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A GIESEKER TYPE DEGENERATION OF MODULI STACKS
OF VECTOR BUNDLES ON CURVES

IVAN KAUSZ

ABSTRACT. We construct a new degeneration of the moduli stack of vector
bundles over a smooth curve when the curve degenerates to a singular curve
which is irreducible with one double point. We prove that the total space
of the degeneration is smooth and its special fibre is a divisor with normal
crossings. Furthermore, we give a precise description of how the normalization
of the special fibre of the degeneration is related to the moduli space of vector
bundles over the desingularized curve.

1. INTRODUCTION

In this paper we construct a degeneration with nice properties of the moduli
stack of vector bundles on a smooth curve when the curve degenerates to a singular
curve which is irreducible with one double point.

Degeneration is a well-known technique in the study of moduli spaces of bundles
on curves. The technique can be described as follows: Suppose one is interested
in some invariant N of the moduli space U(X) of (semistable) vector bundles (say
of fixed rank and degree) on a smooth curve X. Suppose furthermore that the
invariant does not really depend on the curve, but only on its genus g. Then it is
often useful to consider a proper flat family of genus g curves over a one-dimensional
connected base, say X — Y, which is smooth over the complement of a point yy € Y
and whose fibre X, over yy is singular. In addition one requires that the genus of
the normalization /’?yo of Xy, is strictly smaller than g. If g > 1, one can always find
such a family. More specifically, there exists a family such that X, is irreducible
with one double point (and thus the genus of /'Fyo is g — 1). Now one tries to
construct a proper flat family U(X/Y) — Y of varieties such that:

(1) For every y € Y \ {yo} the fibre U(X/Y"), is isomorphic to U(X,).

(2) The invariant N makes sense and takes the same value for all fibres
U(X/Y),. )

(3) The varieties U(X/Y),, and U(X,,) are related in a way which enables
one to compute the invariant for U(X/Y),, in terms of the invariant for
U(Xyo)'

By this strategy one is finally reduced to the genus zero case where often one can
determine the invariant directly.
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4898 IVAN KAUSZ

I know of two examples where this technique has been employed successfully:

One example is Sun’s proof of the so-called “factorization rule”. In this example,
U(X) is the space of semistable (parabolic) bundles (of given rank and degree) on
a smooth (pointed) curve X and the invariant N is the dimension of the space of
global sections of (some power of) the generalized theta line bundle © on U(X). In
his proof Sun extends ideas of Narasimhan and Ramadas (cf. [NR]) who did the
rank two case. For the degeneration technique he uses the family U*(X/Y) — Y
of moduli spaces of torsion free sheaves as studied e.g. in [N] and [Sel]. A variant
of Bhosle’s concept of generalized parabolic sheaves (cf. [Bho]) allows him to relate
U™s(x/Y),, with U()?yo). Unfortunately his proof that N is independent of y € Y
only works for g > 3. Therefore he cannot quite reduce to the genus zero case and
his result does not lead to a formula for A/.

The other example for a successful employment of the degeneration technique is
Gieseker’s proof of a conjecture of Newstead and Ramanan. In this example U(X)
is the space of stable vector bundles of rank 2 and odd degree on a smooth curve
X of genus g and A is the m-th Chern class of the tangent bundle of U(X), where
m > 2g — 2. The conjecture of Newstead and Ramanan says that NV = 0. For
the degeneration technique, Gieseker uses a different family of moduli spaces than
Sun: The fibre over yo of Gieseker’s family U%esker (¥ /Y) — Y is a moduli space
UGleseker (7 for certain rank 2 vector bundles. These vector bundles live either on

Xy, itself or on modifications X, or Ay of X, which may be depicted as follows:

we meX

In these figures the straight lines stand for copies of the projective line P! and
the crooked ones stand for the normalization X,, of X,,. (As explained in the
introduction of [K1] the space of vector bundles on X, alone cannot be proper,
so a compactification of that space must parametrize additional objects.) The
relationship between USieseker(x, Y and U ()?yo) is given by a diagram as follows:

S
bloin W‘ up

(%) St Si1
locally trivial KGlg—ﬁbrationJ lnormalization
v Gieseker
U(‘Xyo ) u (Xyo )

Here, KGls is a certain compactification of the general linear group Gls. It is crucial
for Gieseker’s purpose that the variety USeseker (X' /Y') is regular and that the fibre
of UGieseker (X /Y') over yo is a divisor with normal crossings, properties which are
not shared by the family U*(X/Y) — Y.

Although expected by the experts (cf. introduction of [G] and [T]), a higher
rank generalization of Gieseker’s family U%eseker(¥/Y) — Y was missing for a
long time. Only quite recently Nagaraj and Seshadri constructed such a family in
the arbitrary rank n and coprime degree d case (cf. [NS| and [Se2]). The fibre over
Yo of that family is a moduli space U%eseker (X, ) for what we call stable Gieseker
vector bundles on Xy,. A Gieseker vector bundle on X, is a vector bundle £ on a
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modification X, of X, of the form

w-_ L

(the number r > 0 is the length of the inserted chain of projective lines, for r = 0
we set X;g )= Xy, ) with the following properties:

(1) The restriction of £ to any of the inserted projective lines is strictly stan-
dard, i.e. of the form O(1)° @ O™~ for some § > 0 which may depend on
the projective line.

(2) The push forward f.£ of £ by the canonical morphism f : Xég) — Xy,
(which contracts the chain of projective lines to the singular point of X))
is torsion-free.

Such a Gieseker vector bundle £ is called stable, if in (2) the sheaf f.& is a stable
torsion-free sheaf.

Nagaraj and Seshadri show that the total space USseker (X' /Y") of their family
is a regular projective variety and that the fibre over yg is a divisor with normal
crossings. Furthermore they construct a canonical proper birational Y-morphism
UGieseker(x/Y) — UYS(X/Y). On the other hand they do not investigate the
relationship between UGieseker(x, ) and U ()?yo), i.e. the higher rank analogue of
diagram (x). In particular they do not give a candidate for the compactification of
Gl,,, which should be the higher rank generalization for KGl,.

In the quest for a geometric proof of the Verlinde formula (cf. [So]) and about
the same time as Nagaraj and Seshadri, I arrived independently at a notion of
(families of) rank n Gieseker vector bundles on an irreducible stable curve Cy (over
some field k) with one singularity (parmetrized by a k-scheme S) and announced
(in [KI]) a result which assures that the associated moduli functor GVB,,(Cy/k)
fits into a diagram

KGl(pi P, p3P)

VB,.(Co) GVB,(Co/k)

where VB,,(Cp) is the moduli functor of all - not just semistable - rank n vector
bundles on the normalization Cy of Cy and KGI(piP, p5P) — VB,(Cp) is a locally
trivial fibre bundle with standard fibre the canonical compactification KGl,, of Gl
as defined in [K1].

In the present paper we prove more than that. Here is the precise statement.
Let B be the spectrum of a discrete valuation ring, Spec (k) & By < B its special
and B; — B its generic point. We assume that k is algebraically closed and of
characteristic zero. Let C' — B be a stable curve over B, whose generic fibre C}
is smooth and whose special fibre Cj is irreducible with one singularity p € Cy.
We assume furthermore that C is regular. Let n > 1 and let VB, (C1/B1) be the
algebraic Bj-stack of vector bundles of rank n over C;. We define the notion of
(families of ) Gieseker vector bundles on C and prove that the corresponding moduli
problem is representable by an algebraic B-stack GVB,,(C/B) with the following
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properties:

(1) The stack GVB,,(C/B) is regular, locally of finite type and flat over B.
Tts special fibre GVB,,(Cy/Byp) is a divisor with normal crossings (Theorem
B.12).

(2) The generic fibre of GVB,,(C/B) is the moduli stack VB,,(C1/B1).

(3) In the diagram (*x) the arrows are morphisms of By-stacks. KGl(piP, p5P)
is the fibre bundle over VB,,(Cp) associated as in [K1], Theorem 9.1, to the
two vector bundles pP (i = 1,2) which are the pull-back of the Poincaré
bundle on Cy x VB, (Cy) by the sections given by the points py,ps € Co
lying above p. The morphism KGl(piP,p3P) — GVB,(Co/k) identifies
KGl(piP,p3P) with the normalization of GVB,,(Cy/k) (Theorems F.9 and
O.3).

In a forthcoming paper (cf. [K2]) I will show how the third property can be used
to prove a canonical direct sum decomposition of the space of global sections of a
power of the theta line bundle on GVB,,(Cy/k).

There is also a stack version of the torsion-free sheaves approach: For an arbi-
trary base scheme B and any semistable curve C' — B there is an algebraic B-stack
TFS,,(C/B) parametrizing relatively torsion free sheaves of rank n on C/B. How-
ever the stack TFS,,(C/B) is not regular if C' — B is not smooth. The singularities
of TFS,,(C/B) have been studied by Faltings in [F]. (That paper also contains
an analogous treatment of the stacks of principal G-bundles for G the symplectic
or the orthogonal group). Returning to our case (i.e. where B is the spectrum
of a discrete valuation ring, C' — B generically smooth with irreducible special
fibre with only one singularity), we have a morphism GVB,,(C/B) — TFS,,(C/B)
which is defined in the same way as the morphism USieseker(x/y) — U™S(X/Y)
of Nagaraj and Seshadri and which may be considered as a resolution of singu-
larities of TFS,,(C/B). The analogue in the torsion-free sheaves approach of the
morphism KGl(piP, p5P) — GVB,,(Cy/By) is a morphism Grass,, (pjP & p3P) —
TFS,,(Co/By). We show (cf. Proposition [[0.0]) that there exists a commutative
diagram

KGl(p;P,psP) — GVB,,(Cy/Bo)

| |

Grass,, (piP @ p3P) —— TFS,,(Co/By)

The left vertical arrow has been defined in [K1], where we have also computed the
fibres of that morphism.

Our paper is organized as follows: In section [3] we define the notion of a Gieseker
vector bundle on C' (resp. Cp) over a B-scheme (resp. a k-scheme) S. This is a pair
(C, &), where C is a nodal curve over S which differs from the family C xp S (resp.
Cy X S) only by the replacement of some of its singular fibres by modifications

C’ér) of Cy for some r < n, and where the restriction of £ to any fibre of the form
C’(()T) is “admissible” in the following sense:

(1) Tt is strictly standard.
(2) Its push forward by C(gr) — () is torsion free.
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(Actually our definition (cf. B is different, but equivalent to the above (cf. B7).)
We then show that the associated moduli problem is represented by a regular al-
gebraic B-stack GVB,,(C/B) and that its special fibre GVB,,(Cy/By) is a divisor
with normal crossings. This section relies heavily on results in [NS].

In section ] an auxiliary notion is introduced: that of a Gieseker vector bundle
data on (Co,p1,pa2) over a k-scheme S. For S = Spec (k) this is just an admis-
sible bundle on C(gr) for some r > 0 plus the specification of a singular point
in C’ér). The associated moduli problem is represented by an algebraic By-stack
GVBDn(C’O, p1,p2) which we show to be canonically isomorphic to the normaliza-
tion of GVB,,(Cy/By). Also in section ] we use results from [NS].

Sections [B] through [ are concerned with proving that GVBDn(C'O, p1,p2) is a
locally trivial KGl,-fibration over VB,,(Cy/By). For this, we show that a Gieseker
vector bundle data on (éo,pl,pg) over a k-scheme S uniquely corresponds to a
vector bundle € over Cy X, S together with a generalized isomorphism (in the sense
of [K1]], 5.2) from pi€ to p3€. By definition, a generalized isomorphism is made
up of what we call bf-morphisms. A bf-morphism between vector bundles £ and F
over S consists of

e a pair (L, \), where L is an invertible Og-module and A is a global section
of L, and

e adiagram F <®— F with certain properties, where the arrow F —&— F
means a morphism F' — L ® F (cf. [K1], 5.1).

Our strategy is to break up Gieseker vector bundle data into simpler constituents
and then to show a one-to-one correspondence between these constituents and bif-
morphisms.

In section [f] we show that for a given curve 7w : C — S together with a section s
of m meeting C in the smooth locus, giving data (L, A) is equivalent to giving a new
curve C' — S (together with a section s’) which differs from C only by that over
points z € S where A vanishes, a projective line is inserted at s(z). We call (C', s)
the simple modification of (C, s) associated to (L, \).

In section [6l we prove a technical lemma needed in section

In section [7] we define the notion of an admissible bundle over a simple modifi-
cation. Then we show that given a curve 7w : C — S, a section s of m and a vector
bundle &£ over C the data of a bf-morphism (L, \, F/ %= E = s*£ ) is equivalent
to the data consisting of a simple modification (C’,s") of (C,s) together with an
admissible bundle £ over C’ which satisfies certain properties relative to £ and E’.

In section [fl we prove that a Gieseker vector bundle data gives rise to a sequence
of simple modifications together with admissible bundles on these.

Finally, in section [@ we put together the results from sections Bl to prove that
indeed Gieseker vector bundle data correspond to generalized isomorphisms.

In the last section we establish the commutative diagram which clarifies the
relationship of our construction with the torsion-free sheaves approach.

A remark on the restrictions on k: Probably the results go through without
assuming algebraic closedness and characteristic zero. Indeed the results in sections
hold for general k. I imposed the restrictions on k for the main results because
I wanted to be able to cite theorems from [NS] in sections Bl and [l

During the preparation of this paper I had the opportunity to spend six weeks at
the Chennai Mathematical Institute. I would like to thank V. Balaji, D.S. Nagaraj
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and C.S. Seshadri for their interest in my work and all the other members of CMI
for providing a friendly atmosphere.

2. NOTATION

Here we collect some notation which will be used freely in this paper.

e Throughout the article, B denotes the spectrum of a discrete valuation ring,
Spec (k) = By — B its special and By, < B its generic point. Furthermore,
we fix once and for all a stable curve C'// B with smooth generic fibre C; and
irreducible special fibre Cy with only one singularity p € Cy. We assume
that C' is regular and that 5co\p 2 k[[u,v]]/(u.v). The symbol Cy denotes
the normalization of Cy and py,ps € Cy are the points which map to the
singular point p € Cj.

e Let X be a scheme, z a point of X and F a coherent Ox-module. Then
we denote by Flz] the fibre F, ®o, , k(x) of F at x.

e For two integers a,b the symbol [a;b] denotes the set of integers ¢ with
a<c<hb.

e Let S be a scheme. Let 7 : X — S be a prestable curve over S (i.e. w
is flat, proper, such that the geometric fibres are reduced curves with at
most ordinary double points). Let Y be the disjoint union of finitely many
copies of S and for v = 1,2 let i, : Y — X be closed immersions such that

(1) The morphisms i, are S-morphisms.

(2) The subschemes 41 (Y) and i2(Y") of X intersect trivially.

(3) For v = 1,2 the subscheme i,(Y) is contained in the smooth locus of
.

By [Kn], Theorem 3.4, there exists a prestable curve X’/S and an S-

morphism ¢ : X — X’, uniquely defined by the following properties:

(1) goi; = goiy and g is universal with this property.

(2) As a topological space, X’ is the quotient of X under the equivalence
relation i1 (y) ~ i2(y) for y € Y.

(3) For U’ an open subset of X’ and U := g~1(U’) the equality T'(U’, Ox-)
={f el'(U,0x) | i1f =i3f} holds.

We refer to X’ as the cokernel of the double arrow Y :1§ X.
o

e An algebraic stack will always be understood in the sense of [LM], (4.1).

3. GIESEKER VECTOR BUNDLES

Definition 3.1. Let K be a field. A chain of rational curves over K is a connected
projective prestable curve whose associated graph is linear and whose irreducible
components intersect in K-rational points and are each isomorphic to the rational
line P};. The length of a chain of rational curves is the number of its irreducible
components. We define a chain of length 0 of rational curves over K to be just

Spec (K).

Let R be a chain of rational curves over K of length » > 1 and let R; C R
(1 < i < r) be its irreducible components such that R; N R; # 0 if and only if
li —j] < 1. For 1 < i <r—11let x; € R(K) be the ordinary double point, in
which the components R; and R;;; intersect. Furthermore, let ¢ € R;(K) and
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xr € R.(K) be smooth points with xg # x;. Thus the situation may be depicted

as follows:
ots) 2
R,y R, %
Tr—1

Let € be a locally free Og-module of rank n such that for each ¢ one has

d; n—d;
rnE=Pone Po

with certain d; € [1,n]. Note that although the direct sum decomposition of &|g,
is not canonical, we have a canonical exact sequence

0—F —&lr,— G —0

such that F; = @% O(1) and G; = @" % O. Indeed, (F; C &|p,) is the Harder-
Narasimhan filtration of £|g,. Therefore £ induces a diagram of K-vector spaces

—

-

&

made up of r horseshoes, where the i-th horseshoe stands for the diagram

0 0

N {
Filzi-] Filz]

+ 1
8[1‘7;_1] 5[332]

{ 1
Gilwi_1] HO(R;,G;) == Gi[x]

{ {

0 0

and the i-th and (i + 1)-st horseshoe are linked together at £[z;]. We define sub-
spaces V; C E[z;] for 0 < i < r inductively by setting V; := (0) and V; := (preimage
under E[z;] — G;[z;] of the image of V;_; under the morphism E[z;_1] — G;[z;—1] =
Gi[z:])-

Definition 3.2. Let K be a field and let R = J;_, R; be a chain of rational
curves over K. A locally free Or-module of rank n is called admissible, if either
R = Spec (K) is of length zero, or R is of length r > 1 with successive irreducible
components Ry, ..., R, and the following two conditions hold.
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(1) & is strictly standard, i.e. for all ¢ the restriction of £ to R; is isomorphic
to @ O(1) & @" % O for some d; € [1,n).

(2) With the above notation, for all ¢ = 1,...,r — 1 the two subspaces V; and
Fit1|zi] of E[x;] intersect trivially.

Lemma 3.3. Let K be a field, let R = J,_, R; be a chain of length r > 1 of rational
curves over K and let xg € R1(K), 1 € R (K) be two different smooth points on
the extremal components. Let £ be a strictly standard locally free Or-module of
rank n. Then the following conditions are equivalent:

(1) & is admissible.
(2) dim HO(R,E(—w0)) = >.;_, deg &R, -
(3) H(R,E(—zo — x,)) = (0).

Furthermore, if one of these conditions holds, then fori =1,...,r the subspace V; C
E[x;] which intervenes inB.2(2) coincides with the image of H°(E(—x0) Ui, R,) N

Proof. The equivalence of (2) and (3) has been shown in [NS|], Lemma 2. Consider
the following commutative diagram of epimorphisms of K-vector spaces:

o HO(E|R,) .
Eler1] / T £l

S Urd
gr[l'r—l] gr [xr]

I claim that for any subspace V C E[x,_1] we have ¢,.(o, (V) = ¥ (b1 (V).
Indeed, for this it is clearly sufficient to show that the kernel of ), is contained in
or(, 5 (V). But we have ker(p,—1) = H(E|g, (—2r_1)) = H*(Fr(—2,_1)) and
therefore ker(v,.) = Frlz,] = o (H(Fr(—2,—1))) € or(p 11 (V). We now show
by induction on the length r of R that conditions (1) and (2) are equivalent and
that the equality V,. = im(H°(E(—z0)) — E[z,]) holds. For r = 1 conditions (1)
and (2) are trivially equivalent and equality V3 = im(H®(E(—x¢)) — E[z1]) follows
from the above claim applied to V' = (0). If » > 2, we have

H(E(~x0)) = H(E(=20) | =1 g,) *efw,) H(ER,)

Assuming condition (1) we clearly have dim(V,_;) = Z:;ll deg&|R,. By the in-
duction hypothesis we therefore have dim(H°(E(—x) Ul r,) = dim(V,_1) and

furthermore V,_; = im(H0(5(7x0)|U::11 r,) — €[r,—1]). This implies in particular
that the canonical map from H°(& (—:1;0)|U:;11 r,) to E[zy_1] is injective. Therefore
H(E(—x0)) may be identified with the subspace ¢, ', (V,_1) of H*(&|r,). Tt fol-
lows that dim(H%(E(—x0))) = dim(V,_1) + dim(ker o,_1) = >_;_, deg&|r,, i.e. €
satisfies condition (2) and furthermore that we have

im(H(E(—x0)) — Elar]) = r (021 (Vi) = o7 (1 (Vi) =V,

Conversely, if £ satisfies conditions (2) and (3), then the map H"(& (—x0)|U:11 R)
E[z,—_1] is injective, since its kernel is HO(E(—x¢ — x_1) -1 r,) = (0). As above,
we conclude that im(H°(E(—zg)) — E[z,]) = V;. Since H(E(—zp)) — E[z,] is
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injective by condition (3), it follows that dimV, = Y7, deg |, which is clearly
equivalent to £ being admissible. ([

Remark 3.4. Observe that admissibility of £ implies that the length of R is at
most the rank of £. From Lemma it is easy to deduce the following statement:

Let R := {J|_, R; and R" := Ui—, 1 Ri be subchains of R. If £ is admissible,
then &|gp and £|g~ are both admissible. Indeed, by it suffices to show that
HY(R',E|p/(—x0 — 21v)) = (0) = H°(R",E|pv(—x — x,.)). Suppose that there
exists a nontrivial section o/ € H°(R', E|g/(—zo — #,+)). Then we can extend o’
by zero to obtain a nontrivial section o € H(R, £(—x¢ — ,-)) which is impossible

by assumption.

