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ON THE ABSOLUTELY CONTINUOUS SPECTRUM
OF ONE-DIMENSIONAL QUASI-PERIODIC
SCHRODINGER OPERATORS IN THE ADIABATIC LIMIT

ALEXANDER FEDOTOV AND FREDERIC KLOPP

ABSTRACT. In this paper we study the spectral properties of families of quasi-
periodic Schrédinger operators on the real line in the adiabatic limit in the
case when the adiabatic iso-energetic curves are extended along the position
direction. We prove that, in energy intervals where this is the case, most of
the spectrum is purely absolutely continuous in the adiabatic limit, and that
the associated generalized eigenfunctions are Bloch-Floquet solutions.

RESUME. Cet article est consacré & 1’étude du spectre de certaines familles
d’équations de Schrodinger quasi-périodiques sur ’axe réel lorsque les variétés
iso-énergetiques adiabatiques sont étendues dans la direction des positions.
Nous démontrons que, dans un intervalle d’énergie ou ceci est le cas, le spectre
est dans sa majeure partie purement absolument continu et que les fonctions
propres généralisées correspondantes sont des fonctions de Bloch-Floquet.

0. INTRODUCTION

In this paper, we analyze the spectrum of the ergodic family of Schrodinger

equations
d2

(0.1) H, .= —ww(x) + (V(z—2)+ W(ex))w(x) = EY(z), z€R,
where V(z) and W (&) are periodic, and € is chosen so that the potential V(- —z) +
W (e-) is quasi-periodic. Our aim is to study the spectral properties of H, . in the
limit as ¢ — 0. In the paper [I1], we have studied this operator near the bottom
of the spectrum when W is the cosine. In the present paper, we consider a rather
general W but in a different energy region. We are interested in the spectrum
situated in the “middle” of a spectral band of the “unperturbed” periodic operator

(0.2) Ho(z) = =" (z) + V(2)i(2).
More precisely, we assume that the set E—W (R) lies inside a spectral band of [{1.2));

see Figurelll, left part. Such energy regions always exist as the length of the bands of
the spectrum of Hy increases with energy (see e.g. [8, [13]). We roughly prove that,
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FIGURE 1. The band center

for € sufficiently small, in the corresponding energy region, most of the spectrum of
H, . is absolutely continuous, and that the corresponding generalized eigenfunctions
are Bloch-Floquet solutions of the same functional structure as in [7, [9].

In [9], Eliasson has considered one-dimensional Schrédinger operators with (ana-
lytic) almost periodic potentials. He has proved that, in the high energy region, the
spectrum is absolutely continuous, and also that, if the almost periodic potential
is small, all the spectrum is absolutely continuous. The novelty here is that we do
not need the energy to be large or V 4+ W to be small. Our result holds in the
“middle” of any spectral band of Hy as soon as the amplitude of W is smaller than
the width of the band and ¢ is sufficiently small. In our case, V' only needs to be
square integrable. To the best of our knowledge, this and our previous paper [11]
contain the first results on the nature of the spectrum of quasi-periodic Schrodinger
operators with potentials of low regularity.

For small ¢, our results give a qualitative criterion for the existence of absolutely
continuous spectrum. Our assumption on the relative position of the spectral bands
of (@2) and of the interval E—W (R) admits a geometric interpretation. It is known
(see, for example, [IT} B]) that for adiabatic problems of the kind studied in the
present paper, the “effective” Hamiltonian obtained by taking £(k), the disper-
sion relation of the periodic Schrodinger operator Hy, as kinetic energy and the
potential W (¢) as potential energy, H(k,() = (k) + W((), plays an important
part. Semi-classical “wisdom” says that one should consider the iso-energy curves
E(k)+W(¢) = E. Our assumption means that these curves are extended along the
position axis; see Figure[T], right part. From the quantum physicist’s point of view,
existence of such iso-energy curves corresponds to extended states: a semi-classical
particle should “live” near these curves, hence be “extended” in the position vari-
able; see [16]. We justify these heuristics.

1. THE RESULTS

1.1. The assumptions. We assume that
e VV and W are periodic,

(1.1) Ve+1)=V(zx), W(x+2r)=W(z), zeR;

e ¢ is fixed positive number;
e V1 is real valued and locally square integrable;
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e W is real on R and analytic in a neighborhood of R;
e 2 is a real parameter indexing the equations of the family.

1.2. Periodic Schrodinger operator. To formulate our results, we need to recall
some information about the periodic Schrédinger operator ((L2). Its spectrum on
L?(R) is absolutely continuous and consists of spectral bands, i.e. intervals [Ey, Fs),

[Es, B4, ..., [Fant1, Fanta], ..., of the real axis such that
(1.2) Ei1<Ey<E3<E;<- - < By <Eopy1 <Eopya <oty
(1.3) E, — 400, n— +o0.

The open intervals (Es, E3), (E4, E5), ..., (Ean, Fant1), .- ., are called the spectral
gaps. The ends of the bands are eigenvalues of the Schrodinger equation (IZ)
with either the periodic or the anti-periodic boundary conditions at the ends of
the interval (0,1). Some gaps can be closed (empty). In this case, connected
components of the spectrum are unions of spectral bands with common ends.

1.3. The spectral result. Let W, = max W(x) and W_ = miﬂlg W (z). For an
TE e

energy E, consider the “window” W(E) =[E — W4, E —W_]. Let [Eap,—1, Ean,)
be one of the spectral bands of the periodic operator Hy. We analyze the spectrum
of the family of equations (0:I]) in the middle of this band, i.e. we pick J C R, a
compact interval, such that

(A) W(E) ClE2n,—1, Ean,[ for all E € J.
Such an interval J exists if W, — W_, the “size” of the adiabatic perturbation, is
smaller than the size of the spectral band [Ean,—1, Fan,]-

Our main result is

Theorem 1.1. Let J be a nonempty closed interval satisfying hypothesis (A). Fix
0 < o < 1. Then, there exists S > 0 and D C (0,1), a set of Diophantine numbers,
such that
e one has

mes (DN (0,¢))

(1.4) -

=1 —‘y—O(EX’) € — +0 where A = exp <_§> :

o for any € € D sufficiently small, there exists a Borel set B C J of small
measure

mes (B)

mes (J)

such that J\ B belongs to the absolutely continuous spectrum of the equation

family (@T);

e for all E € J\ B, there exist two linearly independent Bloch-Floquet solu-
tions Y1 (z, E) of (@1) satisfying

(1.5) Yu(x) = et PET P (¢ — 2 cx, E),

= O()‘U/2)a

where p(E) is a monotonously increasing, Lipschitz continuous function of
E, the functions Py(x,(, E) differ by the complex conjugation, P- = Py,
and the function Py is 1-periodic in x and 2m-periodic in (. This function
belongs to H2, in x and is analytic in ¢ in an e-independent neighborhood
of the real line. Moreover, Py is a Lipschitz continuous function of E.
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1.4. Comments. The coefficient A is exponentially small in € as € — 0. Under our
assumptions, the adiabatic perturbation W being quite general, we cannot give its
optimal value. For more details, see the remark following Theorem [[4]

The Bloch-Floquet solutions 14+ described in Theorem [[.1] have the same func-
tional structure as the Bloch-Floquet solutions constructed in [7}[9] for small almost
periodic potentials or high energies. The regularity of the solutions

TP ET P (g — 2, ex, E)

in the “slow” variable ex is determined by the function W, and, in the “fast”
variable £ — z by the function V.

Note that the existence of such Bloch-Floquet solutions corresponds to the re-
ducibility of the underlying cocyle (see [1]); in the present paper, this reducibility is
proved with minimal assumptions on the regularity of the coefficients of the cocycle.

In a previous paper [I1], we have studied equation () in the case when the
potential W is the cosine. In this case too, we have found that some parts of the
spectrum are absolutely continuous. Although it was not stated there, the results
developed in section [ of the present paper show that, in [11], the generalized
eigenfunctions associated to the absolutely continuous spectrum have the structure
described in Theorem [Tl

Theorem [I] follows from the analysis of a finite difference equation, the mon-
odromy equation. The reduction to the monodromy equation is independent of ¢.
In the adiabatic limit, the monodromy equation takes a simple model form. The
condition “e € D” only appears in the analysis of the monodromy equation. To
analyze this equation, we use a rather simple but robust version of the KAM the-
ory; the condition “c € D” is used to control the small denominators that appear
in the process. One could presumably use a more sophisticated method (along the
lines of [9]) to control the small denominators, but this would require much more
additional work (as the monodromy does not depend on energy in a simple way)
and is outside the scope of the present paper.

1.5. The monodromy matrix. First, following section 2.1 of [I1], we recall the
definition of the monodromy matriz and introduce the monodromy equation. Then,
we describe the asymptotics of a monodromy matrix for (0.) in the adiabatic case,
and, finally, we use this information to explain the heuristics guiding the proof of
Theorem [[1]

1.5.1. Definition of the monodromy matriz. Consider (¢1,2), a consistent basis, i.e.
a basis of solutions of (LTl) whose Wronskian is independent of z and that are
1-periodic in z,

(1.6) o(z,z+1) =12(x,2), Vz,z
The functions 91 2(x + 27/, z 4+ 27 /¢) being solutions of equation ([T), one can
write
(1.7) U(x +2n/e,z 4 2n/e) = M(E,2)¥(z,2), U= ¥1(z, 2) )
11)2(9% Z)

where M(E, z) is a 2 X 2 matrix with coeflicients independent of x. This matrix
is called the monodromy matriz corresponding to the consistent basis (11, 2). Let
us mention two elementary properties of the monodromy matrix

(1.8) det M(E,z)=1, M(E,z+1)=M(E,z), V=z.
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1.5.2. The monodromy equation. Set h = 2w /e mod 1. Let M be a monodromy
matrix corresponding to a consistent basis (¢1,2). Consider the equation

(1.9) Fn+1)=M(E,z+nh)F(n), Vne€lZ,

where F is a function F : Z — C2. Equation (CH) is the monodromy equation.

The main feature of the monodromy equation is that the behavior of its solutions
for n — oo mimics the behavior of solutions of the input equation (1) for
T — Foo; see Theorem [T1]

Moreover, the Bloch-Floquet solutions to the monodromy equation (LJ) are
related to the Bloch-Floquet solutions of (I1l); see Theorem [[2. Here, we state
only one of the results given in section[ll Let O(F, z) and 6(FE, z) be the Lyapunov
exponents for the equations (IIl) and (CYl), respectively. One has

Theorem 1.2 ([11], Corollary 2.1). Assume that 11, 2, dyn/dx and dips/dx are
locally bounded in x and z. Then, the Lyapunov exponents ©(E,z) and 6(F, z)
satisfy the relation

(1.10) O(E,z) = % 0(E, z).

Remark 1.3. The above definition of the monodromy matrix applies to any quasi-
periodic equation with two frequencies. It generalizes the definitions of the mon-
odromy matrix for the one-dimensional periodic differential equations. The passage
to the monodromy equation is close to the monodromization idea developed in [6]
for difference equations with periodic coefficients. For a detailed discussion, we
refer to section 2.1 in [11].

1.6. Asymptotics of a monodromy matrix. To describe the asymptotics of a
monodromy matrix, we return to the periodic Schrédinger operator ([@2). Consider
the Bloch quasi-momentum associated to this operator; see section[2. It is an an-
alytic multi-valued function of the spectral parameter. Its branch points coincide
with the ends of the connected components of the spectrum of the periodic oper-
ator ([L2). There exists a branch of the Bloch quasi-momentum that conformally
maps the upper half complex plane onto the first quadrant cut along finite vertical
segments beginning at the points £k = 7n, n = 1,2,3.... In particular, it maps
(E2n—1, Fa,), the n-th spectral band of the periodic Schrédinger operator, onto
the interval (m(n — 1), 7n); and, on the n-th spectral gap, one has Im, > 0 and
Re k), = mn. We denote this branch by k,. Now, we define the phase integral ® by

(1.11) B(E) = / oo ()

where the function k,, is given by

Hno(@) = { kp(E - W(L‘O» B 7T(TL0 - 1)7 if ng is odd;

™o — kp(E — W (p)), if ng is even.

