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QUASI-FINITE MODULES FOR LIE SUPERALGEBRAS
OF INFINITE RANK

NGAU LAM AND R. B. ZHANG

ABSTRACT. We classify the quasi-finite irreducible highest weight modules over
the infinite rank Lie superalgebras g?loo‘oo, € and ®7 and determine the nec-
essary and sufficient conditions for such modules to be unitarizable. The uni-
tarizable irreducible modules are constructed in terms of Fock spaces of free
quantum fields, and explicit formulae for their formal characters are also ob-
tained by investigating Howe dualities between the infinite rank Lie superal-
gebras and classical Lie groups.

1. INTRODUCTION

Supersymmetry permeated many areas of mathematics in the last decade, pro-
ducing deep results such as Seiberg-Witten theory and mirror symmetry. In most
applications, supersymmetry manifests itself in concrete representations of the rel-
evant Lie superalgebras [I5]. This makes it particularly important to develop the
representation theory of Lie superalgebras.

In this paper we investigate the representation theory of Lie superalgebras gAloo|OO

and its osp-type Lie subsuperalgebras Cand D (see Section Bl for their definitions).
(Aspects of B were studied in [7].) These Lie superalgebras are a class of %Z-graded
infinite rank Lie superalgebras arising from central extensions of Lie superalgebras
of complex matrices of infinite size. They were featured very prominently in the
study [7] of the super Wi . algebra, and were shown [3] to be intimately re-
lated to affine Kac-Moody superalgebras. Both the Wi, superalgebra and affine
Kac-Moody superalgebras play fundamental roles in conformal filed theory and
superstrings.

Recall that the infinite dimensional Lie algebra gAloo and its various subalgebras
were extensively studied in [I7, [I8] 24], 25] in relation to Wii.. In particular,
the notion of quasi-finite modules [I7] over infinite dimensional graded Lie (su-
per)algebras were introduced. Such modules are close to finite dimensional rep-
resentations of finite dimensional Lie (super)algebras in spirit. In our context, a
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404 NGAU LAM AND R. B. ZHANG

3Z-graded module M = @), 17 Mj overa 1Z-graded Lie superalgebra will be called
quasi-finite if all its homogeneous subspaces M are finite dimensional. One of our
results in the present paper is the classification of all the quasi-finite irreducible
highest weight modules over g?loo‘oo, € and D.

It is well known that the energy of a quantum system is always bounded be-
low, and the space of the physical states admits a positive definite contravariant
Hermitian form, where the latter property is required by the probabilistic inter-
pretation of quantum theory. Therefore, the representations of Lie superalgebras
potentially useful in quantum physics are unitarizable highest weight (or lowest
weight) representations. Another result of the present paper is the classification

00|00 G
and D with respect to some natural C-conjugate linear anti-involutions of these Lie
superalgebras.

We investigate the unitarizable irreducible quasi-finite highest weight modules
in depth, obtaining a number of results in this direction. We first realize these
irreducible representations on Fock spaces of free quantum fields. We then prove
generalized Howe dualities between the infinite rank Lie superalgebras and certain
classical Lie groups, establishing one-to-one correspondences between the unita-
rizable irreducible quasi-finite highest weight modules of the former with finite
dimensional irreducible representations of the latter. Finally, we derive explicit for-
mulae for the formal characters of the unitarizable quasi-finite irreducible highest
weight modules over the Lie superalgebras € and D. (The formal characters of the
unitarizable irreducible modules over gAloo‘oo were obtained in [3].)

The method used here to construct the character formulae is a generalization
of that developed in [3| 8 [4] by using Howe dualities [13, [14]. Howe dualities
for Lie superalgebras were known in the original paper of Howe [I3], and were
further studied in [22] 23] and [24} 25| 20, 21, [5 [6]. Recent investigations on Howe
dualities by ourselves with Cheng [8 B] led to a thorough understanding of the
Segal-Shale-Weil representations of Lie superalgebras. In [12] and [24, 25] Howe
dualities were established respectively in the contexts of affine Kac-Moody algebras
and infinite rank Lie algebras. The Howe dualities obtained in the present paper
are generalizations of those studied by Wang in [24] 25].

The structure of the paper is as follows. Section [2] provides some background
material on generalized partitions and unitarizable modules over Lie superalgebras.
Section [ examines central extensions of the Lie superalgebra glo|oo Of infinite ma-
trlces and its osp-type subalgebras and glves the definitions of the Lie superalgebra
gloo|oo7 and its subalgebras A, € and D. The remaining three sections constitute
the main body of the paper. In Section d we classﬁy the quasi-finite 1rreduc1b1e
highest weight modules over the Lie superalgebra gl

of the unitarizable quasi-finite irreducible highest weight modules over gl

and its subalgebras A

00|00
€ and D. In Section Bl we classify the unitarizable quasi-finite irreducible highest
weight modules over these Lie superalgebras with respect to specific *-structures,
and construct Fock space realizations of the unitarizable irreducible modules. Gen-
eralized Howe dualities between the infinite rank Lie superalgebras and classical
Lie groups are also established in this section. They are used in Section [0 to de-
rive character formulae for the unitarizable quasi-finite irreducible highest weight
modules over C and D.
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QUASI-FINITE MODULES FOR INFINITE RANK LIE SUPERALGEBRAS 405

2. PRELIMINARIES

We work over the field C of complex numbers throughout the paper. For any
vector space V', we shall denote its dual space by V*.

2.1. Shifted Frobenius notation for generalized partitions. We recall that
a partition A of length d = I()\) is a non-increasing finite sequence of non-negative
integers (A1,---,Aq) and X denotes the transpose of the partition A. Then X is a
partition of length A;. The rank of a partition A, denoted by rank()), is the largest
integer i, for which A; > i. Note that rank(\) = rank()\') < d. By a generalized
partition A of length d = I(\), we shall mean a non-increasing finite sequence of
integers (A1, -+, Ag). Corresponding to each generalized partition A = (A, ..., Ag),
we will define \* := (=Ag,...,—A1). Then A\* is also a generalized partition. In
particular, if A = (\q,...,\g) is a generalized partition of non-positive integers,
then \* = (—=M\g,...,—A1) is a partition. In this case, we define the rank of A by
rank(A) := —rank(A*). We also set A} := —(A")_; for all j € {-1,-2,---, Aq}.

Each generalized partition A = (A1, -+, Ag) of length d can be uniquely expressed
as A= AT + X\, with

AT = (max{\;,0}, -+ ,max{)\g,0}), A~ := (min{)\;,0},--- ,min{)\g,0}).
Note that A" is a partition, while A\~ is a generalized partition of non-positive
integers. Furthermore,

(2.1) depth of At + depth of (A\7)* < d,

where the depth of a partition is the number of positive integers in it.
Now we will define the shifted Frobenius notation for generalized partitions (see
[19]) which will be used to describe the highest weights of unitarizable irreducible

quasi-finite modules over gAloo‘oo. Given a partition A = (A1,..., Ag) of length d and
rank(\) = 7 > 0, we let & := A\;y1 —i+ 5 and & := X — j, for i € 3 + Z; with
%Sigr—%,andjerithlgjgr. We have
(22) >8> >61>0 G>86>>6 20
The shifted Frobenius notation for the partition A is given by

AQ) = (€1,83, &1 [ 61,6, , &)

Clearly, we have

(2.3) & +min{g;, 1} < d,
When A = (0,0,---,0), we set A(\) := (0,0). Note that (Z2) and Z3) imply
r <d.

Conversely, if two finite sequences 5%,53, e ,ﬁr_% and &1,&,---,& of non-

negative integers of length r satisfy ([22)) and ([23]), we may regard them as the
shifted Frobenius notation of a unique partition of length d, which we will denote
by F(€1,85,-+ .61 | &,%,-++,&). We put F(0,0) := (0,0,---,0). Thus we
have a one-to-one correspondence between the set of all partitions of length d and

the set of all pairs of finite sequences of non-negative integers, £1,&s,- -+, ¢, 1 and
&1,&2,- -+, & satisfying ([23) and the following conditions
(2.4) >8> >4 20 G>6>>6 20,

frfé =0 if and only if =1 and 5% =& =0.
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406 NGAU LAM AND R. B. ZHANG

Similarly, given any non-zero generalized partition A = (A1,...,)\q) of non-
positive integers with rank(\) = s, the shifted Frobenius notation for the generalized
partition A of non-positive integers is defined by

A()\> = (554»%?554»%’ e 767% | £S+17§8+25 T afo)
where § :=Aj_; —iand § :== Ay 145 —j+ 3 forallie{0,-1,-2,---,s+1} and
VES {f%, f%, N %} We also define A(0,0,---,0) := (0,0). Similarly, we have
a one-to-one correspondence between the set of all generalized partitions of non-
positive integers of length d and the set of all pairs of finite sequences of non-positive

integers, §S+% , §S+%, e ,57% and €s41,&42, -, o, satisfying the conditions
(25) 02§s+%>€s+%>"'>§—%7 02> &st1 > Eop2 > -+ > Ko,
) {s+1 =0if and only if s = =1l and {1 =& =0,
and
(2.6) =& < d.

For a non-zero generalized partition A of length d, the shifted Frobenius notation
for X is defined by
AN = (AAT)ANT)).
There is a one-to-one correspondence between the set of all generalized partitions
of length d and the set of all quartets of finite sequences of integers, §S+% ) §s+g, Ty

Eo1i€tn, Goras e 56036, 83, 0 &1 and &1, &g, -+, & satisfying (2.4), (2.5) and
(2.7) min{{1, 1} + & — & < d.
We will denote by

L (T S O R B N AR VI K3 X T TRERIY ST E ST S IR SO B

the unique generalized partition corresponding to the quartet of finite sequences of

integers £s+%,£s+%a' v ag—%; £s+1a£s+2,'" a§0§ 5%;5%; v 757“—% and 51,527"' ,gr

satisfying (2.4), (23) and (Z7]).

2.2. Unitarizable modules. We recall some basic facts about *-superalgebras
and their unitarizable modules. A x-superalgebra is an associative superalgebra A
together with an anti-linear anti-involution w : A — A, w(ab) = w(b)w(a). A *-
superalgebra homomorphism f : (4,w) — (A’,w’) is a superalgebra homomorphism
obeying fow = w' o f. Let (A,w) be a *-superalgebra, and let M be a Zo-
graded A-module. A Hermitian form ( - | - ) on M is said to be contravariant if
(av|v") = (w|w(a)v'), for all a € A, v,v" € M. An A-module M is called unitarizable
if M admits a positive definite contravariant Hermitian form.