Definition 3.5. Let K be a field and X/K a curve. Let z € X(K) be a point
with Oy, = K[[u,v]]/(uw) and let X — X be the blowing-up of X at z. Let

2, 2" € X(K) be the two points above z. A modification of X at x is a morphism
h:Y — X such that

(1) Y is isomorphic to the cokernel of the double arrow (cf. section [2])

2/ 1z’
Spec (K) I Spec (K) — X XTI R
zollx,.
where R is a chain of rational curves over K of length r and zg,x, are
smooth K-rational points of R, which lie in different extremal components
if r > 2, are not equal if r = 1, and are identical if » = 0.
(2) The composed morphism XY X (resp. R — Y — X) is the blowing-
up morphism (resp. the constant morphism which maps R onto z).

If r =0, then Y = X. For general r, a modification Y looks like:

m—+1

Definition 3.6. Let X/K and 2 € X (K) be as in DefinitionBHand let h: Y — X
be a modification of X at z. Let R := h™!(x) be the chain of rational curves which
is contracted to x. A locally free Oy-module € is called admissible for Y — X if
its restriction to R is admissible.

Lemma 3.7 ([NS|, Prop. 5). With the notation of Definition B8l and assuming X
to be irreducible with only one double point, we have: A locally free Oy -module £
is admissible for Y — X if and only if £ is strictly positive and h,E is torsion-free,

where “strictly positive” means that the restriction of £ to any component of R is
of the form @, O(a;) for some a; > 0 with ), a; # 0.
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Definition 3.8. Let C — B be as in section

(1) Let S be a B-scheme. A modification of C over S is a commutative diagram

of schemes
c—— " s0oxpS
™ g pTa
where
(a) 7 is flat,

(b) h is projective and finitely presented and induces an isomorphism C X g
S5 x g, S1, where S; := S xp Bj, and
(c) for all z € S xp By the induced morphism C, — Cy x g, Spec (k(z))
on the fibres over z is a modification (in the sense of B.5]) of the curve
Co X g, Spec (k(z)) in the point p X g, Spec (k(z)).
(2) Let S be a k-scheme. A modification of Cy over S is a modification of C
over S, where S is viewed as a B-scheme via S — Spec (k) = By — B.

Lemma 3.9. Let S be a B-scheme, let h : C — C xp S be a modification of C
over S and let w : C — S be the structure morphism. Then the natural morphism
Og — m,.O¢ is an isomorphism.

Proof. First we show that h.O¢r = Oxx,s. By [Kul], Cor. 1.5, the Oxxs-
module h,O¢ is flat over S and we have for all z € S the equality h.O¢ ®o4
k(z) = (h2)«Oc., where h, : C, — X xp Spec(k(z)) is the induced morphism
between the fibres over z. Since obviously (h.).Oc, = Ox x zspec (x(2)), it follows by
Nakayama’s lemma that we indeed have h,O¢ = Ox« 5. Now consider the functor
T: M+ H°(C,0c ®p, M) from the category of Op-modules into the category
of Op-modules. Since C' — B is a stable curve, we have H°(Cy, O¢,) = k(b) for
b € B. Therefore T is exact by [EGAIII|, (7.8.4). By [EGAIII], (7.7.5.3), it
follows that (pry)«Ocx s = H°(C,0¢) ®0, Os. Thus it suffices to show that
H(C,0¢) = Op. But this is clear: H(C,O¢) is a free Op-module by [EGATII],
(7.8.4), and the morphism O — H°(C,0O¢) is an isomorphism by [EGATII],
(7.7.5)d). O

Definition 3.10. If C — C xp S is a modification of C over a B-scheme S (cf.
Definition B8], a locally free O¢-module £ is called admissible for C — C xp S,
if for all z € S xpg By the restriction of £ to the fibre C, over z is admissible for
C, — Cy X p, Spec (k(z)) in the sense of Definition

Definition 3.11. Let C' — B be as in section[2l Let S be a B-scheme. A Gieseker
vector bundle (of rank n) on C over S is a modification C — C x g S together with
a locally free Oc-module € (of rank n), which is admissible for C — C xp S. If S
is a k-scheme, a Gieseker vector bundle on Cy over S is a Gieseker vector bundle
on C over S, where S is viewed as a B-scheme via S — Spec (k) = By — B.

There is an obvious notion of an isomorphism between two Gieseker vector bun-
dles on C' over a B-scheme S, and of pull-back of a Gieseker vector bundle under a
morphism S’ — S. Thus we have a functor:

{B-schemes}® — {groupoids}
GVB,(C/B) S —  (Gieseker vector bundles
of rank n on C over 5)
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Similarly, we have a functor:

{k-schemes}® — {groupoids}
GVB,(Co/k) S —  (Gieseker vector bundles
of rank n on Cy over 5)

Since we will always work with bundles of fixed rank, we will often suppress the
index n in the notation of these functors. We may also consider GVB(Cy/k) as a
functor on {B-schemes} by setting GVB(Cy/k)(S) := GVB(Cy/k)(S — Spec (k)),
if the structure morphism S — B factorizes over By = Spec (k) and setting
GVB(Cy/k)(S) := 0 else. In this sense we have the following cartesian diagram
in the category of B-groupoids:

GVB(Cy/k)—— GVB(C/B)

l |

Spec (k)—— B
i.e. GVB(Cy/k) is the special fibre of GVB(C/B) — B.

Theorem 3.12. Assume that the residue field k of B is algebraically closed and of
characteristic zero. Then the B-groupoid GVB(C/B) is an algebraic stack which
is locally of finite type and flat over B and GVB(Cy/k) — GVB(C/B) is a divisor
with normal crossings.

Proof. This follows from B.16] B.17 B:2T] and below. O

Lemma 3.13. Let S be a locally noetherian scheme and let f : X — Y be an
S-morphism of proper S-schemes. Let s € S be a point such that the morphism
fs + Xs — Y, between the fibres over s is a closed immersion. Then there is an
open neighbourhood S’ C S of s such that the induced morphism X x5S’ — Y xg 5’
is a closed immersion.

Proof. (I suppose this is well known but I could not find a suitable reference.) The
assumptions imply that the morphism f is proper. By a theorem of Chevalley (cf.
[EGA TV], (13.1.3)) there is an open neighbourhood Y of the fibre Y; such that
all fibres of X’ := f~}(Y’) — Y’ are O-dimensional. By Zariski’s main theorem
the morphism X’ — Y” is finite and by Nakayama’s lemma the morphism Oy, —
(f«Ox)y is surjective for all y € Y,. Therefore there is an open neighbourhood
Y” C Y’ of Yy such that Oy — f/Oxn is surjective, where X" := f=1(Y"”) and
f" = flx». Let ¢ : Y — S be the structure morphism and let S" := S\ ¢(Y \ Y").
Then S’ is an open neighbourhood of s in S with Y xg 5’ C Y”. The morphism
[l X xgS =Y xg8 is finite and Oy 450 — fiOxx s is surjective. Thus f’ is
a closed immersion. (]

Lemma 3.14. Let C — B be as in section 2l Let S be a locally noetherian B-
scheme, h: C — C xp S a proper morphism such that m := pry o h is flat, and let
E be a coherent Oc-module which is flat over S. Let z € S be a point such that
the pair (C, — C xp Spec(k(z2));€|c.) is a Gieseker vector bundle of rank n on
C over Spec(k(z)). Then there is an open neighbourhood S° of z in S such that
(C°:=Cxg5858°— C xp8%€&|co) is a Gieseker vector bundle of rank n on C over
Se.
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Proof. As has been shown in [NS| (appendix), being a modification is an open
condition. Thus there exists an open neighbourhood U C S of z, such that Ay :
Cy :=CxgU — C xpU is a modification of C over U. It is easy to see that after
possibly shrinking U we may also assume &y := E|y to be locally free of rank n. We
claim that if we choose U small enough, we may even assume £y to be admissible
for hy. By definition of a modification, hy is an isomorphism over the generic fibre
of U — B, so admissibility of & over points in the generic fibre is trivial. Thus we
can restrict to the case where U — B factorizes over the closed point By of B. Let
F = (hu)«€u and let &, (resp. F,) be the restriction of £ (resp. of F) to the fibre
C, := C xg Spec (k(z)) (resp. to C xp Spec(k(z))). By [Knl], Cor. 1.5, we have
F. = (h:)«&,, where

hy:C, :=C xg Spec (k(z)) — C xp Spec (k(z))

denotes the morphism between the fibres induced by h. Therefore Lemma [B.7]
implies that &, is strictly positive and that F, is torsion free. We have to show
that &,/ being strictly positive and F,. being torsion free are open conditions on
2/ € U. Let L be a very ample invertible sheaf on Cy := C x5 By. Then the
strict positivity of &,/ is equivalent to the following: There exists an N € N
such that the sheaf &,/ (N) := &, ®oc, h% (L%N ®¢, K(z')) has the properties
(i) HY(C.,E./(N)) = 0 for i > 1, (ii) £./(IN) is generated by its global sections,
and (iii) the morpism from C,/ to the Grassmannian Grass, (H°(E,/(N))) induced
by the surjection HY(E,/(N)) @2y Oc., — €.+ is a closed embedding. With this
characterization and Lemma [B.I3]it is easy to see that strict positivity is indeed an
open condition on z’. Since Cy is irreducible, torsion freeness of F,/ is equivalent
to F,» being of depth one (cf. [Sel], p. 146, Lemma 2). By [EGA 1IV], (12.2.2),
this is an open condition on z’. O

The following lemma will allow us in some proofs to restrict to the case of a
noetherian base scheme.

Lemma 3.15. Let C — B be as in section2l. Let (Sy\)x be a projective system of
affine B-schemes and let S := limSx. Let (C — C xp S;&) be a Gieseker vector

bundle of rank n on C over S. Then there exists an index «, an open subscheme
S' C So and a Gieseker vector bundle (C' — C xp 8';E") of rank n on C over
S’ such that the morphism S — S, factorizes through S’ and (C — C x5 S;€&) is
induced by pull-back via S — S’ from (C' — C xp S';&").

Proof. By [EGA TV], (8.8.2)(ii), there exists an index A and an Sy-scheme of finite
type Cy with C = Cy xg, S. By [EGA IV], (8.10.5)(xii) and (11.2.6)(ii), we may
assume that Cx — Sy is proper and flat. By [EGA IV], (8.8.2)(i), (8.5.2) and
(11.2.6)(ii), we may assume furthermore that the morphism C — C x5S is induced
by base-change from a proper morphism Cy — C x g Sy and that £ is the pull-back
of a coherent Oc¢,-module &y, flat over Sy. It is easy to see that if K/k is a field
extension, Spec (k) — B a morphism, C,, — C' X g Spec (k) a proper morphism and
& a coherent O¢, -module such that the pull-back (Cx — C xp Spec (K); k) of
the data (C, — C xp Spec (k); &) via Spec (K) — Spec (k) is a Gieseker vector
bundle on C' over Spec (K), then there is a finite sub-extension x'/x of K/k, such
that already the pull-back of (C,, — C x g Spec (k); ) via Spec (k') — Spec (k) is a
Gieseker vector bundle on C over Spec (k’). Therefore we can find for each z € S an
index A\, > A, such that the pull-back of (Cy — C x g Sy;Ex) via Spec (k(z)) — S
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is a Gieseker vector bundle, where 2z’ denotes the image of z in S),. By Lemma
B.I4 there is an open neighbourhood U, C S, of 2/, such that the pull-back of
(Cx — C xp Sx;E\) via U, — S, is a Gieseker vector bundle on C over U,. Since
S is quasi-compact, there exist finitely many points z1,..., 2z, € S such that the
preimages of the U, by S — S,_ cover S. We choose an index o which dominates
all the A,,. Let S’ C S, be the union of all the preimages of the U,, by S, — Si,.
Then S — S, factorizes through S and the pair (C — C xp S’;€) := (C\ xg, S —
C xp8S'; &\ ®0g, Og) is a Gieseker vector bundle with the required property. [

Proposition 3.16. Let S be an affine B-scheme, let g : 8" — S be an étale covering
of S, let 8" := S' xg S’ and denote by p; : S” — S’ the projection onto the i-th
factor. Let (C' — C xpg S', &) be a Gieseker vector bundle on C over S’. Then
every descent data

f:pi(C—=CxpS8, &) Sps(C —-Cxps, &)
for (C" = C xp S, &) with respect to S" — S is effective.

Proof. First of all we claim that it suffices to prove the proposition in the case where
S is a locally noetherian scheme. Indeed, by [EGA IV], (8.8.2)(ii), (8.10.5)(vi),
(17.7.8)(ii), there exists an étale covering S — Sp of noetherian schemes which
pulls back to the given covering via a morphism S — Sy. Lemma implies
that we may assume that there exists a Gieseker vector bundle (Cj — C x g S, &)
which pulls back via S’ — S}, to the given one. By [EGA TIV], (8.8.2)(i), (8.5.2)(i),
(8.8.2.4), (8.5.2.4), we may assume that the morphism f comes from a morphism
fo:pi(CL — C xp S, E) = p3(ChH — C xp Shy, &) and that fy is itself a descent
data. This proves our claim. So we can assume S to be a locally noetherian
scheme. Let T := C xg S, T : Cxg S, T" : C xgS”. Then T — T is an
étale covering and f induces a descent data pi(C’,det&’) = p3(C’,det £’), where
pi : T" =T xp T — T is the i-th projection. Since det &’ is relatively ample
with respect to the morphism C’ — T (this follows e.g. by [EGAII|, (4.7.1)), this
descent data is effective ([SGAI], exp. VII, Prop 7.8). By [SGAI], exp. VII, Cor.
1.3 and Prop. 1.10, & also descends. O

Proposition 3.17. Let S be an affine B-scheme and let (C; — C xg S, &1),
(Co — C xS, &) be two Gieseker vector bundles on C over S. Then the
contravariant functor from the category of S-schemes to the category of sets, which
to every S-scheme T associates the set of isomorphisms from (C; — C xp S, &1)r
to (Co — C xp S, E)r, is representable by a quasi-compact separable S-scheme.

The proof of Proposition B.I7 will be given after Lemma below.

Definition 3.18. Let X/K be a projective curve over a field K and let £ be
an invertible Ox-module. We define degy k(L) := x(£) — x(Ox), where for a
coherent Ox-module F we set x(F) := dimy H°(X, F) — dimyx H' (X, F).
Lemma 3.19. Let X be a prestable projective curve over an algebraically closed
field and let £, M be two invertible Ox -modules. Then we have degx k(L@ M) =
degx/k (L) + degx/x (M).

Proof. Let 2 € X be an ordinary double point and let f : X — X be the blowing
up of X at x. Then there is an exact sequence of O x-modules as follows:

0—L— fuf'L— L[z] — 0
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From this and the analogous exact sequence for Ox one deduces easily the equality
degx (L) = deg¢ (f*L). This shows that we may assume X to be the disjoint union
of smooth projective curves or for that matter to be a single connected smooth
projective curve. The Riemann-Roch theorem shows that in this case our definition
of the degree of a line bundle coincides with the usual one, so the required formula
holds. O

Proof of Proposition3.17. Employing techniques used in the proof of Lemma
one sees that it suffices to show that in the case of noetherian S the functor
T — Isom((C; — C x5 S, &)1, (Co — C x5 S,E)r) from the category of noether-
ian S-schemes to the category of sets is representable by a quasi-compact separable
S-scheme. Let Hilbe, « 4¢,/s be the Hilbert scheme which parametrizes closed sub-
schemes of C; x5 C2/S which are flat over S. Let Z < (Cy x5 C2) x5 Hilbe, x 4¢,/5
be the universal object. It is easy to see that there is a locally closed subscheme
Y < Hilbe, « s¢,/5 with the property that a morphism 7' — Hilbe, « 4¢, /s factorizes
over Y if and only if the following hold:

(1) The i-th projection pr; : Zp — (C;)r is an isomorphism for ¢ = 1, 2.

(2) The diagram

pry pry

(Cl)T Zr (C2)T

CXBT

is commutative.

In particular, the pair (Y,pry o pry’ : (C1)y — Zy — (C2)y) represents the (con-
travariant) functor

T + {all (C x g T)-isomorphisms (C;)r = (C2)r}

from {S-schemes} to {sets}. I claim that Y/S is quasi-projective. We may assume
without loss of generality that S is connected. Let £; be a very ample invertible
sheaf on C; relative to S (i = 1,2). Then the sheaf £ := £; Ko, Lo is very ample
on C; xx Cy over S. For a polynomial P let HilngScz/S be the component of
Hilbe, x 4¢,/s parametrizing objects whith Hilbert polynomial P with respect to
the polarization £. Since Hilbf?1X sC»/s 18 projective over S, it is clearly enough for

the proof of the claim to show that Y is contained in Hilbéj1 x5Cy/s for some P. Let
T be the spectrum of an algebraically closed field and let T' — S be a morphism.
Let Zr — (C1 xsCq)T be a closed immersion with the above properties (1) and (2).
The Hilbert polynomial P of the coherent O(c, x s¢,),-module Oz, with respect to
L is given by

P(m) = xc)r (LOF™ @ [7(L2)2™)

where fr :=pryo0 prf1 : (C1)T = (C2)7r. We have to show that P is independent of
T — S and of Zr — (C; x5 C2)7r. By Lemma B19 we have

P(m) = degc,), (L1)F™) + degc,), (L2)F™) + X(e1)r (Ofer)r)

which shows the required independence. This proves our claim and in particular
that Y is a quasi-compact separable S-scheme.

Let f: (C1)y = (C2)y be the universal isomorphism. To prove the proposition
it suffices now to show that the functor T' — Isomo. | ((&1)r, f*(€2)7) from the
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category of Y-schemes to the category of sets is representable by a quasi-compact
separable Y-scheme. But this is proven in [LM] (proof of Theorem (4.6.2.1)). O

Definition 3.20. Let C' — B be as in section 2l For every B-scheme S let Hy (S)
be the set of all closed subschemes C — C x g Grassn(Og) X g S with the following
properties:

(1) The induced morphism C — C xp S is a modification of C over S.
(2) The induced morphism C — Grass, (O ) xp S is a closed immersion.

(3) Let O —» & be the pull back by C — Grass,, (O} ) x g S of the universal

quotient. Then for every point z € S the induced morphism H°(C,, Oé\; ) —
H°(C.,&.) is an isomorphism and the cohomology groups H*(C,, £,) vanish
for:>1.

(4) The O¢-module € is admissible for C — C xp S.

The association S — Hy(.S) is in an obvious way a contravariant functor Hy from
the category of B-schemes to the category of sets.