Under the condition (A), the function ® is analytic in a neighborhood of J and
real-valued for £ € J. Moreover, in section 83.2] we check that the derivative of
® does not vanish on J.
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As the potential in (0.I) is real, it is possible to construct a monodromy matrix
of the form

a(z,E) b(z, E)
(1.12) M(z,E) =

bz, E) a(z,F)
We prove

Theorem 1.4. Assume the interval J satisfies assumption (A) and fix Ey € J.
There exist Sy, a positive number, and Vy, a neighborhood of Eqy, such that for
sufficiently small, in the space of solutions of (Ql) there exists a consistent basis
for which the monodromy matrix has the following properties:

e it is analytic in (E,z) € Vo x {|Imz| < y/e} for some y > 0 independent
of &;
e it is of the form (LI2);

e if we represent the coefficient a of the monodromy matriz as

1
a=ao+ai(z), ag= / a(z)dz,
0

then, for e — 0, one has

ag = exp(i®(E)/e +iQE) + o(1)),
(1.13)

Sg—2me|Im z|

alzo(aoe_ E ), Im z| < y/e,

where E — Q(FE) is a real analytic function in Vp;
e the coefficient b of the monodromy matriz satisfies the estimate

(1.14)

_ Sp—2me|lm =
=0 (6

\
)L el < /e
o the estimates for a and b are uniform in (E,z) € Vo x {|Imz| < y/e}.

Theorem [[.4] is proved using the complex WKB method for adiabatic perturba-
tions of periodic Schrodinger equations developed in [10].

Under our assumptions, the adiabatic perturbation W being quite general, we
cannot say more about a;. If one makes more restrictive assumptions, it is possible
to get an asymptotic for a;. The leading term of a; is given by a;(—1)e™2"* +
a1(1)e?™* the sum of the first two terms of the Fourier series of a;. The modulus
of the Fourier coefficients are exponentially small in € and can be interpreted as
tunneling coefficients measuring the complex tunneling between distinct branches
of the iso-energy curve corresponding to Figure [ This will be analyzed in a
subsequent paper.

Note that, as the constant S in Theorem [Tl one can take any fixed positive
number smaller than the constant Sy in Theorem [[4. The difference Sy — S deter-
mines the size of the neighborhood of the real line where the functions Py (z,(, E)
(defined in Theorem [[LT]) are analytic in (.

1.6.1. The monodromy matriz asymptotics and the spectral properties of ([II). Let
us explain how Theorem [[.4] is used to derive Theorem [[L.T] By Theorem [[.4] the

monodromy matrix is the form

M= (g £> +0(\), U*=U(E),
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where U is independent of z,
U = et PEHQE)Fo() -\ — =5/ Im z| < (Sp — 5)/e.

As we shall see later, the relation det M = 1 implies that |U| = 1+o()) for E € J.
So, up to error terms of order O(\), M is a constant diagonal matrix with diagonal
elements of absolute value 1. Now, consider the monodromy equation with the
monodromy matrix M. If the error terms could be omitted, one would immediately
obtain that, for all E € J, there are bounded solutions of the monodromy equation.
To take care of the exponentially small error terms, we apply standard ideas of the
spectral KAM theory: we use a simple version (prepared in section 11 in [11]) and
construct bounded solutions of the monodromy equation for F outside a Borel set
B. B is a countable union of intervals of small total measure; these intervals contain
KAM resonances that can be roughly characterized by the “quantization condition”

é@(E) +QE) = n(k-h+1), kleZ
Having constructed bounded solutions of the monodromy equation outside B, by
Theorem [I.2] we conclude that the Lyapunov exponent of the equation family (0.1)
is zero on J \ B. By the Ishii-Pastur-Kotani Theorem [I4], this implies that the
essential closure of the set J \ B belongs to the absolutely continuous spectrum
of (@I). Finally, Theorem allows us to analyze the functional structure of the
generalized eigenfunctions on J \ B.

In Theorem [Tl we have only described the part of the spectrum outside a small
set. As said above, this set is related to the KAM resonances for the monodromy
equation. We believe that, adapting the techniques developed in [9], one can prove
that, in this small set, the spectrum is purely absolutely continuous.

1.6.2. Outline of the paper. In section Bl we recall some information on the periodic
Schrédinger operator ([2). Sections [3] [ and [l are devoted to the complex WKB
method for adiabatic perturbations of periodic Schrédinger operators. In section [6]
we prove Theorem [[L4] In section [7] we study how the solutions to equation (0.1])
relate to those of the monodromy equation ([.9). Section[§ is devoted to the proof
of Theorem [T.1]

2. PERIODIC SCHRODINGER OPERATORS

In this section, we collect known information (see [15] [8, 12| [T3]) about the
periodic Schrodinger operator ([(L2)). We assume that V' is a real-valued, 1-periodic,
L} -function.

2.1. Bloch solutions. Let i be a solution of the equation
2

dx?
satisfying the relation ¢ (x + 1) = p (x), Vo € R, with p independent of z. Tt

is a Bloch solution, and p is the Floquet multiplier associated to 1. Write pu =
exp(ik); then k is called the Bloch quasi-momentum. The Bloch solution ¢ can be

(2.1) Y(x)+V(z)=E¢(x), zeR,

represented in the form ¢ (z) = e’kxp(x), where x — p(x) is a 1-periodic function.

The spectrum of the periodic Schrédinger operator ([I2) was described in sec-
tion [[Z. Consider two copies of the complex plane E € C cut along the spectral
bands of the periodic Schrédinger operator. Paste them together into a Riemann
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surface I" with square root branch points. One constructs a Bloch solution ¢ (x, E)
of equation (ZI) meromorphic on this Riemann surface. It is normalized by the
condition ¥ (1, E) = 1. The poles of this solution are located in the open spectral
gaps or at their ends (the closure of each open spectral gap contains precisely one
simple pole).

Outside the edges of the spectrum, the two branches ¥4 of the Bloch solution
are linearly independent solutions of the periodic equation (2l). On the spectral
bands, they differ only by complex conjugation.

2.2. Bloch quasi-momentum. The Floquet multiplier p(E) associated to 1 (x, E)
is also analytic on I'. The corresponding Bloch quasi-momentum is an analytic
multi-valued function of E and has the same branch points as ¢ (z, E).

Let D be a simply-connected domain containing no branch points of the Bloch
quasi-momentum. On D, fix kg, an analytic single-valued branch of k. All the other
single-valued branches that are analytic in £ € D are described by the formulae

(22) ki,l(E) = ﬂ:ko(E) +2nl, leZ.

Given a branch k, analytic on D, we fix ¢4 (x, E), two branches of the Bloch solution
Y(x, E), analytic on D so that +k be their quasi-momenta. Then, one has

(2.3) /0 by (t, EYo_(t, B)dt = —ik (E)w(E), E €D,

where w(FE) is the Wronskian of the solutions ¢4, i.e. w(E) = f’g"—;zp, - ag;w_ Py
Consider C, the upper half of the complex plane. There exists k,, an analytic
branch of the complex momentum that conformally maps C, onto the quadrant
{Imk > 0, Rek > 0} cut along finite vertical slits beginning at the points l,
1=1,2,3.... The branch k, is continuous on C; UR. It is real and monotonically
increasing along the spectrum; it maps the spectral band (Ea,—1, Fa,) onto the

interval (w(n — 1),mn).

2.3. Analytic continuation through a connected component of the spec-
trum. We denote by C,,, the complex plane cut along the half-lines (—oo, Eap,—1]
and [Eay,, +00), where Ea,,_1 and Es,, are the ends of the no-th spectral band
[Eong—1, Ean,]-

The function k,, being continuous and real on [Es,—1, Fay, ], can be analytically
continued to a function analytic on C,,, by the relation

(24) kp(C) = k;n(C)7 C € Cno'

For this branch defined on C,,,, we keep the “old” notation k,. Two branches 14
of the Bloch solution ¢ (x, E) are analytic on C,,, and satisfy

(25) 1/’—(5‘5,E)=¢+($7E), CEC”D'
They are linearly independent solutions of ([2.) for E € C,,,. One indexes ¥4 so
that +k, be their respective quasi-momenta for & € C,,,.

3. THE MAIN THEOREM OF THE COMPLEX WKB METHOD

In this section, following [10], we briefly describe the main constructions of the
complex WKB method for adiabatically perturbed periodic Schrodinger equations
d2

(3.1) -5

(@) + (V(2) + W(ex))p(z) = Ey(x),
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where V is a real-valued 1-periodic function of x, and € is a small positive parameter.
The complex WKB method allows us, in particular, to describe the exponentially
small effects due to the complex tunneling. In this section, we assume that V' € L120C,
and that W is analytic in a neighborhood D(W) of the real line.

3.1. Additional complex parameter. To decouple the “slow variable” & = ex
and the “fast variable” z, one introduces an additional parameter ¢ so that (B
becomes

d2
dx?
Then, one studies solutions of (3:2]) on the complex plane of ¢ to recover information

on their behavior on R. To control the dependence of solutions of equation (B-2)
on ¢ we assume that they satisfy the consistency condition

(3.3) Y +1,0) =y, +e) VC.

Remark 3.1. Condition (3.3)) plays a crucial role for the asymptotic analysis of (3.2)).
It appears that it leads to the geometric objects and analytic constructions similar
to those typical for the classical complex WKB method. Condition (g), used
to define the monodromy matrix, was also called the “consistency condition”. In
section [3, @] and Bl the words “consistency condition” and “consistent” refer to
objects satisfying ([B3). Though being of different nature, in the analysis of the
family of equations (), conditions (LA) and (B3] are related to each other by a
change of variables as we shall see in the beginning of section

(3.2) () + (V(z) + W(ez + Q)(x) = EY(z), z=€R.

3.2. The complex momentum. The central analytic object of the complex WKB
method is the complex momentum k(). It is defined in terms of the Bloch quasi-
momentum of (ZI) by the formula

(3.4) #(¢) = k(E —W(())

in D(W), the domain of analyticity of the function W. The complex momentum
K is a multi-valued analytic function. Its branch points are related to the branch
points of the quasi-momentum by the relations

(3.5) E=E-W(), 1=1,23, ...,

where (E;);>1 are the ends of the spectral gaps of the operator Hy.

We say that a set is regular if it is in the domain of analyticity of W and contains
no branch points of k. For regular curves, we also ask that they are simply connected
and piecewise C''. For regular domains, we ask that they are simply connected.

Let D be a regular domain. Then, in D, one can fix kg, an analytic branch of
k. By @), all the other analytic branches are described by the formulas

(3.6) KE = %Ko + 27m,

where £+ and m are indexing the branches.

3.3. Canonical domains. The canonical domain notion is the main geometric
notion of the complex WKB method. Let us proceed to the definitions.

A regular curve v is called wvertical if it intersects the lines {Im ¢ = Const} at
nonzero angles 6, 0 < 6 < w. Vertical lines are naturally parameterized by Im (.
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Let v be a C' regular vertical curve. On 7, fix a continuous branch of the
momentum k. The curve 7 is canonical if, setting y = Im ¢ along -, one has

0 ¢ 0 ¢
ay (Im/ /{(C)d{) >0 and ay (Im/ (x(Q) ﬂ)dC) < 0.

Note that canonical lines are stable under small C!-perturbations.

