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A DENSITY THEOREM ON AUTOMORPHIC L-FUNCTIONS
AND SOME APPLICATIONS

YUK-KAM LAU AND JIE WU

ABSTRACT. We establish a density theorem on automorphic L-functions and
give some applications on the extreme values of these L-functions at s = 1 and
the distribution of the Hecke eigenvalue of holomorphic cusp forms.

1. INTRODUCTION

The distribution of zeros is an important area of the study of L-functions. There
are many arithmetical problems related to the location of the zeros. It is widely
believed that the generalized Riemann hypothesis (GRH) holds, but a proof for this
seems out of reach at present. In the absence of GRH, the zero density estimates
are often used as a substitute in many applications, especially for the number of
possible zeros close to the boundary of the critical strip. The result of such an
estimate is called a density theorem. The first zero density result for the symmet-
ric square L-function of Maass forms with large eigenvalues was obtained by Luo
[15]. Very recently Kowalski & Michel [I3] have proved a very general density the-
orem for automorphic L-functions with large conductors, which includes the case
of holomorphic cusp forms for large levels.

In this paper, we shall consider the analogue on the weight aspect. Our work
is motivated by two factors. First it is natural to investigate the behaviour of an
automorphic L-function by varying each intrinsic parameter. Second we are inter-
ested in the following applications: the extreme values of automorphic L-functions
at s = 1 and the distribution of Fourier coefficients of holomorphic cusp forms.

Let us begin with our notation. For a positive even integer k& and a positive
square-free integer N, we denote by H} (V) the set of all normalized Hecke primitive
eigencuspforms of weight k for the congruence modular group I'o(N). Then, H} (N)
forms an orthogonal basis of the space of holomorphic cuspidal newforms (of weight
k and of level N). We have

k-1

(1.1) HL(N)| = 5~

[T -1 +0((kN)>),

p|N

where the implied constant is absolute.
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442 YUK-KAM LAU AND JIE WU

The Fourier series expansion of f € Hj(N) at the cusp oo is
z) = Z Af(n)nth=D/2g2minz (Smz > 0),

where A\f(n) is the n-th eigenvalue of the (normalized) Hecke operator T,,, in par-
ticular it is a multiplicative function of n. According to Deligne, for any prime
number p there are ay(p) and B(p) such that

ap(p)' Tt — Bp(p) ™!
ap(p) — B (p)

(1.2) Ar(p”) = (v=>1)

and

(1.3) { as(p) =ef(p)p~'/?, Bflp) =0 ifp|N,

lay (p)] = af(p)Br(p) =1 ifpt N

with e¢(p) = £1. In particular A;(1) = 1 and Ay(n) is real.
The m-th symmetric power L-function attached to f € Hj (V) is defined as

(1.4) L(s,sym™f H H (1 —ap(p)™ B (p)'p )_1
p 0<j<m

for 0 > 1, where and in the sequel o and 7 mean tacitly the real and imaginary
part of s, i.e. s = o + ir. The product over primes admits a Dirichlet series
representation: for o > 1,

(1.5) L(s,sym™ Z Asymm f(n)n=2,

where Agymm #(n) is a multiplicative function. Following from (I3) and (L4)), we
have for n > 1,

(1.6) [Asymm 5 (0)] < dmt1(n),

where d;,+1(n) is the divisor function whose associated Dirichlet series is ((s)
(¢(s) is the Riemann zeta-function). The case m = 1 in ([L6) is commonly known
as Deligne’s inequality.

According to [I Section 3.2.1], the gamma factors of L(s,sym™ f) are

m—+1

HI‘C(5+(1/+%)(I<371)) if m=2n+1,
(1.7)  Loo(s,sym™f) =< =0 n
Ti(s + 0ap) [[ Te(s +v(k— 1)) if m =2n,
v=1

where Tg(s) := 77%/?T(5/2), Tc(s) := 2(27) ~°T'(s) and

1 if2+4n,
62Jm = { T

0 otherwise.

For m = 1,2,3,4, it is known (see [7] for m = 1, [2] for m = 2 and [9] [10, 1] for
m = 3,4) that the function

(1.8) As,sym™ f) := N™/2 Log (s, sym™ f) L(s, sym™ f)
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A DENSITY THEOREM ON AUTOMORPHIC L-FUNCTIONS 443

is entire on C and satisfies the functional equation
(1.9) A(s,sym™ f) = egymm fA(1 — s,sym™ f),

where egymm f = £1.

1.1. The density theorem for L(s,sym™ f). We consider the possibility of the
existence of a zero p = B + iy of L(s,sym™ f) for which § is near 1. It is hopeful
to show that such f € Hj (1) are very few. In other words, “almost all” f € Hj (1)
satisfy the quasi-hypothesis of Riemann. Let N(«,T,sym™f) be the number of
zeros p = 3+ iy of L(s,sym™f) with 8 > aand 0 <~ < T.

Our result is as follows.

Theorem 1. Letm = 1,2,3,4 andr > 1 be given. Define E,, . = (m+1)(m+r)+4.
Then for any € > 0, we have
Z N(a,T,sym™f) <cr THH/7 fpBmr(1-a)/(3=20)+e
ez (1)
uniformly for % +e<a<l,2|kandT > 1. The implied constant depends on €

and r only.

Remark 1. (i) This theorem is nontrivial only when « is very close to 1 and the
T-aspect is essentially irrelevant. We have not put any effort into reducing the
exponents 1 + 1/r and E,, .

(ii) Since we are interested in the k-aspect, we restrict ourselves to the case
N =1 for simplicity. All results of this paper can be generalized (without too
much difficulty) to Hj (V) with square-free V.

(iii) Theorem [ is established only for the case 1 < m < 4 due to the lack of
knowledge about the high symmetric powers. One can extend the result to the
general case for all positive integers m under suitable assumptions (Hypothesis
Sym™(f)). Interested readers are referred to [I] for an excellent paradigm.

For each n € (0, 3), define
(1.10) H;Symm(l;n) = {f eH;(1): L(s,sym™f) #0, s € S},
where S:={s: 0 >1—mn, |7| <100k"}U{s: o > 1}, and
le’symm(l; 77) = Hz(l)\HZ’symm(l; TI)'
Then an immediate consequence of Theorem [l (with r = 1) is
(1.11) Hyqme (L] < > N(1—n,100k7, sym™f)
FEH mm (1)

< Y N(1—7,100k", sym™ f)
feHz (1)
<, K.
Combining this with (II]), we obtain the following result.
Corollary 1. Let 2 | k, let m = 1,2,3,4 and let n € (0, 3—11) Then we have, for

k — oo,

[} gy (L) ~ [HE(D)].

k,sym™
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This shows that for m = 1,2, 3,4, the functions L(s,sym™ f) of almost all f €
Hj (1) satisty a weak form of GRH. Thus the zero density result is very useful and
often partially replaces the role of GRH in practice. As opposed to previous works
(see [18], [19], [20], [21], [5] and [1]), we shall consider H;Symm(l;n) instead of
H;(1). An advantage of this choice is that we can avoid some assumptions there
(such as GRH in [21] and Cogdell & Michel’s hypothesis LSZ™ (N) in [1]). Next we
shall present some applications of Theorem [Ml and Corollary [l

1.2. Extreme values of L(1,sym™ f). Motivated by problems in spectral defor-

mation theory, Luo [I5] studied the distribution of the values of the symmetric

square L-functions of Maass forms at s = 1. Luo’s work was extended and further

developed in [I8], [19], [20], [21], [5] and [1], where the symmetric power L-functions

attached to holomorphic cusp forms with large square-free levels were investigated.

Here we are interested in the extreme values of L(1,sym™ f) on the weight aspect.
The Hoffstein-Lockhart bounds for L(1,sym™ f) are (see [6] and [3])

(1.12) [log(kN)] ™' < L(1,sym™ f) < log(kN)

for all f € H}(N) and m = 1,2, where the implied constants are absolute. When
m > 3, the relevant results can be found in [I] on the level aspect and in Proposi-
tion below on the weight aspect for N = 1. The order of magnitudes of both the
upper and lower bounds are (respectively positive and negative) powers of log k.

