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BOCHNER-WEITZENBOCK FORMULAS AND CURVATURE
ACTIONS ON RIEMANNIAN MANIFOLDS

YASUSHI HOMMA

ABSTRACT. Gradients are natural first order differential operators depending
on Riemannian metrics. The principal symbols of them are related to the
enveloping algebra and higher Casimir elements. We give formulas in the
enveloping algebra that induce not only identities for higher Casimir elements
but also all Bochner-Weitzenbock formulas for gradients. As applications, we
give some vanishing theorems.

1. INTRODUCTION

The Dirac operator is an important tool in a wide range of mathematics and
physics. The principal symbols of the Dirac operator are known as the Clifford
multiplications and constitute the Clifford algebra. The algebra not only gives
features of the Dirac operator but also has importance by itself [19]. We can gen-
eralize the Dirac operator under the condition that operators are first order and
conformally covariant [T0], [22]. The generalized operators are called gradients or
Stein- Weiss operators and include basic operators in Riemannian and spin geome-
try: the exterior derivative, the interior derivative, the conformal Killing operator,
the twistor operator and the Rarita-Schwinger operator. From recent research by
T. Branson et al., we know various properties and applications of gradients, which
give a new direction in geometry and analysis.

Let (M, g) be an n-dimensional oriented Riemannian manifold and let SO(M)
be the bundle of oriented orthonormal frames with structure group SO(n). An
irreducible unitary SO(n)-module V, with highest weight p gives an associated
vector bundle S, := SO(M) x5, V, on M. On this vector bundle, we have a
covariant derivative V induced from the Levi-Civita connection. We decompose
the target bundle of V as

S, ®TE(M) = € S
1<i<N
Then the derivative V splits along this decomposition, and each summand is a first
order differential operator,

projection
R

D{ :T(M,S,) > T(M,S, © T¢(M)) I'(M,Sy,).
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88 Y. HOMMA

We call this operator gradient. In [3], T. Branson discusses ellipticities of gradients
by using the spectral resolution on the standard sphere. As a corollary, he shows
that suitable linear combinations of gradients are bundle endomorphisms depending
on the Riemannian curvature,

(1.1) Z b, (D))" DY = curvature action.

1<i<N

These formulas are called optimal Bochner-Weitzenbock formulas. The vector
(b, ,bay) needs to be a solution to a certain system of linear equations (see
[3, Theorem 5.10]). Since the solutions constitute an [N/2]-dimensional subspace
in RV, there are [N/2] independent optimal Bochner-Weitzenbock formulas. This
result induces vanishing theorems and eigenvalue estimates in Riemannian and spin
geometry [6], [7], [8]. Furthermore, his approach of [3] is used to solve the Kato con-
stant problem [5]. But it would be complicated to calculate the coefficients {by, }
and curvature actions in (II). On the other hand, D. Calderbank, P. Gauduchon
and M. Herzlich also discuss the Kato constant problem [9]. Their key observation
is that the principal symbols of gradients are related to the enveloping algebra of
s50(n), especially higher Casimir elements. This suggests that we can reconstruct
Branson’s optimal Bochner-Weitzenbock formulas in terms of the enveloping alge-
bra. In this paper, we develop the observation of [9] further, and connect higher
Casimir elements to Bochner-Weitzenbock formulas. Consequently, we obtain a
universal and direct construction of the coefficients {by, }; and curvature actions in
(1), which makes it possible to give various vanishing theorems and eigenvalue
estimates.

In Section 2 we give a short review to representations of so(n). In Section [3
after we discuss the enveloping algebra and Casimir elements of so(n), we give
the universal Bochner-Weitzenbock formulas (Theorem [B.4]). The formulas induce
some identities for higher Casimir elements (Corollary [B35]). In Section [ we dis-
cuss the principal symbols of gradients called Clifford homomorphisms. We relate
them with the enveloping algebra by using conformal weights. From the universal
Bochner-Weitzenbock formulas, we have identities for Clifford homomorphisms cor-
responding to (L)) on the symbol level. We also compute eigenvalues of Casimir
elements. In Section Bl we define gradients and give some fundamental properties
of them. In Section Bl we introduce curvature endomorphisms corresponding to
curvature actions in (LI)). An interesting observation is that the curvature endo-
morphism associated to the Pfaffian element depends only on the conformal Weyl
tensor and the scalar curvature (Proposition [6.H). In Section [ we give Bochner-
Weitzenbock formulas for gradients (Theorem [7.1]) and show that our formulas give
an answer to the problem of finding out {by, }; in (IIl). We also discuss a relation
between our Bochner-Weitzenbock formulas and Branson’s conformally covariant
operators in [4]. In Section 8] after mentioning gradients on spinors and differential
forms, we apply our formulas to vanishing theorems for other gradients. In the last
section, we discuss the four-dimensional case. Because of A2 = Aﬁ_ ® A%, we can
calculate curvature endomorphisms more precisely and obtain vanishing theorems
for higher tensor-spinor fields.

An outline of some results has been presented in a short paper [16] by the author.
We discuss the details and develop them in the present paper. New results and many
examples are included.
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BOCHNER-WEITZENBOCK FORMULAS 89

2. REPRESENTATIONS OF SO(n) AND Spin(n)

In this section, we give a short review to representation theory of the special
orthogonal group SO(n) or the spin group Spin(n) [18], [24]. Let R™ be the n-
dimensional Euclidean space with inner product (-,-) and standard basis {e;}} ;.
Associating & A n with the skew-symmetric endomorphism

(Enn)(u) = (§u)n— (n,u)¢ for u e R",

we identify A%(R™) with the Lie algebra so(n) of SO(n) or Spin(n). Set e;; := e;Aej,
and we know that {e;;}1<; j<n satisfy
€ij = —€ji,

2.1
1) lext, €ij] = Orierj + Onjeqn — diuer; — O €ik,

and {e;;|1 < i < j <n} constitute a basis of so(n).

We choose a Cartan subalgebra b of so(n) with basis {egi—12|1 < i < m =
[n/2]} and fix a basis {g;}1<i<m of (v/—1h)* such that u;(—v/—1egj—1.25) = dij.
Normalizing the Killing form on so(n), we have a positive definite inner product on

(vV—1h)* such that (u;, p1;) = 0;;. Thus we regard (v/—1h)* as the m-dimensional
Euclidean space and denote u; by

,LLZ:(O, ,07]-30;"'70)'
—_—— N —

1—1 m—1t

We consider a finite-dimensional irreducible unitary representation (w,V) of
SO(n) or Spin(n), and decompose the representation space V into simultaneous
eigenspaces with respect to v/—1h. Each eigenvalue v called weight is an integral
or half-integral linear combination of {y;};, namely, v = Y viu; = (v!,--- ,v™) in
Z"™U(Z+1/2)™. Ordering the weights lexicographically, we have the highest weight
p=(pt,- -, p™) for (m,V) with multiplicity one. This highest weight satisfies the
dominant condition

Y>pP > 2 " > p™, for no=2m,
2> >pm > pm >0, forn=2m+ 1.

(AVARRS!

pt=p

Conversely, for a dominant weight p in Z™ U (Z+1/2)™, we can construct a unique
irreducible unitary representation with highest weight p up to equivalence. There-
fore we denote by (m,,V),) an irreducible representation with highest weight p of
SO(n), Spin(n) or so(n). Note that if p is half-integral, then (7,, V,) does not factor
through a representation of SO(n). When writing dominant weights, we denote by
k; a string of k with length j and sometimes omit a terminal string of zeros. For
example, the highest weight of the spinor representation is

—_————
m—1
and the one of the representation on AP(R™) ® C is
(1,) =(1,---,1,0,---,0).
—_—— ——

p m—p
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90 Y. HOMMA

3. ENVELOPING ALGEBRA AND HIGHER CASIMIR ELEMENTS

Let so(n, C) be the complexification of s0(n) and let U(so(n, C)) be its enveloping
algebra. The enveloping algebra is the quotient algebra of the tensor algebra of
s0(n, C) by two-sided ideal generated by all (X ® Y —-Y @ X — [X,Y]) for X,Y in
s0(n, C). Each representation (7, V) of so(n) is lifted naturally to a representation
of the enveloping algebra denoted by the same notation (m, V).

