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ON THE POWER SERIES COEFFICIENTS OF CERTAIN
QUOTIENTS OF EISENSTEIN SERIES

BRUCE C. BERNDT AND PAUL R. BIALEK

ABSTRACT. In their last joint paper, Hardy and Ramanujan examined the
coefficients of modular forms with a simple pole in a fundamental region. In
particular, they focused on the reciprocal of the Eisenstein series Fg(7). In
letters written to Hardy from nursing homes, Ramanujan stated without proof
several more results of this sort. The purpose of this paper is to prove most of
these claims.

1. INTRODUCTION

In their epic paper [9], [18, pp. 276-309], G. H. Hardy and S. Ramanujan found
an asymptotic formula for the partition function p(n), which arises from the power
series coefficients of the reciprocal of the Dedekind eta-function, a modular form of
negative dimension (positive weight). As they indicated near the end of their paper,
their methods also apply to several analogues of the partition function generated
by modular forms of negative weight that are analytic in the upper half-plane.
In their last published paper [10], [I8, pp. 310-321], they considered a similar
problem for the coefficients of modular forms of negative weight having a simple
pole in the fundamental region, and, in particular, they applied their theorem to
find interesting series representations for the coefficients of the reciprocal of the
Eisenstein series Eg(7). Although there are some similarities in the methods of
these papers, the principal ideas in [10] are quite different from those in [9]. In [9],
Hardy and Ramanujan introduced their famous circle method, and since that time
the ideas in this paper have had an enormous impact in additive analytic number
theory. Although their paper [10] has not had as much influence, the ideas in [10]
have been extended by J. Lehner [12], H. Petersson [13|, [14], [15], H. Poincaré [16],
and H. S. Zuckerman [22]. Additional comments on [10] can be found in the third
edition of [I8] p. 387].

While confined to nursing homes and sanitariums during his last two years in
England, Ramanujan wrote several letters to Hardy about the coefficients in the
power series expansions of certain quotients of Eisenstein series. A few pages in
his lost notebook are also devoted to this topic. All of this material can be found
in [T9, pp. 97-126], and the letters with commentary can be found in the book
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by Berndt and R. A. Rankin [6] pp. 175-191]. In these letters and in the lost
notebook, Ramanujan claims formulas for the coefficients of several quotients of
Eisenstein series not examined by Hardy and him in [I0]. In fact, for some of these
quotients, the main theorem of [10] needs to be modified or improved. Ramanujan
obviously wanted another example to be included in their paper [10], for in his
letter of 28 June 1918 [6, pp. 182-183], he wrote, “I am sending you the analogous
results in case of go. Please mention them in the paper without proof. After all
we have got only two neat examples to offer, viz. g5 and g3. So please don’t omit
the results.” This letter was evidently written after galley proofs for [10] were
printed, for Ramanujan’s request went unheeded. The functions g» and g3 are the
familiar invariants in the theory of elliptic functions and are constant multiples of
the Eisenstein series F4(7) and Eg(7), respectively. The letter was also evidently
written before Ramanujan obtained further examples.

In this paper, we establish the formulas for the coefficients of those quotients
of Eisenstein series found in [19, pp. 102-104, 117]. In Ramanujan’s notation, the
three relevant Eisenstein series are defined, for |¢| < 1, by

(1.1) P(q) == 1—242%,
(1.2) Q(q)
and

e kS k

(1.3) R(g):=1— 5042

In more contemporary notation, the Eisenstein series Ey;(7) is defined for j > 1
and Im7 > 0 by

(27T)2j(—1)j > k2j—162m'k7—
C(2)(2j — Dl &= 1= ezmikr

Yo (mrme) =1+

m1,m2€Z
(m1,m2)=1

N =

(1.4) Ey(r) =

where ((s) denotes the Riemann zeta-function. Thus, for ¢ = exp(27it), E4(1) =
Q(q) and Eg(1) = R(q), which have weights 4 and 6, respectively [21], p. 50]. Since
(C4) does not converge for j = 1, the Eisenstein series Fs(7) must be defined
differently. First let

(1.5) Ej(7):=P(q), q=em".

Then Fy(7) is defined by

N 3
(1.6) Es(1) := E3 (1) — e —
Then Es(7) satisfies the functional equation of a modular form of weight 2 [21
pp. 67-68].

As indicated above, in [I0], Hardy and Ramanujan obtained representations for
the coeflicients of 1/R(q) as infinite series. In this paper, we establish Ramanujan’s
similar claims for the series

1 Q(q) P(q) P?(q)
Q(q)’ R(q)’ R(q)’ R(q)’ Qq)’
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In [19, pp. 97-101], Ramanujan established upper and lower bounds for the number
of terms in the aforementioned representations for the coefficients of 1/R(q) needed
to explicitly determine the actual (integral) coeflicients. Although some details are
given in [19], expanded arguments can be found in Bialek’s thesis [7]. We do not
have plans to publish these details in a journal. However, they will be published
in the forthcoming book by G. E. Andrews and Berndt [1]. Other results claimed
by Ramanujan on pages 97-126 of [19] are examined in a paper by the authors and
A.J. Yee [5].

Almost all of the results in this paper can be found in Chapter 2 of Bialek’s
doctoral dissertation [7].

We complete the Introduction by setting notation. The set of rational integers is
denoted by Z, with Z+ denoting the set of positive integers. The upper half-plane
‘H is defined by

H={r:Im7>0}.
The residue of a function f at a pole zg is denoted by Res (f, zp) .
We let P; denote the fundamental region
Pi={r:Im7>0, i<Rer<3, |7|>1}.

Further fundamental regions are P, the region in H bounded by the three circles
|7| =1, |7+ 1] = 1, and |t — 1| = 1; P, the region in H bounded by the circles
|7 —1| =1and |7 — | =  and the line Re7 = £; and P, the region in H bounded

by the circle |7 + 1| = 1 and the lines Re7 = —3 and Rer = —3. However,
the fundamental region most important for us is the fundamental region P in H
bounded by the circles |7 + 1| = 1 and |7| = 1 and the lines Re7 = — — € and

ReT:%—e,where0<e<1.

2. THE KEY THEOREM

The principal tool in proving Ramanujan’s formulas is the following theorem,
which is essentially due to Hardy and Ramanujan [10], [I8) pp. 312, 316]. However,
we need to modify it slightly (by refining the estimate of their integral). In particu-
lar, in two of our applications, we examine 1/E,(7), which has a pole at a point on
the boundary of P;, and so we need to work on the fundamental region P instead
of Pj, both defined at the end of Section [[I For the convenience of readers who
may be reading our paper while consulting or comparing it with that of Hardy and
Ramanujan [I0], we have adhered to the notation of [I0]. In particular, they set
g = €™ instead of the more customary ¢ = e?™*" and therefore consider functions
with arguments ¢2.

Theorem 2.1. Suppose that f(q) = f(e™) = (1) is analytic for ¢ = 0, is
meromorphic in the unit circle, and satisfies the functional equation

(2.1) o) = () e

ct+d

where a, b, ¢, d € Z; ad —bc = 1; and n € ZT. If o(7) has only one pole in the
fundamental region Py, a simple pole at 7 = a with residue A, then

. 1 1
(2.2) flg) = —2mAZ (ca+d)"*21— (¢/q)?

lq] < 1,
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and

(2.3) 0=—2miAY ! ! lg| > 1
(ca+d)"t21—(q/q)* ’

where

Cex ac+b i
4= =P ca+d ’

and the summation runs over all pairs of coprime integers (¢, d) which yield distinct
values for the set {q, —q}, and a and b are any integral solutions of

(2.4) ad — be = 1.
Proof. Consider the integral

1
(2.5) — &) dz,

2t Jy,, 2 —q

where f is a function which satisfies the conditions specified in the theorem, H,,
is a simple closed contour which is very close to (to be made more precise in the
sequel) and inside (or perhaps touching) the unit circle, and ¢ is fixed and inside
H,,. By Cauchy’s Theorem, if |¢q| < 1,
1 (2)

2.6 —
(26) 2mi Jy, 2 —q

dz = f(q) + ZRes,

where ) Res is the sum of the residues of f(z)/(z — q) at the poles of f which
are inside H,,. If we can show that the integral tends to zero as m — oo, then it
will follow that f(q) = —>_ Res, where the sum is over all residues of poles on the
interior of |z|] = 1.

