniqueness result for these
functionals (Theorem 2) is standard. Its proof was influenced by the proof of
Theorems 5.11 and 5.1.2 in [F].

In Section 4, we gather our main results concerning Feynman-Kac propagators.
Here we prove the existence theorem for the propagator U, with p € P, 1 (see
Theorem 3) and the (LP — L7)-smoothing theorem for U,, (see Theorem 4). We also
study the behavior of the Feynman-Kac propagator in the spaces of continuous
functions on R"™. We prove that U, maps the space L°° into the space BC of
bounded continuous functions (see Theorem 6). This property of U, is called the
strong Feller property. Moreover, the propagator U, is bounded on the space BUC
of bounded uniformly continuous functions and also on the space Co, of continuous
functions vanishing at infinity. The boundedness on the space Cs is called the
Feller property of U, (see Theorem 7). These facts are well known for Schrédinger
semigroups (see [9]).

Section 5 of the present paper is devoted to uniqueness problems. Here we prove
the uniqueness of an exponentially bounded distributional solution to problem (1)
(see Theorem 8). This theorem is a generalization of a result concerning the unique-
ness of an exponentially bounded classical solution to the one-dimensional heat
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ou

equation, G

= Au, which was discussed by Titchmarsh in [Til, p. 282. A stronger

result in the classical case is due to Tikhonov [T]. He proved the uniqueness theorem
for a classical solution, satisfying the following condition: |u(t,z)| < M exp{az?}
for (t,z) € [0,T] x R'. We do not know whether our Theorem 8 holds for a distri-
butional solution satisfying Tikhonov’s condition in R™. In Section 5, we also prove
that the Feynman-Kac propagator is the unique propagator for equation (1), for
which the (LP — L®)-smoothing condition holds (see Theorem 9). The uniqueness
problem for general second order parabolic partial differential equations was stud-
ied by numerous authors. In [A], the weak solutions to equations with coefficients
from the spaces L(I; L?) were considered. In [QZI], the uniqueness of a uniformly
bounded solution to the heat equation with a time-dependent potential V' = {V (¢)}
from the parabolic Kato class (this class is similar to our class P, r NP} r) was
established. In [LS], the uniqueness of a weak solution to a general second order
parabolic equation with coefficients from nonautonomous Kato classes was shown.
However, additional restrictions were imposed in [LS] on the behavior of the so-
lutions. For instance, in the case of the heat equation with a potential from the
parabolic Kato class, the additional condition is as follows: uV € L([r,T] x R"™)
(see Lemma 4.7 in [LS]). This condition is not necessarily satisfied in the case

Ve Pn,T-

Finally, we would like to mention that most of the results obtained in this paper

were announced in [Gu2|.

2. CLASSES OF TIME-DEPENDENT MEASURES

We begin this section with the definition of potentials of time-dependent mea-

sures. For p = {u(t) : 0 <t < oo}, we put

h
Mu(h,r,x):/ e ez u(r —s)(x)ds, 0<h<oo, h<r<oo, z€R",
0

and

h
N, (h,r,z) = / e e (s +7)(x)ds, 0<h<oo, 0<t<oo, z€R"
0

For p = {u(t) : 0 <t < T}, we put

[N

h
Lﬂ(h,r,x):/ e2®u(r —s)(z)ds, 0<h<r<T, x€R",
0

h
Su(h,r,x)z/ e?u(s+r)(z)ds, 0<r+h<T, x€R"
0
We also put
M,(t,x)=L,(t,t,x), 0<t<T, z€R",
and
Ny(t,z)=S,(T—-tt,x), 0<t<T, ze€R"

In the formulas above, we assume that the integrals make sense.
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The next definitions concern classes of time-dependent measures.

Definition 1. The classes ﬁn,T and ’ﬁ;‘;T are defined as follows:

75n7T ={u={pu);0<t<T}: sup sup M, (t,z) < oo},
£:0<t<T zER"

nT {:u_{/u( )7OStST} sup  sup N‘N‘(t,$)<00}.
+:0<t<T z€R"

Definition 2. The classes ’Pn - and Pr

.o are defined as follows:

Proo = {pn={p(t);0 <t < oo}: sup sup M|H|(t,t,:c) < oo},
t:t>0 zER™

75:’00 ={u={p®);0<t<oco}:sup sup N|H|(oo,t,x) < 00}
t:t>0 z€R

Definition 3. The following formulas define more classes of time-dependent mea-
sures:

Pryoco = An,oo Nn{w: hm sup sup Ly, (t,h,z) =0},
=0+ p:h>tzeRn

Pug =PorN{p: lim sup sup Ly, (t,h,z) =0},
’ ’ =0+ hit<h<T z€R™

P =P n{u: Jim - sup sup S (t, hyz) = 0},
' ’ =0+ p:p>02€Rn

“p=PipN{p: im  sup  sup S (t h,x) =0}
’ t=0+ h:.0<h<T—t z€R"

The classes Py, 7 and P, - were introduced in [Gu3] in the case of time-dependent
functions. In the present paper we use the same symbols for the corresponding
classes of time-dependent measures.

Remark 1. Let p = {u(t) : 0 <t < T} be a time-dependent measure, and denote
by [ its extension to [0,00) by the zero measure. Then we have pu € P, r <

i€ ﬁnm. Similar equivalences hold for all the classes of time-dependent measures
defined above.

Remark 2. If p and v are related by formula (4), then p € 75n T VE 73* o and
WE Pt = vEP, ¢

Remark 3. The classes P, 7 and P}, 7 do not coincide (see [Gu]).

The following characterization of the Kato class of measures K, was obtained
n [Gu3d] (see also [GK] where the Kato class K,, was considered):

(6) pe K, < (I-A)"!u eBUC.

The next theorem is a generalization of equivalence (6) to the case of time-dependent
measures.

Theorem 1. (i) A time-dependent measure p € 75”,oo belongs to the class Py o if
and only if the function (h,x) — M,,|(h, h,z) is uniformly continuous on [0,00) x
R".

(ii) A time-dependent measure pu € ”ﬁ,’:oo belongs to the class Py, ., if and only if
the function (h,z) — N|H|(oo, h, x) is uniformly continuous on [0,00) x R™.
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(iii) A time-dependent measure pu € 75n,T belongs to the class Py 1 if and only if
the function M,,| is uniformly continuous on [0,T] x R™.

(iv) A time-dependent measure p € 75,’;T belongs to the class P, r if and only if
the function Ny, is uniformly continuous on [0,T] x R™.
Proof. We will prove only part (ii) of Theorem 1. The proof of the remaining parts
is similar.

