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MINIMAL INVARIANT TORI IN THE RESONANT REGIONS
FOR NEARLY INTEGRABLE HAMILTONIAN SYSTEMS

CHONG-QING CHENG

ABSTRACT. Consider a real analytical Hamiltonian system of KAM type
H(p,q) = N(p) + P(p,q) that has n degrees of freedom (n > 2) and is pos-
itive definite in p. Let Q = {w € R™|(k,w) = 0, k € Z"}. In this paper we
show that for most rotation vectors in €2, in the sense of (n — 1)-dimensional
Lebesgue measure, there is at least one (n — 1)-dimensional invariant torus.
These tori are the support of corresponding minimal measures. The Lebesgue
measure estimate on this set is uniformly valid for any perturbation.

1. INTRODUCTION

Consider a nearly integrable Hamiltonian system with n degrees of freedom (n >

2),

OH OH
1.1 j= = €R", ¢qeT",
(1.1) P =", 1= p q
where the Hamiltonian has the KAM form, i.e. H(p,q) = N(p) + P(p,q), N is
the main term and P is the small perturbation. We assume that N is a convex
function in p. In this case the Hamiltonian can be transformed into a positive

definite Lagrangian L(q, ¢) by Legendre transformation,

To formulate his variational principle for Lagrange systems, Mather assumed the
following conditions [M2]:
(1) Positive definiteness. For every ¢ € T", the Lagrangian function is
strictly convex in velocity ¢ € T, T™: the Hessian H,, is positive definite.
(2) Super-linear growth. L has fiberwise superlinear growth: for every q €
T, we have L/||¢|| — oo as ||¢|| — oo.
(3) Completeness. All solutions of the Lagrange equations are defined on all
R.

In our case, these conditions are satisfied automatically. Completeness follows
from energy conservation, the system under consideration is autonomous; super-
linearity is not needed, due to energy conservation, what happens for large ¢ is
irrelevant; positive definiteness follows from our assumption on N.
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Let 99t be the set of Borel probability measures g on TT" with compact support
that are invariant with respect to the Lagrangian flow. For each p € 99t the action
A(p) of the measure p is defined as

(1:2) A = [ Lau

and the rotation vector p(u) € H1(T™, R) of p is defined such that the equation

(o), N]) = / Ay

holds for any closed 1-form A on T™. Let 91, C 91 be the subset of invariant mea-
sure whose rotation vector is p. For a smooth Lagrange system satisfying Mather’s
assumptions Mather proved the existence of minimal measures: for every rotation
vector p € Hy(T™ R) there exists an invariant measure p € 9% which minimizes the
Lagrangian action in 91,. Mather also proved the existence of c-minimal measures.
Let A. be a closed smooth 1-form on T™ whose de Rham cohomology is ¢; we define
the action

A = [ (L= 2.

It is also shown in [M2] that for each ¢ there is an invariant measure which min-
imizes A.. Its support is the graph of some Lipschitz function defined on the set
m(support of ), where 7 is the standard projection along the fiber of the tangent
bundle. Consequently, an immediate problem is what the geometric structure of
these minimal measures is. In the case of area-preserving twist diffeomorphisms the
Aubry-Mather sets support the minimal measures [M1]. For higher-dimensional sys-
tems without further assumption, what has been proved is not beyond that KAM
tori are the support of some minimal measures [M2]. It follows immediately that
KAM tori are Lagrangian sub-manifolds [H2]. In a generic case, some more prop-
erties are explored in [Me], [Bo]. It is shown in [Bo|, under some extra conditions
besides the smallness, some lower-dimensional tori support the minimal measures.

In this paper, we are going to study the structure of the support of some minimal
measures of nearly integrable systems without any assumption on the perturbations.
The corresponding rotation vectors satisfy exactly one resonance condition. For
simplicity, we assume that the Hamiltonian H is real analytical in a complex domain

Yor ={|Img| <7, |p—po| < 0, Vp, € D},

where D is an open set in R”. The analyticity can be obviously replaced by some
C™ smoothness by using some well-developed techniques, as used in [SZ]. Given
an integer vector k, let

Ug = {p € D[{w(p), k) = 0}.

This is an embedded (n — 1)-dimensional sub-manifold. For each point p € Uy, the
unperturbed system has an invariant torus p = p; it has the foliation into a family
of (n — 1)-dimensional tori. By introducing a linear symplectic transformation

(p,q) — (z,y)
(1.3) x=ql, p=yl',
where I = [ky, ks, ..., k] is a uni-modular matrix, i.e. for all k; € Z", k, = k

and det/ = 1, we find that in the new coordinates the rotation vector has the form
(wi,way ... ,wp-1,0) = (w,0). In the following, we still use (p,q) to denote the
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MINIMAL INVARIANT TORI 5069

new coordinates. Without loss of generality, we can assume Uy, is the graph of the
function @y : R"~! - R, U, = {p,®0(p)}, (0= (p1,---,Pn-1)-

Under small perturbations, these n-tori in Uy, break down in general, but some
lower-dimensional tori still exist. Strong evidence shows that for most actions in
Uy, there are at least two (n — 1)-dimensional tori surviving perturbations even
if the corresponding n-torus is destroyed in the case that the rotation vector w
satisfies the diophantine condition

(1.4) |{w, k)| > D|k|7", Vk e Z"N\{0}, v>n—1.

In this paper we shall show that some of these (n — 1)-tori support the relevant c-
minimal measures. As the configuration manifold is T™, we can use cdq (¢ = const.)
as the representative element of first de Rham cohomology class [edg], and identify
the point ¢ € R™ with the corresponding cohomology class when necessary.

Theorem 1.1. Let the Hamiltonian H be of KAM type H(p,q) = N(p) + P(p,q)
which is real analytical in ¥, . and conver in p. There exists a positive number
d = d(N,n,D,o,1,v,|k|) > 0, such that if the sup-norm of P in .., |P| < d,
then there is a set S C R"™', a map Foo: S — R and a set function ®u:
S — {non-empty closed set of R'} such that:

(1) For each p € S, there exists a non-empty set ©(p) C T. Corresponding to
each u € ©(p) there exists one (n-1)-dimensional invariant torus. These
(n — 1)-tori have the same frequency oo (D).

(2) For each p € S, the corresponding tori are the support of c¢(p)-minimal
measures, where ¢(p) = (P, Poo(P))-

(3) oo need not be continuous, but its inverse . is Lipschitz, and is a small

perturbation of ( % )7L,

(1.5) Hs;} - (%J;I)l HOO <241,

(4) The set-valued function @ is defined by {Poc(P)} = Uyeop) Voo B ),
where Voo (D, u) is smooth in u over ©(p) in the sense of Whitney and

(1.6) max [Vio(p,u) — ®o(p)| <2475,  peS.
u€O(p)
(5) S and its image under Foo have positive (n—1)-dimensional Lebesgue mea-
sure
(1.7) m(SNBy) > (1—ﬂd%)m(31),
(1.8) m (Foe () N1 B1) > (1- 26755 ) m(By),

where B is a positive number depending only on N and n, and By is an ar-
bitrarily centered (n—1)-dimensional unit ball. Both m(S) and m (Fso(S))
approach to full measure as d — 0.

The small number d is uniformly valid for all perturbations, independent of
their special form. The existence of these geometrically regular minimal measures
requires no other conditions than what the classical KAM theory requires. It is
shown in [Bo] that, under some non-degeneracy conditions, an m-dimensional torus,
survived from (n — m)-resonant n-torus ([I]), is the support of corresponding min-
imal measure. The condition is that the maximal point of the first order averaging
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function is non-degenerate, i.e. all eigenvalues are negative. In that case, the proof
is much easier, but the small number d must depend on the smallest eigenvalue in
that case. d — 0 as the smallest eigenvalue goes to zero.

To find Arnold diffusion orbits, one way is to construct connecting orbits between
different minimal measures, for instance, along the line of Mather [M3], [M4]. To
be the candidates, the support of these minimal measures cannot cover the whole
configuration space under the projection along the tangent fiber. Lower-dimensional
minimal tori satisfy such a condition. This motivates the author to write this paper.

Recall the result obtained in [M2] that for every rotation vector w € R™, there
exists a minimal measure p such that p(n) = w. This does not imply that the
orbits in this measure also have the same rotation vector. An example is the
Hedlund geodesic flow on T? ([HI], [Ba]). The following example shows that such
a phenomenon occurs even in integrable systems. Let us consider the Hamiltonian
H,

1

n—1 n—1
* 1 2 2
He(paQ):Zwipi+§Z(pi+€COSQ7l) +2pn

i=1 i=1
Let 2 = [wf —€,wf +€] X - X [wh_; —€,w)_; +¢ x {0} CR™ For each rotation
vector w € €, there are some (n — 1)-dimensional invariant tori whose frequency
is exactly w, but none of them are in the support of the minimal measure p(w) in
the class 9t,,. Any orbit in the minimal measure does not have rotation vector w
when w € (..