Definition 3.2. Let K be a regular domain. On K, fix a continuous branch of
the quasi-momentum, say x. The domain K is called canonical if it is the union of
curves canonical with respect to x and connecting two points (; and (5 located on
oK.

3.4. Canonical Bloch solutions. Consider the periodic Schrédinger equation
2
da?

Here, ¢ plays the role of a parameter. The function ¢(x, E — W(()) is a solution
of (B2) meromorphic in ¢; we now construct solutions of (3.7) that are analytic in
(. Let D be a regular domain. There are two different branches of the function
Y(x, E — W({)) that are meromorphic on D. Denote them by ¥ (z,(). On D,
fix k, an analytic branch of the complex momentum, so that +x(¢) is the Bloch
quasi-momenta of 1. We can represent ¢+ in the form

(3.8) Y (2, ) = e p(x, ),
where p4 (z, () are 1-periodic functions of z. Let
Jo pr (@O % (@, )de
fol p+(xa C)p* (I7 C)d.’l?
On D, fix a continuous branch of the function ¥'(E — W(¢)). One has

(3.7) Bla)+ V(a)i(e) = Eb(x), E=E-W(), zeR

(3.9) w+(¢) =

Lemma 3.3. The functions wi are meromorphic on D. The set of poles wy and w_
is the union of the set of poles of ¥+ and the set of points where k'(E —W(¢)) = 0.

Fix {p € D so that k'(E — W ({p)) # 0. In a neighborhood of this point, choose
an analytic branch of ¢(¢) = \/k'(E — W(({)). The functions

(3.10) U (x,()= Q(C)e‘ﬁo QA (x,¢)

are called the canonical Bloch solutions normalized at (5. They are analytic in D.
The Wronskian of the canonical Bloch solutions is given by

(3.11) w(W, U_) = ¢*(Co)w (W (2, o), ¥ (2, o))-
As ¢?(¢o) = K'(E —W(()) # 0, the canonical Bloch solutions are linearly indepen-
dent.

3.5. The main theorem of the WKB method. Before stating this result, we
note that, in the sequel, C' denotes various positive constants independent of (, F
and . Moreover, the terms o(1) tend to 0 as € tends to 0 uniformly in ¢ and E in
the domains under consideration.
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One has

Theorem 3.4 ([I0], Theorem 1.1). Fiz X > 0 and E = Ey € C. Let K be a
bounded canonical domain for the family of equation [B:2), and let x be the branch
of the complex momentum with respect to which K is canonical. For sufficiently
small positive ¢, there exists a consistent basis (f+) defined for x € R and ( € K
and having the following properties:

e For any fivred x € R, the functions fi(x,() are analytic in ( € K.
o for — X <z < X, and ¢ € K, the functions f+(x,() have the asymptotic
representations

i ¢
(3.12) fe,Q) = 50 " @ (2,0) 4 01)), € 0.

Here, W are the canonical Bloch solutions corresponding to the domain
K, normalized at (o and indexed so that k(C) is the Bloch quasi-momentum
corresponding to the solution ¥, (z, ().

o The error estimates in (312) are uniform in x € [—X, X] and locally uni-
form in { in the interior of K. Moreover, they may be differentiated once
i x without losing the uniformity properties.

Remark 3.5. The solutions fi are analytic in ¢ in S(K), the minimal “horizontal”
strip {Y7 < Im({ < Y3} containing the domain K. This is explicitly checked in
section 4.7.2 of [I0] where Theorem B4lis proved.

One can easily calculate the Wronskian of the solutions fi (z, ()
(313) U)(er,f,) :w(\I/Jra\II*)_'_O(l)
By (311)), the solutions fi are linearly independent as k'(E — W ({o)) # 0.

3.5.1. Dependence on the spectral parameter and admissible subdomains. To sim-
plify the statement of Theorem 3.4, we have not considered the dependence of the
solutions on the spectral parameter E. Let K be a canonical domain. We call
K without the d-neighborhood of its boundary the §-admissible sub-domain of K.
One has

Proposition 3.6 ([11], Proposition 6.1). In the setting of Theorem B4, the solu-
tions f1 are analytic in E in Vy, a complex neighborhood of Ey independent of ¢.
For A, an admissible sub-domain of the canonical domain K, there exists V4 C Vg,
a complex neighborhood of Fy independent of € such that the asymptotics [B-12)) are
uniform in ((, E,x) € Ax V4 x [—X, X]. They are once differentiable in x without
losing their uniformity properties.

3.5.2. Terminology: Standard behavior. Fix E = Ey € C and let D C C be a
regular domain. Let x be a branch of the complex momentum continuous in D,
and let U4 be the canonical Bloch solutions associated to D and indexed so that
k is the quasi-momentum for W,. We say that a consistent solution f of equation
[B2) has standard behavior f ~ et [ rdS g, (or f ~ emt /i rde U_)in D if
e there exists Vjy, a neighborhood of Ey and X > 0 such that f is defined and
satisfies (B2) for any (¢, E,z) € D x Vi x [-X, X], and f is analytic for
¢eD;
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e for A, an admissible sub-domain of D, there exists V4 C Vj, a neigh-
borhood of Ey such that, for any (¢,F,z) € Ax Vy x [-X,X], f =
et SRS (W 40 (1)) (or f = e £/ R (W_+0(1)), respectively) as e — 0;

e this asymptotic is uniform in ({, E,z) € A x V4 x [-X, X|;

e this asymptotic can be differentiated once in z without losing its uniformity
properties.

Given a canonical domain K, Theorem B4 establishes the existence of two consis-
tent solutions fi analytic in K and having standard behavior in K.

4. CANONICAL DOMAINS

Here, following section 6.7 in [11], we describe a simple approach to “construct-
ing” canonical domains. Below, we assume that D is a regular domain, and that
k is a branch of the complex momentum analytic in D. A segment of a curve is a
connected, closed subset of that curve.

1. Let ¥ C D be a canonical line. Denote its ends by (; and (3. Let a domain
K C D be a canonical domain corresponding to the triple x, (1 and (o. If v € K|
then K is called a canonical domain enclosing v. As any line close enough in
Cl-norm to a canonical line v is canonical, one has

Lemma 4.1. One can always construct a canonical domain enclosing any given
canonical curve.

Such canonical domains are called local.
2. Let v C D be a smooth curve. We say that « is a line of Stokes type with
respect to k if, along ~y, one has

¢ ¢
either Im (/ /@dC) = Const or Im (/ (ﬁ—ﬂ)d() = Const.

Let v C D be a vertical curve. We call v pre-canonical if it consists of a finite union
of bounded segments of canonical lines and/or lines of Stokes type.
3. We construct “global” canonical domains by means of

Proposition 4.2 ([I1], Proposition 6.3). Let v be a canonical line with respect to k.
Assume that K C D is a simply-connected domain containing v (without its ends).
The domain K is a canonical domain enclosing vy if it is the union of pre-canonical
lines obtained from v by replacing some of ~’s internal segments by pre-canonical
lines.

5. THE CONTINUATION TOOLS

Given a canonical line, Lemma FT] gives us a local canonical domain K. So,
by Theorem B4l we can construct solutions fi having standard behavior in this
domain. Recall that fi are analytic in ¢ in S(K), the minimal “horizontal” strip
containing the domain K; see Remark B35

To study the asymptotic behavior of fi outside the canonical domain K, we de-
velop two general tools, the Rectangle Lemma and the Adjacent Canonical Domain
Principle.

In the sequel, a set is called constant if it is independent of €.
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5.1. Asymptotics of increasing solutions. Here, we roughly prove that the
standard behavior of a solution stays valid along a horizontal line as long as the
leading term of the asymptotics is growing along that line.

Fix 1y < nar. Define S = {¢C € C: n, <Im¢ < npr}. Let 41 and 72 be two
vertical lines such that v; Ny = (). Assume that both lines intersect the strip S at
the lines Im ¢ = 7, and Im { = 7y, and that v, is situated to the left of 5.

Consider the compact set R bounded by 71, 72 and the boundaries of S. Let
D=R\ (71 U~2). One has

Lemma 5.1 (The Rectangle Lemma). Fiz an E = Ey. Assume that the “rectangle”
R is in constant reqular domain. Let f be a consistent solution of ([B:2). Then, for
sufficiently small €, one has

1: IfImk <0 in D and if, in a neighborhood of v1, f has standard behavior

i<

f~es Ie HdC\I!Jr, then this asymptotic remains valid in a constant domain
containing the “rectangle” R.

2: If Imk > 0 in D and if, in a neighborhood of 2, f has standard behavior

i<
~ e dc "y , then this asymptotic remains valid in a constant domain
+
containing the “rectangle” R.

Lemma 8.1 in [IT] gives a weaker result. Also, a similar result for some difference
equations was obtained in [4].

Remark 5.2. The vertical boundaries of R can be lines where Imx = 0. So,
Lemma [.T] says that the asymptotic of a solution stays valid along horizontal
lines where it grows and, actually, even somewhat beyond the point where it stops
growing.
Proof. We prove only the first statement; the second one is proved in an analogous
way.

As a starter let us sketch the proof. First, we prove that there exists a constant
finite set of constant open disks (D;); covering R such that, in each of these disks,

there exists a basis of solutions f1 having standard behavior, fi ~ e*¢ e rdCy
Next, we express f in terms of this basis of solutions

F(@,€) = a; () fL(x,0) + ;) 2 (x,€),¢ € Dj,
and prove that, under the assumptions of Lemma [5.1] the coefficients b; are small

enough. To complete the proof of Lemma [5.1], we compute the asymptotics of a;.
First step. The first step is a consequence of the following general observation

Lemma 5.3. Let , be a reqular point. Then, there exists a branch of the complex
momentum, say ks, and a domain K, canonical with respect to k. that contains

G-

Proof. It suffices to show that there exists a complex number z € C, and a branch
K+ of the complex momentum such that

(5.1) Im (k4+(Cx)z) > 0 and Im ((k4(¢) — m)2) < 0.

Let x be one of the branches of the complex momentum analytic in Vi, a neighbor-
hood of (.. By (B, all the branches of the complex momentum analytic in V, are
described by

(5.2) KE = 4k + 2imT.
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We pick a branch, say k., such that
0 < Reks(C) <.

There are three possible cases:

(1) If 0 < Rek«(Cs) < m, then z =i and k. satisfy (51)).

(2) If Rek«(¢) = 0, then Imk.(¢.) # 0 (as (. is not a branch point). So,
changing the branch if necessary, we can assume that Im k. (() > 0 and
that Rer.(Cx) = 0. In this case, we set z = ie~*. For ¢ > 0 sufficiently
small, z and x, satisfy (E1]).

(3) If k(Cx) = 7, we can assume that Im k. (¢.) > 0. In this case, we choose
z = ie', and, for € > 0 being small enough, (5.)) is satisfied.

This completes the proof of Lemma [5.3] O

As R is compact, using Lemma [5.3, we construct finitely many open disks (D;);
covering the rectangle R and such that
(1) each D; is regular;
(2) for each D;, there exist solutions fi as described in the beginning of the
proof of Lemma [F.T}
(3) on each disk, between v; and 72, one has Im x < 0.

Second step. Let (; € RN~;. Consider the compact interval I = [(1,{2] =
RN{Im¢ =Im¢ }. It suffices to prove that f has standard behavior in a constant
neighborhood of this interval.

Assume that I is covered by constant disks D;, 7 =0,...,J, such that

(1) ¢1 € Do and (3 € Dy,
(2) f has standard behavior in Dy,
(3) forj=1,...,J,D;ND;_1 #0,
(4) the disks D; with 0 < j < J are strictly between v; and ~,.
Let I5 be a constant §-neighborhood of the interval I contained in U;]:O D;. Suppose

that we have already proved that f has standard behavior in I5 N (U;]0=1 Dj),

1 < Jy < J —1. Let us show that f has standard behavior in D j 1 N .
For the sake of simplicity, we omit the index j and write d = D,, di = D j,41.
The solution f is a linear combination of the solutions fi corresponding to di, i.e.