First, we construct a contour H,, which will allow us to easily evaluate the inte-
gral. Our contour H,, is based on Farey fractions of order m. For basic properties
of the Farey functions of order m, which we denote by F,, see, for example, [T}
pp. 297-300]. For instance, if h'/k’ < h/k are two adjacent Farey fractions in F,,

then

(2.7) hk' —h'k = 1;
also,

(2.8) K+ k> m.

We now construct the desired contour. Suppose h'/k’ < h/k are adjacent Farey
fractions in F;,. Construct the two semicircles in H which have the segments

h' (1+2€)h' 4+ 2h (1—=2e)h+2h" h
(orttaiia) 0 (aok o0 s)
on the real axis as their diameters, where € > 0. The inequalities

E’< h+2n' - R+ 2h <ﬁ

K " k42K K42k "k

which follow from (Z7]), imply that the circles intersect for e sufficiently small.

Let us say that IV is their intersection point in the upper half-plane, wy, is the
arc from h'/k’ to N, wg is the arc from N to h/k, and w is the union of w;, and

WR.

(2.9)

(2.10)
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Repeat the process for each adjacent pair of Farey fractions between 0 and 1.
Thus we obtain a path from 0 to 1. Construct the mirror image of this path on the
interval [—1,0], and call the entire contour (from —1 to 1) §2y,.

If we regard (2, as being in the 7-plane, then the corresponding path in the
g-plane, where ¢ = €™, is a simple closed contour which starts and ends at —1 and
does not go outside the unit circle. This is our desired contour H,,. (Eventually,
we shall let m go to co so that H,, approaches the unit circle, as will be shown
later.)

Now we show that each segment wy, of the path €, is the pre-image of part of
the left-hand boundary of the fundamental region P in H bounded by the circles
|7+ 1| =1 and |7| = 1 and the lines Re7 = —3 — ¢ and ReT = 1 — ¢ under some
modular transformation, and that each segment wg is the pre-image of the right-
hand boundary of P and a short line segment under some modular transformation.
Later we use these properties to estimate f on the contour €2,,.

If B’ /K" < h/k are adjacent Farey fractions, then

Kr—n kt —h
(211) T](T) = m and TQ(T) = m
are modular transformations because hk’ — h'k = 1. These are the modular trans-
formations to which we referred in the previous paragraph.

We first examine the transformation 77. Note that under 77, the pre-images of

the points ioc0, % — €, —% —€, 1, and —1 are

h (I-2eh+20  (14+2e)h—20"  h+N and h—H

k> (1—2e)k+2K" (1+2e)k—2K" k+k’ k—Fk”’
respectively. Recall that modular transformations map the family of circles and
straight lines onto itself, and note from the definition of Ty that T3 (7) = T1(7).

These imply that the pre-images of the half-line ReT = % —¢€, Im7 > 0, the

(2.12)

half-line ReT = —% —¢€, Im7 > 0, and the upper half of the unit circle are the
semicircles in the upper half-plane H which have the segments on the real axis
(2.13)

(1—-2e)h+2h h h (14 2¢)h — 2K q W —h W+h
((1 —20)k + 2K k) ’ (k (1+2e)k—2kz’> o an <k’ & k:’+k>
as their diameters, respectively. Unless otherwise stated, the semicircles in this
paper are assumed to be in H with their diameters on the real axis.
Similarly, under the transformation 75, the pre-images are the semicircles which
have the segments
(2.14)

h (1—2e)h —2h h (1+2e)h +2h q W —h h+h
<?’ (1—2e)k" — 2k> ’ <F (14 2€e)k + 2k) o <k’ —k K+ k)
as their diameters, respectively. Also, the pre-image of the semicircle centered at

—1 with radius 1 is the semicircle with the segment

h+2h" h
2.15 —, —
(2.15) <k: + 2k’ k)
as its diameter.
From (Z9) and (ZId), we see that 7> maps wy, onto the half-line ReT = —1 —

¢, Im7 > 0. Also, by (Z9) and (ZTI3)), we see that 77 maps wg onto the half-line
ReT:%fe, Im7 > 0.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4384 BRUCE C. BERNDT AND PAUL R. BIALEK

Under 77, the image of the left semicircle is the semicircle with the segment
(0,2/(1 4 2¢)) as its diameter, while the image of the right semicircle is the half-

line Ret = % —¢, Im7 > 0. The images intersect at the point

1 2 —Zet -2
(216) T1 ‘— (5 —6> +Z\/ 1+2€ N

so 71 must be the image of N. Thus the image of wg is the half-line

1 3 _3ete? -2
(2.17) Re’r:§76, Im72\/4 21+2€ .
Similarly, under 75, the images of the semicircles are the half-line Re7 = —% —

¢, Im7 > 0, and the semicircle with the segment (—2/(1 — 2¢),0) as its diameter.
These images intersect at

1 L 3+3c+e+2e
=|—-=- i
E 7~ ¢ 1— 2 ’

the image of N. Thus the image of wy, is the half-line

1 34 3e+e2+26
(2.18) ReT:—§—e, Im7>\/4 21_26 .
The intersection of the line ReT = 4 — ¢ and the upper half of the unit circle is

2
the point

(2.19) 3= (5 —€) +iy/2+e—e,

which is the lowermost point on the right-hand boundary of P. Similarly, the
lowermost point on the left-hand boundary of P is

T4::(—%—6)+i\/%+€_62-
Note that for € > 0,

3_3 2 3

g —5€e+€ —2¢ 3
2.20 2 \/ o de—e?
(2.20) \/ 5o < 4—|—e €2,

because

—Se+e 28 < (B+e—)(1+2) =3 +3e+—26%

=

Similarly,

3 34 3ete? 268
2.21 \/ = — €2 42 .
(2.21) 4+6 € <\/ o

By ([ZTI7) and (ZI8), inequalities (Z20) and (Z2T) imply that 75 maps wy onto
part of the left-hand boundary of P, while the transformation 77 maps wr onto the
right-hand boundary of P and a line segment below it. We denote by ¢; the line
segment which has 71 and 75 as its end points. Note that, by (ZI6]) and (ZI9), the
length of ¢; tends to 0 as € tends to 0.

Also, if wy,, wr, and w are curves in the 7-plane, then let C;,, Cr, and C be the
corresponding arcs in the g-plane where g = ™.
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Next we obtain an estimate for the integral of f(2)/(z —¢) over Cg, one segment
of H,,. We then use this to obtain an estimate of the integral over all of H,,. We
begin by finding an upper bound for |f| on Cr (which is the same as finding an
upper bound for || on wg).

Recall that f(q) = f(e™") = ¢(7) is analytic at ¢ = 0. So lim,_o f(q) exists
and lim, ;o ¢(7) exists. Recall also that ¢ has only one pole in each fundamental
region. So ¢ has only one pole in P, and one pole in P,. Thus we see that by
our choice of € we can avoid having a pole on the left- or right-hand boundaries of
P. Since lim,_,;00 ¢(7) exists, we know that |o(7)| is bounded on the right- and
left-hand boundaries of P.

