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A HYPERBOLIC FREE BOUNDARY PROBLEM MODELING
TUMOR GROWTH: ASYMPTOTIC BEHAVIOR

XINFU CHEN, SHANGBIN CUI, AND AVNER FRIEDMAN

ABSTRACT. In this paper we study a free boundary problem modeling the
growth of radially symmetric tumors with two populations of cells: prolifer-
ating cells and quiescent cells. The densities of these cells satisfy a system
of nonlinear first order hyperbolic equations in the tumor, and the tumor’s
surface is a free boundary r = R(¢). The nutrient concentration satisfies a dif-
fusion equation, and R(t) satisfies an integro-differential equation. It is known
that this problem has a unique stationary solution with R(t) = Rs. We prove

that (i) if limp_ oo [ T [R(t)|dt = 0, then lim¢ oo R(t) = Rs, and (ii) the
stationary solution is linearly asymptotically stable.

1. THE MODEL

A variety of PDE models for tumor growth have been developed in the last
three decades. These models are based on mass conservation laws and on reaction-
diffusion processes for cell densities and nutrient concentrations within the tumor.
The surface of the tumor is a free boundary, and one seeks to determine both the
tumor’s region and the solutions of the differential equations within the tumor.
Some models assume that all cells are in proliferating state, while other models
include cells in a quiescent and/or in a necrotic state. In some of the latter models,
the cells in different states are assumed to be mixed together, while in other models
the cells in different states are assumed to occupy separate regions in the tumor.

We refer to [11, [5]-[9], [18], [19], [23] and references therein for models which are
based on reaction-diffusion equations, and to [4], [20]-[22], [24] for models which
include hyperbolic equations; the hyperbolic equations arise from mass conservation
laws of densities of cells. Some of these articles include numerical results. Rigorous
mathematical analysis including existence, uniqueness, and stability theorems, as
well as properties of the free boundaries, have been obtained in [2], [3], [L0]-[I7].

In this paper we consider a model which includes densities P, @ of proliferating
and quiescent cells, respectively, and concentration C of nutrients. The cells, in
different states, are assumed to be mixed within the tumor, and to have the same
size and mass. We also assume that the tumor is uniformly packed with cells, so
that

(1.1) P+ Q = const. = N.
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Due to proliferation of cells and to removal of necrotic cells, there is a continuous
movement of cells within the tumor. We represent this movement by a velocity
field ¥. We treat the tumor tissue as a porous medium so that, by Darcy’s law,

(1.2) U = Vo, o pressure.

Next we assume that living cells can change from proliferating state to quiescent
state at a rate Kq(C), and from quiescent state to proliferating state at a rate
Kp(C). Clearly,

e K p(C) is monotone increasing in C, since the tumor grows (i.e., prolifera-
tion increases) if the supply of nutrients increases, and, similarly,
e K(C) is monotone decreasing in C'.

We also assume that quiescent cells become necrotic (primarily because of insuffi-
cient nutrition) at a rate K p(C'), where

e Kp(C) is monotone decreasing in C,

i.e., the death rate increases as the supply of nutrients decreases.

The proliferating cells undergo proliferation as well as apoptosis (natural death).
For simplicity we neglect apoptosis. We denote the proliferation rate by K g(C).
Then,

e Kp(C) is monotone increasing in C.
In a previous paper [14], Cui and Friedman considered a tumor model, which in-
cludes necrotic cells, and proved, in the radially symmetric case, that there exists
a unique solution with tumor volume {r < R(t)}, where R(t) remains uniformly
positive and uniformly bounded for all ¢ > 0. However, the asymptotic behavior of
R(t) as t — oo remained unresolved. In the present paper we address this latter
problem in the special case where the presence of necrotic cells is neglected. This
situation occurs if we assume that K p(C) = 0 (this assumption does not affect our
results), or if we assume that the necrotic cells are cleared from the tumor on a fast

time scale.
We assume that C' satisfies a diffusion equation which, for simplicity, we take to
be
(1.3) V2C —XC =0 in Q(t) (A >0),
and
(1.4) C=Cp onoQ(t),

where Q(t) is the tumor region at time ¢. The mass conservation laws for the
densities of proliferating cells and quiescent cells in €2(¢) take the following form:

oP — — —
(1.5) O+ div(PE) = [K5(C) - KoO)P + Kp(C)Q.
5} PP — — —
(1.6) 2 1 div(@n) = Ra(C)P - [Kp(C) + Kp(©)Q
If we add Egs. ([A), (C8) and use ([LI)), (IZ), we obtain an equation for the
pressure o:
(1.7) NV20s = Kp(C)P — Kp(C)Q.
Clearly, Eq. (LE) may be replaced by Eq. (). If we replace Q by N — P and set
o>
) p= N
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we arrive at the following system of equations:

(1.8) V- Xe=0 in Q(1),

(1.9) c=1 on 9Q(t),

(1.10) % +div(pVo) = Kp(e) + [Kp(©) — Kn(@)]p in Q(¢),
(1.11) V20 = —Kp(e) + Ky (e)p  in Q(t),

where

(1.12) Ky () = Kp(e) + Kp(o), Ky(e) = Kp(c) + Kg(©)
and

KZ(E):FZ(C()E) fOl"i:B7D7P,Q.
Since we shall deal with the radially symmetric case, we can take

T=ar)s  (r= ),

and rewrite Egs. (L8)—(CII) in the form:

(1.13) %% (ﬂ%) =X (0<7r<R(),t>0),
(1.14) %(O,t) =0, ¢R(t),t)=1 (t>0),
(1.15)

op Jp

(1.16) . %(r%) = —Kp(@)+Ky@p  (0<r<R(t), t>0),
(1.17) u(0,t) =0 (t >0).

The motion of the free boundary is given by the continuity equation:
(1.18) %it) = R(t)u(R(t),t) (t>0).

Finally, we prescribe initial conditions:

(1.19) p(r,0) =po(r)  (0<r < Rp),

(1.20) R(0) = R,

4773

P u—; — Kp(@) + [Ku(@) — Kn@]p - Kn@F (0 <r < R(t), t>0),
1

where Ry is a positive constant and P,(r) is a continuously differentiable function

satisfying 0 < po(r) <1 (0 <7 < Rp).

Recently, the last two authors have proved [13] that there exists a unique sta-
tionary solution (¢,(r),p,(r),us(r), Rs) of the problem (LI3)-(TI¥). They also
proved [I4] that there exists a unique global solution of the time-dependent prob-

lem (LI3)-(T20), and

(1.21) 0o < R(t) <M forallt>0,

where dp, M are positive constants. Based on ([2I]) we expect that the stationary
solution is globally asymptotically stable. In this paper we prove the following two

partial results in this direction.
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(i) If R(¢) is non-oscillating for large ¢ or, more generally, if

T+1
/ |R(t)|dt — 0 asT — oo,

then
(1.22) R(t) —» Rs, D(r,t) = p.(r), u(r,t) —us(r), e(rt)— cs(r)
as t — o0;

(ii) the stationary solution is linearly asymptotically stable.
The proof of (i) is given in §§3] @ It is based on comparison theorems and on the
following estimates:

(1.23) P,(r,t) >0 if r > cpe !, t > to,
R(t)u(r,t) — ru(R(t), t)

1.24 —c; < < — >

(1.24) c1 < "(ROD) — 1) < e, t > to,

(125) T|§r(ra t)‘ < C3,

where v, to and the ¢;’s are positive constants. In §8] we state more precisely
assertion (ii). The proof of this assertion is based on reducing the linearized evo-
lution system by means of a solution to a singular integro-differential equation
to the study of two simpler, partially decoupled, evolution equations. The integro-
differential equation is solved in §§6H7] and the study of the two evolution equations
is given in 8 where the proof of (ii) is completed.

It will be convenient to reduce the problem ([LI3)-(20) to a problem in the
fixed region {0 < r <1, t > 0}; this is done in §2

2. REFORMULATION OF THE PROBLEM
Set

WROL o, oy

p(r,t) =D(rR(t),t), wu(rt)= 0
z(t) = log R(2),
and let ¢(r, z) denote the solution of the problem

~Ac=Xe**c¢ in By ={r<1}, z€R,
c=1 on 0By,

namely,

_ sinh(VAe?r) Ve
(2.1) e(r,z) = bV sinh(ve) (0<r<1), c(0,2) = 7sinh(\/Xez).