(5.3) f—afitbf. Ced
Here,

Cwlhf) ()
(54 =ty ™ =Ly

By the consistency condition (3.3)), the coefficients a and b are e-periodic. As usual,
w(fy, f-) =w(V4,¥_) + o(1) uniformly on any compact in dy. The value of the
leading term depends on the choice of normalization point for fi. We choose the
normalization point {p in d Ndy N I so that ¢(¢y) # 0. Then, the leading term of
w(fy, f—) is bounded away from 0; see (BIT).

The solution f is normalized at a point which can be different from (y. Therefore,
we represent f as f = fy f , where fj is a constant factor depending on the normal-
ization points, and f is a solution such that the leading terms of the asymptotics
of f and f coincide in dNd;.
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As the leading terms of f and f; coincide in d Nd;, and as the leading term of
the Wronskian w(f, f—) is non-zero, locally uniformly in ¢ € dNdy N Is, we obtain

(5.5) a(¢) = fo(1+o(1)).
Due to the e-periodicity of a, the asymptotic (X)) stays valid in I;.
As for b, one has b({) = fo -0 (e% I, Hd() locally uniformly in ¢ € dNdy N Is.

Due to the e-periodicity of b, one can write
2i (¢
6 = foro (F60), ce

where ¢ € dNdy, Im¢ =Im¢, and Re¢ — Re{ = 0 mod . This estimate is locally
uniform in ¢.
Substituting the estimates obtained for a and b into the representation for f, we
get, V(¢ € dy N I,
[ = a(Q)f+ + () -
i (S 4 —2i (¢
= foet o™ (W (2,0) +o(1) + 0 (77 1) o(1)).

Let ¢ € (IsNdy) \d. As d; is to the left of v, in dy, one has Imx < 0. Hence,
Re (z / CS K) > 0. This implies that f has standard behavior in IsNd;. Clearly, one
can apply the above arguments and get (5.6) when d = D;_; and d; = D (the
last disk). Now, in (B6), Re (z fg n) > 0 for any ( either in the part of dy U I

situated to the left of v, or in v N I5. Moreover, this expression stays non-negative
in a small enough (but constant) neighborhood V' of 75 N Is. This implies that f
has standard behavior in I5 both to the left of v and in V. This completes the
proof of Lemma B.1]. O

(5.6)

5.2. Estimates of decreasing solutions. The Rectangle Lemma allows us to
“continue” standard behavior as long as its leading term increases along a horizontal
line. If the leading term decreases, then, in general, we can only estimate the
solution, but not get an asymptotic behavior.

Lemma 5.4. Fiz E = Ey. Let (1, be fized points such that

(1) Im ¢y =Im(s;

(2) Re Cl < Re Cg,‘

(3) the segment [(1, (2] of the line Im ¢ = Im (q is regular.
Fiz a continuous branch of k on [(1,(2]. Assume that Im(k({)) > 0 on the segment
[C1,C2]. Let 9 be a consistent solution having in a neighborhood of (1 standard
behavior 1 ~ es I KdC\I/Jr.

Then, there exists C > 0 such that, for € sufficiently small, one has

dip
%(JZ,C)

uniformly in E in a constant neighborhood of Ey.

(5.7) + (@, Q)] < Cet S 1Tmelde e e e 6],

Remark 5.5. Note that the leading term of the asymptotics of f is defined and
decreases along the segment [(1, (2] as ¢ increases from (; to (o.
One proves the “symmetric” statement for the case where Imx < 0 and f has

(¢ . .
the standard behavior f ~ e® Ié, dC\I/+ in a neighborhood of (a.
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Proof. In a neighborhood of (i, using Lemma (.3, we construct two linearly inde-
i,
pendent solutions wil) of (3:2) having standard behavior wil) ~etela Xy, We

normalize them at the point ¢;. By Lemma (1] 1/1(_1) has the standard behavior in
a constant neighborhood of whole interval [(1, (2].

In the same way, starting in a neighborhood of (5, we construct ql)f) a solution

i<, ) .
of B32) having standard behavior ﬁzf) ~efla CM\IJJr in a constant neighborhood
of [(1,(2]. We normalize this solution at (;.

As in the proof of Lemma 5.1 we compute the Wronskian of (w(}), f)) and see
that it is bounded away from 0 by a constant independent of ¢ and €. Hence, w(_l)
and wf) form a basis of solutions. We decompose v as

(5.8) v = a(Qvl? + ().
As in the proof of the Rectangle Lemma, we get
alQ) = 1+0(1), b(Q) =0 (e*)5r),
uniformly in a constant neighborhood of (;. Note that the last estimate implies
that |b] < Const in the e-neighborhood of {;. As a and b are e-periodic, then
(5.9) a({) =1+4+o0(1), [b(¢)| < Const,
uniformly on [(1,(2]. As these estimates were obtained using standard behavior,
they are uniform for E in a constant neighborhood of Ey. Substituting (B9) into
(BR), and taking into account the asymptotics of wf) and w(j), we get
dip
lv| + dr

This implies (1) and completes the proof of Lemma 5.2 O

_1r¢ 1<
< Const (e =)o Tmnd | o2 )G Immm), ¢ € [¢1, Gl

5.3. Adjacent Canonical Domain Principle. The estimate we obtained in
Lemma [54] can be very far from optimal: the estimate only says that the solu-

tion 1 cannot increase faster than exp (% I é |Iml<a|d§) whereas it can, in fact, de-

crease along [(1,(2]. Under additional conditions, the following construction yields
a better result.

Lemma 5.6 (The Adjacent Canonical Domain Principle). Assume that a consis-
tent solution f has standard behavior in either the left-hand side or the right-hand
side of a constant neighborhood of a vertical curve v. Assume that v is canonical
with respect to some branch of the complex momentum. Then, f has the standard
behavior in any given canonical domain enclosing .

Remark 5.7. In practice, one knows the asymptotic of a solution f, say, to the left
of a vertical line v and needs to compute the asymptotics of f to the right of ~.
If v is canonical, Lemma gives the asymptotics of f in any canonical domain
enclosing v and, thus, in its part adjacent to v to the right of ~.

Proof. Consider M, a canonical domain enclosing the canonical curve . Denote
by k the corresponding branch of the complex momentum. Let (,, and (3; be the
lower and the upper ends of 7.

By Theorem [34] in M, we construct the corresponding consistent basis of solu-

i¢
tions fi with standard asymptotics f(z,(, (o) ~ ete o ”dC\I/i(:c, ¢,¢p)- Here, we
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have explicitly indicated the dependence on the normalization point (5. We choose
Co € M so that ¢({y) # 0. There exists ¢ > 0 such that, for e sufficiently small, one
has |w(f4, f-)| > ¢ locally uniformly in ¢ € M. Inside the domain M, the function
f admits the representation

(5.10) f=afs+bf—, al()= % and  b(¢) = 7&(}?}{))

For any 6 > 0 and ¢ sufficiently small, the functions a and b are e-periodic and
analytic in the strip Im (,, + 0 < Im{ < Im (s — 9.

To prove Lemma BE6, we need asymptotic estimates of the coefficients a and b.
Therefore, we use the standard behavior of f near the curve ~,

i (S Rd¢ ~ ~
fre 0 8, (2,¢, ).

Both the branch £ and the normalization point on can be different from the branch
x and the normalization point (y; the indexing of the canonical Bloch solution ¥
is determined by k. We express & in terms of x

R(¢) = okr(¢) + 2mn,

where o belongs to {—1,+1}, and n is an integer.

Let us first discuss the case 0 = +1. Let V be the part of the neighborhood of
~v where all the solutions f, f. and f_ have standard behavior. We represent f in
the form

(5.11) F=0QFf, @)= foe?™=tme eV,

where fo is a constant factor (depending on the normalization points), and f has
standard behavior with the same leading term as fi in V. This and the standard
behavior of fi imply

(5.12) a=p(Q)(1+0(1), b=p(Qo ("0 ).

To get these estimates, we have used |w(fy, f—)| > ¢. The estimates (E12) are
locally uniform in ¢ € V.

Fix § > 0 sufficiently small. The e-periodicity of a implies that its asymptotics
remain valid and uniform in the whole strip Im(,,, + § < Im{ < {3y — 6.

Let us now study b in more detail. Below, C' denotes a positive constant inde-
pendent of €. As b is e-periodic, the estimate for b from (BI2) implies that, for
sufficiently small ¢, for Im ¢ = Im (p; — d1,

2i (SM
[ j(o

(5.13) Ib] < [(¢)] CeCo/

“| = [p(O)lCe* 4] |BI,
and, for Im ¢ = Im (,,, + 41,

(5.14) bl < (0| CeC¥/< | B,

where §7 is fixed such that 0 < §; < J, and

92 Cur 2 [Sm
A =exp —Z/ kdC |, B=exp —Z/ kdC | .
€ J¢m, along v € Jeo

As b is analytic in the strip Im ¢,,, < Im { < (s, we can represent b in the form

b=b_4ec Cmp,
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where by are e-periodic, b_ is analytic in the half-plane Im ¢ < Im(ps, and by
is analytic in the half-plane Im{ > Im{,,. One can obtain estimates of by by
estimating the Fourier coefficients of b. Estimating the Fourier coefficients with
positive indexes by means of (5.14) and the Fourier coefficients with non-positive
indexes by means of (5.13), one obtains
[b-| < [e(QICe™/*[A]B], Im( <ImCy =4,
[b+] < ()] Ce“/% 1B, Im¢ > Tm Gy + 0.

Therefore, for Im ¢, +d <Im{ < (s — 9,
(5.15) bl < Cle(O)] /= |B] (14| +

Now, the representation (B.I0), the estimate (12 for a and (&I9) for b, and the
standard behavior of fi imply that, uniformly in the J-admissible subdomain of
M,

e%(c—cm)’),

F = 0@ et o™ LW (2,¢, o)+ 0(1) + O (992 ¥ I w)
0 (sl = Y|

where we integrate along curves in M. The last two terms in the curly brackets
are small. Indeed, as the domain M is canonical, when computing these two terms,
we can integrate along a canonical curve going from (,, to (s via the point (. It
follows from the definition of canonical curves that both the exponentials E; =
exp (f% fCCIW nd{) and E,, = (f% fCC (k — w)d{) are small as ¢ — 0. We need
Cé/e

(5.16)

only prove that they are sufficiently small to compensate the factor e . Consider
the function iy/(¢) = Im (fCM HdC) inside M. Clearly, ip; is continuous. As M

is canonical, the points ¢ and (3 can be connected by canonical curves inside
M, and, therefore, the values of i), are positive. So, inside a fixed admissible
subdomain, s is positive and bounded away from zero by a positive constant (of
course, independent of €). As § can be chosen arbitrarily small, the expression
eCo/e e_% Jéns ¢ can be made uniformly small for all { in any fixed admissible
subdomain of M. Similarly, one studies the last term in the curly brackets in (5.16]).

In the result, one sees that, uniformly in any given admissible subdomain of M,

i (S wd
J = (¢ et o™ (W (2.6, Go) + 0(1)).
This proves Lemma [5.6] in the case of ¢ = +1. The case of 0 = —1 is treated
similarly. We note only that, in this case, one starts with the representation

F=0Q)f, ¢= foe 2rmc e,
where fj is constant, and, in V', the solution f has standard behavior with the same
leading term as f_. O
6. ASYMPTOTICS OF THE MONODROMY MATRIX

This section is devoted to the proof of Theorem 4. Therefore, one first performs
the change of variable z := x — z and  := ez in (LJ]). One sees that

e equation (II) becomes (32);

e the consistency condition ([L6) becomes ([B.3);
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e if fi is a consistent basis of solutions of (I, in the new variables, the
definition of the corresponding monodromy matrix becomes

(6.1) F(z,¢+2m) = M(Q)F(,¢), F= (ﬁ) ;

e the monodromy matrix M is e-periodic in ¢.