2. OUTLINE OF THE PROOF

From the technical point of view, the main part of the proof uses KAM type
methods. What is new in this direction is overcoming the difficulty created by the
lack of continuity of the frequency w as a function of the action p. To our knowledge,
all KAM-type work up to now treated w either as an independent parameter or as
a continuous function of actions. In the general case, such discontinuity may ruin
the whole KAM iteration scheme, as one cannot get a positive measure estimate.
Fortunately, the convex property of the frequency map enables us to overcome this
difficulty. Section 3 is devoted to investigating those properties of the frequency map
that are used to get a positive measure estimate, which is done in the section 7. In
sections 4 and 5, under the condition that w(p) satisfies the diophantine condition,
the existence of n — 1-dimensional tori is proved by constructing symplectic change
of coordinates that can cope with the degeneracy of the critical point of the first
order average function. Section 6 is devoted to prove the minimality of the Lagrange
action when it takes values on these tori.

In principle, the existence proof of (n—1)-dimensional invariant tori is completed
by employing a sequence of symplectic change of coordinates, T, ®s3,..., Tk ...,
converging to an identity map exponentially fast. Let &y = T1 0F50--- 0 Ty,
After k iteration steps, the Hamiltonian has the form

Hy = H o & = Ni + Py,
with much smaller error term Py in a suitably smaller domain. For instance,

([ Pral] < [1B% "
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MINIMAL INVARIANT TORI 5071

for some x > 1. The limit of & maps a trivially embedded (n — 1)-dimensional
torus ' : (p,qn) = (D,qn) to an (n — 1)-torus with its tangential map taking a
constant vector field on I' to the vector field given by (1.1).

To describe the construction in more detail, let us drop the index k to simplify
notation. For one step of iteration we introduce the generating function W so
that the time-1-map of the Hamiltonian flow ®{;, is the coordinate transformation

T:(p,q) — (p,q) and
(2.1) (N+P)o‘zN+P+{N,W}+/1{(1t){N,W}JrP,W}ocIﬂWdt.
0

The integral is quadratic in P and W, and will be part of the new error term.

The point is to find W such that N + (P — P;)+ {N, W} is a normal form again,
where P; is exponentially smaller than P. The difficulty emerged here is that IV
depends not only on p but also on ¢, after one step of iteration, as the frequency
satisfies a resonance condition. To be more precise, we assume that the frequency
(w,0) = %(po) satisfies the diophantine condition (1.4), where py € U. For the
first step of iteration we choose the generating function W which is the solution of
the homological equation

(2.2) ((w,0),Wy) = =P(p,q) + [P(p, qn)],

where )
P =
P 40)] = Gy [

Therefore, the new normal form N+[P] depends on ¢,. It implies that the invariant
n-torus is destroyed in general. However, some (n — 1) tori may still exist. Let
Pn(P1, - ,Pn—1,qn) be the function that solves the equation gTN = 0. If the error

term vanishes, each critical point of N(p1,...,Pn—1,00(P1,- s Pn—1,Gn)sdn); ¢rs
corresponds to an n — 1-dimensional invariant torus

P(p,q)dq1dgs - - - dgn—1.

p;(t) = constant (1 <m),

¢i(t) =wit +¢q(0) (i <n),

Wn(t) =ap Pult) =pn(P1s-- - Pn-1,45)-
What we are interested in is the point where N reaches its maximum as the function
of qy.

To simplify notation, we shall use (p, ¢) to denote (p1,...,Pn—1,q1,---,qn—1) and
use (u,v) to denote (gn,pn) in the following.

The change of coordinates for the following iteration steps is constructed in a
neighborhood of an (n — 1)-torus instead of the n-torus. We design two types
of coordinate transformations according to whether the critical point has “strong
persistency” with respect to the perturbation. The “strong persistency” is such a
condition that guarantees that the critical point of Ny + [Px] remains sufficiently
close to the corresponding critical point of Nj. There is no precise criterion to
distinguish whether the critical point has strong persistency or not. It depends on
how we run the KAM machine. In this paper, we say it has strong persistency

when the following holds:
ON,
a—uk(pv ’U(p, U’*)7 U/*) Z |Pk‘%7

otherwise, we say it has “weak persistency”.
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The construction of coordinate transformation in the case of “weak persistency”
is much more complicated than in the case of “strong persistency”. We need to
retain a sufficiently large neighborhood of the (n — 1)-torus so that the critical
point of Ny + [Py], via the same variational principle, still falls into this domain.
On the other hand, this domain cannot be too large, in order not to destroy the
exponentially fast convergence of the error term. This domain is chosen in an
implicit way, different from the usual KAM way. The details are shown in section
4.

When we run the KAM iteration scheme the frequency vector w(p) is assumed
to satisfy the diophantine condition at every step. We need to show there is such
a positive measure set in Uz, where this assumption is really true. Towards that
goal, let us consider the frequency map §;: p — w at j-th step of iteration
(2.3)

ON; . . .

w(p) = {8—;@’ u*,v(p,u”))|u"is the maximal point of N;(p,u,v(p, u))} .
This map may be discontinuous in p and may be multi-valued when j # 0. Without
any further conditions, such discontinuity may ruin the positive measure proof.
Thanks to the convexity, the inverse of this frequency map is single-valued, Lipschitz
and structurally stable in the following sense:

(2.4) I8, =&l < O(V9),

if | N, —N;|| < 4. This property guarantees that the set ﬂ;io 3;1 (Q(n—1,D)) has
positive measure. Here we use Q(m, D) to denote all m-dimensional diophantine
vectors with coefficient D. We can see from (1.4) that Q also depends on the
diophantine exponent v. Since v > n — 1 is already fixed, we omit the dependence
of Q on v. The choice of D is carefully done so that we obtain the measure estimate
of the KAM tori. Also thanks to the convexity, we find that the image of Uz under
&, has positive Lebesgue measure. Indeed, if |N; — Ny||c2 < €, we have

m (50(Up) \5,(Up) ) = O&)m (Fo(Up))
So(Ux) +¢ 2 §;(Up),

where we use S + a to denote the set {z | dist(z,S) < a}.

The final step is to show the minimality of these tori. We extend each coordinate
transformation §; to a neighbourhood covering the n-dimensional torus (p,v) =
(p,0) € Uz. Under the map So = lim;_, &, the Hamiltonian H,, = H 0 S
has some (n — 1)-tori {p = p, u = @, v = v(p,u)}. By introducing the Legendre
transformation,

(2.5)

OH OH
£:(p,q,u,v) € T*T" — (¢,7,q,u) € TT", (¢,0) = < > :

9p v

We obtain the corresponding Lagrangian function

(2.6) L(g,u,, i) = max (6 @), (p.v)) ~ Hoo(p.q,,0))-

Let
Ly = L(q,Uﬂ(L ’LL) —
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where 7, is a closed 1-form, in local coordinates, ) = (p, ¢) +v(p, u)u (p = const.).
If we can show that the Lagrangian L) takes its minimal value at every point of
the torus I', then the following holds:

/L/\dﬂl‘ < /Lxdﬂ
I

for any invariant measure p, where pr is the (n — 1)-Lebesgue measure on T
Obviously, v is invariant to the Hamiltonian flow.

Since Ly is strictly convex in (¢, %), the equation 0;L\ = 0, L = 0 has the solu-
tion (p =P, u=4,v =v(p,a)). We obtain from (2.6) that ming , Lx(g,u,§,u) =
—Hoo(p, ¢, u,v(p,u)). We shall show that for p fixed, H(p, ¢, u, v(p, u)) takes its
maximum in the variable of (¢, u) everywhere on an (n — 1)-torus {u*} x T*~L. It
implies that such an (n—1)-torus is the support of corresponding minimal measures.

3. THE FREQUENCY MAP §

At each step of KAM iteration we have the frequency map §: R*~! — R»~!

(3.1) w=%p) = %—Z(p,v(p, u®),u’),

*

where N(p,u) attains its maximum at v = wu*. In this section we show some
properties of the frequency map that are used for measure estimate, in particular,
in the case of weaker persistency.