We prove the following result in the opposite direction. As usual, we denote by
log,; the j-fold iterated logarithm.

Theorem 2. Let n € (0, %) be fized, let m = 1,2,3,4 and let 2 | k. Then there
are fr € H (1;n) such that, for k — oo,

k,sym™
(1.13) L(1,sym™f£5) > {14 o(1)}(B;: logy k)Am,
(1.14) L(1,sym™ fr) < {1+ o(1)}(B,, logy k)=,
where Arin and Bi are positive constants given by
Al =m+1, B} =e¢7 (m € N),
A =m+1, B, =e’¢(2)7! 21m),
) g =@ 2w
Ay =1, By =e7((2)7%,
A; =3, By =€'B,,
and
(1.16)

Here ~ is Fuler’s constant.

There are wide gaps between the results mentioned in (I.I2)) and those in The-
orem [k the former is of size powers of log k while the latter is of powers of log, k.
Our next result suggests that the latter estimates should be closer to the truth.
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For almost all f € Hj (1), the magnitude of L(1,sym™ f) lies between the pow-
ers of log, k shown in (LI3) and (LI4]), so Theorem [ is the best possible up to
a constant factor. To determine the plausible constants, we consider the condi-
tional result under GRH. The constants obtained turn out to be quite near those
in Theorem

Theorem 3. Let m =1,2,3,4 and let 2 | k.

(i) For any fizred n € (0,37) and all f € H;Symm(lgn), we have

(1.17) (logy k)~ m < L(1,sym™f) < (log, kz)A;.

(ii) For any f € H; (1), under GRH for L(s,sym™f) we have, for k — o,
(1.18) {1+ o(1)}(2B;, log, k)~ "m < L(L,sym™f) < {1+ o(1)}(2B;} logy k).
The constants AL and Bt are defined as in (LI5) and (LI6).

Remark 2. (i) In the extreme value problem of L(1,sym™f), the result on the
weight aspect is different from that on the level aspect. As proved in [20] and [21],
the extreme values of L(1,sym™ f) are attained only for special levels (free of small
prime factors).

(ii) Only the factor 2 in (II8)) remains in doubt on either side, in view of (I.I3)

and (14).

1.3. Asymptotic distributions of A¢(p). The distribution of Fourier coefficients
of modular forms is one of the most important problems in the theory of modular
forms. Various questions are raised and studied: upper bound estimate, equidistri-
bution property, lacunarity, etc. Let 7(n) be Ramanujan’s function, defined by

A(Z) — 627riz H(l o 627rinz)12 _ Z T(n)e27rinz (%mz > 0)
n=1 n=1

The function A(z) is a holomorphic cusp form of weight 12, i.e. A(z) € Hiy(1).
The classical Ramanujan’s conjecture states

(1.19) [r(n)| < d(n)n'? (n>1),
which is essentially optimal since Rankin [I7] showed that

7(n)

(1.20) lim sup 172

n—oo

= Q.

Ramanujan’s conjecture was proved by Deligne in 1974 as a particular case of his
well-known inequality (IG)). In particular this inequality gives us

(1.21) Ar(p) <2

for all f € H;(N) and all prime number p. Serre [24] page 81] showed that this
inequality is essentially optimal: for any fized prime number p and for any ¢ > 0,
there is a constant xy = zo(e) such that for k + N > z with p { N there is a
primitive form f € H} () having the following property:

(1.22) Ap(p)| > 2 —e.

Later he proved that (L22) holds for any fixed finite set of prime numbers ([24]
page 87]). Very recently, under GRH for L(s,sym! f), Royer and Wu [21] extended
it to the case of the unbounded set of primes for some primitive forms of sufficiently
large levels.
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Here we shall establish an analogue of [2I], corollaire H] for large weights, but
the assumption of GRH is removed!

Theorem 4. Let A >0, let n € (0, 37) fized, let 2 | k and let {(k) — oo (k — o)
be a function satisfying §(k) < logs k. Then there are two forms fi € styml(l;n)
such that, for k — oo,

(1.23) ) % = (logs k){HOA’"(Flk))}’

p<(log k)"
Apy (P)>2—€(k)/ logs k

(1.24) > % = (log, k){1+0,4,n<§(1k)>},

p<(log k)*
Ar_(p)<—2+E&(k)/ logs k

respectively.

Remark 3. The well-known Sato-Tate conjecture describes the distribution of the
Fourier coefficients, as follows: for any —2 < o < < 2 and any f € H}(N), one

has
¢ [PVITE
/ dt
[e3

< zx: < < ~
H{p <z :a < As(p) < B} ogz o

Theorem Hl shows that almost all initial terms of {A¢(p)}, cluster around 2 or —2.
Hence Sato-Tate’s conjecture is not yet valid for z = (logk)? — oo, as k — oo.

(z — ).

Another problem of significant interest concerns the nonvanishing of Fourier
coefficients of modular forms. A famous open problem is the conjecture on the
Ramanujan function 7(n) due to Lehmer [I4]. Lehmer found that 7(n) # 0 for
n < 10 and conjectured that this is true for every integer m. Although this
conjecture remains open, Serre [23, page 179] has made substantial progress by
proving that 7(n) is nonzero for the vast majority of n.

The next result gives some complementary information, which is an analogue of
[21l corollaire I}, but the assumption of GRH is also removed.

Theorem 5. Let A >0, let n € (0, L) fived, let 2 | k and let £(k) — oo (k — 00)

) 31
be a function satisfying (k) < logs k. Then there is f € Hgsme(l;n) such that,
for k — oo,
1 1
(1.25) > = = (log, k){1+0,4,,,<—)}.
B p §(k)
p<(logk)

1A (P)|S(E(K)/ logs k)2

In what follows, 1 € (0, 3) is a suitably fixed constant and we use c1,cz,... to
denote positive constants depending on n at most, which may take different values
at each occurrence. Since all results of this paper are trivial when £ is bounded, we
can suppose that k > ko(n), where ko(n) is a sufficiently large constant depending
on 7 such that both inequalities (logk)'°%/7 < k7 and logs k& > 1000 hold for
k> ko(n).

2. ARCHIMEDEAN FACTORS

In order to prove our density theorem, we need a large sieve inequality. It is
then necessary to investigate the corresponding Rankin-Selberg L-function. Since

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A DENSITY THEOREM ON AUTOMORPHIC L-FUNCTIONS 447

we are interested in the k-aspect, we have to explicitly evaluate the associated
archimedean local factor, which is one of the main difficulties. Thanks to the
recent work of Cogdell & Michel [I] and the explanation of Cogdell (in private
communication), we can compute the factor along the same line—via the local
Langlands correspondence.

For m € N, f € Hi(1) and g € H}(1), the Rankin-Selberg L-function of sym™ f
and sym™g is given by

(2.1)  L(s,sym™f x sym™g) := H H (1 — af(p)m_%ag(p)m_gjp_s)_1,
p 0<i, j<m

where af(p) and og4(p) are the “local roots” of Ly(s,sym™f) and L,(s,sym™g),

determined by (I2) and (L3).

The next result provides all the information we need.

Proposition 2.1. Let 2 | k, let f € Hi(1) and let g € Hj(1).
(i) For m € N, the archimedean local factor of L(s,sym™ f x sym™g) is

Loo(s,sym™ f x sym™g)

m—v—+1

= [g(s)%m Te(s)Im/ 202 TT e (s + v(k — 1)) :
v=1
where T(s) == m7*/2T'(s/2), Tc(s) := 2(2m)~*I'(s) and Sajy, := 1 — Sopy,.
(ii) Let m = 1,2,3,4. Then the function

A(s,sym™ f x sym™g) := Loo(s,sym™ f x sym™g)L(s,sym™ f x sym™g)

is entire except possibly for simple poles at s = 0,1 and satisfies the functional
equation

A(s,sym™ f x sym™g) = esymm fxsymmgA(1l — s, sym™ f x sym™g)
with
Esym™ fxsym™g — +1.

Proof. Part (ii) comes from RS 2 and RS 3 of [22], and part (i) with m = 1 is well
known (see [7, Theorem 13.8]). Thus we only prove the assertion (i) for m > 2,
which is done by the method in [IJ.