It can be easily verified that, for a given R(t), the solution of (ILI3)), (T4 is given
by

r

¢(r,t) =c <R(t) ,log R(t)) = c(re W 2(t)).
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Hence, in the future we shall only consider Eqs. (LI5)—(C20), where ¢ is replaced
with the above expression. We introduce the functions

fle.p) = Kp(e) + [Ku(e) — Kn(c)lp — Ku(e)p?,
g(c;p) = —Kp(c) + Kn(c)p,
v(r,t) = u(r,t) — ru(l,t).
Then ([LI)-(T20) can be rewritten in the form
(2:2) pe+opr = fle(r,2(1),p(r,1))  (0<r <1, t>0),

1
(2.3) Z= /0 rzg(c(r, z(t)), p(r,t)) dr (t > 0),

(24)  rPo=(1-r"z- / p*g(c(p, 2(8)),p(p; ) dp (0 <7 <1, t>0),

(2:5)  p(r,0) = po(r) =Po(rRo) (0<r<1),  2(0) =z = log Ry.

We make the following assumptions:
(a) K;(c¢) (i = B, D, P,Q) are continuously differentiable for 0 < ¢ <1, and

Kg(e) >0, Kp(c)>0 (0<c<1),
Kp(0) = Kp(0) =0,
Kp(c) <0, Kg(c)<0 (0<c<),
Kp(1) = Ko(1) =0,
Ky (c) = Kg(c) + Kp(e) >0 (0<e<1);
(b) po(r) is continuously differentiable for 0 < r < 1, and
0<pp(r)<1 for0<r<1.

The last assumption in (a) is based on experimental observations (see [20]).
It can be easily verified that 0 < p(r,t) <1for 0 <r <1, ¢t >0 and

1dc 1 Oc af Jg dg
(2.6) ;E>0’ :£<0, &>0, %>0, 8_p>0'
We also have
(2.7) %(c(r z5),Ps(r)) <0
ap 1 Zs)s Ps )

where ps(r), zs are the corresponding components of the stationary solution (so
that ps(r) = Ds(rRs), 2s = log Rs). Indeed, setting ¢; = ¢(r, z5) and letting a be
the positive root of the equation f(cs,) = 0, we have ps > « in (0,1) (see [13]
Remark 7.1(2)]), so that

fp(csyps) = KM(CS) - KN(CS) - 2-K'M(Cs)ps
< Kp(cs) — Kn(es) — 2K p(cs)a

= —/[Kn(cs) — Kn(cs)]2 + 4K pr(cs) Kp(cs) < 0.

Note also that .
R(t) .
1 t) = —~% =
so that 19
_ 2 = — 1 = — > .
2 8r( v) =g —3u(l,t) =g —32
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Hence
(2.8) P2y = / (e, 2(8)), plo, 1)) dp — %1
0

this formula for v as well as formula (24]) will both be used later on.

3. PROPERTIES OF THE SOLUTION

In this section we establish ([23)—(T25) and some other estimates for the solu-
tion (z(t), v(r,t), p(r,t)).

Lemma 3.1. There holds
(3.1) E), 1E)] 2P <O fort >0,
where C is a constant.

Proof. From (23]) we have

1
_ 1
2 < / r2lgl dr < < [Kp(0) + K]
0
Next,
1 1
2:/ r2gecs 2 + gppi] dr:/ r21gecz + gp(—vpr + f)] dr,
0 0
by (Z2)). Since

_rzvgppr = _TZU(Q(Cap»T + Tgvgccr
= (=r?cg)r + (r*0)rg + r?vgecy,

we see that

1
3= / [r2gccz73 + (—rzvg),. + (7"211),«9 + r2vgec, + r2gpf} dr
0

1 1
= / [rzgccz,é —3r229 +r2¢* + gecy ((1 e / g dp) + rzgpf] dr
0 r
(by @F) and (—r*vg)|;—o = 0)
1 1 1
=32+ z/ ge[ric. + (1 —r%)e,] dr +/ 2 {92 +opf — gccr/ 0%g dp] dr.
0 0 T

Clearly, the last two integrals are bounded for all ¢ > 0. Hence |Z| < C. Similarly
we can prove that |z(3)] < C. O

We introduce the characteristic curves r = r(,t) of [22) for 0 < ¢ < 1:
r=uo(rt), t>0,
r(£,0) =¢.

Since v(0,t) = v(1,t) = 0, these curves remain in 0 <r < 1if0 <& < 1.

(3.2)

Lemma 3.2. Forany0 <& <1 andt >0,

aréi; ) = exp( ; %(r(ﬁ,r),r) dT) > 0.
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The proof is immediate since, by (3.2),

d (0or Ov or
T (5‘_5) = E(T(fﬂf)’t) o€
and (9r/0¢)|i=o = 1. O
Set

P(&,t) = p(r(&,t),1).
Lemma 3.3. There exists a positive constant cg such that
(3.3) co<plrt)<1  (0<r<1, t>1)

Proof. Let
Cx = tlgg (0, z(t)).

Since sup |z(t)| < oo (by (L21))), we have ¢, > 0. It follows that

Pt:pt+vpr:f(cvp)2f(c*ap) (t>0>7

P(&,0) = po(§) = 0.

Let y(t) be the solution of the equation § = f(c.,y) with initial value y(0) = 0.
Then by comparison we have P(£,t) > y(t) for all 0 < & < 1, ¢t > 0. From the
form of f(c.,y) we deduce that y(¢) > 0 for ¢t > 0 and lim;_. . y(t) = a(c.), where
a(cy) is the unique positive root of the quadratic equation f(c.,«a) = 0. Hence
B3) follows. O

Lemma 3.4. There exist positive constants c1, v1 such that
(3.4) Pe(6,t) > —cre™ (0<€<1, t>1),

so that, in particular,
1
—/ min{ P (&,t),0} dé < cre™™t (> 1).
0

Proof. Since P = f(c, P), we have
P{ = fppg + fCCT’f‘g > fppg.
Hence
35 Rl = R0 e ([ fletrien. . pe ) ar).

Observe that

_ [ Kp(9 _f
fp = Iz iz Ky(c)P = Iz v(r,t),
where v(r,t) = KPT(C) + Ky (e)P. Since, by B3), ¢ < P < 1, we have vy <
v(r,t) <w; (0<r <1, t>1), where vy, v, are positive constants. Hence
P
(3.6) n<h-psw (=)
Using the first inequality and B3) in ([B.5), assertion (4] follows. O

Lemma 3.5. There exist positive constants ca, Ty such that

(3.7) pr(r,t) >0 if coe Bt < p <1, t > Ty,
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Proof. Set W(&,t) = pr(r(&,t),t). Then
W = (fp —v)W + fec,.
Setting
t
F(f, t) = /O (fp - UT)‘T:T(&,T) dT,

we can write

t

(33) Wie0) = 0 Wie0)+ [ e e ar
0

and

(3.9) Jecr = mor (no > 0 a constant)

since f. is uniformly positive and ¢, > njr for some positive constant 7.
To estimate the v, in I" we write

2 [T ,
vr:g—r—3/ pgdp— %
0
_ 3 " 2 d 1 1 " 2 d . _
=95 [ pgdp)+ | 5| rodp—r2 = Ji(p) + J2(p).
0 0

pr(r,t) = min{p,(r,t),0} + max{p,(r,t),0},

(3.10)

Since

we can write

p(r ) = / pe(p ) dp 1 p(0,8) = pi(ryt) + pr(r,1),
0
where

pi(rt) = /0 “min{p, (p. £),0} dp,

pa(r,t) = /07“ max{p,(p,t),0} dp + p(0,1t).

Notice that

1
Ip1] < —/ min{p,(r,t),0} dr
0

(3.11) - _/0 min{P:(&,t),0} d¢  (by Lemma [32)

< Cre ™, t > 1 (by Lemma [3.4]).
Hence
[71(p) = J1(p2)] < Cligpllocllp = P2lloc < Cllpallos < Coe™, =1,
so that
(3.12) Ji(p) = Ji(p2) + [Ji(p) — J1(p2)] > Ji(p) — Ji(p2) > —Cae™ ™, t>1
Here we have used the fact that Ji(p2) > 0 because, by (2:6) and the fact that

877“2 = max{p,,0} >0,
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g(c(r, z(t)), p2(r, t)) is monotone increasing in r. Since 77 = v by ([B.2]), we also have
v

Jg(p) = ; = ;

Substituting this and [BI12) into (BI0) and using ([B.6]), we get

t(p .
[, t) < / — — vyt cge M — dr
0 P

o <t 2 s (i) o ()
(

< Oy — ot + log <%) by @3)).

Substituting this and [B3)) into (B:8)) we find that

t
W(E, e TED > W(e,0) + Cy / T L or dr
0
2

> W (E,0) + cse"ot% (t>1).