Let p € P}, - Then we have

sup sup |N|H|(oo, h,x) — e*te%ANw(oo, t+ h, )]
h>0z€R"

(7)

t
< sup sup / e28)u(s + h)|(x)ds — 0
h>0zeR™ Jo

as t — 0+. Since }
sup Ny, (co,t + h,z) < oo,
rER™

we get

(8) e~te22 N, (o0, t + h,-) € BUC.

It follows from (7) and (8) that Nw(oo, h,-) € BUC for all h > 0.
Let t,h > 0 and x,y € R"™. Then

NM(OO, h,x +y) — NM(OO, h,x)
= N|H|(oo, h,x +y) — e*te%ANM(oo,t +h,z+y)
+ e*te%ANM (00, t+h,z+y) — e*te%ANM(oo, t+h,x)
(9) —l—e_te%ANM(oo,t—l—h,x) —N|H|(oo,h,x).
Using (7), we see that for every € > 0 there exists tg > 0 such that for all 0 < ¢ < ¢,

sup sup |N\u\ (0o, hyx +y) — e*te%ANw (0o, t+ h,z +y)]
h>0z,yeR™

(10) +sup sup |]\~T|M|(oo,h,x) - e_te%AZ\?M(oo,t—I- h,x)| <
h>0z€R"

Fix ¢ > 0 for which (10) holds. Then (9) and (10) imply

DO

sup sup |Nw(oo, h,x +vy) — Nw(oo, h, x)|
h>0 zER™

(1) = % ook |22 Ny (00, + b,z +y) — 22Ny (00, ¢ + b, 2)].

It follows from the properties of the heat kernel and from the fact that the set
{Njy (00, t +h): h > 0} is bounded in C'(R™) that the last term on the right-hand
side of (11) does not exceed § for |y| < ¢ where ¢ is a small number. Hence,

(12) sup sup |J\~f|#|(oo, h,x+y) — J\~f|#|(oo, h,x)| — 0
h>0zER™

as y — 0. Next we see that for all ¢ > 0,
SUPp, >0 SUP, ¢ pr |J\~f|#|(oo, t+h,x)— J\~f|#|(oo, h,x)]
§ SuphZO SuszR" |N\u\ (OO, h’a :L') - eite%AN\u\ (OO, t + ha .’ﬂ)|
e~te3 2N, (00,7, x) — Njuy(00, 7,2)| = L (t) + Lx(t).

(13) +sup,>qsup,cpn
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It follows from (7) that I1(t) — 0 as t — 0+. Let F' € BUC. Then for every € > 0
and t > 0 we have

(14)

|F —e32Fllo < sup  |F(z) = F(y)| + 2[|Flle Gi(2)dz,
z,yER™:|z—y|<e |z|>€

where G; denotes the heat kernel on R™. Using (12) and (14), we get I2(¢t) — 0+
as t — 0+. Next (13) gives

(15) sup sup |Nw(oo,t+h,x)—Nw(oo,h,x)\ -0
h>0x€R™

as t — 0+. Combining (12) and (15), we obtain
Nj,(00,-,+) € BUC([0,00) x R").

Now assume that the previous condition holds. Then (12) and (15) also hold.

‘We have
sup sup \J\N/'“L‘(oo, h,x) — e_te%A]\wa(oo,t + h,x)|
h>0zER™
< sup sup |]\~f|u|(oo, h,x) — N‘M‘(oo,t—k h, )|
h>0zER™
+sup sup |Nw(oo,t +h,x) — e_te%A]\wa(oo,t + h,x)|
h>0x€R™
< sup sup |]\~f|u|(oo, h,x) — N‘M‘(oo,t—k h, )|
h>0 z€R™
+sup sup |N|H|(oo,7',x) — e_te%ANM(oo,T,xﬂ
T7>0x€ER™
(16) = J1(t) + Jg(t).

Condition (15) is the same as lim; o4 J1(t) = 0. It follows from (12) and (14) that
lim; o4 Ja2(t) = 0. Now using (16), we get u € Py, -
This completes the proof of Theorem 1.

Next we will discuss examples of singular time-dependent measures in the class
Pn,r. For the sake of simplicity, we will restrict ourselves to the case n = 1. In this
case, the Dirac measure §,, concentrated at the point y € R', belongs to the Kato
class of measures K. For n > 2, one may use appropriate singular measures from
the class K, (see examples in [Gul]).

Let n = 1, and for every o > 0 define a time-dependent measure by p,, = {t7*Jg :
0 <t < 1}. Then we have p, € 751’1 < a<2'tand p, € Pii= a< 21
Moreover, for the time-dependent measure, given by p = {(¢2 In €)1y 0<t <
1}, we have p € P11 and p ¢ Py ;. We refer the reader to [Gu3|, where similar
results were obtained for time-dependent functions. Our next result concerns a
time-dependent multiple of the Dirac measure moving along a curve.

Lemma 1. Let u(t) = t’%%(t), where ¢(t) =t with 3 > 0. Then u € P11 if and
only if B < %

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4614 ARCHIL GULISASHVILI

Proof. Let 3 < L. Then it is easy to see that € Py ;. If x < 0, then for every
0 <t <1 we have

¢
sup sup/ e 2| pu(h — s)|(x)ds
0

hit<h<1z<0
t 2
1 (z = (h—5)")
= sup su exp{———"1}ds
h:tg}?g zgpo/ V2rsvh — s p{ 2s }

(17) =" 5)2 L5 ags,

ex
/ \/27‘1’8\/t -5 p{-
and the last integral in (17) tends to 0 as ¢ — 0+. Next we get
t
sup  sup / e8|\ u(h — s)|(x)ds
h:t<h<1lz:xz>hf JO
B _ (h — )2
. / o (=9
h t<h<1 V2rsvh — 5 2s
u? — (1 —u)?)?
_ / (W0
h: t<h<1 V2 \/1 —u 2uh

tds

(18)
1 2 T
1 (uP — (1 —u)? / 1
< max ——ldu, ——
o {/0 V2ruv/1 —u exp{= out 52 } 0o V2ruv1l—u
as t — O+.

Let 0 < # < h®. Then 2 = (h — a)f with 0 < a < h. Fix € and A such that
0<6<1,0<)\<%,and

(19) T=¢ll-0)+A>1
It follows that

du} — 0

t
sup sup / e22|u(h — s)|(x)ds
0

h:t<h<1z:0<x<hP

= sup  sup /t L exp{— ((h = a)? = (h = 5)°)?
hit<h<la:0<a<hJo V2wsyvh—s 2s

tds

< max{ sup

t
1
— (s,
h:t<<h<1/o vV2rsvh — s s
! 1 ((h =) = (h—5)F)?

su su ———— ¢ — ds
h:tghpgte a:0<£<h/o V2rsvh — s *pi 2s bds}

(20) = max{o(1), I(t)},

where

! 1 ((h =) = (h—5)F)?
I(t) = su su / ——exp{—
®) h:tghpgt€ a:0<£<h o V2rsvh—s p{ 2s

Put G = {s:|(h —a)’ — (h —5)?| < t*}. Then we have

tds.