Let g be a Lie superalgebra together with an anti-linear anti-involution w (i.e., w
is an anti-linear map satisfying w([z,y]) = [w(y),w(z)] for all z,y € g. In this case,
we also call w a #-structure of g). Let M be a g-module. An Hermitian form (- | - )
on M is said to be contravariant if (zv|v’) = (vlw(z)v’), for all z € g, v,v’ € M.
When the Hermitian form ( - | - ) is positive definite, we define ||u|| := /(u|u) for
all w € M. A g-module M is called unitarizable if M admits a positive definite
contravariant Hermitian form. The anti-linear anti-involution w can be naturally
extended to an anti-linear anti-involution, also denoted by w, on the universal
enveloping algebra U(g) of g, making (U(g),w) a *-superalgebra. Moreover, a g-
module M is unitarizable if and only if it is a unitarizable U(g)-module.
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3. LIE SUPERALGEBRAS OF INFINITE RANK

We present here the infinite rank Lie superalgebras to be studied in this paper.
Consider the infinite-dimensional complex superspace C®I*° with a basis {ej 7€
Z} for the even subspace, and a basis {e, | r € 3 + Z} for the odd subspace. We
introduce a %Z—gradation on C®I*° by setting the degree of ep equal to —p for
all p € %Z. For any p,q € %Z, let e,, be the endomorphism of C>I>® defined by
epg(er) = dgrep. Then T is a homogeneous endomorphism on C>I>° of degree p
if and only if T = Z]E%Zajej,p’j, where a; € C. Denote by (M), the set
of all endomorphisms of C>®I°° of degree p, and let My = @pe%Z(MOOIoo)p'
Then My is a %Z—graded associative superalgebra, which also acquires a Lie
superalgebra structure with the usual Lie super-bracket

(3.1) [A,B] := AB — (—1)/4I1BIBA,

where |T'| denotes the parity of T' € My : |T| = 0 (|T| = 1) if the degree of T
is even (odd). We shall denote this Lie superalgebra by gl |, = @pE%Z(gIOObO)P'

Note that the subspace glf:o‘oo generated by {e;;|i,j € 3Z} is a subalgebra of
glo|so- By arranging the basis elements of C>I> in strictly increasing order, any
endomorphism of C*!* may be written as a square matrix of an infinite size with

coefficients in C. Thus
| o
8loojoo = {(aij),i,5 € §Z | a;; =0 for |j —i| >> 0}.

Note that gl contains a Lie subsuperalgebra A := A% @ A! with

0o|oo
A€ = {(aij) S gloo‘oo| Q5 = 0ifi=0 or j =0, \(a”)| = 6}, e=0,1.

f

Furthermore, A/ := AN glgo oo 18 @ Lie subsuperalgebra of gl

Introduce a non-degenerate skew-supersymmetric bilinear form (-|-) on C>I*

defined by
(eilej) = —(ejlei) = sgn(i)di,—;,  4,j € Z%
_ _ 1 .
(er|@s> = (@s|€r) = 0 —s, TS €5+ Z;
— _ . * 1 .
(eiler) = (er]ei) = 0, i€z reltz;

where sgn(i) = +1 if i € N and sgn(i) = —1if i € —1N. We define the Lie
superalgebra € := C°@® €' to be the ;Z-graded Lie subsuperalgebra of A preserving
this form, i.e.,

€= {4 € A (Avjw) = —(—1)Pl(v|Aw)}, e=0,1.
Here and further |v| denotes the parity of v € C*I°*°, namely, |v| = 0 (respectively

1) if v belongs to the even (respectively odd) homogeneous subspace of C*°°°. Then
C is a Lie superalgebra of type SPO. It is easy to see that the subsuperalgebra
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408 NGAU LAM AND R. B. ZHANG

ef:=en gl’;o‘oo is spanned by the following elements (i, € Z*, r,s € % +2Z):

éi,j = 7é_j7_1' =€ — €—j,—iy Z] > 0,
€ij 1= €j—i = €ij T Ej i ij <0
éT,S = _éfs,f'r = €rs — €5, —1;

€ir =€y i =€t e_p_j, © > 0;
€y = —5_7-7_1‘ =€y — €p i, 1< 0.

Let (-]-) be the non-degenerate supersymmetric bilinear form on C*!* defined

by
(eilej) = (ejlei) = 6i—j, i,] € 1*;
_ _ 1 .
(erles) = —(esler) = sgn(r)d,,—s, r,s €5 +1Z;
— — . * 1
(eiler) = (er[es) =0, i€Z*r €L+ 1L

We define the Lie superalgebra D = DY @ D! to be the subsuperalgebra of A
preserving this form, i.e.,

D = {A € A(Avjw) = —(=1)Pl(v]Aw)}, e=0,1.

This is a Lie superalgebra of type OSP. It is easy to see that the subsuperalgebra
Df.=Dn glf is spanned by the following elements (i,7 € Z*, r, s € % +2Z):

oo|oo

éi7j = —é,j),i =64 — €5, —is

€rs = —€_g_pi=€ps— €_g _r, rs > 0;
ér,s = é—s,—r = €rs + €_s,—r rs < 0,
€ip 7= €y =€y +C_p 4, r > 0;
éiﬂ‘ = —éfr),i =€ — € i, r < 0.

Remark 3.1. Note that €° NG and D° ND/ are a direct sum of an infinite dimen-
sional symplectic Lie algebra and an infinite dimensional orthogonal Lie algebra.

For g being gl A, Cor D, we let g (g/, respectively) denote the central

00|00
extension of g (g, respectively) by an even central element C associated with the
following two-cocycle:

(3.2) a(A, B) := Str([J, A]B), A, B € g(g”, respectively),

where J = ngo er» and Str stands for the supertrace defined for a matrix D =
(dij) € glyjoo by Str(D) = ZTG%Z(—l)szW provided that the infinite sum is

convergent. By setting the degree of C' equal to 0, the Lie superalgebras g and g’
acquire a %Z—gradation from that of g.

4. QUASI-FINITE MODULES

In this section we give a complete classification of all the quasi-finite irreducible
highest weight modules over the Lie superalgebras discussed in Section Bl
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4.1. Quasi-finite modules. Let g = @jeézgj (possibly dimg; = o) be a $Z-
graded Lie superalgebra, with the even subspace @jez g;, and odd subspace
&b jeliz 95 We assume that gg is abelian. We have the triangular decomposi-
tion
g=9 ®go®gs, with gr =g
r>0

Given a graded g-module M = @jeéz M;, we call a vector v € M homogeneous of
degree j if v € M, for some j € %Z. Following the terminology of Kac and Radul
[17], we shall call M quasi-finite if dim M; < oo for all j € 1Z.

A g-module M is called a highest weight module with highest weight £ € g if
there is a non-zero vector ve € M satisfying the following conditions:

(1) hve = &(h)vg, for all h € go,

(11) g+ = Oa

(ill) U(g—)ve = M.
Then v¢ is called a highest weight vector of M. Note that the module M acquires
a natural %Z—gradation by assigning a degree zero to ve. More precisely, we have
M = EBTG%Z+ M_, and My = Cvg. A homogeneous non-zero vector v € M is said
to be singular if g,v = 0. Note that a highest weight module is irreducible if and
only if the space of singular vectors is 1-dimensional. We denote by L(g,§) the
irreducible highest weight module with highest weight & € g5.

We recall the following criterion for quasi-finite highest weight modules.

Proposition 4.1 ([7]). Let g = @jE%Zgj be a $Z-graded Lie superalgebra such
that go is abelian. Let M = @je%h M_; be a highest weight g-module with highest

weight £ € gg. For any non-zero highest weight vector ve in M, the subspace g;ve
is finite-dimensional for all j if and only if M is quasi-finite.

Let M be a g-module. For any A € g;, set
My={veM | hv=Ah)v, forall h € go}.

When My # 0, X is called a weight of M, and M) is called the weight space of
weight A\. We let P(M) denote the set of all weights of M. A graded g-module
M = @je%z M; is called go-diagonalizable if every M) is finite dimensional, and

Mj = @ycpiary(Mr N M;), for all j € 7.
For any A € g§, we also set
gr={ze€g | [hz]=Ah)z, forall h € gp}.
As all the infinite rank Lie superalgebras in Section [3] are %Z—graded7 the repre-
sentation theoretical notions discussed above are all valid for them.
A, € and D. In this subsection, g will
AA, € and D. For any k € %Z and

4.2. Quasi-finite modules over gAlooloo,

stand for any of the Lie superalgebras gl
N € %Z+, we let

00|00

(gloo\oo)k,N = {CE € gloo|oo ‘ T = Z Aj€j—k,j, aj eC }
JESL,IiI>N

For g = ./Zl\, € or D and for any k € %Z and N € %ZJF, we let gi N 1= Qﬂ(ggloo‘oo)k,N.
The following lemma can be confirmed by a straightforward computation.
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410 NGAU LAM AND R. B. ZHANG

Lemma 4.1. Given any fized positive integer or half integer N, we have
[8p) 8k ktN] C 8 (k—p).(k—p)+ N
forall k,p € %Z+ with p < k.

The following result will be important for the classification of quasi-finite mod-
ules.
Proposition 4.2. Let M = @jeéh
non-zero highest weight vector. If §_,vg is finite dimensional for a fixed number
r e %N, then for every p € %Z+ with p < r, there exists N € N such that

M_; be a highest weight g-module and vy a

g—p,Nvo = 0.

In particular, §_,vo is finite dimensional for all p <.

Proof. We will only prove the proposition in the case § = g;f\loobo, as the other
cases are all very much the same. Fixing a transcendental real number 7, we

let w; = Zjeéz n?Je; . ;, for each i € N, which belong to (glsojoc)—r- For any
k o

x =Y, ow;, where o, , o, -+ , @, are non-zero complex numbers with i; <

19 < -++ < 1, We can rewrite it as x = Zjeézﬂjej+m'- Then by using the

Vandermonde determinant it is easy to see that §3; are non-zero except for finitely
many j. Thus there always exists some positive integer N with N > r such that
Bj # 0 for all j with |j| > N. Since (é\l
always find non-zero complex numbers «;,, oy, -+, Q;
satisfies xvg = 0. We fix such an x.

We shall prove the proposition by contradiction. Assume that there exists p €
%ZJF with p < r such that (gﬁ —p,qUo # 0, for all ¢ € N. Then we can find y :=

oo|oo)*7‘/U0 is finite dimensional, we can

k
., so that x = > | a5w;,

2olji>N G€i+p,j € (gAloo‘oo),p’N such that yvy # 0. We claim that corresponding to

each such y, there exits a u = Zje%l bj€jtp.jtr € (gAloo|Oo),-_p such that

Indeed if we choose an element u with the coefficients b;, —N — 2r < j < N +r,
given by
0, if —N—-r<j<N;
b; = %;, if N<j<N+r;
_(—1)Arr=p) g
“ENT s N 27 <j <N

and the b; for j < —N —2r or j > N + r given recursively by

ot O By rbion i > N 4
) — )

b- = ar(r Bj
i (-1) r(r *P)(bj_*_,‘ﬁj_{.r—aj-f-v‘) if j <—-N-—-2r

Bj+p

then (1)) holds true as can be shown by a direct computation. However, equation
(@1) leads to the obvious contradiction yvg = [u,x]vg = 0. This completes the
proof. (I

The following theorem is an obvious consequence of Proposition 1] and Propo-
sition
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Theorem 4.1. Let M = @jelh
2

highest weight vector. Then M is quasi-finite if and only if for everyr € %Z+, there
exists N € N such that

M_; be a highest weight g-module and vy a

g_r Vo = 0.

In this case, M = U(§' v and hence is go-diagonalizable.