To the “new” equation (3.2), we apply the complex WKB method to calculate the
monodromy matrix for a consistent basis constructed by means of Theorem [3.4]
Our plan is the following. First, we find a canonical line. Then, in a local canonical
domain enclosing this line, using Theorem [3.4, we construct a consistent basis.
Then, we apply our continuation tools and find a large enough domain D, where
both F(z,({) and F(z,{ + 27) have standard behavior. At last, we compute the
monodromy matrix. To carry out this plan, we begin by discussing properties of
the complex momentum in a neighborhood of the real line under the condition (A).
In the sequel we fix E = Ej in the interval J satisfying assumption (A).

6.1. The complex momentum and a canonical line. Recall that the complex
momentum is related to the Bloch quasi-momentum of the periodic Schrédinger
operator (2) by the formula BZ). For real values of F, the pre-image of the
spectral axis with respect to the mapping £ : ( — E—W (() is the set W ~1(R). This
set plays an important part for the analytic properties of the complex momentum.

6.1.1. The set W—1(R). As W is 2m-periodic and real analytic, the set W~(R) is
a 2m-periodic analytic set symmetric with respect to the real axis. It consists of

(1) the real line;
(2) complex branches beginning at any extremum of W along the real line:
e cach of these branches is an analytic curve beginning at an extremum;
e at a real extremum, the branches are transversal to the real line, and
transversal to each other;
(3) complex branches of W~1(R) separated from the real line.

6.1.2. The complex momentum. The real line belongs to the pre-image of the ng-
th spectral band of the periodic Schrodinger operator (0-2) with respect to the
mapping £ : ( — E —W((). For Y > 0, define the strip Sy = {-Y <Im¢{ <Y}.
Let Z =Sy NW~L(R). We choose Y sufficiently small so that

e the strip Sy is contained in the domain of analyticity of W

e the set Z consists of the real line and of complex lines beginning at the
extrema of W situated along the real line;

e these complex lines do not intersect outside R and are vertical;

e the image of Z by £ : ( — E — W/(() is contained in the ng-th spectral
band and the distance from this image to the ends of the band is positive.

Note that the last condition implies that the branch points of the complex momen-
tum and the poles of the functions ¢+ (x, () and w4 (¢) stay outside Sy.
Fix a branch of the complex momentum analytic in the strip Sy by the formula

(6.2) rp(C) = kp(E = W(C()),

where k,, is the branch of the Bloch quasi-momentum of the periodic Schrodinger
operator described in sections and 23]
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Lemma 6.1. The branch x, has the following properties:

(1) kp takes real values if and only if ( € Z;
(2) m(n—1) < kp(¢) < mn for all ¢ € Z;

(3) Kp(C) = rp(C)-
Proof. Point (1) directly follows from the definitions of x, and the properties of k,
(see section Z3). Point (2) follows from the last property of the strip Sy. Point
(3) holds as k), is analytic in Sy and takes real values on R. O

6.1.3. Canonical line. To find a canonical line, let us discuss the function W. Let
(o € R be one of the minima of W. As W is analytic and non-constant, near (p,
one has W (¢) — W () ~ Wy (¢ — ()", where W, is positive and n is a positive
integer. This implies that there are 2n — 1 complex branches of W~!(R) beginning
at (o and going upwards. One of these lines is orthogonal to R at (y. Denote it by
Co. The line Cy, symmetric of Cy with respect to R, is also a branch of W~1(R).
Define

(6.3) B=(CoU{¢}UCy) N Sy.

Clearly, /3 is a vertical C'-curve.

Describe the branch of the complex momentum with respect to which ( is canon-
ical. The branches of the complex momentum analytic in Sy is described by (B.6).
Therefore, the function f,,(¢) defined by

(6.4) Kng = {
is a branch of the complex momentum analytic in Sy. In view of point (2) in
Lemma [61] one has

(6.5) 0<kn(Q)<m, VCeZ

As 3 is vertical, equation (6.5) implies that, along 3,

d ¢ d ¢
o (Im/ Kng d() > 0, and & <Im/ (Kng — ) dC) < 0.

So, (B is canonical with respect to Kn,.

kp —7(no — 1), if ng is odd,
™Moy — Kp, if ng is even,

6.2. Solution f. We now define and study one of the solutions of the consistent
basis for which we compute the monodromy matrix.

6.2.1. Local canonical domain. The curve 8 being canonical, by Lemma [£T] there
exists a local canonical domain K enclosing #. Using Theorem B4, for ¢ €
K, we construct f, a solution of equation (B2), having standard behavior f ~

exp (i fOC nd() U, . In view of Remark B3, f is analytic in Sy

6.2.2. Asymptotics of f outside K. Here, we study the asymptotics of f in the strip
Sy outside the domain K. We prove

Proposition 6.2. For any fized positive | € N, there exists Y; > 0 such that,
for e sufficiently small, the solution f has the standard behavior in the domain R;
bounded by the lines 3, B+ 27l and Im( = £Y].

The rest of this subsection is devoted to the proof of Proposition We start
with a more detailed discussion of the set Z.
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6.2.3. The structure of the set Z. Recall that (y is a minimum of W. Denote by
((i)iez, the extrema of W on R. We order them increasingly. Clearly, the set of the
extrema is 2m-periodic: there exists Iy € N such that (4, = ¢ + 27 for all [ € Z.

Pick [ € Z. We have, say, n; branches of the set Z starting at (; and situated in
C,, the upper half plane. These branches are vertical and have only one common
point (;. Recall that, at (;, each of these branches is transversal to the real line
as well as to all the other branches; moreover, the analyticity of W guarantees
that the branches beginning at different extrema of W do not intersect in the strip
Sy . Denote the complex branches of Z beginning at the extrema of W and going
upwards by (C;);ez, so that

e (y is the branch used for the construction of the canonical line 3;
e in the strip {0 < Im{ < Y'}, the branch C}; is situated to the right of C;
for all j € Z.

Of course, some of these branches can have common beginning points (situated on
R). The set of lines C; being 2m-periodic, there exists jo € Z such that Cj4 , =
Cj + 2m for all j € Z.

For j € Z, we let D; be the open “rectangle” delimited by the lines C;, Im¢{ =Y,
Cj+1 and R. The complex branches of Z situated in C_ can be obtained from the
lines (C;),ecz by symmetry with respect to R. We denote them by Cj; for j € Z,
the symmetric of D; with respect to the real line is denoted by ﬁ] We finish this
subsection by proving

Lemma 6.3. Let £ = Ey € J. Then:

or all j € Z, the imaginary part of k., does not vanish in the rectangles
1 Ilj € Z, the imaginary t o d t ish in th tangl

Dj and Dj,‘

or all j € Z, in the domains D, an 11, the imaginary parts of k,, are
2 lljeZ, in the d ms Dj and Djiq, the i j t 0

of opposite sign; o

or all j € Z, in the domains D; an i, the imaginary parts of kn, are o
3 ljeZ, in the d ins D and Dj, the i j t o

opposite sign.

Proof. Point (1) follows from point (1) of Lemmal[6.] Point (3) follows from point
(1) and point (3) of Lemma[6]l Check point (2). By construction of the strip Sy
(see section [G.1.1]) one has
e the line C 1 separating D; from D, is bijectively mapped by the analytic
function £ onto an interval Z of R,
e the interval Z is contained in the ng-th spectral band of the periodic oper-
ator (0.2),
e one of the domains D; and D;4, is mapped into C and the second one is
mapped into C_ := {{ € C; Im( < 0}.
Point (2) holds as the main branch k&, of the Bloch quasi-momentum maps C_. into
C, and C_ into C_; see sections and 23 O

6.2.4. Proof of Proposition[62l Our main tools are the Rectangle Lemma, Lemma
b1, and the Adjacent Canonical Domain Principle, Lemma b6l Recall that Im k,,,
# 0 in Dy. First, we treat the case where Imx,, < 0 in Dy. The proof is made
in several steps; at each step, using one of the continuation tools, we justify the
asymptotics of f on a larger domain.

1. Let us show that f has standard behavior in the domain Dy. This follows
from the Rectangle Lemma. Indeed, pick § > 0 small and consider the compact
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Rs bounded by the lines 8, Ci, Im{ = 6 and Im{ = Y — 4. In Dy, one has
Imk < 0, so the “rectangle” Rj; satisfies the conditions of Lemma B Thus, the
solution f, having standard behavior in a neighborhood of Rs’s left boundary, also
has standard behavior in a constant neighborhood of Rs. As § > 0 is arbitrary, this
implies that f has standard behavior in the whole domain Dy.

2. Now, let us study the asymptotics of f in the domain D;. Note that as
Im#k,, < 0 in Dy, by Lemma 6.3 Imk,,, > 0 in D;. So, we cannot apply the
Rectangle Lemma to “continue” the asymptotics of f into D;. The line C; is
canonical with respect to k,, (for the same reason as Cj was; see (6.5])). So, by the
Adjacent Canonical Domain Principle, the standard behavior for f remains valid
in any bounded canonical domain enclosing Cf.

Let us describe a part of a canonical domain enclosing C; situated in the domain
D;. Denote by ¢* the uppermost point of C; in Sy. Let o be the line of Stokes

type starting at ¢* and defined by Im | CC* Knyd¢ = 0. One proves

Lemma 6.4. The line o enters in D1 at the point (*; inside D1, it is vertical and
goes downwards. It leaves Dy at a point (** € Cy such that 0 < Im{** < Y. Let
Dy be the domain delimited by the lines o, R, Cy and Csy; it is a part of a canonical
domain enclosing Cf.

Proof. First, we check the geometric properties of . We identify C and R2 in the
usual way. Let ¢(° € C; and 0 < Im(® < Y. Consider oy a line of Stokes type
Im | CCO Knod( = 0 containing the point ¢°. This line is an integral curve of the

vector field ¢(¢) = kin,(C). As ky, is real on C1, the tangent vector ¢(¢%) to og at
¢° is horizontal, Im#(¢°) = 0. So, o¢ intersects C; transversally and enters D; at
¢%. In Dj, one has Im Kno > 0; near C1, Rek,, is positive as it is positive on Cj.
Therefore, the line oy is vertical in Dy, and, inside D1, it goes downwards starting
from (¢°.

As kp, # 0 in Sy (see (65)), the lines of Stokes type Im fc Knod¢ = Const
fibrate Sy, and the observations on o( imply that

e either ¢ beginning at (* contains a segment of the line Im ¢ = Im (¥,
e or it enters in Dy at ¢*.
The first alternative is impossible; since then, &,, must be real on that segment
which contradicts the assumptions on the strip Sy. Therefore, o enters D at the
point ¢*, and, inside Dy, it is vertical and goes downwards from (*.
Since o goes downwards, it can leave D7 only through Cs, C; or R. As R is also
a line of Stokes type, if ¢ intersects R, then the intersection point is a critical point
for Im [ ¢ Knod(. At this point k,, vanishes, which is impossible. So, we need only
to check that o cannot intersect C;. Assume it intersects C; at, say, a point (..
Then, one has
Ce Ce
0=1Im Knod¢ = Im Kono dC.
¢*, along o ¢*, along C;
But, the last integral is nonzero since x,, > 0 along C; and C is vertical. So, o
has to leave D; through C5 at a point (** with a positive imaginary part. We have
proved all the properties of o described in Lemma
Now, let us check the statement of Lemma concerning Dy; we use Propo-
sition @21 Pick a point ( € D;. Show that there exists a pre-canonical curve
contained in Dy, connecting two internal points of C; and containing 5 .
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As above, consider the line of the Stokes type oy starting at (° € C;. If (0 = ¢*,
then o coincides with o. If (° € R, then oq coincides with the real line. Since the
lines Im fc knod¢ = Const fibrate Sy, there exists a point ¢° such that the line oy
contains (. We denote this line by 3, and the corresponding starting point by (.
Clearly, the segment of line (3, between (, and 5 belongs to Dy, is vertical, and
goes downwards.