Hence if
r* > Cee " sup [EP:(€,0)],
0<é<1

then W(¢,t) > 0. O

Lemma 3.6. There exist positive constants cs, cq4, Ty such that
v(r,t)

(3.14) e S Tp Ty S

—cq if0<r<l1, t>Tp.
Proof. The first inequality follows from

1 " 2 ! 2
v(r,t)=— [ pgdp—r | p°gdp
™ Jo 0

1—p3 [T 9 1 9
=— / pgdpfr/ pgdp > —cir(1 —r).
0 T

r

To prove the second inequality we write v = vy + vo, where

1— 7"3 r 1
= / p*lg(c,p) — glc,pa)l dp — r/ p*lg(c,p) — g(c, p2)] dp,
0 I
1—r3 [T 9 1 9
V2= "3 pg(c,p2)dp—r [ p~g(c,p2)dp,
0 r
and po is as in Lemma By (BII) we have

1—73

r 1
! / P19(c,p) — gle,p2)  dp+ 7 / Plg(ep) — g(c,p)| dp
0

T

v =

IN

v
(3.15) "

2
zr(l- ) gpllocIp1lloc < Cre™0*(1 = 1)

provided ¢t > Tj. Since dp2/0r = max{p,,0} >0,

IN

d 0
9 z(0),pa(ri 1) = gecr + g, 5% > geer 2 o,
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so that

T

1
vy = — p*g(c,p2) dp — 7“/ p°g(c,pa)dp
0 0

r2

(3.16) = *7"/ P dp/ (), pa(s, 1)) ds
< —r/o P /m Cysds < —Csr(1—7).

Combining (313 with (BI6), we obtain

v < —Csr(1 —7)+Cre (1 —7) < —Cyr(1 —7)
for t > Ty, if T} is sufficiently large.
Lemma 3.7. There exists a positive constant cs such that
(3.17) [rpr(r, )] < cs,
(3.18) Ipt| <5
foro<r<1,t>0.
Proof. The inequality [BI8)) follows from B.I7) and ([22)):

Ipe| < lopy| + | < Crlpy| + C.

To prove [BIT) we recall from ([BI3]) that

O (.0)] < Ce (6. 0)| s
C —vot
< RN oil;p lppr(p; 0)].

Similarly as before, for 0 < 7 < ¢,

r@w—maﬂz/kh_wmy

(3.19) < / t

<-p(t—7)+ <

P P
_ —vot _
vg+ =+ Ce r] dt’

! 1 —evot)
L EO-TED £ dr < C/ —o(t-n) (6, T) dr < 60(7;
/0 o 0 (f t) N ’I"(§7 t)

here we used the inequality f, < const.r(¢, 7). Therefore, from B8] we get

Hence

rlpr(r, )] = r(&§ ) W(E )] < co { sup |ppr(p, 0)|e™"" +1 — e‘”‘)t] ,
0<p<1

and (BI8]) follows.

Remark. Similarly we can prove that
r?|pee| < C,
but this inequality will not be needed in the sequel.
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4. NON-OSCILLATION THEOREM

We denote the stationary solution of 2.2)-(24) by zs, vs(r), ps(r).

Theorem 4.1. If
T41
(4.1) lim |2(t)| dt = 0,
T—oo T
then
z2(t) — z5, w(r,t) = vs(r), plrt) — ps(r)
uniformly, as t — oo.

Remark. The condition ([&T]) is satisfied if, for instance,

2(t) changes sign only a finite number of times.

4781

Indeed, in this case either 2(¢t) > 0 or 2(t) < 0 for all ¢ sufficiently large, so that

2(t) has a limit as t — oo, and, consequently,

/T+1 ()] dt = /TT+1 A(t) dt

T

=1zT+1)—2(T)—0

as T — oo.

The proof of Theorem [AI] depends on several lemmas.
Lemma 4.2. Under the assumption [{1]), the following hold:
(4.2) 2(t) = 0 ast— oo
(4.3) Z(t) = 0 ast— oo.

Proof. Assertion (2] follows from Lemma B.I] and the estimate, for h = 2,

(4.4)

o= [ {2 [ hs) s} ar < 2w+l [ el

Assertion (L3) follows from (£4) with h = Z and

T
Lemma 4.3. Under the assumption [@1)), the following hold:

(4.5) sup rlpe(r,t)] =0 ast — oo,
<r<1

(4.6) sup |ug(r,t)) =0 ast— oo.
0<r<1

Proof. Set 8 = p;. Differentiating [22)) and ([24) in ¢, we get

(47) 925 + Ugr = fpo + fccz'é — Pr,
1 A I
(4.8) vy = (r_2 - 7“) Z— 7'_2/7 p2gec. dp — T—Z/r p2g,0dp.
It follows that
(4.9)

T+1 T+1
/ 2(t) dt = 55|5+1 - / 73(t)2(3)2’(t) dt -0 asT — oo.
T

1 1
i T . ]- .
0 + 00, = fpt + 22_2/ p29p9 dp + <fccz + %/ pZQch dﬂ) zZ+ <7‘ - 7’_2> prz.

r
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Set
t
B0 = [ Foberier dr
0
Integrating (d9) along the characteristics r = r(£,t) and using BI1), we get

9(5 O)| /t ef‘(g)t)ff‘(éﬂ—) d /1 2|9‘ d
O+ | —m—dr p~10] dp
0 73 (57 T) r(&,7)

of LD -+ 2D
— (2| + |2 T.
0 PEn)

10 (€, 1), )| < L&D

Define

M(r,t) = sup [0(p,t)] = sup |p:(p,t)|.
r<p<l1 r<p<l1

By Lemma[3.6] we may without loss of generality assume that v < 0in (0, 1)x[0, c0),
so that r(&,t) < r(&,7) < & for 0 < 7 < ¢. Similarly as before we have (cf. (319)
with v, = 0)

P, 1)
P& 7)

T(,t) -, 7) < 1og< >—1/0(t—7).

Hence

t 1
M (r,t) < cpe " + co/ e vo(t=7) / p>M(p,7)dpdr
0 r

+a [ O (5(0)] + 2

Let k be a positive number larger than 3. Multiplying the last inequality by 7*~3

and integrating over r € (0,1), we get

1
/ R M (r,t) dr
0
t 1 t 1
< coke V0! {1 +/ e"oT (|2 + |Z]) dT + %/ e’ dT/ R M (r,T) dr};
0 0 0

here we have used the identity

1 1 1 1
/ k=3 dr/ p*M(p,7)dp=—— [ r*M(r,7)dr.
0 r k—2 0

It follows from the Gronwall inequality that

1 t
/ R M (r,t) dir < Ce~ o=t | / e oI (|5(r)] + |2(7)]) dr.
0 0

Taking k > ¢o/vo and using Lemma 2] we obtain

1
lim r*M(r,t)dr = 0.

t—o0 0

Recalling (B18), we conclude that (@3) holds. Finally, (£0]) follows from (Z2l),
E3) and

1
|| :72

/ p2<gcczz+gppt>dp\ <C(H+ sup [rpe). 0
0 o<r<l1
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Lemma 4.4. Let f,(r,t) be a sequence of uniformly bounded functions monotone
increasing in v and monotone increasing (resp. decreasing) int, 0 <r <1, 0<t<
oo. Then there exists a subsequence fn, (r,t) and a bounded function f(r,t) which
is monotone increasing in v and monotone increasing (resp. decreasing) in t, such
that fn, (r,t) — f(r,t) a.e.

The proof of this well-known result is omitted. (I
Lemma 4.5. Let (z,v,p) be the solution of [22)—(2Z3). Assume that
(4.10) Z(t) < 2(t) < 2(¢), v(r,t) < wv(rt) < o(rt)

for0<r<1,0<t<T, where z(t), 2(t) are continuous in t, and v(r,t), 0(r,t)
are continuous in (r,t) and continuously differentiable in r. Then

(4.11) p(r,t) < p(r.t) < p(r,t)
for 0 < r < 1,0 <t <T, where p and p are respectively the solutions of the
problems:
(4.12) P + 0B, = f(e(r, 2(t)),p(r, 1)), 0 <t <T,
‘ p(r,0) =0
and
s put T = F(elr,2(), 5, 1)), 0 <t < T,
) p(r,0) = 1.

Proof. Let r = 7(&,t) be the characteristic curves of ([{I2) and let w(¢,t) =
D, (7(§,t),t). By differentiating (II2) in r and setting r = #(&, t), we get

wy + (Op — fp)w = fecr, 0 <t <T,
w(r,0) = 0.

Since f. > 0, ¢, > 0, we conclude that w(&,t) > 0for 0 < £ <1,0<¢ < T, so0
that p,.(r,t) > 0for 0 <r < 1,0 < ¢ <T. Similarly p,(r,t) > 0 for 0 < r < 1,
0 <t <T. It then follows from (ZI0) that

{pt 0, < flelr,2(t)),B(r,t)), 0 <t < T,

(4.14) p(r,0) = 0.

Rewriting ([2:2)) and [@I4) as ODEs along characteristics and using a comparison
argument, we obtain the first inequality in ({I1)). The proof of the second inequality
is similar. O

Lemma 4.6. Assume that
(4.15) tlim w(r, t) = uoo(r)  uniformly for 0 <r < 1.
Then limy_, o (2(t), u(r,t), p(r, 1)) = (Zoo, Uoo (), Doo(r)) exists, and

(4.16) Zoo = Zsy  Uoo(T) = Us(r),  Poo(r) = ps(r).