The center 3 of U(so(n,C)) is characterized as the invariant subalgebra in
U(so(n,C)) under the adjoint action of SO(n). We call elements in 3 Casimir
elements. From Schur’s lemma, we know that every Casimir element is a constant
on irreducible so(n)-module.

We shall construct an algebraic basis of 3 [20], [2I], [24]. First, we define the
usual Casimir element by ¢y := Zz ; €ij€ji- It is known that the eigenvalue of ¢y
on irreducible so(n)-module V,, is

(3.1) Tp(c2) = 2(6 + p, 6 + p) — 2(6,0) = 2(p, p) + 4(p, 5),
where ¢ is half the sum of the positive roots

5 (m—1,m-—2,---,1,0) for n = 2m,
(m—1/2,m —3/2,---,3/2,1/2) for n=2m + 1.

For example, on the natural representation (7,,,V,,) = (7,,,C"), we have 7, (c2)
=2(n—1).

Next we construct higher Casimir elements. For each non-negative integer ¢, we
define an element e, in U(so(n,C)) by

q . Zl§i17i2,--» Jig—1<n €iiy Civiy """ Cig_1jy 4 > 1,
(3.2) e =
dij, q=0.

This egj behaves like e;; under the adjoint action of so(n) as follows.

Lemma 3.1. The elements {e;|q € Z>0,i,j = 1,--- ,n} satisfy
(3.3) lext, e3;] = Orief; + Onjeq; — duel; — diedy,
+
(3.4) Z eineh; = €
1<k<n

Proof. We calculate the adjoint action of so(n) on ef;. From (ZIJ), we have

91 —
ek, €3] = E [ekis €iiy)€iris * €iy_yj 0+ E €iiyCivis ** [€kis €ig_1j
11,0 yig—1 i1, yig—1

= 5kie?j + 6kjegl — 6ileij — 5ljegk.
The equation (3] is clear from the definition (B.2]). O

The equation ([B3) implies that the trace ¢, := >, e}, is an invariant element.
Thus we have higher Casimir elements {c, },>0. Note that ¢ is equal to n and ¢; is
zero. The eigenvalues of ¢, on irreducible so(n)-modules are calculated in Section [l

In the case of n = 2m + 1, Casimir elements {c;}, generate the center 3 alge-
braically. On the other hand, in the case of n = 2m, we need another Casimir
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BOCHNER-WEITZENBOCK FORMULAS 91

element to generate 3. We define pf in 3 by
1

R NS U;@; SIg1(0) €0 (1)5(2) €0 (3o 4) "+ €o(2m—1)o(2m)>
where Gy, is the permutation group of {1,---,2m}. We call the Casimir element

pf the Pfaffian element. The following facts on these Casimir elements are known.
(See [24], pp. 368-373].)

Proposition 3.2. (1) In the case of n = 2m, {ca, ¢4, ,Com—2,pf} generate
3 algebraically. The eigenvalue of pf on an irreducible so(2m)-module V,
18

(3.6) mo(pf) = (p' +m—1)(p* +m—2)--- (p" "+ 1)p™

(2) In the case of n =2m+1, {ca,ca, -+ ,com} generate 3 algebraically.

From the above proposition, we have the problem of how to realize cy44+1 as a
polynomial in {cz, },. To answer it, we search to find how ef; is related to ef;. From

B3), we have

g+l _ q g q 9 0.
el =1 —n)el +djicqg — €], — E €} Chi-
k

. . . . q . . . . p q
This equation implies that ej; is a linear combination of {el,;})_, as

q

q __ p

€i; = E :aq,peﬂ-
p=0

Here {agp}¢>p>0 in 3 are given by a recursion formula. Since the recursion formula
is complicated, we translate e?j to another element. We define é;; by

. n—1
€ij ‘= €45 + T(Sij,

and éj; by

81 . Zlgihi%... g 1<n €ii1Civin " Cig_1jy ( > 1,
ij " _
(Sij, q = 0.

Note that &]; is related to ej; as

q q—p
“q Z g\ (n—1 »
K <p> ( 2 ) %

p=0
We also define the translated Casimir element &, by ¢, := Y, €1
Lemma 3.3. The translated elements {é3j|q € Z>0,i,5 =1,--- ,n} satisfy
(3.7) [ékt, égj] = 6kiéfj + Opjél, — 5ilézj — b€k,
(33 S ebet, =,

k
(3.9) €ij = —€ji + (n —1)d;;.
We particularly obtain a key relation
(3.10) el =600 — &1, = > el en

k
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92 Y. HOMMA

Proof. We can prove [B7)-B3) in the same way as Lemma Bl Tt follows from
B2)-B3) that

égjl = Z([éikv éZj] + éZjéik)
k
=S {0kl + bijely, — Suxely — Skel) + L (~ens + (n — 1)d)}
k
Zégj + 5ijéq - négj — ég'i — Zé%jéki + (n - 1)égj
k
=0ijeq — €%, =Y el en:.
k

Thus we obtain (BI0)). O

By using the above lemma, we connect é; with 7.

Theorem 3.4. The translated element &}; is a linear combination of {€%;}]_, whose
coefficients are Casimir elements,

R g 1=(=1)7, R R
(3.11) &l = (~1)%ed, — el +Z 1)Pég1-pe%;.

Then we have

2g—1
(3.12) & =+ Z 1)Péag—1-pl;,
(3.13) eIt = ettt ey Z )Peaq—pe?;.

Proof. Setting &/, =>"1_a,,€};, we shall produce a recursion formula of {ag p}g>p>0
in 3. Tt follows from BI0) that

59+l _ ¢ A s 54 5
€;j = 0jiCq — €}, E €)jChi
LA pd ~ N
jiCq = €j; E E Qq,p€1Cki
k

_S..A AP+
= 0;jiCq — E :aqp

q
A aqtl ~ 54
—Gqq€j;  + (—Gg,q—1— 1)63‘1 - E aq’pe b Cq05i

q+1

_ - 5P
= E :anereji'
p=0
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BOCHNER-WEITZENBOCK FORMULAS 93

Then we have a recursion formula for {aq p}q>p>0,

_&q,qa pP=4q + 17
a L= *&q,q—l - ]-7 p=4q,
q+1,p gyt 1 Spgq—l,
Cq, =0.
Because of é&); = &Y, and e = —¢j; +(n— 1) €;;, the initial condition of a,, is
(&0,0,&170,&,171) = (1,n ) Then
(=1, p=q+1,
~ _(_ . _(_1ya+1
Ggi1p = § (FD)%n = 1) = =G = (-1)% — =5, p=q,
(_1)péqua 0<p<qg-1.
Thus we have proved the theorem. O

In Section [6 we show that (BII) induces Bochner-Weitzenbock formulas on
Riemannian manifolds. Hence we call BI1]) the universal Bochner-Weitzenbéck
formula.

Take the trace in (3.13)), and we have identities for {é;}4>0.

Corollary 3.5. The Casimir elements {¢o,é1,- -} satisfy

2erq11 = —Cag + D _(—1)Peag péy

fOTq:(),l""

D. Calderbank pointed out to the author how the formula BI1]) was related
with [9]. We set

. 1+ (-1
(3.14) Bl =— i Z )Peq—pel;

Then the universal Bochner-Weitzenbock formula means Efj = (fl)qE;’i. This
symmetry is the same as that of a formula in [9, Theorem 4.8]. A better point of
our formula is that (3II]) is independent of representations. We note that a for-
mula with such symmetry in the enveloping algebra implies a Bochner-Weitzenbock
formula. We actually have another formula related to the Pfaffian element inde-
pendent of (BI1]) in the next section.