Theorem 3.21 ([NS]). Assume that the residue field k of B is algebraically closed
and of characteristic zero. Then the functor Hy defined in is represented
by a subscheme (also denoted Hy) of the Hilbert scheme Hilbcy , Grass, (o) B-
Furthermore, the scheme Hy is reqular and flat over B, its generic fibre (over B)
18 smooth and its special fibre is a divisor with normal crossings in Hy .

Proof. By [NS|, Prop. 8, there exists an open subscheme Y of the Hilbert scheme
Hilboy ; Grass, (0X )/ Which parametrizes closed subschemes satisfying properties
(1)-(3) in Definition Furthermore, Y is regular, its generic fibre over B is
smooth and its special fibre is a divisor with normal crossings. Let S be a B-
scheme and let C — C xp Grass,(O¥) x5 S be an S-valued point of ). Let
h : C — C xp S be the projection and let O — £ be the pull-back by
C — Grass, (O) x5 S of the universal quotient. In [NS], Prop. 9, it is shown that
application of h, gives a surjection ng,;s —» h,E such that h.E is flat over
S. In particular, push-forward induces a morphism from ) to the Quot-scheme
Quotoév /c/p which parametrizes coherent quotients of Og which are flat over the
base. Let Q C Quotoév sc/B be the open subscheme parametrizing torsion-free
quotients. I claim that the preimage of Q by the morphism Y — Quotoév /c/B
represents the functor Hy. Indeed, let S be a B-scheme which is the spectrum of a
field, let C < C x g Grass, (O%) x .S be an S-valued point of Y, let h: C — C'xp S
be the projection and let £ be the pull-back of the universal quotient. Property (2)
in Definition ensures that £ is strictly positive. Therefore Lemma [B.7] tells us
that £ is admissible for A if and only if A€ is torsion-free. O

Definition 3.22. We fix a very ample invertible sheaf O¢ (1) on the curve C.
For a Gieseker vector bundle (f : C — C xp S, £) on C over a B-scheme S
and for an integer N’ we denote by £(—N') the (admissible) O¢-module £ ®¢,
F*(0c(1)2N) Kp, Og). For every pair of integers N > n, N’ > 0 we have a
morphism of B-groupoids

PN,N’ : HN — GVBn(C/B)
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which to an S-valued point (C — C xp xGrassn((’)g) x g S) of Hy associates the
S-valued point (C — C xp S, E(—N')) of GVB,,(C/B), where £ is the pull back
by C — Grass,(O%) x5 S of the universal quotient sheaf on the Grassmannian.

Lemma 3.23. Let S be an affine B-scheme and let (C — C xg S, &) be Gieseker
vector bundle of rank n on C over S. Let N > n and N' > 0. Then there is an
open subscheme Sy n+ C S such that a morphism T — S factorizes over Sy n+ if
and only if for every point t € T the following hold:

. i ny | N fori=0,
(1) dim H*(Ci, E(N")) { 0 else.
(2) The canonical morphism H°(Cy, E(N')¢) Q) Oc, — E(N')y is surjective.
(3) The morphism C; — Grass, (H°(Cy,E(N');)) induced by the surjection in
(2) is a closed immersion.

Proof. By one is easily reduced to the case where S is noetherian. We define
subsets S C §” C S’ C S as follows: S’ is the set of points s € S with the
property that H*(Cs, £(N’)s) vanishes if i > 0 and is of dimension N if i = 0. S” is
the set of points in s € S” such that the canonical morphism H°(Cy,E(N')s) ®4(s)
Oc, — E(N'), is surjective. Finally, S is the set of points s € S” with the
property that the morphism Cs — Grass, (H°(Cs,E(N’))) induced by the surjection
HO(Cs, E(N')s) @p(s) Oc, — E(N')s is a closed immersion. I claim that S”” is open
in S. Indeed S’ is open in S by the semicontinuity theorem (cf. [EGA III|, (7.7.5.1))
and by [EGATII], (7.9.9). Since C — S is proper, an application of Nakayama’s
lemma shows that S” is open in S’. The openness of S”’ follows from Lemma [3.13]
It is clear that Sy n/ := S’ has all the required properties. O

Proposition 3.24. The morphism of B-groupoids

P = ]_[ Pn.nv ]_[ Hy — GVB,(C/B)

N>n N>n
N’>0 N’>0

is smooth and surjective.

Proof. Let S be an affine B-scheme and let S — GVB(C/B) be an S-valued point
of GVB(C/B), given by a Gieseker vector bundle (C — C xg S, £) on C over S.
Let Y be the B-groupoid defined by the cartesian diagram

Y — > Hy

J/PN’N/

§—— GVB(C/B)

I claim that ¥ = Isom(OJSVN o €N )5y ), where m: C — S is the structure
morphism and where Sy, o C S is the open subscheme defined with respect to
(C—CxpS, &) in Lemma 323
Let U be an S-scheme. By definition, a U-valued point of Y is given by the

following data:

(1) A closed subscheme C’ < C xp Grass,(O%) xp U with the properties

(1)-(4) listed in Definition
(2) An isomorphism ¢ : C|yy = C’ of U-schemes.
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(3) An isomorphism E(N')|y = ¢*&’, where O —» &’ is the pull-back of
the canonical quotient on the Grassmannian.

Observe that U — S factorizes over Sy ns. Indeed this follows easily from the
characterization of Sy v given in Lemma and the fact (cf. B3) that for any
z € S we have H°(C., Oc.) = (z). By B9 and B20(3) we have OF = n.O¥ |y =
7.E'|y. Therefore the above data induce an isomorphism OF = m.E(N')|y, i.e. a
U-valued point of Isom(Ong’N/ TR E(NT) sy p0)-

Conversely, let U be an Sy n/-scheme and let OF = m.E(N')|y be a U-valued
point of Isorn(OgVN o TE(N)[s ). Then we have:

(1) Let (Cuy — C xp U , &y) be the pull back of (C — C x5S, &) to
U and let 7y : Cy — U be the projection. Then we have a canon-
ical morphism OF = i (my).Eu(N') — Ey(N'), which by definition
of Sy (cf. Lemma B23) is surjective and induces a closed immer-
sion Cy < Grass, (OF) xp U. Thus we have a closed immersion Cy; <
C x p Grass, (O) x g U which obviously has the properties (1)-(4) listed
in [3.20]

(2) The identity isomorphism C|y = Cy.

(3) The natural isomorphism &(N')|y = Ey(N') = &', where OF — £’ is the
pull back of the canonical quotient of the Grassmannian.

These are the data needed to define a morphism U — Y. Thus we have established
a correspondence between U-valued points of Y and of Isom((’)JSVN o TEN ) sy )
which is easily seen to be a bijection functorial in U. This proves our claim.

Since Isom(OngyN/ ;mE(N')| sy 5, ) 18 smooth and surjective over Sy, v, all that
remains to be shown is that the open subschemes (Sn n/)N>n,n'>0 cover S. But
this is an immediate consequence of [NS], Proposition 4. O

4. GIESEKER VECTOR BUNDLE DATA

Definition 4.1. Let K be a field, X /K a curve and /,z” two different smooth
K-rational points of X. A modification of (X,z',2") is a morphism (Y,y/,y") —
(X,2',2") of two-pointed curves, such that

(1) Y is isomorphic to the cokernel of the double arrow (cf. section [2])

! 1"
z' [

Spec (K) I Spec (K) — X XTI R' 11 R"
x( )

where R’ (resp. R”) is a chain of rational curves over K of length ' (resp.
r'") and xp, zl., (resp. z(,x.) are smooth K rational points of R’ (resp. of
R'"), which lie on different extremal components if 7' > 2 (resp. if " > 2),
are not equal if ¥ =1 (resp. if 7’/ = 1), and are identical if v’ = 0 (resp. if
r" =0).

(2) The composed morphism X —Y — X is the identity, the composed mor-
phism R' — Y — X (resp. R’ — Y — X) is the constant morphism onto
a2’ (resp. onto z”’) and y’ (resp. y”) is the K-rational point induced by 7,
(resp. by x/,).

!
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The situation may be visualized as follows:

11 "
Yy =T

!

Definition 4.2. Let h: (Y,y/,y") — (X, ', 2") be a modification of (X, 2/, ") as
in Definition Il A locally free Oy-module £ is called admissible for (Y,y',y") —
(X, 2, 2") if the restrictions of € to the two chains of rational curves R’ = h~'(z')
and R” = h~!(2") are both admissible in the sense of The extremal degree of
an admissible Oy-module € of rank n is the pair of numbers (d’,d") € [1,n + 1]?,
where for ¢ € {",” } the number d" is the degree of &|g., if R* is of length r* > 1,
where R., is the component of R* which contains the point y*, and d* := oo if R*
is of length 0. A pair consisting of a locally free Oy-module £ and an isomorphism
©: E[Y] S E[Y"] is called admissible for (Y,y',y") — (X, ', 2") if the the module
induced by (&, ¢) on the chain R := (R'IIR")/(y' = y") of rational curves of length
r’ + " (by identifying via ¢ the fibres at the points 3’ and y”) is admissible in the
sense of Definition

Remark 4.3. With the notation in the above definition, admissibility of the pair
(€, ¢) implies admissibility of € for (Y,y/,y") — (X, ', 2"). Cf. the end of Remark
B4

Definition 4.4. Let Cy — Spec (k) be the curve from section @ and let (Co, p1, p2)
be the normalization together with its two distinguished points. Let S be a k-
scheme. A modification of (Co,p1,p2) over S is a diagram

C % CO XSpec (k) S

51& %)pdd

which is commutative in the sense that pryoh = 7 and hos; = p; x id for
1 =1,2, where 7 is flat, h is proper and finitely presented, the s; are sections of m,
and for every point z € S the induced morphism on the fibre (C,, s1(2), s2(z)) —
(Co, P15 P2) X spec(k) Spec (k(2)) is a modification of (Co, p1,p2) X spec(k) SPeC (£(2))
in the sense of Definition 4.1l

Definition 4.5. Let (C,m,s1,s2,h) be a modification of (éo,pl,pg) over S as in
Definition [£4l A locally free Oc-module & is called admissible for (C, 7, s1, s2, h) if
for all z € S the restriction of £ to the fibre C, is admissible for (C,, s1(2), s2(2)) —
(Co, p1,p2) X gpec(k) Spec (k(z)) in the sense of Definition We define £ to be
of extremal degree > (dy,ds) if for all z € S we have d, > dy and d) > da, where
(d.,d}) is the extremal degree of £|c. in the sense of 21 A pair consisting of a

zZ) 'z
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locally free O¢-module £ and an isomorphism ¢ : s1€ = s3€ is called admissible
for (C,m, s1,s9,h) if it is fibrewise admissible in the sense of 1.2

Lemma 4.6. Let (C'O,pl,pg) be the two-pointed k-curve from section[2 and let S’
be an affine k-scheme. Let (C',7',s),sh,h') be a modification of (Co,p1,p2) over
S and let &' be a locally free Ocr-module which is admissible for (C', 7', sy, s5, h').
Then there exists a k-scheme of finite type S, a modification (C,m,s1,s2,h) of
(Co, p1,p2) over S, a locally free O¢-module admissible for (C,m,s1,82,h) and a k-
morphism S" — S such that (C', 7', s, 85, h';E") is induced by pull-back via 8" — S
from (C,m,s1, 82, h;E).

Proof. We omit the proof which is similar to the proof of Lemma [3.15] O

Definition 4.7. Let (C’~0,p1,p2) be the two-pointed k-curve from section 2 and let
S be a k-scheme. A Gieseker vector bundle data (of rank n) on (Co,p1,p2) over S
is a modification (C, 7, s1, s2,h) of (éo,pl,pg) over S together with a locally free
Oc-module £ (of rank n) and an isomorphism ¢ : 57 = s3€, such that (&, ¢) is
admissible for (C,, s1, 82, h).

As all Gieseker vector bundle data of rank n on (Co, p1, p2) over a fixed k-scheme
S form in an obvious way a groupoid, and as there is a natural notion of pull-back
under a morphism S’ — S of such data, we have the following functor:

{k-schemes}° —  {groupoids}
g . Gieseker vector bundle data
of rank n on (Cy, p1,p2) over S

GVBD,,(Co, p1, p2)

Again, we often suppress the index n in the notation of this k-groupoid.
Let S be a k scheme and let (C, 7, s1, 82, h, €, ) be an object in

GVBD(OOa plaPQ)(S)
Let C be the cokernel of the double arrow (cf. section [2))

S1 -
S=—=c¢
and let 7 : C — S the morphism induced by 7. By the universal property of C (cf.

[Knl, Theorem 3.4), h induces an S-morphism h : C — Cj Xgpec (k) S+ Furthermore,

the data (€, ) induces a bundle £ on C which clearly is admissible for h. Thus we
have constructed an object (C,, h, &) in GVB(Cy/k)(S). Since the construction

(évﬁa 51,52, ng7 30) — (C) , h7g)

is functorial with respect to isomorphisms and commutes with base-change by a
morphism S — S, we obtain a l-morphism GVBD(Cy, p1,p2) — GVB(Cy/k) of
k-groupoids.

Definition 4.8 (cf. [D]). Let S be a scheme and let Y be a reduced algebraic
S-stack. An algebraic S-stack X together with a representable 1-morphism X — )
is called the normalization of ) if there exists a cartesian diagram

X —Y

||

X —)
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where X and Y are algebraic spaces, Y — ) is a smooth surjective 1-morphism
and X is the normalization of Y.

Theorem 4.9. Assume that k is algebraically closed and of characteristic zero.
Then the natural morphism of k-groupoids

GVBD(Cy, p1,p2) — GVB(Cy/k)
identifies GVBD(C’O,pl,pg) with the normalization of GVB(Cy/k).
The proof of the theorem will be given after E.11] below.

Lemma 4.10. Let k be an algebraically closed field and let X' — X be a proper
morphism of k-schemes which are of finite type over k. Assume that for every
closed point x € X there exist numbers 1 < m < n and a commutative diagram

(tj, . ,tj) Spec Hgl k[[tl, .. ,tn]]/(tz) i> X'/ X x SPEC(@
t; Speckl[tr, ..., ta)l/(t1 - tm) ——— SpecOx

where the horizontal arrows are isomorphisms and the left vertical arrow is de-
fined as indicated. Assume furthermore that X' — X is an isomorphism outside
the singular locus of X. Then X is reduced, X' is smooth and X' — X is the
normalization of X.

Proof. The assumptions clearly imply that X’ is smooth and that X is reduced. Let
(X7)ier and (X;),cs be the irreducible components of X’ and X respectively. Since
each X is generically smooth and by assumption X’ — X is an isomorphism outside
the singular locus of X, it follows that we may identify the index sets I and J such
that X’ — X induces a birational morphism X! — X, for all i € I. By [EGATI],
(6.3.9), the morphism X — X, factorizes uniquely over the normalization X, — X;
of X;. The induced morphism X — X, is proper, birational and quasifinite and
hence an isomorphism by [EGATIII], (4.4.9). Therefore X’ = I, X! 5 IL;X; = X is
the normalization of X (cf. [EGA TI], (6.3.8)). O
Construction 4.11. Let » > 0. For [ € [0,7] let
Vi := Spec (K[[to, - - s ti—1, tig1, - - -5 Er]])-

We define modifications (Zl(i), @), sgi), sgi), h®) of (Cy,p1,p2) over V; for i =
0,...,1 — 1 inductively as follows. Let Zl(o) := Cy x5, Vi, let the sections s,(,o) be in-
duced by the points p,, let the morphism 7(%) be the projection onto V; and let h(°)
be the identity morphism. Assume that (Zl(i),ﬂ'(i)7 sgi), sg), h(i)) has already been
constructed for some ¢ € [0,{—2]. Then Zl(iﬂ) is defined to be the blowing up of Zl(i)
along the closed subscheme sgi)({ti = 0}). The morphisms 7+ and R+ are by
definition the composition of the morphism Z Z(H_l)

and h(i) respectively, and the sections 5,(,i+1) are the proper transforms of the sec-

tions s,(j). Now let (ZI[O]’W[O]’S[IO}’5[20]7h[0]) = (Zl(l_l),ﬂ(lfl),sgl_l),sél_l),h(lfl))

and define (Zl[i],w[i],s[f],sg],h[i]) for ¢ := 1,...,r — [ inductively as follows: For

- Zl(i) with the morphisms 7(*)

1 > 0 the scheme ZI[H_H is the blowing up of the scheme Zl[i] along the closed sub-

scheme si ({t,_; = 0}). The morphisms 7l+1 and hli+1] are again the composition
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of the blowing-up morphism with the morphisms 7l and Al respectively and the
sections SB_H] are the proper transforms of the sections s,[f]. Let Z; be the cokernel

of the double arrow (cf. section [2)

S
v :81; Zl[rfl]
2
where s, := s,[f_l]. Then the morphism h factorizes over Z; and the induced
morphism Z; — V; is a modification of Cy over V;. Furthermore, the sections s;
and sy induce a section o; of Z; — V. Observe that the special fibre of Z; — V;
contains a chain of projective lines of length r and that o; cuts this chain into two
chains of length [ and r — [ respectively.
Let V := Spec (k[[to, .- ., tr]]/(t1...t.)) and let V; < V be the closed immersion
defined by

[r—1]

k[[to, - ,tr]]/(tl . ..t,«)) —_— k[[to, - 7tl—17tl+17 - ,tr]]
128 t; fori#l

tit 0 fori=1I

Thus we have a morphism V := IT]_V; — V. Let Z’ := II|_,Z; and let Z' — V
be the morphism induced by the morphisms Z; — V;. Let V" := V xy V and let
pr, : V" — V be the projection onto the v-th component. Let Z” := Z' XV or, v
be the pull-back of Z’ by pr,. Then there is an isomorphism Z; = Z! over
V" which provides an effective descent datum for Z’ relative to the morphism
V — V. Thus there exists a V-scheme Z such that Z’' = Z xy V. The morphisms
Z; — Cy X V; induce a morphism Z — Cjy X V and it is clear that this defines a
modification of Cy over V. Furthermore, Z — Cj X V is universal in the following
sense: Let S be the spectrum of a complete local k-algebra with residue field k& and
let C — Cy X S be a modification of Cy over S such that its special fibre contains
a chain of projective lines of length r (and none of length r 4+ 1). Then there exists
a morphism S — V such that C =2 Z xy S (cf. appendix in [NS]).
Finally we remark that the composed morphisms

Vi—2s 7, —— 7

induce a closed immersion V < Z which identifies V with the subscheme ¥ of Z
defined by the first Fitting ideal of le v

Proof of Theorem[Z9. Let N > n and let Hy o/k be the special fibre of the B-
scheme Hy defined in 201 Let Crry , — Co Xspec (k) Grass, (KY) Xspec () Hy,0 be

the universal object over Hy . Let E;fo — CHN,o be the locus of points where

the morphism C Hyo — Hnpo fails to be smooth. More precisely, ﬁ]\\}’/o is the closed
subscheme of Cy ,, defined by the first Fitting ideal of the sheaf QéH I

NVO/HN,O'
claim that I;T]\v?) — Hpy o is the normalization of Hy . Indeed, let = be a closed
point of Hy o and let H, be the spectrum of the completion of the local ring of
Hpy at z. Let C — H, be the pull-back of the universal curve Cp , by the natural
map H, — Hyy. Let ¥ — Z — V be as in 1T with > 0 chosen such that the
special fibres of C — H, and Z — V be isomorphic. Then there is a morphism
H, — V such that C = Z xy H, and it follows that Hy o X sy, Hy = % Xy H,
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Since furthermore the morphism H, — V is formally smooth (cf. [NS], appendix),
the claim now follows from Lemma [£.10] (observe that Hy ¢ is the disjoint union of
schemes of finite type over k).