2 1
I(t / —}ds+ su / ———ds
(t) < h: t<h<te V2m \/h - xpi- 2s J h:tghpgte [0,4nG V2msvVh — s
(21) = I, (t) + Iy(t).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



FEYNMAN-KAC PROPAGATORS 4615

It is not difficult to show that

(22) Jim 1(8) =0,

It follows from the mean value theorem that G C [0,¢] N J(«), where J(a) =
[ — B R o+ B371t*h1=P]. Therefore, for the small values of ¢t we have

I(t) < / 1 ds

2 - b
[0,26-1¢t7] V2Ts\/t — s

where 7 is defined by (19). Since 7 > 1, we have

(23) tE%l+ I(t) =0.

and (20)-(23) give u € Py 1.

t 2B
A (t—s)
sup su e2 h — x)ds >/ ex ds
h:t<l£)<lz<%/0 It V2rs\/t — s pi= 2s '
t2071(1 — u)?8
24 = 7(3 - Ydu.
(24) / e el

Since the last integral in (24) does not tend to 0 as t — 0+, we get p ¢ Py1.
This completes the proof of Lemma 1.

3. A PROBABILISTIC CHARACTERIZATION OF CLASSES
OF TIME-DEPENDENT MEASURES

Let us denote by (2, 3, {F:}, {0:}, Pr) the Wiener space, where {F;} is the stan-
dard Brownian filtration, and {6;} stands for the family of translations on .

Theorem 2. Let p € P;; ., and assume that pu(t) > 0 for all t > 0. Then there
exists a unique (up to equwalence} family A,(t,h), t,h > 0, of random variables

on §) such that

For allt,h >0 and x € R™, the function A,(t,h) is defined Py-a.s.

For allh >0 and x € R", A,(0,h) =0 P;-a.s.

For allt,h >0, A,(t,h) is a function of B, : 0 < u < t.

For every h > 0 and x € R", the function t — A, (t,h) is non-decreasing

and continuous P-a.s.

5. For allt,7,h >0 and x € R"™, the following equality holds P,-a.s:
Ay(t+71,h)=Au(t,h) + Au(T,t+ h) o by.

6. For allt,h >0 and x € R", S, (t,h,x) = E,A,(t,h).

N

Proof of Theorem 2. Let V be a function on [0, 00) x R™ such that V' € P;; . Here
we do not assume that the function V' is nonnegative. For every 0 < ¢t < oo and
0 < h < oo, put

t
Ay (t,h) :/ e *V (s + h, By)ds.
0
Lemma 2. The following estimate holds for V € P} . :

sup sup E,Ay (00, h)? < 2sup sup [Ny (co, A, z)|sup sup N‘V‘(oo A, x).
h>0zeR™ A>0zeR” A>0zeR”
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Proof. Using the Markov property of the Brownian motion, we get

Ea:AV(OOa h)2

o0 o0
=2F, /0 e *V(s+h, BS)dS/s e “V(u+h, By)du

= 2F, /OOO e 2V (s + h, B,)ds /OOO e "V (s+T1+h,Bsr,)dr

= 2Ex/oooezsds/OOOeTEx(V(s +h,B)V (s + T+ h, Be7)|Fs)dr
=2 /000 e 2dsE,(V(s + h, By) /000 e "TEp V(s+ T+ h,B;)dr)

_s / =2 E,(V(s+ h, B.)ds / e~"eFAV (s 4 7+ h)(B,)dr)
0 0
(25)

2/ e*%dse%A(V(erh,x)/ e Te AV (s + 7 + h)(x)dr).
0 0

It follows from (25) that

(26)
sup E,Ay (0o, h)? <2 sup / e 2dse2®(|V (s + h)(z)|| Ny (00, 5 + h, z)]).
©€RN zeRr Jo

Now it is easy to see that (26) implies the estimate in Lemma 2.
The proof of Lemma 2 is thus completed.

Using the properties of the conditional expectation and the Markov property, it
is not difficult to prove that for all z € R™, h > 0, and t > 0, the following equality
holds:

E.(Ay (0o, h)|F,) = Ay (t, h) + e Ny (co,t + h, By).

Lemma 3. We have

sup sup FE, sup Ay (t,h)? < 18sup sup |Ny (oo, A, z)|sup sup Nw‘(oo,)\,x).
h>0z€R™  t>0 A>0z€R? A>0 z€R"

Proof. Put
My (t,h) = Ay (t, h) + et Ny (co,t + h, By).

It follows from Theorem 1, Lemma 2, and the continuity property of the Brownian
motion that for all h > 0, My (¢, h) is a continuous F;-martingale. Then Doob’s
inequality gives

E, sup My (t,h)? < 4E,My (T, h)? < 4E, Ay (c0,h)?
0<t<T
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for all T > 0 and h > 0. Using Lemma 2, we get
E, supAV(t h)> < 2E,sup My(t,h)* + 2E, sup ]\7\/(00,75—|—h,B,5)2
>0 >0 >0

< 8E,Ay(00,h)? 4 2sup sup Ny (co,t+ h,z)?
>0 z€R

< 16sup sup |Ny (oo, A x)|sup sup N‘V|(oo A, )
A>0zER" zERM

+ 2sup sup Nv(oo,)\,x)
A>0x€R™

< 18sup sup |Ny (oo, A, z)|sup sup N‘V|(oo,)\,x).
A>0z€R" A>0z€R"

This completes the proof of Lemma 3.