Let Igloo\oo = %Z; I; = %Z*, where Z* = Z\{0}; and Iy = %N for g = @, D.
Denote by Ag, ws, s € I the fundamental weights of g, that is, Ag, ws € g§ defined
by

ws(z ArCrp + dC) = Qg, AO(Z Ar€ry + dC) = d7 lfﬁ = glookxw ﬁ’
relg relg

wa( D Ayl +dC) = ay, Ao( D aréyy +dC) =d, ifg=¢, D.
T‘GI@ T‘GI@

Theorem 4.2. Let M be an irreducible highest weight g-module with highest weight
& and a nonzero highest weight vector ve. Then the following conditions are equiv-
alent:

(i) M is quasi-finite,
(ii) 8_1v¢ 1s finite dimensional,
(iii) there exists N € N such that

&= Z &jwi +dNy, where §;, d e C.
l7I<N, jelq
Eroof. The proofs for all the cases are very similar, thus we shall consider only
gloojso- It clearly follows from Proposition L2 that (i) implies (ii), and (ii) implies
(iii). Now we show that (iii) implies (i). Assume that & = leISNo, jeézfjwj +dAyg.
Then by Theorem EI] it is sufficient to show that for all r € 1Z,, there ex-
ists N € N such that (gAloo‘OO),r)Nvg = 0. We shall prove it by induction. It
is obviously true for r = 0 and we assume that it is also true for all p € %N
with 0 < p < r. Choose N, € N such that (gAloo‘OO),prvg = 0. Let N =
max{No + 1, Ny/2,--- ,Ny_y2}. For all p € %N with p > r, it is clear that
(lem)p(gloobo)_r,rwvf C (g’;\loo‘oo)p_rvg = 0. By Lemma [{1] we also have
(é\IOO|OO>P(é\loo|oo>fr7r+N’Ug - (é\loobo)f(rfp),(rfp)ﬂvvg =0, for all p € 3N with 0 <
p <r. Thus (gloo|oo)+(g?1m‘oo)_w+1vv5 = 0. Using Lemma [£1] again, we also have
(é\look)o)o(é\loo\oo)*Tﬂ“‘FN’U& < (é\look)o)*Tﬂ‘JrNUgj SO u((gloo\oo)*)(é\loo|oo)*7‘;7‘+]v/u€ is

a proper submodule of M. Thus we have (gly|o)—rr+nNve = 0 since M is irre-
ducible. 0

Remark 4.1. Let gAlOo be the the Z-graded Lie subalgebra
g?loo = {(asj) EgAloo‘oo\ a;; =0 for i = % or j :% 1+ CC

of gAlooloo7 which inherits a natural Z-gradation from g?loo‘oo. Then all the results
in this section can be restricted to the non-super case, leading to descriptions and
classifications of the irreducible quasi-finite highest weight modules over gloo and
its Z-graded subalgebras. For example, we have the following theorem.
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Theorem 4.3. Let M be an irreducible highest weight gloo -module and v¢ a non-
zero highest weight vector. Then the following are equivalent:

(i) M is quasi-finite,
(ii) (gleo)—1ve is finite dimensional,
(ili) there ezists N € N such that £ =}, <y §wj + dAo, where §;, d € C,

where Ny, w;, i € Z are the fundamental weights of g?loo.

5. UNITARIZABLE REPRESENTATIONS AND THEIR FREE FIELD REALIZATIONS

In this section we study in depth the quasi-finite irreducible highest weight mod-
ules over gAloo‘oo, fl, C and @, which are unitarizable with respect to natural choices
of s-structures for these Lie superalgebras. The main results obtained are the
following: (1) the classification of the unitarizable quasi-finite irreducible highest
weight modules over the Lie superalgebras gloo‘oo, .%Al, € and @; (2) realizations
of these irreducible modules on Fock spaces; and (3) generalized Howe dualities
between these infinite rank Lie superalgebras and classical Lie algebras. The gen-
eralized Howe dualities will provide the principal tool for constructing character
formulae for the unitarizable quasi-finite irreducible highest weight modules in the
next section.

5.1. Free field realizations of 8?100\00 and (gAloobo,gld)—duality. Let gl denote
the Lie algebra of all complex d x d matrices. Let {e',...,e?} be the standard
basis for C¢. Denote by E;; the matrix unit with the entry at the i-th row and j-th
column being 1 and all other entries being 0. Then by := Z?:l CE;; is a Cartan
subalgebra, while by := Zl<i<j<d CE;; is the standard Borel subalgebra containing
hq. We regard a finite sequence A = (Aq,--- , Ag) of complex numbers as an element
of the dual vector space b} of hy defined by A(E;;) = A, for ¢ = 1,---,d. Denote
by V3 the irreducible glg-module with highest weight A relative to the standard
Borel subalgebra by.

Consider d pairs of free fermionic fields 1)*(z) and d pairs of free symplectic

bosonic fields ’yi’i(z), i=1,---,d, with the following mode expansions:
PPz = () =Y et
neZ neEZ
YRz = Y TR i) = Y gt
rELHZ res+7

where the operators ;" and ~;5? satisfy the usual (anti-)commutation relations
with the non-trivial ones being given by

(5.1) YT P TP = 6550man0, e T — YT = 6000 4s0-

Denote by 74 the associative superalgebra generated by these operators. We shall
take the operators ¢f¢, -t 454 withi = 1,2,---,d, n >0, m > 0,7 > 0, as
annihilation operators, and the rest as creation operators. Let §? be the Fock space
of &/ generated by the vacuum vector |0).
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There is an action of é\l with central charge d on the Fock space §¢ defined

oo|oo
as follows:
d d
(62) ey = vIluiT ers ==Y i1
p=1 p=1
d d
(53)  ew=D s vT0s ey == D
p=1 p=1

where 7,5 € Z and r,s € % + Z. Hereafter :: denotes normal ordering with respect
to the vacuum |0). There also exists an action of glg on ¢, which is given by the

formula
_ ot =g R SN I
Ejy=> vt o= >yl
nez r€l/247Z

For a generalized partition A = (A1, Ag, -+, Ag) of length d, we have the shifted
Frobenius notation (see Section 2.1])

A(A) = (£s+%,£s+%,"' ag—% |€S+1,£s+27"' ,§0|€%7£%,"' agr—% |€1,£27"' ,gr)-

We identify A(\) with an element of the dual space (g?l & of (ggl o defined

by

AN) == > &jw; + dAo.
s+5<j<r,jELZ
The following result is the (g’;\loo‘oo, glq)-duality of [7].

Theorem 5.1 ([7]). The Lie superalgebra gl

§? in the sense of Howe. Furthermore, we have the following (multiplicity-free)
decomposition of T with respect to their joint action

gd = ZL(é\look)ovA()‘)) ® VdAa
A

sloo and gla form a dual pair on

where \ runs over all generalized partitions of length d.

5.2. Free field realizations of A and (ﬁ, glqg)-duality. This time we take the

following free fermions ¢*(z) and free symplectic bosons y£(2) (i =1,--- ,d)
RIS SRS U P
nez” nez”
YR = Y TR i) = Y e
rei+z rez+Z

where the non-trivial anti-commutation relations are still of the form (G.IJ). Let
Sg denote the corresponding Fock space generated by the vacuum vector |0) with
YE0) = 450) =0, for i = 1,2,--- ,d, m > 0 and r > 0.

Then A with central charge d is realized on F¢ by (i,j € Z* and r,s € % +7)

d d
_E: PP _ E:.Jr,p —p .
eij - . w—' wj B €rs = — . ’yf'r A/s P B

p=1 p=1

d d
_E: PP _ E:.Jr,p —p .
€is = . w_i Pys P () e’r‘j - . ’Vfr ¢j 9

p=1 p=1
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and an action of gl; on §¢ is given by the formula

(5.4) E;; = Z : 1/)t;f¢;’j D= Z : *yf;i*yr_’j i
nez” rel/2+7
For j € N, we define the d x d matrices X 7 by
—.d —,d—1 -1
Y_1 Y_1 RS G |
2 2 2
_d 1 —1
X~9= | T-itd g Toats
R =
Sd-aer o la
vopov o v

Note that X7 = X~ for all j > d. The matrices X7, for j € N, are defined
similarly. Namely, X7 is obtained from X 7 by replacing 1, ok by ¢j A=EF1 and
vk by 447kt For 0 < r < d and i € Z*, we let X! denote the first 7 x r
minor of the matrix X?. (We use the definition given in [5] for the determinant of
a matrix with Grassmannian entries.)

Given a generalized partition A = (A1, Ag, -+, Aq) of length d, we have the shifted

Frobenius notations A(AT) = ( ;, ;r%, e ,5:1% | &h &8, &) and AN =

E0, 6,60 | &7,6 -+, &) for the partitions AT and A™*, respectively
3 713 s—3 1052 s

(see Section ). We let A (\) be an element of the dual space (f/l\o)* of Ay

defined by

MM = Y ui— Y Guwit+dA.

j<r,jeiN j<s,jeiN

We have the following result, which is analogous to the (g’;\loo‘oo, glq)-duality of [7].

Theorem 5.2. The Lie superalgebra A and glg form a dual pair on & in the sense
of Howe. In particular, we have the following (multiplicity-free) decomposition of
& with respect to their joint action

323 LA AN V),
A

where X runs over all generalized partitions of length d. Furthermore, the following
vector
Ad S SCED. ¢ . X2 XM
Xy, Koy Xowmy Koy Xy, 10
is a joint highest weight vector of the A-component.

5.3. Free field realizations of € and (@, Sp(2d))-duality. Let us first recall some
facts about the complex symplectic group Sp(2d) (see, e.g., [2, 10, 11]), which we
take to be the subgroup of GL(2d) preserving the non-degenerate skew-symmetric
bilinear form on C2¢ given by

0 1
J2d:(]'d (31)5

where I is the d x d identity matrix. More explicitly, Sp(2d) consists of those A €
GL(2d) such that A'JyqA = Jog, where A® is the transpose of the matrix A. The
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Lie algebra sp(2d) of Sp(2d) consists of those X € gl(2d) with XtJoq + Jog X = 0.
Denote by e;; the 2d x 2d matrix units. Then § := >, _,,C(es — €qyiari) is a
Cartan subalgebra, while b := 3", ., Clei; — €jya,ita) + 2 i<, Cleijra + €jyai)
is the standard Borel subalgebra containing h. Let h; = €;; — €qyi.d+i-

We write an element A € §* as A = (A, Ag, -+, A\g) where \; = A(h;) for
1=1,2,---,d. Let Vs?a(zd) denote the irreducible sp(2d)-module with highest weight

A € bh* defined with respect to the standard Borel subalgebra. Then V‘jp od
finite-dimensional if and only if Ay > Ao > --- > Agjand \; € Zy fori =1,-
Furthermore, every such representation lifts to a unique irreducible representation
of Sp(2d), which is denoted by Vg‘p(z 1) and so we obtain an obvious parametrisation
of Sp(2d)-highest weights in terms of Young diagrams A with I[(\) < d.

Introduce the following operators on the Fock space Fd:

(65)  EFT=) cwfildo - Y cwtield e Y0 ot

)is

neN ne—N rel/247Z
(5:6) BT =0 culiegli= Y ST i— Y iy
neN ne—N rel/2+47Z

where 1 < 4,5 < d. Tt is clear that (B0 and (56) together with (54) span the
Lie algebra sp(2d). Its action on F& can be lifted to an action of Lie group Sp(2d).
Moreover, ¢ is a direct sum of finite dimensional irreducible Sp(2d)-modules.

On the other hand, Sp(2d) acts on 7 by conjugation. It is not hard to see that
the Sp(2d)-invariants of the associative algebra 7/ is generated by the following
combinations of elements of (B2]) and (&.3):

(5.7) C; €rs =€rs — €_s _p;
(58) é@j = €ij — €—j —i, 17 > 0; é@j =ei;te—j—i 17 < 0
(59) é”:é_r_i:eirJre_T_i, 1> 0; éir:fé_r_i:e”fe_r_i, 1 <0,

where i,j € Z* and r,s € 3 + Z. Note that (E:ﬂ) (E8) and (59) span the Lie

superalgebra €/ and hence Sp(Qd) commutes with €.
For any given partition A = (A, Ag, -+, Agq) of length d, we have the shifted
Frobenius notation A(X\) = (fé,ﬁg, e ,5,,_% | €1,&2,- -, &) (see Section 2.T]). Let

Aé()\) € 66 be defined by
A= Y g+ dho.

j<r, jE5N
Let X\ be a partition of length d. Then the vector
A
(5.10) Xy, - X3, - X |0)

is a highest weight vector of the Lie superalgebra € with highest weight A@()\) and
it is also a highest weight vector of Sp(2d). By using similar arguments as in [7]
(see also [24], [3]), we have the following theorem.