Following the notation in [I], we let £ > 2 be an integer and let D, be the discrete
series representation of GLs(R) of weight £. The representation Dy corresponds to
the infinite component of the automorphic representation associated to a classical
cusp form of weight ¢. Let Wgr be the Weil group of R, which can be realized as
Wg = CXUjC* with j2 = —1 € C* and jzj~! = Z for z € C*. Then we introduce
the following Weil group representations.

Let p(ﬂf be the one-dimensional representations of Wk defined by pa—L(z) =1,
pd(j) = 1 and p;y (j) = —1. Let u € C such that 2u = ¢ — 1 € Z. Define
the two-dimensional representation p, of Wgr on the two-dimensional vector space
Vo = (ep, e1) given by

pe(z)eo = (2/Z)"eq, pe(z)er = (Z/2)"ex,

pe(j)eo = e, pe(jer = (—1)eq.
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0

In matrix form, for z = re’?, we can write

ci(t—1)0 _1ye—1
pe(z) = ( ei(€1)9> ) pe(j) = <1 1) > .

Then under the local Langlands correspondence py corresponds to Dy.
Now we compute sym™ (pi) ® sym™ (pg). From Proposition 3.1 in [I], we have

n
@P(2u+1)(k71)+1 if m=2n+1,
(2.2) sym™(pr) =4 Y70 .
pE @ @ Pov(k—1)+1 if m =2n,

v=1

where psr or p, is selected when n is even or odd, respectively.
We first consider the case m = 2n + 1. By using ([22), we have

sym™ (pr) @ sym™ (pg) = @ P +1)(k-1)+1 @ @ P(2v2+1)(k—1)+1

v1=0 vo=0

@ @ P21 +1) (k—1)+1 @ P(2uy+1) (k—1)+1-

141 =0 125 =0

It reduces to calculate p, ® pp where a,b > 2. Tensoring the corresponding
matrices, it follows that

eilatb—1-1)0

i(a—b)0
i0 €
a ® re - .
P pu( ) o—i(a—b)0

e—ilatb—1-1)0

and
(71)a+b7171

Pa @ pp(j) = (_1)5_1

Thus p, ® pp is decomposable with
Pa @ pb’(eo@eo,m@m) = Patb-1-

Moreover, for a > b, we see that p, ® pb| 2 pa—ps1 Vvia the change of

] (eo®e1, e1®eo)
basis

ep ® e — ey @ ey, e1 ® eg — (—1)b71€1®60.

Reversing the roles of a and b, we obtain p, ® pp > pp_qt1 for a < b.

’(60®617€1®€0>
In the case a = b, it is reducible and indeed, p, ® pa‘<eo®el er®co) =~ pd @ py =: p1,

say. Therefore for any a,b > 2, we have

Pa ® Pb = Patb—1 D Pla—b|+1-
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This immediately yields that

n

sym™ (px) @ sym™(px) = €D D P2t tvat1)(e— 1)1 D P2y | (h—1)+1-

v1=0v5=0

From [12], we know that for £ > 2,
(2.3) L(s,pe) =T¢ (s + %(f — 1))7 L(s7par) =Tgr(s), L(s,py)=Tr(s+1).

In view of the definition of p; and I'r(s)I'r(s+1) = T'c(s), the first relation in (2.3)
also holds for £ =1 from the last two. Thus we obtain

(24) Loo(s,sym™f x sym™g)

n n

= H H Te(s+ (1 4+ve+1)(k—1))Te(s + |1 — (k- 1)),

v1=0rv5=0
which is equivalent to the required formula, in view of
Z 1 { v if1 <v<n,
<o ma<n m—v+1l ifn<v<m,
vitra+l=v

Z 17 TL—I—l ifVZO’
Clm=—2w+1 ifl1<v<n.

0<v1,v2<n
v —vo|=v

and

For the case m = 2n, a similar argument yields the following formula:

sym™ (px) ® sym™ (px) = pg @ @qu(kq)ﬂ & @qu(kq)ﬂ
v=1 v=1

n n

® @ @ P2(v1+v2) (k—1)+1 D P2(vy —vo| (k—1)+1-

l/1:1 l/2:1

From this and (23]), we can obtain, as before, the desired result. |

3. BOUNDS FOR SYMMETRIC POWER L-FUNCTIONS

In this section, we shall establish some estimates for the symmetric power L-
functions in the weight aspect, which will be needed later. Since they are known
or easy to prove, we shall briefly sketch the proof. We begin with the convexity
bounds for L(s,sym™ f) and L(s,sym™ f x sym™g) on the k-aspect.

Proposition 3.1. Let m = 1,2,3,4, 2 | k, let f € Hi(1) and let g € H}(1). For
any € > 0, we have

(k + [7]) /24000 i#2tm,
3.1 L(s,sym™f) <,
) (oS { (L+ [ A2k + |20 =o)teif 2 | m
and
(32)  L(s,sym™f x sym™g) <. (1 + |7))* =) (k + |7])Brm 1 =0)Fe

uniformly for 2 | k, 0 < 0 < 1 and 7 € R, where [t] is the integral part of t,
Ay =(m+1)/2 and B,, = m(m +1)/2.

We need an estimate for I'(s) in order to prove Proposition 311
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Lemma 3.1. Let A > 0 be a fized number and let kg = ko(A) be a sufficiently large
constant. Then for all sufficiently large k > ko, we have

Ik —s)
L'(k+s)

uniformly for |o| < A, where the implied constants depend on A only.

<a (k+|m))7%

Proof. As usual we define the function log on C~\(—o00, 0], the argument of which
varies from — to 7 anticlockwise. We apply Stirling’s formula (see [26] § 4.42])

(3.3) logT'(s) = (s _ %) log s — s + log(2) N /000 o(u) du.

2 (s + u)?
where ¢(u) := — [;'({v} — 3) dv ({v} is the fractional part of v). It is easy to show
that
o0
$(u)
3.4 <1 d du| <1 >1).
B i<t wd | [T A< 02

The relations B3]) and 4] allow us to deduce that for |o] < A and k > ko,

D(k—s)\ N2 2 __ 207
§Re<10gr(k+s)>alog((k 0)? +7%) + 7 arctan [

+% <k +0— %) log (%) +0a(1)

=olog ((k—0)*+7%) +04(1),
which implies the required inequality. (I
We are now ready to prove Proposition Bl By (L), we have
(3.5) L(s,sym™f) < ((1+e)™ M <. 1 (s=1+e+ir).
On the other hand, in view of the relation I'(s + 1) = sI'(s) and (L), we have
m n 1

e i | (R s e

ifm=2n+1, and

m 14624, —s
Loo(l — 5,8yl f) — 7_‘,5—1/2(27_‘,)11(25—1)l—‘( 22)f )

Loo(s,sym™ f) F(‘SQLQ*S)

- T(v(k—1)—s)
vk —1) —s) T 7 5)
XVH:l( )I‘(V(k—l)—i—s)

if m = 2n.
From these, we use Stirling’s formula or Lemma B.1] (for k& small or large respec-
tively) to deduce that for s = —¢ + i7,

Loo(1 — s,sym™f) (k + |r|)tm/A+1+e if 21 m,

Loo(s,sym™f) 5™ 1 (1 + |7)V2(k + |7))m/2+e i 2 | m.

Thus ([B3) and the functional equation (L3) imply that for s = —¢ + i7,
(k 4 |7|)[m/2+1+e if 2¢m,
(1+ [7)Y2(k + |r|)Im/2 e if 2 | m.

(3.6) ‘L(s,symmf)’ Lem {
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Now the desired inequality (B]) follows from ([BX) and (38) with the Phragmén-
Lindelof theorem [26], §5.65]. The other one follows in the same way, with Proposi-
tion 211 O

The next proposition contains the k-analogues of Lemmas 4.1 and 4.2 in [I]. We
skip the proofs, as the methods are identical to the level cases.

Proposition 3.2. (i) Let m =1,2,3,4, let 2| k and let f € H;(1). Then we have
L(s,sym™ f) < [log(kls|)]™**

uniformly for o > 1 —1/log(k|s|).
(i) Let m € {1,2,4}, let 2 | k and let f € H}(1). There is an absolute constant
¢ > 0 such that
L(s,sym™f) > [log(k|s|)] =

uniformly for o = 1.