Let us continue the proof of Theorem 2. Let p € P;; , be a nonnegative time-

dependent measure. Put gi(h,x) = ez_lkAu(h)(x), where k > 1, z € R", and h > 0.
Then for £ > [ we have

Ny (00, ) = Ny, (00, 4) = 34K, (00, A) = N, (00, A) = (€72 Nyu(00, ) = Ny (00, ).
Using Theorem 1 and (14), we get

(27) sup sup |Ny, (00, A, z) — N,
A>0zER™

(00, A\, z)| — 0

1
as k,l — oco. Since p € Py, ., we obtain

sup sup Sup]\~f|qk,gl‘(oo,)\,x) < 2sup sup supNgk(oo,A,x)
A>0z€R™ kil A>0zER™ k

(28) < 2sup sup N, (00, \, ) < 0.
A>0 zERP

Now Lemma 3, (27), and (28) give

(29) sup sup E, sup([lgk (t,h) — flgl (t,h))?
R>0z€R™ >0

as k,1 — oo. Tt follows from (29) that there exists a random variable A, (t, h) on Q
such that

(30) hm sup sup E,sup|A,, (t,h) — A, (t,h)|* =
k=00 h>0z€R™ >0

Moreover, (30) implies that for every h > 0 and x € R™ there exists a subsequence
ky, such that for v,, = gx,, we have

(31) lim |A,, (th) — A, (t,h)| =

m— 00

uniformly with respect to ¢ > 0. It is clear that the functional A satisfies conditions
1-3 in Theorem 2. It also satisfies

(32) A (t+71,h) = A,(t,h) + e "A,(T,t + h) o by
Equality (32) follows from the similar equality for A,, and from (31).
Put
t ~
(33) At h) = / e dA, (s, h).
0
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It is not difficult to prove that the functional A, satisfies conditions 1-4 in Theorem
2. Using (32) and (33), we see that A, also satisfies condition 5. Finally, the equality
in condition 6 follows from

t t
E,A,(t,h) = lim E, [ e*dA,, (s,h) = lim FE, / Vm (s + h, By)ds
0

m—0o0 0 m— 00

t
= lim e3P, (s + h)(x)dr = / e 2 (s + h)(x)ds.
0

Our next goal is to prove the uniqueness of the functional A, in Theorem 2. Sup-
pose that there exist two functionals A'(¢, h) and A%(t, h), satisfying all conditions
in Theorem 2. Then we have

Ez(/ e‘sdAl(s,h)—/ e *dA%(s,h))?

0 0

(34) :2E§,j:1Em/ €7SdAi(S,h)/ e "dA7 (u, h).
0 s

Using the Markov property and reasoning as in the proof of Lemma 2, we get that
for all 7 and j with 1 <i,j <2

E, /O s dAl(s, h) / " et d Al (u, )

=FE, /OOO e 25dA' (s, h) /Ooo e “dAI (u+ s, h)

=FE, /OOo e A (s, h)Ew(/Ooo e “dA? (u+ s, h)|Fs)

=E, /Ooo e 25 dA (s, h)Ez(/OOO e “dAI (u, s+ h) o 04| F)

_ R, /0 4 Ai(s, B E. /0 eI (u, 5+ h) 0 O],

=F, /000 e 2%dA' (s, h)E, /OOO e "dA (u, s+ hyx +w(r): s <r <u+s).—p.

=FE, /OOO e 2dA'(s,h)E, /000 e "dAI (u, s+ hyz+w(p) : 0 < p < u)l.—p,

(35) =, [N o B)AA s ),
It follows from (34) and (35) that

EI(/OOO e *dA*(s,h) — /OOO e *dA%(s,h))? = 0.

Therefore,

(36) /O s dAl (s, h) = /0 et (s, )
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a.s. Next, reasoning as in the proof of Lemma 2, we get that for 1 < i < 2 and
t >0,

[e'e] t [e'e]
Ex(/ e‘SdAi(s,h)U-"t):/e‘SdAi(s,h)+Ex(/ e=*dA (s, h)|F)
0 0 t
t
(37) :/ e *dA'(s,h) + e tN, (0o, t + h, By).
0

It follows from (36) and (37) that

t t
/e_sdAl(s,h)z/ e *dA?(s, h).
0 0

Therefore, A'(t,h) = A%(t,h) P,-a.s. for all x € R".
This completes the proof of Theorem 2.

Definition 4. For any u € P;; ,, we put A,(t,h) = A,+(t,h) — Au-(t, h), where
u and p~ stand for the positive and the negative part of u, respectively.

Remark 4. Let p € ”P;;T. Then the functional Aﬂ(t7 h) is defined for all 0 < ¢ < T
and 0 < h < T —t (see the proof of Theorem 2). It is easy to see, using Theorem
2, that

lim  sup  sup E A, (th)=0.
t—=0+ h.0<h<T—tzeR"

Lemma 4. Let p € P, 7. Then
sup sup E, sup A#(t,h)2
h0<h<T z€R"  t:0<t<T—h

<ecr sup sup [Ny(Ax)| sup sup N, (A z),
NOSALT w€ERn MOSALT z€R

where cp > 0 is a constant depending only on T'.

Proof. For every k > 1 denote g (t) = eﬁA;ﬁ(t), qr(t) = eﬁAu’(t). Applying
Lemma 3 to V = gr — qx, we get

sup E, sup (A, (t,h) — Ay, (t,h))?
zER"  t:0<t<T—h

<18 sup  sup [Ny (A, x) — Ny, (A, z)| sup  sup Nig _p,|(A, )
A:O<A<T z€R™ A0<A<T z€R™

for every 0 < h < T. Now (30) and Theorem 1 give

sup sup E, sup A#(t,h)2
h:0<h<TzeR™  t:0<t<T—h

(38) <18 sup sup [Ny(Az)| sup sup N, (A ).
MNOSALT z€Rn MOSALT z€R
It is clear that

(39) A (t.h) = e A, (8 h) — /O A, (u, he"du.
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It follows from (39) that

sup sup E, sup Au(t,h)2
RO<h<Tz€ER™  t:0<t<T—h

<ar( sup sup E, sup A,(t h)?
0<h<Tz€R"  0<t<T—h
¢
+ sup sup E, sup /A#(u,h)Qdu)
0<h<TazeR"  0<t<T—hJo

(40) <fBr sup sup E, sup fl”(t,h)Q.
0<h<Tz€R™  0<t<T—h

Now using (38) and (40), we see that the estimate in Lemma 4 holds.

Remark 5. Using (30) and (40), we see that for p € P
t
lim sup sup E, sup |A,(t, h) —/ e 2 (s + h)(B,)ds|> = 0.
k—00 1:.0<h<T z€R™ t:0<t<T—h 0
Definition 5. For p € P, 1, we define the functional C,, as follows: C,(t,h) =
A, (t, T —h), where 0 <t <T,t<h<T,and v € P, r is given by formula (4).
Remark 6. Let it € P, 7. Then it follows from Remark 4 that

lim sup sup E,Cy,(t h)=0.
t—=0+ p:t<h<T z€R™

It is not difficult to see that the functional C), satisfies
(41) Cult+1,h)=Cu(t,h)+ Cu(t,h —t)0 b,
forall0<t<h<Tand0<t+7<T.

The next lemma follows from Lemma 4.

Lemma 5. Let p € Py . Then

sup sup E, sup C,(t h)?
hO<h<T zER™  t:0<t<h

<cr sup sup [M,(\ )] sup sup M, (A ),
NOKA<T z€RM AO<ALT z€R™

where cp > 0 is a constant depending only on T.