Theorem 5.3. The Lie superalgebra € and Sp(2d) form a dual pair on F¢ in the
sense of Howe, namely, there exists the following (multiplicity-free) decomposition
of F& with respect to their joint action

§a2 3 LCAC(N) © V3,
A
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where the summation is over all partitions of length d. Futhermore, the vector

A
X3 - X3, Xy 10)
is a € x Sp(2d) highest weight vector of the A-component.

5.4. Fock space realizatigns of D. In this subsection we will construct two types
of free field realizations of D which are respectively associated with the (D, O(2d))
and (D, O(2d 4 1))-dualities.

5.4.1. Basic facts on representations of the complex orthogonal group. We start
by recalling some facts about finite dimensional representations of the complex
orthogonal group O(k) (see, e.g., [2, 10, [I1]). We first consider the case when
k = 2d is even. Let {e!, €2, --- ,ezd} be the standard basis for C2¢. We consider
the complex orthogonal group O(2d) defined with respect to the non-degenerate
symmetric bilinear form on C?? given by

(0 I
Denote by so(2d) the Lie algebra of O(2d). Let h; = e;; — €dii.dti, Eisj(”r =
€ij+d — €jitd and Ef;’_ = €it+d,j — €j+d,i for 1 < 4,5 < d. Then b := Z1§i§d Ch;
is a Cartan subalgebra, while b:= 3", ;. Cle;; — €jyaitd) + 2 o1<; j<a (CEZ-SJ-OJr
is the standard Borel subalgebra containing b.

Write an element A € h* as A = (A, Ao, -+, \g), where \; = A(h;), for i =
1,2,---,d. Let 1/;>$(2d) denote the irreducible highest weight s0(2d)-module with
highest weight A\ € h* defined with respect to the standard Borel subalgebra. Then
Vﬁ)l;@d) is finite dimensional if and only if A\; > Ay > -+ > |\4| with either \; € Z

or else \; € % + Z for all i = 1,--- ,d. Furthermore, the s0(2d)-module V;l;(Qd)
lifts to an SO(2d)-module if and only if Ay > Ao > -+ > |Ayq| with \; € Z for all
i=1,--,d

When a finite-dimensional irreducible O(2d)-module V' is regarded as an so0(2d)-
module, either

(i) V is a direct sum of two irreducible so(2d)-modules with integral high-
est weights (A1, Ag, -+, Ag) and (A1, Ag, -+, Ag—1, —Aq) respectively, where
A > 0; or
(ii) V is an irreducible so(2d)-module with integral highest weight of the form
(Ah >\27 e 7>\d—1a 0)
In case (i), we denote V' by W3(2d), where \ = (A1, Ag, -+ ,/\d_},)\d > 0). I~n case
(ii), there are two possible choices of V', which we denote by Wé\(Q d) and Wé@ 2 ®
det, respectively. Recalling that O(2d) is a semidirect product of SO(2d) and Zs.
Thus the O(2d)-modules WS(Zd) and W&Zd) ® det restrict to isomorphic SO(2d)-

modules. However, as O(2d)-modules they differ by the determinant representation
so that we may distinguish these two modules as follows: consider the element
7 € 0(2d) — SO(2d) that switches the basis vector e? with e2? and leaves all other

basis vectors of C2¢ invariant. We declare Wg@d) to be the O(2d)-module, where 7
acts on any SO(d)-highest weight vector trivially. Note that 7 acts on an SO(2d)-
highest weight vector in the O(2d)-module W&Qd) ® det by —1.
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We may associate Young diagrams A of length 2d to these integral highest
weights of O(2d) as follows (cf. [I4]). For \y > Ay > -+ > Ay > 0 with \; €
Zy for all 7, we have an obvious Young diagram of length 2d by putting A :=
(M, A2, -+, Ag,0,--,0). When Ay = 0, we associate to the highest weight of

WS(Q d) the usual Young diagram of length 2d by putting
A= (A1, A,y Ag, 0,---,0).

We put VO)\(2d) = Wé@d). To the highest weight of Wé(zd) ® det we associate the

Young diagram A obtained from A by replacing its first column by a column of
length 2d — Aj. Let Vipq) := WQ(pq) @ det.

Hereafter, we shall adopt the following convention. Given any partition A\ of
length 2d satisfying the condition A} + X, < 2d, we denote by A the partition
obtained from A by replacing its first column by a column of length 2d — A}. There
is a one-to-one correspondence between the finite dimensional irreducible O(2d)-
representations and the partitions A of length 2d satisfying the condition A} + Aj <
2d.

Next consider the case when k& = 2d 4+ 1 is odd, where the orthogonal group
O(2d+1) is defined with respect to the following non-degenerate symmetric bilinear
form on C27+1!

0 Iy
0 0
Iy 0
Denote by so(2d+ 1) the Lie algebra of O(2d+1). Let e;; be the (2d+1) x (2d+1)
matrix units. Set hz ‘= €4 T €d4144,d+14i> E»SO+ = €. d+1 — €d+1,d+1+i; E;O_ =

0
Kogi1 = 1
0

+ ._ -
€d+1,5 — €j+d+1,d+1, Efjo = €i,j+d+1 €ji+d+1 and fj = €id+1,5 — €j+d+1,i
for 1 < i,j < d. Then b : Zl<z<d Ch; is a Cartan subalgebra, while b :

SicicicaCleij—ejrarivas1) T2 1<ica CE T+, j<g CE;YT is the standard
Borel subalgebra containing b.

Write an element A € h* as A = (A, g, -+, Ag), where A\; = A(h;), for i =
1,2,---,d. Let V) o(2a+1) denote the irreducible highest weight 50(2d + 1)-module
with hlghest Welght A € b* defined with respect to the standard Borel subalgebra.
Then V50(2d+1) is finite dimensional if and only if \; > Ay > --- > \g with either
Ai € Zy or \; € 3+ 7y forall i = ,d. Furthermore, Vso(2d+1) lifts to a
representation of SO(2d + 1) if and only if )\z €Zy.

Recall that O(2d + 1) is a direct product of SO(2d + 1) and Zy. Thus every
finite-dimensional irreducible representation of O(2d + 1) restricts to an irreducible
representation of SO(2d + 1). Conversely, an irreducible SO(2d + 1)-module gives
rise to two non-isomorphic O(2d + 1)- modules that differ from each other by the

2a+1) Stand for the irreducible O(2d+1)-

module corresponding to 2\ = (M > A2 > -+ > Ag > 0) on which the element
—Iz411 € O(2d + 1) acts trivially, where Iz441 is the identity (2d + 1) x (2d + 1)
matrix. Then {W O(2d+1) W/\(2d+1) ® det} with A ranging over all partitions with
length d as above is a complete set of finite-dimensional non-isomorphic irreducible
O(2d + 1)-modules.

Similarly as before we may associate Young diagrams of length 2d + 1 to these
O(2d + 1)-highest weights. For the highest weight A= M >X-2>2X2>0)

determinant representation det. We let W o(
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of W(X)(2d+1)’ we have an obvious Young diagram A = (A, Ag, -+, Ag,0,---,0) of

length 2d + 1. Let VO>‘(2d+1) = Wé(2d+1). To the highest weight of Wé(2d+1) ® det
we associate the Young diagram A obtained from A by replacing its first column by a
column of length 2d+1—\|. (Hereafter, A will always denote a partition obtained in
this way from A.) In this case, we let Vg(2d+1) = Wg@dﬂ)@det. Now there is a one-

to-one correspondence between the finite dimensional irreducible representations of
O(2d + 1) and the partitions p of length 2d + 1 satisfying u} + ph < 2d + 1.

5.4.2. Free field realizations of D and (@, 0(2d))-duality. Let us consider the real-

ization of D on the Fock space Td related to the (D, O(2d))-duality. Introduce the
following operators on g2 (1 < 1,5 < d):

(5.11) E* = Z Ty Z i Z iy

neL* rel/247Zy re—1/2—7,
(5.12) B~ =) oyl Y oSk Y i
neZ* rel/247Zy re—1/2—7,

which together with (5.4) span the Lie algebra so(2d). The action of the Lie algebra
50(2d) on F¢ can be lifted to an action of the Lie group SO(2d), which can in turn be
extended to an action of O(2d). Moreover, F¢ is a direct sum of finite dimensional
irreducible modules over O(2d).

Note that O(2d) acts on the associative algebra 7 by conjugation, and the
O(2d)-invariants in @7 are generated by the following combinations of elements of

E2) and E3):

(5.13)

C; €ij = €ij — €—j—i5
(5.14)

€rs =€rs—€_s p, 78> 0; €rs = €rs T €_sp, 78 <0;
(5.15)

éi r = éfr,fi = €ir + €_r—i, T > 0; éi,r = _éfr,fi =€ir —€_pr—4 T < 0;

where i,j € Z* and r,s € 1 + Z. Note that (5.I3), (5.14) and (5.I5) span the Lie
superalgebra D7 in 7. N
For each j € {1,2,--- ,d}, we define the d x d matrix X7 as follows:

d— —.d
AR A SR A e
+a +2 +id—1 —d
Vs V_ s Y3 V_3
2 2
I . ' : d— —d
X7 = 'Yfélj—1 7—_"_,22]‘—1 7—_"_,2]‘—} Y %21
2 2 2
+1 +2 -1 —.d
v L s
1 42 td-1 -
—j w,j 7/}7]‘ 7/}7]‘
For any integer 5 > d, X7 := X9. Note that the matrix X7 is obtained from X7 by
replacing its last column by (v 1% 4 o v 78, T/J:fl---iﬁ:f). For 0 <r <d
2 2 T2

and i > 0, we let X! denote the first r x r minor of the matrix X°.
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We define the 2d x 2d matrix I' as follows:

1 2 ,d —.d —,d—1 -1
’le ’le WJ_rl Y1 V.1 V_1
+a 4k 1 e el
L A R

I .=
142 fd o —d g —d—1 Za
¢_1 ¢_1 ¢_1 17/}_1 17/}_1 w—l

For r > d, we let I';. denote the first » X r minor of the matrix I'.

Let A(\) = (€1:8115 &1 [ &, 8+, &) be the shifted Frobenius notation
(see Section 2] for the partition A = (A1, Ao, - -+, Aag) of length 2d with \] + A <
2d. Let AP(\) € D be defined by

AP = Y Gy +dAg.

j<r,jeiN

By using similar arguments as in [7] (see also [24], [3]) and the explicit construction
of the joint highest weight vectors of D and SO(2d), we have the following theorem.

Theorem 5.4. The Lie superalgebra D and 0(2d) form a dual pair on F& in the
sense of Howe, namely, we have the following multiplicity-free decomposition of Fd
with respect to their joint action

512 LD, AP (V) ® Vi),
A

where the summation is over all partitions of length 2d with A} + A < 2d. Further-
more, the following vectors are D x s0(2d) highest weight vectors:

(i) X}, X3, -~X§il 0) when \; < d;
(i) X}, X3, - -~X§i1 0) and X}, X3, - X’ik |0) when N\, = d;
(i) Ty X3, - .-X;,;l |0) when | > d.