Remark 4. The case m = 3 in part (ii) is unknown due to the possibility of the
exceptional zeros. (See [I] for a further discussion.)

Next we introduce the function log L(s,sym™ f) and prepare some results for
later use.
Let m € N, 2 | k, f € Hi(1). Define

[ar(p)™ + ap(p) ™™ + -+ ay(p) ™ ] logp if n=p",
0 otherwise.

(3.7) Acymmm () = {
Then it is apparent that [Agymm f(n)] < (m+1)logn (n > 1) and we have

(3.8) L(s) := —%(S,Symmf) _ Z Asymn";f(n)

n=1

for o > 1. This follows easily from taking a logarithmic derivative on both sides of

(T4):

L/ m 2]p slogp
_ L 5 Sym zp:oggm 1— af m 2]p
(m 2j)v |
_ af ogp

which is equivalent to (3.8]).

Suppose f € Hk Symm(l;n), where n € (0, %) Then L(s) is holomorphic and
zero-free in the region S (see (II0)), hence the integral of L(s) from 2 to s (s € S)
defines the logarithm log L(s,sym™ f), with the initial value taken as the usual

natural logarithm of L(2,sym™ f). In particular, we have the absolutely convergent

series
>\ Agymm (n)
3.9 log L(s,sym™f) = y =m0 >1
(39) ogLisayu™) =3 Z2HLE 0>
and the rather crude estimate
(3.10) |log L(s,sym™ f)| < (m + 1){(0) < (0 — 1)1 (o0 >1).
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Let us write og = 1 — 7 for simplicity. The Borel-Carathedory theorem with the
estimate ([B.]) implies that for o > o¢ and || < 100k,

log k
(3.11) log L(s,sym™ f) <« 8 ,
g —0p

where the implied constant is absolute. (See [4] for a detailed proof of the Dirichlet
L-function case.) Similar to Lemma 7.1 of [21], we can easily prove a better estimate
under GRH.

Proposition 3.3. Let m = 1,2,3,4, let 2 | k and let f € H;(1). If GRH for
L(s,sym™ f) holds, then for any ¢ > 0 and any o > % we have

(3.12) log L(s,sym™ f) < o [log(k|s|)]?1=)+e
uniformly fora <o <1 and 7 € R.

Even without GRH, (8I1)) can be refined for f € H;Symm(l; 7). To this end, we
provide the k-analogue of Lemma 4.3 in [].

Proposition 3.4. Let n € (0, %) fized, let o9 =1 —n, let m =1,2,3,4, let 2 | k,
and let f € H (1;m). Then we have

k,sym™

oo

(3.13) log L(s,sym™ f) = Z

n=2

Asymm s ()

e T+ R
nslogn

uniformly for 2 |k, 3<T <k" o9 <o < % and || < T, where
(3.14) R <, T~ 2(logk) /(0 — 00)>.
1

Further for any 0 < e < 7 and % < a < 1, under GRH for L(s,sym™f) where

f € H;y(1), the asymptotic formula BI3) holds uniformly for a« < o < % and
T > 1, with
(3.15) R <o T (log k)2t

Proof. From the absolute convergence of (3.9]) and the lemma in [27, § 7.9], we have

(3 16) i ASymmf(n) —n/T 1 /2+i00 F( )10 L( s mf) =54
. - s 7 = — — m .
“~ n*logn ¢ 270 Jo_ oo #7 8)08 855 ‘

Now we deplace the line of integration Re z = x to the path C consisting of straight
lines joining

Kk —100, Kk —12T, oy —12T, oy+12T, k+12T, K+ ioc0,

where k := 1+ 1/logT and o1 := (0 4 0¢)/2. By the residue theorem, it follows

that
> AS mm
ngn/T = log L(s,sym™ f)
n=2 n logn

1
-l-% g I'(z — s)log L(z,sym™ f) T*™° dz.
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Then we estimate the contribution from each line segment of C in the last integral.
Applying (3I0) and BII), we infer that the integral over C is

T1 % logk

< 7/ IT'(o1 — o +iy)|dy
g =00 ly|<3T

1 K
og / Tz — o +i(T — 7))| da

g —O0g

+T1_”/| IT'(k — o+ iy)| dy.
y[2T

o1

To handle the gamma function, we use Stirling’s formula of the form: for any fixed
constant ¢; > 0 (i =1,2,3),

(3.17) ID(c +ir)| = V2r 7|7 2201+ O(|717Y) }

for —c; < 0 < cg and |7| > c¢3. Together with |T'(w)| < |w|~! when —% < Rew < ¢y
and |Smw| < ¢z, the formula BI3) with ([314) follows plainly.

Under GRH, we can shift the line of integration in (3.16) to Rez = o/ := a—¢’ >
% where &' := %min(s, o — %) > 0. Repeating the same argument, the remainder

term in this case is

1 o’ +ioco
R = o~ ['(z — s)log L(z,sym™ ) T*" " dz
211 ol —ioco
<<s,a Ta'—g(log k)Q(lfa/)Jre/ ‘F(OL’ . U+Zy)|[10g(|y\ + 3)]2(170/)+5 dy

e Tf(afa)fs' (log k)2<17a)+2€
Lo Tf(afa) (log k)Q(lfoz)qLQe
by BI12) and o — o < —¢’. This ends the proof after replacing 2¢ by e. O

Proposition 3.5. Letn € (0, %) fized, let m = 1,2,3,4 and let 2 | k. Then for any
fenf (1;7m), we have

k,sym™

(log k)4e/m —1

3.18 log L m
( ) og (S7Sym f) <<77 OélOng?

+ log(8k)

uniformly foro >1—a>1—1n and |7| < (log )4/,

Proof. 1t suffices to consider k > 16 and 1 —a < 0 < 2 in view of (F.10) and B.II).
We take T = (log k)*/" in Proposition 4] (recall 9 = 1 — 7)), therefore the error
term R in (BI4) is O(1), because of 0 — og > 3n. Clearly the sum in FI3) is

(3.19) <Y p e T+ 0(),
p

so we may assume i < ¢ < 1. By Lemma 3.2 of [25], partial integration leads to
the inequality

l—0o

1 Y -1
3.20 < T tlogyy
(3.20) p;/p" (1—0)logy 2
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uniformly for + <o <1 and y > 3. Hence we have

(3.21) Zp*"e*p/T < Zp*”

p<T p<T

(log k)*(=9)/n _
(1—-0)logy k

(log k)*e/m — 1
alog, k

<

+logs k

< + logs k.

The contribution of p > T can be estimated as

0 4—0 —t/T
(3.22) S pee /T <</ e 7w

= T logt

= Tl_”/ u’e” du
1 log(Tw)
Ti=° (log k)*(t=)/n _ 1

< logT < (1—0)logy k

Our assertion follows from inserting (3.21]) and (3.22) into (B.19). O

4. A LARGE SIEVE INEQUALITY

Proposition 4.1. Let m =1,2,3,4, let D,, ;== m(m+1)/4+ 1, let L > 1 and let
{ac}i<r be a sequence of complex numbers. Then for any € > 0, we have

> | a0 k(L4 L) S

feHz(1) <L <L

Proof. By the duality principle (which follows from the same norms of a Hilbert
space operator and its adjoint), it suffices to show

2
(4.1) Z’ 3 bfAsymm_f(e)’ € R (LA RPmL2) 3T b2
(<L feHi(1) feH; (1)

for any sequence of complex numbers {bs} FeH;(1)-
The left-hand side of (1)) is

(4.2) <3| > bfxsymmf(g)fe—m

£>1 feHi(1)

= Z bfgz )\SymT”f(K)Asymmg(é)e_E/L'

f.geH; (1) £21

From the well-known formula

1

4.3 —
( ) 211 (¢)

D(w)y” dw = e~/ (for ¢ > 0),
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we obtain, together with a shift of line of integration,

(4.4) Z Asymm f(€) Asymm g (f)eiz/L
£>1
- L L(s,sym™f x sym™g)I'(s)L°ds
2m (2) ’
= 1;{_618 L(s,sym™ f x sym™ g)I'(s)L*
+ 1 L(s,sym™f x sym™g)['(s)L® ds.