4. PRINCIPAL SYMBOLS OF GRADIENTS

We consider the Clifford multiplication on the spinor space Va, where n is odd
and A is ((1/2),,). The Clifford multiplication is an action of £ in R™ on Va,

VA ¢ =& -9 €V,

and satisfies the Clifford relation & - n - 4+n - & = —2(¢,n)id. To generalize the
Clifford multiplication, we use another definition as follows. We consider the tensor
representation (ma ®m,,, VA® (R"®C)) and decompose it into irreducible modules,
Va ®C" = Vp @ Va. Here T is (3/2,(1/2),,—1). We denote by II2 the orthogonal
projection from Va ® C™ onto Va and show that TI3 (¢ ® &) is a constant multiple of
&-¢. Thus the projection Hﬁ gives another definition of the Clifford multiplication.
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94 Y. HOMMA

We shall generalize the above discussion to other representation spaces. We con-
sider the tensor representation (7, ®m,,,V,®C") and its irreducible decomposition

V,2C" =P Va.
A

The highest weights of irreducible components occur with multiplicity one and are
characterized as follows.

Proposition 4.1 ([10, Theorem 3.4]).

(1) When n = 2m, or when n =2m + 1 and p™ = 0, the highest weight of an
irreducible component in V,QC" is dominant, and p£u; fori =1,2,--- ,m.

(2) When n =2m+ 1 and p™ > 0, the highest weight is dominant, and p or
ptu; fori=1,2,--- m.

The tensor inner product on V, ® C" induces the one on V). Hence each com-
ponent is orthogonal to others. We denote by II§ the orthogonal projection from
V, ® C" onto V.

Definition 4.2. For £ in C", we define a linear mapping pX (§) from V, to Vy by
C" xV, 3 (& ¢) = pi(§e =TI5(¢® ) € Vi
We denote by pf (£)* the adjoint operator of pf (€) with respect to the inner prod-

ucts on V, and V). We call these linear mappings p4 (&) and pf (£)* the Clifford
homomorphisms associated to p and \.

We shall investigate properties of Clifford homomorphisms.
Lemma 4.3. The Clifford homomorphism pf satisfies
(4.1) > pf(e)mp(eif) = wps Aph(e;)

for each j. Here, w(p;\) is given by
1
w(p; ) == §(<5+/\,5+>\> —(0+p,0+p —n+1).
We call this constant w(p; X) the conformal weight associated to p and \.
Proof. We define an operator C' on V, @ C" by
C=m,Qm, (c2) — mp(c2) ®id — id @ 7, (c2).

Since m, ® 7, (c2) is ma(c2) on an irreducible component Vy, we show from (B.I])
that C' is 4w(p; A)id on V. Then we have

Clooe)=C <ZP§(€i)¢> = Z4w(0; Nph(e:)o
) )

for g ® e; in V, ® C". On the other hand, we get
C =Ty & Ty, (02) - 7rp(02) ®id —id ® my, (c2)
=Y (mples) @id+id @ my, (e55)) (mp(e50) @ id +id @y, (e54)
ij
=Y mple)mp(ess) @id = Y id @y, (i) Ty, (e50)
ij ij

=2 " my(eij) @ mpu, (€5:)-

ij
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BOCHNER-WEITZENBOCK FORMULAS 95

Then,
Clo®e;) =2 Z To(er1)p @ T, (er)ei = 2 Z To(er1)d @ (duer — Orier)

Kl Kl
= 42 Tp(eri)p @ ey =4 Z Zpi(ek)wp(ekiw.
k Ak

Therefore we have Y, p (ex)m,(exi) = w(p; \)p (e;) for each . O

From this lemma, we can relate Clifford homomorphisms to the enveloping alge-
bra. The following proposition has been known in [9] and [21].

Proposition 4.4. The Clifford homomorphisms {p4 }\ satisfy

(4.2) > w(p; )P (e:) P8 (e5) = mp(ed;)
A
forq=0,1,--- andi,j=1,--- ,n. In particular, we have
D w(ps Ny phlen) ph(ei) = mp(cq)-
A i

Proof. For ¢ and 1 in V,, we have

8ij (0, 0) = (¢ @ e, v @ej) =Y (PR ()b, i (e)0) = <Zp§(6j)*p§(ei)¢,w> :
A

A
Then we have proved [{2) for ¢ = 0,
(4.3) > il ph(e) = b
A
By using this equation and (@), we can prove ([{2]) inductively. O

We calculate the conformal weights for A = p, p £ u;,
w(ps p+pi) = p' +1 -1, i=1,,
(4.4) w(psp—pi) = —p' —n+i+l, i=1,--,m,
w(p;p) = —(n—1)/2.
We assume that the number of irreducible components is IV, that is,
N=#{\V\CV,®C"}.
Arranging them lexicographically as A\; = p+ p1 > A2 > --- > Ay, we show from

&4 that

E

w(p; A1) > w(p; A2) > -+ > w(p; An)

except for the following case. When n = 2m and p™~! > p™ = 0, there always
exist the highest weights Ay := p+ uy, and A_ := p — p,,, whose conformal weights
coincide. Then we have

w(p; A1) > w(p;A2) > - > w(psA) = w(psA-) > - > w(p; An).

We call this case the exceptional case. Thus the conformal weights almost differ
from each other. It follows from Proposition 4] that we obtain

(pil (ei)*pil (ej)’ o ’pKN (ei)*p/))\N (6J>) Wt = (61]’ Trﬂ(eij)v e aﬂp(egil)) )

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



96 Y. HOMMA

where W is an N x N Vandermonde matrix

1 1 1
w(p; A1) w(p;A2) o w(p;An)
w(p; M)V w(ps )N w(p An)N !

Since W is invertible unless it is the exceptional case, the Clifford homomorphism
pa(ei)*pi(e;) is a linear combination of {m,(ef;)}.

Remark 4.5. Tt was first realized in [3, pp. 366-368] that the Vandermonde systems
of conformal weights were crucial. Moreover, some formulas in [9] are based on the
systems.

For the exceptional case, we need the Pfaffian element pf in (B) to distinguish
p§+ from pf .

Definition 4.6. We define an element pf;; in the enveloping algebra for i,j =
1,---,2m by

pf7 1= j7
pr = (_1)Z+]% deegn Sgn(a)ea(l)o(Z) T €o(2m—1)o(2m)> 1< 7,

—pLjis i> 7,
where GZQJm is the permutation group of {1,---,2m}\ {4,5}.

Example 4.7 (four-dimensional case). Let {e;}1_; be an oriented orthonormal

basis of R*. Then we have
(4.5) pf12 = €34, Pf13 = —€24, pf14 = €23,
pfos = e1s, pfyy = —e13, pfgy = era.

In other words, pf;; is equal to *e;; for ¢ # j, where we denote by * the Hodge
operator.

From the definition of pf,., we have

ij
Proposition 4.8. The elements {pf,;}: ; satisfy
and ). pt;; = 2mpf.

The equation (4.6]) gives the anti-symmetric identity pf,;—d;;pf = —(pf;;—d;:pf),
the same as (3.14). This induces Bochner-Weitzenbdck formulas in Sectionfl Hence
we call ([0 the universal Bochner-Weitzenbock formula as well as (BIT)).

Proposition 4.9. We can connect pt,; to the Clifford homomorphisms {P5 1,

(4.7) > maf)ph(ed) phle;) = m,(pfy;)-
A

In particular, we have

(4.8) > ma(f) Y ph(e) phes) = 2mm, (pf).