5.4.3. Free field realizations of D and (@, 0(2d 4 1))-duality. Now we turn to the
free field realization of D associated with the (D,0(2d 4 1))-duality. Introduce
a free fermionic field ¢(z) := > ;= ¢z "' and a free bosonic field x(z) :=
ZT‘G%-‘,—Z szfr71/2
0ij0m+n,0 and commutation relations [X,,xs] = 0;;0r4s0 for r > 0. We shall

with the non-trivial anti-commutation relations [, ¢n] =

1
denote by %d+2 the associative superalgebra generated by the modes of all the

quantum fields Ji’i(z), yEH(2), i = 1,---,d, ¢(z), and x(2). Let S’SH% denote
the Fock space of the quantum fields generated by the vacuum vector |0), where
PE0) = vE70) = ¢ |0) = x,|0) =0, for i = 1,2, ,d, m > 0 and r > 0.
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N 1
We can realize D with central charge d + % on §g+2 by the following operators
(i,j €Z*, r,s€L+7Z):

d d
Gy =y TP =Y T gy
=1

p=1

Ers = —Eosr = = ) AT Y TP XX 5 78 > 0;

d d
Ers == T =Y AP  xeeXs 5 < 0,8 > 05
- =
d d
érs = _Z:’Vt;ﬂpvgw : _Z:’V:)p’\/:;ﬂp T X Xs H T > O,S <0;

d d
€is 1= C_g_; 1= Z : wJ“p’ys P — Z CyTPY TP b s sy 8 > 0;

p=1

d
VIR Y TP =ity s <0,
p=1

€is = —€_s5,—4 =

o I
i[~)= -
i

1
Introduce the following operators on the Fock space Sg+2

(5:16) BT =3 comaultio Dot 3 et

nez* rel/2+7Zy re—1/2—74
(5.17) BT =) ottt Y ixoen s
nez* rel/247*

where 1 < 4,5 < d. Note that the operators (5.4]), (511} and (5I2) act naturally
1
on the Fock space Sg+2 . Tt is easy to see that (54), (511) and (B12) together with
(ET18) and (BI7) span the Lie algebra so(2d+1). The action of so(2d+1) on Sd+2
can be lifted to an action of the Lie group SO(2d+1), which can further be extended
1
to an action of O(2d 4+ 1). Moreover, §g+2 is a direct sum of finite dimensional
irreducible representations of O(2d + 1). Also it is not hard to see that O(2d + 1)
acts on the associative algebra o7 dtg by conjugation and the O(2d 4 1)-invariants
of /13 are generated by the operators ¢, just described.
We define the (2d + 1) x (2d + 1) matrix I" as follows:

A
i

1 2 d —d _—d-1 -1
A A SRR A (R N S O 77y
+a 42 +id i, —d—1 -
¢71 ¢71 e '@/171 (1571 1#71 1#71 ¢71

faoie o da Cd e la
w_1 w_1 ¢_1 ¢—1 1/)_1 1/)_1 w_1
For r € Z, we let T, denote the first 7 x 7 minor of the matrix L.

Using the shifted Frobenius notations A(\) = (E%,§1%,~-~ e | &1,82, -, &)
for the partition A = (A1, Aa, -+, Aagy1) of length 2d + 1 with ] + A\, < 2d+1, we
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define AP () € Dj by

D 2d+1
AP(N) = Z fjb%‘i’;AO

j<r,j€iN
We have the following theorem.
~ 1
Theorem 5.5. The Lie superalgebra D and O(2d+1) form a dual pair on SSHZ n

the sense of Howe. In particular, we have the following (multiplicity-free) decom-

1
2 with respect to their joint action

d+3 N
Fo' 2 2> LD, AP (V) @ Vdnasn),
A

position of Sg

where the summation is over all partitions of length 2d + 1 with \] + Ny < 2d + 1.

Furthermore, a joint highest weight vector of the A-component with respect to D x
SO(2d + 1) is given by
2 A
Ly - X5, ---X/\il |0).

5.5. Unitarizable modules over gAlooloo, A, € and D. Recall that the associative

superalgebra 7% generated by the operators 1% and fy " admits a *-structure
w: e/ — o/ defined by

(5.18) Wb ®) =vTr, wy®) =yt

ik if r >0 _ —7_’k ifr>0
5.19 +ky — Ter s 1 ’ Ry r o )
( ) (U(’YT ) { —’}/:;ak, ifr<o. ’ W(’YT ) ’Yf;k, if r < 0’

forallm e Z,r € %+Z, k=1,2,--- ,d. It can be easily shown that w indeed defines
an anti-linear anti-involution on «7¢. Let (-|-) be the contravariant Hermitian from
on the Fock space §? defined with respect to w.

Lemma 5.1. The Fock space I¢ equipped with the contravariant Hermitian from
(-]) is a unitarizable </ *-module.

Proof. In the “particle number basis” for the Fock space, the lemma can be con-
firmed by a straightforward calculation, details of which are omitted here. However,
see Remark [5.1] below. O

Remark 5.1. If we remove all the minus signs from (EI9), we still obtain a *-
structure for &7¢. In fact, this is the usual conjugation rule for symplectic bosons
adopted in the physics literature. However, it is quite well known that the Fock
space of symplectic bosons is not unitarizable with respect to the usual conjugation
rule.

The anti-linear anti-involution w on 27¢ gives an anti-linear anti-involution w on
gloo|oo defined by

+
C—C, E , Qpep—tp E , )PP ae, i,

106 Z pPES 17
forall 37 1 17 0p€p—kp € (gloo‘ )i and for all k € 7. Here @ denotes the complex

conjugate of the complex number a. In fact, the realization (5.2)), (53] of gl oo
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d

/¢ defines a *-superalgebra homomorphism & : (U(g?lgobo),&) — (% w), where

- . .. -~ ~f
w is the restriction of w on gl 10 gly |-
Since the Fock space § equipped with the Hermitian form ( -|- ) is a unitarizable
f d
Hence §

o/%module, it naturally restricts to a unitarizable module over gAloo|Oo.
-module as can be easily seen by examining the action

forms a unitarizable gAl

co|oco
on §¢. By Theorem [5.1] for each generalized partition A of length d,
the irreducible g?loo‘oo—module L(g’;\loo‘oo, A(X)) is unitarizable. We shall show that
such modules exhaust all the unitarizable irreducible quasi-finite highest weight
glojoo-modules with respect to the -structure w.

ofg?l

oo|oo

Theorem 5.6. Let M be an irreducible quasi-finite highest weight gloobo-module
with highest weight &. Then M is unitarizable with respect to the x-structure w
if and only if £ = A(X) for some generalized partition \. In other words, M is
unitarizable if and only if

£ = > &jwj +dAg
s+5<j<r,je3Z
such thatd € Zy, —s,r € N and §; € Z for all j satisfying the following conditions:
() §&1>& > >§ 120 >L>>&§ 20, and 1 =0 if and
only if r=1 andfé =& =0,
(i) 02811 > &z > >8 1, 02841 > 82>+ > &, and 41 =0 if
and only if s = —1 and 5_% =& =0,
(if) min{€;, 1} +& — & < d.

Proof. We already know that for any generalized partition A, the gl -module

00|00
L(glojoo, A(A)) is unitarizable. Now we show that if M is a unitarizable irre-
ducible quasi-finite highest weight gAloo|Oo—module with the highest weight £, then
& = A()) for some generalized partition A. Let ( -|- ) be a positive definite con-
travariant Hermitian form on M and ve a highest weight vector of M such that
(velvg) = 1. We put &(e;;) = & for all ¢ € 7. By Theorem 2] there exists
N € N such that £ = le\SN,jG%Zgjwj + dAg, where &;, d € C. For each i € N,
{€ii—€it1,i+1,€ii+1,€i+1,i} forms a standard basis for the Lie algebra si(2,C) and
w(e;it1) = €i+1,;. Unitarizability of M with respect to this subalgebra requires
(see, e.g., Theorem 11.7 in [16]) & — &1 = &(€ii — €i41,i41) € Z4. Since M is a
quasi-finite highest weight gl |, ,-module, we have §; € Z, for all i € N and
2> 286,281 =82 ="--=0 for some n € N.

Similarly, we have & € Z, for all i € % + Z4 and

E%ZﬁgZ~~~Z§r_%Z§r+%:§n+%:~~:0 for some r € N.
Now we are going to show that for each i € %N, either

(520) & > £i+1 or & = 514—% =0.

It is sufficient to show that & = &; 11 implies & = §i+% = 0. Assume that & = &;41.
Then (e;11,v¢ | €i41,iv¢) = & — &1 = 0. Therefore, we have e; 11 ;u¢ = 0. On the
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other hand, we have

0= <3¢+%,¢+1€i+1,i’05 | ei+%,i+1€i+1,ivﬁ> = <3¢+%,¢U§ | €i+%,iv£>

=& +&i-
Thus we have &; = §i+% = 0 since &;, §i+% > 0. By (B.20), there is » € N such that
S>> > 2861 =602="=0,
T A T - )
or 5% = & = 0. By using similar argument as above (note that W(ez;%,i) =—€ii1

for all —i € Z), we have —¢; € Z for all —i € 3Z, and there is s € N such that

0= =& 3=8_1>&1>& 3> >& 1,
0:"'253—1:£s>§s+1>§s+2>"'>€07
orf_%:&):O.

Now we choose a large positive integer n such that &(eyn) = {(e—pn,—n) = 0.
Consider the subalgebra si(2,C) spanned by {e_n,—n — €nn + C,e_pn,€n—n}-
Note that w(e_,n) = €n,—n. Using the standard trick on unitarizable modules
again, we have d = £(C) = &(e_p,—n — €n,n + C) € Zy. Finally, we need to show
min{gé, 1}4+&1—&o < d. Since (e1,0v¢ | e1,0ve) > 0 and (eq gve | e1,0v¢) = {o—E&1+d,
we have g — & +d > 0. If §g — & + d > 0, the proof of the theorem is completed.
Otherwise, we have §, — &1 +d = 0 and e; gvg = 0. Therefore, we have

(5.21) d+& =& > 0.
On the other hand, by using (521 and e; gve = 0, we have

0={(e1 €100 | €1 1e1,00¢) = (€1 Ve | €1 gve)

=& +& +d

=&+ &
Since {1 > 0 and & > 0, we have {1 =& =0 and min{fé, 1b+& —&=-&<d
by (B2I)) again. This completes the proof of the theorem. O

For g = ﬁ, € or @, the restriction of the anti-linear anti-involution w on the Lie
superalgebra gAloo‘Oo to g gives an anti-linear anti-involution on g, which will also
be denoted by w. Using similar arguments as in the proof of Theorem [5.6] we can
prove the following theorems.

Theorem 5.7. Let M be an irreducible quasi-finite highest weight A-module with

highest weight €. Then M is unitarizable if and only if ¢ = A*(X\) for some gener-
alized partition X. In other words, M is unitarizable if and only if

MOy= S o - Y e wydA
j<r, j€5N J>—s, j€—3N
such that d € Z4, s,7 € N and §; € Z for all j satisfying the following conditions:
() &> > >80, 20,6 > > >¢>0,and &, =0 if and
O;Llyifiﬂzlandgzzzgfzo, ?
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(i) & >& > >¢& 120, & >& > >& 20, and{_, =0 if and
only if s=1and £ =& =0,
(it}) minfe},1} +min{€;, 1} +& +& <d.