Slmllarly, one proves that there exists a vertical segment Gy of the line of Stokes
type Im fC Kno — m)d¢ = 0 connecting ( in Dy with a point ¢; € C; such that

0< ¢ < C. First, we pick a point (4 inside C;. Then, we consider the line of
Stokes type Im | fd(lﬁno — m)d¢ = 0 beginning at this point. This line is transversal

to C7 at (4. It is vertical in D, and goes upwards there. If Im(y > Im (~, then 5
is below this line. If Im {; — 0, then this line approaches R (R is a line of Stokes
type of the same family). So, there exists (4 situated below 5 and above R which
is connected in D; to ¢ by a line of Stokes type Im fé(nno — m)d¢ = 0. This line
is denoted by (4.

The line 8; U B, is not pre-canonical: it is not vertical at its ends (common
points with C). But, as the canonical lines are stable under C!-perturbations, we
can deform somewhat the canonical line C; near the points (4 and (, in such a way
that, from ;U [, and the deformed segments of C'y, we construct the pre-canonical
line containing ¢ and connecting in Dy two internal points of C;. Since { was an
arbitrary point in Dy, then, by Proposition [4.2 | Dy is a part of a canonical domain
enclosing C1. (]

3. The right boundary of D; is the segment of the line Cy between the real line
and the point ¢** (0 < Im(** < Y). Denote this segment by Cy. As Cy, the line
C, is canonical. Consider a local canonical domain (see Lemma[4T]) enclosing Cs.
By the Adjacent Canonical Domain Principle, f has standard behavior also in this
domain.

4. To “continue” the standard behavior of f to the right of Cs, one essentially
only has to inductively repeat the steps 1-3. In particular, when studying the
asymptotic behavior of f in Ds, one considers the open “rectangle” Dy bounded by
Cs, R, C5 and the line Im¢ = Im ¢**. As Dy C Do, in Dy, one has Im Kn, < 0. To
this rectangle, we apply the Rectangle Lemma in the same way as we have applied
it to the rectangle Dy (in step 1), and we see that f has standard behavior in Ds.

Continuing the proof inductively, one shows that f has standard behavior in the
domain R, ; bounded by the lines Cy, R, Cy+ 27l and Im( =Y, ;, where [ is a
fixed arbitrary positive integer, and Y, ; is positive and independent of ¢.

5. Similarly, one studies the asymptotic behavior of f below the real line. Let
us outline one induction step of the proof.

In the domain Dy, by point (3) of Lemma 63, Ims, > 0. One justifies the
standard behavior of f in a subdomain Dy of Dy by the Adjacent Canonical Domain
Principle. The domain Dy is bounded by Cy, R, C; and the line of Stokes type
Im [ kp,d¢ = 0 staying in Dy and connecting the lower end of Cy with (s, an
internal point of C.

The line C] is canonical. By the Adjacent Canonical Domain Principle, the
standard behavior remains valid in a local canonical domain enclosing the segment

C1 of the line C; between R and Cas-
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In Dy, one has Imk,, < 0. Applying the Rectangle Lemma, one justifies the
standard behavior in the rectangle bounded by C1, R, C'y and the line Im ¢ = Im (..

Continuing the proof inductively, one shows that f has standard behavior in the
domain R_; bounded by Cy, R, Cy + 27l and the line Im { = —Y_ ;, where [ is an
fixed arbitrary positive integer, and Y_ ; is positive and independent of «.

6. Fix [ € Z. To show that f has standard behavior in a domain R; as described
in Proposition 6.2, we need only to check that it has standard behavior in V| a
constant neighborhood of the interval [y, (o + 27l] C R.

Let ¢g be the supremum of the values of ¢ such that the standard behavior is
valid in a constant neighborhood of a interval ((p, c) in the half-plane {Re( < c}.
The standard behavior of f is valid in a constant neighborhood of the point of
intersection of the canonical line 3 and R (as it is valid in a local canonical domain
enclosing ). Therefore, ¢y > (.

Assume now that cg < {p + 27l. Note that

(1) f has standard behavior in Ry \ [co, (o + 27],
(2) by Lemma B3, there exists a canonical domain containing cg.

By the Adjacent Canonical Domain Principle, these two observations imply that f
has standard behavior in a constant neighborhood of ¢y which is impossible. So,
co > (o + 2ml. This completes the proof of Proposition when Im k, < 0 in Dy.
When Im x,,, > 0, the analysis is similar; we omit it.

6.3. The consistent basis. Now, to obtain a consistent basis, we construct an-
other consistent solution of (0.I) in terms of f. In the sequel, for g, a function of
the complex variables (z1, za, ..., z;), we define

g*(zlsza' "azk) :9(2_1’2_2,,5)

6.3.1. The solution f*. Recall that f is analytic in a constant neighborhood of Ej.
In this neighborhood, consider f*(z,(, E), where we have indicated explicitly the
dependence on E. As V + W is real on R, f* is a solution of ([B:2). The solution
f* also satisfies the consistency condition, and it is analytic in ¢ in Sy.

6.3.2. The asymptotics of f*. Let us write the asymptotics of f explicitly. We
assume that f is normalized at (. Then,

F@,0) = e oo "% (W, (2,¢) + (1)),
U (2,0) = q(Q)eo “+ . (2,¢).

Let us fix a branch of the function ¢ = /k,(E —W(()). Recall that k(&) is

positive on the np-th spectral band. So, we fix a branch of ¢ so that ¢(¢) > 0 on
R. The asymptotics (6.0]) is valid in the domain R; described by Proposition
Note that, for real E and (,

Rng (C) = Kng (C)v er(xa C) = (l‘, C)v
wi(Q)=w-(0), a(C) =a(Q).

The first relation follows from point (3) of Lemma 61l The second one holds as,
on the spectral band, the branches of the Bloch solution 9 (z, £) differ by complex
conjugation. The second relation and the definition of the functions wy imply the
third one. The last relation follows from our choice of q.

(6.6)

(6.7)
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The relations ([G.7) and the standard behavior of f imply that f* has standard
behavior

Fr=e o el g (2, ¢) + o(1)),
where

U_(,0) = (C)e*o = Cp_(x,¢), CeR,.

6.3.3. The Wronskian of f and f*. Both solutions f and f* satisfy the consistency
condition. To define the monodromy matrix for the pair f and f*, we have to
check that these solutions are linearly independent and that their Wronskian is
independent of (. The asymptotics of f and f* imply that

(6.8) w(f. ) = w(Wy, U_) + o(1)

locally uniformly in ¢ € K. The Wronskian of the canonical Bloch solutions W
is given by (EII). As k,(€) is positive on the ng-th spectral band, and as £ =
E — W(¢o) belongs to this band for E € J, the leading term in (6.8) is nonzero.
So, for € sufficiently small, f and f* are linearly independent for any ¢ in a fixed
admissible subdomain of K.

The leading term in (B8] is independent of ¢, but, the error term in (G.8) can
depend on . We modify the solutions f and f* so that this error term is constant.
As both solutions satisfy the consistency condition (33)), this error term is e-periodic
in ¢. So, we can redefine the solution f by multiplying it by an e-periodic factor of
the form (1 + o(1)) to get exactly

(69) w(f7f*) :w(\IIJra\II*)
The “new” solutions f and f* form a consistent basis and, in R;, they have the
same standard behavior as the “old” solutions f and f*.

6.4. The monodromy matrix. We now study the monodromy matrix associated
to the basis (f, f*). It has the form (LIZ), where the coefficients a and b are given

by
_ w(f(@, ¢+ 2m), f*(x,0)
(6.10)  a(¢) = w(f(z,0), f*(x,0)

As M is unimodular (see (L)), one has
(6.11) a(¢)a”(¢) = b(O)b™(¢) = 1.

Together with the solutions f and f*, the monodromy matrix is analytic in { €
R; and in F in a constant neighborhood of Ey. Actually, being periodic, the
monodromy matrix is analytic in ¢ in the whole strip |Im({| < Y;. Below, we

compute the asymptotics of the coefficients a and b. This computation will complete
the proof of Theorem L4

w(f(x,¢), f(z,¢ +2m))
w(f(z,Q), f*(x,Q)

b(¢) =

6.4.1. Coefficient a. We compute the Wronskian w(f(z,{ + 27), f*(z,¢)). Fix an
integer [ > 2. Assume that ¢ and ¢ + 27 belong to R;. Then, both functions
f(z,(+27) and f*(z, () have standard behavior. In particular,

fw, ¢ 2m) = T (g(¢ 4 am)elaT O (@, ¢+ 2m) + (1))

where we integrate in R;. To rewrite this representation in a more convenient form,
we check that the functions k,,, ¢, wy and ¢4 are 2m-periodic in Sy. All of these
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functions being analytic, it suffices to check their periodicity on R and for real E.
In this case,

e k, and ¥4 are periodic as £(¢) = E— W (() is 2m-periodic and takes values
inside the ng-th spectral band;

e the periodicity of w4 follows from their definition and the previous point;

e the function ¢ is periodic as k(£ — W(()) is periodic and positive on R.

So, one rewrites the above representation for f(x,{ + 27) in the form
i ¢ w
(612) oG+ 2m) = coet o0 (g0l Q) 4 0(1))

where we integrate in R; and have defined

: ) ¢+2m
cop=ez®TC 0= —i/ wydC,
¢

¢+27 27
@:/ IinodC:/ Fing dC.
¢ 0

Representation (612) implies that
w (f(x, ¢+ 2m), f7) = co (w(Wy, Vo) +0(1)) = co(w(f, f7) +o(1))
= cow(f, f*)(1 +o(1)).

Here, we have used relation (6.9) and the fact that w(¥, ¥_) does not vanish and
is independent of e. Now, by (G.I0), we obtain the formula a(¢) = co(1 + o(1)).

(6.13)

6.4.2. Proof of the statements of Theorem [L4 concerning the coefficient a. Fix
6§ > 0. Being a consequence of the standard behavior of f and f*, the asymptotics
of a are uniform for ¢ in the §-admissible subdomain of R; and for £ in a constant
neighborhood Vs of Ej.

As a is e-periodic, its asymptotics are uniform in the strip [Im¢| < Y; — 4.

Clearly, the zeroth Fourier coefficient of a has the asymptotics ag = co(1+0(1)).
Consider the functions ® and €2 determining the leading term for the asymptotics
of a. As for E = Ey, the branch points of x,, and the poles of wy are outside
the strip Sy, and as they continuously depend on E, the definitions of x,, and w4
imply that ® and 2 are analytic in E in a constant neighborhood of Fy. Note that,
as kin, (¢) takes real values on the real line, ® is real on J. Check that € is real on
J. Using (620) and the definition of wy, we get

2 27
Q-0=—i T)d¢ = —i )d
Z/o (ws +Wy)d¢ Z/o (Wi +w-)d¢
. 2#21 dc
=1 o 8C Ogg(C) 9

where
1
gmzéwmmmwom

In view of (6.7)), g is positive. As it is periodic, we get 2 —Q = 0. We have checked
all the properties of ag announced in Theorem [L.4]

The asymptotics of a implies that a; satisfies the uniform estimate a; = o(agp)
for (¢,E) € Sy,—s x V5. Therefore, the Fourier coefficients (ai(n)), of a; are
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exponentially decreasing, i.e. uniformly in F € V,

27|n|

(6.14) |1 (n)] < Clag| exp (— (Y, — 5)) , m#D0.