A g
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BOCHNER-WEITZENBOCK FORMULAS 97
Proof. For ¢ and ¢ in V,,
(mp @, (DE) (0 @ €;), ¥ @ €3) = Y (ma(pF)pS (€5) ¢, P8 (€3)))

A

= <Zﬂ(9f>p’i(ei)*p§(ej)¢,w> .
A

On the other hand, we know

(4.9)

Tp & Ty (ea(Ql 1o (21) )((b ® ej)

To(eo-1)02)P @ €j + P @ ey, 020 —1) =],
=9 Tp(eo@-1)o@)P ® € — B es(a-1), o(2l) =],
To(€o(2-1)0(21))® ® €5, otherwise.

Then taking account of {(ex, e;) = dx;, we have
(V=1)"2"m! (m, @ my, (pf)(d ® €;),1 @ €;)

= <7Tp ® Ty, ( > sen(0)eoya) ea@ml)a@m)) (p®e5),v® 6i>

0€BGam,
(vV=1)"2"ml(m,(pf)o, ¥), i=J,
(— 1)’+32m< (degw sgn(0)ex(1)0(2)  * * €o(2m—1 0(2m)) b, 1/)> i <j,
(=17 t12m <7Tp (ZJGG” sgn(0)eq(1)0(2) " Co(2m—1 a(2m)) b, ¢> i> .
%bining this equation and ([@3]), we have ([@T)). The equation (@8] is clear from
. O

We consider the exceptional case. It follows from ([B.6]) that 7y, (pf) = —mx_ (pf)
# 0 and 7\ (pf) =0 for A # Ay. Then

1
7T)\+ (pf)
As a result, we have the following corollary of Propositions 4] and

PA, (e) Py, (e5) — PA_(e)™Ph_(e5) = (Pt

Corollary 4.10. We can realize p} (e;)*p5(e;) as a linear combination of {m,(e};)}4
and 7,(pf;;).

This corollary implies that we may investigate e?j and pf,;; instead of Clifford
homomorphisms. In fact, the universal Bochner-Weitzenbock formulas (811 and
(&5 give a lot of identities for Clifford homomorphisms in the following way.

We consider the equation ([f2) for ¢ = 0, 1. Because of e;; = —ej;, we have
(4.10) > R (e) R (es) + pR(e) PR (i) = 26,
A
(4.11) D w(ps M) (5 (e:) i (e;) + P8 (e;) ph(ei) = 0.
A

Note that the Clifford relation on spinor space follows from the above two equations.
To construct further identities, we use (B.11) and (£6). We define the translated
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conformal weight w(p; \) by
B(pi A) = w(ps A) + ; S
Then it is simple to show that
D (s \) R (e) PR (es) = molEl).
A
Substituting (BI2)) for this equation, we have

Z w(p; A)qui(ei)*pi(ej)

A
=3 {w(p; N4> (=i (p; /\))pﬂp(ézq_l_p)}pi(ej)*pﬁ(ei%
A p=0

and hence,

> { i (= (p; A))pﬂp(@2q1p)} (P (ei)"PX(e5) + Pi(e;)"ph(es)) = 0.

A p=0

From (£0) and @7) for n = 2m, we also have

> ma(f) (05 (e:)*P3(e5) + P8 (e5) Dl (1)) = 2m,(pf) ;-
A

We can easily show from (3.6) and (£4) that
(4.12) (w(p; A) +m — 1)mA(pf) = (w(p; A) + m)m,(pf)
for each A. Then

Z ma(pE)w(p; A) (05 (e:) P (e5) + PR (e5) PR (e1))

= Z = D)ma(pf) +w(p; \)m, (pf) + mm, (pf)) (P4 (€:) "X (€5) + PX(e;) P (ei))
= — 2( — 1)7rp(pf)5” + 2m7rp(pf)5” = 27Tp(pf)5”
As a result, we have

Zm pf) (w(ps A) = 1)(p4 (e:)"pA(e;) + PX(€;) PR (e:)) = 0.

Thus we obtain algebraic relations among Clifford homomorphisms like the Clifford
relation.

Theorem 4.11. Let & and 1 be in R"™. Then the Clifford homomorphisms {p5 }

satisfy
> ) PR () + P50 PR(E)) = 2(&,m),
A
2q—1
(4.13) Z{Z( w(p; X))’y (E2qg-1 p)} L) PR () +pX ()" PR(£)) = 0,
A p=0
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and, forn =2m,

(4.14) D @D @) () + P (1) PR (€)) = 2, (pF) (€, ),
A

(4.15) > maf) (w(ps A) = 1)(.€) P8 (n) + p5(m)*p5(£)) = 0.
A

In the rest of this section, we calculate the eigenvalues of ¢, on irreducible so(n)-
modules. Our method is based on [9] and [21]. Tt is known that the usual Clifford
multiplication satisfies (7, (9)¢)- = ma(9)¢ - ma(g~") for g in Spin(n) and £ in R™.
The Clifford homomorphism is also compatible with the action of SO(n) or Spin(n).

Lemma 4.12. For g in SO(n) or Spin(n) and & in C*, we have

(4.16) PR(m (9)€) = ma(9)PR(E) ol ™).
Hence, for e;; in so(n),
(4.17) P (€3)€) = malei; )PK(€) — PR(§)mp(ei;)-

Proof. Consider the action of g on V, ® C" = @, Vi, and we have
> (@) ()¢ =7, ® T, (9)($ @ €) = mo(g) @ 7, (9)6 = Zpk (70, (9)E)mo(9)0
A

for @€ in V, ® C". Then we conclude that px(wm(g)f) = WA(g)pA(f)wp(gfl). O

The Clifford homomorphism pf is defined through the projection II§ : V,@C" —
V). Therefore IIf is realized with the Clifford homomorphism.

Lemma 4.13. The orthogonal projection I1§ : V, @ C* — V) C V, @ C" is realized
as follows:

(4.18) IR (@) = pr e:) PR (€)¢ @ ei.

Proof. Tt follows from (I6) that the following mapping is an so(n)-equivariant
injection,

Vi > pRle) v @e €V,C"

Taking into account (3], we decompose ¢ ® £ as

¢®fzz<§a€i>¢®€iZZZPi(ei)*P,\ o®e; = ZZPAGZ )Ph (&) @ e;.
i A

Since Y, ph(e:)*pR ()¢ @ e; is in V) for each A\, we have the projection formula

EIS). O

Lemma T2 implies that Y. p (e;)*pA (e;) is invariant under the action of so(n)
and constant on V.

Proposition 4.14. We set d(p) := dimV,,. Then
> () pi(e) = d(N)/d(p)
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The eigenvalues of cq and ¢q on irreducible so(n)-module V), are

@19)  myle) = g S wlp ). 7)) = g 3 (e ).
A A
Moreover, we have a relation for eigenvalues of the Pfaffian element,
(420)  2mm(pf) = %p) S ma(ph)d(N) = ﬁ S ma(phw(p V().
A A

d1m V,

Proof. Let {¢a},—1  be an orthonormal basis of V,,. Taking the trace of II§, we

have

d()‘) = Z <H§\(¢a & ei)a o ® ei> = Z <p§(ej)*p§(ei)(¢a) ® €j, Yo ® ei>

= 37 () PR (60 Ga) 8y = D (b ) D 85 (e0)" 1)

=d(p) 3" 14 es) PR e0)

Thus we obtain ), p (e;)*p4 (e;) = d(X)/d(p) and easily show {I9) and (20). O

Calculating d(p) by Weyl’s dimension formula, we have an explicit formula for
7p(cq) in [20] and [21]. Though it is not easy to compute d(\) and d(p) separately,
D. Calderbank, P. Gauduchon and M. Herzlich show that the relative dimension
d(\)/d(p) can be calculated more easily [9]. We denote by {\;}}*, the highest
weights in V, ® C*. From Proposition 1], we show that N is even only in the
following case: (1) n is even and p™ # 0, (2) n is odd and p™ = 1/2, (3) the
exceptional case. By a straightforward calculation, we have

Proposition 4.15 ([9, Lemma 4.5]).
(1) If N is odd,

A0 _ (o) + ()

g~ @)+ 0 L =
(2) If N is even

AN o) — W(p; Aj) + W (p; Ak)

TR | e

This proposition gives an interesting relation between the conformal weights and
the relative dimensions, which is used in Section [7

Corollary 4.16.