Remark 7. For p € Py, 7, we have

t
lim sup sup E, sup |C,(t,h) —/ eﬁA,u(h — 5)(Bs)ds|*> = 0.
k—00 p:0<h<T z€R™ t:0<t<h 0

4. EXISTENCE OF FEYNMAN-KAC PROPAGATORS AND THEIR PROPERTIES

In this section, we study the behavior of Feynman-Kac propagators and backward
propagators. For Banach spaces A and B, we denote by L(A, B) the space of
bounded linear operators from A into B.

Theorem 3. (a) Let u € P,r and1l < p < co. Then the family U, is a propagator
for equation (1).

(b) There exists a time-dependent function V. € P, r such that Uy (t,0) ¢
L(LY, LY) for all0 <t < T.

Similarly, if 4 € P; 7 and 1 < p < oo, then the family Y}, is a backward
propagator for equation (3).
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Remark 8. It is clear from (2) and (5) that the operators U, (¢, 7) with u € P,, r and
Y, (t,7) with 4 € P, 1 are positivity preserving on L” for all 1 < p < co. Moreover,
if w € Py, and if f € LP is a nonnegative function such that f(z) # 0 on a set of
positive measure, then U, (t,7)f(x) > 0 for all 0 <7 <t < T and € R". Indeed,
it follows from the definition of the class P, r that if U,(¢,7)f(z) = 0 for some
x € R™, then f(z + w(t — 7)) = 0 almost everywhere on the Wiener space. Hence,
e 7 Af(x) = By (f(Bi—r)) = 0, which is a contradiction. A similar result holds for
Yu(t,7)f, where p € Py, 0<7 <t <T,and f € LP with 1 <p < 0.

Theorem 4. Let i € P, . Then U,(t,7) € L(LP,L?) for all1 < p < ¢ < oo and
0<7<t<T. Moreover,

(42) U (t, )| pr—pa < Ae*E T —7) "3 G3),

In (42), the constant A > 0 is independent of ¢, 7, and u, while the constant
w = w(u) depends on u.

Proof of Theorems 3(a) and 4. The proof of these theorems is similar to that of
the corresponding results in the case of the heat equation with a time-dependent
potential (see [Gu3]). We will need the following lemma, which is Khas'minski’s
Lemma for time-dependent measures:

Lemma 6. Let i € P, 7, and let t be a number such that 0 <t <T and
a= sup sup  sup E,Cj,(0,h) < 1.
5:0<5<t h:6<h<T z€R"
Then )
sup  sup E,exp{C),(t,h)} < ——.
hit<h<T zER™ -«

We refer the reader to [J] for the proof of Khas'minski’s Lemma for the Kato
class potentials and to [Gu3] and [N] for the case of nonautonomous Kato classes
of functions. The case of time-independent measures was considered in [BMT],
Lemma 2.6. Lemma 6 above can be obtained exactly as Lemma 5 in [Gu3]. It is
also possible to use Lemma 5 in [Gu3] and Lemma 5 in the present paper to prove
Lemma 6.

Remark 9. For p = ¢ = oo, the constant w(y) in estimate (42) can be described as
follows:

w(p) = c(pu) ™",
where ¢ > 0 is an absolute constant and
1
pp=sup{d: sup sup E,C),(0,h) < s}
h:6<h<T z€R™ 2
This formula can be obtained exactly as estimate (46) in [Gu3|]. Similar formula
holds in the case 1 < p < oo (see (50) in [Gu3]).

Let 1 € Pp 1. It follows from Lemma 6 that for f € L and every z € R", the
expression U, (t,7)f(x) is finite, and we have
U (t,7) f ()] < ce" || ]l oo

Hence, U,(t,7) € L(L>*,L*>). For 1 < p < oo, the boundedness of U, in L?
with 1 < p < oo can be obtained exactly as in the case of absolutely continuous
measures (see [Gu3|]). Similarly, we get the (L — L?)-boundedness of U, (t, ) for
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1 < p < ¢q < oo and estimate (42) (see [Gu3]). The flow property in part 1 of
the definition of a propagator follows from the Markov property of the Brownian
motion and from (41). Part 2 easily follows from the definition of U,,.

In the next remark, we will discuss how to define the family Y, for p € P, 7.
The family U, for pn € P}, 7 can be defined similarly.

Remark 10. Let V € P, 1 be a time-dependent function. Then for all 0 <7 <t <
T, z € R, and Py-almost all w € 2 we have

t—7
Cy(t—mtz,w) = / V(t—s,z+ w(s))ds.
0

By the continuity of the Brownian motion, the function (z,w) — Cy (t — 7, ¢, z,w)
is measurable. Now let p € P, 7. Then we can find a sequence Vj, € P, 1 such
that
t—1
Cu(t—rt,z,w)= lim Vie(t — s, + w(s))ds,

k—oo Jq

where the convergence is in the topology of the space L], (R") x L'(; Py) (see
Lemma 5). It follows that the function (z,w) — C,(t — 7,t,2,w) is measurable.
Hence for Py-almost all w € €, the function © — C,(t — 7,t,x — w(t — 7),w) is

Lebesgue measurable on R™. Moreover, we have

t—T
C,t—mtx—wlt—7)w) = klim Vit — s,z —w(t—7)+w(s))ds
— 00 0
t—T1
= lim Ve(t+ s,z —w(t—7)+wlt—7—35))ds.
k—oo Jq
Put
(43) Yu(t,7)=U;(t, 7).

The operators Y),(t,7) defined by (43) are bounded on L? with 1 < p < co. For all
nonnegative functions g € LP and f € L”/, we have

| s@U.7) 5w
— [[aR) [ glapdof(o+ (e - m)expl-Clt ~ 7. ta,0)
Q Rn
= / dPy(w) flz)dzg(x —w(t — 7)) exp{-C(t — 1, t,x —w(t —7),w)}
Q RTL
= / dPy(w) fx)drg(x —w(t — 7))
Q Rn

(44) X exp{— klirn Vi(t+s,2 —w(t—7)+w(t —T7—s))ds}.
— 00 0

By the time-reversibility property of the Brownian motion, §(s) = w(t—7—s)—w(s),
0 < s <t-—r,is astandard Brownian motion starting at 0. It follows from (44)
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that

(45) [ s@U. ) 1(w)ds

= / dPy(9) fz)dzg(x + 6(t — 7)) exp{— klim Vie(T + s,x + 0(s))ds}
Q Rn —oo Jo

= f(x)dx/ dPo(é)g(x—i—é(t—T))exp{—klim Vie(T + s,z + d(s))ds}.
R Q =20 Jo

Put

t—T1

A (t—7,7,2,0) = lim Vie(T + s, + 6(s))ds.

k—oo Jq

Then (x,0) — A,(t — 7,7,2,0) is a measurable function, and it follows from (45)
that

(46) YN (tv T)g(I) = Ewg(Btfr) GXp{—AN (t -7, T)}

for all ¢ € LP. Note that formula (46) is consistent with formula (5), since for
p € Pnr NPy, 1, both formulas define the same family of operators.