Theorem 5.8. Let M be an irreducible quasi-finite highest weight C-module with

highest weight €. Then M is unitarizable if and only if ¢ = A®(\) for some partition
A of length d. In other words, M is unitarizable if and only if

AN = Y GujtdAg
j<r,j€LN
such that d € Zy, r € N and §; € Z for all j satisfying the following conditions:
D& >&1>>61206>&>>§ 20 and§._1 =0 if and
only if r=1 cmdf% =& =0,
(ii) min{¢y,1} +& < d.

Since the Fock space realizations of D differ considerably from those for the other
algebras, we treat unitarizable D-modules in some detail. Introduce an anti-linear
anti-involution w on %dJr% in the following way. It is defined by (E.I8]) and (GI9)
on all the ¢; and ~;"", and

(5.22) w(pi) = ¢y, for all i; w(xr) = x-r, forallr

1
The Fock space SSJFQ admits a positive definite contravariant Hermitian form with
1
respect to this x-structure of %‘Hz.

- - d+1
It is important to observe that the restrictions of the *-structures of % "2 and
glojoo tO D/ coincide. Thus all the irreducible D-modules appearing in Theorem [5.5]
are unitarizable with respect to the the anti-linear anti-involution w.

Theorem 5.9. Let M be an irreducible quasi-finite highest weight D-module with
highest weight §. Then M is unitarizable if and only if there exists a non-negative

integer or half integer k such that € = AP (X\) for some partition \ of length 2k with
N + XNy < 2k. In other words, M is unitarizable if and only if

AP = Y Guy kA
j<r, jeiN
such that k € %ZJ” r € N and & € Z for all j satisfying the following conditions:
() §&1>& > >§ 120 >L>>&§ 20, and {1 =0 if and
only if r=1 and§% =& =0,
(i) & + & 41 2(61) + min{és, 1} < 2k,
where Iy 2 is a function from non-negative integers to itself with i1 2(0) = 0, I3 2(1) =

1andli2(x) =2 if x > 2.

Proof. We only need to prove the “only if” part of the theorem. Let ( -|- ) be a
positive definite contravariant Hermitian form on M and v¢ a highest weight vector
of M such that (ve|ve) = 1. We put £(&;) = & for all i € AN. By Theorem E2
there exists r € N such that { =}, je%ijWj + kAo, where §;, k € C. By using
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similar arguments as in the proof of Theorem [B.6] we can show that & € Z, for
1= %,1,~~~ 7= %,r, and
>8> >6_120,  HG>&6>>6 20

Moreover, §T7% =0 if and only if » =1 and 5% =& =0.

Now we choose a large positive integer n such that £(&,.,) = {(ént1nt1) = 0.
Consider the subalgebra si(2,C) with the standard basis {2C — é,., — ént1,n+1,
é—n—l,na én,—n—l}- Note that W(QC — én,n - én+1,n+1) =2C — én,n - én—i—l,n—l—la
w(€p,—n-1) =€_p_1,n and w(—€_p_1,) = —€p _n—1. Unitarizability with respect
to this sly subalgebra requires 2k = £(2C') = {(2C' — ép,n — €nt1.n+1) € Z4. Hence
we have k € %ZJF.

Finally, we need to show &; + & + 1172(55) + min{fg, 1} < 2k. We may assume
that 5% > 0. Otherwise, we have & + & + ll,g(f%) + min{f%, 1} = 0 < 2k. Direct
computations show that (&, 1ve [ € 1ve) =& + & >0 and

0 < [léa, 18y, 1vel|” = (&1 30¢ | (2C —&11 — €2,2)8; 1ve)
=02k—& — & — 1)(5% +&).
Thus we have 2k — &, — & — 1 > 0 since 5% + & > 0. When 5% = 1, we have

(5.23)

E% =& =0. Thus & + & +1172(§%) —|—min{§%,1} =& +&+14+0<2k. Now we
assume that 5% > 2. We compute
163180181 yvell? = 12 48 1 vell?
1,10 | (€11 + €2.2)€1 10¢)

(5.24) = (€ 1ve | (€11
(6 +&—1)(Es +&) > 0.
Thus ||é2),1él’%v5||2 > 0 and hence we have & + & + ll’g(fé) + min{fg,l} =

&1+ & +2 < 2k for 5% > 2 and fg = 0 by using (523). Eventually we assume that
€1 >2and € > 0. Then

1E_1 182,185 3 &1 1vel” = [1€2 180 58 10e]
= (& +&)lley 28 el
(&) L E)(E +E) >0
Therefore, we have €, _1€; 5€; 1ve # 0 and
0 < [lé2,—185,381 1vel|* = (€2 381 10¢ | E-1,282, 185 36 10¢)
= (2k — €1 — & —2)||8y 58y 1 ve?
=(2k — &1 — & —2)(&1 +&)(§1 +&2)-
Therefore, we have 5% + & +3 < 2k. Hence & + & + l12(81) + min{fg, 1} =

1
2

€1+ & +3 < 2k and the proof is completed. O

Recall that in [24] Wang showed that there is a gAlo<> x glg duality on the subspace
of the Fock space §? generated by the fermionic operators. By modifying the
arguments in the proof of Theorem we can show the following theorem.
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Theorem 5.10. Let M be an irreducible quasi-finite highest weight gloo—module
with the highest weight &. Then M is unitarizable if and only if

f = Z fjw]' + dAO
s<j<r
such that d € Zy, r € N, —s € Z4 and &§; € Z for all j satisfying the following
conditions:

(i) &1>&>->& >0,
(i) 0>& > &1 > > &o,
(i) & — & < d.

6. CHARACTER FORMULAS FOR UNITARIZABLE IRREDUCIBLE MODULES

In this section we derive explicit formulae for the formal characters of the uni-
tarizable quasi-finite irreducible highest weight modules over the infinite rank Lie
algebras € and D. The method employed here is a generalization of that developed
in [3, [8, 4], which makes essential use of Howe dualities. We mention that the
character formulae for the unitarizable irreducible modules over gAl

A) were obtained in [3)].

so|oo (and hence

6.1. Character formula for C. The main result of this subsection is Theorem [6.7],
which gives the character formula for the unitarizable quasi-finite irreducible highest
weight C-modules. In order to establish the result, we need some basic facts on
characters of the symplectic group (see [10], [13], [I4]), which we now recall.

When we deal with characters of sp(2m)-modules, we let z; := e where ¢; € h*
such that €;(h;) = d;; (see Section [£3]). We define hi = —hm—it1 and x; =
e ®m—itl for 4 =1,2,--- ,m. That is, ; = z,;l_iH. The definitions of z;’s and h;’s
are somewhat non-standard, but they allow us to deal with only polynomials instead
of Laurent polynomials when considering characters of certain representations of
sp(2m). When we deal with characters of Sp(2d)-modules, we put z; = e where
€; € b* such that €;(h;) = €;(ej; — €a+j,a+j) = ;5. When dealing with characters
of é—modules, forjeN, r e % + Zy, we let z; := e’ and y, := e*", where w, are
the respective fundamental weights of € introduced in Section

For each sequence of complex numbers A = (Ag, -+, \,,), we let W2

- sp(2m) T
VS’;*(Zm) where A* = (=A,,, -+ ,—=X1). Note that \*(h;) = X\; for i = 1,--- ,m.
The module Wsﬁ]@m) is finite-dimensional if and only if Ay > Ay > -+ > A, and

AN € —Zy fori=1,--- m.
For each partition A of length d and each decreasing sequence of non-positive
integers v of length m, we write

Xgp(2d) (z) = Xgp(2d)(217 s 2a); X:p(2m) (x) = X:p(Qm)(xl’ L Tn)

for the characters of the Sp(2d)-module V§\p(2d) and the sp(2m)-module W¢ .,
to stress their dependence on the variables z1,- -,z and x1,- - , Z,,, respectively.

It is clear that Xgp(Zm) (z) = )Zg‘g(gm)(zl_l, -+, z-1) for any partition X of length m

since Xg/,\p(Qm)(Zh R ,Zm) = Xgp(Qm)(Zl_la R ’Z;zl)'
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By the (Sp(2d), sp(2m))-duality on the exterior algebra A(C2¢@C™) with m > d
([13], [14], also see []]), we have the following identity:

_ m _ ~)\/ m
(6.1) (21 xpm)? 1_[1 1_[1(1 +ajz)(1+agz ) = z;xgp(zd)( 5p(2rr(11) ().
i=1j=

Here A runs over all partitions of length d with \; < m, and for any k& € N, (1¥)

stands for the k-tuple (1,1,---,1). Note that the partition )\ is considered as a
partition of length m and N’ —d(1™) is a decreasing sequence of non-positive integers
of length m.
We let
E;.(l'l, T ,LEm,l'l_l, T axn_ql) :Ey-(l'l, T ,.Tm,ﬁlil_l, e aa:y_nl)
- T*2(x17.'. ,Im,.f;l,"' 7.’1/';7(1)7

where F,. is the r-th elementary symmetric polynomial for » > 0 and E, = 0 for
r < 0. For any partition p of length [ (which is an arbitrary positive integer), we
define

|E;/1| = |E}Il,(x17 T amm’xflv T am;zl)lv

the determinant of the | x [ matrix whose i-th row is
(6.2) (B, _ip1s Bl iy ¥ B, B i+ EL iy B+ E, i )

Then the character of the irreducible sp(2m)-module V.} is given by |E},| =

sp(2m)
|ES (1, s Ty 2y Y+, 2nb)], where A is any partition of length m [10].
From the above result it is not very difficult to work out that the character
NA/_d(lnl)

Xsp(2m) (x) of the finite-dimensional irreducible sp(2m)-module W;}J(Zd()l for

every partition A of length d with Ay < m is given by the determinant of the d x d
matrix whose i-th row is

/ /
( mf/\d_i+17i+1 E —Ad— it1— 1+2 + Em Ad— ir1—1
/ / /
B aain—its F Brng i—imt B a g i—idd T a1 —imdt2)-
On the other hand, for each r € Z,

Eme(‘/I"lf' . 7xm5$;1".. 7x7;bl>
m—r
ZEl w1, ) B gt
=0
m—r
: -1 Z E’L Ty, 5 m)E’r‘Jri(x]?... 7xm)
=0

:(1'1 s 'xm)71 ZEi(xla co ,$m)E7-+7;(]31, T ;mm)-
i=0
For r € Z, we define E’ = E — E‘T_z with

o0
Z xl, ) m)Er—i-i(xla"' ,l'm).

Then we have

/ _
Em—r(xla"' yTms Ty 5, T
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d-N—d(1™)

Hence for each partition A of length d, (z1- -+ m) X, (am) ~(X) equals the deter-

minant of the d X d matrix whose i-th row is
IRl ! IRl ol IRl
(E)\d—i+1+i_1 E)\d—i+1+i_2 + E)\d—i+1+7; Ekd—i+1+i_3 + E)\d—i+1+i+1
Al IRl
E>\d—i+1+i*d + E>\d—i+1+i+d72)'

For each partition A of length d satisfying \;y < m and d < m, the symplectic
Schur polynomial of weight d of m variables, denoted by

sp,d sp,d
S/\p (X) = S)\p (mlv o 7xm)7
is defined by the determinant of the d x d matrix whose i-th row is
IRl 'l IRl ol IRl
(E)\d—i+1+i_1 E)\d—i+1+i_2 + E)\d—i+1+7; Ekd—i+1+i_3 + E)\d—i+1+i+1
IRl IRl
E>\d—i+1+i*d + E>\d—i+1+i+d72)'

Thus we have

~A —=d(1™)

_ .d
X5p(2m) (xl? e 7xm) = (xl o xm) dsip (xlv o axm)'

Hence we can rewrite the combinatorial formula (G.1]) as follows:

d m
(6.3) HTIIC+ 2200+ 2527 = xdpa (2S5 (x).
A

i=1j=1
Here A runs over all partitions of length d with A\; < m.
Now, for every partition A of length d, we still use

sp,d _ aosp.d
S)\ (X)—S)\ ('7717"'71""“"')
to denote the symplectic Schur function of weight d of infinitely many variables,
which is the determinant of the d x d matrix whose i-th row is
('é/ . é/ . + é/ . é/ . + é/ .
Ad—it1+i—1 Ad—it1+i—2 Ad—it1+1i Ad—it1+i—3 Ad—it1+i+1
~/ ~/
EXa—ip1+i—d + EXa—it1 +i+d—2)7

where €, = é, — €,_5 and &, = Y .o, ei(x1, %2, )erti(x1, T2, ). Hereafter,
e;(x1,xa,---) stands for the i-th elementary symmetric function of infinitely many
variables. Therefore, the symplectic Schur function Sf\p’d(xl, Zg, -+ ) is the inverse
limit of the symplectic Schur polynomials Sf\p’d(xl, <o+, Zm), and we thus have
Sjp’d(ml,--- Tm) = Si"’d(ml,--- T, 0,0,--).