Now consider the line segment ¢;. If € is sufficiently small, then ¢; is in at most
two fundamental regions, P, and Ps. Since each of these regions has only one pole
of ¢, we can avoid having a pole on ¢; by choosing e carefully. Thus, |o(7)| is
bounded on ¢; as well. So we can say that

(2.22) ol < M

on ¢; and the right- and left-hand boundaries of P, where M is some absolute
constant. Note that M is independent of m, where m is the order of F,.
By the functional equation (21]),

Kr—n n
If 7 is on wg, then
(2.24) lo(T)| < M| — kT + h|" = ME" |7 — h/k|",

because 77 maps wg onto ¢; and the right-hand boundary of P.
For 7 on wg,, the quantity |7 — h/k| is maximized when 7 = N. We need to
estimate [N — h/k|. By (ZI4), N is the pre-image of 71 under the transformation

T, and so
_ hr + R
N=1T7 m)=——.
1 (Tl) kT1+k/
Thus, by (Z7) and (214,
h 1
N-Z|=—
¥ 3= e
B 1
3 3 2 3
- 5€e+€ —2¢
K+ K2 (5 — ¢) +ik2y | A28
Th (o) i \/ 1+ 2¢
B 1
3 3 2 3
g —5€e+e€e — 2
Kk + k2L — )kt (L2
1
< 2
VR 302) e

2
VEZ +kE + k2

(2.25) =

for € sufficiently small.
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On wg, by (Z24) and (Z25),

(2.26) lp(T)| < ME™ <k

2 " 2"M
k2 + kk + k2 o (k2 + kk' + k'2)n/2
Thus, we have obtained a bound for |f| on Cg.
If ¢ is fixed and inside H,,, then

f(z) M,y
z—q| (k> + kK + k'2)"/?
for z on Cg, where M; is some constant which depends on ¢ and n.
Now we estimate the length of Cr. We first calculate the arc length of wg, then

make the change of variable ¢ = exp(mi7), and lastly estimate Cr. From (29)) and
([210)), we see that the length of wg is less than

1 (h KW\ _1 (1
2" \k %) 2" \ ek

(2.27)

by (2.71). Because

d .

d_'L]]" = |7TZ'67”T| _ |7Tiq| <=
on this arc, the length of Cg is less than

w2 1
2.2 1
229 2 kK
Thus, by (Z27) and (Z23),
(2) M,

2.29 d
( ! cr* 4 ? kk' (k2 4 k' 4 k'2)n/2 7

where M5 is some constant which depends on ¢ and n. Using the transformation
Ty, we can obtain an identical result for the integral over Cy,.

So far we have examined only the portion of €2,, in the right half-plane and
the portion of H,, in the upper half-plane. Because (2, is symmetric about 0, it
follows that H,, is symmetric about the real axis. By applying the reasoning above
to the interval [—h/k, —h'/E’], we obtain identical results for the arcs in the lower
half-plane which are mirror images of the arcs C, and Cr in the upper half-plane,
which we have just analyzed.

We are ready to estimate the integral over H,,. Using (229), we obtain the
inequality

f(z) 1
2.30 L < AM. ’
(230) ‘/Hm z—q ? (h,zh) Kk (k2 + kK + k'2)n/2
Wk

where the summation runs over all adjacent pairs of Farey fractions in F,,,, and My
is, of course, independent of m. We want to show that the right-hand side tends to
zero as m tends to co. To that end, observe that

1 1
2.31 < —
( ) Z kk/(kQ + kK + k/2)n/2 Z k! <k+k’>"
(37 1) (1, 2) 5
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Therefore, by (Z30) and (Z3T),

(2.32) im — [ L&) g

m—o0 27 Jpp 2z —(q

Note that for a typical arc C, the maximum distance from the arc to the unit
circle is less than the length of C. From our calculation of the maximum possible
length of Cg in ([2:28)), we see that the length of C is less than

2 2 2

W<k:(m—k) “—m-—1

if K < m, and it is less than

7T2 2
/

| 3

<
kk' — m
if K = m. So as m tends to co, H,, approaches the unit circle uniformly from the
inside. Therefore all the poles of f(z) which are inside the unit circle are eventually

inside H,,. By (28] and (232)
(2.33) flg)=->_R,

where > R is the sum of the residues of f(z)/(z — ¢) at the poles of f which are
inside the unit circle. We next determine these poles.

Recall that ¢(7) has only one pole in P, a simple pole at 7 = «, with residue
A. By the functional equation (Z1IJ), the only poles of ¢(7) in the upper half-plane
are at the points 7 = (aa + b)/(ca + d), where a, b, ¢, d € Z and ad — be = 1.

If ¢ and d are fixed, and (a, b) is one solution to ad — bec = 1, then the complete
set of solutions is {(a 4+ mc,b+ md) : m € Z}. Each of these solutions produces
a distinct pole of ¢(7). However, this set yields only two distinct poles of f(q),

namely,

ao+b
2.34 =4 )
(2.34) 0=t (ri210).
because

. (a+ mc)a+ (b4 md) - .ac+b
exp | mi ot d = oxp | i |

If we let (¢, d) range over all pairs of coprime integers, then the two expressions in
(234) will eventually take on as its values each of the poles of f inside the unit
circle.

However, as we will see later when applying the theorem, it is possible that
different pairs (¢, d) may produce the same poles. In our applications, we will need
to be careful when calculating the sum Y R so that we do not count a residue of
the same pole twice.

We now calculate the residues of f(q) at its poles. If we let T := (a7 +b)/(cT+d),
then 7 = (dT — b)/(—cT + a). When we substitute T' for 7 and find a common
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denominator, we find that

A = Res(p(1), ) :THL%(CT +d)"p <Z:_|J_r§> (T—a)

—(car+ d)™ lim (T) <ﬂ - o<>

T—o —CT +a
—(ca+d)"  lim (T) <(CO‘ +d)T = (aa + b))
T—(aa+b)/(ca+d) —cT'+a
ac +b
—(ca+d)” i T catd d
(COZ + ) Tﬁ(aaﬁlgl/(coﬂrd) (P( ) <aa + b> (CO( + )
—C “+a
ca+d
+b
2.35 - d)n+2 I T) (T - .
( ) (COZ + ) Ta(anrlgl/(caer) (P( ) < ca+d

Note that the right-hand side of (Z38) is (ca + d)™*? times the residue of p(7) at
7 = (aa+b)/(ca+ d). Hence,

(2.36) Res (np(r), ZZIZ) = ca +Ad)n+2.
Using (2.306]) and the fact that
' = i exp (Wiaa—i—b)
dr rogath ca+d)’
we find that
(2.37)
ac+b mid exp <7ri Zj ——:—_ db> miAq
Res (f(q),iexp (mcaer)) =4 (ot a2 :i(caer;"“’
where

e Z‘aoz—I—b
q = exp Wcaer .

When we use ([2.37) to evaluate the sum —> R in (2.33), we find that ([2.33)

becomes
miAq 1 —miAq 1
.f(Q) - _Z <(ca+d)n+2q_q + (CO[+d)n+2 —(]—(I)
1 1
2. = —2miA
(2.38) A T T (g

where the summation runs over all pairs of coprime integers (c¢,d) which yield
distinct values for +¢ (the poles of f(g)), and (a,b) is any integral solution to
ad — be = 1. Thus the proof of the theorem is complete for |g| < 1.

If |¢| > 1, the proof is the same except now there is not a pole of f(q) inside the
unit circle. Thus, the term f(q) in (ZZ) does not appear, and so we arrive at (23)
instead. O
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3. THE COEFFICIENTS OF 1/Ey

As we noted earlier, Hardy and Ramanujan used Theorem [Z1]to prove a formula
for the coefficients in the power series expansion of the reciprocal of the Eisenstein
series Fg. In this section we will prove one of the analogous results found with the
publication of the lost notebook [19, pp. 102-104], [6, pp. 179-182]. These three
pages are apparently taken from one of Ramanujan’s letters to Hardy in 1918, but
the pages are undated and bear no salutation.

Let K = Q(v/—3). The algebraic integral domain Oy = Z[¢] = Z @ (Z, where
¢ = exp(2mi/3), is a principal ideal domain. If (¢,d) is a pair of coprime integers
which is a solution to the equation

(3.1) A=c? —cd+ d?,
where A is a certain fixed positive integer, then
(3.2) +(¢,d), =*(d,c), =*(c—d,c), =x(c,c—d), =*(d,d—c), =£(c—d,—d)
are solutions as well. To see this, set @« = ¢+ d¢ and let 2 = (¢ 4 d¢) be an ideal.
Then, if N denotes the norm of 2, we see that
A=N®) =AA = (c+d¢)(c+ d{),

where ¢ = (2. The unit group in O is U := {£1, £, £¢?}. Tt follows that

A =(a) = (~a) = (ag) = (~a() = (a¢®) = (—a¢?),

A =(a) = (~a) = (a¢) = (—a¢) = (a¢®) = (~a¢?).
Hence, one solution generates twelve solutions. For example, if

A = (ag) = (¢ +dC?%) = (¢ +d(~1 =) = (=d + (c — d)(),
then (—d, c—d) is a solution if (¢, d) is a solution. Note that if A is a prime, then the
twelve solutions are the only solutions, but if A is composite, there may be many
solutions. We will say that two solutions (c1,d;) and (c2,dz) to equation (B.1) are
distinct if they do not simultaneously belong to the same set of solutions in (B:2]).
Note that each of the solutions in ([B2) has an element from two of the three sets

{z£c}, {£d} and {£(c — d)}. Thus if two solutions simultaneously belong to ([B2),

then they have an element in common at least in absolute value. It follows that
(c1,d7) and (ca,ds) are distinct solutions to (3] if and only if

(33) Cg,dg ¢ {:tcl,:l:dl}.