1 d()\j) B 1 if N is odd,
(4.21) Z 20(p; ;) — (—D)N d(p) {0 if N is even.
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5. GRADIENTS ON RIEMANNIAN MANIFOLDS

In this section, we define gradients and study their fundamental properties. We
consider only gradients on Riemannian manifolds. The spin case is left to the
readers, where the spin connection is used instead of the Levi-Civita connection
[11], [19].

Let (M, g) be an n-dimensional oriented Riemannian manifold and let SO(M)
be the principal SO(n) bundle of the oriented orthonormal frames on M. For an
irreducible unitary representation (m,, V,) of SO(n), we have an associated Hermit-
ian vector bundle S, := SO(M) x,, V,. The Levi-Civita connection on SO(M)
gives a covariant derivative V on S, compatible with fiber metric as follows. Let
e = (e, --,ey,) be a local section of SO(M). For a unitary basis {¢q }o of V,, we
have a local frame {[e, ¢o]}o of S,. With respect to this local trivialization, the
covariant derivative V is defined to be

1
(5.1) Vi=d+ 3 Zg(VTei, e;)mp(eij),
ij
where V7' is the Levi-Civita connection on the tangent bundle T'(M). Since the
connection 1-form is skew Hermitian, the derivative V is compatible with fiber
metric, that is, X (¢,v) = (Vx¢,¥) + (¢, Vx1) for every vector field X.

We shall extend Clifford homomorphisms to bundle homomorphisms. We con-
sider the tensor bundle S, ® Tc(M) = S, ® (T(M) ® C) and decompose it as

(5.2) S, ® Te(M) = @D S».
A

For each vector field X = " X'e;, we define a bundle homomorphism p4(X) in
I'(M,Hom(S,,Sy)) by

pf{(X) : Sp > [67¢] = ZXi[e,pi(ei)d)] € Si.

From (4.10]), we know that this bundle homomorphism is well defined. Furthermore,
we can show from ([I7) and (5] that

Vy (05(X)¢) = PR (VXY)d + pR(X)Vy ¢
for ¢ in T'(M,S,).
We define geometric first order differential operators depending on the Riemann-
ian metric g on each associated bundle.

Definition 5.1. Decomposing V along (5.2), we have the first order differential
operator D =TI§ o V,

~ L4
Df :T(M,S,) < T(M,S, ® TE(M)) = T(M,S, @ Te(M)) —> T'(M,Sy),
for each \. Here IIf is the orthogonal projection defined fiberwise from S, ® T¢ (M)

onto Sy. We call this first order differential operator DY the gradient associated to
p and \.

Example 5.2. Let Sa be the spinor bundle, where n = 2m+1 and A = ((1/2),,).
We have the irreducible decomposition Spn ® Te(M) = St @ Sa, where T =
(3/2,(1/2)—1). Then DX is the Dirac operator and D2 is the twistor operator
up to a normalization.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



102 Y. HOMMA

Example 5.3. The bundle AP(M) of (complex) differential forms is realized as an
associated vector bundle,

(5.3) AP (M) =8Sq,, . +1 for n = 2m and p = m,
’ AP(M) ~ A""P(M) =S(;,) otherwise.

On this vector bundle, we have three gradients, the conformal Killing operator C,
the exterior derivative d, and the interior derivative d* up to a normalization.

Because the principal symbol of Df is the Clifford homomorphism p%, we have
a formula of the gradient DY,

(5.4) Di(¢) =11} (Z Ve @ ei) = 2_R(e)Veo.

From a similar discussion to the Dirac operator [19], we show that the formal adjoint
operator (D%)* of DY is

(DR)" = = whei)" Ve

An important feature of the Dirac operator is conformal covariance. The gradi-
ents are also conformally covariant operators. Though this fact has been shown by
H. D. Fegan [10], we give an explicit proof. We deform the Riemannian metric g
conformally as ¢’ = exp(20)g for o in C*°(M). We denote the objects associated
to ¢’ by adding the symbol “’” to them. The orthonormal frame bundle SO(M)
is isomorphic to SO’ (M),

®:SO(M)>e= (e, - ,en) e =e 7(e1, - ,en) € SO'(M).
Then there is a bundle isometry for each p,
®,:S,=SO(M) xr, V,> e, ¢] — [€/,0] € SO'(M) X, Vp = S’p
such that @5 o p{ (X) = e 7pf(X) o ®, for each vector X. The Levi-Civita connec-
tion V7 on T(M) changes as
VIRY = VXY + (Xo)Y + (Yo)X — g(X,Y)grad(o),

where grad(o) := > (e;0)e; is the gradient vector field of o with respect to g. We
show from (B.I) that the covariant derivative on S, changes as

1

Vi®p(0) = 2,(Vx9) =) | 5 Y ((ei0)g(X.ej) = (ej0)g(X, e))m,(eij)é
j

for ¢ in I'(M, S,). It follows from (@I) and (5.4) that

(5.5)

DY ®,(¢)

-1} (Z Viy(0) <e;>*> = S I(VL2,(0) () = D #(e) Y, 2p(9)

=e 7Dy <D§¢ + % > pi(e:) ((exo)glei,er) — (e10)gles ex)) Wp(ekzﬂb)

1kl
=e 70, (DY¢ — w(p; A\)ph (grad(o))¢) .
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Here, precisely speaking, DY is defined through not II§ : S, ® Te(M) — Sy but
15 :S, ® T¢ (M) — Sy. Therefore we use ® o pf(e;) = e”pX (e;) o @, in the above
equation. We also have

(5.6) (DX, f] = DX o f — fD = p{(grad(f))

for f in C°°(M). The equations (5.0) and (E.6) give conformal covariance of Df.

The next proposition answers why we call w(p; A) the conformal weight.

Proposition 5.4 ([I0, Theorem 1.1]). When we change the Riemannian metric g
0 g =e*7g, the gradient DY changes as

D:\p _ (e(w(p;A)*l)UcI))\) o Dﬁ o (ew(p;A)Uq’p)_l

In particular, if the dimension of ker DY is finite, then dimker DY is a conformal
invariant of M.

6. CURVATURE ENDOMORPHISMS

Let Ry be the Riemannian curvature on T'(M). For a local oriented orthonormal
frame e = (e1,- - , e,), we set alocal expression of Ry by R;jr:=g(Rr(es, €j)ex, €1),
and denote the Ricci tensor by R;; = Zk Riir; and the scalar curvature by x =
>; Rii. We decompose the Riemannian curvature R;j,

Rijri = Wijra + Kijrg + Sijra,

where
K
Sijk-l L= m(5il5jk - 5ik5jl)7
1 K
(6.1) Eij = 5 ( dij — Rij) ;
Kijri : = Eubj + Ejda — Eubjr — Ejida,

Wikt © = Rijii — Eijri — Sijr-
The conformal Weyl tensor W;;j; and the Einstein tensor F;; satisfy
(62) ZWijil = O, Eij = Eji; Z Eii =0.
i i
We shall discuss curvature endomorphisms on the associate vector bundle S,,.
We define the second order derivative v%{,y on S, for vector fields X and Y by

2 _
Then the curvature on S, is R,(X,Y) = V% y — V3 . From (&), a local expres-
sion of R, is
o(eise;) Z Rijramy(er)-
By an easy calculation, we can decompose the curvature R,,
(6 3)

K
o€, €5) ZWZ]kﬂTP (ext) + Z ikTp(ern;) — Ejpmp(en:)) — mwp(eij).
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Definition 6.1. We define a curvature endomorphism in I'(M, End(S,)) by
R} = pr(egj)Rp(ei, €j)
ij
for each q. When n is even,

Rgf = pr(pfij)Rp(ei, e;).