Let us consider a function H(z,y) = Ho(y) + Hi(x,y), * € S*, y € R*. We
assume Hj is convex in y, ||Hy|lc2 < e. Let A > 0 be the smallest eigenvalue of the
Hessian matrix of Hy. If € is suitably small, H is also convex in y. Since we are
considering the existence of codimension 1 tori which correspond to the maximum
of H(z,y) as the function of z, the frequency is given by the value 0,H takes at a
maximum point, it is natural to study the function

F(y) = max H(z,y).
zeSt
Clearly, F is also a convex function of y, for any 0 < A < 1, y1,y2 € R™, and there
exists zo € S! such that
FAyr + (1= XNye) = H(xo, Ay1 + (1 — Ny2)
< AH(z0,y1) + (1 — A\ H (0, y2)
SAF(y1) + (1= N F(y2).

To go further, we assume first that y € R'. In this case, F has left and right
derivative everywhere,

Frly) = tm 20 =FW  pry g F0) =P

Y Y Y1 — Y Y y1\Y Y1 — Yy

F, is monotonically increasing, discontinuous only at countably many points, and
and differentiable almost everywhere. Let

M(y) = {|H(z,y) = max H(0,y)},
M (y) = {210, H (2, y) = max 9, H(6,y)},

M (y) = {z|9,H(z,y) = min 8, H (6, y)}.
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We claim that

(3.2) Fy(y) = 0yH(z,y), VYxeM(y),

F,(y)=0yH(z,y), VYreM (y)

Obviously, we have H(x,y') — H(z,y) < F(y') — F(y), where z € M (y). It follows
that F,” > 0, H(z,y). To show that F; < 9, H (x,y)+4 for arbitrary small positive
J, let us make use of the fact that there exists at least one x € M*(y) so that (z,y)
is the accumulation point of (z/,y’) as ¢’ \, y, where 2’ € M(y’). Let ¢ > y be
sufficiently close to y so that |0, H (2',y) — 0, H (z,y)| < 6 for some 2’ € M(y’). The
conclusion follows from

H(l‘/,y/) - H(Ji,y) S H(xlay/) - H(xlvy)
< (0 H(z,y)+6) ¥ —y) + Oy —y?).

Therefore, the condition that F is differentiable at y is M (y) = M~ (y); we use
VF to denote its differential.

Let us assume that y € R™ again. The above arguments hold when we study
the directional derivatives, from which we see that the differential of F, VF =
(02, F, 0, F, ..., 0y, F), is precisely the frequency map when restricted to the set
where F is differentiable. Obviously, this set is a full Lebesgue measure set (cf.
[R]). The frequency map § is multi-valued on the set where F' is not differentiable,
but the measure of this set is zero. If F' is not differentiable at y, the set of all
subgradients at y, {VF(y)} is a closed convex set. In this case, {§(v)} C {VF(y)}.

In the m-th step of KAM iteration, the frequency map &,, is the perturbation of
the frequency map §&,,_1 for the last step of the iteration. The next lemma shows
how the image of ' changes when the function H undergoes small perturbation.

Lemma 3.1. Let F;(y) = Ho(y) + maxgzer Hi(x,y) (i = 1,2). We assume the
following:

(1) Hy is C?-differentiable and conver, and X > 0 is the smallest eigenvalue of
the Hessian matriz of Hy.
(2) Both Hy and Hy are small, ||Hg|lc2 < % and ||Hy — Halloo < 0.

Then

(33) I(7F) T = (7F) e < 22

Proof. Clearly, (VF)™! is single-valued although VF might be multi-valued. Let
z € VFi(y1) N VFy(y2). If we rewrite the function F; in the form

Fily) =3 Ho(y) ~ 5(VHo()y — i) + Gily),

2
1 1 .
Gi(y) :§H0(y) + §<VHo(yi)7y —yi) + I?g%Hi(x,y), 1=1,2,

we can see that GG; is convex. By virtue of this observation, as z is a sub-gradient
of F1 at y; and of Fy at yo, we have

A
Fi(y2) — Fi(y1) > (2,92 —y1) + ZHyz —ul?,

A
Fy(y1) — Fa(y2) > (2,91 — y2) + ZHyz —ul?,
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from which we find
A
(Fi(y2) — Fo(y2)) — (Fi(y1) — Fa(y2)) > §Hy2 —u?
On the other hand, as x; € T such that F;(y;) = Ho(y:) + Hi(xi,y:), we have
|F1(y) — F>(y)| < 4. This proves the lemma.

Let B be an arbitrary set in the frequency space; this lemma implies that

VF;Y(B) c VET(B) + 2\/% This property plays the role the Kolmogorov non-

degeneracy does in the paper of V.I. Arnold [A]. Tt is crucial for the positive measure
estimate.

Lemma 3.2. Assume H(z,y) = Ho(y) + Hi(z,y) (z € T!, y € R"), in which Hy
is convex in y, ||Hi|c2 < €, where € is sufficiently small. Let A > 0 be the smallest
etgenvalue of the Hessian matriz of Hy. Then the image of the frequency map §
has near full Lebesqgue measure, i.e. for each measurable set B, we have

(3.4) m(3(8) > (1= 1m0
OH, €
(3.5) F(B) C a—; (B + X) .

Moreover, if we assume & > 0 be a small number and let B C B be a set such that
the map VF expands its volume at least £~ times, i.e.

1 O0H
(3.6) m(VF(Be) > gm (050,
then we have
(3.7 m(Bg) < cofem(B),
where cq 1S a positive number, independent of & and e.

From now on we use ¢; to denote some positive constant, which is independent
of involved small parameters.

Proof. We have shown that § = VF on the set where F is differentiable, thus we

only need to study the map VF. If we rewrite I in the form F(y) = (1—%)Ho(y) +

G(y), where G(y) = < Ho(y) + maxzer Hi(x,y), then G is a convex function of y.
We introduce a smoothing function

1
70/ —||lx
aa(z) = {e ==zl < a,
0 otherwise,

bule) = ) ([ catints)

and define
€
Ga(y) = A Gy +a)da(w)dz,  Fuly) = (1~ 7)Ho(y) + Galy)-
It is easy to check that G, € C* is also convex. For a bounded set B C R™ and
d >0 3a(B,0) > 0 such that |G, — Gl|cop) < 0 if a < a(B,0).
Obviously, VF, ! is a Lipschitz map, the Lipschitz constant not bigger than
A —e)7 Y as |[VE.(y1) — VFu(y2)|| = (A —€)|ly1 — y2||. By virtue of Lemma 3.1,
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we see that VF~! is also a Lipschitz function. As both G, and Hy are convex
and differentiable, VHy o VF, ! is a Lipschitz map from VF,(B) to VHy(B),
the Lipschitz constant not bigger than (1 — ¢/A)~!. By Lemma 3.1 we see that
VHy o VF~! is also a Lipschitz map with constant not bigger than (1 — ¢/\)~!
Let B be the set where F' is differentiable. This set is clearly measurable. Thus
VF(B) is also measurable, consequently. VF(B)~! is continuous. Therefore, we
have
(3.8) m (VH(B)) < (1 - 3)"m (VF(B)).
Since VHj is a diffeomorphism, VF' is differentiable almost everywhere, and (3.4)
follows from (3.8). (3.5) is obvious.

To show (3.7) let us apply (3.4) as well as (3.5). We find that (3.7) is an
immediate consequence of the following argument:

m (VHO(B n E)) > m (VF(Be)) + m (VF(B\Be))

€

¢ ™ (VHo(Be)) + (1 = 1)"m (VHo(B\By)) .

In the next section we shall construct two types of KAM iteration schemes ac-
cording to whether the critical point of N(p,u,v(p,u)) is degenerate or not. For
the degeneracy case, we choose a neighborhood for u, denoted by L(p), big enough
so that max,er, N(p,u,v(u)) — N(p, OL(p),v(p,IL(p))) > 2[P(p,u,v(p,u))]. This
guarantees that the maximal point of N 4 [P](p, u,v(p,u)) remains in the same
neighborhood. In this case, L(p) might be as big as of order O(1), consequently,
the variation of dN » (P;u,v(p,u)) over L(p) might not be small. This would ruin the
KAM iteration scheme Fortunately, it does not happen for most p; we show it in
the following.

Lemma 3.3. Assume H(x,y) = Ho(y)+Hi(x,y), where Hy is convez, ||Hy|c2 < €
which is small. Let L(s,y) ={x € T | F(y)—H(y,x) <%}, A(s)={y e R* |z €
L(s,y) s.t. |Fy(y) — Hy(z,y)| > s*}. There exists €9 > 0, such that if € < €q, then
the s*-neighborhood of A(s) has small Lebesgue measure:

(3.9) m ((A(s) +s") N B1) < ¢1s*°em(By),

where By is a unit ball arbitrarily centered, both €y and ¢1 depend only on Hy and
n.