It is well known, see, e.g., the text by Niven, Zuckerman, and Montgomery [11]
p. 176], that the integers A which can be represented in the form of A = ¢? —cd+d?,
with ¢ and d coprime, are integers of the form

(3.4) =3 T o,

j=1
where a = 0 or 1, p; is a prime of the form 6m 41, and a; is a nonnegative integer,
1<j<r.
Theorem 3.1. Recall that Q(q) and R(q) are defined by (L2) and (L3A), respec-
tively. Let

1 = .
Qe?) z_:oﬂ"qz
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and

) © (—1)k/€5
(3.5) G = R(*™") =1 — 504 ———— =28815...,
; ekmv3 _ (—1)k

where p := —1/2 +i/3/2. Then

2mn
e V/3/3 2 cos <T - 6arctan(—3\/§)>

" 3 nm nm
Bn =(=1) a\°¢ Vi 33 + =3 enTV3/7
2 cos <617Zl - 6arctan(2\/§)> enmV3/13

n 3 hA(n) nwv/3/\

(3.6) =(-1) a Te /A
™)
Here X\ runs over the integers of the form (3.4,
(3.7) hi(n) =1,  hs(n) = —1,
and, for A > 7,
nmw V3
. =2 — 2ac — 2 -

(3.8)  hxa(n) CZ; cos ((ad +be — 2ac — 2bd + ) S 6 arctan <2d - C>> ’

where the sum is over all pairs (c,d), where (c,d) is a distinct solution to A =
c? —cd+d? and (a,b) is any solution to ad — bc = 1. Also, distinct solutions (c,d)
to A= c% —cd + d? give rise to distinct terms in the sum in (3.6). Furthermore, if
n < 0, the sum on the far right side of (B.0) equals 0.

Proof. We apply Theorem 2] to the function 1/Q(g?). Then () = 1/Q(e?™7) =
1/E4(7). Since the Eisenstein series Eo;(7) is a modular form of degree —2j [21]
p. 50], o(7) satisfies the functional equation (ZI)) with n =4, i. e.,

(3.9) o(r) = o <Z:Ig> (er + d)*.

The function (7) has only one pole in P, a simple pole at 7 = f% + 173 =: p [20]

p. 198]. Thus, in ([232), we have
(3.10) a=p.

Clearly ¢(7) is meromorphic in H, which implies that f(g) is meromorphic in the
unit disc.

We now calculate A = Res(p,p) by calculating the corresponding residue,
Res(f, ™).

Suppose that a function F'(¢) has a simple pole at ¢ = ¢;. Expanding F'(q) into
its Laurent series about g = q1, we can easily see that

1
(3.11) Res(F,q1) = d(1/F(q))/dq —
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By (BII), (I2), and an identity of Ramanujan 3¢Q’(¢) = P(¢)Q(q) — R(q) [17],
[18, p. 142, Table II, no. 2],

8 Tipy _ ; _ 3 q
Res(f,e™*) = d(Q(¢2))/dq s = 720 i L
(1 - q2k) g=e™ir
_ 3 q
"~ 2P(@)Q(¢?) — R(¢?) | y—eriv
3 emie
= )
gemiv
=5

where G is given by (B.5).
If we apply (2.37) with a = p and (a,b,c,d) = (1,0,0,1), then we deduce that

. Tip
riderio = -3
or
3
12 A=— .
(3.12) 2miG
By 22), 39), (310), and , we find that
1
3.13
(3.13) 7o) G(z;) Cp+d)6 1—(q/a)*
where
fap+b
14 =
(3.14) g = exp <7TZ <cp+d>>’

and where the summation runs over all pairs of coprime integers (¢, d) which produce
distinct values for the set {q, —¢}, and (a, b) is any integral solution to ad — bc = 1.
By ([234)), each pair (¢, d) leads to exactly two distinct poles of f in the unit
circle, ¢ and —g, but it is possible that different pairs may lead to the same poles,
so we need to be careful that we do not count the same pole twice in the summation.
Thus, two tasks remain: find the values of (¢, d) over which the summation runs,
and compare the coefficients of ¢ on both sides of (BI3).
First, if A = ¢ — cd + d?,

ap+b  (ap+0b)(cp* +d) ac+bd+ (ad—bc)p+ be(p+ p?)
cp+d A B A
_ac—i—bd—bc—%—l—@i
= 3 .

—mV3 e 1 1
(3.15) q = exp ( ) ) exp (T (ac+bd— §ad— §bc)> .

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4392 BRUCE C. BERNDT AND PAUL R. BIALEK

If two pairs (c3,d3) and (c4,dy) produce distinct values of A, i.e., ¢ —c3ds +d3 =
A3 # Ay = ¢2 — cqdy + d?, then those pairs lead to distinct values for the set {£4q},

say {£¢,} and {£q }, i.e.,
(3.16) {£a,} A {£q,} =0

We now consider the case when different values of (¢, d) produce the same values
of A\. As we saw in (32)), each solution (c,d) to A = ¢ — cd + d? generates a total
of twelve solutions. If A = 1 or A = 3, then only six of these twelve are different
solutions. If A > 7, then the twelve solutions are all different.

Suppose that the solution (c,d) leads to {+g_}, say. Then (—c, —d) also leads
to {+g¢.}, while (d,c) and (¢,c — d) both lead to {£g,}. Since these three basic
transformations lead to either {+g¢_} or {+g,}, it follows that (¢, d) and the eleven
corresponding solutions of (B:2) yleld a set of only four different poles, namely,

(3.17) {£4; %4}

This would be a set of only two poles if g. were real or purely imaginary. We will
prove in Lemmas [332 3] and B4 at the end of this section that g can never be
real, and that it is purely imaginary only when A = 1 or A\ = 3. Thus, BI7) is
valid only for A > 7. If A =1 or A = 3, then the solutions of (B:2)) produce a set of
only two poles (for each value of \),

(3.18) {£q,}-

Lastly, suppose that (c1,d;) and (e, d2) are distinct solutions to equation (BII).
In Lemma at the end of the section, we will prove that each distinct solution
(together with its eleven corresponding solutions in (3:2))) yields four distinct poles,
i.e.,

(3.19) {#a, #4,} A {+g,, £7,} =0,

where the bracketed sets correspond to (c1,d1) and (eg,ds), respectively.
We can now express the right-hand side of ([B:I3) not as a sum over pairs (c,d),
but as a sum over A and over distinct pairs (¢, d).

From (BI3) and BI6)-(3I19),

3 1 L
(3.20) fla) =5 (Z): (cp+d)° 1—(q/q)?
A q

<3

1 1 1 1
+%):<(cp+d)6 i G i) |
A>3

where A runs over all integers of the form (B:4), and where, for each fixed A, the
sum is also over all distinct pairs (c, d).
For A\ = 1, with (a,b,¢,d) = (1,0,0, 1), by (BI3),

q=¢exp <—7T\/§/2) exp(—mi/2) = e ™V3/2,
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Thus,

1 !
(cp+d)S 1—(q/q)*  1+emV3g2
Similarly, for A = 3, with (a,b,¢,d) = (1,1,1,2), by I9),

e ) )

1 1 1 1
3.22 =
(322) G+ @8 T-(gfa? 27 14 ervilig

By 32I) and (322)), equality (8:20) becomes

L
AN 1+4emV3g2 271 4 emV3/3¢2

(3.21)

Thus,

1 1 1 1
22 (a1 (a/aP " (dp+c) 1~ (Q/g)2>

A>3
3 < 3 1 s
— _1nn71'32n__ 1) 3/3 2n
L S apenssin - LS apenay
(323) —|—Z %iq—ZnQZn_'_ 1 . iq—anQn
oy \lep+d)® i (dp+0)® 7=~
A>3
oo
(3'24) = Z 6nq2na
n=0
where |g| < e~™V3/2 and
(3.25)
3 N LA W 1, 1,
n — 71 n_- nm - e n n )
Bn=(=0"g (e 3 +G%): et dpd T dpr el
A>3

‘We now show that

1 1
(3.26) (cp+d)f ((dp + c)6> ’

and then we will use this to express the sum in (B:25) more explicitly. By an
elementary calculation, we find that

1 1 cV3
2 —_— = — —6i
(3.27) ot df - X exp ( 67 arctan <2d — c)) ,
and similarly,
1 1 . dv'3
(328) W = F exp (-67/ arctan (26 — d)) .