Instead of R, we often use the translated curvature endomorphism

- Trsmin- X () (45) "

0<p<q

Example 6.2. R{(, 5 | ./ is £/4, and R(;)/2 is the Ricci transformation.
By Clifford homomorphisms, the curvature endomorphisms are rewritten as
RL =" w(p; \) 1P (e:) P8 (e;) Ry ey €5),

i,
RET =" ma(pf)ph (e:) D3 (e5) Ry (e €5)-
i,
Proposition 6.3. The curvature endomorphisms R} and REf are self-adjoint en-
domorphisms of S,.
Proof. We consider a curvature endomorphism of S,
(6.4) ZP,\ ;) P (ej)Ry(es,€5) = ZRijklpi(ei)*pi(eg‘)ﬁp(ekz)
ijkl
for each A. From (IHZI), we have
7p(er)PX (e3) P (e5) — PX(ed) "X (ej)mo(ent)
=pA (Okier — duiex )i (e;) + X (e)*PX (drjer — dijer).
Then it is easy to show that
R,( ZRzgkzp,\(ez) P (ej)mp(er) Zszklﬂp(ekl)p)\(ez) pi(ej) = Ry(N)".

Since RZ and Rgf are linear combinations of {R,(A)}x with real coefficients, R
and Rgf are self-adjoint endomorphisms. O

We decompose the curvature endomorphisms along (6.3). From (310) and (6.2),
the Einstein part of R is

~ 1
Zﬂp(egj)(E’ikﬂ-P(ekj) - E]kﬂ-p ekz = ZEUT‘-P q+ + )
ijk

Thus R and Rg decompose as

. Tp(cqr1)k
—2 > Winmp(elien) — ZE”WP Fnel) + %’
ikl "
1 (28441 — (n = 1)ég )k
Ry =3 %Wijkﬂp ) ZEUW” Lheh) n(n —1) q
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Example 6.4. If M is the standard sphere S™, then R{ is 7, (cq+1).

We consider REf. Tt follows from (@), (EId), and @I5) that the Einstein part

of REf is
> maeh)pi(e) v e) (Eanmplers) — Ejimoleni) = 0,
Nijk

and the scalar curvature part is m,(pf)x/(n — 1).

Proposition 6.5. The curvature endomorphism Rgf does not depend on the Ein-

stein tensor,

1 7, (pf)K
RM = 3 > Wijnm,(pf jer) + %.
ijkl
Corollary 6.6. (1) Suppose that M is an even-dimensional conformally flat

manifold; then
Rpf _ Tp(pf)ﬁ

’ n—1"
(2) For the exceptional case that P! >0 and p™ =0,
1
Rgf = 5 Z Wijklﬂ'p(pfijekl).
ijkl
7. BOCHNER-WEITZENBOCK FORMULAS
The second order differential operator (Df)*Df on S, is realized as

(D{)"D5 = =Y _oR(e) PR(e)) Ve, o, -

(2]

From ({I0), we have

Z(DP) DY = ZPA ei)"pa(e;)V el e; — Z‘Sw eiej

A A,i,J

where V*V is the connection Laplacian on S, defined by — 3.V
The universal Bochner-Weitzenbock formula BI2) gives

29 _ A2q 2
- S (7 ¥

61,6,

2g—1

==Y d(p; N)*UD{) DS -, (AQQ Z C2q—1—pé§i> P
A %,

= Z { D mp(Eag-1-p) (0 (p; /\))p} (D})*DX.
p=0
Similarly (£I4)) gives
REF =" 2(m, (pf) — ma(pf)) (D§) DS,

A

We are now in a position to state the main theorem.
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Theorem 7.1 (Bochner-Weitzenbock formulas). Let {D{}x be the gradients on
S,, and let {(D)*}x be their formal adjoints. Then

(7.1) > (D) D} =V,
A
(72) > { D mpllog1-p) (—d(p; A))P} (D) DE =R, q=1,2,---.
A p=0

When n is even, we also have

(7.3) S 2(my(pf) — ma(p£)) (D5)* DS, = R,
A

For the exceptional case, setting Ay := p + [y, we have

1

PYDP _(DP Y*DP —=___ —
(T4 (DL DL, = (D) DL = =

> Wijkimo(pfijex)-
ijkl

Remark 7.2. By using ([3.13]), we obtain other identities

R;Q;qﬂ = *Z {2w(p A2 4 (p; A Zﬁp (Cag—p) (—(p; )\))p} (D) D

A
forqg=0,1,---. But, from the discussion below, these formulas are linear dependent
on ([C2). The above equation for ¢ = 0 gives a formula by P. Gauduchon [12]
Appendix B],

1 m,(c
—§R;1) = _ann2— 1 +ZEk7Tp zk ZW”kmp(e”ekl)
(7.5)

Zw (p; A )*DX.

Note that this formula can be proved from (IT]).

We shall discuss linear independence of Bochner- Weitzenbéck formulas ([C2)) and
[C3). We assume that there are N gradients {Dp v, onS,. In [3], by using the
spectral resolution on the standard sphere, T. Branson shows that there are just
[N/2] independent identities such that 3=, by, (D5 )*DY, is a curvature endomor-
phism. Therefore our task is to prove that (C2) and ([T3) give [N/2] independent
identities. Define a vector v(q) consisting of the coefficients in (T2)) by

v(q) == (Z (_l)pﬂ-p(é2q—1—p)w(p;Al)pv'" ) Z (_l)pﬂ-p(éZq—l—p)w(p; >\N)p> .

p=0 p=0
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We decompose (v(1),v(2),---,v(q)) into the product of a ¢ x 2¢ matrix C(q) and
a 2g x N matrix W(q) given by

p(¢1) —7p(C0) 0 0 0 0
C’(q) _ 777(.03) —717?(.62) 7Tp(C.1) —WP(CO) 0 0 ’
Tp(C2g-1) Tp(C2g—2) mp(¢1)  —my(Co)
1 1 1
w(p; A1) W(p; Aa) w(p; An)
Wi(g) == [ @w(p;\1)*  w(p;A2)? w(p; An)?
W(p; M) b(ps A2)?T e db(ps An)POT

Since the conformal weights are different from each other, the rank of the matrix
(v(1),v(2),---,v([N/2])) = C([N/2])W([N/2]) is [N/2] unless it is the exceptional
case. For the exceptional case, the rank of C([N/2])W([N/2]) is [N/2] — 1. But,
there is another formula (T4]) independent of (Z2)). Thus we have [N/2] indepen-
dent Bochner-Weitzenbock formulas.

Corollary 7.3. The formulas [(C2) and [T3) give all Bochner-Weitzenbick for-
mulas for gradients.

In the rest of this section, we discuss a relation between our Bochner-Weitzenbock
formulas and Branson’s conformally covariant operators. In [4, Theorem 1.1], Bran-
son classifies the second order conformally covariant operators on associated vector
bundles. We consider differential operators,

(7.6) (D{,)"DY, for the exceptional case,

1 K
7.7 ————(D})*DY + ————— otherwise.
(7.7) ;w(p;)\)Jr%ﬂ( 2Dy 2(n—1)

In the same manner as in Proposition [£.4] we can show that the above operators
are conformally covariant. His important observation is that, when N is even, the
operator (L) has zeroth order. This fact is equivalent to the next proposition.

Proposition 7.4. Assume that n = 2m and p™ # 0, orn=2m+1 and p™ = 1/2.
Then, at the symbol level, we have

(7.8) z)\: W(?f\(f)*pf\(n) + ()" ph(€)) =0 for & and n in R™.