Proof. By the arguments in the proof of Lemma 3.2, we know that the Lipschitz
constant of the map VF~! is not bigger than (A—¢)~!. Denote by 9F F the one-side
derivative of F in the direction of e € R™ and define J; = {y € R" : Je € R", |l¢|| =
1, s.t. [0FF(y + s*e) — 07 F(y)| > 3s°}. By the smallness assumption on €, we
see that J, = 0 if s > €3, Obviously, given y € Js and relevant e, 3 zf € VF(y),
25 € VF(y + s*e) such that

1
2 — 23| = max 21 — 2| > =82,
|| ! 2” 21EVF(y),22€ VF (y+ste) || ! 2” -2

Denote by I(y,e,s) the segment {y +te : 0 < ¢t < s*}, let §; = 6(1 — %) and let
C(21, z2) be a curve joining 27 and 2} and passing through VF(y+te) (0 <t < s*).
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We see that for any z € C(z1, 22), VHoo VF ™! maps Bs, (2) into VHo(I)+ 4. This
implies that

(3:10) m (VE(I(e,5)) +5) 2 d
where A is the largest eigenvakue of the Hessian matrix of Hy. Let E(y,s) = {e €
R : |le]| = 1,105 F(y + s*e) = 9; F(y)| = 35°} and
J= U I(y,e,s) + s
yE€Js,e€E(y,s)

Let § = s%; it follows from (3.10) that

1.2 n—1
7[&(544—26) ( m(VHy(I(y,e,s)) +9),

(3.11) m(VH(D)) < 6As*(1 = 1) "m(VF(J)).
By (3.5) we find that VF o VHy ' maps B into By./y. Thus we have
Biie))\VF o VH; ' (B1\VHy(J)) 2 VF(J N VH(B1)).
By applying (3.4) on VH, *(B;)\J, we obtain from (3.11) that
m(Biyesn) — (1= £)"m(BI\VH(I)) = m(Byspn) — m(VF(VH; (B)\D))

> m(31 N VH()(J))
652(1— ©)n1

Consequently

m(VHo(J) N B1) < 5 iii&i;n (A+2"=a=5") m®).

Thus, Jeg > 0 and ¢; > 0 such that if € < €q, then the term on the right-hand side of
the above inequality is not bigger than c;s?em(B;). As VHj is a diffepmorphism,
we have

m(JNB;) < c152em(By).

What remains to prove is A C J,; this implies that A + s* C J. If not, there
would be y € A but y ¢ J — s*. By the definition of A(s), the following hold for
some z €T, |le|| =1 and 2z € VF(y):

OSF(y)iH(xvy)Ssgv |<szyH(x,y),e>|>82.

We assume that (V, H(z,y) — z,€e) > s% the proof for the case (V,H(z,y) —z,e) <

s? is similar. Because of y ¢ J, we have

1
Fy+s'e) = F(y) < max 07 F(y+ne)s’ < (07 F(y) + 55%)s".
SNSs

If s is suitably small, we would have

H(x,y+ s'e) — F(y+ s'e) >H(x,y) — F(y) — %ASS
+ ()0 - 0FFw + 352 o

1 1
>—(1+§A)58+86—556>0,

but this contradicts the definition of F. This completes the proof of the lemma.
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4. THE KAM ITERATION

In this section we construct one step of KAM iteration. It has two types accord-
ing to whether the critical point has weak persistency or not. We assume that the
frequency w = F(p) satisfies the diophantine condition (1.4).

4.1. Weak persistency. By definition, the following holds at #, the maximum
point of N(p,u,v(u)) in u:

d2N
du?

(p, 4, v(p, )| < dis.

W‘N

(4.1)

Under such a condition the critical point of (N + [P])(p, u, v(p,u)), determined by
the same variational principle, might be far away from that of N(p, u, v(p,w)), thus
we need a larger domain for Re u. Consequently, we can not expand the Hamil-
tonian in Taylor series of (u,v) as in the previous work studying lower dimensional
tori (cf. [E], [G]). Instead, we use a different scheme.

Let Gx C R"! be an open set; its connected components are denoted by Gg?.
We assume that the Hamiltonian

H(p,q,u,v) :N(p,u,v)JrP(p,q,u,v)

is real analytic on each domain

DI} = U Duilp),
peai?
D, (p) = {|Imq| <t |p—p| <5 |v—vpu)| < s [Imu| < s? Reu € L(p) + 52},
where v(p, u) is the solution of the equation %—Ij(pm,v) = 0. In this section it is
enough to show one step of KAM iteration for one connected component of G-
So we drop the sup-index (i) to simplify the notation.

We assume the following:

(4.1a) L(p) is either an interval contractible to one point or the whole T. The
interval is defined so that it contains a maximal point of N(p,u,v(p,u)) in v and
the following holds in L(p):

(4.2) rél]La(x) N(p,u,v(p,u)) — N(p,u,v(p,u)) < s, Vu € L(p),p € Gk.
u€L(p
It becomes an equality at the boundary of L(p). Otherwise, we let L(p) = T.

There might be such a case that N(p,u,v(p,u)) reaches its global maximum at
several points, e.g. at the point py when VF(pp) is a non-trivial convex set. In this
case, L(p) may contain several disjoint intervals L(p) = |J, L;(p) and (4.2) holds
for each IL;(p). For the proof in this section, it is sufficient to assume that in each
IL; there is a local maximum such that (4.2) holds. For simplicity, we assume that
L(p) is an interval.

(4.1b) On each line p = constant € Gk, u € L(p)

ON ON
4.3 max —(p,ur,v(p,ur)) — —(p, u2, v(p, u < §2.
( ) w1,u2 €L(p) ap (p 1 (p 1)) ap (p 2 (p 2))

According to Lemma 3.3 this assumption holds for most p.
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(4.1c) The diameter of each connected component of G is not bigger than 2s3.
In each connected component there is a point p* such that the following holds:

ON , , 9°N |, .
(44) %(p 7“70)_07 m(p ,U,O)—O, UEL(]D )
Indeed, under small perturbation [P](p, u,v) the equation
N+ [P 0) = 0

has solution v = v(p*,u). By using the coordinate translation (p, q,u,v) — (p, g, u,
v 4+ v(p*,u)) we obtain (4.4). This transformation is symplectic if we fix p* as a

parameter.
(4.1d) The maximum point @ has weak persistency:
d’N, - _
(45) W(pauav(pvu)) < 827 VPG GK

(4.1e) The positivity of N: The smallest eigenvalue of the Hessian matrix of N
in (p,v) has positive lower bound A > 0 for all w.
(4.1f) The smallness of the perturbation:

(46) ”P(p?q’uav)Hs,t S 5a
where s e
6§min{D(t_t_> (88(;2_8)(8 _8),)\53(53—53)}.

|- |s,+ denotes the supnorm on the domain D, ;. Note that since the dependence of
N on u comes from the perturbation, it is reasonable to assume that

olitla+ls 3N
_— _— < —.
OplrOul2 Ovls du3 ( — 16

The parameters s, 3, t, t are assumed to satisfy the following conditions:

(4.7)

, nax

Lot 1 28,151 P s v(p; )

1 _

(4.8) 25<s, s<t<g, s5<f, s° < 5
D 32 1\

4.9 o> (22 _qoe = .

(4.9) 452_(3(t—t_) Ogs)

To construct the coordinate transformation ¥ : (p,q,4,v) — (p,q,u,v), we in-
troduce a generating function W which is the solution of the equation

(4.10) <%_JZ788—VZ> = —TxP + [P].
Here T P is the truncation of the Fourier expansion of P up to the order K, i.e.
TP = Z Py (p, u,v)e!®0
kezn—1,|k|<K
and Py is the corresponding Fourier coefficient. As in [A] we choose

= i10 E +1
N EED T ’

where [a] denotes the largest integer among those smaller than a. In this case,

2 n—1 1 n
(4.12) 1P = T Pll, , s < <—”> <—6_) 552,

(4.11)

e t—t
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Let T be the time-1-map of the Hamiltonian flow ®%;,. Then
(4.13) Ho%T = (N +[P))(p,u,v) + Py(p, ¢, u,v),
where

Py =M, + M3 + M,
_%QNGW
L=

—_— TP — |P
5p78q>+K [P1+

ON OW _ ON OW
v Ou ou Ov
1
M, :/ {1 =t){N,W}+ P,W}o®,dt,
0
M3 =P —TgP.