It suffices now to show that there exists a morphism I?;/O — GVBD(C’O, P1,D2)
such that the following diagram of k-groupoids is cartesian:

Hyo—— Hnpo

l |

GVBD(Cy, p1,p2) — GVB(Co/k)

But this is easy: Let S be an affine k-scheme. An S-valued point of E\;J is
an S-valued point C — Cy xj xGrass, (k™) x; S of Hyo plus a section S — C
of the projection w : C — S, meeting C in the nonsmooth locus of w. Ob-
serve that this is exactly the description of an S-valued point of the fibre product
GVBD(Co, p1,p2) XavB(co/k) HN,0- O

5. SIMPLE MODIFICATIONS OF A RELATIVE CURVE
WITH A SMOOTH SECTION

Definition 5.1. Let S be a scheme and let 7 : C — S be a flat morphism whose
geometric fibers are connected and of dimension one. Let s : S — C be a section
of m whose image lies in the subset of C where 7 is smooth. A simple modification
(C, f, 7', s") of (C,m,s) is a diagram

C’—>C

N7

(1) The morphism 7’ is again flat with connected geometric fibers of dimension
one and s’ is a section of @’ whose image consists of points where 7’ is
smooth.

(2) The diagram is commutative in the sense that 7o f =7’ and fos =s.

(3) The morphism f is proper and finitely presented.

(4) Let z € S be a point. Then there are two possibilities for the induced
morphism f, : C, — C, of fibres over z: Either f, is an isomorphism, or
C. is the quotient of R = Pi(z) and C, by the identification of a point in
R(k(z)) with s(z) € C, and f, contracts R to the point s(z).

with the following properties:

Construction 5.2. Let (C', f,n’,s’) be a simple modification of (C,7,s) as in
Definition 51l and let M := O¢/(—s") ® f*Oc(s). We have the following exact
diagram of O¢/-modules:

0—— Oc/(—5") Oc: 8,80 —— 0

[ Is

0 ME f*Oc(s) —— 8,8*Oc(s) —— 0

where the vertical arrows are induced by the morphism O¢: — f*Oc¢(s) obtained
by applying f* to the natural injection O¢ < O¢(s). Since the right vertical arrow
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obviously vanishes, the middle vertical arrow factorizes as indicated by the dotted
arrow. Applying (s')* to the morphism m : O¢: — M thus obtained yields a
morphism

1: 05 — My = (5')*Oc/(—5") @ s*Oc(s)

Proposition 5.3. Let S be an arbitrary scheme, w : C — S a proper, finitely
presented, flat morphism with connected geometric fibers of dimension one and let
s:8 — C be a section of m whose image consists of smooth points of w. Assume that
for every point z € S we have H°(C,,Oc.) = k(2) and H°(C,,Oc,(—s(z))) = (0),
where C, denotes the fibre of ™ at z. Then the above Construction 5.2 yields an
isomorphism of groupoids:

Pairs (M, ), where M is
Simple modifications of (C,m,s) ~ an invertible Og-module and
{ in the sense of Definition 5.1 } - w:0g — M is a global
section of M

In the remainder of this section we prove the above proposition. For this, we fix
a scheme S and data (C, 7, s) as in the proposition.

Construction 5.4. To a pair (M, u), consisting of an invertible Og-module M

together with a global section u we associate a diagram

\/

Let Z be the O¢-module defined by the exact sequence
0— 7MY ®0c(—s) = 1M ®Oc(—s) -Z—0 |,

where 7MY ® O¢(—s) — 7*M" is induced by the natural injection O¢(—s) — O¢
and m* MY ® Oc(—s) — O¢(—s) is induced by —p. We define

Cy := Proj (SymZ)
Let f1 : C; — C be the projection and 7} := 7o f;. The morphism s} : S — Cj

is the one induced by the invertible quotient s*Z — M" of s*Z which is adjoint to
the arrow Z — s, MV defined by the exact diagram

0

!

id

Oc(—8) ——— Oc(—8) —— 0

0—— MY ®Oc(—s) —— 7MY & Oc(—s) 0
ia] |

0—— 7MY ®Oc(—s) ——— 7* MV s MY 0

| |

0 0

= §<—t\]<—’|‘<—o
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Lemma 5.5. Let (C,m,s) be as above. Assume that S = Spec A and C = Spec B
for a ring A and an A-algebra B. Let b € B be a regular element that defines the
section s : S — C. In particular, we have B/(b) = A as A-algebras. Let a € A and
let T be the B-module associated as in Construction54 to the pair (M, ) := (A, a).
Then we have an isomorphism of graded B-algebras

Sym () = B[X,Y]/(bX —aY)
and Sym (Z) is flat over A.
Proof. By definition we have an exact sequence of B-modules:

0 B Bo B T 0
11— (b, —a)

By [BI, II1.2, Prop.4, this induces an exact sequence of graded B-modules:
Sym (B ® B)(—1) —— Sym (B® B) —— Sym (Z) —— 0
f———(,—a)-f

This proves the required isomorphism. The flatness of Sym (Z) now follows from
the fact that the image of b in B/(p) and thus the image of bX —aY in B/(p)[X,Y]
is regular for any prime ideal p C A (cf. [Mal, 22.6). d

Lemma 5.6. The diagram

oq—" e

N A

constructed in 54 is a simple modification of (C,7,s). Furthermore, Construction
B4 commutes with base change S — S.

Proof. Tt is clear that fy is proper and that mo fy =7}, fios] =s, mjos) =1ids.
From the exact sequence 0 — O¢(—s) — T — s, MY — 0 it follows that Z is
invertible outside s(S), thus f; is an isomorphism over the complement of the
section s. The flatness of 7] now follows easily from Lemma 55 Let « € s(S). By
Lemma 5.5 we have T, = O¢ [X,Y]/(bX — aY') for certain elements a € Og x(q),
b € O¢ . Therefore, if f; is not an isomorphism in any neighbourhood of z, then
both a and b are in the maximal ideal of Oc,,. This implies f~'(z) =P} . It is
immediate that Construction 5.4 commutes with base change. An easy calculation
in the case S = Spec(k), with k algebraically closed, shows that the geometric
fibers of 7] are connected and of dimension one and that the image of s} consists
of smooth points of 7. O

We want to show that under the assumptions of Proposition [5.3, Construction
.4 is the inverse to Construction For this, we start with a simple modification
(C', f, 7', s") of (C,m,s), apply Construction to get a pair (M, 1) and then
apply Construction B4 to (M, 1) := (My, pu1) to get a sheaf 7 and a simple mod-
ification (C1, f1,m,8}) of (C,m,s), where C{ = Proj (Sym (Z)). We have to show
the existence of a canonical isomorphism C’ = C} which is compatible with the
respective projections and sections. This is done in Lemma [B.11] below.
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We need some preliminary results. Let M := Oc¢/(—5") ® f*Oc(s). Since
(s')*MY = MY, we have a canonical morphism M"Y — s,MV. Application of
7 yields a morphism 7w, MY — MV.

Lemma 5.7. Let (C,m,s) satisfy the assumptions of PropositionB3l and let (C', f,
7', s') be a simple modification of (C,7,s). Then the canonical morphism w,M" —
MV is an isomorphism.

Proof. The proof of this lemma will be given in section [6l O

Lemma 5.8. The following sequence of O¢/-modules is exact:
0— (7')*MY @ Ocr(=8) — (7' MY @ f*Oc(—s) = MY -0 ,
where the involved morphisms are defined as follows:
o (7')*MY @ Oci(—5") — (7')* MY is induced by Oc:(—s") — Ocr.
o (m)*MY @ Oci(—5") — f*Oc(—s) is induced by the negative of the adjoint
of MV = 7' MV (cf. LemmaB510)).
o (7)*MY — MY is the adjoint of MY = 7' MY (cf. Lemmal5.1).
o [*Oc(—s) — MV is induced by Ocr — Oc:(s').

Proof. First of all, the sequence under consideration is a complex, as its middle
part is of the shape

(u,—v)

NOL —SNoL 5LV ®L,

where N, L1, Lo are invertible sheaves and u: Ly — O and v: N — LY ® Ly are
morphisms. Since all the sheaves occuring in the sequence are locally free and the
rank of the sheaf in the middle is the sum of the ranks of the two other sheaves, it
suffices to show for each point & € C’ the injectivity of «, and the surjectivity of
Bz, where

az o () MY @ Ocr(=5))[z] — ()" M"Y & f*Oc(=s))lx]
Bo ()M & f*Oc(=s))[z] — M"[z]

are the induced morphisms on the fibers of the sheaves at z. In particular, we can
assume that S = Spec (k) for a field k. If f is an isomorphism, the statement is
easy to see. Otherwise, C' = RUC and RNC = {s}, where R = P} and three cases
are possible: Either x € C, or x € R\ {s,s'}, or x = §’. It is not difficult to check
the statement in each of these cases. (|

Lemma 5.9. (1) We have R f.Oc/(—s") = 0.
(2) The adjunction morphism O¢ — f.Oc: is an isomorphism.
(3) The morphism Oc(—s) — f.Oc:(—5") adjoint to the morphism f*Oc(—s) —
Oc/(—5") (cf. Constructionn2) is an isomorphism.
(4) We have m.0¢ = 7, Ocr = Og.

Proof. Since obviously H(f~1(z),Oc/(—5") ®o, k(x)) = 0 for every point z €
C, Corollary 1.5 in [Kn| implies the first assertion in the lemma. Similarly, it
follows from loc. cit. that f.O¢s is flat over S and that for every z € S we have
[+Oc ®05 K(2) = (f.)«Oc:, where f, : C, — C. is the induced morphism between
the fibers over z. With the help of Nakayama’s lemma, this implies the second
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assertion. For the third assertion it suffices to prove the commutativity of the

diagram
00— 0Oc(—s) Oc 505 ——0
Oﬁf*oc’(fsl) f*OC/ S*OS —0

where the middle vertical arrow is the isomorphism from (2) and the lower sequence
comes from applying f. to the exact sequence 0 — O¢/(—s') — O — s,0g — 0.
The right square in this diagram is obviously commutative. The commutativity of
the left square is equivalent to the commutativity of the adjoint square

[ Oc(=s) —— f*Oc = Oc:
OC/(—SI) E— Oc/

But this square commutes by Construction 5.2l By [EGATII|, (7.8.8), the equality
7.Oc = Og follows from the assumption H°(C., Oc.) = k(z) for all z. The assertion
7, Ocr = Og follows now from (2). O

Lemma 5.10. There exists a canonical isomorphism T = f. MV .

Proof. Consider the following diagram of O¢-modules:

0—— 7" MY ®Oc(—8) ———— 7" MY & Oc(—s) I 0
0—— 7MY ® fOcr(—8) —— (7" M"Y ® Oc(—3s)) ®@ f.Oc feMY 0

where the first row is the defining exact sequence for Z (cf. Construction [54]) and

the second row comes from applying f. to the exact sequence of Lemma B.8 It
is exact by Lemma BO|[)). The left vertical arrow is induced by the isomorphism
in B9(3), the middle vertical arrow by the one in [BO([2). The lemma follows, if
we can show the commutativity of the left square in this diagram. We give the
details, since at some point we make use of the equality 7m,O¢ = Og and thus of the
assumption H°(C., Oc.) = k(z). The proof of the commutativity of the left square
in the above diagram amounts to showing that the two squares

Oc(—8) —— O¢ MY ® Oc(—8) ———— Oc(—s)
f«Oc/ (=8") —— f.Oc/ fo((7)* MY @ Oci (=5")) —— fuf*Oc(=s)

are both commutative. For the left square this has been done already in the proof
of Lemma The commutativity of the right square is equivalent to the commu-
tativity of the adjoint square

(') MY @ f*Oc(—s) —— f*Oc(—s)

| -

(") *MY @ Oc/ (—8") —— f*Oc(—3)
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which in turn is equivalent to the commutativity of

(ﬂ_/)*M\/ ®M\/ }M\/

T

(Tr/)*MV N M\/

where the upper horizontal and the left vertical arrows are induced by Og — M
and Q¢ — M respectively, which were constructed in[5.2] and the lower horizontal
arrow is the adjoint of the inverse of the isomorphism 7/ MY = MY from Lemma
B7 To prove the commutativity of (x), observe first that by general nonsense the
following diagram commutes:

()

Hom(MV, 7/ MV) —= Hom((x")* MY, M)

| |

Hom(MV, 7.0¢') —— Hom((n')* MY, O¢r) ——— Hom((')* MY @ MY, MY)
where the vertical arrows and the oblique arrow are all induced by O¢s — M from
The commutativity of (x) follows, if we can show that the left vertical arrow
of () maps the inverse of the isomorphism 7/, M"Y = M" from Lemma[5.7to the
morphism MY — 7.O¢/ obtained by composing u : MY — Og from with the
canonical morphism a : Og — 7, O¢/. This amounts to showing the commutativity
of the diagram

(Wi

T MY === MV
7. O¢r <% Og

Now consider the two squares

67

MY —— LMY T MY == AV
Oc/ E— S;OS 71';0@ b—> OS

The left square is obviously commutative, therefore so is the right square, which
is the image of the left one under the functor 7. Since by Lemma [0 the
morphisms a and b are inverse to each other (this is the point where the equality
m(Oc) = Og enters), the commutativity of (x x *) follows and we are done. O

By [Kun], Cor. 1.5, the morphism f*Z — M" adjoint to the isomorphism Z =
f«M? is an epimorphism.

Lemma 5.11. The morphism C' — C} induced by the invertible quotient f*I —
MY of f*T defined above is an isomorphism of C-schemes. Furthermore, the fol-
lowing diagram commutes:
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Proof. Tt is clear that ¢’ — Ci is a morphism of C-schemes. To show that this
is in fact an isomorphism, we first assume that S = Spec (k) for some field k. If
f is an isomorphism, then Z is invertible by [E.I0 and therefore f; : C{ — C and
C’ — C} are isomorphisms. Otherwise, C’ is the glueing together of R = P} and C
by identifying a point in R(k) with the point s € C(k). Since both f and f; are
isomorphisms over the complement of s, we may assume that C is the spectrum of a
discrete valuation ring with closed point s. It is now easy to see that the surjection
= f*f,MY — MY induces an isomorphism

¢’ = Proj (Sym (f*f.M")) = Proj (Sym (Z)) = C;

Now let S be arbitrary. Since both C’ and Cj are flat over S and all constructions
commute with base change, it follows from the special case that ¢’ — Cf is an
isomorphism in general. It remains to show that s} is the composition of s’ with
C' — C}. For this, it suffices to show that the morphism s*Z — M"Y which one
obtains by applying (s')* to the morphism f*Z — MY coincides with the morphism
s*Z — MY defining s (cf. Construction [5.4]). This follows formally by the yoga of
pairs of adjoint morphisms. (I

Conversely, let a pair (M, u) consisting of an invertible Og-module M and a
global section p of M be given. Applying Construction 5.4 to this pair, we get
an O¢-module 7 and a simple modification (Cf, f1, 7}, s1) of (C,m,s), where C] =
Proj (Sym (Z)). Construction 52 applied to the simple modification (C/, f, 7', s’) :=
(Ci, f1,7, s}) yields a pair (M7, 11). We have to establish a canonical isomorphism
M = M, which makes the respective global sections correspond.

Let S be the graded O¢-module Sym (7). By definition, the section s’ : S — C’
is given by applying Proj to the surjection & — Sym (s,M") which is induced
by the epimorphism Z — s,M" defined in Construction [£4l Therefore, we have
(8")*Ocr (1) = (S(1) ®s Sym (s.M"))~, where Oc/(1) denotes the tautological in-
vertible sheaf on C’ = Proj (Sym (7)) (cf. [EGATI], (3.2.5.1)) and where ~ means
taking the quasicoherent sheaf on S = Proj (Sym (s.M ")) associated to a graded
Sym (s, M")-module. It is easy to see that the sheaf (S(1) ®s Sym (s.MY))™ is
just MV. Thus we have

(8/)*00(1) = MV

From the exact sequence of O¢-modules 0 — O¢(—s) — Z — s, MY — 0 (cf.
Construction [B4]) we get by [B], II1.2 Prop.4, the exact sequence of graded Oc-
modules

S(-1)®o, Oc(—s) — S — Sym (s, M") — 0

From Lemma it follows easily that the left arrow is injective. Since obviously
Oc:(—s") is the O¢/-module associated to the graded S-module

ker(S — Sym (s, M")),
we obtain a canonical isomorphism
Oci(s') @ f*Oc(—s5) = Oci(1)
Applying (s')* to it yields the required isomorphism M = M.

Lemma 5.12. The isomorphism M = M, maps the global section pu of M to the
global section p1 of M.
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Proof. Since both ConstructionB.2land Construction 5.4l commute with base change
S’ — S and since furthermore the definition of the isomorphism M = M; depends
only on a neighbourhood of the section s in C, we may assume S = Spec (A4) and
C = Spec(B) for a local ring A and local A-algebra B. Let | : M = A be an
isomorphism. Let a := () and b a generator of the kernel N of the surjection
B — A associated to the section s : S — C. By Lemma we may identify
the graded B module S with B[X,Y]/(bX —aY). Let J be the graded S-module
ker(S — Sym (MV)). It is generated by the element Y € S. By definition, we have

My = (J ®s Sym (M"))qy @a NV,

where the index (1) means taking the zero-degree part of the localization by powers
of | € Sym (MV) (cf. [EGATI], (2.2.1)). Tt is easy to check that the isomorphism
M — M is given by

Y®I
where b¥ € NV denotes the generator dual to b. On the other hand, it follows
directly from the definitions that

bX ®1
p=— ®bY

Therefore the statement follows from the equality bX = aY which holds in S. O

This completes the proof of Proposition

6. PrROOF OF LEMMA 5.1

Lemma 6.1. LemmalG.1 is true in the case where S is the spectrum of a field k.

Proof. If f is an isomorphism, then MY = O¢ and the lemma follows directly from
the assumption H°(C,Oc) = k. Otherwise, C' is the union of a projective line
R =~ P! and the curve C, and we have RN C = {s}. Furthermore, the restriction of
f to R is the constant map onto the point s € C and the restriction of f to C C C’
is the identity on C. Now we have
HO(C/’ Mv) = HO(R7 MV|R) X MV([s] HO(Cv MV|C)
= HO(R, OR(S/) R S*Oc(fs)) X MV [s] (0)
= HY°R,0g(s' —s)) @k s*Oc(—s)
and the morphism H°(C’, M) — MV is induced by the isomorphism
H°(R,0R(s' —5)) = (s)*ORr(s") = (s)*Oc: ()

(restriction to the point s). O

Lemma 6.2. Let k be a field and let fve,.s : CN:)ers — Cpers be the blowing up of
Coers := Spec (K[[t]][[2]]) in the closed pointt = z = 0. LetC!,,, — Spec (k[[t]]) be the
obvious projection morphism. Denote by C~6 the special fibre of this morphism. Then
Cl has two irreducible components R = PL and Co = Spec (k[[2]]) which meet in a
k-rational ordinary double point of C. Furthermore, C',,. over the base Spec (k[[t]])

vers
is a versal deformation of C{).
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Proof. Tt is clear that the special fibre C}) of C'... — Spec (k[[t]]) has the indicated
shape. To show that C/ . over Spec (k[[t]]) is a versal deformation of its special

fibre, it suffices to prove that Ext*(Q%, ,Og ;) = (0) and Ext!(Q} Og;) = k and

Co/k Co/k 8
that the deformation €, has nonvanishing Kodaira—Spencer class. We identify C;
with the closed subscheme of IP’%HZ” = Proj (k[[z]][u, v]) defined by the equation z.u.

Let I C OIF’}C - be the defining sheaf of ideals. Then we have an exact sequence

1 - 1
0 I/I2 QPI{:[[z]]/k‘C(/) Qé(/)/k 0 5

which is a resolution of Ql, ek by locally free Oéé—modules. Applying the func-

tor Hom(-, 056) to this sequence, we obtain a long exact sequence of Ext-groups.