The convergence of p(r,t) to ps(r) is uniform.
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Proof. Since u(1,t) = 2(t), if uoo(1) = limy o0 u(1,¢) # 0, then lim; o |2(t)]| = o0,
which contradicts (L2I)). It follows that u(1) =0, i.e.,

(4.17) lim £(t) = 0.
Letting t — oo in ([B.14), we get
Uoo (1)
4.18 —c3 < < — 0 1.
( ) 03_7”(177")_ C4, <r<
Next, we prove that
(4.19) lim 2(t) = zs and e (r) = us(r).

t—o0

To this end, it suffices to prove that if
(4.20) tn, 1 oo and lim z(t,) = a,

n— o0

then a = z; and ueo(r) = us(r).
In view of ([@I7), we can find two sequences of numbers, {T},} and {e,}, where
T, T oo and &, | 0, such that

(4.21) a—e, <z(t)<a+e, fort, <t<t,+T,.
Since limg_.o u(r, t) = uso (r) uniformly, we may further assume that also
(4.22) Uoo (1) —&n S u(rt) <uoe +e, for0<r <1, t, <t <t,+T,
Now let

zn(t) = z(t+tn), un(rt) =ulr,t+1t,), pu(r,t) =plrt+t,).
Then, by (@2I) and (£22]),
(4.23) a—¢ep<zp(t) <a+en, 0<t
(4.24) Uoo (1) — n S Un(ryt) < Uoo(T) + €, 0
Let

Ty,

<
<r<1,0<t<T,.

O (1) = (Uoo(r) + €n) — T(Uoo (1) — €1), Un (1) = (Uoo (1) — n) — r(Uoo (1) + €1).

Then, by ([@24), the function vy, (r,t) = v(r,t + t,) = un(r, t) — ru,(1,t) satisfies

(4.25) U (1) < vp(r,t) < O (1), 0<r<1,0<t<T,.

Let p,,, Pn, be solutions of the problems

(4.26) Pt + 0nDy, = flc(r,a+en),p,), 0<r<1,t>0,
' Pn(r,0) =0, 0<r<1,

(427) Z?n,t + Enpn,r = f(C(T, a — gn);ﬁn)a 0 § T S ]-, t> 07

pn(r,0) =1, 0<r<l1
Then by Lemma, [£.35]
(4.28) D (1, t) < pp(r,t) < pp(r,t), 0<r<1,0<t<T,.

Differentiating (£.26) in ¢ and integrating along the characteristics, we find that
dp,,/0t > 0; similarly 0p,/0t < 0. Recalling that p, (r,t) and p,(r,t) are also
monotone increasing in r (cf. the proof of Lemma (5], we may use Lemma [£.4]
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to conclude that, without loss of generality, the sequences {p,} and {p,} are con-
vergent for almost all (r,t). Let p and p denote their limits, respectively. Taking

n — oo in ([@26]) and [@E27), we get

(4.29) Py +ucep, = fle(ra),p
(4.30) Pt + ucopr = f(c(r,a),p)

in a weak sense. Since each p,(r,t) is monotone increasing in t, p(r,t) is also

monotone increasing in ¢. Similarly, p(r,t) is monotone decreasing in ¢. It follows
that the pointwise limits

=

)

Doo(r) = tlim p(r,t) and pPoo(r) = tlim p(r, t)

exist. Taking ¢ — oo in ([@29) and ([@30), we find that both P (r) and Poo(r)
satisfy the equation

(4.31) s (NP () = fle(r,a),p(r)  (0<r<1)

in a weak sense. Since uo(r) < 0 for 0 < 7 < 1, we can use similar arguments as
[13, §8] to show that this equation is satisfied in the classical sense. We claim that
Poo(7) = Poo(r)-

Indeed, from (£I]) and the boundedness of P, it follows that f(c(r,a), P, (7))
must vanish at » = 0 and r = 1, which determines uniquely the values of 7 (r)
at r = 0 and » = 1 (in particular, p.(1) = 1). Since the same holds for poo, the
function 7(r) = Poo(r) —Doo () vanishes at » = 0 and r = 1. By direct computation
we get

7' (r) + a(r)m(r) =0, 0<r<l,

where a(r) < 0for 0 < r < 1. It follows that 7 = 0 (otherwise we get a contradiction
at a point where 7(r) takes its maximum or minimum).

Now let p(r,t) be any weak limit of a subsequence of {p,,(r,t)}; for simplicity we
may take it to be the entire sequence {p,}. Then by ([{.28) we have, for any finite
T >0,

p(r,t) <p(rt) <p(rt), 0<r<1,
for 0 <t < T, so that this holds also for all ¢ > 0. It follows that
(4.32) S p(r,£) = B (r) = Pic(r) = pc(r).

Letting n — oo in the equation

wnlrt) = 75 [ 20l 0),1alo. )

and using ([@23), (£24), we obtain the relation

Uselr) = / " Pg(clpra), 5, 1)) dp.

If we take t — oo and use ([@32]), we get

(433) welr) = [ Paletp.a)pulo) dp
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Next, integrating the equation

5(t) = / r2g(c(r, 20 (), pu(r ) dr

over [0, 7] for any T > 0, we get

T 1
2n(T) — 2,(0) = /0 /0 rzg(c(r, 2n (1)), pn(r,t)) dr.

Again letting n — oo and using (23], [@24), we obtain

0= /O ! /O 2 g(e(ra). 5 1)) dr-

Since T is arbitrary, this implies that

1
/0 r2g(c(r, a), p(r,1)) dr = 0

for all ¢ > 0, and, as t — oo, we arrive at the relation

(4.34) /0 r2g(c(r,a), poo(r)) dr = 0.

From (£31), @E33), (@34) we see that (z,u(r), p(r)) = (a, ux (1), Poo(r)) is a weak

solution of the stationary problem. Since weak solutions are classical solutions [I3]
§8], by the uniqueness of classical solutions ([I3, §11]) we conclude that

a = zg, UOO(T>:U3(T>7 pOO(T)ZPS(r)'

This completes the proof of the lemma, except for the assumption that p(r,t) —
ps(r) uniformly as t — oo. This statement follows from Lemma E7]

Lemma 4.7. Let (z,v,p) be the solution of [22)—(Z3]). Assume that

(4.35) tlirrolo z2(t) =2, and tlirrolo v(r,t) = ve(r)
uniformly for 0 <r < 1. Then also
(4.36) A p(r, t) = ps(r)
uniformly for 0 <r <1.
Proof. Set
C(t) = 2(t) =25, n(r,t) =v(r,t) —vs(r), (r,t) =p(r,t) —ps(r).
Then
(4.37) ¢¢ + vdr = —p(r)n + a(r, )¢ — b(r, t)¢,

where a(r,t) is a bounded continuous function and
b(r,t) = —[Kar(es) = Kn(es)] + Kar(es)[p(r, ) + ps(r)]
> —[Kn(cs) = Kn(cs)] + Knr(cs)ps(r)
= [Kp(cs) — vs(r)pl(r)]/ps(r) > const. > 0.

Since ((t) — 0, n(r,t) — 0 ast — oo, writing (£37)) as an ODE along characteristics
we conclude that ¢(r,t) — 0 uniformly as ¢t — co. O
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Lemma 4.8. Assume that

(4.38) tlim ug(r,t) =0 uniformly for 0 <r <1.
Then
(4.39) tlim z(t) = zq, tlim u(r, t) = us(r), tlim p(r,t) = ps(r)

uniformly for 0 <r <1.

Proof. Since u(r,t)/r and u,(r,t) + (2/r)u(r,t) are bounded for 0 < r < 1, ¢ > 0,
for any sequence t,, T co we can find a subsequence, which we still denote by t,,
and a continuous function uq (r) such that

(4.40) lim w(r,t,) = uoo(r) uniformly for 0 < r < 1.
n—oo

We want to prove that ue(r) = us(r).
Using a similar argument as in the proof of Lemma 5 we can deduce from
(@38) and [40) that there exist positive sequences &, | 0 and T}, T oo such that

(4.41)  weo(r) —en <u(rt) <uc(r)+e, for0<r <1, ¢, <t <t,+T,.

We assert that us(1) = 0. Indeed, if us(1) > 0, then from the bounds in (41
and the fact €, — 0 we can find an ng such that 2(t) = u(1,t) > (1/2)uc(1) for
t, <t<t,+ T, n>ng It follows that

T, T,
2(tn + 1) > 2(tn) + ?uoo(l) >-C+ ?uoo(l) — 00 asm — 09,

contradicting the fact that z(¢) is a bounded function. Hence uso (1) < 0. Similarly
Uso(1) > 0 and, hence, us(1) = 0.
From (£41) (for r = 1) and the equation 2(t) = u(1,t) we get

(4.42) —en < A(t) <& fort, <t <ty+ Th.