To complete one step of iteration we introduce some intermediate domains for
those relevant variables. Let L (p) = [l1(p), r1(p)], and choose @ — I and r — @ as
big as possible under the condition

(414) maXN(paua ’U(p, U)) - N(p,uvv(pa ’LL)) < 587 Vu € L.
Obviously, I; C L. Let

D= J Di(®), D2= J Da(p),
pPEGK pEGK

where

. 1 _ 1 ~ )
Da(p) = {[lmgl < (¢ +0),p— 5 < 5 (s* + )] —v(p.w)| < 5(s" +57),

DN | =

1 1
[Imu| < 5(32 +5%),Reu € L(p) + 5(52 + 52)},
D1(p) = { Il < T |p — 5| < 5%, o = v(p,w)| < 28, [ < &2,

Rew € Ly () + 52}.
Let

ON
he = {p eR" L ’<a—p(p,ﬂ,v(p7 w)), k>’ > DIk|™",V|k| < K} .
It shall be shown in section 7 that Gk is constructed so that Gx C G’. With such
a condition we can convince ourselves that

(4.15) ’<%—]Z(p,u,v), k>

In fact, under the assumption of (4.3), the condition (4.9) and the definition (4.11),
we have |0, N (p, u1,v(p,u1)) — OpN (P, ug, v(p,u2))| <4 DK~ for all uy,us €
L(p) and for all p € Gg. Thus the assumptions (4.7) and (4.8) guarantee that the
following hold:

1
> §D|kz\_”, Y (p, q,u,v) € Ds.

DK, V(p, q,u,v) € Da(p).

N | —

OpN (p, u,v) — OpN (p, u(p), v(p,u))| <

This verifies (4.15). If we restrict (p,¢,u,v) in a smaller domain D, ; N {|Im| <
t — 1(t — )}, the standard arguments lead to

02(5
< =
<0=5

(416) HW(pv%uav)HD& (t_f)l/+l'

t—L(t-17)
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Shrinking it further to Dy and using Cauchy’s estimate we obtain
IWyllp, < 26(s* — 5%,

W, <40(t—1)71,
(4.17) [Wllp, < 46( 2 32 1
[Wallp, <20(s*—5%)"7,
Wb, < 20(s® —5°)7,
PwW 4 4v2
. - < —§7)“.
(4.18) l1+l2r—ir-ll%§-l4—2{H Aph1 Dtz Ouls Huta 11»2} < 80(s* — 5%)
Let (p,q,u,v) = E(p, q,u,v). As
1
(4.19) (p,q,a,0) — (p,q,u,v) = / JVW (DY, (p, g, u, v))dt,
0

we are convinced by the smallness condition (4.8) on ¢ that T does map D; into
Ds. Furthermore, it is obvious in Dy that

. 260 860
where DX stands for the Jacobian of ¥.
What remains to do is to figure out the upper bound of the new error term. We

state the following lemma first.

Lemma 4.1. Assume a function f(z) € C?[a,b] satisfies the following conditions:
JA>0,B>0, &> 0 such that |f(z)| < A, |f"(z)] < B, for all x € [a,b]; there
exists xg € [a,b] such that |f'(xo)| < &. Then

|f'(x)]| <2VAB+¢, V€ la,b].

Proof. Suppose |f’(x)| reaches its maximum in [a,b] at z1, |f'(x)] =M > £ > 0.
Without losing generality, we assume f’(z) = M. By our assumption, there exists a
subinterval [x1, z2] C [a,b] (or [z2,21] C [a,b]) such that f'(z2) =&, £ < f'(x) <M
for all x € [z1, 23] (or [z2,x1]). Since both at z1 and at zo |f(z)] < A,

/1:1 f(x)dx

Applying this lemma to N(p,u,v(p,u)), in view of (4.7) and the fact that
OuN(p,u, v(p,u)) = d%N(p,u, v(p,u)), we obtain that

- < SUp —— -
(421) ’ au (p’ U,’U(p, U))‘ — 2 bup du2 supN + ‘ au (pa U(p),v(p, U))

2A > |f(z1) — f(x2)] = > %IM—&Q,

which leads to our conclusion.

< 5, (Vu e Ly, p € Gk).
With this and (4.7) in hand and applying the lemma again to %—Ji(p, u,v(p,u)) we
obtain
d’N d*N ON |d?>N
(422 Tz P 0P, U))‘ < 2\/sup s 5P 5t | (P, ulp), v(p,w))

3
§§§2, (Vu ey, pe Gg).
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According to assumption (4.1¢), we find that

|U(p7 ’U,)‘ S 03|p _p*|7

O )| < S
Judv p,u,v(p,u _819 Pl
Consequently,
PN|_|&N (PN PN
ou? | | du? ov? Oudv
< 252, u € Ly (p).

Therefore, by direct calculation we obtain that

2
L u,0) = 5o (o )0~ 0(p0)

(4.23) 62 02N

+ Oudv ( ,v(p,u)) - m(ﬁ,ﬂ,ﬂ(f),ﬂ)) |va(p,u)|
<851
0?’°N
< - _ _
(4 24 H 8,0 D, ll+l2_,'r_rll3a=}<27l321 8pllaul2avl3 max{|p Rep|? |U U(p? u)|}

<cy5° (see (4.4)).
Thus, from (4.8), (4.13), (4.23) and (4.24) we obtain

530
(4.25) | Mi]|p, <cs 32

_§2

Note that the term My is of square order of the error term, and that Mjs is the
remainder of the truncation of the Fourier series of P (see (4.12)). We finally obtain

- 530 528 62 <
4.2 P < = 4.
( 6) || HDl = Ce {82 _ 52 + (t _ E)n + (54 _ 84)2}

Under the coordinate transformation the Hamiltonian has the form

Let 9(p,u) be the solution of 9, (N + [P])(p,u, 0(p,u)) = 0. In view of assumption
(4.4) and the smallness of P, we have |0(p,u) — v(p,u)| < 5°. By introducing the
coordinate transformation (p,q,u,v) — (p,q,u,v + 9(u)) we can set (4.4) to hold
for N + [P]. Let L C T be an interval as big as possible under the condition

max(N + [P))(5,u,5) — (N + [P)(5u.5) <&, Vuel,

where 3% plays the role in the next step of KAM iteration as 5 does in this step.
Obviously, L C L. Define
§ t= U ]D)s t\P

pEGK

where

D #(p) = {|Imq| <t |p—pl <5 v —v(p,u)| <35, [Imyl §§2,Reu6]f4+§2}.
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G is constructed by cutting off some small measure set from Gg so that the
diameter of each connected component is not bigger than 252. We postpone the
construction to section 7. The above arguments imply Dz 7 C D; on which H o ¥
is real analytical and (4.26) holds.

For the next step of iteration we need to check the assumptions from (4.1a)
to (4.1f). Clearly all of them are satisfied except for (4.1d) and (4.1f). When
(4.1d) does not hold, it means the critical point has strong persistency, so we
switch the iteration process to another type, which is shown below. We postpone
the verification of (4.1f), the smallness for P in Dgz. It is closely related to the
convergence proof, which we shall address in the next section. So far, one step of
iteration for the case of weak persistency is completed.

4.2. Strong persistency. By definition, the following holds at %, the maximum
point of N (p,u,v(p,u)):
d*N
aaz
Under such a condition the critical point of (N + [P])(p, u, v), determined by the
same variational principle, remains close to that of N(p,u,v). In this case, the
coordinate transformation is constructed in the standard way.

Assume that the last step of iteration is done under the condition of weak per-
sistency, so the Hamiltonian is analytical in the domain {|u — @ < s2,|v| < s3}.
The main part takes the form

(4.27) p, %, v(p, )| > 5.

1 1
N(pa u, U) = N(p7 ﬂﬂ 0)+§va (ﬁa ’ITL, O>U2_ ENuu(ﬁv ﬁﬂ O)U’Z_'_O ((p_ﬁ)(ua U)a (’U,, U)S) .

To set N in a normal form we introduce a linear transformation T : (u,v) — (z,y)
for rescaling

(4.28) (u v u) = % (x/jal \{a\/o;) @ ’

where o = /— %f‘“ is a positive number. In the new variable (z,y) the main part

has the form
N(p,z,y) = N(p,0,0) + ary + 0((19 - p)(z,y), (z, y)3)~

The facts that N,, = O(1) and 52 < —N,, < 1 convince us that {|z| < s?,|y| <
s3} C {Ju—a| < 52, |v| < 53}, on which H is analytical. Thus we can restrict (,y)
in a smaller domain {|z| < s3,|y| < s®} and expand both P and the generating
function W into Taylor series in (z,y)

P(p,q,z,y) = Y Piy(p, @)’y

W(p,q,z,y) = > Wii(p,q)a'y’.
ji+71<5

(4.29)

The generating function W is constructed so that the main part of P can be can-
celled by the main part of {IV, W}. Towards that goal we set W be the solution of
the following equation:

(4.30) (w, Wy) + (z,y)diag(a, —a) <%Z> = R,
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where R is the truncation of P’s Taylor series, up to order |i + j| = 5 in (z,y), not
including the average part of P in ¢, i.e. Py;. Equation (4.30) is solved by Fourier
expansion. If we write both W and R in the form of (4.29), then
Ry

Z.<]'€a"‘j> + <(ll - lQ)a O‘>.
Since « is a real number and w is a diophantine vector, the generating function W
is well defined. Consequently, the coordinate transformation ¥ is also well defined.