It is easy to see that for F = Qﬂlﬂ[[ H/k|é, or F = I/I? we have Ext‘(F, (95[,)) =
k[[=z

HY(Ch, F¥) = (0) for every i > 1. Therefore Ext®(Q}
Ext! (Q}

& /k’Oéé) vanishes and

& /k’Oéé) is the cokernel of the morphism H°(C), (Q %’i[[z]]/’f‘éé)v) —

HO(C}, (I/I?)V) which in turn is easily seen to be one-dimensional. By inspec-
tion, one also shows that the Kodaira-Spencer class of the deformation C/,, is
nonzero. g

Lemma 6.3. Let k be a field, let A be a local artinian k-algebra with residue field
k and let S := Spec(A). Let C = Spec( [[2]]) and let 5 : S — C be the section
z = 0 of the structure morphism @ : C — S. Let (C’ f, 7, §") be an arbitrary
simple modification of (é,fr, 5) such that f is not an isomorphism. Then there is a
morphism S — Spec (k[[t]]) such that the diagram

is isomorphic to the diagram which is induced by the base change S — Spec (k[[t]])
from the diagram

foers ~

51 ers
C’UG’I"S C’UCTS

vers

Spec (K[[t]])

where §yeps is the section z = 0 of Cyers — Spec (k[[t]]) and &
transform of Syers-

vers 1S the proper

Proof. By Lemma[B.2) there is a morphism S — Spec (k[[t]]) such that C' is isomor-
phic t0 Cyers Xspec (k[[#]]) O+ Thus there exists an open affine covering C =U, U,
with Uy := Spec (Balu]/(uz — a)) and Uy := Spec (Ba[v]/(z — va)), where By :=
Al[z]] and @ € m4 is the image of ¢ by the morphism k[[t]] — A. The glueing of Uy
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and U, is given by:

1/u v

Spec (Balu]/(uz — a))w) Spec (Balv]/(z — va)) ()
= — =

R

Ui NU;

The section § : S — (' factorizes through U, and is given by an A-morphism
Oy, — A, v — a. We want to show that there exists an automorphism ¢’ of c’
such that the composition ¢’ 0 § is given by the A-morphism Oy, — A, v — 0. By
a standard argument we may assume amy4 = (0). Let ¢’ be defined on the affine
pieces U; by the B 4-morphisms:

Ou, i) Oy, Ov, i} Ov,
and

ur—— u(l + au) Vv —«

The automorphism ¢’ has the required property. Therefore we may assume that
a =0, i.e. that § is induced by base change from 3§/, . The morphism f is given
by A-morphisms

By — Oy, By —— Oy,
and
Z——2z+D F——2z+q

where p € my Oy, and ¢ € m4Op,. Again we may assume that map = (0) = mugq.
The constraint § = f 0§ and compatibility with the glueing morphism over Uy NUs
has the consequence that in fact ¢ = 0 and p = zp; for some p; € maB4 with
map1 = (0). We define an automorphism ¢ of C = Spec (B4) by z — (1 — p1)z.
Then the composed morphism ¢ o f : C — C’ is given by

BA—>OU1 BA—>OU2

and
Pz A e

i.e. it is the one induced by base change from the morphism fvers. Since furthermore
we have ¢ o § = §, which is also the morphism induced by base change from Syers,
this proves the lemma. O

Lemma 6.4. With the notation of LemmalG3], let N := f*((’)é,(§’)) ®0s(—5) and
denote by C|), 8|, etc. the objects induced by C', §' etc., via base change Spec (k) — S.
Then there exist canonical isomorphisms

~ ~ 2 \% 2
N®o,Qa=Qa and N@ak=me o & (g 5/me 5)" ®me, 5,/me, 5)

where Qa 1= Og\ (5, = A[[]][1/z], such that the following diagram commutes:
(%)
N———N@sk——mg 5 & (Mg g /mg, )" @me, o /m )

l ipﬁ o

N ®Oé QA mco7§0
1=
Qa——Qa®ak O\ (50}
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Furthermore, there is an element a € my and an evact sequence of Oz-modules
0—0;——0; 80 —— N——0
11— (a,—2)
which by tensoring with Qa and k induces the exact sequences
0——0Q4——=0QaDQs ——Qs——0
(LO)—— 2

(0,1))————a

and
- _ 2
0—— OCO — O@o ® Oéo ——M¢y,50 D ((mc, 3¢ /mc, "/) ® mcoﬁo/méo,éo) —0
(1,0)1 (2,0)
(0,1)¢ (0,¢€)

where 0 # e € (mg, & /mc/ ~,) ®@mg 5 /m2

Co,50

Proof. Since both f;O (~’ ) and Og(—3) are canonically trivialized over C \ 3, the
isomorphism N ®o, Q4 = Qa4 is clear. By [Kn], Cor. 1.5, we have N ®4 k =
(f0)«(MY). Let R denote the component isomorphic to PL of C, and by abuse of
notation let Cy also denote the component of CO, which is mapped isomorphically
to Co by fo. Then we have, similar to the proof of 6.1}

(fo)sMg) = M{le, Xay 0 H (R, M{|R)
= My, @ ker(H°(R, M |r) — M{[50])
= mC_07§0 @ ((mc_é,é()/m?f{),gé)v ® méo,éo/m?fmgo)

The commutativity of diagram (*) comes from the commutativity of the diagram

C+—C
J J
C\5+—Co \ 50

Let Avers = K[[t]] and let S — Spec(Ayers) be a morphism such that C~6 =
C\/Iers XSpec (A ver:.) S. Let Mvers = Oc' ( Vers)) (fyers)™ (Oé (—5vers)) and Nyers

vers

= (fvers)«Mers- By [Knl, Cor. 1.5, we have N = Nyeys @ Avere A. For the existence

of the exact sequence 0 — Oz — Oz ® Oz — N — 0 it suffices therefore to produce
an exact sequence

0—— Ba —— By b -BA‘,ers Nyers 0

vers vers

(t)

I (t,—2)
where Ba,.,. := Avers[[2]] = k[[t]][[2]]. Observe that we have MY, = Os (—R),
where R is the exceptional divisor of the blowing-up morphism fers. We have
an open affine covering C' . = U; U Uy, where U, = SpecBa,  [t/z], Us =
Spec Ba,,.[z/t] and Uy N Uy = Spec By,...[t/z,2/t]. Over Uy and Us, the divi-
sor R is given by the equation z and ¢, respectively. Therefore we have

Nvers = {(9, ) € Bay [t/2] X Bay, 2/t | z2-g=1t-hin B, [t/z 2/t]}

vers
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It is easy to see that the morphism B, @ Ba,.,. — Nvyers given by (1,0) — (1, z/t)
and (0,1) — (t/z,1) is surjective whith kernel B4, - (t, —z). The compatibility
(in the sense of the lemma) of the exact sequence (1) with the canonical isomor-
vers [1/2] and Nyers|g, = me, 5, D ((méé’gg/mz )V ®

ST
Cp,30

me s /m%o,§o) follows by inspection. O

phisms Nvers|( 5 = By

vers \Svers)

Lemma 6.5. In the situation of 51 let S = Spec (A) for a local artinian k-algebra
A with residue field k and let C, :=C' ® 4 k. Then the restriction map

H(C', MY) — H°(CH, MY |¢y)
18 surjective.

Proof. Let N be the Oc-module f.(MVY). By |[Kul], Cor. 1.5, the formation of A
commutes with base change S’ — S. Therefore it suffices to show the surjectivity
of the restriction morphism

HO(C,N) — H°(Co, Ny)

where Cp := C ®4 k and Ny := Ne,. Let C be the completion of C along the
section s. Since 7 is smooth in the neighbourhood of s, we may identify C with
Spec (A[[z]]) such that z corresponds to a generator of the O¢-Ideal defining s. Let
C' := (' x¢ C and denote by f the projection ¢’ — C onto the second factor. Then
we have a canonical isomorphism N := f,(Og(3)) ® Os(—3) = N ®0. Og. Let
Q4 be the localization of O with respect to z. Since N is naturally trivialized
on the complement of s, we have canonical isomorphisms NV ®o, Q4 — Q4 and
N ®o, Qa = Qa. By [B-L] the canonical morphism

HOC,N) — N xq, H(C\ {5}, )
is an isomorphism. Likewise, we have a canonical isomorphism
H(Co, No) — No X Qk H(Co \ {s}, o)

where Ny := N ®4 k and Q, := Q4 ®4 k. By the first part of Lemma [6.4] we have
No % HOCo\ {3, N0) = HO(Co. Oc, (~50)) & ((my o /m, )Y @, o /3 )

— (- 2 v 3 2

= (mC67§6/méé)§6) ®mco,§o/mc~0,§o
Let v € N be the image of (0,1) € Os ® O by the surjection Oz ® O5 — N

from Lemma[64l By the second part of Lemma [6:4] the pair (v, a) is an element of
N xq, H°(C\ {s},N) and its image under the restriction morphism

NXQAHO(C\{S}aN) - NOXQkHO(CO\{S}vNO) = (m(f(),§o/m%(f),g{))\/@méo,éo/m?fo,go
is e # 0. ([

Lemma 6.6. Let S be a locally noetherian scheme, and let w : C — S be a finitely
presented flat morphism whose geometric fibres are connected of dimension one.
Let f : C' — C be a proper morphism such that 7’ .= wo f is flat. Let s’ : S — C' be
a section of ' and let s := fos'. Assume that the restriction of f to C'\s'(S) is an
isomorphism onto C\ s(S). Let z € S be a point. Denote by C, and C, the fibres of
7w and of @ over z and by 7., 7., f., S., S, the the restriction of w, ©’, f, s, s’ on
the fibres. Assume that (C., f., 7., s’) is a simple modification of (C,,7.,s,). Then
there is an open neighbourhood U C S of z, such that (C', f,7',s")|u is a simple
modification of (C,m,s)|u. If we assume in addition that H°(C,,Oc.) = k(z) and
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HO(C,,0c.(—5(2))) = (0), then we can choose U such that the analogous property
holds for all 2’ € U.

Proof. Admitting the first part of the lemma, the last assertion in the lemma follows
immediately by [EGATII|, (7.8.7), (7.8.8) and (7.7.5)L. By assumption, the s(z) and
§'(z) are smooth points in their fibre. Therefore there exists an open neighbourhood
V C C of s(z) and V' C C' of s'(z) such that the restriction of m to V' and the
restriction of 7/ to V' is smooth ([EGATV], (12.1.7)(iv)). Replacing S by s~ (V)N
(s")71(V'), we may assume that s and s’ meet C and C’ in the smooth locus of
7w and 7’. If f, is an isomorphism, then by [EGA TV], (17.8.3), and [EGA III],
(4.4.5), there is a neighbourhood W C C of s(z) such that the restriction of f to
W' := f~3(W) is a finite etale morphism W’ — W. Since its degree over s(z) is
one, it is in fact an isomorphism. It is clear that in this case U := s~!(W) has
the required property. Now assume that f, is not an isomorphism. Let S be the
completion of S at z and let C (resp. CA’) be the completion of C xg S (resp. of
C' xg S) along the subscheme S(S) X5 S (resp s'(S) xg S). Denote by 7, 7,
f, 5, § the morphisms between S C and C' induced by m, =, f, s, s'. From
Lemma it follows that (C’, for ,§) is a simple modification of (C,7,3). Since
S — Spec (Os,.) is surjective (cf. [Mal, §8), it follows that (C’, f, 7, s")[spec (0s..)
is a simple modification of (C,, 8)|spec (05.)- Thus it suffices to show that the set
T of all 2’ € S such that (CL,, f.r, 7., s.,) is a simple modification of (C,, 7, $,/)
is a locally constructible subset of S. But this is a consequence of the following
characterization of T: A point 2’ € S is contained in 7T if and only if (i) f~*(s(2))
is irreducible, smooth and of dimension < 1. (i) H(f~1(s(2")),0) = 0. (iii)
(7")~1(") N f~1(V) is connected and is either smooth or contains precisely one
ordinary double point. O

Lemma 6.7. Let S be an affine scheme, let m : C — S be a proper finitely pre-
sented flat morphism whose geometric fibres are connected of dimension one and
let s : S — C be a section of m whose image consists of points where w is smooth.
Let (C', f,7',s") be a simple modification of (C,m,s). Then there is a noetherian
scheme Sy, a proper flat morphism my : Co — Sy with connected geometric fibres of
dimension one, a section sg of my meeting Cy in the smooth locus of my, a simple
modification (C}, fo, 7}, s4) of (Co, o, So) and a morphism S — Sy such that the data
(C', f,7',s',C,m,s) are induced by pull back from the data (Cy, fo, 7, 50, Co, Tos So)-
If we assume in addition that H°(C,,O¢.) = k(z) and H°(C,,Oc,(—s(z))) = (0)
for all z € S, then we can choose (Co, mo, So) such that the analogous property holds
for all zy € Sp.

Proof. Let A be the coordinate ring of S and let (Ay)x be the inductive system
of all noetherian subrings of A. Let Sy := Spec(A,) for all A. Using the results
from [EGA TV] cited in the proof of one shows that there exists an index A,
a proper flat morphism 7y : Cy — Sy, a proper morphism fy : C§ — C, such that
the composition 74 := my o fA is flat, and a morphism s, : Sy — C} such that the
data (C', f,n',s',C,m,s) are induced from the data (C, fx, 7}, s\,Cx, Tx, sx), where
sy := fos). By [EGAIVI, (8.8.2)(i) and (8.8.2.4), we may assume that s} is a
section of 75 and that the restriction of f\ to the open subset fy '(Cy \ sx(Sy))
of C} is an isomorphism onto Cy \ sx(S»). To conclude, we now make use of
similarly as we employed [B.14] in the proof of Lemma O
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Proof of Lemma [l Consider first the case where S is locally noetherian. Then
both 7, MY and (s')* MY are coherent S-modules and (s')*M" is locally free, so
Lemma [5.7 follows easily from Lemma [6.1] if we can show that the formation of
' MY commutes with base change by a morphism from any scheme to S. But
this base change property follows from Lemma [65] and [EGA TII], 7.7.5 and 7.7.10.
In the general case we may assume S to be affine. By Lemma there exists
a morphism from S to a locally noetherian scheme Sy such that the given data
(C', f,n',s",C,m,s) are induced by pull back from data (C}, fo, 7, 4, Co, 7o, So) de-
fined over Sy. Let My := Og;(s) ®oq, f3O¢,(—s0). By the first case, we have

~

(m0) MY = (s()*My. Since furthermore our morphism 7w, MY — (s')*MY is
induced from this morphism by base change, we are done. (I

7. ADMISSIBLE BUNDLES ON SIMPLE MODIFICATIONS AND BF-MORPHISMS

Throughout this section, S will be a locally Noetherean scheme, 7 : C — S a
proper and flat morphism with connected geometric fibers of dimension one such
that 7,0¢ = Og, and s : S — C will be a section of m whose image consists of
smooth points of . Furthermore we fix an O¢-module £ and an Og-module E’,
both locally free of rank n. Let E := s*&.

Definition 7.1. Let (C’, f,n’,s") be a simple modification of (C, r, s) (cf. BI]) and
let 0 < d < n. A locally free Oc-module £ of rank n will be called admissible of
degree d for (C', f,7’, '), if for any point € C with f~!(z) = IP’,li(z) we have

d n—d
i) = P0r,, (1) & PO

Construction 7.2. Let (C', f,7’,s") be a simple modification of (C,7,s) and let
&’ be an admissible O¢/-module of degree d together with isomorphisms

(f:&(=8))(s) = & and ()€ S FE

Since R!'f.£'(—s') = 0 by [Kun], 1.5, we have the commutative diagram with
exact rows:

00— £.E(—5) L& s:(s)* 6 ——— 0

| g

0 —— (f+&'(=5)(s) —— (fo&)(5) — (5.(s")E)(5) ——0

The vanishing of the right vertical arrow implies that the middle vertical arrow
factorizes as indicated by the dotted arrow. Composing this arrow with the iso-
morphism (f.&'(—s'))(s) = &, we obtain a morphism f.£’ — €. Now consider the
following diagram with exact rows:

0— s f.€(—s) 1€ 5. (s)"E —— 0
0 > E(—s) P 5.5%E 0

By the commutativity of the left square we obtain a morphism as indicated by the
dotted arrow. This induces a morphism £’ — E.
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Let M := O¢/(—5")® f*Oc(s). By the projection formula we have f,(M®E’) =
(f«&'(—=5"))(s). Thus we obtain a morphism

E=s€5 s (M) = () MaE) - () MeE)=>MaE |
where (M, p) is the invertible Og-module together with a global section associated

to the simple modification (C’, f,n’,s’) (cf. Proposition [(E3)).

Remark 7.3. In the case S = Spec (K) for a field K, the curve C can be identified
with a closed subscheme of C’ and Construction[7.2 can be specified more concretely
as follows. Assume that f is not an isomorphism and let R := f~!(s) 2 P}.. Then
M = (m/m?)¥ @ (m’/(m')?) and p = 0, where m (resp. m') is the maximal ideal
belonging to the point s € C (resp. to the point s’ € C’). Observe that we have

Oc,s @ f.€(=5") = (E'e)s Xeris) H(R, &' (=) |r) = (£'lc)s Xerps) Fls] s

where 0 — F — £'|p — G — 0 is the canonical exact sequence with F = % Op(1)
and G = EB"_d Opgr. Therefore we have a canonical exact sequence of O¢-modules:

0—&E(—s) = &e —G[s] =0
Tensoring this exact sequence with K = k(s) leads to the exact sequence
0 — (m/m*) @ G[s] — (m/m*) @ B — &'[s] — G[s] — 0

and the image of (m/m?) ® E — &'[s] is the vector space F[s] which is canonically
isomorphic to (m’/(m')?) ® F[s']. Therefore we arrive at the two exact sequences:

0 Fs'] B Gls'] = Gls] ——0

0 Gls] E M® F|s'] ——0

The morphisms E/ — F and £ — M ® E’ from Construction are just the
compositions £/ — G[s] = Fand E — M @ F[s'| = M ® E'.

Proposition 7.4. Construction[[2 defines an isomorphism of groupoids:

simple modifications

C, f,n',s") of (C,m,s)
together with an

admissible Ocr-module £ of
degree d and isomorphisms
(f£'(=8))(s) = €

and (s')*&" S E'

bf-morphisms

(M, p, ' - E, MQFE «— E, n—d)
of rankn —d from E' to E

in the sense of [K1], 3.1

12

In the remainder of this section we will prove Proposition [ 4l Let M be an
invertible Og-module and p a global section of M. Let (C', f,n’,s’) be the corre-
sponding simple modification of (C,7,s) (cf. Proposition B3]). Let & and & be
two locally free O¢-modules of rank d and n — d respectively. To these data we
associate a locally free O¢/-module £'(€1, &) of rank n as follows:

E'(1,8) =M f&) @ &
where M := O¢/(—5") @ f*Oc(s).
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Lemma 7.5. Let & = &£'(&1,&) and E; := s*&; for i = 1,2. Then &' is an
admissible O¢r-module of degree d and there are natural isomorphisms

(L& (=)N(s) S EDE and (s)E = (MY @ E)) @ Fy
Furthermore, the following diagram commutes:

(MY ®E|)®FE, ————— E1®FE——— E1 & (MQE,)

S TUNE CRON R

(MY ®E)®E, —————— E ®FE——— E1 & (MQE,)
where the upper horizontal arrows are defined as in Construction [[.2]

Proof. Tt is clear that £ is admissible. By Lemma we have canonical isomor-
phisms f,Oc/ = O¢ and f,M = Oc. Therefore we get an isomorphism

(f€'(=))(s) = M B E) = (f:Oc ® &1) & (M B E) = E1 8 &

~

The isomorphism (s')*€" = (MY ® E1) @ Es is the obvious one. For the commu-
tativity of the diagram it suffices to consider the two cases (£1,&2) = (O¢,0) and
(£1,&2) = (0,0¢). In the first case £ = MY. The main point in this case is the
observation that the diagram

00— 0Oc(—s) . faMY $(8Y*M ——0
[ Lo
0 Oc & f.00(8') — 5,(s)* O/ (s') —— 0

defining f.MY = f.& — (f.£'(=5"))(s) = Oc¢ (cf. Construction [[.2) is obtained
by applying f, to the diagram

00— [*Oc(—9) > MY sV M—0
| Jo
0 Op Ocr(s") — 5. (s')*Ocr (') —— 0

and that the dotted arrow of this last diagram is dual to the dotted arrow in
Construction 521 If (£1,&) = (0,0¢), then & = O¢/. Here the main point is to
show that the composition of the isomorphism Q¢ = f* f, M with the adjunction
morphism f*f,M — M coincides with the dotted arrow in Construction But
this follows from the commutativity of the diagram

M —m— M
f*O¢ —— f*Oc(s)
which in turn is easy to see. (I

Lemma 7.6. Let &' be an arbitrary admissible Ocr-module of degree d. Then locally
in a neighbourhood of s(S) C C there exist free Oc-modules &1 and &y of rank d and
n — d respectively, such that £ is isomorphic to £'(E1,Es).
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Proof. We may assume that S = Spec (A), C = Spec (B) for a noetherian ring A
and smooth A-algebra B. By Proposition [£.3] we may assume furthermore that
(C', f, 7', s') is the simple modification of (C,,s) associated to a pair (M, pu) by
Construction 5.4, where M is a free A-module of rank one. Let Ay :=
coker(p : MY — A) and Sy := Spec (Ap). In other words, Sy is the zero set of
the section u. If Sy is empty, then f is an isomorphism and the lemma becomes
trivial. So let us assume that Sy is nonempty. Let R be defined by the cartesian
diagram
R—(C

!