Since z(t,) is a bounded sequence, by replacing {t,} by a subsequence we may
assume that z(t,) is convergent. Let a = lim,,—. #(t,). Using (£42)) and a similar
argument as in the proof of LemmalLH] we can show that, after replacing {e,} and
{T,} by other sequences ¢!, | 0, T, T oo (which for simplicity we again denote by
en, Tn),

(4.43) a—e, <z(t)<a+e, fort, <t<t,+T,.

Using (@41]) and ([@43]), we can apply similar arguments as in the proof of Lemma
to conclude that a = z, and, in particular, ueo(r) = us(r).
The above argument shows that ([@I5]) holds, so that, by Lemma [£8 the desired

assertion follows. O
Proof of Theorem[£1]. Theorem F.T] follows from Lemmas [£.3] and O

5. LINEAR ASYMPTOTIC STABILITY
Setting in ([2.2)-24):
2(t) = zs +((t) + O(e?),
(r,t) = us(r) +en(r,t) + O(e?),
r,t) = ps(r) +ed(r,t) + O(e?),

v +
»( +
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and letting ¢ — 0, we get the linearized problem of (Z2)—(Z4) about the stationary
point (zs, vs(r), ps(r)):

(5.1) ¢+ Lp=—A(r)¢ — B(r)¢ (0<r<1,t>0),
(5:2) C=-uC+J(@)  (t>0),
where

_ 1
63 Lol) = 10)6r) — F,0000) = 21 [ g, (p)oto) d
(5.4 Aw) = 7000 - 25 [ g0y ao >0,
(5.5) B(r) = <Ti2 - 7‘) 5. (r) >0,
(5.6) - / 55.(p)e-(p) dp > 0,
(5.7) 16) = [, 0)000) o

here v(r) = vs(r), p,(r) = pi(r),

e(r) = genz). T) = Sh(elrz)pu(r))y Tu(r) = B lelrz).pu(r),

o5

0
Golr) = 5 (el 2:)o()s Belr) = 50 (el 7). po(r):
The inequalities A(r) > 0, B(r) > 0, u > 0 follow from the inequalities (2.6) and
@7). Notice that by using Eq. (24)), we have eliminated 7 from the linearized
system.

Since v € C1[0,1] and v(0) = v(1) = 0, the characteristic curves of (5.1]) given by
dr/dt = v(r) and initiating from £, 0 < £ < 1, remain at this interval for all ¢ > 0.
Using this fact, one can easily prove that the initial value problem for the system
GI)-(E2) is well-posed, namely, for any ¢, € R and ¢ € C[0,1] N C(0,1], BEI)-
(52) has a unique solution ¢ € C*[0,00), ¢ € C([0,1] x [0,00)) NCL((0,1] x [0, 00))
satisfying

CO)=Co,  9(r.0)=d0(r) (0<r<1).
In the following sections we shall prove that the trivial stationary solution (¢, () =
(0,0) of the system ([EI)-(E2) is asymptotically stable. Note that if we assume
that ¢o(1) = 0, then from (B we get ¢(1,¢) = 0 for all ¢ > 0. For simplicity we
shall first consider this case, and defer the general case to the remark at the end of

&

Theorem 5.1. There exist a positive constant o* and a function ¢*(r) satisfying
¢*(r) >0 (0 <r<1), ¢*(r) = oo as r — 0, such that for any solution (¢,() of
GEI)-GE2) with ¢o(1) =0 the following holds:

o(r,t)
¢*(r)

where C is a constant which may depend on the initial value of (¢, ().

(5-8) [C(t)[+ sup
0<r<i1

' <C(1+ t)zef"*t for allt >0,
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The following lemma will be needed later on.

Lemma 5.2. Set k = —f,(0)/v'(0). Then r >0 and, for some co >0,

r if Kk > 2,
(5.9) D,.(r) = (co +0(1)) < rlog (%) if k=2,
rrl if Kk <2,

asr — 0.

Proof. Indeed, in the notation of [13], we have K = o(A) + 1, A = ¢(0, 2) (see [13]
(5.9), (4.4), (3.8)] for the definition of the function o(A)). Hence (B9)) follows from
[13, Theorems 5.3, 5.4]. O

In view of the above lemma, the functions A(r), B(r) are singular at the point
r = 0, and there exists a constant C' > 0 such that
(5.10)

0<A(r) < Cr (1 —7)p,.(r), 0< B(r)<Cr 21 —r)p,(r) 0<r<1);

here we used the facts that ¢,(1) = 0 and p,.(1) > 0.

6. STEADY-STATE PROBLEMS WITH A PARAMETER 2z

For any z € R, consider the problem

(6.1) v(r)p'(r) = fle(r,2).p(r)),  0<p(r)<1(0<r<1),

(6.2) r2u(r) = —/ p*9(clp, 2),p(p))dp (0 <7 <1).

As in the proof of [13 Theorem 5.3(1)], this system has a unique smooth solution
in an interval (1 — 4, 1] for some 0 < § < 1, with v(1) = 0, p(1) = 1 (which follows
from f(c(1,2),p(1)) =0) and v'(1) = g(e(1, 2),p(1)) = Kp(1) > 0, so that v(r) < 0
if § is small enough. By standard ODE theory, we can uniquely extend the solution
either to a maximal interval (r*(z), 1] with 0 < r*(z) < 1 such that either v(r) < 0
in (r*(2),1) and

(6.3) v(r*(z)) = llin(l )v(r) =0,
or 7*(z) = 0 and v(r) < 0 for all 0 < r < 1 whereas v(0+) = —oo. Furthermore,

using a similar (but simpler) argument as in the proof of [I3, Theorem 6.1] we
can show that both 7*(z) and the solution are continuously differentiable in the
parameter z. We shall denote the solution by (P(r,z),V(r,z)) to emphasize its
dependence on z.

Lemma 6.1. (1) There hold, forr € (r*(z),1),
(6.4) V(r,z) <0, P.(r,z) >0,
(6.5) P,(r,z) <0, V.(r, z) >

(

*

(2) There exists a unique z* € R such that r
(2) =0 for z < z*, V(0,2%) = lim, o V(r, z*) =
1
(6.6) lifIOM"QV(T,z) = —/ p*g(c(p,2), P(p,2))dp <0 forz < 2%,
r 0

so that, in particular, (2*,V (r,z*), P(r,z*)) = (25, vs(r), ps(r)).

z*) =0, r"(2) > 0 for z > z*,
0, an

QU
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Proof. The proof that P, > 0 follows as in [I3], §7]. Differentiating (61I)) in z we get

(6.7) VoPr + VP, = fees + fpPs
Differentiating this equation in r and taking r = 1, we obtain
oP,
(V fp) = feCar, r=1;

here we have used the facts that VZ =0,V,,=0,P,=0andc, =0at r = 1.
Noting that V,. > 0, f, <0, ¢, > 0at r =1 and f. > 0, we see that 9P,/dr > 0
at r = 1. Since P, = 0 at r = 1, it follows that P,(r,z) < 0if 1 —§ < r < 1,
for some 0 < § < 1. Let (rg,1) be the maximal interval such that P,(r,z) < 0 for
ro <1 < 1. Then from (6.2)) we get

1 1
(6.8) Vilr,z) = ~2 / p2lgec. + gpP.ldp >0 ifrg <r<1.

We claim that ro = r*(2). Indeed, otherwise P,(rq,2) = 0, P.(rg,2) < 0 and, by
©3), V.(ro, z) > 0. It follows that, at r» = rg, the left-hand side of (€1 is positive
whereas the right-hand side is negative, a contradiction. Hence assertion (1) holds.

Assertion (2) can be proved by using similar arguments as in [I3] §§9, 10]. We
omit the details. O

Remark. The above lemma gives a simplified proof of the existence of a stationary
solution for the system (2.2)—(2.4).

Lemma 6.2. There exist positive functions c¢1(z), ca2(z) such that

(6.9) c(z)r 1 —r) < <r12 - r> 9c + e < ecp(2)r 1 =)
forO<r<1,zeR.

Proof. Set F'(c) = Ac, so that
Ac = e**F(c).
By direct calculation we find that

LN (LN e 40 e
A{(T_Z_T>E}_e Fe (7"2 T)@r_ 27 F (c) 7‘287'(7“)’

Ac, — e¥*F. ¢, = 2€2ZF(C).

Hence
1 dc = Oc 2% 1 dc  Oc) 4 0 [c
A{(ﬂ’“)m%z}“ Fc'{(w’“)m%z}rzm(r)
Let w(r,2) = (& —r) 9¢ + 25, Then
28 2z - 22 748 Cr .
*A(Tw)+;§(rw)+e F. - (rw)=r(-Aw+e Fc~w)f;a (7),

the right-hand side is positive since

. 1
e, = & / PE(elp2) dp =10 [ 02F(clr,2) db
0 0
so that
/ 03F.(c(r0,2))c (6, 2) df > 0.
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The function rw also satisfies the boundary conditions

o 1de 1,
rW|p=o = }13(1) ~ar = 3¢ F(c(0,2)) >0,

| — 1_7«2 %4_ %
MWlr=1= r or oz

Hence, by the maximum principle and the continuity of rw,

=0.

r=1

0 <rw(r,z) <co(z) for0<r<l1.