Come back to the variable z = (/e of the initial equation (0d]). Fix y > 0 in-
dependent of ¢ sufficiently small. By means of (6.14)), for sufficiently small e, we
get

2
la1| < Clag| exp (——ﬂ- (V1 —6-— €|Imz|)> , |Imz| <yle.
€
We have checked all the statements of Theorem [[4 concerning the coefficient a.

6.4.3. Coefficient b. Let us prove the estimate ([LI4) for the coefficient b. Fix an
integer [ > 2. Using the standard behavior of f and (EI0), we get

i ¢+2m i ¢
b=o|exp E/ ﬂnodCJrg/ KnodC , (,C+2meR;.
Co Co

Consider the integral I := [ é”ﬂ kdC. As k is 2m-periodic, the integral I is constant,
and as Ky, is real on R, it is real. So,

i<
(6.15) bzo(exp (%/ nn0d§>>, ¢(,(+2m e R,

Being a consequence of the standard behavior, the estimate (EIH) is uniform in ¢
for ¢ and ¢ + 27 in the §-admissible subdomain of R;, and for F in V(§), a constant
neighborhood of Fy. If, in (6.I5), we choose ¢ in the e-neighborhood of 3, the
canonical line used when constructing f, we get

. ¢ A A
(6.16) b({)=o0 (exp (22/ Hn0d<>> , ¢Cep, Im¢=ImC.

€ J¢o, along g8

As b is e-periodic, this estimate is uniform in (¢, E) € {|Im{| <Y; — §} x V(9).

Show that the estimate (6.16]) implies ([.14). Recall that 3 C Z. So, there exists
¢ > 0 such that, for E = Ey and ¢ € 3, one has ¢ < kp,(¢) < m — c. Therefore, for
(e pBand n=1Im(,

¢
cn < Im Hnodc < (7T - 0)7% n Z Oa
Co, along 3
(6.17) p
(m—c¢)n < Im FnodC < cn, n<0.
Co, along 3

These estimates also hold in a constant neighborhood of Ey (with a smaller constant

¢). Equations (616) and (GI7) show that
2
16) = o (exp(- - a) ), Tmg=¥; -6

16) = o (T -6) . = —ri-5)
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Let (by), be the Fourier coefficients b. The last estimates imply that
2r(n—1) + 2¢
€
27|n| 4 2¢
€

3n<Cexp< (Yl—§)>, n >0,
(6.18)

|Bn|§0exp< <Y16)>, n <0,

uniformly in E in a constant neighborhood of Ejy. Come back to the variable
z = (/e of the initial equation (@I). Fix y > 0 independent of ¢ and sufficiently
small. Using ([GI8) for sufficiently small €, uniformly in z and in F in a constant
neighborhood of Ey, we get

) =0 (e (2 (4= 0) 4 20eltmal) ) . | <

We have proved the statement of Theorem [[4] concerning the coefficient b. This
completes the proof of Theorem [[.4

7. THE MONODROMY EQUATION

Let (11,2) be a consistent basis of solutions of (0.l), and let M be the corresponding
monodromy matrix.

7.1. Behavior at infinity. Consider the monodromy equation (). As already
mentioned, the behavior of its solutions for n — oo mimics the behavior of solu-
tions of equation (I.I) for © — Foo. One has

Theorem 7.1 ([11], Theorem 3.1). Fiz z € R. Then, for x, a solution of equa-
tion ([9), there exists a unique solution of (0d)), say f, such that

T+ 2mn/e, 2z
(7.1) (J{’((x n 27m//5 z))> =My(z,z—nh)-0-x—n, VzeR, neZ,
where
0 -1 27
dzx dz €

Moreover, reciprocally for f, a solution of (1)), there exists a unique vector X, a

solution of ([LA), satisfying (L1)).

As (¢n,2) is a consistent basis, detMy, is a nonvanishing constant; thus, Theo-
rem [7.1] immediately implies Theorem [I.2

7.2. Bloch-Floquet solutions. There is also a relation between Bloch-Floquet
solutions of the family of equation (II) and Bloch-Floquet solutions of the mon-
odromy equation. Let us first define these solutions.

7.2.1. Bloch-Floquet solutions for difference equations. Consider the equation
(7.3) x(z+h) = M(z)x(z), x(z)€C? =z€eR,

where z — M (x) € SL(2,C) is 1-periodic and h is a fixed positive number. The
set of solutions of (Z3) is a two-dimensional module over the ring of h-periodic
functions. Hence, it is natural to call x a Bloch solution if it satisfies the relation

(7.4) x(@+1) =p(x)x(z), zeR,
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where z +— pu(x) is h-periodic; see [6]. If u is constant, the Bloch solution can be
represented in the form

(7.5) x(z) = e*U(x), = €R,

where ¢ is a constant and x — U(x) is 1-periodic. In this case, we call ¢ the
quasi-momentum of x and U the periodic component of x. The solution y is called
a Bloch-Floquet solution of (7.3).

7.2.2. Bloch-Floquet solutions for differential equations. Fix a > 0 and b > 0, two
constants, and (z,y) — Q(z,y), a sufficiently regular function 1-periodic both in
and in y. Consider the differential equation

(7.6) —f"(z) + Q(az,bx)f(x) =0, =ze€R.
Assume that a solution f can be written as
(7.7) f(zx) = e?P*P(ax,bx), x€R,

where p is constant and P(z,y) is a function which is 1-periodic in = and in y. We
call such a solution a Bloch-Floguet solution of ([Z6), and we call the constant p its
quasi-momentum. The first example of Bloch-Floquet solutions of an equation of
the form (6] for quasi-periodic potentials was constructed in [7].

7.2.3. Relation between Bloch-Floquet solutions of the family (01)) and of the mon-
odromy equation (I.9). Now, instead of the monodromy equation ([[9) on Z, we
consider its continuous analog ([7:3). The matrix M is the monodromy matrix for
a consistent basis (¢1,2), and, as before, h = 27/ mod 1. Note that if x satis-
fies (Z3)), then the sequence (xp,), defined by x,, = x(x 4+ nh) satisfies (LI). We
prove

Theorem 7.2. Assume that there exists x, a Bloch-Floquet solution (ZH) of the
“continuous” monodromy equation [L3l). Let

(7.8) F(z,z) = My(z,2)oU(z), z,z€R,

where U is the periodic component of x, and the matrices My and o are as in
Theorem [l Then, f(x,z), the first component of the vector F, is a Bloch-Floquet
solution of ([@I). It can be written as

(7.9) f(z,2) = ePE2 Pz — 2 1),

where (y,x) — P(y,x) is 2m/e-periodic in x and l-periodic in y. The quasi-
momenta of f and x are related by

(7.10) p(E) =~ ().

Note that between the Bloch-Floquet solutions of difference equations related by
the monodromization procedure, there is a relation similar to (ZR); see [5].

Proof. It follows from the definition of the matrix My, that f is a linear combination
of 1 and 9. So, it satisfies (Q.I]). The representation ([Z.9) and formula (710)
follow from the next two statements, Proposition [(.3] and Lemma [7-4]

Proposition 7.3. The solution f satisfies the relations
(7.11) flx+a,z4+a)=e " f(z,2), flz,z24+1)=f(x,2), zz2€R,

where a = 2w /e and ¢ is the quasi-momentum of x.
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Proof. As M is the monodromy matrix corresponding to the consistent basis (11, ¢2)

and as det M = 1, we get
(7.12) F(x+a,z+a) = My(z,2) M'(2) o U(z + a)
’ = My(z,2)c M~ (2) U(z + a),

where ¢ denotes the transposition. As U is 1-periodic, and h = a mod 1, we have
U(z+a) = U(z+ h). In view of the representation (ZH) and equation (Z3), one
has

M7 (2)U(z+h) = M7 (2) x(z + h) e CT = y(z) 7104
=U(z) e ",
Therefore, the right-hand side of ([7.12) can be transformed to the form
My(z,2)0U(2) e " = F(x,2) e "

This implies the first of the relations (ZIIl). Due to the consistency condition,
My (x, z) is 1-periodic in z. Thus, the second equality follows from the 1-periodicity
of U(z). O

Lemma 7.4. Assume that a function g satisfies the relations
gl +a,z+a)=e(x,2), g(x,z+0b)=gx,2), z,2€R,
with a > 0, b > 0 and q € C, three constants. Then it admits the representation
g(z,2) = ei‘”/av(x —z,z), x,z€R,
with a function v(y, x) which is a-periodic in x and b-periodic in y.
Proof. One just defines v(y,z) = e~"9%/%g(x, 2 — y) and checks the periodicity of
. (]
8. THE SPECTRAL RESULTS

8.1. Local version of Theorem [l Pick Ey € J, and let Vy be a complex
neighborhood of Ey. Fix S so that

(8.1) 0< S <S5,

where Sy is defined in Theorem [T.4l Fix I, a closed real interval in Vj, and define
(8.2) A =exp(—95/e).

‘We prove

Theorem 8.1. Fiz o € (0,1). There exists D C (0,1), a set of Diophantine
numbers such that

mes (DN (0,¢))

(8.3) =140(eN), e—0,

€
and that, for any € € D, the interval I contains absolutely continuous spectrum,
and

mes (I N ,e) = mes (I) - (1 +O0(\/?)).
Here, ¥, is the absolutely continuous spectrum for the family of equations (0:1]).

For E € I, outside a Borel set of measure O(\°/?), equation (Ul has solutions 1)+
as described in Theorem [T1].
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As J is compact, Theorem [Tl immediately follows from Theorem 81l To prove
Theorem B we work with ([C3)), the continuous analog of the monodromy equa-
tion, for the monodromy matrix M described by Theorem [.4l First, we construct
solutions of (Z.3]) by means of a KAM theory construction described below. Then,
we use Theorem [7.2] and Theorem [[.2 to obtain Theorem[S8.1l Theorem [[.2]and the
Ishii-Pastur-Kotani Theorem allow us to control the location of the absolutely con-
tinuous spectrum, and Theorem [7-2] allows us to describe the functional structure
of the generalized eigenfunctions.

8.2. Poor man KAM theory. We recall a form of KAM theory suited for our
purpose; it was developed in section 11 in [II] using standard ideas of KAM theory
(see [1, 2]). Let B be a Borel subset of R. Let S, be the strip {z € C; |Imz| < r}.
For the matrix-valued functions of (p, z) that are Lipschitz in ¢ € B and analytic
in z in S, we introduce the norm

[M(z,¢) = M(z, &)

(8.4)  ||M|rB:= sup ||M(z,¢)|| + sup - , y=Imz.
ly|<r lyl<r lo =o'l
v€EB o' eB
oFe’
Here, ||.|| is the matrix norm associated to the /!-norm on C2. If the matrix M

is independent of z, we write ||M||p instead of || M|, g. A matrix-valued function
(z,) € S, X B+— M(z,¢) belongs to the class M if it is analytic and 1-periodic

in S, and is of the form
a b
-z 1),

Let A and D be two matrices such that

e the matrix D is diagonal,

D =D(p) = <E)i g) where d = exp(ip);

o the matrix A(z, ) belongs to M and satisfies || A|,,; < 1, where I C R is
a bounded interval.