21 J(1/2+¢)

The residue term comes only for f = g by [Il Section 5.1]. With the estimate (3.2]),

we have
Rfls L(s,sym™f x sym™g)['(s)L* = lir{1+(s —1)L(s,sym™f x sym™g)T'(s)L*
< k%05 4L,

where 07, = 1if f = g, and = 0 otherwise.
The last integral in (@) is < km(m+D/4+e[1/242 by [32) again and B17).

Therefore,
(45) Z)\symmf symm (Z)efl/L <k (5f,gL + km(m+1)/4L1/2+s)'
£>1
Inserting (43)) into (£2)) with H} (1) < k, we obtain the result. O

5. PROOF OF THEOREM 1

Our proof is based on the method of Montgomery in [16], but at first, we show
a factorization to prepare a convenient mollifier for zero detection. The approach
here was kindly suggested by the referee.

Lemma 5.1. Let m € N, 2z > (m+1)? be any fized number and let P(z) = [I,<.p
For any o > 1, we have

L(S, Symmf)_l = Gf(S) Z Asym""f(”):u’(n)n_sa
(n,P(z))=1

where the Dirichlet series G(s) converges absolutely for o > &, and G(s) <pm 2 e 1
uniformly for o > % +e.

Proof. By (L), we have [Asymm £(p)] < m + 150 1 — Agymm ¢(p)p~* is nonzero for
o> % and p > z, from our choice of z. Formally, we can write

=[[1I0—ar@m2p)

p<zj=0
X H {(1 - >\Sym7"f H ]. - Oéf m72jp78) },
p>z j=0

by (L4). If p > z, the p-local factor of G(s) is of the form 1+ O,,(p~27), whence
both the absolute and uniform convergence of Gf(s) are justified in our specified
regions. O
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Remark 5. Such a factorization (together with other delicate methods) is applied
in Kowalski & Michel [13] to count the zeros of automorphic L-functions on GL(n).

Now we are in a position to prove Theorem [Il Let us make two simple observa-
tions. First an argument similar to [27, §9.2] yields that

(5.1) N(z,j,sym™f) = N(z,j — Lsym™f) < log (k).

Thus the result of Theorem [is trivial if 7' > £", in view of (II]).
Second the case 1 < T < (logk)® can be deduced from the particular case
T = (logk)?, by (5.1 again. Therefore we assume

(5.2) (logk)® <T < k".

We cut the rectangle @« < o <1 and 0 < 7 < T horizontally into boxes of width
2(logk)%. By (B) each box a < o0 < 1land Y <7 <Y + 2(logk)? contains at
most O((log k)?) zeros. Let ngymm ¢ be the number of boxes which contain at least
one zero p of L(s,sym™ f). Then

N(OL, Tv Symmf) < nsym"‘f(log k)?)
We shall complete the proof by showing that

(5.3) > Naymmp Ko ThPmr im0/ (B=200%e,
feH; (1)
Consider a > % + 2¢e. Let z,y € [1, k1°m2(1+7')] and define
Mq(s,sym™f) = Gy(s) > n(O)Asymm (L,
<z

(¢,P(2))=1

where Gf(s) and P(z) are defined as in Lemma[5.1l By Lemma 5.1, for o > 3 we
have

1= (1— L(s,sym™ f)M,(s,sym™ f)) + L(s,sym™ f) M(s,sym™ f).

Let p =@+ iy with 8 > a (> %—1—5) and 0 <y < T be a zero of L(s,sym™f), and
write

k=1/logk, k1=1—p+k (>0) and Ko=1—B+e(<0).
In view of the preceding identity and (£3]) with ¢ = k1, we obtain

1
e = omi / (1= L(p+w,sym™ f) My (p + w,sym™ f)) T (w)y* dw
(k1)
1
+ 5= - L(p +w,sym™ f) M (p + w,sym™ f)I'(w)y" dw.

Observing that the zero of L(p + w,sym™f) cancels the simple pole of I'(w) at
w = 0, we translate the line of integration of the second integral to Rew = ko
without introducing extra terms. Thus we have

1

e /( : (1= L(p+ w,sym™ f) M (p 4+ w,sym™ f))T'(w)y* dw

5.4 1y —
(5:4) e o

1
+ %/ L(p +w,sym™ )M, (p + w,sym™ f)T'(w)y* dw.
(k2)
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Next we estimate the contribution of |[Smw| > (log k)? in the integrals of (5.4)).
Note that for Rew = ko = 3 — 8+ ¢, we have the convexity bound (by (B1]))

(5.5) Lip +w,sym™f) < (k + T + |[Smw|)(m+D/4+e
and the trivial estimate (with (L6]) and Gf(s) <. 1 by Lemma [5.1))
(5.6) M (p+ w,sym™f) <, z'/?+=.

Thus the contribution of |[Imw| > (log k)? to the second integral of (5.4)) is

(5.7) < al/Feyt/2me / (k+ T+ [Smw|) ™/ (w)] | duwl

|Sm w|>(log k)2
<. x1/2+ey1/27a(k + T)(m+1)/4+eef(log k)?

Le,r 1/,

by @A) and T < k.
By (L) and ([L6), L(s,sym™f) < (o)™ for ¢ > 1. Together with Lemmal[5.1]
we get that for Rew = k1 =1—F+k and x > 1,

(5.8) 1= L(p+w,sym™ f) Mz (p + w,sym™ f)
5 () Asymm £ (£)

= L(p-+ w,sym™ )Gy (p + ) e

>z, (0,P(z))=1

e CA+ K™Y dpya (00 )
>1

< k.
Hence the portion of |3mw| > (log k)? in the first integral of (5.4) is
(5.9) <oy ke 108k « 1/k,

Inserting (5.7) and (5.9) into (5.4)), the remnant of the right side in ([&.4]) is > 1.
Noting the fact that 1 < C(a +b) = 1 < 2C?%(a + b?) (where a > 0,b > 0,C > 1),
we deduce with Cauchy-Schwarz’s inequality that

1 < kzeyZ(l*a)

K
X / |1 =L+ k+i(y+v),sym™f)My(1 + 5 +i(y + v),symmf)}zdv
K

K
+ yl/H/ |L(3 4+ e+ i(y 4 v), sym™ f) Mo (5 + & + i(y + v),sym™ f)| dv,
—-K

where K := (log k)?.

We label the boxes and separate them into two groups, for the odd-indexed and
the even-indexed, respectively. This ensures the separation between two zeros from
distinct boxes in the same group of at least 2(logk)?. Therefore, the number of
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boxes which contain at least a zero is
(5.10) nsymm,f

2T
< k2o / |1 — L1+ k+iv,sym™ )M, (1 + k + i’u,symmf)|2 dv
0

2T
4yl / |L(5 + e+ iv,sym™ f) My (5 + & + iv, sym™ f)| dv
0

=: k¢ (yz(lfa)féymmf 4 yt/2e S“ymmf), say.
Apparently (55) and (B6) imply
(5.11) I m e Tl /2 e fr(m+1)/dre

for T < k". Similarly to (5.8)), we can write

1—-L(1+ k+iv,sym™ )M, (1 + k + tv,sym™ f)

Lo k°

1(0) Asyrm £ (£) e dm1(4)
Z gl—i—n—i—iv + k Z gl—i—n ’
r<l<X
(¢,P(z))=1

>X

4(log k)?

where X =e . Splitting £=*/2 out of the second sum, this term is

Lo KX T2+ 1/2)™H < k7L

Thus
2T 2
) Agymm ¢ (£
(5.12) Y Ly < k/ ) S % dv+T.
FEHE(L) 0 femp)! a<e<x
(¢,P(z))=1

For any L € [x, X], we apply Proposition &Il with the sequence a, = p(£)¢~1+x+iv)
for L < ¢ < 2L with (¢, P(z)) = 1 and 0 otherwise to get

>

feH; (M)

S HOmes (O

2
€1+H+iv < ks (L —+ kDle/2+E)L*1*21i.