The inequalities in ([69) now easily follow from this estimate on rw and from the
Taylor expansions of rw(r, z), w(r, z) at r = 0 and r = 1, respectively. O

Lemma 6.3. Let £, A(r) and B(r) be as in G3)-E0). Then

) )
z=z*

and there exist positive constants c1, ca and c3 such that

r?2(LB — A)
———— < ¢y, 0<r<l;
p(r)(1—r) ="

r2(LB — A)(r)/p,(r) = c3(1 + 0(1)) asr — 0.

oP
(6.10) A= —C (%

(6.11) ¢ <

Proof. By differentiating (6.1)), (62) in z and taking z = z* = z, we get, respec-

tively,
U(T)% <<2_1: Z:Z*> ~F0) g_]: . = f.(r)e.(r) —p,(r) (?3_‘: L
o e = Tlp%c(p)@(p) do- 5 [ a0 5 L
Hence
()t (3].) o

and assertion (610) follows. Next, by taking z = z* in Eq. (6 and differentiating
it in 7, we get

5(?‘)%(1‘%(?‘)) = fe(r)en(r) + F,(r)p,(r) = 7' (r)p, (),

so that

d T _
55{(%—7")@}—]0,,-(%—7«)@: <Ti2—7‘> {fcﬁr—ﬂ’z‘?r}—(%Jrl) T,
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By integration by parts (using the relation dg/9p = g,p, + g.¢-) we also have

— rig P*7,(p) - (% — p) p.(p)dp
= [ {50900 - 0= P o)+ 35%0) ) do
= S0+ [ (1= o)) do -+ 300,

Using these relations we obtain
1 - p [ 1
LB = (—2 — r) foCr + p_;/ 0> (—2 — p) J.Cr dp.
r = Jr P
1 — 7 [t 1 o A S
LB—-A= (—2 —r) feer + r_;/r P’ (F —,0> geCrdp+ foc. + 7;/ p*g.c. dp
2(7’)}

- @T—(J) /T1 P°7.(p) {(p—l2 - p) e (p) +Ez(0)} dp-

Since ¢,.(r, 2) = (r/3)e?* F(c(0, 2))+o(r) as r — 0, ([G.11) as well as the last assertion
of the lemma follow immediately by Lemmas and O

Il
x|
o]

—
3
S—
7 N\
?\7| —
|
<
o

S
—
=
N—
+
ol

7. A SINGULAR INTEGRO-DIFFERENTIAL EQUATION

In this section we study the following singular integral-differential equation for
P
Lo* — (u+ J(B))¢* + J(¢")¢" = LB - A,
or, equivalently, the system for (¢*,0*):
(L—0%)¢p* =LB — A,
o =p+J(B)—J(¢"),

where A, B, u, £ and J are as in (03)-(@1). To prove that this equation has a
unique solution in C(0,1] N C1(0,1) we need the following lemma.

(7.1)

Lemma 7.1. Leto; = ffp(l) = Kp(1)+Kp(1) > 0, and assume that ¢ € C(0,1].
Then the following assertions hold:
(1) For any o < o1 the equation

(72) (L—o)o=w in(01)
has a unique solution ¢ = ¢(r,0) € C(0,1] N CY(0,1). Moreover, ¢(1,0) =
¥(1)/(o1 — o), and if p > 0 in (0,1), then also

(7.3) 6 >0, % >0 in(0,1).
(2) If also ¥(1) = 0, then Eq. (2)) with 0 = o1 has a 1-parameter family of
solutions, given by

(7.4) ¢ = dop + COge, ¢ is a real parameter,
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where ¢sp, Gge are Tespectively the unique solutions of the equations:

(L —01)psp =1 in (0,1) n (L —01)pge =0 in (0,1)
(75) {¢sp(1) =0 ! {¢ge(1) =1

Furthermore, ¢sp(r) = limg o, ¢(1,0), ¢psp > 0 in (0,1), and ¢ge > 0 in (0,1].

Proof. We first consider the case o < 1. Eq. [{2)) can be explicitly written as

@6 50)6.0) = Gyl + 0)o0) = Z [ 5, (0)00) dp = wio)

T

Take any 9 € (0,1) and set

"folp)+o _o1—o0
W(r)zexp(—/rowdp> and a—%.

Since /(1) = Kp(1) > 0, we have o > 0. Also, since o(1) = 0 and f,(1) = —o71,

fp(_r)—ka _ a+o(1) as 7 1,
o(r) 1—r

so that W(r) = C(ro)(1—7)*(1+0(1)) as r — 1, where C(ro) is a positive constant.
Using these facts and rewriting (Z.6) in the form

W (r D,.(r Lo

o) =20 o)+ 8 [ oo do).

u(r) r2 )y
we can apply an argument as in the proof of [I3, Theorem 5.3(1)] to show that
([T2) is equivalent to the integral equation

o) = 7157 | [wt0+ 2 [ g oyt s

It then follows from the contraction mapping argument that there exists a 0 <
0 < 1 such that (7€) has a unique solution in the interval (1 — 4, 1), satisfying
¢ e Cl—-41NnCHL-6,1), and ¢(1,0) = ¥(1)/(07 — o). Since v(r) < 0 for
0 < r < 1, by standard ODE theory we can uniquely extend the solution to the
whole interval (0,1). To prove that ¢ > 0 in (0,1) we first assume that (1) > 0.
Then also ¢(1,0) > 0, so that ¢(r,g) > 0 in an interval ro < r < 1, for some
0<7ryo<1l If0<ryg<1and ¢(rg,0) = 0, then, at the point r = r¢, the
left-hand side of (7.0]) is negative while the right-hand side is positive, which is a
contradiction. Hence ¢(r,0) > 0 for all 0 < r < 1 provided (1) > 0. If ¢(1) = 0,
then we can approximate ¥ with ¥ + ¢ and, letting ¢ — 0, deduce that ¢ > 0
in (0,1]. The function ¢ cannot vanish at any point in 0 < r < 1, for otherwise
a similar argument as above will lead to a contradiction. Hence ¢ > 0 in (0, 1).
Differentiating (Z2) in o we get

(L—o0) (gf) =¢>0 1in (0,1),
so that d¢/do > 0 in (0,1). This proves assertion (1).

Next we consider the case o = o1. In this case we have W (r) = C(rg)(1 + o(1))
as 7 — 1. Using this fact and the condition that ¢(1) = 0, we can apply a similar
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argument as in the proof of [I3, Theorem 5.4(1)] to show that (6) is equivalent to
the following integral equation:

o) = 17

where ¢ is an arbitrary real number. Hence, by using the contraction mapping
theorem we conclude that Eq. (6] has a 1-parameter family of solutions: for each
¢ € R there is a unique solution such that ¢(1) = ¢. From the above equation we
also see that ¢ can be expressed in the form (.4)), where ¢, and ¢4 are respectively
the unique solutions of the equations

Bup(r) W [ + ) / 25 (5)u(s) ds} dp

¢ge<r>W1(T){1+ Tl v |2 / 1s2§p<s>¢ge<s>ds] .

and they satisfy the corresponding systems in ([Z5). By a similar argument as for
the case o < o1 one can prove that ¢s,(r) > 0 for 0 < r < 1 and ¢g(r) > 0
for 0 < r < 1. Finally, the assertion lim, »», ¢(r,0) = ¢4,(r) follows from similar
arguments as in the proof of [I3, Theorem 6.1]. O

and

Lemma 7.2. Assume that 1 € C1(0,1] and the following conditions are satisfied:
: _ r*y(r)
>0 in(0,1), P(1)=0 and sup
o<r<1 Pp(7)

Let 0 < o1, and let ¢ be the solution of Eq. ([(2)), satisfying ¢(1) > 0 in case
o = o01. Then the following assertions hold:

(1) ¢ € CH(0,1].

(2) If 0 > 09, where

(7.7) oo = —37'(0) — £,(0),

then ¢(r) > cor=3(1 — 1) (co > 0), so that fol p2(p)dp = 0.
(3) If 0 < 09, then fol p29(p) dp < oo, and there exist constants ¢y, ca such that

< 0

(7.8) &(r) = (1 + o(1))r O + (cg + 0(1))r 25, (r) asr — 0.

Proof. Assertion (1) follows from a similar argument as in the proof of [13], (8.10)].