For ¥(z), a 2 x 2 matrix, consider the equation
(8.5) U(z+h)=(D+IA)TV(z), zeR,
where A\ is a positive parameter, and h is fixed, 0 < h < 1.
To solve (BEH) using a KAM-type method, we impose a Diophantine condition
on the number h. Fix 0 < ¢ < 1 and define
(8.6) H,(\) :={h € (0,1); %?m — 1k >\ /k3 k=1,2,3...}.
One has
Proposition 8.2 ([L1], Proposition 11.1). Let A and D be chosen as above; assume

that det(D + MAA) = 1. Then there exists Ao(r,o,1) > 0 such that, for all |A| < Ao
and h € Hy(\), there exists a Borel set ®oo(r,0,1,\) C I satisfying

(8.7) mes @, < Ko(r,o, [)A\7/?,

outside which, for ¢ € Boo = I\ @, equation [BXR) has a solution of the form
eigamw/h 0

(88) \IJ(Z, 80) = U(Za (p) O e*i#?oo'z/h )
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where
o UeM and det(U) = 1;
o U is defined and analytic for |Imz| < r/2, it is l-periodic in z, and
U =1l /2, 5, < CN77;
® v, 1S a real valued Lipschitz continuous function of ¢ and satisfies
oo (®) = ¢l < 2A.
Here, \y, @ and Ky only depend on the arguments indicated explicitly above.

Remark 8.3. Reading the proof of Proposition B2, one easily checks that

(1) all of the constants in Proposition depend on the length of I, but not
on its position;
(2) if, say, r > 1, then all these constants can be chosen independent of r.

The set ¢, admits the following description:

o0 AU
89 e o= U {ects - ni-n< i)
=0 k€7

where the functions a; are Lipschitz continuous and, for some C > 0, satisfy
o2 1 )
(8.10) laj = aj—illr SATCNT)F, lao(p) — —¢lr=2\ jeN

8.3. Constructing solutions of the monodromy equation. First, we check
that the monodromy equation can be rewritten in the form required by Proposi-
tion 821 Then, we check that Proposition [8.2] is applicable for sufficiently small
e € D C (0,1) where D is a set with the properties described above. Last, we use
Proposition B.2]to construct the solutions of the monodromy equation outside a set
E.. C I of Lebesgue measure O(\7/?).

8.3.1. The coefficient ag. Here, we check that the zero-th Fourier coefficient of the
coefficient a(z, F) of the monodromy matrix admits the representation

(8.11) ap = exp C_(I)(E) +iQ(E) + iqS(E)) +O(e= 2P )\2),

where ¢(F) is real analytic and ¢(F) = o(1) uniformly in E € Vp, the constant
neighborhood of Ey from Theorem [T4]

Therefore, we first write ag = exp (£ ®(E) + iQ(E) + ig(E)). By Theorem [4]
the function g is analytic and ¢g(E) = o(1) uniformly in E € V. Let ¢(E) =
(9(E)+g(E))/2, and let ¢1(E) = g(E) — g(E). The function ¢ is real analytic, and
#(E) = o(1) uniformly in E € V. Hence, it suffices to prove that ¢; = O(agA?)
uniformly in E' € Vj. For complex F, the relation M(z, F) = 1 implies that

a(z,E)a(z,E) = 1+ b(z, E)b(Z, E)
(compare with (6I1])). Now, we use the representation a(z, E) = ao(E) + a1(z, E),
the fact that ® and  are real analytic, and the estimates (LI3) and (I.14) for a4
and b from Theorem [I.4] to obtain

exp(9(E) — g(E)) + ao(E)ai(z, E) + a1(z, E)ag(E) = 1 + O(a2)\?), zcR.
Integrating this formula in z from 0 to 1, and recalling that fol a1dz = 0, we get
exp(g(E) — g(E)) = 1+ O(a2)\?). This implies ¢; = O(a2)\?), hence (B11).
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8.3.2. A new parameterization of the monodromy matriz. We consider the mon-
odromy matrix as a function of the parameter ¢(E) = ®(E)/c + Q(F) + ¢(E)
instead of the parameter F. Pick A > 0 and let Ia be the A-neighborhood of the
interval I in C. We fix A so that I is inside a constant compact subset of V. We
show that, for A sufficiently small but independent of ¢, and sufficiently small ¢,
the mapping FE — ¢ is an analytic isomorphism of Ia onto its image.

First, we note that

dp Lo

(8.12) 1B (E) = €<I> (E)+0(Q), Ee€la,
where the estimate of the error term follows from the Cauchy estimates applied
to Q and ¢. Then, we study ®'. By (6.4) and (6.2), dggo = ok, (E — W(()),
where 0 € {—1,+1} depends only on ng, and k, is the main branch of the Bloch
quasi-momentum. Therefore,

2m
(8.13) P (F)=0c kL (E—W(¢))dc.
0

Recall that £'(£) is real and does not vanish inside the ng-th spectral band, and
that, for E € J and for real {, £ = E—W(() is inside this band. Therefore, ®'(E)
is real and of fixed sign on J. This and (BI2]) imply that j—g is bounded away from
0 uniformly on I for sufficiently small . Therefore, for sufficiently small A, and
for sufficiently small e, the function ¢(F) is an analytic isomorphism of Ia onto its
image.

Introduce the function E(p) inverse to ¢(E). It is defined on ¢(Ia). Note that
that Z = p(I) is an interval of the real axis; its length is of order O(1/¢).

8.3.3. The monodromy equation. Let us check that one can apply Proposition
to equation (T3). First, we note that det M = 1, and that the monodromy matrix
already has the form ([I2). Consider the monodromy matrix as a function of
@ € p(Ia). It can be represented in the form (BE]) with the diagonal matrix

D= (63’ e_o@) and the matrix A defined by

Mi1(z,0) = a1(z, E) + (ap(E) — €'¥), MAia(z,0) =b(2, E), E = E(y).

Let us study the matrix A. As the monodromy matrix, it is analytic in z in the
strip [Im z| < y/e. Fix Y so that 0 <Y < Sp—.5. We now show that || Ay /. (1) is
bounded uniformly in €. As A is analyticin (z,¢) € {|Imz| < y/e} xp(Ia), we have
only to check that the elements of A are uniformly bounded in z € {|Im z| < Y/e}
and for ¢ in a constant neighborhood of ¢(I), i.e. that its elements, considered as
functions of (z, E), are uniformly bounded in {|Im z| < Y/e} x [I + D(0, ce)], where
c is a fixed positive constant.

Since ®(FE) is real analytic in E, in such a neighborhood, |e§¢| is bounded by
a constant independent of E and e. So, by [®II), ao(E) — e* = O(\?). By
Theorem [[4], one has

a =0 (e*%”m‘) -0 (e*<SO*Y>/€) -0 (e*S/E) —0(N).

Therefore, |A11(z, E)] = O(1). Similarly, one proves that |A;2] = O(1). Both
estimates are uniform in {|Im z| <Y/e} x [I +4(0,ce)]. This implies that

1A(z, @)y /e.o(r) = O(1).
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8.4. Locating the absolutely continuous spectrum. The length of the interval
() is of order 1/e. But, Proposition can only be applied to the monodromy
equation for ¢ in an interval of finite length independent of . So, we divide (1)
into Lo(g) = O(1/¢) subintervals of unit length and apply Proposition B2 to each
of them. This can be done since the constants in Proposition depend only on
the length of the interval of ¢, on the size of the band of analyticity of A in z and
on the exponent o. As a result, by Proposition 8.2 and in view of Remark B-3], one
proves that if

o is a fixed number in (0,1) and we set r = Y/e,

€ is small enough,

¢ is outside a subset @, of ¢(I) of measure O(%X’/Q),
h belongs to the set H,(\) defined in (84,

then the monodromy equation ([Z3)) has solutions described in Proposition
The sets D and H,()). Define D as the set ¢ € (0,1) such that h = 2* mod 1
belongs to H, (). Let us show that mes (D) satisfies (L4). One has

2 n
il 5dh  where H(,:Hg(e_g_fr

anm, (h+n) )

mes((0,5)\D) < 3 /

n=N(e) (0
and N(e) is equal to the integer part of 27 /e. Therefore,

(oo} [e'e) k
mes ((0,e) \ D) < 27 Z %ZZ%GXP (_%)

n=N(g) k=11=0

This proves (83).

The sets ®oo and Eoy. Now, let Eo, = E(®..) where the function E(yp) is the
inverse of ¢(FE). Clearly, mes (Fo) = f<f>oc %dnp. This, the estimate for mes ()
and the asymptotics (812) imply that mes (E,,) = O(\7/?).

The absolutely continuous spectrum. We have shown that, under the assumptions
of Theorem BTl equation ([Z3) has bounded solutions for E € I\ E,. Let x(z) be
a bounded vector solution of equation ([C3). Then, xr = x(z + hk) is a bounded
vector solution of the monodromy equation. Therefore, the Lyapunov exponent for
the monodromy equation is zero on I \ F,,. Theorem then implies that the
Lyapunov exponent for the family of equations (L)) is zero on I \ E. Applying
the Ishii-Pastur-Kotani Theorem, we see that the essential closure of I\ Fo, is in
the absolutely continuous spectrum of the equation family (O1).

8.5. Bloch-Floquet solutions for (I.1l). To complete the proof of Theorem BT]
we have only to check the statements on the solutions 1. We break the proof into
a few steps.

1. The monodromy matrix M (x,z) described in Theorem [[4] corresponds to
(1), a consistent basis constructed in terms of the functions f(z,¢) and f*(x,(),
solutions of equation ([3.2)). More precisely, ¢, and 1_ are related to f and f* by
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the change of variables described in the beginning of section

Yy(x,2) = flx — z,e2) and ¥_(x,2) = f*(x — z,e2).

The functions ¢ — f and ¢ — f* are analytic in a constant neighborhood of the
real axis.

2. Consider the “continuous” monodromy equation ([Z3) with the monodromy
matrix M described in Theorem L4l Let xy_ and xy; be the first and second
columns of the matrix solution to the monodromy equation (Z3]) constructed in
Proposition B2 By (83]), they are Bloch-Floquet solutions of (Z3]). Their quasi-
momenta are equal to T (E) = *po(@(FE)). Their periodic components, Uy,
are just the first and second columns of the matrix U(z, E) = U(z, p(E)) in [B3).
The function FE — ¢(F) is defined in section 832 Hence,

(8.14) X+ (z) = eFe= B, (2 ).

The functions (z, E) — Uy (z, E) are analytic in z in the strip |Im z| < r/2 (where
r =Y/e) and Lipschitz continuous for F in I \ F,. As U € M, one has

(815) U+ = O'1U_, g1 = <1 0) .
3. Define the vectors
(8.16) Uy(x,2)=iF(x — z,e2)0U+(2),
where
o 0 -1
F(x,z):(gj; % and 0 = L

By Theorem [7.2] ¢ (resp. 1_), the first component of ¥ (resp. ¥_), is a Bloch-
Floquet solution of (0:I]). Moreover, by the same theorem and (8I4), ¥y admit
the representations

(8.17) U (z,2) = eFPETP, (z — 2 ex),

h
where p(E) = ;—cpoo (E) and (z,¢) — Pyi(x,() are 1-periodic in z and 2m-periodic
T

in ¢. This proves the representation (.5 and the properties of p(E) described in
Theorem [[.11.

We also see that P has the announced periodicity properties and is Lipschitz
continuous in E. Let us discuss the regularity of Py in (z,¢). By [BId) and (§17),
one has

(8.18) Pi(x,¢) = ieTPE P (g ¢ —ex)oUL(( /e — ).

This immediately implies that Py are HZ -functions in z and are analytic in ¢ in
a constant neighborhood of the real line.

Finally, check that P, = P_ for z real. By (8I5), (8I8) and the definition of
F', one has

P, = —ie"Foi00,U_ =ieP*FoU_ = P_.

This completes the proof of Theorem [T} (I
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