Now let us show the estimates needed for the convergence proof. We assume
that

1. The Hamiltonian H = N(y,z,y)+ P(p, ¢, x,y) is real analytic on the complex
domain D ¢

(4.31) Wg =

D, = {[lmg| < ¢, |p—p| < s, |z, |yl < s°}.
2. The perturbation P satisfies the smallness condition
HP”DSJ S 57

(4.32) 5<mm{3 (t— D5 — ), %5453},

where ¢ and § are small positive numbers satisfying (4.33) below.
To complete one step of iteration, we need several intermediate domains. We
choose small positive numbers o and 7 such that

t—1t
(4.33) O<2§<8§T’ 0<t<l.
We define
1 - 1 _ 1 .
Dy = {[Img| < J(t+),|p— 5l < 5(s* +5Y), |zl Jyl < 5 (s> +5%)},
- 3 3_

Note that the function R in (4.30) is the truncation of the Taylor series of P with
respect to (p, x,y). It is easy to check that
[Rlb. . <2[|Pllp

(4.34) 35315

P = Rllp, < WHPHDM
By the construction of the generating function W and Cauchy’s estimate on the
derivative of analytic functions we get

5t7

(4.35) Wb, <6 = %
[Wyllp, < 20(s* — 5471

(4.36) W, llp, < 46(t—1)7%,
Wellp, < 260(s® —35%)~1
Wy llp, <20(s® —35%)~!

(4.37) ID2W ||, < 1OC7HP||IDJs,t

D(t _ Z)V+1(s4 _ 54)2 :
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The coordinate transformation ¥ is defined as the time-1-map of the Hamiltonian
flow ®},; it follows that

1
T(p,¢,z,y) — (p, g, z,y) = / JVW (@ (p, g, z,y))dt.
0

Thus, the conditions (4.32), (4.33) and the upper bound for W in (4.35) and (4.36)
guarantee that ¥ maps Dy into Ds.
Because the generating function W solves (4.30), we find that

(4.38) Ho% = (N +[P])(p,x,y) + Py (p, ¢, 7,9),

where
Py = My + My + M3,

Wy
= O{z®, P HWa, Wy} + [lp — BIlO(Wa, Wy, Wy)
(see (4.30)),

My = {N, W} —(w, W,) + (z,y)diag(a, —c) <Wm> LR

1
M :/ (1= {N, W} + P,W} oy,
0
My =P —R.
It follows that, by virtue of the estimates (4.34), (4.35) and (4.36),

56 556 6> -
4.39 P < =9.
(4.39) 1P+, Cs{(s?,_sg) + (s* ) + (54_54)2}
The estimates (4.36) and (4.37) provide an upper bound for the transformation ¥:
2075
— Id||p, <
[ Ip, < D(t — t)v+1(s* — 54’
(4.40) S
7
DT = Ilp, <

- D(t _ E)V+1(S4 _ 54)2 :

To complete this step of iteration we need to show that once the critical point
begins to have strong persistency, the critical point of the follow-up iteration steps
shall possess strong persistency as well. Indeed, in this case, the singular point of

the vector field JV 4, (N +[P])(p, =, y), (Z(p), y(p)) keeps very close to the origin,
Iz (p), g(p)| < ‘gf Consequently, the eigenvalues of the matrix JD(QQW) (N+[P)),
(@, —@) keep close to (o, —):

(4.41) |a — o] < cos®.

It implies that the new critical point has strong persistency also. As N is strictly
convex in y and the critical point @ is non-degenerate, there exists p with |p — p| <
%54 such that

(4.42) 9pN(p,0,0) = 9,(N + [P])(p, 2(p), y(D))-
We define

D57 = {[lmg| < ¢, [p—p| <5, & —z(), ly — y(p)| < 5°}.
By the smallness (4.32), it is contained in Dj.
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5. THE CONVERGENCE
Let us consider the Hamiltonian Hy(p, g, u,v) = No(p,v) + Po(p, ¢, u,v) which is
real analytical in
Dy = {|Imgq| < to,|p — 5| < 55,5 € D, [Imu| < s, Reu € Ly =T, |v — | < sp},
in which sg = s and tg = t.
To simplify the notation, we always use (p,q,u,v) to denote the symplectic
coordinates at each step of iteration, and put the subscript m to H, N and P to

specify the Hamiltonian functions at m-th step of iteration.
After the m iteration steps, the Hamiltonian H of (1.1) has the form

(5~1) Hm(p, q,u, U) = Nm(pv Uu, U) + Pm(pa q,Uu, U)~

It is analytical in the domain I,,, which is defined in two ways according to whether
the maximum point @ of the function N(p, u,v(p,u)) has weak persistency or not.
When it has weak persistency we choose

D= |J Dn),
PECK,
where
Dy (5) = {[Img| < tyn, [p — 5| < spps [0 — v (B, w)| < 57,
[Tmu| < 2, Reu € L, (p) + 52, }.
Um (p, u) is the solution of the equation 9, Ny, (p,u,v) = 0. In the case of strong
persistency we choose
D, = {[Img| < 7, |p = Pl < sy 2] < 00 [yl < 550}

On these domains we have

(52) Hp’m(p7Qauav)Hm S(Sm :Sir?v
where || - ||, denotes the sup-norm on the domain D,,. We say that the critical

point has weak persistency when dzusz (P, w, v (p,w))| < s2,,4, otherwise it is

treated as the strong persistency case. In the case of weak persistency, L,, is
chosen as long as possible under the condition that | maxyer,, Np (D, u, vm(p,u)) —
N (D, Uy V(D 1)) [wer,, | < 85, is satisfied. In the first few iteration steps we have
to deal with the case of weak persistency. For instance, in the first step, the main
term Ny is independent of u.

We set

t 14
tm:§(1+2—m), O = 813, Oy =613 .

In order to use the arguments in the last section we use s,,, t,, and d,, to replace s,
t and &, use S;11, tma1 and 6,41 to replace 5, t and ) respectively at the (m+1)-th
step of KAM iteration. We assume that the diophantine condition (1.4) is satisfied
for |k| < K, in the case of weak persistency. The verification of (1.4) is the main
task of section 7. In the weak persistency case we also assume the small fluctuation
of frequency along L,,.

ON, ONp,
a—p(p7 U;],'U(]),’U,]_)) - a—p(p7 U’25U(p7 ’U,2)) S 812n7 VU]_,’LLQ S Lm

By the work of the last section, we know that a generating function W,,(p,q) is
constructed by solving the relevant homological equation. The (m + 1)-th step of
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symplectic coordinate transformation ¥,,1; is defined as the time-1-map of the
Hamiltonian flow
Tmy1 = ®€/Vm |t:1'

It transforms the Hamiltonian H,, into H,,+1 = Npy1(p,u,v) + Pri1(p, g, u,v)
which is real analytical in the domain in D,,;;. The main point we need to show
is that 3d; = di(n, D,v,tg) > 0, such that if 6y < dy, then ||Py|| < 6, Ym € N.
We set dy = min{271%,10/20}. If 6y < da, then spy1/sm < 5, Sm < b < 1,
sy, < 501, and Sy, < (ty — ty1)/D; these verify (4.8) and (4.33). Thus, in the
case of weak persistency, we obtain from (4.26)

b 4ep20ADmE2) /5 N5 on(mi2)1s 16 25% 5
< P m m ]
[Pl < o 3Dty ( Om ) e T (15) +1

while in the case of strong persistency, we obtain from (4.39)

4
8¢, 2(v+1)(m+2) Ot \ 8\° o 16\2 4
P, < — | 5580 — | 6% Omat-
I +1|08{ D . +{ 7 +l +1

The fact that d,, decreases to zero faster than exponentially implies that there
exists such a dy = dy(n, D, v, tg) < da. In fact, if we choose

202 ) 169 o
0
)

33 v+

(5.3)  di= min{z—l ; (

then

— 169
2012 D =di*™,
4max{cacg, cres )2

||Pm+1|| < Om+1-
When dy is set smaller than dy, the prerequisite conditions (4.7) and (4.9) are also
satisfied.