Combining Theorem 3 and a similar result for the class P}, 7, we get the following
theorem:

Theorem 5. Let € Por NPy 1 and 1 < p < oco. Then:

1. The family U, is a propagator for equation (1).

2. The family Y, is a backward propagator for equation (3).

3. The operators U, (t,7) and Y, (t,T) satisfy estimate (42) for all 1 < p <
q < 0.

Our next goal is to prove the joint continuity condition for U, (t, ) (see part 3
of the definition of a propagator). The following lemma holds:

Lemma 7. Let p € P, and 1 <p < oo. Then
(47) UL (t,7) — e T38|, ., — 0
ast—T1 — 0.

For a time-dependent function V' € P,, r, Lemma 7 was obtained in [Gn3]. The
proof of Lemma 7 in the case of time-dependent measures is similar.

Remark 11. Tt follows from (43) and (47) that for p € P, 7 and 1 < p < oo,
(Yot 7) = €758y — 0
ast—7 — 0.

Let 1 < p < 0co. Then reasoning as in the proof of the joint continuity of Uy in
|Gu3|, we can show the strong continuity from the right of the function t — U, (t,7)
on the interval [, T] and the strong continuity of the function 7 — U, (¢, 7) on the
interval [7,T]. Next we will prove that

(48) i (U 7)f = Ut = A7+ Dl =0,
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where 0 < 7 <t <T. Indeed, let 7+ < t—\, and choose p such that p <t—X < t.
Then we have

WUt 1) f = Upt = X7+ N fllp < [|Uu(t;7) f = Uplts 7+ M) fllp
HIU(E p) = U =X p)U(p, 7 + N fllp < |UE7)f = Ut 7+ A) fllp
- )

t

HIE =2 = e =ML (oo + NSl + [(Up(t, p) — € 22 Uulp, 7+ N £l

t—=A—p
+H(Uu(t —A\p)—e 2 A)UM(PJ + A)f”p < ||Uu(t77)f - Uu(taT + )‘)pr
t—p —A—p

t
+M||Uu(t,p)—e 2 A||pﬁp+M||UH(t—)\,p)—e 2 A”P*’P
FM[(e32 = DUL(p7 + N fllp =L + Lo+ I3+ Lt

For a given € > 0, fix p so close to ¢ that I, + I3 < 5. This can be done using (47).
Then the continuity of the function 7 — U(¢,7)f implies that there exists § > 0
such that if 0 < A <0, then I; < £. Moreover, since the set {U,(p, 7+ A)f:0 <
A <7 —p}, is compact in LP and the semigroup ez is strongly continuous in LP,
we get Iy < £ for 0 < A\ < d;. This proves equality (48) for 1 < p < co. It is not
difficult to see that the remaining cases in the proof of the joint continuity of the
function (¢,7) — U,(t, 7)f are similar. The proof in the case p = oo is also similar.

Remark 12. Let p € Py, p. Then it follows from (43) that for 1 < p < oo, we have
Y, € L(L*?, L?). Moreover, Y, (t,7) =Y, (A, 7)Y, (t,\) for 0 <7 <A<t < T, and
Y, (t,t) =1 for 0 <t <T. The family Y}, is jointly strongly continuous in LP. The
proof of this fact is similar to that of the joint continuity of U,,.

It remains to prove that condition 4 in the definition of a propagator holds for
U,. The proof will be given at the end of the present section. First we are going
to study the behavior of Feynman-Kac propagators in various spaces of continuous
functions.

The next lemma contains a useful estimate for the difference of two Feynman-Kac
propagators.

Lemma 8. Let pi, o € Ppr. Then for every f € L™ and 0 < 7 <t < T we have

sup Uy, (,7) f(x) = U, (,7) f(2)] < Bexp{((t - 7)}

rER™

1
x{sup sup My, (A @)| sup  sup My, (A 2) [ f]loos
zeR™ X\:0<ALT zeR™ X\:0<ALT

where § > 0 is an absolute constant, and the constant ¢ depends only on pu1 and
Ha.

Remark 13. The constant ¢ in Lemma 8 is given by ¢ = ciw(ca(|p1|+ |u2])), where
c1 > 0 and ¢o > 0 are absolute constants, and w is the constant, defined in Remark
9 and corresponding to the family of measures ca(|p1] + |p2])-
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Proof of Lemma 8. Using Holder’s inequality, estimate (42), and inequality e¥ —1 <
ye¥, y > 0, we get
(49)
|Upy (8, 7) f(x) = Uy, (t,7) f(2)]
< Eg|exp{—C, (t = 7,8)} — exp{—Cl, (t = 7, ) }[| flloo
< {Bo exp{ =20y, (t = 7, 0)}} * { Bz exp{2|Chiy o (t = 7, D)1} = 1121l
< agexp{27(t — 7w (2|1 ) HE2|Cpy —py (t — 7, 1)
X exp{2|Chu, s (t = T, )12 [Iflloo < @2 exp{271(t = 7)w(2]ma])}
X AB(Cpy s (t = 7))} { B exp{d] Gy -y (£ = D)}l
< aexp{er(t — T)w(ea(lm| + |H2) HEx (Chy s (t = 7, )P} | flloo

for every z € R". Now Lemma 8 follows from (49) and Lemma 5.

Theorem 6. Let p € Ppr and 1 < p < oo. Then U,(t,7) € L(LP,BC) for all
0<T<t<T.

The next assertion follows from Theorem 6, a similar theorem for Y), with u €

P, r» and from the joint continuity properties of U, and Y),.
Corollary 1. (a) Let u € Ppr. Then for every f € LP with 1 < p < oo and
7 €[0,T), the function (t,x) — U,(t,7)f(x) is continuous on (1,T) x R™.

(b) Let p € Py . Then for every f € LP with 1 <p < oo and 0 <t < T, the

function (1,x) — Y, (t,7)f(z) is continuous on (0,t) x R™.

Theorem 7. Let p € P,r. Then Uy(t,7) € L(BUC,BUC) and U,(t,T) €
L(Cx,Cx) forall0 <7 <t <T.

Remark 14. The property U, (t,7) € L(Cx,Coo) in Theorem 7 is called the Feller
property of the Feynman-Kac propagator U,. We refer the reader to [DvC] for
various results concerning the Feller property for semigroups.