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4394 BRUCE C. BERNDT AND PAUL R. BIALEK

Note, however, that

V3 V3 4

cv3 dv3 2d—c  2c—d

tan (arctan <m> + arctan <m>> = 1 73 3 = —/3.
\2d-¢ 2c—d

Hence,

3 dv'3
(3.29) arctan (22—\/—0> + arctan (%) =mn — g,

where m is some integer. Thus from [327), (B28), and (B29),

630 s e = o (0 (= 5)) = 3

which is, of course, real. Since m m is real, (B26]) follows. From (BI4)),

(3.31) g " =(-1)"exp <n7r\/§> €xp (? (ad + be — 2ac — 2bd + A)) .

Thus, by (3.30), (3:27), and (B.31), each summand in the sum of (3:28) is

gf2n
2Re <7(cp n d)6>

_ 2(*1)”6“7“/5/)\

exp <%(ad + be — 2ac — 2bd + /\)> exp <—6z’ arctan ( cV3 ))

2d — ¢
x Re

)\3

(3.32)

—1)"
- &Y 2cos ((ad+bc—2ac—2bd+/\)m—6arctan< V3 )) V3

A3 A 2d —c¢
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From (B:28) and (332), the coefficient of ¢*" in the power series expansion of f(q)

is

3 ) e _ Y
G 33

2 cos ((ad+ bc — 2ac — 2bd + )\)n—7r — 6 arctan ( cV3 ))
A 2d —c
nwv/3/\

+> 73
(A)
A>3
(3.33)
ha(n) sy
— _1 n YL‘IT
( ) G )\3 )

(N

where hy(n) is defined in (37) and (B-8). This proves (B.0).

To obtain the displayed terms in the expansion (3:6]), we choose (a,b,c,d) =
(1,0,3,1) for A=7 and (a,b,c,d) = (1,0,4,1) for A = 13.

Lastly, we consider the case for n < 0. Up until ([B:23]), we did not use the fact
that |¢| < 1, except that, if |¢| > 1, by Theorem 211 the left side of (323]) would
equal 0. Instead of expanding the summands on the left side of (3.23]) in powers of
q, we expand the summands in powers of ¢~ when |q| > 1. We thus find that, for

g > ™32,
_i = _1\n,—nmV/3 72n_i = _1\n,—n7V3/3 _—2n
o—G{n;( e - LS ey
oo 1 oo
2n —2n 7271 —2n
+7
A>

= Z /Bfnq_gn-
n=1

This then completes the proof of the theorem for n < 0.
Thus the proof of Theorem B.Ilis complete apart from several technical lemmas.
O

Lemma 3.2. Given a coprime pair of integers (c,d), we can always choose integers
a and b such that ad —bc =1 and

(3.34) ‘ac—i— bd — %(ad—l—bc)‘ < i —cd+d).

Proof. Let (a1,b1) be a solution to ad — bc = 1. Then the complete set of solutions
is {(a1 + mc,by + md) : m € Z}. Substituting this expression into the left side of

B34)), we see that
(a1 + me)c+ (by + md)d — §(ay + me)d — 3 (by + md)c|
= |arc+bid — Jard — Lbic+m(? — ed + d%)].
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For some unique integer m,, we have
aic+ bid — %ald — %blc + m1(62 —cd+ d2) <0
and
aic+ bid — %ald — %blc + (m1 + 1)(c2 —cd + dz) >0,
since ¢ — ed + d? > 0. Thus one of the two pairs,
a=ai;+mic, b=0by+mid or a=a1+ (m+1)c, b=b+ (mi+1)d

will be our desired solution. O

Lemma 3.3. If ad — bc =1, where a, b, ¢, d € Z, then the quantity

(3.35) q = exp —77“/5 exp | m ac+bd - %(ad +be)
’ = 2(c? — cd+ d?) c? —cd + d?

cannot be real.

Proof. By (2.34)), if ¢ and d are fixed and (a, b) is a solution to ad — bc = 1 which
leads to ¢, then other solutions to ad —bc = 1 will lead to either ¢ or —g. Therefore
if ¢ is real for some solution (a,b), then it is real for all solutions. -

_Suppose that a certain pair (¢, d) leads to a value of ¢ that is real. We can assume
without loss of generality that (a,b) satisfies (334). Since q is real, we have, by

B.35),
ac+bd — L(ad+bc) =0 (mod (¢* — cd + d?)),

and so, by (334),
ac+bd — % (ad + be) = 0.
Adding the equations 0 = (ac+ bd — 3(ad + bc))? and 1 = (ad — bc)? gives
1= a?c® + ad® + b°c? + b2d* — a’cd — abc® — abd® — b%cd
+ 2 (a*d® + 2abed + b*c?)

= (* — cd + d*)(a® — ab+ b®) + 1(ad — bc)?

= (¢ — cd + d*)(a® — ab+b*) + 1,
Hence,

3 = (2 — cd+ d?)(a® — ab + b?),

which is impossible since the variables are integers. Thus ¢ cannot be real. O
Lemma 3.4. Under the conditions of Lemma[B.3, the quantity q is purely imagi-
nary only when A =1 or A = 3, where A = c? — cd + d®.

Proof. Suppose that a certain pair (c,d) leads to a value of ¢ that is purely imagi-
nary. We can assume without loss of generality that (a,b) satisfies (3.34). Since ¢
is purely imaginary, we have, by (3.37),

(3.36) 2 |ac+bd — 3 (ad + be)| = ¢ — cd + d°.
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Thus, by (3306]) and the equality ad — bc = 1,
(|ac + bd — L (ad + be)| — (a® — ab+ b2))2
— (ac+bd — L(ad+be))? — 2 |ac+ bd — L(ad + be)| (a> — ab + b?)
+ (a® — ab+ b*)?
— (ac+bd — L(ad+be))* = (¢ — cd + d)(a® — ab+ b?) + (a — ab+ b*)?
=(a® — ab + b*)* — 3(ad — bc)?
=(a®*—ab+b*)* -3

(3.37) =A% -3,
where
A :=a% —ab+ b2
Since A € Z,
(3.38) lac + bd — %(ad + be)| = W,

where W is odd and positive. Therefore, by (3:37) and (3:35)),
2

(-8 =24
or

W(AW —A) = 3.
Hence, the quantity %W — A is negative. Clearly, its absolute value is at least %.
Since

=W GEW =8> 13w,
we deduce that W =1 or W = 3. But by B:38) and (3:34)),
W =2lac+bd — L(ad + be)| = ¢* —ed + d* = A,

We conclude that if ¢ is purely imaginary, then A can be only 1 or 3. When A =1
and (¢, d) = (1,0), say, we have, from (3.35),

q= ie—wx/g/Qe‘n'i/Q _ iz’e_”\/g/g.

When A =3 and (¢, d) = (2,1), say, we have
T/(2V3)g=mi/2 _ 1je=m/(2V3)

q=*te”
Soif A =1 or A = 3, the quantity ¢ is indeed purely imaginary. O

In Lemma [B:5] we establish (B:I9) by proving the contrapositive statement,
namely, that if two different solutions (c,d) to the equation A\ = ¢ — cd + d?
lead to the same set of poles, then the solutions are not distinct.

Lemma 3.5. If (cg,dg) and (c7,d7) are two pairs of coprime integers such that

(3.39) cg — Cods + d§ = cf — crdy + di =\,
and if
(3.40) {4, £4,} = {£q,. £3,},

where q is defined in (BI3), then the two solutions of ([B39) are not distinct. In
other words,

(341) {67, d7} A {:l:CG, :|:d6} 7é 0.
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Proof. From (234), we see that for fixed (¢, d;), the set {igj, igj} is not affected

by our choice of (aj,b;). Thus we can assume without loss of generality that (a;, b;)
satisfies (334 for j = 6 and 7. In other words, if we define e; by

(3.42) e = a;c; + bjdj — %ajdj — %bjCj,
then we can assume that
(3.43) lej| < X, j=6,T.
We will show that [B40) implies eg = +e7 by considering four different cases.
If g, = g, then by (B.I5) and [B.42), mieg/\ = mier /A + 2mim, where m is some
integer. In other words,
(3.44) es = er (mod 2N).
If, however, ¢, = g_, then, by (B.I5) and B.42), mies/A = —mier/A + 2mimy,
where m; is some integer. Thus,
(3.45) e = —er (mod 2)).

