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NONDEGENERATE ¢-BIRESOLVING TEXTILE SYSTEMS
AND EXPANSIVE AUTOMORPHISMS
OF ONESIDED FULL SHIFTS

MASAKAZU NASU

ABSTRACT. We study nondegenerate, g-biresolving textile systems and using
properties of them, we prove a conjecture of Boyle and Maass on arithmetic
constraints for expansive automorphisms of onesided full shifts and positively
expansive endomorphisms of mixing topological Markov shifts. A similar result
is also obtained for expansive leftmost-permutive endomorphisms of onesided
full shifts.

1. INTRODUCTION

In [BM, Conjectures 7.1, 7.2 and 7.3], Boyle and Maass gave three conjectures on
expansive automorphisms of onesided full shifts. The first conjecture was the one
that the dynamical system defined by an expansive automorphism of a onesided
full shift is topologically conjugate to a topological Markov shift. It was proved
in [N4]. Therefore, if ¢ is an expansive automorphism of the onesided full N-
shift (AN, 4) over the alphabet A of N symbols, then there exists an N-to-one,
positively expansive endomorphism ¢g of a (twosided) topological Markov shift
(Xo,00) such that (AN, %) and (Xg,00) are topologically conjugate and so are
(AN 5 4) and (Xo, o) through a common homeomorphism of AN onto X,. Boyle
and Maass proved that in this situation the topological Markov shift (Xo,0q) is
shift equivalent to some full J-shift such that (i) J and N are divisible by the
same primes, and gave the second conjecture that in the same situation (AN, ) is
topologically conjugate to a full shift. The third conjecture of Boyle and Maass is
stated as follows. In the same situation, the left and right multipliers [, and r,
(developed by Boyle [B]) are integers such that all N, I, and r,,, are divisible by the
same primes, and in particular (ii) if a prime p divides N, then p? divides N. (I,
and r, are independent of the choice of ¢y and have the property that N = [, 7,
([Bl).) Boyle and Maass [BM] proved this conjecture for the case that N is a power
of a prime. The result of Boyle and Maass above and the third conjecture imply
that (i) and (ii) in them are a necessary condition for positive integers J and N to
have the property that there is an automorphism of the onesided full N-shift which
is conjugate to the full J-shift ([BM]). Boyle and Maass [BM] showed that (i) and
(ii) are a sufficient condition for J and N to have the property.
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In this paper, we study nondegenerate, g-biresolving textile systems. Using
properties of them (Proposition 3.9), we prove the third conjecture of Boyle and
Maass and obtain a similar result for expansive leftmost-permutive endomorphisms
of onesided full shifts. The second conjecture of Boyle and Maass is still unsettled
as far as the author knows.

The results of Boyle and Maass above and their second and third conjectures have
alternative equivalent statements (see [N4, Section 6]). The result stated first is
equivalent to the statement “A mixing topological Markov shift having a positively
expansive N-to-one endomorphism is shift equivalent to some full J-shift, where
J and N are divisible by the same primes”. The second conjecture is equivalent
to the statement “A mixing topological Markov shift having a positively expansive
endomorphism is conjugate to a full shift”. The third conjecture is equivalent to
the statement “If a positively expansive endomorphism ¢ of a mixing topological
Markov shift is IN-to-one, then [, and r, are integers such that all N, [, and r,
are divisible by the same primes, and in particular if a prime p divides N, then p?
divides N”.

The reader is referred to [Ki] or [LM] for a comprehensive introduction to sym-
bolic dynamics, and to [AH] for information on topological dynamics.

The author is grateful to the referee for pointing out errors in the manuscript.

This paper was written when the author was with the Graduate School of Engi-
neering, Hiroshima University.