Proof of Theorem 6. Let p € P, . With no loss of generality we may assume
p = 00, since U, (t,7) € L(LP,L*), and U, satisfies property 1 in the definition of
an evolution family. For every h € R™ and f € L, denote by f;, the function given
by fn(z) = f(z + h), and for a Borel measure p denote by py, the measure defined
by pn(E) = p(E + h) for all E € B(R™). Since U,(t,7)f(x + 2) = U, (t,7) f-(2)
for all z,z € R™, we have

Ut 7)f (2 + 2) = Up(t,7) f(2)] = |Up, (&, 7) fo() = Up(t, 7) f2(2)]
(50) +|Uu(t77—)(fz_f)($)| =1 + L.

It follows from Lemma 8 that

1
4

sup It <cf|flloc sup sup My, (A )
zER" MO<KA<T zER™

<cl|flloc{ sup sup [My+ (N x) = M+ (A + 2)|
A:O<ALT z€RP

+ sup sup [M,-(\x)— M,-(\z+ z)|%}
A0<KA<T z€R™

Bl
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Applying Theorem 1 and taking into account that p*, u= € P, r, we get

(51) lim sup I; =0.
z—0 pcRn

Denote by x;- the characteristic function of the ball of radius r centered at the
origin. Then

(52)

sup Ji < C||(fz - f)XrHoo < CrH(fz - f)XrH2~
TzER™

Hence, for every fixed r we have

(53) lim sup J; =0.

z—0 zcRn

It follows from the definition of U, that
sup JQ S 2 sup ECEfZ(Bt—T)(l - XT‘)(Bt—T) eXp{*C,u(t - T, t)}

z:]z|<1 z:|z|<1
< 2| flloo EBa (1 = X2 ) (Bi—r) exp{Cy (t — 7, 1)}
for all x € R™. Using the dominated convergence theorem we obtain

(54) lim sup J; =0.

o0 2zI<1
Indeed, the pointwise convergence follows from the following fact:
lim (1 — x)(z+w(t—7))=0

forallz € R", 0 <7 <t <T, and almost all w. Moreover, by Lemma 6, we have
the following estimate:

sup E, exp{C),(t — 7,t)} < o0.
TER™

Using (52), (53), and (54), we see that
(55) lim I = 0.
Now it is clear that Theorem 6 follows from (50), (51), and (55).

Proof of Theorem 7. Let f € BUC. Then using the same notation as in (50), we
see that (51) holds. Moreover

sup I> < C||fz _f||o<>7

zERn
and therefore,
(56) lim sup I = 0.
2=0 zcpn

Now (50), (51), and (56) imply Theorem 7 for the space BUC.
Next let f € C. Then it follows from Theorem 6 that the function U, (t,7) is
continuous. Moreover,

(57) sup |Up (¢, 7)f(1 = xr)(@)] < ¢l[f(1 = Xr)lloo — 0

TER™
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as r — 00. Therefore, for every z € R™ and for a fixed r > 0 we have

Ut 7)Fxr (@) < cBaxe(Bir) exp{Cl(t — 7,)}[| fll o
< Boxr(Bimr)}H{Ey exp{2C)(t — 7, 1)1} ([ fll oo
(58) < ABaxr(Bior)}2 || flloo = ce = 2 x0 ()] f]] o
It follows from (58) that
(59) T (U (t,7) ()] = 0.

Next using (57) and (59), we see that Theorem 7 holds for the space Coo.
This completes the proof of Theorem 7.

Let us return to the proof of Theorem 3. We will show that condition 4 in the
definition of a propagator holds for U, in the case p = co. The case 1 < p < oo is
similar. Put gi(h) = e2r2p(h). Since pu € Pn,r, we have g, € Py for all k > 1.
Moreover,

(60) Sl;pw(lgk\) < o0.

It follows from Theorem 1 in [Gu2] that Uy, satisfies
T a¢ 1 T
—/‘/l@@ﬂﬂwam@wﬁ::5/‘/(@mﬂﬂmM@QMﬁ
T
(61) - / / gr(t, x)Ug, (t,7) f(x)p(t, x)dxdt

for all ¢ € C§°((7,T) x R™) and 1 < p < co. Using (60), Lemma 8, and theorems
1 and 6 we obtain that forall 0 <7 <t < T,

(62) kh—{go ng (tv T)f = UM (t’ T)f

in the space BC(R™). We will also need the following inequality:

T—e
(63) sup / ()| (Bla, r))dt < o
xeR™ JO

for every r > 0, € such that 0 < e < T, and p € P, 1. Inequality (63) was obtained
in [Gul], Lemma 4, in the case of absolutely continuous measures. The general
case is similar. Using (60), (62), (63), the continuity of the functions Uy, (¢, 7)f and
U,(t,7), and the dominated convergence theorem, we see from (61), that condition
4 holds.

This completes the proof of theorem 3(a).

Proof of Theorem 3(b). We restrict ourselves to the case n = 3, T = 1. Let us
consider the following time-dependent function:

1
Vil gz’

where (¢,z) € [0,1] x R3. It was shown in [Gu3] that V € P3;. Now suppose
Uy (t,0) € L(L', L') for some t > 0. It follows from Remark 10 that Yy (¢,0) =
Uy (t,0) € L(L*>, L>°). Hence, the function

t du
r— E,ex _—
p{/o VamZB,

V(tv x) =

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4628 ARCHIL GULISASHVILI

belongs to the space L*°. This implies ¢ € L>°, where

. /t du /t du 1 / 1 e
Ty VamE[B T o Valn g @ru)2 Jp [yl v

Using Fatou’s Lemma, we get ¢(0) < oco. On the other hand,

b du
¢(O)—c/0 uln% -

This contradiction shows that Uy ¢ L(L', L').
This completes the proof of Theorem 3(b) for n = 3 and T' = 1. The rest of the
cases is similar.

5. UNIQUENESS OF EXPONENTIALLY BOUNDED SOLUTIONS

Our first result in this section is a uniqueness theorem for an exponentially
bounded distributional solution to equation (1).

Theorem 8. Let p € Py, 0 <7 < T, and let f be a Lebesgue measurable function
on R"™. Suppose uy and ugy are measurable functions on [1,T] X R™ such that for
i = 1,2 the following conditions hold:
1. Jui(t,x)| < Mexp{alx|} for all (t,z) € [1,T] x R™, where M >0 and a > 0
are absolute constants.
2. The functiont — w;(t,-) is a solution to equation (1) in the D'((7,T)x R"™)-
sense.
3. The function t — u;(t,-) is continuous in measure on the interval [7,T)].
4. u;(0,2) = f a.e. on R".

Then for every t with 7 <t < T we have uy(t) = us(t) a.e. on R™.