If g, = —q., then, by (310) and (3:42), mieg/\ = mier /A + mi + 2mima, where
ms is some integer, or, in other words,

(3.46) e =er+ A (mod 2)).

Similarly, if 45 = 0 then mieg/\ = —mier /A + wi + 2wims, where mg is some
integer, which implies that
(3.47) e = —e7+ A (mod 2)).

From (B.44)-(3.47), we see that the set equality {£q,, +q,} = {*q..+g, } implies
that eg = ey (mod A), which implies that, by [B:43)),

(348) € — :|:67.
Observe that, by ([24) and 342,
e? +1= e? + (ajdj — bjc;)? = (c? —cjd; + d?)(a? —ajb; + b?) + 1
Therefore since €2 = €2 and ¢ — cgdg + d2 = ¢ — crdy + d2, we deduce that
(3.49) ag — aghg + bz = a2 — arby + b2.

Later we will use this observation.
We now prove (3:41]) by using matrices. We consider two cases.

Case 1. Assume that eg = e7. If we let, for j = 1,2,

¢;—3d; Bd;
(3.50) M; = )

a;— b b,
then

5 —cid; + d3 ajcj + bid; — 3a;d; — $bic;
(3.51) M;M] =
ajcj +bid; — tajd; — 1bjc; a? —a;b; + b?

Observe that
(3.52) MsME = M, MT
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by (339), 3.42), (B8.49), and the assumption that eg = e7. After multiplying both
sides of (352) by M, ' on the left side and then by (MZ)~! on the right side, we
obtain

(3.53) U:=M;"Msg =M (MI) ™' = (Mg M;)" = U 7.

We want to determine the entries of U, because these may give us information
about the entries of the matrices Mg and M7. We start by calculating the values
of the determinants |M;| and |U|. From the definition of M; in (3350), a straight-
forward calculation gives

V3

(3.5 Myl = =22,

by (Z4)). Thus, by B53) and (B354,

(3.55) | = <_%) (_\/;) 1

If

then, by (B55) and so (B53), we find that

P

Thus, U is of the form

(3.56) U= {w ”’] .
-z w
By (353), B54), and a straightforward calculation,
(3.57)
—br(cs — Lde) + dr(as — Lbe) —Bhodg + Lbedy
U=

%(07 — %b7)(06 — %des) — %(ae — %56)(07 — %d7) de(ar — %b7) — bg(cr — %d7)
Thus, we see that U has the form

R
(3.58) U= :
1 1
vl 29
where P, Q, R, S € Z. By ([8350) and (858), we conclude that U is of the form
R
(3.59) U= :
Q3P

where P, Q € Z.
By (355) and (B13), we deduce that
1 3
- P2 e 2 =1
1 + 1 Q )
so either P, Q € {£1} or P =42 and Q = 0.
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If P=42and Q =0, then

1 0
(3.60) U=+ [0 1] .
But, by (353), we deduce that
(3.61) Mg = +M;,
which implies that dg = +d7;. Thus, the statement we wanted to prove, (3.41)),
holds.
If, however, P, Q € {£1}, then U is of the form
N L1 V3
(3.62) U= 7& j:2l ] or U= \é j:i
2 2 2 2

We consider two subcases.
Case 1A. Assume the first case in (3.62)). By the definition of U in (3.53)),

s — ds  Ldg cr—Ldy B3| | £1 L
(3.63) -
ag — Lbg b — by oy | |- 4]

The entry in the first row and second column of the matrix on the left-hand side of
the equation is
(364) idg \é_ (07 — %d7) + £d7 == g cr + <—? + %) d7

If we choose the plus sign in the first matrix of (3.62) (and, hence, in (3.64))),
then we conclude that dg = c7, from which (@.41) follows. If, however, we choose
the minus sign in ([B.62), then we conclude that ds = c¢; — d7. We will show that
this implies that cg = ¢y or ¢g = —dy, from which (347 follows.

The pairs (cg,dg) and (c7,d7) are solutions to the equation A = ¢ — cd + d?.
Note that, if A and dg are fixed, then there are at most two solutions cg to the
equation. If we set dg = ¢y — dy, then it follows from (B:2)) that two solutions for cg
(indeed, the only two possible solutions for ¢g) are ¢g = ¢7 or ¢ = —dy7. It follows
that (B41) holds, and the proof for Case 1A is complete.

Case 1B. The proof for Case 1B is very similar to that for Case 1A. Assume that
the second case in (B62) holds. Note that

1 V3 1 V3
3 % Tz 7
U: = — s
V3 1 V3 1
% Fa3 -9 T2

which is the matrix in Case 1A multiplied by the scalar —1. Thus, by (B53) or

(B.64),

(365) ?dg = — (?67 + ([ + \/_> d7> s

which implies that dg = —c7 or dg = —c7 + d7. But note that dg = d7 — ¢y would
imply that ¢g = —c¢y or ¢g = dy by (BZ). Hence, (841 follows, and the proof for
Case 1B is complete.
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Case 2. The proof of Case 2 is very similar to that of Case 1. Assume that

(366) €g — —€7.
If we let

B Cr — %d7 —§d7
(3.67) My = ,

—(ar = 3b7) P

then a brief calculation gives

~ o~ —c2 — crdy + d? —(arcr + bydy — Yazd; — tbrer)
MN-MT = 7 — Crar +d7 7C7 + 07d7 — gardy — 507C7
T —(a707 + brdy — %a7d7 — %b707) a% — arby + b%

Note that the definition of My is the same as that of My in (350), except that
the entries along one diagonal are multiplied by —1. A straightforward calculation

gives
- V3
(3.68) | M| = -
By 351, (339), 349), and B86), MgMT = M;MZT or
(3.69) U:= M; Mg = (Mg " M;)T.

Then, from the definitions of Mg in (Z50) and M; in ([B67) and the value of | M|
from (B.6]) we find that, after multiplying the requisite matrices,

. —br(ce — ds) — dr(as — Lbe) —~Bhrde — Lbedr
—%(CW — 3b7)(c6 — 3de) — %(as — 1bg)(cr — 3d7)  —dg(ar — 3b7) — bs(cr — Sdr)
Thus, U has the shape

T

(3.70) 0= ,
1 D 1 &

st 28

where P, Q, R, S € Z.
As in Case 1, where (852) implies (353) and thus ([B54), the condition (B.69)

implies that U = (f]_l)T, so that U is of the form

(3.71) U= {"“l ”ﬁ] .
-z w
By (370) and (Z7T), we see that U is of the form
- Lp BB
(3.72) o=| 2 T |
-5 Q@ 3P
where P, Q € Z. But note that, by (368) and (3:54),

which implies that
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_If P =42 and @ = 0, then, by (380) and (BEI), dg = +dy. If, however, P,
Q € {£1}, then U has the form

EE o |E
(3.73) U= or U=
-5 £ o+
If the first case of (B3] holds, then, by (B.69),
s — 3ds Lds er—3dy  —Ldy| | £ B
(3.74) -
ag—3b Pbs| = (ar—3Lbr) Lo | |- £}

The entry in the first row and second column of the matrix on the left-hand side of
the equation is

(375) £d@ \é— (67 — 1d7) F \/T§d7 = \/7567 + < \/g \/§>

which implies (B47]), because (B.7H) is the same as equation (B.64]) which ultimately
implied (3:41).