2. PRELIMINARIES

Let A be an alphabet (i.e., a nonempty finite set of symbols). Let A% =
{(a;)jez | a; € A} be endowed with a metric compatible with the product topology
of the discrete topology on A. Let o4 : A% — A% be defined by

oa((aj)jez) = (aj+1)jez-

The dynamical system (A%, 04) is called the full shift over A. Let X be a closed
subset of A% with 04(X) = X. Let 0 = 04|X. Then we have a dynamical system
(X,0), which is called a subshift over A. Let AN = {(a;)jen | a; € A} be endowed
with a metric compatible with the product topology of the discrete topology on A.
Let 64 : AN — AN be defined by

da((aj)jen) = (aj41)jen.

The dynamical system (AN G4) is called the onesided full shift over A. For a
subshift (X, o) over A , let X = {(aj)jen | 3(aj)jez € X}. Then we have a
dynamical system (X, &) with & = &4|X, which is called a onesided subshift over
A and is said to be induced by (X, o).

Let G be a graph. Here a graph means a directed graph which may have multiple
arcs and multiple loops. Let Ag and Vi denote the arc-set of G and the vertex-set
of G, respectively. Let ig : Ag — Vg and tg : A¢ — Vi be the mappings such
that for a € Ag, ig(a) and tg(a) are the initial and terminal vertices, respectively,
of a in G. Hence the graph G is represented by V& &L A te, Va. Let X be the
set of all points (a;)jez in A% such that tg(a;) = ig(aji1) for all j € Z. Then we
have a subshift (Xq, o), which is called the topological Markov shift defined by G.
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NONDEGENERATE ¢-BIRESOLVING TEXTILE SYSTEMS 873

For graphs I and G, a graph-homomorphism h of I into G, written by h : ' — G,
is a pair (ha, hy) of mappings hy : Ar — Ag (arc-map) and hy : Vi — Vg (vertez-
map) such that the following diagram is commutative:

Vo T — Ar T W%

Wl m

Vo S Ag — Vg
A graph-homomorphism h : I' — G gives I-block maps ¢, : Xr — X¢ and
¢h : Xr — Xg by

on(()jez) = (halaj)jez), (o5)jez € Xr, a; € Ar,
on((a))jen) = (ha(ay)jen), (aj)jen € Xr, aj € Ar.

Now we recall the notion of a textile system introduced in [N2].

A textile system T (defined) over a graph G is defined to be an ordered pair of

graph-homomorphisms p : I' — G and ¢ : ' — G such that a € Ar is uniquely
determined by the quadruple (ir(«),tr(a),pa(@), ga(a)). We write

T=(pq:T—G).

We have the following commutative diagram:
Vo 95— Ag —— Vg
TPV pPA T pv T
Vo T Ap T W

JVQV QAJV qvl
Vo S Ag — Vg
If we observe this diagram vertically, then we have the ordered pair of graph-

homomorphisms
Vo 9 Ag Ag —¢ Vg
Tpv PAT pAT va
Vi T Ap and Ap — . Ve
|ov a | w | w |
Vo 25— Ag Ag — Vg

This defines another textile system
called the dual of T', where i« = pa,tr+ = qa, igx = py and tg= = qv .

Let T = (p,q : ' — G) be a textile system. Let £ = ¢, and let n = ¢,. A
two-dimensional configuration (a;); jez, ®ij € Ar, is called a textile woven by T if

(aij)jEZ € Xr and 77((051'_171‘)]'62) = f((()&z’j)jez) for all © € Z. Let Ur denote the
set of all textiles woven by T'. Define

Zr ={(avj)jez | Ivij)ijez € Ur}, X ={&((awj)jez) | Ivij)ijez € Ur}.
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Then we have subshifts (Zr,¢r) and (X7, o7). We call (X1, o) the woof shift of T
and (X7, op+) the warp shift of T. We say that T is nondegenerate if (Xp,o07) =
(Xg,06). We define onto maps & : Zr — Xp and nr : Zyr — Xp to be the
restrictions of £ and 7, respectively. If T is onesided 1-1, i.e., &p is 1-1, then an
onto endomorphism ¢ of (Xr,or) is defined by

pr = nré’.
If T is 1-1, i.e., both & and nr are 1-1, then ¢r is an automorphism of (Xr,or).
We also have the onesided subshifts (Zr,&r) and (X7, &7) induced by (Zr,¢r) and
(Xr,07), respectively. We define maps ET : Zr — Xp and - Zr — Xr by the
restrictions of ¢~)p and ¢~)q, respectively. If T" is onesided 1-1, then an onto continuous
map Xt : Xp — X is defined by