For any given partition A of length d, we let

DSip’d(X) = DSip’d(.’L‘l, To, - )

denote the skew symplectic Schur function of weight d of infinitely many variables,
which is defined by the determinant of the d x d matrix whose i-th row is

7/ 7/ 7/ ry/ r7/
(HAd—iJrl“‘i—l HAd—i+1+i—2 + H>\d71‘+1+i H)\d—i+1+’i—3 + HAd—'i+1+’L.+1
rr/ rr/
HAd—i+1+i—d + HAd—H»] +i+d—2)7

where lfl,ﬁ := H, — H,_5 and

Hr = ZHi(l'l,l'Q, e )Hr+i(ﬂ§1,l’2, . )
=0
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Here H;(x1,x9, -+ ) are the complete symmetric functions of infinitely many vari-
ables. Note that (z1---2,,) " 9DS}" a7t ,2;1,0,0,--) is the character of
some infinite dimensional unltarlzable module over the Lie algebra so(2m).

Corresponding to each partition A of length d, we define the symplectic hook
Schur function (in analogy with hook Schur functions (see [I] and [3])),

,d ,d
HSP (x,y) = S50 (w20, oy, ys, )
of weight d in infinitely many variables by
HSP(x,y) = o (S (%)),

where o is the involution of the ring of symmetric functions (see for example [19]),
which sends the elementary symmetric functions of y;’s to the complete symmetric
functions of y;’s. Recall that the hook Schur function (cf. [3])

HS)\(X7 Y) = U(S)\(Xa y))

is a symmetric function of the variables x and the variables y separably where A is a
partition. Hereafter, S stands for the Schur function associated with the partition
A. Then we have

d
HSgay(x,y) = o(ea(x,y)) Ze, x)eq—q(
=0

The symplectic hook Schur function can be written in terms of hook Schur functions
as follows.

Proposition 6.1. Let x = {x1,29, - -} and 'y = {y1,y2,--- } be two infinite sets
of variables. For each partition X of length d, the symplectic hook Schur function
HSf\p’d(x, y) of weight d equals the determinant of the following d X d matriz whose
i-th row is
(fg\d,iﬂ-;-i—l f;\d,i+1+i—2 + fﬁ\d,iﬂﬂ' f;\d,i+1+i—3 + f;\d,i+1+i+1
fg\d—i+1+i*d + fﬁ\d—i+1+i+d*2)’
where . = fp — fr_o and f, = >oico HS(1iy (%, y)HS (17+1) (X, y).

Proof. Let o denote the involution of the ring of symmetric functions, which sends
the elementary symmetric functions of variables y to the complete symmetric func-
tions of variables y. The proposition follows by applying the involution ¢ to the
determinant of the following d X d matrix whose i-th row is
(é/Ad—H—l‘f”b'*l é/)\d—i+1+i*2 + é/)\d—i+1+i él/\d—q,+1+i*3 + él/\d—q,+1+i+1
él)\d—7‘,+1+i*d + é&d—q,+1+i+d*2)7
where €. = é, — €,_9, &, = Z?io eiertq and e; = e;(x,y) are the elementary

symmetric functions of infinitely many variables x and y. O

Proposition 6.2. Let x = {x1,xa,---} be an infinite set of variables and z =
{z1,22, -+, 24} be d variables. Then

d oo
(6.4) TTTI + iz + a2 ZXSp(Zd) ) S5 (),

i=1j=1
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where X\ runs over all partitions of length d, and

d
(6.5) H

where \ runs over all partitions of length d.

—az;) (1~ ZXSp(Zd) DSSpd()

H,’:jg

Proof. The first identity follows from (63)) by putting m — oo. The second identity
can be obtained from the first by applying the involution of the ring of symmetric
functions, which sends the elementary symmetric functions of x;’s to the complete
symmetric functions of x;’s. O

Proposition 6.3. Let x = {x1,292, -} andy = {y%,y%, -+ } be two infinite sets
of variables and z = {z1, 22, -+ , 24} be d variables. Then

HH H (1+$J21)(1+.’£J szp@d) ’d(x7y)7

(1 —yrzi) (1 =y

where X\ runs over all partitions of length d.

Proof. By Proposition [6.2] we have

(6.6) HH (1+szi)(1—I—szi_l)(l—kykzi)(l—|—ykzi_1)

where A runs over all partitions of length d. The proposition follows by applying
to both sides of equation (6.6) the involution of the ring of symmetric functions,
which sends the elementary symmetric functions of y to the complete symmetric
functions of y. O

We need the following lemma to prove the main result of this subsection.

Lemma 6.1 ([§]). Suppose that f>(x) and g*(x) are power series in the variables

X and suppose that
Z f Xsp 2d) ZQ Xsp 2d)( z),

where X runs over all partitions of length d. Then f*(x) = g*(x), for all \.

Proposition 6.4. Let x = {z1,x2, -} and'y = {y1,y2, -} be two infinite sets
of variables. For each partition A of length d, we have

Ssp ,d X y ZC S5 d Ssp d(y)

wp

where p and v run over all pam‘itions of length d. Here the non-negative mtegers
cf;,j are the multiplicity of Vs p(2d) in the tensor product decomposition of V. p(2d) ®

V-
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Proof. By Proposition [6.2] we have

d oo o

1+xz)(1 sz .
LITTI 3 e = 3 e 52600 - D2 )

P e i (1 —yrzi)(1 — yrz;

where p and v run over all partitions of length d. On the other hand,
Xg’p(2d)( Xp(2a) (2 Z C,LLI/XSp(Qd

where the summation is over all partitions of length d. Thus

ZXSp(Qd) ZXSp(2d D3P (y)
—szmzd) Z%Sspd D> (y)),

where A, p and v run over all partitions of length d. Therefore, we have

(6.7)

d oo oo

[111

i=1j=1p—

(1+szz)(]—+$J d )
L) 5 o (T )
1 7

wl

where A\, u and v run over all partitions of length d. Now the proposition follows
from (67), Proposition [6.3] and Lemma O

Now we turn to the formal characters of unitarizable irreducible C-modules. We
have the following result.

Theorem 6.1. For each partition \ of length d, the formal character of the irre-
ducible C-module L(G AG( )) is given by

chL(€,AC(N) = HSP(x, ).
Proof. One can easily show that the formal character of F& with respect to the
abelian algebra ZSE%N Ceéss @ Z?:l CE;; is given by

d oo oo

(6.8) ch§g = HHH (Lt age)(LF 252 ;

i=1j= lk_— 17yk‘z 17ykzz

By Proposition [6.3] we can rewrite ([6.8) as

.d
(6.9) chgd = Z Xgp@d) (z)HSY(x,y),
A
where A runs over all partitions of length d. On the other hand, Theorem [E.3limplies
that
(6.10) ch§ =D chL(€, A% (\)XSp(aa)(2):

A

where A runs over all partitions of length d. Using (€I0) and ([63]) together with

Lemma [6.1] we obtain the claimed result for the character of the irreducible C-
module L(G Ae( ). O
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6.2. Character formula for D. We shall need results on formal characters of
finite dimensional representations of the orthogonal group (see [10], [13], [14]),
which we now recall.

When dealing with characters of so(2m)-modules, we let z; := e where ¢; € h*
such that €;(h;) = d;; (see Section B.4)). We define hi = —hm—ir1 and z; =
e ¢m-it1 fori=1,2,--- ,m. That is, x; = 277117241- When considering characters of
O(n)-modules, we put z; = e“ with ¢; € h* such that €;(h;) = €;(ej; — €dyjat;) =
0i; for n = 2d, and €;(h;) = €i(ej; — €dyjt1,d+j+1) = 5m for n = 2d + 1. When

we deal with characters of D- modules, for j € N, r € 2 + Ly, we let x; 1= v
and y, := e“", where w, are the respective fundamental Welghts of D introduced in
Section

Given a finite sequence of complex numbers A = (A1, -+, A, we let W5 ) (zm)
V;.’\U(Zm) where A\* = (=Ap,---,—\1). Note that A(h;) = X; for i = 1,--
w2 o(2m) 18 a finite-dimensional irreducible representation if and only if —|>\1\ >
Ay > -+ > A\, with either \; € Z or \; € %+Zfori:2,~-~ , M.

For each partition A of length n and each sequence of complex numbers v of
length m, we write

Xom) (2) = Xomy (21,7 1 2d)s Xo(am)(X) = Xeo(am) (X1, Tm)
for the character of O(n)-module Vé\(n) and so(2m)-module W, to stress their
dependence on the variables z1,---, 24 and x1,- - - , x,,, respectively.

Recall that when n = 2d 4 1, the irreducible O(n)-modules V(;‘(n) and Vg‘(n)
restrict to isomorphic SO(n)-modules. To distinguish these O(n)-representations
at the level of characters, we let € be the eigenvalue of —1I,, € O(n) so that € = 1.
Denote by Xé(n) (¢,2) the character of Vo/\(n) (with A} + X, < n) with respect to the
Cartan subalgebra Y Ch; together with —1I,,. It is easy to see that

X?)(n)(ﬁ z) = wagom)(z)

where |A| is the size of A.
By the classical (so(2m), O(n))-duality on the exterior algebra A(C" ® C™) with
m > n ([13], [14], also see [§]), we have the following identities for n = 2d and
n = 2d + 1 respectively:
d m

,ﬂ A =5am
(6.11) (z1-- ETTTIC + gz (1 + a2 ZXO so(m() (%),

i=1j=1

w\:

d m
(6.12) HH (14 ex;z) (1 + exjz;7H)(1 + exy)

R
Z X0 (€ 2)Xgo(am) ~ (X)-

The summations on the right-hand sides of both equations range over all partitions
of length n with A} + X5 < n and A\; < m. Note that the partition X" is considered
as a partition of length m and § > A5 > --- > X7 together with n > X].