Then R = Proj (Sym (H)) for a free Ap-module H of rank two. Let 7 : R — S be
the projection, sj, : So — R the section of 7, induced by s’, and let £/, be the restric-
tion of £’ to R. The admissibility of £’ implies the vanishing of H' (R, kL (—5')|r.)
for every fiber R, of 7. From this and the flatness of m(, it follows that the sheaf
Era = (m0)* ((m0)+ER(—50))(s0) is locally free and its formation commutes with
base change. The adjunction morphism gives us a canonical morphism £z | — €x.
Let £ 5 be the cokernel of this morphism. By restricting to fibers one finds that
the sequence
0—>57/2’1 —>5§2—>5§2)2—>0
is exact and that
n—d

d
Er)lr, 2P Or, (1) . (Erolr, 2P Or,

~

for all z € Sp. Now we choose a direct sum decomposition (s')*E" = (MV®FE;)® Es
compatible with the above exact sequence, i.e. in such a way that there exist
isomorphisms (s{)*ér1 — (MY ® E1)|s, and (s))*Er.a — Eal|s, which make the
following diagram commute:

00— (50)"Er,y ————— (50)" € ———— (50)"Er 2 —— 0

)

0—— (MY ® E)|s, —— (MY @ Ey) ® E)|s, Es|s, 0

~

where the middle vertical arrow is the one induced from (s")*’ = (MY ® Ey) & E»
by restriction to Sp. Define the locally free O¢-module F’ by the exact sequence

0—-F —-& —s (MY®E)—0

and let F := f,F'. It is easy to see that F’ is trivial along the fibers of f. By [Kul,
Cor. 1.5, the sheaf F is flat over S and its formation commutes with base change.
It is easy to see that the restriction of F to fibers of 7 is locally free of rank n. In
particular, all the fibers F[z] are of dimension n.

I claim that F itself is locally free of rank n. To prove this, let I € A be the
nilradical of A and let J := IB. Then S := S;oq = Spec (A/I) and C := C X g Sred =
Spec (B/J). By [Ma], 22.3 (3), it suffices to show that J®pF = J-F and that F|z
is a flat Oz-module. The first of these conditions follows easily from the flatness
of B/A and F/A. Since C — S is smooth and S is reduced, C is also reduced (cf.
[SGAT], Exp. II, Prop 3.1). As observed above, all fibers of F (and thus of F|z)
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have the same dimension n. But a coherent sheaf over a reduced locally noetherian
scheme all of whose fibres have the same dimension is locally free (cf. [Mil, 2.9,
where the ground ring is assumed to be integer, but the proof works as well for
reduced ground ring). This proves our claim.

I claim furthermore that the canonical morphism f*F — F’ is an isomorphism.
Indeed, since F’ is flat over S, it suffices to check this on the fibers of «/, which is
easy.

]%y applying (s')* to the defining sequence for F’ we obtain the exact sequence

00— 5*Oc(—s) ® E1 (s")*F' (s)*&’ (MY ® E1) ——0
) B
0 T
Since we have s*F = (s')* f*F = (s')*F’, we get the exact sequence

0—s"Oc(—8)@F) —» *F — Ey — 0

After replacing S and C by members of an open covering, we can assume that there
exists a decomposition F = & (—s) @ & together with isomorphisms E; = s*&
and Fy = s*& which is compatible with this exact sequence. Observe that we
have

ker(F' — s,E2) ®o,, Oc'(s') = ker(f*F — s,E2) ®o,, Oc(s')
> (MY Q[E)D[E=E(6,E)
On the other hand, the exact diagram

0
1
E'(—¢")
1
0 F g s (MY ®E) ——0
{ { 1=
0 S;EQ S;EQ@S;(M\/@El)HS;(M\/@El)HO
1 N
0 0

shows that ker(F' — s, E») ®o,, Oc

—~

s') =2 &', Therefore £'(&1,E2) = &' O

From Lemmas and it follows easily that the tuple (M, u, F' - E, M ®
E' «— E, n — d) associated in Construction to an admissible O¢/-module &’
of degree d and isomorphisms (f.&'(—s'))(s) = € and (s')*E’ = E’ is indeed a
bf-morphism of rank n — d from E’ to E in the sense of [K1], 3.1. Thus the arrow
in Proposition [7.4] is well defined.

Our aim is now to define the inverse of Construction Let
(M, p, B' = E, MQ E' — E, n—d)

be an arbitrary bf-morphism of degree n — d from E’ to E.
Assume first that S and C are affine, that M is trivial and that there exist free
Oc-modules & and &; of rank d and n — d respectively, and isomorphisms

p  E1B&E =&
QD/ . (MV®E1)@E2L>E/
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where F7 := s*&; and Fy := s*&,, such that the following diagram commutes:

(+) E E M®E

ool ey

(MY Q@ E) @ Ey———— 5 E & By ———— B & (M ® E)

Let & :=&'(&1, 7). Composing ¢ and ¢’ with the natural isomorphisms of Lemma
[.5] we get isomorphisms which we denote again by the same symbols:

¢t (LE(=S)s) — €
o (e S FE
If
Y o EDEE
Y (MY ®E)®E, — E
is another pair of isomorphisms such that the diagram analogous to (*) commutes,
then we get in the same way a pair of isomorphisms

Yo (RE(=S))(s) — €

wl . (s/)*gl = El
Lemma 7.7. In the above situation there exists a unique isomorphism g : &' — &'
such that the following diagrams commute:
(FE(=)(8) —— (LE(=s))(s) () —— ()€’

NEA LPN /w'

where the horizontal arrows are the ones induced by g.

Before proving Lemma [[.7] we will establish the following auxiliary result:
Lemma 7.8. Let a1s : &, — & be an Oc¢-module homomorphism such that the
induced morphism «aqo : Eo — Ey factorizes as follows:

EQ&M\/@EH L>£;1

Then there exists a factorization

[7& -2 MY ® f1E — [*E
of f*aia, such that (s')*bia = B12. Here the morphism MY ® f*E — f*&; is the
one induced by the arrow m : Ocr — M of Construction 5.2

Proof. After choosing a bases of £ and of & one is easily reduced to the case
& = & = Oc¢. Let T be the Oc-module associated to the pair (M, u) as in
Construction (.4 Consider the morphism

MY @ Oc(—s) — O¢
which is the sum of the morphism 7*M"Y — O¢ induced by p and the inclusion
Oc(—s) — Oc¢. Obviously, this morphism factorizes through Z. Thus we have a

natural morphism m : Z — O¢ and this induces a morphism S(1) — S of graded
S-modules, where S is the graded Oc¢-algebra S = Sym (7). Let M := O¢/(—s") ®

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A DEGENERATION OF MODULI STACKS 4937

f*Oc(s). We have seen on page 4924 that Oc/ (1) = MV. Tt is not difficult to see
that under this identification the morphism O¢/(1) — O¢s induced by S(1) — S
corresponds to the morphism dual to O¢r — M defined in Construction Let
S = Spec (A4), C = Spec (B) for aring A and an A-algebra B (remember that we are
still dealing with the affine case). We are given a B-module morphism a5 : B — B

such that the induced morphism a2 : A — A factorizes as A bua MY 5 A We
have to establish a factorization B — Z % B such that the following diagram
commutes:

B——I—"—>B

Lo, |

A—5 MY —— A

where the middle vertical arrow is the one defining s’ (cf. Construction [£.4). Let
b € B be a generator of ker(B — A) and let [ : M = A be an isomorphism. By
assumption we have aq12(1) = b1l(p) + bob for some by,bs € B. Furthermore we
may choose by, by in such a way that byl = B12(1), where b; € A is the image of b;
under the surjection B — A. By definition, we may identify Z with the B-module
(B-X®B-Y)/(bX —(p)Y). With this identification the morphism Z — M"Y
is given by X +— [, Y +— 0 and the morphism m : Z — B is given by X — I(u),
Y — b. Therefore the morphism B — Z defined by 1 — b1 X + byY yields the
required factorization. O

Proof of Lemmall1l Let

211 a12 = wo@_ltgl @52:)51@82
| Q21 Q22 |

Q11 Qg2 = s*(tho (p_l) :E1®Ey S E1® By

Q21 Q22 |

511 512 — 11)/0(30,)713(]\4'\/ ®E1)@E2:)(MV®E1)®E2
| B21 B2z

Let & := MY ® f*& and &} := f*&;. Then & = & & £, and a morphism &' — &’
is of the form

{ bir bz

bo1 D22

We have to show that there exist morphisms b;; € Hom(&}, &) with

fiM@bij) =ai;  and  (s))"by; = By
for i,5 € {1,2} and that they are uniquely determined by this property.
We let b1 := MY ® f*ay1 and bes := f*ags and define by as the composition

ya@g%q@g

byy Mv®f*51 m f*gl fras f*gg

It is easy to check that the commutativity of the diagram (%) on page 4936 implies
an = B aiz = pfi2
pag = By Q2 = (22

By Lemmal[7.8 there exists a morphism by : f*€2 — MY ® f*E; with mbis = f*a1s
and (s')*b12 = f12. One checks without difficulty that the b;; thus defined have the
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required property. We will see below that the matrix [b;;] defines an isomorphism
oy

The uniqueness of b;; is clear for (¢,7) € {(1,1),(2,1),(2,2)}, since in these
cases the morphism Hom(€7,&]) — Hom(E;, &) given by g — fi(M ® g) is an
isomorphism. For the uniqueness of b;s we have to show the injectivity of the
morphism

y { Hom(f*Ey, MV @ f*&) — Hom(&2,&1) @& Hom(Ey, MY @ Ey)

' g = (fsM®g), (5)"9)

Let v; : fiMY — O¢ and vy : fuMY — s, M"Y be the indicated arrows in the
commutative diagram with exact rows

00— Oc(—s) — MY —2 s MY ———0
L] Lo
0 Oc = (fLMY)(s) — (5. MY)(s) —— 0

We have canonical identifications
Hom(f*&,, MY ® f*&) = Hom(&,, &) ® fu MY
and Hom(Ey, MY ® E1) = Hom(&, &1) R, s+ MY
and it is not difficult to see that the morphism v’ coincides with the morphism
Hom (&, &) ® fuMY — Hom(Es,E1) ® (O¢ @ 5. M)

obtained by tensoring v = v; + ve : fiMY — Oc @ s, MV with Hom(&s, &7).
Therefore the injectivity of v’ is equivalent to the injectivity of v. But the injectivity
of v is clear, since

ker(v) = ker(vy) Nker(vy) = ker(O¢(—s) — Oc) =0

It is now easy to see that the morphism g : £’ — £’ defined by the matrix [b;;] is
an isomorphism: Let ¢’ : & — &’ be the morphism constructed in the same way as
g, only with the roles of (¢, ¢’) and (¢, 1)’) interchanged. By uniqueness it follows
that gog’ = ¢’ o g =1id. O

Construction 7.9. We return now to the general case and let
(M, p, B' = E, MQE' «— E, n—d)

be a bf-morphism of rank n —d from E’ to E. With the help of Lemma 4.1 in [K1]
it is easy to see that there exists an open affine covering C = Uy U, .; U; with the
following properties:

i€l

(1) Uy is the complement of the section s in C.

(2) For each ¢ € I, s induces a section of 7|y, : U; — 7(U;). In particular,
m(U;) is affine.

(3) For each ¢ € I the invertible sheaf M is trivial over = (U;).

(4) For each i € I there exist free Op,-modules & and &4 of rank d and n — d
respectively, and isomorphisms

wi  ELBE T E,
¢; + (MY Q®E})®E; > E's-u,

where B} = s*& and E} := s*&S, such that over s~(U;) the diagram
analogous to (x) (cf. page 4936) commutes.
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For i € I we have over V; := f~1(U;) the locally free Oy,-modules
&= E(E],&) = (Oc(s") ® f &l (=) @ &3
together with the isomorphisms

pi 1 (LE(=5))(s) = ElU;
vi + ($)E = Ellwy

Let U :=;c; Ui and V := f~1(U). Then (V, flv,7|u, s) is a simple modification
of (U,7|y,s) and by Lemmas and [7] the data (&/,p;, ¢)) glue together to
give an admissible Oy-module &, of degree d together with isomorphisms ¢y :
(fIV)«E (=) (s) — Elu and ¢ @ (s')*E, — E'. Let Vo := f~1(Up) and
&) = (flw,)*E. Since the restriction of f to V is an isomorphism onto Uy, we
may identify Vj with Uy, &) with €|y, and ((f|v )« (—5"))(8)|lvonv with & |vynv .
Thus &;, and & glue together via ¢y to give an admissible O¢/-module £ of degree
d together with isomorphisms (f.&'(—s'))(s) — & and (s')*’ — E’. By Lemma
[77 this construction does not depend on the choice of the U;, ¢;, ¢l

Remark 7.10. Construction [.9] has the drawback that it involves a choice of the
data U;, @i, ;. I have tried in vain to find a direct construction, which would
produce a canonical graded Sym (Z)-module out of a bf-morphism from E’ to E
such that the associated O¢/-module would be &£’.

It is an immediate consequence of Lemmas [T.5] and [.7] that Constructions
and are inverses of each other. This proves Proposition [.4l

8. CONTRACTIONS
The following proposition is implicit in the proof of Theorem 2.1 in [Knl.

Proposition 8.1. Let Y be a locally noetherian scheme, let m: X — Y be a proper
flat morphism with m.Ox = Oy and let L be an invertible Ox-module. Fory €Y
we denote by X, the fibre of m over y and by L, the restriction of L to X,. Assume
that for every y € Y the following holds:

(1) H' (X, L") = (0) fori>1.

(2) The Ox,-module L, is generated by global sections.

(3) For every i > 1 the canonical morphism (H°(X,, L,))®" — H°(X,, L") is

surjective.

Let S be the graded Oy -algebra @, mLP" and let X°¢ := Proj(S). Then the
canonical morphism m*m L — L (res_p. Symm. L — S) is surjective and therefore
induces a morphism p : X — Proj(Symm.L) (resp. a closed immersion X¢ —
Proj(Symm,L)). The scheme theoretic image of p is X¢ and X is flat over Y.

Proof. We set ' := 7, L% for i > 0. It is well known that property (1) ensures that
the sheaves S* are locally free and that their construction commutes with any base
change Y’ — Y. By definition, S is the graded algebra with components S*. An
appplication of Nakayama’s lemma shows that property (2) and property (3) entails
the surjectivity of 7*S! — £ and of SymS! — S, respectively. The first of these
surjections induces a morphism p : X — Proj(Sym&!) (cf. [EGATI, (4.3.2)),
and the second induces a closed immersion X¢ < Proj(Sym&?!) (cf. [EGATI],

(2.9.2)(i)).
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To prove that X¢ is the scheme-theoretic image of p, we may assume that Y
is affine. Let S* := I'(Y,S8%) and S := I'(Y,S). For f € S! we consider the
open subscheme Uy := Spec(Sym Sl)(f) of Proj (Sym S'). Its preimage under
p: X — Proj(SymS!) is Xy := {x € X | f(z) # 0} and its preimage under
X¢ — Proj(SymS*) is Vy := Spec(S(s)). The restriction of f to X defines a
trivialization £|x, = Ox, and thus a morphism S' = I'(X,£) — I'(Xy,£) =
I'(Xy, Ox) which maps f to 1. The induced morphism (SymS*) ;) — I'(Xy, Ox)
is the defining one for the morphism p|x, : Xy — Uy C Proj(SymS*). We have a
canonical morphism

{ S — T(X5, O0x)
a/f* — b
where a € S" = I'(X,£®") and b € T'(X;,Ox) is the element defined by the
relation a|x, = b- f"|x, € T(Xy,£L®™). It is easy to see that this morphism is
injective and that the diagram

(Sym 8')(f) ————— I'(Xy, Ox)

o

S(p)

commutes. This shows that V; is the scheme-theoretic image of X in Uy (cf.
[EGAT], (6.10)).

The flatness of X¢ — Y is clear, since as we already remarked, all the S* (i > 0)
are locally free Oy-modules. O

Lemma 8.2. Let S be a k-scheme, let (C,m, s1, 52, h) be a modification of (C’o,pl,pg)
over S (cf. B4). Then the canonical morphisms Og — m,Oc and O, g — h.Oc
are isomorphisms.

Proof. By [Kn], Cor. 1.5, the sheaf k!, Q¢ is locally free and commutes with any
base change S’ — S. It is easy to see that when restricted to any geometric fibre
of the projection pr, : Co x S8 — S, the morphism Ocyxs — h,Oc: becomes an
isomorphism. Therefore O¢ g — hlOc¢: is an isomorphism. Clearly we have

(pr2)+Og, x5 — Os. Consequently we have 7,0¢: = (pry)«(h,Oc') = Os. O

Definition 8.3. Let Y be a locally noetherian connected scheme and let 7: X — Y
be a proper flat curve over Y. For a locally free Ox-module & we let degy/y € :=
x(det &) — x(Ox,) for some y € Y, where &, is the restriction of £ to the fibre
X, of 7 over y. Note that by [EGATII], (7.9.4), this number is independent of the
choice of y. In case Y is the Spec of a field, we recover Definition

Lemma 8.4. Let K be a field and let X/K be a proper curve over K. Let x €
X(K) be an ordinary double point of X such that the blowing up of X in x is the
disjoint union of two curves X1 and Xs. Let L be an invertible Ox -module and let
L, =i L, where i, : X, — X is the canonical closed immersion (v =1,2). Then
the following holds:
(1) degx/r £ =degx, /i L1+ degx, /x L2
(2) Assume that either L1 or Ly is generated by global sections. Then we have
HY(X,L)=HYX1,£1) ® H (X3, Ls).
(3) If L, is generated by global sections and the canonical morphisms
['(X,, L)%™ — T(X,, LE™) are surjective for allm >0 (v =1,2), then L
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is generated by global sections and the canonical morphisms T'(X, £L)®™ —
(X, L®™) are surjective for all m > 0.
(4) If L, is very ample for v =1,2, then L is also very ample.