X1 (ér((a1j)jez)) = Er-((i1)ieN), (aij)ijez € Ur, ay; € Ar.

If both &7« and #jr~ are 1-1, then an onto continuous map X7 ¢ Xre — Xr is
defined by

Xr(Er((@in)ien)) = ér((ary)jez),  (@ij)ijez € Ur, aij € Ar.
If §~T* is 1-1, then an onto continuous map X7« : X+ — Xr is defined by
X1+ (61 ((in)ien)) = ér((a1j)jen),  (aij)ijez € Ur, aij € Ar.
Theorem 2.1 (Theorem 2.11 of [N2]). Let T be a textile system.
(1) If T is onesided 1-1, then o1 is positively expansive if and only if both Epe
anc~l nr~ are 1-1.
(2) If &p is 1-1, then @p- is an expansive continuous map if and only if T is
onesided 1-1. ~
(3) If T is onesided 1-1 and both &~ and Tip~ are 1-1, then X is a homeo-
morphism with X% = 7' and not only (Xr,07) and (Xr~,$7+) but also
(Xr,07) and (Xp-,67+) are topologically conjugate through Xr.

Let G be a graph. For n > 0, let L,,(G) denote the set of all paths of length n
in G and let L(G) be the set of all paths in G, that is,

L,(G)={ay...ay | a; € Ag, ta(aj) =ig(ajp1) for j=1,...,n—1} forn>1,
Ly(G) =V and L(G) = | La(G).
n=0

We extend i¢ : Ag — Vg and tg : Ag — Vg to ig : L(G) — Vg and t¢ : L(G) —
Ve, respectively, as follows. Define ig(v) = tg(v) = v for v € Vg. If n > 1,
then for w = a1...a, € L,(G) with a; € Ag, we define ig(w) = ig(a1) and
ta(w) =tg(an). We also extend hy and ha of a graph-homomorphism i : T' — G
to h: L(I') — L(G) as follows. We define h(v) = hy(v) for v € Vp. If n > 1, then
for w = ;... € L, (") with o; € Ap, we define h(w) = ha(ai1) ... ha(ay).

For n > 2, let GI" be the graph defined as follows: Acimg = Ln(G), Ve =
L,—1(G), and igm and tgm are the mappings such that for w = ay ...a, € Agm
with a; € Ag, igm(w) = a1 ...a,-1 and tgm (w) = as . ..a,. We define Gl = @a.
We call GI"l the higher block graph of order n of G. For a graph-homomorphism
h:T' — G and n > 1, we define the higher block homomorphism of order n of
h, written A" : Tl — G by hzl] (w) = h(w),w € L,(T'). For n > 1 the n-th
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NONDEGENERATE ¢-BIRESOLVING TEXTILE SYSTEMS 875

power G™ of G is defined to be the graph such that Agn = L, (G), Vgn = V& and
ign(w) = ig(w) and ten (W) = tg(w) for w € L,(G). For a graph-homomorphism
h:T — G and n > 1, we define the n-th product-power h(™) : T™ — G™ of h by
W3 (w) = h(w), w € L, (G).

For a textile system T' = (p,q : ' — G) such that the following definitions are
well defined (see [N2| pp. 17, 18]) and for n > 1, we define the higher block system
T of order n of T by T = (p, ¢l . T") — GI"), define the n-th product-power
TM of T by T = (p(”), ¢™ :T"™ — G™), and define the n-th composition-power
T™ of T by T™ = ((T*)™)*.