If, however, the second option in (F73) holds, then by a similar argument,

3 3 1 3 3

(3.76) \/_—d6:_£ r— 2y £d7__£ o \/‘ \/‘ N
2 2 2 2

which implies (B:4]), because ([B70) is the same as equation (B.65) which ultimately

implied (3:41).
Thus, (B:ZT]) holds both in Case 1 and Case 2, and the lemma is proved. O

4. THE COEFFICIENTS OF E4/Fjg

In a letter to Hardy written from Matlock House, an English sanitarium, Ra-
manujan [19, p. 117] communicated a result which is very similar to formula (B.6)
in Theorem [3.1] We describe that result in this section. More details can be found

in [1J.
Suppose that (¢, d) is a pair of coprime integers which is a solution to the equation
(41) M:CQ—FdQ,

where p is fixed. Let K = Q(yv/—1). Then O = Z[\/~1] = Z @ Zi is a principal
ideal domain. Thus, from (@I), A = N () = AA, where A = (c + di) =: («) and
2A = (@). The group of units in O is then given by U = {£1, +i}. Thus,

A =(a) = (—a) = (ia) = (—ia),

A =(a) = (-a) = (ia) = (—ia).
Hence one solution generates a total of eight solutions, namely,
(4.2) +(e,d), =£(¢,—d), =£(d,c), =£(d,—c).

We say that two solutions (c¢1,d;) and (co, d2) to equation () are distinct if they
do not simultaneously belong to the same set of solutions in (£2). Note that (¢1,d;)
and (cg,ds) are distinct solutions to (&) if and only if

(43) Co ¢ {:l:Cl, :l:dl}
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Recall that [11, p. 164] the integers p which can be represented in the form
p = c +d?, with c and d coprime, are integers of the form

-
(44) uw= 2a Hp;j’
j=1
where a = 0 or 1, p; is a prime of the form 4m + 1, and a; is a nonnegative integer,
1<j<r.
Theorem 4.1. Let
Q(QQ) — 2
4.5 = Onq-"
and
_2 =g
(4.6) J=Q(e ):1—1—240;1m:1.45576....
Then, if n > 0,
4
2 cos o + 4 arctan 2
2 2nm (_1)77, nm 5 2nm/5
Op = = e — e + e
J 22 52
3
(4.7) 2 cos (% + 4 arctan 3)

+ 627177/104»”.

102

2 v#(n) 2nm
= j Z 76 /#.
(1)

Here, u runs over the integers of the form (&),

(4.8) vi(n) =1, w(n)=(-1)"*,
and, for u > 5,

2nm c
(4.9) vu(n) =2 ;COS <(ac + bd)T + 4 arctan E) ,

where the sum is over all pairs (c,d), where (c,d) is a distinct solution to u = c®+d>
and (a, b) is any solution to ad—bc = 1. Also, distinct solutions (c,d) to u = c¢*+d?
give Tise to distinct terms in the sum in [EX). If n < 0, then the sum on the far
right side of (1) equals 0.

Proof. Let |g| < 1. We apply Theorem 2] to the function f(q) = Q(q*)/R(q?).
Then (1) = E4(7)/Es(7). Since E4(7) and Eg(7) are modular forms of degrees
—4 and —6, respectively, o(7) satisfies the functional equation (21 with n = 2.
The only zero of Fg(7) in P is at

(4.10) T=i

(Rankin [20, p. 198]), while by (310), E4(7) does not have a zero at 7 = 4. Thus,
in the notation of Theorem 2.1],

(4.11) a =i
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Lastly, because 1/Eg(7) is meromorphic in the upper half-plane [21], p. 50], we
see that (1) is also meromorphic there and that f(g) is meromorphic in the unit
circle.

We now calculate A = Res(ip,4). By B.11]), (£6), and an identity of Ramanujan
[17], [18] p. 142, Table II, no. 3],

o Q(q?) —qQ(¢%)
Res(f,e™ ™) = dR(¢?)/dq g—er 1008 i _ ko
= (1 _ q2k:)2 R
_ —4Q(¢%) _ —9Q() S
(4.12) CQ%(¢) — P(R(¢®) | jmer Q¢®) e

Thus, by (fI2) and (Z31),
Res(f,e™™) -1

4.1 A= = —~ 1~ = .
(4.13) Res(i,7) mie ™ Jmi
By 22), @Idl), and [{I3)), we deduce that

2 1 1
4.14 = —
where

fai+Db
(4.15) q = exp (m (ci—l—d)) ,

and the conditions on a, b, ¢, and d are the same as in (313) and 3I4)). We need
to explicitly determine the values over which (¢, d) runs.

The analysis used to determine which pairs (¢, d) are counted in the summation
is very similar to that in Theorem Bl Now,

(4.16)  g=oxp (m' (%)) = exp (%) exp (%i(ac—i— bd)) :

where u = ¢ + d?. As in ([310), we can show that if the two pairs (c1,d;) and
(c2,d2) produce distinct values of p, then they lead to distinct values for the set

{£q}, ie.,
(4.17) {£q,} A {£q,} = 0.

When g = 1 or u = 2, then only four of the eight pairs in ([f2) are distinct.
Each value of y1 corresponds to only two values of g, say, {igg}. When p > 5, all
eight pairs in [@2) are distinct. However, if (¢, d) leads to {g¢,}, say, then (—c,d)
and (d, ¢) each lead to {£g,}. It follows that the eight pairs of solutions in (EZ)
lead to only four different poles, namely,

(4.18) {£a,+7,}-

These four poles are indeed distinct, because, as we will show, in Lemmas
at the end of the section, g is real only for y = 1, and ¢ is purely imaginary only
for p = 2.
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Lastly, in Lemma [£5 we prove that if 4 > 5 and (c¢1,dy) and (co,ds), say, are

distinct solutions to equation (HI), then each solution, taken together with the
seven corresponding solutions in (f2), yields four distinct poles, i.e.,

(4.19) {£q,, +q,} NM+g,, £q,} = 0.

In summary, we have so far shown, by (£14) and (EI7)-EI9), that

2 1 1
(4.20) f(q) :j{ % CETS e
p<2
1 1 1 1
t2 (( T (gfg)? " (et d)tl- (q/g)2> }

(w)
n>2

where p runs over all integers of the form ([4), and where, for each fixed p, the
sum is also over all distinct pairs (c, d).

For p = 1 and, say, (a,b,c,d) = (1,0,0,1), we find that, by [@If), ¢ = e ", so
that the summand in (£.20) is

1

4.21 —_—.
( ) 1— q2€27T

For 1 = 2 and, say, (a,b,c,d) = (1,0,1,1), we find that ¢ = ie~™/2 so that the

summand in [{20) is

1 1

4.22 -
( ) 22 1—|—q26”

Thus, by (@21]) and (f22)), we can rewrite ([L20) as

Y

J 1—q2e27r 221+ ¢2%e™
1 1 1
+Z ( (ci+d)*1—(q/q)? * (Ci+d)41(Q/Q)2)}
u>2

{Ze2n7r 2n Z n enT Zn
22
4 Z ( Z —2n 2n 1 i q—2nq2n> }
ci+d)* fci+d)4 ==
u>2

(4.23) =Y g™
n=0
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T

where |¢| < e”™ and

2 (—1)" 1 1
577, = 2nm nmw omn n

71° 2 ¢ *%((devﬂ T et il
;Ll;Q

2
2 cos ((ac + bd)ﬂ + 4 arctan E)
W

eZnﬂ/p

2
¥ 22 112

—1)"
62n7r _ ( ) enT 4 Z
(1)

w>2
e2nﬂ/u

(4.24) :% Z Yu(n)e™ "

2 b
(r)

where v, (n) is defined in (E8) and (). To obtain the displayed terms in (@1,
we choose (a,b,¢,d) = (1,0,2,1) for p =5 and (a,b,c,d) = (1,0,3,1) for = 10.
Thus, apart from the lemmas below, the proof of Theorem E.1] is complete for
n > 0. For n < 0, we repeat the argument above but with |¢| > 1. Then, by
Theorem 23] the left side of (£23]) equals 0 instead of f(g). We now expand the
series on the left side of (£:23]) in powers of 1/q instead of powers of q. We complete
the argument as in the proof of Theorem [B:1] O

The following four lemmas are analogous to Lemmas B.2H3.5 and their proofs are
very similar. We forego the proofs, since they are similar to those in the previous
section.

Lemma 4.2. Given a pair of coprime integers (c,d), we can always choose integers
a and b such that ad —bc =1 and

(4.25) lac + bd| < 1(* + d?).

Lemma 4.3. If ad — bc = 1, where a, b, ¢, d € Z, then the quantity

—T i

is real only when ¢ +d? = 1.
Lemma 4.4. The quantity q is imaginary only when +d>=2.