Remark 7.5. Corollary [T.3 implies that we can realize (T.8)) as a linear combination
of @I3)) forg=1,--- ,N/2.
For n = 2m, we can prove ([8)) directly. We consider the case of n = 2m and

p™ # 0. Since 7,(pf) is not zero, the equation (L8)) follows from (@I2) and @I4).
Indeed, we can rewrite (3] as

1 K 1
e PY* P — L »
(7.9) % wlpn) 12 (DS)" DX + 3 —1) T, (o) E Wijkimp(pf; €xt)-

Thus the Bochner-Weitzenbock formula associated to the Pfaffian element is just
Branson’s conformally covariant operator with zeroth order. For the exceptional
case, we also have a zeroth order conformally covariant operator, (D§+)*D§+ —

(DS_)*D5_ in @A),
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For n = 2m + 1, since there is no Casimir element corresponding to the Pfaffian
element, the author does not now have a direct proof of (Z.8). Nevertheless, it would
be significant to prove that the equation (7.8) provides a Bochner-Weitzenbock
formula omitting the Einstein tensor. Let R,()) be the curvature endomorphism
given by (G4)). It follows from (7.8)) that

1 1 1
PVX TP _ Ol NP (o0 (T2  _ 2
2 am iz PR = 5 2 e AR Ve, = Vi)
1 1

-5 ————— = Rp,(N).
2 z; w(ps A) + 25277
Then we shall investigate the curvature endomorphism

1
(7.10) z; mRP(A).

It is easy to see that R,(\) is equal to

1 " ] w(p;i NNk
5 > Wijph(e:)*pg(e;)mp(er) = (2w(p; N)+n) > ph(e:) Pi(ej)Eiﬂ-m,
ijkl i
and the Einstein part in (ZI0) vanishes because of (6.2) and (). Moreover, we
show from (@2T)) that the scalar curvature part in (CI0) is x/(n — 1). Thus we
have
1 K
(DD

z;w(p;AHTQ M AT 2(n - 1)
(7.11)
=— E Z %Wijklpi(ei)*pi(ej)ﬂ'p(ekl)'

. n—z

L G v+

Remark 7.6. We know from [4] Theorem 1.1] that, if N is even, up to a constant
multiple, there is a unique optimal Bochner-Weitzenbock formula omitting the Ein-
stein tensor: (L)) for the exceptional case and ([I1)) for other cases. If N is odd,
there is no such Bochner-Weitzenbock formula.

8. EXAMPLES

We give examples and applications of our Bochner-Weitzenbock formulas. We
often simply denote Dﬁi by D; in this section.

Example 8.1 (spinors). We discuss gradients on the spinor bundle Sa for n =
2m+1. There are two irreducible components in Sp ® T (M) whose highest weights
are A\ = (3/2,(1/2);m—1) and Ay = A = ((1/2),,). From (ZI) and (7)), we have

1 -1 1
DiDi+D;Dy = V'V, DD - ”TD;DQ = Rk = ,g.
Since the Dirac operator D is /nDs and the twistor operator T is y/n/(n — 1)Dy,
we have )
D*=V*'V+ -k, D’=—" k4T
VV+4/$, 4(n—1)/€+

The first equation gives a vanishing theorem. If (M, g) is a compact spin manifold
with positive scalar curvature, then the kernel of D is zero. The second equa-
tion gives Friedrich’s estimate for eigenvalues of D2. Since T*T is a non-negative

operator on M, each eigenvalue p of D? satisfies pu > ﬁ minge s k() [II].
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Example 8.2 (differential forms). We consider the bundle of differential forms
Sa,) = AP(M)® C ~ A""P(M) ® C. We have three irreducible components in
S1,) ® Tc(M) whose highest weights are

A= (27 11071)7 Ag = (1p+1)7 Az = (117*1)'
From (1) and (73), we get
DiD; + D3Ds + D3;Ds = V*V,
* * * ].
DDy —pD3Dy — (n —p)D3D3 = 751%%11]).
The operators Dy, Ds and Ds are constant multiples of the conformal Killing

operator C, the exterior derivative d and the interior derivative d*, respectively.
We normalize {D; }1<i<3 and obtain

1 1
c*C + dd+ dd* = V'V,

p+1 n—p+1
* p * n—p * 1 1
8.1 C*'C— ——d'd— ———dd" = —-R{ .
(81) p+1 n—p+1 27 (1p)

In particular, we get a well-known formula, d*d + d*d = V*V + R(llp)/Q.

By using (8]), we can prove eigenvalue estimates of the Laplace operator d*d +
dd*, Lichnerowicz’s estimate for functions and Gallot-Meyer’s estimate for differ-
ential forms [I3]. Suppose that (M,g) is a compact Riemannian manifold. For
eigenfunction f of d*d with non-zero eigenvalue p, we have

ulldf |2 = (dd*df. df) = —— ((O*O+ %le) df, df)

= L {lCdF|> + (Ricldf), df)} = —"(Ric(df). df),

where (¢, 1) denotes [, (¢, 1)dv. Accordingly, non-zero eigenvalue of d*d on A°(M)
has a lower bound depending on the Ricci curvature.

Suppose that (M, g) is a compact Riemannian manifold of positive curvature. In
other words, there exists a constant r > 0 such that Rj;x; > 7(0;10,% — 0;10;;). For
¢ in T'(M,AP(M)),

* * n_p+1 p * n—p *
(@ d+dd),9) > — ((p+1d Ao >¢,¢)

V

~n—p+1 9 m—p+1/_,
= o lcol + S (Bl,006)
n—p+1

> mrmy)(@)l\(ﬁll2 = p(n —p+1)rllg|*.

Therefore the eigenvalue p of d*d + dd* on AP(M) satisfies > p(n —p + 1)r.

Example 8.3 (The conformal Weyl tensor). Let (M, g) be an n-dimensional Rie-
mannian manifold with n > 5. The four-dimensional case is discussed in the next
section. The conformal Weyl tensor W = Wi is a section of S, with p = (22).
The highest weights of irreducible components in S, ® Te(M) are

(Sa 2)7 (22)a (2’ 1)7 n=>5,
(3a2)7 (2231)’ (227*1)’ (2a1)7 n =0,
(3,2) (22,1), (2,1), n>"T.
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Because of the second Bianchi identity, the projections of VIV to S(a, +1) and S(a,)
are zero [23]. Setting A1 := (3,2) and Ay := (2,1), we show from (TI]) and (73]
that there is a Bochner-Weitzenbock formula for the conformal Weyl tensor,

n + 1 * * 1 1

TD2D2W =V*VW + ZRPW'
It is known that DyW is a constant multiple of > (V*Wgr + VW) [23].
Then D, W = 0 is equivalent to 6W = 0, where dW := — > V*W;,. If (M, g) is
a Riemannian manifold with 6W = 0, then W satisfies

* 1 1
VW 4 R = 0.

Example 8.4 (The exceptional case). We consider the exceptional case that n =
2m and p™~! > p™ = 0. When pis (1,,_1), Dﬁi is a constant multiple of di
on A™71(M) ® C, where di denotes 3(1 + %)d for m = 2l and (1 + /—1x)d
for m = 20 + 1. Then we have dfdy = d“d_. But, in general, (Df,)*D}, is
not equal to (DY )*D{ . If (M,g) is a conformally flat manifold, then we have
(D§,)*DY, = (D5 )*Df_ from (7).

Example 8.5 (Branson-Hijazi vanishing theorem). We consider the case of n = 2m
and p = (pm—1,Ep) for p=1,3/2,2,5/2,---. We have two irreducible components
inS,®Tc(M) and set Ay := (p+ 1, pm—2,Ep) and Ay := (ppm—1,E£p F 1). Then we
have

DD, + DiDy = V*V,
* " 1
pDiD1 + (—p —m+ 1)D3Dy = fER}),
2(my(pf) — ma, (pf)) Dy D1 + 2(m, (pf) — 7, (pf)) D5 Dy = RY'.