To prove (2) and (3) we shall use the same function W(r) as in the previous lemma.
+Fp(0)
Then W(r) = cor 7 O (14 0(1)) as r — 0, for some positive constant ¢g, and

9) 60 =i {ova+ [ 18 o+ P20 [ g opo00) ] o}

If 0 > 0g, then

— = — +3 >3,
()] ['(0)]
so that
P(ro) -3
> >
o(r) > W) > cor for 0 < r < 1y,
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and assertion (2) follows. If o < oy, then, setting § = %‘(’Jg?), we have 0 < 3, so

that
o) < s {otr +.0 [T 2 B o [ 2o6)as]
{oto)+cr-m. 0 [c+ [ 20 5] dp} - (using )

=

INA
‘H

r)
W(r) T

<Cr=% +Cr2p,.(r) {C + / 1 s2p(s) ds] .

T

This implies that, for 0 < r < 4,

/j p*p(p) dp < C + 0(0) [1 + /1 s26(s) ds] aS 6 — 0.

T

Hence fol r2¢(r) dr < oo. Using this fact and recalling that W (r) = cor?(1 + o(1))

as r — 0, we get (Z8)) from (Z.9). O
Lemma 7.3. Equation (I) has a unique solution (¢*,0*) which satisfies: ¢* €
(0,1,

(7.10) car 2(1—r)p.(r) < ¢ (r) < cor™® (c1>0, cg>0,1<6<3),

and

(7.11) 0<o* <oy, 0<o" < op.

Proof. For each o € [0,01), let ¢(r, o) be the unique solution in C(0,1] N C*(0,1)
of the equation
(L—0)p=LB—-A
and define, for 0 < o < &, where 6 = min{og, 01},
H(o) =0+ J(6(,0)) — p— J(B).
By Lemma [7.2)(3) we see that H is well-defined, and, by (Z3), H € C'[0,5) and

(7.12) Ho)=1+4J (%(-,o’)) > 1.

Strictly speaking J (g—i(~, o)) may not exist, but working with finite differences with
respect to o we obtain

H(o+46) — H(o) o(,0+9)— (-, 0)
5 :1+J< 5 )>1,

so that H'(§) > 1 holds in a weak sense and, in particular, H (o) is strictly monotone

increasing. Since, by (610), ¢(r,0) = B(r) + %—f‘zzz*, we have
oP ! oP
"oy =g (%" —u={ 2?lge+g & dp < 0.
(O) J < 62’ z—z*) u \/0 p |:gCC + gp 82: z—z*:| p < 0

Next, if 09 < 07 so that 6 = o9, then, by ([6.2) and Lemma [7.2]
lim H(o) = 09 + liTm J(o) —pu—J(B) = o0.
o |0Q

olo

It follows that there exists a unique 0 < o* < & such that H(c*) = 0, which implies
that (¢*,0%) = (¢(-,0%),0") is the unique solution of (Il which, by Lemmas
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and [[2 satisfies (ZI0). Consider next the case oo > oy so that & = o1. Since
limy_,o, &(r,0) = ¢sp(r), we have

H(o1 —0) =01+ J(¢psp) — 0 — J(B).

It follows that if J(¢sp) > p+ J(B) — 01, then H(o1 — 0) > 0, and, consequently,
there exists a unique o* € (0,01) such that H(¢*) = 0, so that (ZI]) has a unique
solution satisfying (ZI0). It remains to consider the case where J(¢s,) < p +
J(B) —o1. In this case, since J(¢ge) > 0, we can find a unique number ¢* > 0 such
that

¢* (1) = op(r) + " dge(r) and o =0
form the unique solution of ([ZI)). This completes the proof of the lemma with o*
satisfying (ZI)). .

Remark. Note that (¢,¢) = (¢* — B,1)e~7 t solves (1), (5-2); namely, —c* is an
eigenvalue of the linearized operator associated with the steady state.

8. THE PROOF OF THEOREM [G.1]

Introducing the function

(8.1) o(r,t) = 0(r, 1) + ¢(t)(¢"(r) — B(r)),
the system (1) ([E2) becomes:

(8.2) 0, + L0 =—¢"J(09),

(8.3) (=—0"C+J(H).

Note that ([82) can be decoupled from (83]). We shall first estimate the asymptotic
behavior of 8 and then use it to analyse the behavior of { and ¢ as t — co.

From §5 we know that ¢ € C[0,1]NC(0,1], ¢(1,t) = 0. Using (7.10) and (5.10)
we see that the function 6(r,t) introduced by (BI) may be unbounded at r = 0,
but nevertheless it satisfies:

0(r,t)
¢*(r)
here we used the fact that if ¢*(1) = 0, then by (ZI0) ¢* only vanishes linearly
and by (8I) 6(1,t) = 0, so that 6/¢* remains bounded also at » = 1. It follows
that J(#) is finite.
bo(r) }
< 00
¢*(r)

We introduce the set of functions
and prove that if the initial value of # belongs to M, then, as t — oo,

(8.4)

)

0<r<1

M= {00 € C(0,1]NnC*0,1): sup

o<r<1

0(r,t) . S
(8.5) BN ey 0, J(@(-,t)) — 0
and
(8.6) C(t) =0 ast— oco.
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We begin with some lemmas.

Lemma 8.1. Let 6§y ¢ M, 0 € R, ¥ € C([0,1] x [0,00)), and ¥(-,t) € M for each
t > 0. Then the initial value problem

{<I>t+(£—a)<1>:\11(r,t), O<r<1,t>0,

(87) D(r,t) =0p(r), 0<r<l,

has a unique solution ®(r,t) which is continuous for 0 < r <1, t > 0, continuously
differentiable for 0 < r < 1, t > 0, and belongs to M for each fized t > 0.
Furthermore, if 09 > 0 and ¥ > 0, then also ® > 0.

Proof. Let r = r(&,t) (0 <& <1, t > 0) be the characteristic curves of ([871) and
denote ®(&,t) = ®(r(&,t),t). Then ([BT) is equivalent to the problem:

by = (f,(r(€,1)) + o) _ _
SR Je v Daln, 07, (r(n.0)@(n,t) dn + U (E,t), >0,
B|;—o = o,

where a(n,t) = exp(f(;5 B(r(n,7))dr) and W(¢,t) = U(r(,t),t). One can easily
transform this problem into an integral equation and solve it locally in ¢ by using
the contraction mapping theorem. Global existence follows by step-by-step con-
tinuation, since, for each T > 0, ® is a priori bounded in 0 < t < T. The proof
that ®(r,t) belongs to M for fixed t follows from similar arguments as in the pre-
ceding section. Finally, to prove that 6y > 0 implies & > 0 we first assume that
6o > const. > 0 and prove that ®(r,t) > 0 for all 0 < r < 1, ¢ > 0. If the assertion
is false, then we can find a tg > 0 and a 0 < rg < 1 such that

O(r,t) >0 for0<r<1, 0<¢t< tp; D(r,tg) >0 for 0 <r <1,

and ®(rg,t9) = 0. It follows that

Since ®(1,t) is the solution of the equation

L(B(1,0) = (F,(1) + 0)2(1,1) + W(L,1),

by the assumptions ¢¢(1) > 0 and ¥(1,¢) > 0 we infer that ®(1,¢) > 0 for all ¢ > 0.
Hence rg < 1 and

1
| #5000 t0)dp > 0.

To

Further, if 0 < 79 < 1, then ®,.(rg,tp) = 0 so that
5(7'0, tQ)(I)T(To, to) = O
If ro = 0 the above relation also holds (see [13] §8]). It follows that

— 1
prTr _
0={P+(L~0)2—=V}|(rt)=(ro,to) = — 7E20) / p°G,(p)®(p, to) dp—V(ro, to) <0,

0 o

which is a contradiction. For non-negative ¢, we can first apply the above to ¢g+¢
(e > 0) and then take ¢ — 0. O
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Remark. From Lemma Bl it follows that for any 6y € M Eq. (B2) has a unique
solution satisfying 6(-,0) = 6y and 0(-,t) € M.

Lemma 8.2. Let §(r,t) be the solution of Eq. (B2) with initial value 6(r,0) =
Oo(r) € M. Let ®°(r,t) and ®*(r,t) be respectively the solutions of the initial value

problems

(8.8) Y+ LD =0, t>0,
. 0|,—o = 6o,

and

(8.9) O +LO* =0, t>0,
' " |4=0 = ™.

Set A(t) = J(6(-,t)). Then A(t) satisfies the equation:
t

(8.10) At) +/ ADK(E—1)dr = 0(1), >0,
0

where

K@:J@WJD:AT%M@WMMn

W(t) = J(@O(-, 1)) = /O r2g (r)®0(r, 1) dr.