By such an iteration procedure we obtain a series of coordinate transformations
T,,. It follows from (4.20) and (4.40) that

1 —id]] < 7.,
IDF — 11| < Sp,

where DT, is the Jacobian of ¥,,. Let &,, = 1 0%50---0%,,. Under the
transformation &,,, the Hamiltonian approaches closer and closer to an integrable
one as m — 0o,

Ho&,, = Nm(p7u7v) +Pm(p7Q7u7U)7 HPHDm <o,

which is real analytical in the domain D,,. If the critical point always has weak
persistency as m — 0o, the domain ID,,, shrinks to a set containing the sub-manifold

Do 2 {Img| < 2} x {p = € Loo,v = 0},

(5.4)

where Lo, = lim,,, .o L., is either a point or an interval. The transformation &,,
maps D, into Dy and converges C'' uniformly to an embedding S..: Do, — Dy.
The set ReDy, contains trivially embedded (n — 1)-dimensional tori p = p,u €
Lo, v = 0. By the standard arguments (cf. [A]), we see that &, maps this torus
(these tori) (depending on whether Lo, is a point or an interval) to an (n — 1)
manifold (manifolds) in ReDy, with its tangential map taking constant vector field
onp=p,u€ Ly, v=0,¢=w,p=1=0v=0, to the vector field governed by JV H.
Therefore, this manifold (these manifolds) is (are) invariant to the Hamiltonian flow
!, If the critical point obtains the stronger persistency at some step of iteration
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once, it shall have strong persistency in the following steps as well. In this case,
the domain D,,, shrinks to a set

Dy = {Imq| < %} X {p=p,u=1,v=0};

it contains an (n — 1)-torus. The transformation &,, with its differential converges
uniformly on this set, which implies the existence of the invariant torus.

6. THE MINIMALITY

In this section we show that these (n — 1)-dimensional tori are the support of
the corresponding minimal measures. We study this problem in the real part of
the domain D,,. For the simplicity of notation, let us still use D,, to denote it.
We first consider the case when the critical point at each step always has weak
persistency; the proof for other cases can be done in a similar way. We assume
(po,Uo,O) x T 1 ¢ ﬂ;}io D;.

Lemma 6.1. There exists a symplectic transformation of éoo.' Dy — Dy, such
that under this transformation the new Hamiltonian function Hu(p,q,u,v) = H o
éoo(p, q,u,v) has the following properties:

(1) the (n— 1)-dimensional torus T = {p = po,u = ug,v = 0} is invariant to the
Hamiltonian flow ®% ;

(2) the function h = Hoo(po, q,u,0) = H o éoo(po,q,u,O) attains its maximum
onI.

Proof. Under the m iteration steps, the Hamiltonian H of (1.1) has the form
(6'1) Hm(pa q,u, U) =HoG, = Nm(pa u, U) + Pm(pa q,u, U)-

By the construction of the KAM iteration, we have a series of nested domains
DopDODy D DDy -+, and (6.1) holds in each D,,. Note that the Hamiltonian
flow ®% is integrable; it has an invariant (n — 1)-dimensional torus I',, which
corresponds to the maximum point of N,,(p,u,v) as the function of u. Unless N,,
is constant in u, there exist an unstable manifold W} and a stable manifold W},
which intersect each other at I'), even if the critical point is degenerate. These
two Lagrangian sub-manifolds are horizontal, consequently, are the graph of some

closed one form n% and n;,, respectively. Obviously, we have 0}, = nfn|F . If we
write
Ws = {(p7 q, ’LL,’U) L p=Dpo,V= Vu’s(p()a ’U,)} ’
Eydobserving the convexity of N,, in v and the fact aévvm (po, U, Vi (po,u)) = 0 we
n

A

Here A is the biggest eigenvalue of the Hessian matrix of N,, in (p,v), and wy is the
maximum point. However, the coordinate transformation &,,, and consequently
(6.1) and (6.2), are valid only in D,,.

Recall the construction of the generating function W, at each step of iteration.
It is easy to see that we can extend W,, with C?-differentiability to the whole D

(62) 1V (0,1) (0,101 2 1] 5 (Vo (po, o, 00, 10)) — N, (o, ).
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such that |W,,||c2 < st. Indeed, let

m*

(321 + S§n+1)a

DN =

1
DD = {|p— pol < (5% + sk 2): [0 = vm(po, )| <
1
w€ Ly, + 5(5% — 83n+1)}7

am = (s, — Spyq) and p(z) = dist(z,]D),(fL)) in which z = (p,u,v). We define the

m
extension of the generating function

(6.3) W, = (1 —y (M» W (p, g, u, ),

am

where the function v(z) : R — R is a C* function defined as follows:

( [ a(t)dt
V(@) = [ a(t)dt’
1
no{ e " 0<t<l,
a(t) { 0 elsewhere.

Obviously, W,, € C*, W = Wi (p,q,u,v) in D and W, = 0 outside of D2 +
am C Dy, — a4, By the construction of the generating function W we have

_4j

2(m+2)(l/+1)+1 45
e, il <2

.|
H - Dt6+1

Thus, the map ¥, can be extended to Dy, denoted by ‘%m, with
622(m+2)(u+1)+1

Dty tt i

1%, — Id||p, <

m -— €m,

DT — I|p, < S:ln

Let ém = ‘;’Zl o %2 0---0 ‘im TogetheNr with its differential, it converges uniformly
to a diffeomorphism &, = lim,, .o &,, over the whole Dy. Indeed, we have

[eS)
HGOO - Gm”]})o S Z €k,

k=m

Héoo - ém”Do\Dm S €my

(6.4)

since Wm+1 = 0 when z is outside of D,,. Under the coordinate transformation
Gm, the Hamiltonian H,, = H o &,, does not have the form of (6.1) on the whole
Dy; this form is valid only in D,,,. Obviously, H, is independent of ¢ when p = py,
u=ug € ey (Lx +s3), v=0.
To show the maximum property, let us consider two points z = (po, ¢, ug,0) € T
and z* = (po, ¢, u*,0) ¢ I" and compare the values H, takes at these two pomts As
z* ¢ I', 3m < oo such that u* € Ly, +52 \(Ly41+5%,1). Let 6 = hmkﬁOO T,,0

‘Zmﬂ o---0 ‘Zm+k In view of (6 4) we find that their images z,, = S oo (2) and

zk = (:3:2( *), under the map (‘3 , remain close to themselves respectively,
(6.5) [2m — 2l < em,  llzm — 27| < €m.
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Therefore,
Hoo(2) — Hoo(2") =Hm(2m) — Hm(2y,)

=N (2) = N (2") + Pm(zm) - Pm(zfn)
— (Nm(2,) = N (27)) + (N (2m) — N (2))

8
ZS'm—i—l — 2max €m — 26m

1 8
Z§Sm+1.

This completes the proof.

Let Loo(q, 1, q,u) = (p, §) + v — Hoo(p, q, u,v) be the Lagrangian corresponding

to the Hamiltonian H., through the Legendre transformation £. Let Ly = Lo, —n)
where 1) = podq is a closed 1-form. Since L7 is convex in (¢,1) it attains its
minimum in (¢, %) at the point where

oL oL

=29, 2o

a4 ou
Its solution is (p,v)(q, %, ¢, u) = (po,0), where the Lagrangian

LA(4, %, q,w)| (p,o)=(po,0) = —Hoo(Po,q; 1, 0).
By virtue of Lemma 6.1, it implies that the Lebesgue measure ur distributed on
£(I') minimizes the action Ax(p) = [(Los — A)du. Therefore, the measure S o lir
minimizes the action Ax(u) = [(L — A)dp, because the time-1-map of Hamiltonian
flow is an exact symplectic diffeomorphism and éoo is the limit of the composition
of these exact symplectic diffeomorphisms.

7. THE MEASURE ESTIMATE

In the previous sections the existence of some (n — 1)-dimensional tori is proved
under the assumption that & (p) satisfies the diophantine condition for all steps
of the iteration. In this section we shall show that this assumption is true for the
majority of the action p € R"~! in the sense of Lebesgue measure.

First, we assume that the maximum point of Ny (p,u,v(p,u)), as the function of
u, has weak persistency at each point p.

After m steps of KAM iteration the main part of the Hamiltonian has the form

m—1 m m—1
Nm(puuav) = NO(P»U + Z ’Uz(p;cvu)) + Z [PZ](p7u7/U+ Z /Ul(péc?u))a
i=1 i=0 =i

where v;(p,, u) is the solution of the equation %(p%, u,v) = 0. To run the (m+1)-
th step of KAM iteration we need to cut off a small measure subset from G,,_1
to get G, C Gp—1, so that the hypotheses (4.1b) and (4.1c¢) hold for N, when
Rep € G,,,.