3. NONDEGENERATE ¢-BIRESOLVING TEXTILE SYSTEMS

A graph G is said to be nondegenerate if both ig and tg are onto. A graph-
homomorphism h : I' — G is said to be onto if both h4 and hy are onto.

An onto graph-homomorphism h : I' — G between nondegenerate graphs is said
to be right resolving if for each u € Vp, the restriction of hs on ip'({u}) is a
bijection onto i ({hy(u)}). Tt is said to be left resolving if for each u € Vr, the
restriction of h4 on t5'({u}) is a bijection onto t5' ({hv (u)}).

A textile system T = (p,q : I’ — G) is said to be g-biresolving if q is both left
resolving and right resolving. It is said to be LL if both p and ¢ are left resolving,
or equivalently T is ¢-biresolving.

For a graph G, let Mg denote its adjacency matriz, i.e., Mg = (MG(u7 U))u,vevc ,
where Mg (u,v) is the number of arcs starting from vertex u and ending in vertex
v. Let Ag denote the spectral radius of Mg.

Proposition 3.1. Let T = (p,q : ' — G) be a (nondegenerate) q-biresolving
textile system with G irreducible, ¢, bounded-to-one and ¢, N-to-one.

(1) If (l(w)uevy and (r(u))uevy are left and right eigenvectors of Mq corre-
sponding to Ag, then (1,...,1) indexed by Vo and (I(w)r(u))uev, are left
and Tight eigenvectors of Mg~ corresponding to Ag~ = N, where G* is the
graph over which T* is defined.

(2) If o(rwy- 18 topologically transitive for all k > 1 and G is aperiodic, then
Mg 18 a rational integer.

(3) If T is onesided 1-1 and o~ is topologically transitive, then Xt is measure
preserving with respect to the Parry measures.

(4) If T* is 1-1 and o~ is topologically transitive, then X is measure preserv-
ing with respect to the Parry measures.

(5) IfT* is onesided 1-1 and o~ is topologically transitive, then X« is measure
preserving with respect to the Parry measures.

To prove Proposition 3.1, we need a lemma, which should be compared with [B]
Lemma 2.1] and [H, Theorem 5.4].

Let h : ' — G be a graph-homomorphism. Let w € L(G). Let Mg(w) be the
matrix (MG(w)(u’U))u,vevc defined as follows. If w € Vi, then Mg(w)(u,v) =1
if u =v = w, and otherwise Mg (w)(u,v) = 0. If w € L,(G) with n > 1, then
Me(w)(u,v) = 1 if ig(w) = w and tg(w) = v, and otherwise Mg(w)(u,v) = 0.
Define My (w) to be the matrix (Mh(w)(a,17))1171,}6‘/F such that if w € Vg, then
Mp(w)(a,v) = 1if u = v and hy (@) = w, and otherwise My (w)(@,v) = 0. If
w € L,(G) with n > 1, then M} (w)(@,?) is the number of paths w € L, (T") such
that ip(w) = 4, tr(w) = v and h(w) = w.
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Lemma 3.2. If h: ' — G is a graph-homomorphism between irreducible graphs
with Ag = Ar = A such that the 1-block map ¢y given by h is onto, then

weh—1(1wn L (W) 7(tr(w Ir

Saersqup r@rtie@) i

l(ig(w))r(ta(w)) Ir

where | = (I(u))ueve and v = (r(u))uevy are left and right eigenvectors of Mg

corresponding to A, and | = (I(@))zeve. and 7 = (F(@))aecv are those of Mr corre-

sponding to .