L<t<2L
(4,P(z))=1

Separating the range < ¢ < X in (BI2) into dyadic intervals, it follows with
Cauchy-Schwarz’s inequality that

Z Iémef <<'r,5 stT(l + kDmx—l/Q—i-s).
FEH; (1)

Thus we conclude from (EI0) and (BI1) that

Z Nymm f Krc szk2rs{y2(17a) (1 + kDmx71/2) + y1/27a1,1/2k_7"(m+1)/4}'
feH; (1)

Taking z = k*Pm and y = kPm.r/((3=29) "the proof of (5.3), hence Theorem [T} is
complete with €/(2(D,, + r)) in place of . O
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6. MOMENTS OF L(1,sym™f)

The aim of this section is to prove Proposition below. We first introduce the
preliminary notation: for § € R, m € N and |z| < 1,

g(0) == diag[e”, e "],
sym™[g(6)] = diag[e™?, im0 o=imo],

(6.1) tr(sym™[g(6)]) := Z e{m=208 — gin[(m + 1))/ sin 0,

D(z,sym™[g(6)]) := Zﬁﬁ?_ z-sym™[g(0)]) " = H (1 — eilm=20)07) 71
Let z € C. For m € N and v > 0, we define A% [g(6)] byogjgm
62 Dlrsmlg@) = Y@l (el <)
Following the definitions, we have -
(63 N 0(6)] = tr(symg(0)]) = 24D,
64)  logD(r.sym"[g(0)]) = tr(sym[g@))x + OG?) (] < 1),

Besides, let 0;(p) € [0,7] such that ay(p) = € (P) which is admissible by (L3).
Then it is seen that by (L2)) and (I3]),

= tr(symm [g(ef(p))]) = )\711%1 [g(9f(p))].

sin 6 (p)
Moreover, it is evident that from (G.1]) and (T4,
(6.6) L(s,sym™f)* = [[D(p~*,sym™[g(0(0))])" (o >1),
p
whence L(s,sym™ f)? admits a Dirichlet series
(6.7) L(s,sym™ )" =Y Myms(m)n™ (0> 1),
n>1

where AZ . ;(n) is multiplicative and by (€.2)),

(6.8) Adymm £ (P7) = A5"[9(07 (p))]-

Remark 6. The symbols in (6.1]), though a bit heavy, carry interpretations in repre-
sentation theory. The coefficients A\%”[g(6)] can be viewed as a function generated
by the characters of SU(2). The combinatorial structure of AZ .. ;(p”) is encrypted
in the decomposition of AZ"[g(#)] into irreducible characters. Furthermore, the Pe-
tersson formula (a main ingredient in our proof) embodies the interpretation as the
equidistribution of a certain family of tuples of conjugacy classes. These are part

of the salient points in [I], where readers will find the details.

In the sequel, we write
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and
z 2 " — m z .
aym™ ::H;/O D(p~*,sym™[g(6)])" sin® 0 d6.
P

Proposition 6.1. Let n € (0, %) fized, let m =1,2,3,4 and let 2 | k. Then there
are two positive constants § = §(n) and ¢ = ¢(n) such that

Z W(f)L(L,sym™ f)* = Mz, + O, (efélogk/logz 5
FEHY (o pam (1)
uniformly for
2|k and |z] < clogk/log,(8K) logs(8K).

The same asymptotic formula with Hy (1) in place of H;Symm(l;n) also holds if
either e z > 0 or Rez < 0, but m # 3.

We need a couple of lemmas to prove Proposition Our first lemma is to
express AZ,,mp(p”) in terms of A #(p”"). Cogdell & Michel [I] achieve it in a more
general context of compact groups. But for the case SU(2), we choose to give a
direct and “elementary” approach which is more straightforward to the reader not

used to the language of representation theory.

Lemma 6.1. Let 2 | k, let m € N, let z € C and let f € H}(1). Then for any
prime p and integer v > 0, we have

(69) /\gymmf(py) = :uf‘r’zyy/)\f <pl’ )’
o<v’'<mv
where
2 s

(6.10) por = f/ A2V1g(0)] sin[(v' + 1)6] sin 6 d6.

, T Jo
Further, letting 6(a,b) be 1 for a =b and 0 otherwise, we have
(6.11) ,ufﬁ,ly/ = z8(m,v") (0 <V <m),

1 —1
; v

Proof. We start with the observation that 6 — D (z,sym™ [g(@)])z is even and
v 1 d z
N 9(0)] = - D sym™[g(0))

It follows that the function 6 — A%"[g(0)] is also even. Hence AZ"[g(6)]sin 6 is an
odd function and a polynomial in e of degree < mv + 1. It is plain that [T
defined in (G.I0) is the coefficient of the Fourier (sine) series

(6.13) A2 [g(0)]sinf = pr, sin[(v' 4 1)8].

o<v’'<mv

We thus obtain ([€3) in view of (G.8]) and (G.3]).

By the series expansion

(1_x)_z:Z<Z+Z_1>IV

v>0

w:O.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A DENSITY THEOREM ON AUTOMORPHIC L-FUNCTIONS 461

valid for || < 1 and z € C, where

Ve %g(z—ﬁ

with the convention ({) = 1, we have from the definition in (G.I]) that

D(x, Symm[g(9>])z _ H Z (Z + V] ) (ei(m—2j)9x)uj

0<j<mwv; >0

zZ+ v 2 s
_ § P § I | < J )el(m 2])]/]9,
v>0  penmtl0<j<m
|7|=v

where 7 := (vg,...,Vm) and || := vy + -+ - + V. Thus by comparing with (G2)),
we get

(6.14) AL V Z H (Z + UJ ) . gilmyv=2(1t-+mum)]0

peN™t1 0<j<m
|7]=v

In particular,
1 _sin[(m + 1)0]

which yields (GI1) after a simple computation with (E10).
Noting that

Zx” Z H <|Z| +1/j 1) — D(x,symm[g(o)])IZ\ =1 71,)7(m+1)|z|

v>0 peN™mt1 0<j<m
|7|=v

and comparing the coefficients of ¥, we obtain

Z H <z|+uj—1> <(m—|—1)|i—|—y—1)'

7eN™Tt1 0<j<m
|7|=v

Thus we deduce from (GI4) that for any 6 € R,
’/\Z’V[Q(G)H < ((m + 1))z +v— 1>
o .

- v

By using the Plancherel identity and the preceding inequality, we have
2 2 [T o
Sl =2 [ i@ sinef as
0

0<v’'<mv
<(m+ D]z + v — 1)2
v )

which implies (G12)). O
Lemma 6.2. Let m,n € N, let 2 | k and let z € C. Then we have

(6.15) > W) (1) = Ny (1) + Oy (K750 * log(2n)r7, (n) ),
feHz (1)
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where A ,,m (n) and 77, (n) are the multiplicative functions defined by

(m+1)|z+1/—1)’

14

(6.16) Ny (1) = 2% and 13,(p") = <mu+1>(

respectively. Further there is a constant ¢ = ¢(m) such that

(6.17) ZT‘ ) <m tlog(et)]?m L eclzl 10ga(121+3)
n<t
uniformly for t > 1 and z € C, where z,, := (m + 1)?2* and z* is the smallest

integer n such that n > |z|.

Proof. Writing n = pi* ---pjr, the multiplicativity of Ay, ,m(n) and Ay(n) allows
us to deduce

Oz mv, T

Z W(f) symmf Z Z H ZUQ Z (Af(f))\f(p;/1 pZ;)

feH:(1) =0 v.=0j=1 ' penz()

We apply Corollary 2.2 in [§] with the choice m = =p/'-p,mn=1and N =1
there. The principal term contributes [[; - <j<r um = = Aiymm (n), and the error term
constitutes a term

< k=3/%n™/ 4 10g(2n) H Z |uanl’I,’

1<5<r Oguj.gmuj
< k%™ 4 log(2n)rZ, (n).
This proves (6.15]). The estimate (617 is Lemma 4.3 of [21]. O

For notational convenience, we write

z > gmm ( ) —n/x
(6.18) W £ (2) :zz%e /@
n=1

The lemmas below are devoted to studying its average over all primitive forms,
which leads to the integral formula in ([@20]). This is a crucial step in the study of the
moments, and is discovered in [I] with the insightful idea of the “equidistribution”

properties of g(67(p)) in (G.0]).
Lemma 6.3. Let m € N, let 2 | k, let x > 3 and let z € C. Then we have

Z w(f)“J:ymmf(I) = Z )\i’zyme()e—n/m

feHE (M) n=1
+ Om(k*S/me/‘l[(zm + 1) log z]*™).