Lemma 4.5. If (¢1,dy) and (ca,ds), say, are two pairs of coprime integers such

that

(4.27) Ad+di=cG+d=p
and if

(4.28) {£q,. +4,} = {£4,, %4,},

where q is defined in (L10), then the two solutions of [@21) are not distinct. In
other words,

(429) Cco € {:I:cl, :|:d1}
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5. THE COEFFICIENTS OF (7E3/3)/E¢ AND (nE%/3)%/Eg

The following theorem is from the fragment published with the “lost notebook”
[19, pp. 102-104] and is similar to the previous theorems. However, since this result
involves a function which is not a modular form, we need to modify Theorem 2.1]
in order to prove the result.

Theorem 5.1. Let

ﬁp(q2) o
(5.1) SR(q2) = ;mmq%

and

T
(*P(q2)) oo
3 2n
(5.2) e = an,nq .
R(q?) =
If
(5.3) Ci=1+480)  — 55—
k=1
then, if n > 0,
4
5 (—1) 2 cos (% + 8arctan 2>
Mo =— €2n7r o e + 627171'/5
’ C 23 53
2 cos <37r5n + 8 arctan 3)
2nm /10
+ 103 e nm/ + ...
2 Wyu(n) o o/
(54) :6 Z Te nT/
(w)
and
2 Wﬂ(n) 2nm

(5.5) Non = o Z —/ﬂ e /u,

(»)
where p Tuns over the integers of the form (&4). Here,

(5.6) Wi(n) =1, Wa(n) = —(-1)",
and, for u >5,
(5.7) Wy(n) =2 Z cos ((ac + bd)Qn—7r + 8arctan 2) ,
W
c,d

where the sum is over all pairs (c,d), where (c,d) is a distinct solution of p = c>+d>.
Also, distinct solutions (c,d) to p = ¢ + d? give rise to distinct terms in the sums
in (@4) and (BA). If n < 0, then the sums on the right sides of (&4) and (B3H)
are both equal to 0.
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Note that the definition of W, (n) is almost identical to that of v, (n) in Theorem
BT

Proof. For j =1 or 2, let f;(q) denote the quotients on the left sides of (51]) and
(B22)), respectively. Define ¢;(7) = f;(€™7). Then, by (L) and (T4),

5.9 =D gy - TEOS

Eg(T)
Recall that Fo(7), defined by ([CH), satisfies the functional equation
(5.9) Ey (VT) = Bs(7)(cT + d)?

for any modular transformation V7 = (a7 + b)/(cm + d). Although E3(7) is not
a modular form, we see from Ramanujan’s work [3, p. 320] that it does satisfy a
modified functional equation:

G

(5.10) E; (V1) = E3(1)(cm 4 d)? (e + d).
T

Since Fg is a modular form of weight 6,
(5.11) Es (V1) = Eg(7)(cT + d)°.
Taking (B.10) and (EI1) together, we find that

9ci
(5.12) £1(7) = o1 (V) for + )+ s (er + )
and, after squaring both sides of (BI0),

4 2
(5.13) ©0o(T) = o (VT)(eT 4+ d)? + 4cipy (V) (er + d)? — L(CT +d)*.
E@(VT)

We now prove that modified versions of Theorem [2.1] hold when the functional
equation (2:1) is replaced by either (5:12) or (5.13).

When we replace 1)) by either (E12)) or (RI3)), the parts of the proof which are
affected are the estimation of the integral (25) and the calculation of the residues
of ¢;. The only resulting change in the statement of the theorem itself is a slight
modification of ([22]).

When we replace (ZI) by (EI2) or (&I3), the function ¢;(7) satisfies the con-
ditions of Theorem 21l for j = 1 or 2 with a = ¢, because P(q) is analytic in the
unit circle.

We now estimate the integral (Z3). Let V*7 = (k' — h')/(—kr + k). By (512)
and (BI3), our estimates for ¢ in ([Z24)) are replaced by, respectively,

2k

(5.14) lp1(T)] < |1 (V*T)\|—k7+h|4+m

| — k7 + h)?
and
oo ()| < |2 (V*T)| | — kT + h|? + 4k |1 (V*7)|| — k7 + B[

4k?
| | — kT + h|*.

(5.15) + 7|E6 )
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As we have seen, Theorem [Z1] can be applied to the function 1/Eg(7) (as Hardy
and Ramanujan [I0] did). Thus, on the boundary of P,

1

Eg(7)
for some positive constant M. By (5.14), (.16), (222), and 2.25),
o1 (T)| < M| = k7 + h|* 4+ 2kM| — k7 + h[®
= KM |7 — h/k|* + 2kSM |7 — h/k|®

(5.16) <M,

_ 16M N 64k M
(k2 + kEk +k’2)2 (k2 + kk/ —l—k’2)5/2
My
5.17 < ,
( ) (kQ + kk.l + k/2)2
where Mj is some positive constant.
Similarly,
M,
(5.18) [pa(7)| ;

SR kE 4 K2

where M is some positive constant. Note that the inequalities (5.17) and (5.I8)

are similar to (Z26). The remainder of the argument is the same as before, and so

the integral in (2) approaches 0 as m approaches oo in the cases of ¢ and ps.
Next we evaluate Res(yp;,7) using the following lemma.

Lemma 5.2. Let VT = (at+b)/(ct+d), where a, b, ¢, and d are integers satisfying
ad —bc =1. Then

(5.19) gEg(Vi) - gP(QQ) =% 4 d?

e ; ai+b
I=SP\"\Gvd) )

Proof. Consider the modular form E5(7) defined in (T6). From [2, p. 159] and [3]
p. 256],

where

: =~ k 3
(5.20) Ey(i)=1-24) o~ =0.
k=1

By (@.20), (L6), and the definition of ¢ above,
o ngk 3

=F ) =1—24 —
0 2(Vi) ’; 1—¢?0  7Im(V7i)

kg 3.2 p
k=1~ 2
and hence we obtain (5.19). O

By (236]), or more precisely the sentence preceding (2.36]), and (Z.13]),

1\ Res(1/Eq(r),i) —1/(J?mi) —1/(Cri)
Res (EG(T)’V> T (it d® (it dE  (citd)P
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by a result of Ramanujan [I7, Table I, Entry 4], [18, p. 141], where J is defined in
() and C is defined in (B3). By (Z37) and the calculation above,

1 4q
(5.21) Res (W,g> = Y
It follows from (5.19) and (5.21) that
(5.22) Res (f(9),q) = —( + dz)jﬁ.

When we replace (Z37) with (522), the analogue of (Z38) becomes, or, alterna-
tively, (Z33) becomes

2 W 1
5.23 i(q) ==

(e,d)

where p = ¢ + d2.
Thus, the conclusion of Theorem [2.1]is valid for ¢; if we replace (2.2) by (5.23).
Since the quantity g is the same for ¢; as for ¢ in Theorem [4.1] the analysis
involving the values of (¢, d) counted in the summation in (@I4) is valid for ¢; as

well. So by (@20), E23), and (£24), we find that
file) = nind®™,
n=0

where, for j = 1,2,
(5.24)

2 d
2 cos ((ac + bd) U7+ Sarctan —)
H eQnﬂ/,u

2 (-1 c

Nim :6 62n7r _ = enT 4 Z
(1)

pu>2

pA=i

2 W, (n)e?nm/n
oo 3 e
w

by (B7). In (5:24)), as in (E20), 4 runs over all integers of the form (£4]), and for
each fixed p, the sum is also over all distinct pairs (c, d).

Thus, the proof of (5.4)) is complete. O

6. THE COEFFICIENTS OF (7E3/2v/3)/Ey

The theorem in this section is from the same fragment [19, pp. 102-104] as the
previous theorem, and the proof is very similar, and so we forego it. More details
may be found in [i].

Theorem 6.1. Let

(6.1) Fla) = o o e =D g™
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Then, if n > 0,

where A runs over the integers of the form (B4, and G and hy(n) are defined in
BH) and B), respectively. Also, distinct solutions (c,d) to A\ = ¢ — ed + d?,
which were defined before Theorem Bl give rise to distinct terms in the sum in
(62). If n <0, the sum on the right side of (62) equals 0.

We are grateful to R. J. Evans, L.—C. Zhang, and the referee for very helpful
suggestions.
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