Proof. We use the extremal argument of Boyle [B].
Since G and T' are irreducible graphs with the same spectral radius and ¢y, is
onto, h : L(I') — L(G) is bounded-to-one and onto ([CP]). Therefore it follows

that -
th(w)f
{ZMG(w)T | weLi©) }

is a finite set of positive numbers. Let s and ¢ be respectively the minimum and max-
imum numbers among them. Let w; € L(G) be such that (IMy, (wq)7)/(IMg(w1)r)
= 5. We claim that
IMy, (zw))F
IMg(zw)r

To prove this, let Ly = {z € Li(G) | ta(x) = ig(w1)} with k > 0. Then

Vr € L(G) with zw; € L(G).

CONIM (w7 IMEM ()T W ae () Ma (@) Mp(wi)7
MNiMea(w)r  IMEMa(w)r U ,er, ) Ma (@) Ma(w)r
EzeLl IMy (zwy)

(
B Za:GLl lMG(:I;wl)
Since (IMp(zw1)7)/(IMg(zwi)r) > s for all € Ly, if there were # € Ly with
(IMp (2w1)7)/(IMg(2wy)r) > s, then it would follow that
ZzGLl ZMh(xwl)f
2ver, Ma(zwi)r

Hence the claim is proved. Similarly we see that if w, € L(G) is such that
(IMp(w2)7)/(IMg(w2)r) = t, then
M), (way)T
IMc(way)r

Since G is irreducible, there is a path z € L(G) such that wozw; € L(G). By
the above we have

S

r
r

> s.

=t Vye L(G) with way € L(G).

B IM}, (wazwy )7 B

UM (wazwy)r
Therefore, for any w € L(G) and any u € Vi, we have
IMy(w)F IMu(u)7  Yuevy IMi(W)T 7

IMg(w)r — IMg(u)r > uevy WMa(u)r o
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Proof of Proposition 3.1. (1) Since ¢ is biresolving with ¢, N-to-one, gy is N-to-
one and onto. Hence in G* every vertex has exactly IV arcs ending in it, so that
(1,...,1) indexed by Vg(= Vg+) is a left eigenvector of Mg+ corresponding to
Ag+ = N. Since ¢ : I' — G is biresolving with G irreducible, I" is the disjoint union
of finitely many irreducible graphs, say I';’s, with Ar, = Ag for all i. Since ¢, is
bounded-to-one, if p; : I'; — G is the restriction of p, then ¢,, is bounded-to-one
and onto. From [N1l Proposition 2.3], it follows that the row and column vectors
I = (llqv(@)))aev. and 7 = (r(qv(@)))acy, are left and right eigenvectors of Mr
corresponding to Ar(= Ag). Therefore, applying Lemma 3.2 to every p;, we have

Y aepst ({up Hav (@))r(qv ()
[(u)r(u)
This implies that the strictly positive column vector (I(u)r(u))yev,, is a right eigen-
vector of Mg+ corresponding to Ag~ = N.

(2) For k > 1, Vamw = Li—1(G), and (l(iG(w)))weVG[k] and (r(tg(w)))wevc[k] are
the left and right eigenvectors of Mqau corresponding to Agmw = Ag = N. Hence
applying the preceding equation (for T') to T* for every k > 1, we have
Ywep-1({wy) Wic(q(@)))r(ta(q(w)))

(i (w))r(ta(w))
since for h = p, q, (h*))y (@) = h(w) for @ € Vi = Li_1(T). Let G} be the graph
over which the textile system (T¥)* is defined. Then Agy = Ly a(I), Vg =
Ly—1(G) and for w € Agy, ig;(w) = p(w) and tg; (w) = gq(w). Hence (3.1)
implies that the strictly positive column vector (I(ic(w))r(ta(w)))wer, ,(c) is a

=N Yu € Vg.