Proof. The first two assertions follow easily from the following exact sequence of
O x-modules:

0— L — (Z.l)*ﬁl D (ig)*[:Q — E[]Z] — 0

The proof of the third assertion is entirely similar to the proof of Theorem 1.8¢)
n [Kn]. Recall that on a proper K-scheme X an invertible Ox-module £ is very
ample if and only if the canonical morphisms I'(X, £) — L[z]® L[y] and I'(X, £) —
L, /m2L, are surjective for all z # y € X. Using this criterion the fourth assertion
is easy to see. ([

Lemma 8.5. Let S be a locally noetherian connected k-scheme, let (C',n’, s}, sh, h')
be a modification of (Co,p1,p2) over S (cf. BEA) and let £ be a locally free Oc:-
module of rank n which is admissible for (C', 7', s}, sh,h') (c¢f. BED). Let Loy be an
invertible Og-module of degree > 2(2g + 1) + 2n — deger /g &', where g is the genus
of Co and let d € {0,...,n}. Then with respect to the morphism w' the invertible
Oc¢r-module
L := (det€')(—ds}) ®o,, (B')*(Lo Xk Os)

has the properties (1)-(3) listed in Proposition Bl Furthermore, if Z is the com-
ponent of a fibre C. of «' which by W' is mapped isomorphically to Co @y, k(2), then
L|z is very ample.

Proof. Tt is clearly sufficient to consider the case where S is the spectrum of an
algebraically closed field K. Let R; := (h')~(p;) C C’ be the chain of rational
curves mapped to to p; (¢ = 1,2) and let Z C C’ be the component of C' which
is mapped isomorphically to Coy x S. Since & |z, is strictly positive, it follows
easily from B4(2)-(3) that H'(R;, L|r,) = 0, that L|g, is generated by global
sections and that the morphisms I'(R;, L|g,)®™ — T'(R;, (L|g,)®™) are surjective
for m > 0 (: = 1,2). By it is clear therefore that it suffices to show that
HY(Z,L|z) = 0, that L]z is very ample and that the morphism I'(Z, £|7)®™ —
[(Z,(L]2)®™) is surjective for all m > 0. By B4(1) we have degy ;(€|z) =

degC'/K(g) - 23:1 degRi/K(g
degyk(L|z) = degy/k (E]lz) — d + dege, i Lo = 2(29 + 1)

R.) 2> deger /i (€) — n. Therefore we have

It is well known that this lower bound for the degree of Lz := L|z implies very am-
pleness and the vanishing of the first cohomology of £z. The morphisms I'(Z, £ 7)®™
—T(Z, LQZZ”“) are trivially surjective for m = 0,1. Let L1, L2 be two invertible Oz-
modules with £; ® Lo = Lz and degZ/KLi >2g9+1fori=1,2. Form > 1
consider the commutative diagram

D(Z,L5™) @T(Z,L1) @ T(Z,Ls) —— T(Z,LY™) @ T(Z, L)
Jo ) b
(Z, L™ ® £1) @ T(Z, Lo) —————— T(Z, LE™T)

By the generalized lemma of Castelnuovo (cf. [Kn], p.170) the vanishing of
HYZ,L™ @ £7Y) and of HY(Z, L™ @ L@ L") implies the surjectivity of a
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and [, respectively. The surjectivity of v now follows. By induction this shows
that ['(Z, Lz)®™ — T'(Z,£L™) is indeed surjective for all m > 0. O

Proposition 8.6. Let S be a k-scheme, let (C', 7', s),s5,h') be a modification of
(Co,p1,p2) over S (cf. BA) and let £ be a locally free Ocr-module of rank n which
is admissible for (C' 7', s}, sh, h') (cf. EHl). Assume that &' is of extremal degree
> (di,dg) (cf. EEH). There exists a modification (C,m,s1,82,h) of (C'o,pl,pg) over
S and an S-morphism f : C' — C such that the following holds:

(1) hof=h"and fos;, =s} fori=1,2.

(2) The diagram

o—7t e

defines a simple modification of (C,m,s1) in the sense of 1l and the bundle
&’ is admissible of degree dy (in the sense of [[l) for (C', f, 7', s}).
(3) Let

€ = (f:€'(=51))(s1)

Then & is a locally free Oc-module of rank n and is admissible for (C,m, s1,
s2,h). The extremal degree of € is > (dy + 1,ds).

Furthermore, by these properties the data (C, 7, $1,82,h) and f : C' — C are uniquely
determined in the following sense: Let (C°, 7% 89,89, h0) and f° : C' — C° be
another set of data of the same kind. Then there exists a unique isomorphism
C = C° such that the obvious diagrams commute.

Proof. We first prove the uniqueness of (C,7,s1,52,h) and f: C' — C. Let z € S.
By properties [B6]2) and B6(3) the morphism f, : C, — C, induced by f between
the fibres over z is not an isomorphism if and only if £’[¢; is of extremal degree
(d1,d) for some d > dy. The same holds for f° where (C° 70 9,59, h%) and
f0:C" — C° is another set of data satisfying [B.6(1)&.6(3). Therefore fO is constant
on the fibres of f. The morphism f is proper by assumption and the morphism
Oc¢ — f«O¢: is an isomorphism by Therefore we may apply [EGA TI], (8.11.1),
to conclude that there is a unique morphism w : C — C° such that f° = wo f. With
the same argument, there exists a unique morphism v : C® — C with f = vo f° and
we have uov = idgo and vou = ide. In particular, u is an isomorphism. It is clear
that u o s; = s for i = 1,2 and it follows immediately that 7 = 7° o u. Since the
morphism A is clearly constant on the fibres of h® ou and furthermore the morphism
Ko is proper by assumption and we have hg(’)co =0syg by R.2l we may again apply
[EGATI], (8.11.1), to conclude that there is a unique morphism w : C'x S — C x S
such that h = wo h® ou. Then we have h' = ho f =woh®ouo f =woh’ and yet
another application of [EGA TI|, (8.11.1), leads to the conclusion that w is in fact
the identitiy on C xS, in particular that h = h® o u. This proves the uniqueness
statement.

For the existence it suffices by to consider the case where S is locally noe-
therian. Furthermore we may assume S to be connected. By there is a very
ample invertible Oéo—module Lo such that the O¢/,-module

L= (det&’)(—d1s}) ®o., (W) (Lo By, Os)
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has the properties (1)-(3) listed in [B] with respect to «’. Let C C Proj (Sym 7. L)
be the scheme-theoretic image of the morphism C’ — Proj (Sym«, L) induced by
the surjection (7')*w. L — L. We have the commutative diagram

C’%C

(+) L, S

3/1 S S1

where m : C — S is the structure morphism and s; := f o s} for ¢ = 1,2. Since by
82 we have 7, Ocr = Og, we can apply Proposition 8] to conclude that 7 is a flat
morphism. Since 7 and 7’ are obviously proper, the morphism f is also proper.
Let z € S and let C,, C,, f. etc. denote the objects over Spec x(z) induced by pull
back. By definition, the curve C. is of the following shape:

Ry Ry R,
P1 S s)(2)

p2 . . . /;é(z)
S1 Sy S

for some r,s > 0, with R; = §; = Pi(z). Let D C C. be the closed subscheme of
C. cousisting of all components except R,.. It is not difficult to check that £.|p is
very ample and that £, is very ample if d; < deg&!|g, =: d. Furthermore it is
clear that L,|g, is trivial if d; = d. Tt follows that there are two possible cases:

(1) dy <d. Then f, : C, — C, is an isomorphism.

(2) dy =d. Then C, &2 D and f, is the contraction of the rational curve R,.
It is now clear that C is a flat curve over S, that the s; are sections of © which meet
C in points where 7 is smooth, that the diagram () defines a simple modification
of (C,m,s1) and that £ is admissible of degree d; for (C', f, 7', s}).

In particular, the morphism A’ is constant on the fibres of f. Since f is proper
and we have f,Oc = O¢ by B9, we can apply [EGATI|, (8.11.1), to show that
there exists a unique morphism h : C — Cy x S with A’ = ho f- Tt is clear from the
fibrewise consideration above that (C,m, sy, s2, k) is a modification of (Co, p1, p2)-

That & := (f+Oc (—s1))(s1) is locally free of rank n, follows from and
For the remaining part of property (3) it suffices to consider the case S = Spec K
for some field K. Let R’ C C' be the fibre f=1(s;). Since otherewise f is an
isomorphism, we may assume that R’ is a chain of rational curves of length r > 1.
Let R; (i =1,...,7) be its successive irreducible components. For i =1,...,7 — 1
let x; € R'(K) be the point where R; and R;;1 intersect. Let z, := s} € R.(K)
and let zp := p; € Ry(K) be the point, where R’ meets the rest of C'. We identify C
with the closed subset of C’ consisting of the union of all irreducible components of
C’, except R,. Therefore we consider R := U:ll R; also as a closed subscheme of C
and we have x,_1 =s1. Fori=1,...,7 (resp. i =1,...,r — 1) let & := &'|p, and
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0f = deg(€&!) (resp. &; := &|R, and §; := deg(&;)). Since &'|p is strictly standard,
we have canonical exact sequences

OH]-'.’HSZ,’HQZ’.HO

for all i = 1,...,7, where 7/ = @®% Op,(1) and G/ = @" % Op,. It is easy to
see that f.&'(—s}) = ker(&’ — &'[xr—1] — Gr[zr_1]). Therefore we have an exact
diagram of Op, ,-modules as follows:

0 0 ?
0—— Fr1(=2ro1) Fra r1ltr—1] ——0
0— & 1(—zp_1) & Glxr—1] ——0
00— H(~zr—1) Gr_1 Q 0
? 0 0
where Q := coker(F/_;[z,—1] — G.[xr-1]) and H :=ker(G,._; — Q)(x,—1). I claim

that this diagram remains exact if we replace “?” by zero. Indeed, we have
ker(Fy_q[xr—1] = Grlxr—1]) = Fr_q[wr—1] N Fllzr 1]
=H%R,_1UR, , &p,_,ur, (—2r_o — 1))

which is zero, since £’ and therefore also £'|g,_,ur, is admissible. By definition of
H it is clear that it is strictly standard of degree rk (G._;) — dim(Q) = 4,.. Being
an extension of F,_; and H, the Og,_,-module &,_; is therefore strictly standard
of degree 6,_1 = 8. + §/._,. Furthermore, we have

H°(R,€|r(=z0 — x,-1)) = H(R, f.€'|r (—20 — ) = (0)
This proves the admissibility of £. O

9. GIESEKER VECTOR BUNDLE DATA AND GENERALIZED ISOMORPHISMS

Let VB(Cp) be the moduli stack of vector bundles of rank n over Cy (cf. [LM],
(4.6.2.1)). Let Euniv be the universal bundle over Cy x VB(C’O). By abuse of
notation, we also denote by p; the section of the projection Cy x VB(C’O) — VB(C’~0)
which is induced by the point p; € Cy (¢ = 1,2). The purpose of this section is
to show that the stack GVBD(C’O,pl,pg) is canonically isomorphic to the stack
KG1,, (piunivs P5Euniv). By definition, an S-valued point of KGl, (pEuniv, P5Euniv)
is a vector bundle £ over Cy x S together with a generalized isomorphism between
the Og-modules £|y,,1xs and E|(p,3xs (cf. [KI]).

Construction 9.1. Let S be a k-scheme and let (C, 7, s1,s2,h;E, ) an object in
GVBD,,(Co, p1,p2)(S) (cf. Definition [L7]). We want to construct a vector bundle

he(E) of rank n on Cy Xgpec (1) S out of this data.
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By setting
(C(”),w("),sgn),sén),h(”)) = (C,m, s1,82,h)
and £ := £ and repeatedly applying IEL we obtain a sequence
R L T
of modifications of (C’O, p1,p2) over S, which are linked by morphisms as follows

c=cm I e 120 I8 0

and for each i € [0, 7] a locally free Op(;)-module €@ of rank n, which is admissible
for (C, 7(¥), ng)7 sg), h()) and which is of extremal degree > (n —i 4 1,1).
Now we set
(ctnl, 7, 8[1”]78[2"]7 hlly .= (@, 7, 850)’ 550)7 hO)

and £ := £ and again successively apply with the role of s; and sy inter-
changed, thus obtaining a sequence

(C[z] [7] SH [l] h[z])

0,...,n

of modifications of (C’o, p1,p2) over S, a chain
c© — et S ol 270 M Hp)

of simple modifications, and for each i € [0, 7] an Og-module £, which is admis-
sible for (Cl1, 7l s[Z] [i]7 Rl) and of extremal degree > (n +1,n —i + 1).

In particular, 5 is of extremal degree > (n + 1,n + 1) which is easily seen to
imply that the morphism % : Cl9 — ¢, Xgpec (k) O 18 an isomorphism. We set
he(€) == W (1))

Construction 9.2. Let S be a k-scheme, let (C,7, 81,82, h;E,p) be an object in
GVBD,,(Co, p1,p2)(S) (cf. Definition[d.7)) and let hqe(E) be the Otyxspe (k)s—module
associated to this data (cf. [@1). We want to construct a generalized isomorphism

N N N
o = E(*El%EQ En 1%E ‘)
(Mo,po) (My,p1) (Mpn—1,pn— 1)
TN NI
F,—F,_1 - F2—>F N
(Ln—1,An-1) (L1,A1) (Lo,No)

(cf. [KI]) between the two Og-modules E := pihe(£) and F := p3he(E), where by
abuse of notation we write p; : S — Co Xspec (k) for the section of Co Xgpec (k)S — 5
induced by the point p; € Cy(k).

Let
E; = (sgz))*é‘(i) , F; = (5[21])*5“]
fori=0,...,nand fori =1,...,n let
g T
E, 1+—E; resp. F; —> F;_4

(Mi—1,pi—1) (Liz1,Xi-1)
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be the bf-morphism associated by Construction to the simple modification

c() % cl=1) resp. clil % cli—1]
Jgg)% S 4) ’5[21% S %]

and the Op)-module £@) (resp. the Oppj-module £11). Observe that Ey = E, Fy =
F, E, = si€ and F,, = s3£. In particular, ¢ defines an isomorphism E,, = F,, and
thus we have constructed all the data ®, which make up a generalized isomorphism

from F to F.
Lemma 9.3. The data
o s e
b=| E+—F+«—F -+ E, 1+—FE,—
(Mo,po) (Mi,p1) (My—1,pn—1)
I SISO
F,—F,, -+ Fh—F —F
(Ln—1,An-1) (L1,21) (Lo,Xo)

constructed Q.2 is a generalized isomorphism from E to F. The association
(Ca T, 81, 82, ha 87 gp) = (h087 (I))

is functorial with respect to isomorphisms and commutes with base-change S’ — S,
and hence defines a morphism

GVBD(Co,p1,p2) — KGUDT Eunivs P3Euniv)
of k-groupoids.

Proof. By construction it is clear that the association (C, m, s1, 82, h; €, p)— (he&, )
is functorial with respect to isomorphisms and commutes with base change. All that
remains to be shown is that ® satisfies properties 1 and 2 in [KIJ, Definition 5.2.
Since these are pointwise properties, we may assume that S = Spec (K) for some
field K. Consider the following situation:

:I:l x?)
Ry Ro Rs
Zo )
T X1
I Ry Ry f /
—_— —
Zo T2 To
where the R; are projective lines over K and f': R" := U?:l R, — R = U?Zl R;
and f : R — R := R; are simple modifications over K as indicated. Let &”

be an admissible Ogs-module of rank n, let & := (f.€"(—x3))(x2) and let & =
(f+&'(—x2))(x1). Denote by &/ (resp. &!, &;) the restriction of " (resp. of &', )
to the component R;. We have canonical exact sequences

0—F'—& —G'—0
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of Op,-modules, where G/ is trivial and F;’ is a direct sum of copies of Og,(1).

Analogously let F/ and G/ be the canonical subsheaf and quotient sheaf of £/. By

3
we have canonical diagrams

M ® &'[z3)] Mo M ® & [z3)

Elz1]
T c— T —

M @ Fhlxs] v M@ M' @ FY 3]

&' [x3] &' [z2] Elz1]
3 \» / j \gé / 1

G4 [x2] [z1]

where M = (my/m3) ® (my/m?)V, M’ := (m3/m3) ® (my/m3)¥ and m; is the

maximal ideal of Op, ,,. To show that ® satisfies property 1 in [K1], Definition
5.2, it is clearly sufficient to show that the morphisms v and v in these diagrams
are surjective. In fact by the exact diagram

0
3

Tl
~+

N[*

/
2

Q

8
=

KB
0

it suffices to prove surjectivity of either u or v. From the canonical exact sequence
of Op,-modules (cf. [(3))

0 — &(—a2) — & — Gyla2] — 0
we deduce the exact diagram of K-vector spaces:

0 —— HO(Ey(—w2)) — H(E3) — Gylwa] —— 0

w'd 1 I
0 F3 [z2] &y [wo] —— Gg[za] ——0
1 1
0 0

Observe that we have canonical isomorphisms
H°(&5(—x2)) = H(Fy(—w2)) = (ma/m3) ® Fylws]
and
F3ls] = (mg/m3) @ 5[]
and that the morphism

(m2/m3) @ Fylawa] = HO(E)(—22)) ~ FYa] = (ms/m3) © F4 [ws]

coincides with the morphism u. This proves the surjectivity of u (and of v).

Now we want to show that ® satisfies property 2. in [K1], Definition 5.2, i.e.
that p(ker(Ey «— E,)) Nker(F, — Fy) = (0). Let R (resp. R’) be the chain of
projective lines in C, which by h is contracted to the point p; (resp. to ps) and
let r (resp. ') be its length. If » > 1 (resp. v’ > 1), we denote by V. C &[s1]
(resp. by V!, C E[ss]) the image of H*(E|r(—p1)) in E[s1] = E,, (resp. the image
of HY(&|r/(—p2)) in E[se] = F,,). If r = 0 (resp. r’ = 0), we set V,. := (0) (resp.
V!, = (0)). Admissibility of £ implies that ¢(V;) NV, = (0). Therefore (and by
reasons of symmetry) it suffices to show the equality ker(Ey «— E,) = V.. We
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will prove this by induction on r. The case r = 0 is trivial. If r = 1, we have
ker(Ey «— E,) = F[s1] = V1, where F — &|p is the canonical subsheaf of £|p. Let
r>2and let f: R — R be the simple modification of (R, s;) which contracts the
component R, of R to a point z,_; € R. As usual, we identify R with a subchain of
R. Let G be the canonical quotient sheaf of £|g, and let £ := (f.&|r(—51))(zr_1).
By [[3] the morphism E,, — FEy factorizes as follows: E, = &£[s1] — Glz,—1] —
Elr,_1] — Eo. Let V.1 C E[x,_1] (vesp. V,_1 C E[x,_1]) be the image of the
map HO(E|z(—p1)) — E[w,y—1] (resp. of the map HO(E|(—p1)) — E[zy-1]). By
the induction hypothesis, we have V,_; = ker(€[x,_;] — Ey) and by lemma 3]
the subspace V,. is the preimage under E[s;] — G[z,_1] of the image of V,_; by
Elxr—1] = Glr,—1]. Therefore we have to show the following equality of subspaces

of Glz,—_1]:

7. ( preimage of V_1 under the
"\ morphism G[z,_1] — E[z,_1]
_( image of V,._; by the _U
~ \ morphism E[z,_1] — Glx,.—1] ]

Consider the exact diagram of Ox-modules (cf. [T3): 2
0

0
1 l I

0 ——&(—p1 — 2p1) —— Elg(—p1) —————— = Gz, 1] ———— 0

4 { Jo
0 ————E&(—p1) ——— Elr(=p1 + 1) —— (m/m?)" @ Gz, 1] ——0
{ { Il
Elar] —— (m/m*)¥ @ Elz,—1] —— (m/m?)" @ G[z,—1] ——0
4 4
0 0

Application of H? = H°(R, ) leads to the exact diagram of K-vector spaces

0 0 U
o 4 [
00— HOE(=p1 — zr—1)) — HY(E|g(—p1)) U 0
4 NS 0
0——— H(E(—p1)) ——— H(Elz(=p1 + 2r—1)) —— H —0
+ 4
0 U Vi1 ° ° 0
N N
0 0
which proves U = U as required. O

Remark 9.4. In[@.1] 0.2 and 0.3 we have shown that starting with a Gieseker vector
bundle data, one can produce a sequence of simple modifications together with
admissible bundles on them, and that the corresponding (via [4]) bf-morphisms
make up a generalized isomorphism. The following picture may help to keep track
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of which simple modification corresponds to which bf-morphism:

Co
pl . / \ . p2
SN N O I NN
E<—E1(—E2 En1<—E = F, —>Fn1 e Fp— ) — F
(Mo,pi0) (M) (M1 ptn 1) [ ! (L1,A1) (LosAo)

But one should keep in mind that a projective line corresponds only to those
bf-morphisms, where the section p; (resp. ;) vanishes! In this sense the picture is
slightly misleading.