Recall that

L -1 -1
Er = Er(xla"' sy Ty, LTy 5t Ty )7
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where E, is the r-th elementary symmetric polynomial for » > 0 and E, = 0 for
r < 0 (see Section [6.1]). For each partition p of length I, we let |E,| denote the
determinant of the [ x [ matrix with i-th row

(Bui—it1 Bu—iv2 + Bymi Bymivs + Bymicr -+ Bpmini + Eymicig2) -

For any partition v of length m with v, = 0, the formal character of the finite-
dimensional irreducible so(2m)-module V7 ) equals |E,/|. On the other hand,

s0(2m
if the partition v = (v1,--- , V) is of length m with v,, # 0, the characters of
the finite-dimensional irreducible representations V” (2m) and \/;(011(12’;)’”’"‘1’7”’”) are
respectively equal to (see [10])
1 1 / A —1 1 1 / A —1
§|Eu'| + §|E(Vf(1m))/|(H(fCi —x; ) and §|Eu'| - §|E(Vf(1m))/|(H(fCi -z ),
i=1 i=1

where |EEV7(1m)),| is the determinant of the (11 — 1) x (1 — 1) matrix defined by
[62). Note that v—(1™) is a partition, and its transpose partition has length v; —1.
Also, for any partition v = (1/1, -+ ,VUm), the characters of the finite-dimensional
. 1, _1
irreducible modules V; 0(2m) and V(WQZ")’ Vmo1tz,mvm=3) respectively equal to
oot 4 p LT Ted — o b)) s
E(H(xi—i-x |+2 [ )M,
=1 i=1
00 & (DR NN U & P SRy
and §(H(x1 +T; ))‘MV'|_§(H(% - ))|M |
i=1 i=1
Hereafter, we let
|M;‘ = |M;($1a e 7xm,x1_1a e ax;zl)‘,
‘M;j‘ = |M/j(x17 Tt 71""“351_17 T 71";L1)|

denote the determinants of the [ x [ matrices respectively having the i-th rows
(Buimiv1 —Eu—i Ey—ivo—Ep—icv -+ Epyign—Eu—int1)
and
(Euﬁiﬂ +E,-i Euy_i2+E,—i1 - Eu_iynt+E ifi7n+1) )

where = (p1,- -, ) is any partition of length .
Let x = {x1, 22, - } be an infinite set of variables. Define the orthogonal Schur
function of weight %
SV 00 = 53 ),
for each partition A of length n = 2d with A} + A, < 2d by

|é,\|, 4 if )\/1 = %;
520001 | o+ (S0 (S ol i X < B
%|éil - %(Zzo ei)(Zioio(_l) el)|e>\ (1m)| if )‘11 > %7

where |€5| denotes the determinant of the d x d matrix whose i-th row is

(ékd—i+1+i_1 é>\d4+1+i—2 + é>\d4+1+i ékd—i+1+i_3 + ékd—i+1+i+1

€xg_iy1ti—d + CXg—iy1+itd—2 ) )
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and || denotes the determinant of the (d — 1) x (d — 1) matrix whose i-th row is
(Eaitiot Ouirice T Ayiri Baairioa T O itit
e\, iticd T €\, titd_o)-
Here &, = > 7 ei(x)erti(x), €. = & — é_2 and ¢;(x) is the i-th elementary
symmetric function in the infinite set of variables x. Recall that X is a partition of
length n obtained from the Young diagram of A by replacing its first column by a
column of length n — A} (see Section [5.4)).
Similarly, for each partition A of length n = 2d + 1 with A} + A\, < 2d + 1, the
orthogonal Schur function of weight 3,
S\ (x) = 837 (w2, ),
in infinitely many variables is defined by
%(Zzﬁo 6i)|mj\r| + %(Zi’io(—l)iei)lmﬂ if M < 5

(e mil = 5(Xg(=Die)my | if N > %,

where |/} | denotes the determinant of the d x d matrix whose i-th row is

Sf\a’%(x) =

(e>\d—i+1+i—1 + 6)\d—i+1+i e>\d—i+1+i—2 + e>\d—i+1+’i+1
éAd—H»l +i—d T+ é)\d—i+1+i+d—1)ﬂ
and |/m; | denotes the determinant of the d x d matrix whose i-th row is
(é)\d—i+1+i*1 - é)\d—i+1+i é)\d—i+1+i*2 - é)\d—i+1+i+1

EXg_ip1+i—d — e)\d—i+1+i+d*1)'

We put Sf\o’d(xl, S T = Sf\o’d(xl, T, 0,0,- ). Using similar arguments
as for sp(2m) in Section [61] we have
2 N-d
(-/Ijl xm) Xso(Qnsl) )(xlv"' al‘m) :Sio’d(xh"' al‘m)

for any partition A of length n with A\ + A, < n and A\; < m. Now we can rewrite
the combinatorial formulae (GIT]) and ([G.I12) respectively as follows (for m > n):

d m
(6.13) T+ 20+ 227" = xom ()83 (21, 2m),
A

i=1j=1
for even integer n = 2d and
(6.14)

m
HH(l—I—eszi)(l—l—exj )(1+ ex;) ZXO 50’2(331,"' s Tm)s
i=1j=1
for odd integer n = 2d + 1. In both equations A runs over all partitions of length n
satisfying \] + A, <n and Ay < m.

Let x = {@1,22,---} and y = {y1,y,1,---} be two infinite sets of variables.
Corresponding to each partition A of length n, we define the skew orthogonal Schur
function Dio’g(x) = Dio’%(xl,mg, ---) of weight % of infinitely many variables
by D 50’2 (x) = U(Dio’%(x)), where o is the involution of the ring of symmetric
functlons sending the elementary symmetric functions of ;’s to the complete sym-
metric functions of z;’s. Also, for each partition A of length n, the hook orthogonal
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Schur functzon H S (x y) of weight % of infinitely many variables is defined by
H(Sf\u’ 2 (x,¥)), where @ is the involution of the ring of symmetric functions sending
the elementary symmetric functions of y;’s to the complete symmetric functions of
Y;'s.
By using (613), (6€14) and similar arguments as in Section [6.I], we can prove
the following two propositions.

Proposition 6.5. Let x = {x1,z2, - -} be an infinite set of variables and let
z = {21,292, -, 24} be d variables.
(i) When n = 2d, we have

d oo
(6.15) ITIIO+2z00 + a2 ZXO(n) 5% (x),

i=1j=1

(6.16) H H —xz) N1 -y Zxo(n % (x),

i=175=1
where the summations on the right-hand sides of both equations range over
all partitions of length n satisfying \| + Xy < n.
(ii) When n =2d+ 1, we have

d oo

(6.17) HH(l +ex;z;) (14 exjz; ) (1 + ex;) Zxo(n) €,2)Sy 7 (x),
i—lj—l

(6.18) HH —exjz) M1 —exjz ) THL — exy) T ZXO (n) (€, 2) D" 5(X),
i=1j5=1

where the summations on the right-hand sides of both equations range over
all partitions of length n satisfying \| + Xy < n.
Proposition 6.6. Let x = {x1,22, -} andy = {y% Y11, -} be two infinite sets
of variables and z = {z1,2a,- -+ , 24} be d variables.
(i) When n = 2d, we have

d oo oo

HHH - Y ST )

Pl il Sl Yrzi) 1—yk2

where A runs over all partitions of length n.
(ii) When n = 2d + 1, we have

d oo o

HH H +€-Z‘JZ1 +€szi:1)(1 +6xj ZXO(n) € Z)HS (X Y)

Pl ol (1 —eyrzi)(1 —eyrz; )(1 — eyk)

where A runs over all partitions of length n.
We need the following results to prove Theorem

Lemma 6.2 ([8]). Let f2(y) and g*(y) be power series in the variables y.
(i) Suppose that n is odd and

ZfA V)X () (&%) = Zg %),
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where the summation is over all partitions of length n. Then f(y) = g (y),
for all X.
(ii) Suppose that n is even and

Z A XO(n) Zg XO(n) x),

where the summation is over all partitions of length n. Then Ay) +
) =)+ M)
Proposition 6.7. Let x = {1,292, -} and'y = {y1,y2, -} be two sets of infin-
itely many variables. Let n be a fized non-negative integer and let bfw denote the
multiplicity of Vé‘(n) in the tensor product decomposition of Vg(n) ® V(’)’(n).
(i) Suppose that n is odd, for any partition \ of length n with | + X, < n, we

have
H5502xy Zb 502 DSED2( )

where . and v run over all partztwns of length n.
(ii) Suppose that n is even, for any partition of length n = with N} + \j < n,
we have

HSM’2 (x, y)+HSf ( y)

Zb 50,2 50,2 Zbuy 50,2 50,2(y))’

where p and v run over all partztzons of length n satisfying p} + ph < n
and Vi + vy < n, respectively.

Proof. We shall only prove the case with n being even, as the odd case is analogous.
Let n = 2d. By Proposition IBE we have

d oo o

HH H 1—|—$JZZ 1—|—33] ZXO(H) 50,2 ZXo(n) 50’2(}’),

i=1j=1f=1 l_ykzz 1_yk7«'

m

where p and v run over all partitions of length n satisfying A} + A, < n and
wy + ph < n, respectively. On the other hand,

X0 (n) (Z)XO () (2 Z Dy X () (2)

where A runs over all partitions of length n with A} + A\ < n. Thus

ZXO(n 50)2 ZXo(n) D"t (¥)
:ZXO(n Zb SR (x)DYE (),
A

where A, ;4 and v run over all partltlons of length n satisfying \] + A < n, pf+ph <
n and v] + v4 < n, respectively. Therefore, we have
(6.19)

d oo o

ziz)(1+ 3,2 0% %
[T (i = b (b w0t )

=121 (1 —yrz) (1 — yrz;

1
2
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where A, p and v run over all partitions of length n satisfying Aj + A5 < n, p) +pfh <
n and v] + v5 < n, respectively. Now by using Proposition [6.6] equation ([6.19) and
Lemma [6.2] for any partition of length n with A} + A\, < n, we have

H55 ’2(x y)—l—HSSO’Q( y)
Zb 50,2 50,2 Zb 50,2 50,2 (y)),

where p and v run over all partitions of length n satisfying pj + uy < n and
V] + v < n, respectively. O

Now we consider the formal characters of the Fock spaces. Let d = [g], that
is, n = 2d if n is even and n = 2d + 1 if n is odd. We can easily show that the
character of ¢, with respect to the abelian algebra ZSQ%NCéSS D Z?zl CE;;, is
given by

d oo oo

1
(6.20) chFl = HHH (1 +22)0+7, ’1§~

Pt Puig! (1 —yrz) (1 — yrz;

Similarly, the character of SO 57 with respect to the abelian algebra ) €iN Céss @
Z?:l CEj;;, is given by

(6.21) ngite = HHH 14 ex;zi) (1 +exjz )1+ exy)

i=17=1k= 1 1_6ykzz 1_€ykz )(1_€yk‘)

By Proposition [6.6] we can rewrite (620) in the case of even n as
(6.22) ch3y = ZXO 2)HSY % (x,y).

where A runs over all partitions of length n with A] + A5 < n. On the other hand,
Theorem [5.4] implies that

(6.23) chFd = hL(D, AP (V)X (),
A

where A runs over all partitions of length n with A} + A5, < n. Combining (6.23)
with ([@22]), we arrive at

(6.24) S S @ HSY E(x,y) = 3 LD, AP (X)X () (2)-
A

A
In a similar way, we can also derive the following equation for n odd:

(6.25) > X (6 D HSY T (x,y) = Y chL(D, A (V)X (€,2).
A A

Applying Lemma to these equations, we obtain the following character for-
mulae:

Theorem 6.2. For each partition A of length n = 2d+1 with A} + Xy < n, we have
chL(D, AP () = HS™? (x,y).
For each partition X of length n = 2d with \| + Ny < n, we have
hL(D, AP (V) + chL(D, AP (N) = HS} % (x,y) + HSS % (x,y).
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Remark 6.1. From Theorem [6.1] and Theorem we can easily extract character
formulae for the unitarizable quasi-finite irreducible highest weight modules over
the so and sp type subalgebras of gl .
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