Before the construction of G,,, we should be aware of the following fact. Let G,(fl)
and G%) be two different connected components of G,,,. The two sets UpeG“) D, (p)
and Up caW) D, (p) may have non-empty overlap, so the Hamiltonian may ge multi-
valued on the overlap, due to different translations v — v+v(p,,u), ¢ =14,j. But it
does not make any trouble for us. For the measure estimate, we are only interested

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



MINIMAL INVARIANT TORI 5091

in the value 9, N, takes on the set Gy, and we do not care about how to extend
N, as the function of p, to the whole space R" 1.

There are several steps to construct G,,, and to get its measure estimate. As the
first step, we assume the distance between any two connected components of G;
(i < m) is not smaller than s?.

Let {p}} be a point in the k-th connected component of G;. We introduce the
coordinate transformation B, (pi): (p,q,u,v) — (p,q,u,v +v(pk,u)), and (4.1c) is
then satisfied at the i-th connected component of G;. We introduce a coordinate
transformation 8L, = Py o---oP,1; o P..'. Under this map the main term of
H,, has the form

=

m—

Nmoum:NO(p,U)+ [Pi](p’uvvfzvl(pgcvu))v
0 =1

1=

where [P;] is real analytical on (),_, G;+s} and |[P;]| < s3. As the distance among
different connected components of G; is not smaller than 5?, we are convinced that
[P;] can be C2-smoothly extended to the whole space such that || Pi||cz < c108?.
For simplicity, we still use IV, o 4L, to denote the function extended to the whole
space.

Let 0,,(p,u) be the solution of %N o i, (p,u,v) = 0. Obviously, 0,,(p,u) =
U (psw) + >oi vi(ph, w) if p € N7, G;. Therefore,

N, Oum(paua@m(pa u)) = Nm(pauavm(pa u))v
(7.1) 9 0N,

—N 5 —m
o m 0 L (p, U,y U (D, 1)) op (ps Uy Uy (s 1)),

whenever p € i, G;. It is easy to see that the function Ny, (p,u,v(p,u)) is a
convex function of p for fixed u. Indeed, it follows from %—]Z(p, u, v(p,u)) = 0 that

DN 8N

(7.2) Dy = oy

B, N=0

Thus the Hessian matrix

D’N &N &N (#N\ ' 9N
Dp2  0p>  Opdv \ Ov? Ovdp

is a positive definite matrix because

1
I _Hpv-[;—ryv <pr Hpv) I 0 N
0 H/U_UQ va H,, _Hv_levp H/U_UQ

_ pr_Hvav_levp 0
a 0 1)

(7.3)

We use Q(k, D) = {w € R"1: [(k,w)| < D|k|~"} to denote the k-resonant strip,
S(k) = {w € R*!: (k,w) = 0} to denote the k-resonant hyperplane, and define
F,,(p) = max,ecs1 Ny 0 8y, (p, u, Uy (p, w)), since Ny, o 8L, can be extended to the
whole circle S* as the function of w. For the m-th step of iteration, we need to cut
off a set

AD = U VE Xk, D)) U <VF,;1(S(k)) 4Ll )

2 m
keZn=1 [k|<Km
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from the p-action space. VF, }(Q(k, D)) is cut off so that the image of the com-
plement set of A%), under the map §&,,, does not fall into the resonant strips,

and VF,,'(S(k)) + 3sb, is cut off so that the distance between any two different

connected components of the complement of AS}) is not smaller than st . If &,

is a diffeomorphism, VF, *(S(k)) + 3s5, C VE,*(Q(k,D)). Because VF,,! is a
Lipschitz map, the upper bound of the Lipschitz constant is independent of m and
Om. We find that

(74) m (Ag,,ll) N Bl) S Cllszm(Bl),

where .
|k| <K keZn—1
Obviously, ¥, = limy, o0 2y < F00.
As we are treating the case of weak persistency, we need to cut off another set

Ag) so that condition (4.1b) holds for the remaining part. Thanks to Lemma 3.3
we have

(75) m ((Agg) + an) N Bl) S Cosgn(SOm(Bl).

In order for condition (4.1c) to hold for the (m + 1)-th step of iteration, we
need to cut off one more set, Ag,?{), from the complement set of A$,1J U Ag,%). Let us

consider a connected component of G,,_1\ (A(ml) U (ASZ) + sfn)). If its diameter is

not greater than 2s3 , then we keep it in G,,. If its diameter is great than 2s3, , we
cut it into several parts by as few as possible straight strips with the width s, so

that the diameter of each part is between s3, and 2s2,. Thus,

(76) m (Ag,g) N Bl) S clgsmm(Bl).
We define
G = G\ (AP U (AR + 53 ) U AD).

Obviously, the object in this section is to obtain the measure estimate on the set
lim,, oo G- To do it, we should be aware that the two sets VF,,1(Q(k, D)) and
VF. ' (QFk,D)) do not coincide with each other in the general case. However,
thanks to Lemma 3.1, we have

13
(7.7) IVEZ! - VEL || < 2,/57”1 < s5.

It follows that

(7.8) VEoFm (A;gl) c AW 48
(7.9) AD (A;P + sf;) U At
where
Tn= U 9EL@00) U (VELE®) + ot ).
Ko <|k|<Kmi1
(7.10) m (meH N Bl) < e11(Bmpt — Sm) Dm(By).
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Now we are ready to show that S = lim,,, .. Gy, has near full measure. By using
(7.9) inductively we obtain that

(7.11)
hIIl m( U Agb) ﬂBl) S 611m< U Q(l{i,D) mBl) + 'm (Bl)
T N ezt keZn=1\{0} =0

S (011200D + 28(6)) m(Bl)

Using (7.5) and (7.6) inductively we obtain that

(7.12) Jinoom(Um €Z*AYNB ) < i cos2,6om(B1)

m=0

< 200555m(B1),

(713) rr}gnoo m(mg+ Ag) N Bl) < Z ClQSmm(Bl)

S 261280m(B1).

Recall (5.3) where we choose D = d% With (7.10)~(7.13), we finally convince
ourselves of the following measure estimate for S (see (1.7)):

m(S N Bl) > (1 — 6d%)m(31),

where 3 = max{(anoo)l%,?)clg}. Recall the translation v — v 4 vy, (p,u) in
each step of iteration. Given p € S, let ©(p) C T be the set where Vo (p,u) =
> Um(p, u) is well defined for u. Clearly, each u € © corresponds to a minimal
(n — 1)-torus. Thus, ®oo(p) = U,co(p) Voo (P, ) is a set function. Nevertheless, we

have (1.6)

max |V - < m < 2s 9
e [Vac(p. ) — o(p) P

m=1

Let Foo = limy, oo Fm, it is single valued on S. Clearly, the inverse of §, is
Lipschitz. By applying Lemma 3.1 we obtain (1.5)

o= (28) ). <> NERY)

To obtain (1.8) we apply Lemma 3.2 to the frequency maps 86_1\;0 and §F and
consider the images of the set SN 68—]\]];’71(31)

(714) m <3oo <Sm 88—]201(31)» >m ((1 - 230)"88—]?(8) n (B1)> .

Obviously, (1.8) follows from (1.7) as well as (7.14). This completes the whole proof
of the theorem in the case that the critical points at each step of iteration have
weak persistency.

The remaining part is to show the positive measure estimate in the case when
some critical points have strong persistency. We assume that after the (m — 1)-th
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step of the iteration the critical point of the function N,,(p,u,v(p,u)) has strong
persistency at p, i.e. if we write

d’N,,
du?
then (,,(u) > 1. In this case, the critical points nearby also have strong persistency.
For instance,

(7.15) B (u) >

When 1 < 3,(u(p)) < 1, we can treat it either by the iteration scheme for weak
persistency or by the iteration scheme for strong persistency. In this case, if the
frequency w(p*) = 9,N(p*, u(p*), v(p*,u(p*))) satisfies the diophantine condition
(1.4) for all k € Z"~1, the work of Graff [G] shows that the lower-dimensional torus
of hyperbolic type exists under small perturbation. The frequency of the flow on
this torus is exactly w(p*) (see (4.42)). According to the demonstration in this
section above and (7.15), we can see that

Tt O%’m{p eER": Bulp) < %} ) {p eR" 1 Bulp) < %} Ymy > m.

On one hand, we cut off a set {8,,(p) > 1} + s>, from G,, and carry out the
following KAM iteration for weaker persistency on the complementary set. On
the other hand, we can pick out every point p € {8(p) > 2} which satisfies the
diophantine condition (1.4), and run the KAM machine for strong persistency. In
this way we can see that the measure estimate (1.6) and (1.7) also hold. This proves
the theorem completely.

(ﬁa u, ’U(ﬁ, U)) = ﬂm(u)sgn—i-lﬂ

=~ w

;o Ve =5l < s
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