(3.1) =N VwelL(G),

right eigenvector of Mg: corresponding to Agy = N. Since T is g-biresolving,
(T™** is LL, so that (T¥)* is nondegenerate. Therefore, since o(Tiv)- 18 transitive
for all & > 1, Gy, is irreducible for all £ > 1. Hence for all £ > 1 the eigenvector
(l(ic(w))r(ta(w)))wer,_.(c) is a constant multiple of some column vector with all
components in Q. Let uyg € Viz. Since G is irreducible and aperiodic, there exists
k > 1 such that for every u € Vg, there exists a path w € Ly_1(G) with ig(w) = ug
and tg(w) = u. Therefore the column vector (I(ug)r(u))uev, is a constant multiple
of a column vector with all components in Q. Thus A¢ € Q. Since Ag is an
algebraic integer, it is a rational integer.

Before proving (3), (4) and (5), we make some preliminary arguments.

Let s > —1,8/ > 1 and ¢t > 1 be integers. A finite configuration of the form
(aij)1<i<t,—s<j<s With o ; € Arp is called a cloth of size t x (s + s + 1) (wo-
ven by T), if o ... 09 € Lopg1(T) for 1 < i < ¢t and g(ay—s...s) =
p(ai+17_s . --ai+1,s’) for all 1 <1 <t—-1. For a cloth ¢ = (aij)lgigt,_sgjgs/, its
uppermost G-path p(ai,_s... ), its lowermost G-path g(ay1 ... 04 ) and its
axis G*-path (ir(a;1))1<i<+ are denoted by p(c),q(c) and o*(c), respectively. Let
Ct 5,5 denote the set of all cloths of size t x (s + s + 1) . Since ¢ is biresolving,
¢ € Cy 5,5 is uniquely determined by q(c) and o*(c).

Ifz € Leys4+1(G) and C(z) = {c € Ct5.s | p(c) =z}, then by (3.1) we have

> cec(x) Wialale))r(talalc)))

lig(x))r(tc(z))
For # € Lyty41(G) and y € Ly(G*), let A(z,y) = {a(c) | ¢ € C(z,y)} with
C(z,y) ={c | c € Cyss,p(c) =z,0"(c) = y}. Then since q(c) € A(z,y) uniquely

= N'.
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determines ¢ € C(z,y), it follows that

D oyeL (G*) 2owen(zy) Wic(w))r(ta(w))
ig(z))r(ta())

For y € Li(G*), let A(y) = {a—s...ay € Loyw11(G) | a; € Agic(ar) = ta-(y)}.
Let Aq(y) be the set of all paths w; € Ls11(G) with tg(w1) = tg«(y) and let As(y)
be the set of all paths wy € Ly (G) with ig(ws) = tg=(y). Then A(y) = {wiws ‘
w1 € A1(y),ws € As(y)}. Thus

(3-3) Y UWiclw)rtew)=( Y Uicw))( Y rlte(ws))

weA(y) w1 €A1 (y) w2 €Az (y)
= N Uta(wn)Ngr(ia(wa)) = X lta- )r(te- (4).
(3) Let y € Ly(G*) with ¢ > 1. Since Y7 is continuous, for the clopen set
[y] = {(b)ien € Xa+ | b1 by =y},

there exist s > 0,5 > 1 and distinet 21,..., 2y € Lsys41(G) such that

(32) =N! forz e Ls+s/+1(G).

X7 (W) = [cs @] U= U [ @),
where for # € Loys41(G), [—s 2] denotes the cylinder set {(a;)jcz € X¢g |
a_s...ay = x}. Since ¢ is biresolving, for any w € A(y) there exists a unique
¢ € Cy 5,5 such that q(c) = w and 0*(¢) = y, and for any such ¢, p(c) € {z1,..., 2}
because ¢ can be extended to a textile (because ¢ is biresolving and T' is nondegen-
erate). Therefore, we have A(y) = ;- Az, y) with Az, y) N A(zg,y) = 0,
1 <k <k <m. Thus using (3.2) we have

Y Uicw)rtew) =) > Uiclw)r(te(w))

weA(y) k=1weA(zr,y)
=D Nllic(zi))r(ta(er)).
k=1

Hence by (3.3) we have

(3.4) U(tg (y)])\;"t(tG* (v)) _ et l(liéfs)—gf(tg (zx))