Theorem 9.5. The morphism
GVBD(Co,p1,p2) — KGUP;Eunivs D3 Euniv)
defined by Construction Q.2 is an isomorphism of algebraic k-stacks.
The proof of Theorem will be given after Lemma below.

Construction 9.6. Let S be a k-scheme, let F be a locally free Oz
module of rank n and let

CoXspec (1S~

SN SN A
d=| E«—F +—F, - E, |“—E,"~>
(Mo,po) (Mi,p1) (Mp—1,10n=1)
TN N EN
F,—F..1 - F —>F1 2 F
(Ln—1,An—1) (L1,>\1) (LosAo)

be a generalized isomorphism from E = Ej := piF to F' = F, := p5F. We want to
construct a Gieseker vector bundle data (C,, s, s2, h; E, ) on (Co, p1,p2) over S

(cf. ET).
Let
(C[O] ’ 77[0]) 8[10] ) S[QO]a h[O]) = (C~0 ><Spec (k) S7 Pro, P1, P2, ld)

and FIO := F, and for i = 1,...,n define inductively a modification (C[i], [i] s[f],

S[Qi], RUY of (Co,p1,p2) over S together with a locally free Opp-module FlI and an
isomorphism (s[;])*}'[i] 5 F; as follows:

Assume that (Cl—Y, 7li=1 s[ffl],sg*l],h[i_l]) together with FI'~1) and an iso-
morphism (s[;_l])*}'[i’l] = F;_1 has already been defined. By Proposition [Z4] the
bf-morphism

TN
F; 4) F;_4
(Lim1,Xi-1)
induces a canonical simple modification (Cl, fl, 77 8 ) (C[z U pli= 1],55_1])
together with an Ogj-module F and an isomorphism ( ) Flil & F It is

clear that there exists a unique section 3[1] of 7l such that s[Z 1 = flilo s . Let
Rl .= pli=t o flil,
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Analogously, we define for i = 0, ... ,n a modification (C, 7 sV s{? n()) of
(C’o,pl,pg) over S together with a 1ocally free Opi)-module .7-'(’) and an isomor-
phism ( 8q ) F@ = B, by setting

(C(0)77r(0)75§0), Sé0)7h(0)) — (C[n]7 [n] 5[1”]7 ["]’ h[n])

and repeatedly applying Proposition [[4] with the role of s; and s, interchanged

where we now use the bf-morphism (M;_1, -1, E; — Ei 1, M; 1 QE; «— E;_1,i—

1) instead of (Li—h Ai—la F,L' — Fi—la Li—l ®FZ — Fi—17 — 1) for the induction step.
Finally, let

(C,ﬂ',Sl,SQ,h) = (C(n)?ﬁ(n)’s(ln)7sgn)ah(n)) )
E = Fm
o : SIESE,SF,SsE

This completes the construction.

Lemma 9.7. The tuple (C,w,s1, $2,h; E, ) constructed in[0.0 is a Gieseker vector
bundle data on (Cy, p1,p2) over S.

Proof. Tt is clear by construction that the diagram

C % C’O X Spec (k) S

51& %)lxid

is commutative, that 7 is flat, h is proper and finitely presented and that the s; are
sections of 7. Since furthermore Construction commutes with base-change, we
may assume that S = Spec(K) for some field K.

Let X be a curve over K, m : X — Spec(K) the structure morphism and
xo € X(K). Let G be a locally free Ox-module of rank n and let G := G[zg]. Let

AT

(M) (M',u")

1"

be a sequence of bf-morphisms of K-vectorspaces with = p/ = 0 and such that

im(G MG - MM G")=imMG - MM 2G")
and

im(G « G') = im(G «— G' — G")

Using Proposition [ we get a simple modification (X', f, 7, 21) of (X, 7, zo) and
an Ox-module G’ together with an isomorphism G’[z}] = G’. A second appli-
cation of [[4] yields a simple modification (X", f/, 7", x3) of (X',n’,21) and an
Ox»-module G”. Thus we have the following situation:

ZTo To T

% L X Ry (i X Ry Ry

T T

X X' X"
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and it is easy to see (by going through Construction for this case) that the
restriction of G” to the chain of rational curves R; U Ry is strictly standard. This
consideration shows that the restriction of £ to the chains of rational curves R’ :=
h=Y(p1) and R" := h~1(py) is strictly standard.

To prove the admissibility of £| g/, we have to show that HY(R', &|r/(—s1—p1)) =
0 (cf. B3). For this let R, := (h®)~Y(p;) for i = 1,...,n and let

f(") f(ﬂ—l) f(2)
R =R, ——R, | ——- : : —— R}

be the successive simple modifications intervening in Construction If all R] are
reduced to a point, there is nothing to show. Otherwise there exists an m € [1,n]
such that R/, = P!. By construction we have 7O (F(i)(—sgi))) = f(i_l)(—sgiil))
fori=1,...,n. It follows that

HOR  E|p (=51 —p1)) = HO R, F| g (=™ —p1))

which is zero, since F(™)| R is strictly standard. Analogously, one shows the
admissibility of &|p».

Now let R be the chain of rational curves which is induced from R’ and R” by
identifying the points s; and sy and let £€g be the Or-module induced by &|g,
E|rr and ¢ : E|ri[s1] = E|rr[sa). We have to show that £x is admissible. This
is clear if either R’ or R” is a chain of length zero, so we may assume that both
are of length at least one. In the last part of the proof of Lemma we have
seen that the image of HO(R',E|r/(—p1)) (resp. of HO(R" E|gpr(—p2)) in E|r[s1]
(resp. in E|rr[s2]) is ker(Ey « E,,) (resp. ker(F,, — Fp)). Since by definition of a
generalized isomorphism we have p(ker(Ey « E,)) Nker(F, — Fp) = 0, it follows
that H°(R,Er(—p1 — p2)) = 0 as required. O

Proof of Theorem[@.5. By Lemma Construction is well defined. By Propo-
sition [(.4] it is clear that Construction is inverse to Construction O

10. RELATIONSHIP WITH THE STACK OF TORSION FREE SHEAVES

Let TFS(C/B) be the algebraic B-stack which parametrizes relatively torsion-
free sheaves of rank n on C over B (cf. [E]) and let TFS(Cy/By) be its special
fibre (the By-stack which parametrizes torsion-free sheaves of rank n on Cp). The
stack TFS(C/B) is known to be singular; its local structure has been studied in
[F]. If S is a B-scheme and (h: C — C xp S, &) a Gieseker vector bundle on C'
over S, then the push-forward h.& is relatively torsion-free (cf. B1). Therefore we
obtain a morphism GVB(C/B) — TFS(C/B) which specializes to GVB(Cy/Bj) —
TFS(Cy/Byp). Denoting, as before, by Euniv the universal vector bundle on Co x
VB(Cy/By), there is also a morphism Grass,, (p%Euniv ® PsEuniv) — TFS(Co/Bo)
which is defined as follows (cf. section 6 of [Se2]): Let S be a k-scheme, let £ be a
locally free O,  g-module of rank n and let pi€ & p3€ — @ be an epimorphism
of Og-modules, where @ is locally free of rank n. To these data we associate a
relatively torsion-free O¢, xs-module F by setting

F :=ker(r.€ — p.(pi€ @ p5E) — p.Q)

where 7 : Cp x S — Cp x S is induced by the normalization morphism and p: S —
Cp x S is the section induced by the singular point p € Cy(k). Finally, by section
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10 of [K1] there is a canonical morphism
KGln (p;gunivvp;guniv) - Grassn (py{guniv @ p;guniv)~
Proposition 10.1. The following diagram is commutative:

* * cf. B3
KGl(p15univ7p2guniv) 4> GVBD(007plvp2) *} GVB(OO/BO)

| |

Gmssn (pigunw 2] p;gunw) TFS(CO/BO)
Proof. Let S be a k-scheme. Let

b X S

e Ql

/)51752

be a modification of (Co,p1,ps) over S and let (€, ¢ : s1€ 5 535€) be a locally free
Og-module of rank n which is amissible for (é, T, S1, 52, f). Recall the definition
of fo€ from Construction We have fo& = (f.&(—s1 — 52))(p1 + p2). Let
(h: C — Cy x S,E) be the Gieseker vector bundle on Cy over S associated to
the Gieseker vektor bundle data (C, 7, s1, 52, f, &, ¢). Then we have a commutative
diagram:

———¢

fl Jh
CNOXS%CQXS

where ¢ is the clutching morphism which maps the sections s; and s of 7 onto a
section s of m, which meets C in the singular locus of 7. Let s;1 +s2 : SII.S — C

and p; +po: SIS — C~'0 xS be the morphisms induced by the sections si, so and
p1,p2. Similarly as in [[.2] we have a commutative diagram with exact rows:

00— fub(—s1 — s2) 1€ (p1 + p2)s(s1 + 52)*E —————— 0

|| I

0 JE5 (£+8)(p1 + p2) —— (01 + p2)« (51 + 52)*E)(p1 + p2) —— 0

which induces the arrow f,€ — fo€. Thus we obtain the following diagram with
exact rows:

00— f€(—51 — s2) 1€ (P14 P2)u (51 + 52)°E —— 0
|
|

l J,

00— fol(—p1 — p2) — fo€ — (p1 + p2)«(51 + 52)* (fo) —— 0

(%)

and in particular a canonical morphism @ : st€ @ s5€ — pt(fo&) ® pi(f€). Let Q
be the cokernel of the composed morphism

5o (d) s @ 5
STE— 51E @ 55 —— pi([fo€) @ p3(fo€)
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Then the data consisting in fo& together with the quotient map
pi(foé) ® pS(foé) —Q

is the image under
GVBD(C'O,QDLPQ) :> KGl(pTgunivanguniv) - Grassn (pfguniv @p;guniv)

of the Gieseker vector bundle data (é, 7,81, 2, [, €, ). Therefore it suffices to show
that there exists a canonical exact sequence of Oégx g-modules as follows:

where [ : r, (f.g) — p«@Q is the composed map

P (fo€) = u(p1 + p2)« (1 + P2)" (fo€) = pu (P (foE) @ P5(fo£)) — puQ.

For abbreviation we set E,, := s*{g, F, = 8;5, Ey = p’{f.g, Fy = pzf.g. Applying
T+ to the diagram (x) gives the exact diagram

O—>7‘*f*g(*51*52) T*f*g p*(En@Fn)—>O
(4) H J J
0 —— 1 fol(—p1 — p2) Tofol p«(Eo @ Foy) —— 0

We also have the following exact diagram:

0 En (id,p) En @ Fn p—id Fn 0
(%) ‘ la J
@ o (id, ¢)
0 E, Eoy®dFy——Q ——0

where o/ is the morphism induced by @. From diagrams (xx) and ( * ) it follows
that the following diagram commutes:

~ —id
7y [+ —>p*(En 2] Fn) L>p*F7L

(1) | ! l

1o =BV ® ) — P:Q
B

Therefore the right square in the following diagram ({1) commutes:

(TT) la Ja'
O—)kel\'f(ﬁ)—)r*f.g o Q 0

The upper row in (ft) is exact, since it comes from the exact sequence

0 £ 1€ 84 Fp ——0

by applying the functor h,. Furthermore, it follows from (%) and (* * %) that
in diagram (f) the horizontal arrows induce isomorphisms ker(a) = ker(a/) and
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coker(a) = coker(a’). Therefore the dotted arrow in (ff) is an isomorphism as
required. O

Remark 10.2. For n > 1 the square in Proposition [[0.1lis not cartesian. This can be
seen as follows. Let K be an algebraically closed field and let (G, G[p1] ® G[p2] = Q)
be a K-valued point of Grass, (p}&univ @ p5Euniv) such that rk (G[p1] — Q) # n #
rk (G[pa] — Q) (here we need n > 1). Let r: Cop @ K — Cy @, K be the normal-
ization morphism and let F := ker(r,G — Q) be the torsion free sheaf on Cy ®y K,

associated to (G, Glp1] ® G[p2] — @ ). By Lemma 2.1 (3) in [Sun| there exists a

K valued point (G, G'[p1] @ G'[p2] = Q') of Grass, (piEuniv @ P3Euniv) such that
ker(r.G' — @) = F and rk (G’'[p1] — Q') = n. But then Proposition 10.1 in [K1]
tells us that the respective fibres of

KGl(pT(gunivyp;guniv) - Grassn (p’{(c;univ @ p;guniv)
over the points (G, G[p1] ® Glp2] —» @ ) and (G', G'[p1] ® G'[p2] —» Q' ) are not iso-

morphic (as would be the case, if the square in Proposition [[0.1] was cartesian).

REFERENCES
[B] N. Bourbaki: Algebre, Eléments de Math, Hermann, Paris (1947-59). MR9:406e
[Bho] U. Bhosle: Generalised parabolic bundles and applications to torsionfree sheaves on
nodal curves. Ark. Mat. 30 (1992), no. 2, 187-215. MR95g:14022
[B-L] A. Beauville and Y. Laszlo: Un lemme de descent, C. R. Acad. Sci. Paris, t. 320, Série
I, p. 335-340, 1995. MR96a:14049
D] P. Deligne: Le lemme de Gabber. Séminaire sur les pinceaux arithmetiques: La con-

jecture de Mordell, Astérisque 127 (1985), 131-150, Société mathématique de France.
MR&7h:14017

[F] G. Faltings: Moduli-stacks for bundles on semistable curves. Math. Ann. 304 (1996),
489-515. MR97d:14016
G] D. Gieseker: A Degeneration of the Moduli Space of Stable Bundles, J. Differential

Geometry 19 (1984), 173-206. MR85j:14014

[EGA ] A. Grothendieck, J. Dieudonné: Eléments de géometrie algébrique I. Die Grundlehren
der mathematischen Wissenschaften in Einzeldarstellungen, Band 166, Springer-Verlag
1971. MR55:5621

[EGA II] A. Grothendieck, J. Dieudonné: Eléments de géometrie algébrique II. Publications
Mathématiques THES, N° 8, (1961). MR29:1208

[EGA III] A. Grothendieck, J. Dieudonné: Eléments de géometrie algébrique III. Publications
Mathématiques THES, N°s 11, 17, (1961, 1963). MR29:1209; MR29:1210

[EGA IV] A. Grothendieck, J. Dieudonné: Eléments de géometrie algébrique IV. Publications
Mathématiques THES, N°s 20, 24, 28, 32 (1964, 1965, 1966, 1967). MR30:3885;
MR33:7330; MR36:178

[SGA1] A. Grothendieck, M. Raynaud: Séminaire de géometrie algébrique du Bois Marie
1960-61. Springer Lecture Notes 224 (1971). MR50:7129

K1) I. Kausz: A Modular Compactification of the General Linear Group, Documenta Math.
5 (2000) 553-594. MR2002a:14056

[K2] I. Kausz: A canonical decomposition of generalised theta functions on the moduli
stack of Gieseker vector bundles. Preprint (April 2003).

[Kn] F. F. Knudsen: The projectivity of the moduli space of stable curves, II: The stacks
Mg, n. Math. Scand. 52 (1983), 161-199. MR85d:14038a.

[Ma] H. Matsumura: Commutative ring theory. Cambridge studies in advanced mathemat-
ics 8. Cambridge University Texts (1989). MR90i:13001

[(Mi] J.S. Milne: Etale Cohomology. Princeton University Press (1980). MR81j:14002

[LM] G. Laumon, L. Moret-Bailly: Champs algebriques. Ergebnisse der Mathematik un

ihrer Grenzgebiete, Volume 39. Springer 2000. MR2001f:14006

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=9:406e
http://www.ams.org/mathscinet-getitem?mr=95g:14022
http://www.ams.org/mathscinet-getitem?mr=96a:14049
http://www.ams.org/mathscinet-getitem?mr=87h:14017
http://www.ams.org/mathscinet-getitem?mr=97d:14016
http://www.ams.org/mathscinet-getitem?mr=85j:14014
http://www.ams.org/mathscinet-getitem?mr=55:5621
http://www.ams.org/mathscinet-getitem?mr=29:1208
http://www.ams.org/mathscinet-getitem?mr=29:1209
http://www.ams.org/mathscinet-getitem?mr=29:1210
http://www.ams.org/mathscinet-getitem?mr=30:3885
http://www.ams.org/mathscinet-getitem?mr=33:7330
http://www.ams.org/mathscinet-getitem?mr=36:178
http://www.ams.org/mathscinet-getitem?mr=50:7129
http://www.ams.org/mathscinet-getitem?mr=2002a:14056
http://www.ams.org/mathscinet-getitem?mr=85d:14038a
http://www.ams.org/mathscinet-getitem?mr=90i:13001
http://www.ams.org/mathscinet-getitem?mr=81j:14002
http://www.ams.org/mathscinet-getitem?mr=2001f:14006

A DEGENERATION OF MODULI STACKS 4955

[NR] M.S. Narasimhan,T.R. Ramadas: Factorisation of generalised theta functions I. Invent.
Math. 114 (1993), no. 3, 565-623. MR94i:14017
[NS] D.S. Nagaraj and C.S. Seshadri: Degenerations of the moduli spaces of vector bun-

dles on curves II. Proc. Indian Acad. Sci. Math. Sci. 109 (1999), no 2, 165-201.
MR2000c:14046

[N] P.E. Newstead: Introduction to moduli problems and orbit spaces. Lectures
held at Tata Institute of Fundamental Research, Bombay. Springer Verlag, 1978.
MR81k:14002

[Sel] C.S. Seshadri: Fibrés vectoriels sur les courbes algébriques. Notes written by J.-M.
Drezet from a course at the Ecole Normale Supérieure, June 1980. Astérisque, 96.
Société Mathématique de France, Paris, 1982. MR85b:14023

[Se2] C.S. Seshadri: Degenerations of the moduli spaces of vector bundles on curves. School
on Algebraic Geometry (Trieste, 1999), 205-265, ICTP Lect. Notes, 1, Abdus Salam
Int. Cent. Theoret. Phys., Trieste, 2000. MR2001i:14044

[So] C. Sorger: La formule de Verlinde. Séminaire Bourbaki, Vol. 1994/95. Astérisque No.
237, (1996), Exp. No. 794, 3, 87-114. MR98{:14009

[Sun] Xiaotao Sun: Degeneration of moduli spaces and generalized theta functions. J. Alge-
braic Geom. 9 (2000), no. 3, 459-527. MR2001h:14040

[T] M. Teixidor i Bigas: Compactifications of moduli spaces of (semi)stable bundles

on singular curves: two points of view. Collect. Math. 49 (1998), no. 2-3, 527-548.
MR2000e:14050

NWF I - MATHEMATIK, UNIVERSITAT REGENSBURG, 93040 REGENSBURG, GERMANY
E-mail address: ivan.kausz@mathematik.uni-regensburg.de

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=94i:14017
http://www.ams.org/mathscinet-getitem?mr=2000c:14046
http://www.ams.org/mathscinet-getitem?mr=81k:14002
http://www.ams.org/mathscinet-getitem?mr=85b:14023
http://www.ams.org/mathscinet-getitem?mr=2001i:14044
http://www.ams.org/mathscinet-getitem?mr=98f:14009
http://www.ams.org/mathscinet-getitem?mr=2001h:14040
http://www.ams.org/mathscinet-getitem?mr=2000e:14050

	1. Introduction
	2. Notation
	3. Gieseker vector bundles
	4. Gieseker vector bundle data
	5. Simple modifications of a relative curvewith a smooth section
	6. Proof of Lemma ??
	7. Admissible bundles on simple modifications and bf-morphisms
	8. Contractions
	9. Gieseker vector bundle data and generalized isomorphisms
	10. Relationship with the stack of torsion free sheaves
	References