Proof. By (618) and (GIH), we can write
> AZmm (1)
E z _ E sym —n/x
w(f)wsym f('r) n e

FeHE () n=1

+ O <k5/6zn1 m/4e /rm(n)>.
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An integration by parts with ([GI7) allows us to deduce

. log(2n) —n/x,.z Oolog(2t) —t/x z
P AR =~ ) DA

n=1
ctoseisn) [~ LOBEOI" iy
<<m e 2 \/1 tl m/4 + d

But we have

IOg 3t Fm —t/a: t m/4 Zm
/1 i m/4 1+; dt < 2™ (log x)

[eS) 1 t Zm t 0
/ Otgl; (3 i et/ (1 + ) dt < xm/4/ u™ e log(3ux)]*™ du

< l,m/4(10g z)*™ Z (Zm> / W™ e % du
v 1

v=0
< xm/4[(z7n + 1) log z]*™

This completes the proof. O

Lemma 6.4. Let m € N, let z € C and let z], := (m + 1)|z| + 3. Then there is a
positive constant ¢ = c(m) such that for any o € (3,1] we have

2\ m(,n)| Z(l ‘7)/‘7_1
sym < /
(6.19) ;7n” < exp {czm<log22 + (1—o)log 2, )}
Further we have
A2 m 2 [T
(6.20) Z %(n) = H - / D(p_l7 symm[g(e)])z sin? 0 dé.
n>1 p 0

Proof Using the multiplicativity of AZ,,m(n) and (6.16), we obtain that for any
o> 5
23

(6.21) D PNamn @ =TI Il ™

n>1 p v>0

From (611 and (612), we have

(6.22) Z%SZ;;Cerl)'iHVl)W

o
v>0 v>0 p

_ (1 - L)“’””'Z _(m+ Dl

7 7
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Therefore, we deduce that by the estimate (320,

—(m+1)|z]
1
(6.23) |M < II (1 — 7)
po <z, v>0 po <z}, p
< exp {zm< Z p 7+ O(l)) }
11/o

P<zm
l1-0)/o
<exples (log, o, +$
- mn (1-0)logzl,

12

{ cz_m} < e’/ log 7,
> —mi <
p o

whereas for p? > z/ |

(6.24) 1> "ne |“

7>z, 120 o>z,
via ([6:22). (Note that the term for v = 1 on the right of ([6:222)) vanishes.) Noting
that
Z:”]i/o ) Z;r(llfo)/o ) z;r(llfo)/a _1

—_— = <
log 2/, “m logzl, — “m (1—0)logz!,’

we obtain (G.19) by inserting (6:23)) and (6.24]) into (6.21]).
The multiplicativity of A%, m(n) and (6.I0) imply

)\s m" (TL) Mfr;,u
3 Sl -t
n>1 p v>0
112 / By 7A’Z”f}£ﬁ’ O Gu2 a0
p 0 >0

= H%/ D(p~*, sym™[g(6)])" sin® 0 do,
0
2

by ([@2]). This completes the proof. O

Lemma 6.5. Letm € N, let o € [0, 3), let x > 3 and let z € C. There is a positive
constant ¢ = ¢(m) such that

o g 1 1o/(1—0) 1
Z L()e—n/x Mgmm + Om | — exp { czy, | log, Zmt S ’
n sy ologz!,

n=1

The implied constant depends on m only.

Proof. We first write
o Ay (1) Adymm (1)

sym™ —n/r _ sym™
Z I = Z " + O(R:1 + Ry),
n=1 n>1
where A (n) 2 |
Z m n S mm
Ry = Z sy () ; Ry = Z ym () ’e*”/“: 1]
n>x n n<x n

Clearly for any o € [0, 3), we have
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Thus Lemma implies

Moo m(n 7
o 3 D)

n x
n>1
ro/(l—o) 1
—o / / Zm
L 277 exp {czm(10g2 Zm 7,> }
ologz!,
The proof is done. O

Lemma 6.6. Let n € (0,=) fived, let m = 1,2,3,4, let 2 | k and let f €

» 31
H;symm(l; n). Then we have

L(l, symmf)z — wszymmf(x) + ()77((1,—1/10g2 k + xc|z\e—(log k)z)ec\z| logB(Sk))

uniformly for 2 | k, x > 3 and z € C, where the positive constant ¢ = ¢(n) and the
implied constant depend at most on 7.

Proof. The method of proof is similar to that of Proposition B4 We express (G.I8)

with (£3)) and (6.7)) into
1

Woymm ¢(T) = 5= / L(s+ 1,sym™f)*T'(s)a®ds
(€]

" 2mi
and shift the line of integration (1) to the path C consisting of straight lines joining
K1 — 100, K1 —1I, —ko—1T, —kKko+1iT, k1+1T, K1+ i00,

where k1 := 1/logx, kg := 1/logy k and T = (log k)2. Therefore,

1
(6.25) Wepmm (x) = L(1,sym™ f)* + 5 L(s+ 1,sym™ f)*T'(s)x® ds.
™ Je

By Proposition B0 with the choice a = k2, log L(s + 1,sym™ f) <, logs(8k) for
all s € C with |7| < 4T, and by BI0), log L(s + 1,sym™ f) < logx for Re s = k;.
It follows that

L(s + 1,sym™ f)*T(s)z* ds <, x~"2ecV*! log3k/ IT(1 — k2 +iy)|dy

2mi Je y|<T

K1
+ eclzllogs’“/ IT(1+4 a+4T)|da

— K2

4 eclellog / L ID(1 + &1 + iy)| dy.
Y=

The proof is then complete with (BI1). O

Now we are ready to prove Proposition We deduce from Lemma that
(6.26)
Y. wOLLsym™) = D w(Pwhmn (@) + O0y(Ra),

FEHY (mm (Lim) FEH oy mm (Lim)
where for ¢ = ¢(n) a positive constant

Ry i= (o7 1/ 1082k 4 golzl o= (10gk)?) el Togs (85).
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Here we have used
(6.27) S own< Y wf)=1+00k50).
FEHL (g (15m) FeH; (1)
On the other hand, for e > 0, f € H;(1), z > 3 and z € C, we have
1
wszymmf(x) = —/ L(S +1, Symmf)z]_"(s)xs ds <« L(E)Hfiez\xg’
2mi ()

where ¢(g) = (1 +¢)™"! > 0 is a constant depending on e. Together with (LII),
we see that

’ Z W(f)wszymmf(x)‘ <<17 L(€)|§Rez‘x5k3177*1.
fEHk_',symm(l;n)

Hence we input the forms of Hy .. (1;n) into (6.2I)) with a negligible additional
error to get

S wHL(Lsym™f) = > w(f)wimm (@) + On(Ra),

FEH (mm (Lin) FeH; (1)
where Ry := Ry 4+ 2k~ 1,(¢)I*l. Finally by using Lemmas and [6.5] we have
(6.28) Y W)L sym™f)F = Mim + Oy(Rs),
FEHT yrm (Lim)
where
R3 — (l‘_l/ log, k + xc\z\e—(logk)2)ec|z|log3(8k) + k—(l—Bln)st(€)|z|
:L,m/4 1 1o0/(1—0) 1
Zm ! ! m
+W[(zm + 1) log z|*™ + - exp {czm (IOg2 2+ alogz;n> }
1

Now taking € = o—, 2™ = k'/10 and ¢ = 1/log(|z| + 8), it is easy to verify
that there are two positive constants ¢ and § depending at most on 7 such that

R; < efélog k/logy k

uniformly for 2 | k and |z| < clogk/logy(8k)logs(8k). This proves the desired
asymptotic formula.