The second identity is linear dependent on the third one. We actually have 7, (pf )R;
=plp+m-— 1)Rgf. Since Rgf omits the Einstein tensor, we have

2p+m—1 p+m—1

* x 1

(8.2) D5Dy =V*V + mH—F Ipzwijklﬂ'p(eijekl).

T. Branson and O. Hijazi give a vanishing theorem as follows [7, Theorem 4.2]. We
diagonalize W, such that Wijn = ¢;;(x) (005 — dixd;1) on each point x in M.
Then

, 1
mp(c2) min cij(7) < 5 D Winmp(een) =Y ciymplesess) < mp(ca) max ci; (z).

ighkl ij
Supposing nfn(f)l) + mine;j(z) > 0 for all  in M, we have ker D, = 0 by (&2).
In particular, for p = (1,,—1,+1), we have Bourguignon’s vanishing theorem,

H™(M,R) =01in [2]. They also discuss a relation to the first eigenvalue of Yamabe
Laplacian in [6], [7].

Through Examples and B35 we note that it needs to investigate curvature
endomorphisms for vanishing theorems and eigenvalue estimates. We diagonalize
R;jii such that R;jp = rij(x) (05105 —0;105,). Then we have Ri = Zij rijﬁp(égjéﬁ).
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The curvature endomorphism R for ¢ = 1,2 can be estimated,

Tp(eo) minriy(x) < Ry = D =3 rimpleises) < mplco) max e (a).
ij
g
A ZJ
estimate R for ¢ > 3. But, in the 4-dimensional case, we can estimate the curvature
endomorphisms more precisely using the decomposition A?(M) = A% (M)®A2 (M).

Since we do not know whether m,(é!.é;;) for ¢ > 3 is non-negative, it is difficult to

Remark 8.6. It is possible to estimate the Einstein part and the scalar curvature
part of curvature endomorphisms. For example, the Einstein part of R% — nRIQ, /2+
n’R) /4 is — > 27,(ef;) Eij, which we can estimate because of 7,(ef;) > 0.

9. THE FOUR-DIMENSIONAL CASE

In this section, we discuss the four-dimensional case. We begin with basic facts
of four-dimensional geometry. The Hodge star operator * decomposes A%(R?) into
the self-dual part Ai and the anti-self-dual part A2. For an oriented orthonormal
basis e = (e1, ea, €3, e4) of R* we set a basis of A2 by

1 1 1
)(1i = 5(614:t€23), )(2i = —5(613i€42)7 )(3i = 5(612i€34).

Identifying A%(R*) with so(4) = s0(3) @ s0(3), we get

[XziﬂXgi] = Z eiijki’ [X:r,X;] =0,
1<k<3

where

€iik = Sgn(%?%)7 {i,j7k}:{1’273}7
Y 0, otherwise.

Thus {X*}; is a standard basis of s0(3),

00 0 0 0 1 0 -1 0
91 XE=|(0 0 1|, xXf=(0 o0 o), xXFf=[1 0 0
01 0 -1.0 0 0 0 0

Let (M,g) be a four-dimensional oriented Riemannian or spin manifold. We
consider the Riemannian curvature Ry as an endomorphism of A%(M),

1
Rr: AQ(M) D €5 = 5 ZRijklekl c A2(M)
Then we realize Ry as a 6 x 6 matrix with respect to basis {X; }; U {X5 1

<mg+ m9—> * (Igt Io<> * <_%0/12 —/€0/12> :

where W (resp. W ™) is the self-dual (resp. anti-self-dual) conformal Weyl tensor
and K corresponds to K in ([GI)). In other words, we have

_ R
Rp(X;H) =Y WiX[ + ) KuX; - X,
- — K -
Rp(X[) =Y Wi X; +Y KX - TR
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for non-

)
/2)8(1/2)

From now on, we denote the highest weight p of s0(4) by p = (i,
negative integers k and [. Note that p corresponds to the highest weig
of 50(3) @ s0(3).

We define a curvature endomorphism on S, by

RE =4 (X Rr(X])).

kT
ht (k

Since 43 X;F X;F = —co/2 — 2pf and 4 X, X, = —ca/2 + 2pf, we have

k(k+2)
+_ X +
R —45 7rpXX +4§JK”7TPXX) —
(1+2)
S =4 E (X X) +4 %J Kijmp(X; X‘*‘) o
Lemma 9.1. (1) The curvature endomorphisms R,l) and Rgf satisfy

1 _ p+ — £ + _
(9.2) R,=R;+R,, R =R]—-R).
(2) If pis (k/2,k/2), then R, is zero and R} does not depend on the Einstein
tensor. If p is (ki7 %), then R, does not depend on W~ .

Proof. By using (&3]), we can show (0.2)) straightforwardly. We shall prove the sec-
ond claim. When pis (k/2,k/2), m,(X;") is zero for each i. Then R, is zero and R}
does not depend on the Einstein tensor. When pis (2L, £=1), {7Tp( . )} 1<i<s gives
the spin 1/2 representation of s0(3) = su(2). Then we have D Wime(X; X;7) =0
because of W;; =W and > W, =0. O

The irreducible decomposition of S, @ Te(M) is @;_, S,, where
AM=ptp, Aa=ptpa, Az=p—p2, A=p— .

From (1)), (C2)) and ([73]), we have all Bochner-Weitzenbdck formulas for the four-
dimensional case,

DiDy + D3Ds + D3Ds + Dy Dy = V*V,
kDIDy + kD3Dy — (k+2)D5Ds — (k+2)D;Dy = fR;r,
IDIDy — (14+2)D3Ds +1D3D3 — (I +2)DjDy = —R,.
We shall state some vanishing theorems. First, we consider the case that p is
(k/2,k/2) for a positive integer k. Then we get Dy = Dy =0 and
2(k+1) k+2

S DD = VIV 4 o Z (XX +
Example 9.2. If M is a compact anti-self-dual manifold, then
2(k+1) k+2
———=D3D3=V* .
k 33 V V + 12 K

The kernel of D3 is isomorphic to a cohomology on the twistor space of M [I4].

Example 9.3 (self-dual 2-forms). For p = (1,1), the associated vector bundle S,
is A2 (M) ® C and the kernel of Dy is the space of harmonic self-dual 2-forms. If w
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is in ker D3, then we have a formula in [2],

1
0= (V*'Vw,w) + 2<W+(w)aw> + §’$<wvw>v

where WH(w) = W (Y w X;") = Y wWiEX]

Example 9.4 (the self-dual conformal Weyl tensor). For p = (2,2), the vector
bundle S, is embedded into A2 (M) ® (A2 (M))* ® C and the sections of S, are
realized locally as trace-free symmetric 3 x 3 matrices. Therefore we have (Z,7) =
tr(ZZ) and 7,(X;")Z = X;7Z — ZX; for Z in T'(M,S,). Here we use the matrix
realization (@) of {X;"};. It follows that

S Wihn (X XNz =Y Wi (XPXZ - X[ ZXE - X 2X + 22X X
— Wt + +y+ory+
=WHZ+ 2w —2> WX zx].

Choosing W as a section Z of S,, we have

(S WEm (X X)W W) =260 (WH)?) + dtr (WH)?) = 6t (W)?)
= 18det(W™).
If oW+ = =37, VSW:;jk = 0, then D3W is zero and W satisfies the following
equation in [Il pp. 451-455]:
0= (VIVWH, W) + 6t (WH)?) + Str (W)?).
Next we consider the case that the highest weight p is (%, %) for a positive
integer k. Then we have
V*V — 1/3R, = 4/3(D;D; + D;Ds),
V*V + R, = 4(D3Ds + D}y Dy),
where
Ry =4 Kym)(X; X))+ /4.

Example 9.5. If (M, g) is a compact Einstein manifold with positive (resp. neg-
ative) constant scalar curvature, then ker Dy N ker Dy (resp. ker Dy N ker D3) is
zZero.
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