Proof. We first note that, by Lemma B the integrals J(6), J(®*) and J(®°) are
finite. We claim that

(8.11) 9(-,t)—<I>O(-,t)+/tA(T)<I>*(-,t—7')dT:0.
0

Indeed, denoting the left-hand side by M(r,t), one can verify that
M+ LM =0 (t>0) and M=o = 0;
hence M = 0. From BII]) we get

JW@WZJ@WﬁD*AAﬁN@WJ*ﬂNﬂ
and (BI0) follows. O

Lemma 8.3. Let K € C'[0,00) and assume that

d
>0, %(e”tK(t)) <0 fort > 0.
Then for any ¥ € C[0,00), Eq. (BI0) has a unique solution A € C[0,00), and the
solution satisfies:

(8.12) K(t)

(8.13) |A(t) — W (t)| < K(0) /0 t e CDNW(7)|dr fort > 0.
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Proof. The existence of a unique solution of ([BI0) follows by iteration. To prove
BI3) consider first the case o = 0. Set m(t) = fot A(7) dr. We claim that, for any
e >0,

t
(8.14) m(t) < / [max{¥(7),0} +¢]dr forallt>0.
0
Indeed, since m(0) = 0 and m/(0) = A(0) = ¥(0) < max{¥(0),0} + &, the above

inequality holds for small positive ¢. It follows that if the assertion is not true, then
we can find a tg > 0 such that

(8.15) m(t) < /t[max{\lf(f), 0} +e]dr forall 0 <t<t
0
and
(8.16) mito) = / [max{W(r), 0} + ] dr.
0

This implies that A(tg) = m/(tg) > max{¥(¢y),0} + ¢ and

to

(8.17)  m(t) < /O masx{T(r), 0} + ¢] dr < /0 mas{T(r), 0} + £] dr = mi(to)
for 0 <t < tg. Note that

/ ’ A(T)K(to —7)dr = / ’ [m(1) —m(to)] K(to — 7) dr
0 0

= [m(r) = m(to)|K (to — 7|72

[m(7) — m(to)]K' (to — 7) dr

Y2
EN
3
~—
|
3
—~
~
o
=
=
-~
[}
|
\]
N—
=
g
=
Qo
o]
Q.

Hence
W(to) = Alto) + /O " AR (to — 7 dr > Alty) = max{¥(ty), 0} + <.
which is a contradiction. Therefore, (814 holds. Setting ¢ — 0 in ([8I4) we get
m(t) < /O "max{T(r).0}dr.  £30.
Similarly one can prove that
mi(t) > /0 " min{U(r).0)dr. >0,
Combining these estimates we obtain

t
— i < > 0.
Orgggtm(T) OrSnTlgtm(T) < /0 |W(7)| dr, t>0
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Since also
/O AK (- 7) dr = /0 im(r) — mO] K (t — 7) dr

— m(H)K(t) + / [m(r) — m(D)K’(t — ) dr,

we get

|[A(t) — ¥ (t)] = /0 D(r)K(t—71)dr

< [max m(7) — min m(7)][K(t) + K(0) — K(t)]

0<r<t 0<r<t

< K(0) / ¥ (r)] dr,

so that the desired assertion follows for the case o = 0.
In the case o # 0 we have, by (810),

t
e A(t) + / e?TA(T) - K (t— 1) dr = et (1),
0
Hence, regarding e?*A(t), e K (t) and e?*W(t) respectively as new A(t), K(¢) and
U(t), we immediately deduce the assertion of the lemma from the special case

o=0. O

Lemma 8.4. For the solution ®* of ([8Y), the following hold:
d

(8.18) d*(r,t) > 0, E(e""t@*(r, t) <0 for0O<r<1,t>0,
and
(8.19) J(®*(-,t)) >0, %(ea*tJ(qﬂ(-,t)))) <0 fort>0.

Proof. Since ¢* > 0, by Lemma Bl we have ®* > 0. Now set ¢ = e° '®*. Then
clearly v satisfies

Y+ (L—0*)p=0, t>0,
Yli=o = ¢*.
Differentiating this system in ¢ we get
(Vo) +(L—=0")py =0, t>0,
Uili=0 = —(L —0*)¢p* = —(LB — A) < 0.

Hence, by Lemma Bl v; < 0, or %(e"*té*) < 0. This proves (BI8). The inequal-
ities in (8I9) then follow immediately. O

Corollary 8.5. Let ®* be as above. Then

(8.20) 0< ®*(r,t) < ¢*(r)e ™t for0O<r<1,t>0,
(8.21) 0<J(® (1) <J(¢")e "t fort>0.
The proof is immediate. (I
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Lemma 8.6. Assume that 0y € M and let ®° be the solution of [B8F). Then there
exists a constant C such that

(8.22) |0(r, )| < Co*(r)e "t for0O<r<1, t>0,
and
(8.23) |J(®°(-, 1)) < Ce ™t fort>0.

Proof. Since 6y € M, there exists a constant C' > 0 such that |g| < C¢p*. Applying
Lemma R to C®* 4 &Y we get |®°] < C®*. Hence from Corollary BH we quickly

get (B22), and consequently also ([823]). O

Proof of Theorem Bl Let A(t), K(t) and ¥(¢) be as in Lemma B2l By Corollary
and Lemmas [8.4] we see that

0<K(t)<Ce™ 't |Ut)|<et fort>0
and K(t) >0, L (e *K(t)) < 0. It follows from Lemma B3 that
IA@)] < [A() = B(@)] + [¥(1)]

< K(0) /0 =" =D | (r)| dr + [ B (1))

t
S C </ efa*(tfr)efa*r dr + eg*t)
0

<CA+t)et  t>0.
Using this and §20), 822]), we quickly get from (BIT) that
(8.25) 0(r, )] < Co*(r)(1+1)%e ",  0<r<1,t>0.
Next, from (B3] we get

(8.24)

t
C(t) = Coe~" " + / e CDN(rYdr, 20,
0

so that by (824),

(8.26) IC(@)] < C(14+1)%e 7t fort>0.

Using this and (820) in (&1), we get

(8.27) lp(r, )] < Co* (1) (1+1)2e 7t for0<r<1, t>0,

and this completes the proof. O

Remark. Theorem [5.1] assumes that ¢o(1) = 0. If ¢(1) # 0, then, since ¢*(1) may
vanish, the second term on the left-hand side of (B.8) may not be finite. In this
case we can replace ¢* in this theorem by another function ng) which is positive in
(0,1] and ¢(04) = oo, such that the assertion still holds. The function ¢ can be
obtained in the following way: If ¢* < o1, then take qg to be the unique solution of
the equation

(L—0c")p=1+LB—-A in (0,1);
if 0* = 04, then take
6= +bge, &>,
where c¢* is as in the proof of Lemma Clearly ¢(r) > 0 for all 0 < 7 < 1 and
(L—0%)¢ > 01in (0,1). Also from (ZR), ¢(0+) = oo and fol p2d(p) dp < 0. To
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prove that the assertion of Theorem [B.I]still holds one needs to change the definition
of the set M into
< oo} ,

and assume that 6y € M. By using a similar argument as in the proof of Lemma
R4 one can prove that the function 1) = e t®, where ® is a function obtained
by replacing ¢* in ([89) with ¢, satisfies similar inequalities as those in (8I8) and

(®T3), so that
0< EI\)(Ty t) < (Zg(”’)e_a*t and 0 < J((/I\)(’t)) < J(qg)e_g*t.

Oo(r)

¢(r)

0<r<1

M = {90 € C(0,1]nCY0,1): sup

One can then deduce, as in the proof of Lemma [B.6] that Cd + ®° > 0 for some
C > 0, so that

180(r, )| < Cod(r)e=t and |J(®°(-,1))| < Ce L.

These estimates imply the desired assertion.

CONCLUSION

In [I4], Cui and Friedman considered a tumor model with three types of cells:
proliferating, quiescent, and necrotic. Proliferating cells may become quiescent at a
rate which depends on the nutrient concentration, and quiescent cells may become
proliferating or necrotic at rates which also depend on the nutrient concentration.
It was proved in [I4] that, in the radially symmetric case, there exists a unique
global solution with tumor volume {r < R(t)} where

0<d <R(Et)<M<oo forallt>0.

The asymptotic behavior of R(t) as ¢ — oo remained an open problem. In the
present paper, we addressed this problem in the special case when necrotic cells
are not present in the tumor; this may occur either because quiescent cells do not
become necrotic, or if we assume that necrotic cells are cleared out very fast from
the tumor. In this special case, it was proved by Cui and Friedman [I3] that there
exists a unique stationary solution with radius R,. In the present paper we proved
two results: (i) the stationary solution is linearly asymptotically stable and (ii) if
R(t) is monotone, or if just

T41
/?\MMﬁHO%THw,
T

then R(t) — Rs as t — oo, and the solution converges to the stationary solution.

The question whether the stationary solution is asymptotically stable is thus
still not completely resolved. Furthermore, the existence of a stationary solution
for the full model (i.e., including necrotic cells) remains another open problem. The
present paper includes an alternate proof for the existence of the unique stationary
solution, which is simpler than the proof in [I3]; this new proof might possibly
extend to the full model (with necrotic cells).
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