Proof. With no loss of generality we may assume that 7 =0, f =0, u; = u, and
ug = 0. We will prove Theorem 8 for M = a = 1. The general case is similar.
Suppose that
(64) sup  sup |u(t,z)|e”* < co.

t:0<t<T zeR"
Let 0 <t < T, v € C§°(0,t), ¢ € C°(R™), and fix an infinitely differentiable
function A on R™ for which cie™1®l < A(x) < coe™ 1l AA(z) < cze1?l, and
IVA(z)| < ese” . Put g(s,z) = v(s)A(z)e = A(b(x), where (s,z) € [0,¢] x R™,
and fix a nonnegative even function 1 € C§°(R!) such that 1 is nonincreasing on
[0,00), and ¢(t) = 1 for all t € R! with |[¢t| < 1. Then g € C§°((0,t) x R™), where
we put ¥y (z) = Y (k~t|z|) for all k > 1 and = € R™. It follows from the definition
of a distributional solution that

// \20619) 5,
// wkgdxdsf//W $)ng(s)dp(s)ds

Using the dominated convergence theorem in the previous equality, we get

// as %) dods = - // $)Ag(s dxds—//n ().
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In the proof of equality (65) we used the following estimate:

(66) / / |Aet5 Aold|u(s)|ds < c/ / e A u(s)|dzds < oco.

Estimate (66) holds, since u € P, 1. It follows from (65) that

/Otfy'(s)ds/nu(s)Aet_;Aqﬁdx:/ ds/nu )Ae = pdpu(s)
3/ (s)ds | @2 | (s)ds | u(s)(VA- Ve )da

Let us denote
n(s) = / u(s)Aet_TsAgbdx

and

()= [ AT 0dus) ~ 5 [ uls)(ANT B 0da
—/nu(s)(VA-Ve%A@dx.

Then we have ¢ € L'[0,t]. Hence, n € W}(0,t), and %n(s) = ((s) almost every-
where on (0,t). Therefore, there exists a decreasing sequence €, — 0 such that

/n u(t — €g, m)A(x)e%&AMm)dx - / u(€p, x)A(m)e%AMx)dx

ik t—s 1 :—s
=/ ¢(x)dx(/ e 2 (u(s)Au(s)) (@) = e (u(s)AN) (2)

€k

+ Zl a%e*;%(u(s) 81_ A)(z)]ds).

Using the dominated convergence theorem, the assumptions in Theorem 8, and the
properties of the heat semigroup, we see that the equality

t—

u(t, )A(x) = / €72 () Au()(x) — 56 T (u(5)A4) x)

(67) +i=21 FarC 7 (uls) g - A) (@)]ds

holds in the space D’((0,t) x R™). It follows from the properties of the function
A and from the condition p € P, r that the function on the right-hand side of
(67) belongs to the space L>((0,T) x R™). Hence, equality (67) holds in the space
L>((0,t) x R™). Now (67) implies that for every ¢t with 0 < ¢t < T we have

sup  sup {|u(s,z)le”1*1}
5:0<s<tz€eR"

t
<c s sup (Ju(s,a)le ) oup [ €5 A uts)|(@)ds + ¢+ V)
s:0<s<txeR"™ 0

where ¢ > 0 is independent of ¢. Since u € P, r, we get u(s,-) =0 a.e. on R" for
all s with 0 < s < ty. Using the same reasoning, we can extend the previous local
result to the global equality u(s) =0 a.e. for all 0 < s < T.

This completes the proof of Theorem 8.
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Remark 15. We can replace the convergence in measure in condition 3 in Theorem
8 by the convergence almost everywhere. We can also use the following condition
instead of condition 3: For every ¢ € [r, T], the function u;(t, -) belongs to the space
S’(R™) of tempered distributions on R", and the mapping ¢t — u,(t) is continuous
in the topology (5, S). Indeed, we needed condition 3 only in the proof of equal-
ity (67). It is easy to see that (67) can also be obtained using the S’-condition
formulated in this remark.

Theorem 9. Let p € Ppr, f € LP with1 <p < o0, and 0 < 7 <T. Let u be a
measurable function on [1,T) x R", satisfying the following conditions:

1. For every € with 0 < e < T — 7, we have |u(t,x)| < M. exp{ac|z|}, where
(t,xz) € [T+€,T] x R*, and M, and a. are positive constants depending on
€.

2. The function t — u(t,-) is a solution to equation (1) in the D'((7,T)x R™)-
sense.

3. The function t — u(t,-) is weakly continuous in LP on the interval [, T)]
(weak™ continuous if p = 00).

4. u(0,z) = f a.e. on R™.

Then for every t with 7 <t < T, we have u(t) = U,(t,7)f a.e. on R".

Remark 16. If p € Py, 7 NP,y 1, then Theorem 9 holds for p = 1. A similar theorem
also holds for the backward heat equation and the backward propagator Y,.

Proof of Theorem 9. With no loss of generality we may assume 7 = 0. Let € > 0
and denote 7 (t) = pu(t + €) and g(t) = u(t +¢) for all 0 < ¢ < T — e. Then

{ % = %Age - ne(t)gea
9¢(0) = ule)
in the D'((0,T — €) x R™)-sense. Moreover, we have

sup  sup |ge(t, z)| exp{—ac|z|} < oo.
t:0<t<T—ex€R™

Using Remark 15 and applying Theorem 8 to g.(t) and U,,_(¢,0)u., we get
u(e+1)(x) = Uy, (t,0)u(e)(x)
= Uy, (t,0)(u(e) — ) (@) + Eo f(By) exp{—Cy(t,t + €)}
(68) =1 + L.

Now using (43), we see that for every g € ¥,

©) [ o 00w - Ne)ds = [ (ule) = Y, (0,0)gd

n

Since Y, (t,0) = Y, (t + €,¢), and the family Y,,(¢,7) is continuous in LY for 0 <
7 <t < T (see Remark 12), the set {Y;, (t,0)g}, 0 < e < T —t, is compact in LV
It follows from conditions 2 and 3 in Theorem 9 and from (69) that

e—0

in the weak topology of LP. Now (68), (70) and the conditions in Theorem 9 give
u(t) = lim E, f(By) exp{—C(t,t +¢€)}
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in the weak topology of LP. Hence, the function u(t) can be uniquely reconstructed
from the initial condition. Since the function U, (t,0) f(z) satisfies all conditions in
Theorem 9 (see theorems 3 and 4), we get u(t) = U,(¢,0) a.e.

This completes the proof of Theorem 9.

Theorem 9 also holds for the space BUC' instead of the space LP. Here we
assume that f € BUC, u(t) € BUC for 7 <t < T, and that the function t — u(t)
in condition 3 is weak* continuous in L. Similar uniqueness theorem holds for
the space Cwo.
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