Finally by using Proposition (note L(1,sym™f) > 0) and (LII), for m =
1,2,3,4if Rez>0o0r m=1,2,4if Rez < 0, we have

> w(f)L(1,sym™ f)* <, k¥ (log k)°.
FEH (m (1)

Hence the input of these forms into ([6.28)) causes a tolerable error there. The same
choice of parameters allows us to obtain the required result. O
7. PROOF OF THEOREM 2

From Proposition [6.1] we have

3 M < > W) sym™ )
FEHY m (1im)
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for 0 < r < clogk/log,(8k)logs(8k) and all sufficiently large even integer k. In
view of (6.27), there are ff € H; (1;m) such that

k,sym™
(7.1) %Mbj}[,rmm < 2L(1,sym™ fE)Er,
According to [I] and [21I], we have
+ + + r
(7.2) log M 1m = Aj,rlog (B, logr) 4+ Op, (@> :
where

A% 1= max ttr(sym™[g(0)]) = tr(sym™g(6;0)]),
€0,

1 A
= exp {’yo + = Z <:|: logD(p_l,symm[g(9$7p)]) - 7’”) }
™ op

Here ~g is a constant determined by

1 1
4 E — =1 10}
(7.4) P 0gyt + Y0 + (logt)

p<t

3 1

3H

and 6% | € [0, 7] are real numbers such that

D(p~,sym™[g(87, p)]) = max D(p~*,sym™[g(6))),

D(p~" sym™[g(65,,)]) = jmin D(p™",sym™[g(0)]).
The choice r = clog k/ log, (8k) logs(8k) in () gives the required result.

In view of (G.I)), the constants AX  BE 6% and 93[”7 are indeed defined for all
m € N. For completeness, we give a general discussion. It is easy to see that for all
primes p, 6 =0  =0formeN, 6, =0, == for2{m and 0, =0,, = 3.
These give the listed values for A and BZE in (LIH) (see [5], [19] and [I] for the
computation).

When m > 4 and 2 | m, a simple expression for B, does not seem available.
We only give the detailed computation for m = 4. It is plain to see that A} =
—tr(sym*[g(6; )]) = 2, where 6, € [0, 7] satisfies cosf;, = —1.

Clearly we have

D(p~",sym*[g(6;,)])

(7.5)

—1 —1

— D —1 4 9
Jax, (p~",sym*[g(9)])

A simple calculation shows that
- —1 _ _ _
D(p~t,symg(0)]) " = (L—p ){(L +p72)% +2p iy (cos ) },
where
hy(t) :=4p 3 —2(1+p )2 — (1 +p D2+ 1+p 2
It is then easy to show that 0, , € [0, 7] is determined by

cosfy,=(1+p > —+/1+3p 1 +8p2+3p3+p4)/(6p~").

From these formulas, an elementary calculation leads to (ILI6]). This completes the
proof. (I
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8. PROOF OF THEOREM 3

The proofs for parts (i) and (ii) are essentially the same, both relying on Propo-
sition 3.4l except for different choices of parameters: s = 1 and T' = (log k)*/"
without GRH (or s = 1, a = 2 and T = (logk)?*"2°¢ under GRH). Then for
feH symm (137) where 1 € (0, 3:) is a fixed constant (or any f € Hj(1) under
GRH), we derive that

oo

Agymm p(n) _
1 log L(1 m oy = N Dymm S /T (1),
(8.1) og L(1,sym™ f) 2232 nlogn ¢ o)

With the trivial estimate for ([B.1), Lebesgue’s dominated convergence theorem
implies that

Z Z Asymem (P7) _py/T - e_”p/T) —0 (k — o0).

= P logp

Thus we manipulate with (31) as follows:

oo

Agymm ¢ (1 Asymm s (P”) _pr )7
nz:; nlogn zp: ; 4 1ogp ’
_ Asymr s 0") —ip/7
zp:; 7 1ng PIE +o(1)

m—25)v

DI DD DI AR

p v>10<j<m

=Y ) log (1—%)_1+0(1)

p 0<j<m

=Y log D(e "/ Tp~ sym™[g(0(p))]) + o(1),

p

by (61)), where 0;(p) € [0, 7] such that as(p) = €%7(®).
On one hand, we have

e P/T

— 0

> o D(e sy 0| < 3

< log T
p>T p>T

and on the other hand,

Zl‘)g< e P/Tp~ Symm[g(9f(p))])>‘ = 1—e?/T <« o

p<T D(p~*,sym™[g(0¢(p))])

Inserting these relations into (81, we get

(8.2) log L(1,sym™ Z log D(p~ ', sym™[g(0;(p))]) + o(1).

p<T
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Thus the definition of 6%

m,p

(see (L) allows us to write

(8.3) > log D(p~*,sym™[g(6;}, ,)]) + o(1) > log L(1,sym™ f)
p<T

> ZlogD Lsym™[g(6,, ,)]) + o(1).
p<T

By ([©4) and (Z3), we have

D(p*17symm[g(07:§:1)])
0 < :Flog <D(p—17symm[g(9$,p)])>

£ _ tr(sym™ £
A e 08) (1)
p p
AL Fr(sym™[9(0%,)]) 1
- P +O<2¥)'

Since A% F tr(sym™[g(6% ,)]) > 0, it follows that

AL T tr(sym™[g(6E 1
S ¥ ulmlg0h,) _ 1

(8.4) . =

On the other hand, we have
(85)  logD(p~",sym™[g(0;, ,)]) — tr(sym™[g(6;, ,)]) /p < 1/p?
by ([@4) again. From (84 and (8H), we deduce that

+log D(p~ ', sym™[g(0;, ,)]) — Ay /p < 1/p°
and hence,

Z +logD(p~* sym™ [g(0= ) —@ < !
’ mp P TlogT"

p>T

Combining these two, we infer that

Z log D(pil, sym"™ [g(oi,p)])

p<T
f:l:Z m:I:Z: +log D(p~t, sym™[g(6:: )D,@ +0 !
mp D TlogT

p<T

1
=+ AL log (B logT S
m log (B, log )+O<TlogT>

with ([C3]). Inserting it into [B2]), we obtain (LI7) and (II8)) accordingly, in view
of the parameters chosen at the beginning of the proof. We also remark that the
constant 2 before B in (II8) comes from the factor 2 in the exponent of log k in

B.15). O
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9. PROOFS OF THEOREMS 4 AND 5

According to (82), for m = 1,2,3,4, 2 | k, T = (logk)*" and f € H} symm (137)
where 7 € (0, 25) is a fixed constant, we have by ([82), (64) and (G5),

(9.1) log L(1,sym™ f) = Y log D(p~",sym™[g(6(p))]) + o(1)
p<T
_ Z /\#Ll[g(ef(p))] +O77(1)
p<T p
-y Ar(P™) Lon).
p<r P

By using (LI4) of Theorem [ there is f,, € H symm (1;m) such that

Z fm =log L(1,sym™f,) + O(1) < —A; logs k + O(1).
p<T
From (6.8) and (Z3), A, (p™) +A;, > 0. As 3 7 p~" = logg k+O(1), we obtain
by (@I that
)+ A,
0< > Ap ) An g
p<T

Therefore, for any function (k) — oo (k — oo) satisfying £(k) < logg k, we have
1 _loggh x—~ Am + A (0™)  logyk
= p = &k) = p §(k)
A= (P 2= AL +E(K)/ logs k

m

whence
3 1_ 3 1_ 3 1
p<T p p<T p p<T p
A= (pP™) <A +E(k)/ logs k A= (P2 A +E(K)/ logs k
logs k
=logs k+ O (—)
? "\ (k)
Our result
1 logs k
— =logsk+ Oay, ( )
2 p s "\ &(k)

p<(log k)*
A= (p™) <= AL +E(R) /logg k

follows, since
Z l <An 1.
T<p<(log k)4 p
Taking m = 1 and m = 2 give ([L224) and (L28)), but for the latter result (L25]), we
need the observation A\¢(p)? = A\f(p?) + 1 and A; = 1. In other words, A\;(p)? =
Af (pZ) + A
To prove (L23), it suffices to replace f,, by f,; and reverse the corresponding

inequalities.
O
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