Since G and G* are irreducible, the Parry measures ug and fig+ can be considered
for o and 6g+. The above implies that

fic+ (W) = > pall=s za]) = pa(xr (W))-

Thus yr is measure preserving with respect to the Parry measures.
(4) Let ¢ € Lyyy11(G) with s > 0 and s’ > 1. Since 4 is continuous, there
exist ¢t > 1 and distinct yq,...,y, € L(G*) such that

(Xr) " ([=s @]) = ] U+ U [y
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Since A(x,yx) = Ayg) for 1 < k < n, using (3.2) and (3.3) we have
n

N'l(ig(z))r(ta(r))= lic(w)r(ta(w)=>_ Y Uicw))r(te(w))

k=1weA(z,yx) k=1 weA(yx)

Sl

=NTN5 T (e (yr))r(ta- (u)),
k

Il
-

so that we have

lic(@))r(ta(x) _ Xpoy Wte-(ye))r(te- (yr))

s+s/+1 t
A N

Thus we have
ne([os 2)) = Y i ([ys]) = fic- (06r) ™ (s 2))).
k=1
(5) Let © € Ly(G) with ' > 1. Since x7~ is continuous, there exist t > 1 and

distinct yy, ..., yn € Li(G*) such that

() " ([2]) = [n] U -+ U [yn].
If we consider the argument in the proof of (4) for the case that s = —1, we see
that

(3.5) Z(iG(x)))\%(tG(x)) _ i e (]z;ct))r(tc* (y)) .

Thus we have .
fic([z]) = g ([yw]) = fic-((x7) " ([2])).
k=1
O

We remark that (3) ((4)) of Proposition 3.1 combined with Theorem 4.1 (in
Section 4) and [Wal the proof of Theorem 8.8] give another proof of the result of
Boyle and Maass [BM]: if ¢ is a positively expansive endomorphism of a mixing
topological Markov shift (X, o), then ¢ and ¢ have the same measure of maximal
entropy.

Corollary 3.3. Let T = (p,q : T — G) be a (nondegenerate) q-biresolving textile
system with G irreducible and aperiodic, ¢, bounded-to-one and ¢, N-to-one.
(1) IfT is onesided 1-1 and w1 is topologically transitive, then Ag is an integer,
say J, and every prime dividing N divides J.
(2) IfT* is onesided 1-1, then A is an integer, say J, and every prime dividing
J divides N.
(3) If both T and T* are onesided 1-1, then Ag is an integer, say J, and J and
N are divisible by the same primes.

Proof. (1) Since @7 is topologically transitive, it follows that o(pixy- 1s topologically
transitive for all £ > 1. Hence Ag is an integer, say J, by (2) of Proposition 3.1.
Thus we may assume that all the components of (I(v))yev, and (r(u))yuev, in the
proposition are integers. By (3.4) we have

Tt (9))r(ta- (9)) = N* Y Uic(an))r(ta ().
k=1
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Since the length ¢ of y can be arbitrarily large without changing I(tg« (y))r(te=(v)),
every prime dividing N must divide J.

(2) It follows from [N4, Proposition 5.1] that (Xp~,op«) is conjugate to a full
shift. Since T* is onesided 1-1, (X(T[k])*,J(T[k])*) and (Xp+,op+) are topologically
conjugate for all k& > 1, so that o(pu)- is topologically transitive for all £ > 1.
Thus (2) is proved by a discussion similar to that in (1) by using (3.5).

(3) By the proofs of (1) and (2), (3) is proved. O

We also remark that Corollary 3.3(3) combined with Theorem 4.1 (in Section 4)
recovers a small part of the result of Boyle and Maass [BM] stated in the Introduc-
tion.

Marcus proved in [M] the theorem that if G is an irreducible graph whose spectral
radius is an integer J, then there exists an irreducible graph G’ such that (Xg, o¢)
and (X¢r,0¢/) are topologically conjugate, each row sum of Mg is J and each
column sum of Mg is J. His theorem and his proof are the right things to make
use of in order to prove the third conjecture of Boyle and Maass in [BM]. His proof
will be described in a way suitable to our needs.

For a mapping f : A — B between finite sets, we define a (rectangular) matrix
My = (Mf(u,v))ueA’veB such that My(u,v) = 1 if f(u) = v, and otherwise
My(u,v) = 0. For a matrix M, M? denotes its transpose. Hence, for example,
Mg = MfGMtG for a graph G.

Let G be a nondegenerate graph. Let ~ be an equivalence relation on A¢g such
that for a1, as € Ag, if a1 < ag, then ig(a;) = ig(az), where e denotes the canonical
map of ~ which maps each a € Ag to the equivalence class e(a) containing a. Let
C. denote the set of equivalence classes of ~. Let C. = {&(a) ’ a € Ag}, where
€(a) is merely a copy of e(a). Let H, be a bipartite graph defined as follows. Let
A, = AgUC, and let Vg, = Vg UC.. We define ig, and tg, by

icla) 2 2(a) 25 e(a),  e(a) % a s to(a),  a € Ag.

Let L. = M!. We define ¢ : C. — Vg by e(a) — ig(a). Let Ly = M}. Let

R = M. Then My, is written in the form

0 Lg
MHC - (LeR 0 > )
where the indexing set is Vg U C.. The bipartite graph H, induces a pair of graphs
ﬁe and H@ such that the arcs of ﬁe are the paths of length 2 in H. each starting
from a vertex in Vg and ending in a vertex in Vi, and the arcs of H, are the paths
of length 2 in H, starting from a vertex in C, and ending in a vertex in C,. There
exists a graph-isomorphism k. : G — H, with (ke)a = a— €(a)a,a € Ag. There
exists a “bipartite” conjugacy (e : (X ,0p4 ) — (X} , 05 ) defined by

_ Co s
(e(aj)aj)jez ©= (aje(ajt1))jez, (aj)jez € Xa.

Define G, = H,. Define e = (eke, Where K, is the “symbolic” conjugacy given by
Ke = @k,. Then

(i) . is a conjugacy (a “bipartite code”) of (Xg,0¢) onto (Xg,,0¢,).
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‘We have

Mg 0\ _ (Mg 0N _ o (LLR 0
0 Mg, 0 My e 0  L.RLg)’

so that we have Mg = LsL.R and Mg, = L¢RLs. Since (1,...,1)M¢g = (1,...,1)R
and (1,...,1)Mg, = (1,...,1)RLs, we know that

(ii) the set of column sums of Mg, is the same as the set of column sums of M.

We also know that if r is a right eigenvector of Mg corresponding to an eigenvalue
A, then L. Rr is a right eigenvector of Mg, corresponding to A, so that

(iii) if (ry)uev, 1s a right eigenvector of Mg corresponding to an eigenvalue A,
then (s,)vec, With s, =Y, c, Tt (a) is that of Mg, corresponding to .

If G is irreducible and the spectral radius of G is an integer, say J, then Mg
has the smallest positive integer-valued right eigenvector corresponding to J, which
Marcus called the smallest right eigenvector corresponding to J.

Noting (iii), we see that Marcus’s proof in [M] proves:

acv

Proposition 3.4 (Marcus, [M]). Let G be an irreducible graph whose spectral ra-
dius is an integer J. Assume that the smallest right eigenvector (ry)uev, of Mc
corresponding to J has a component r, > 1. Then there exists an equivalence
relation ~ on Ag such that
(1) for a1,a2 € Ag, a1 ~ ay implies ig(ay) = ig(a1), and hence (i) and (ii)
above hold for A\ = J;
(2) Mg, has the smallest right eigenvector (sy)vec, corresponding to J such
that
(@) 2vec, Sv = 2uev Tus
(b) sy < maxyev, 1y for allv € Ce, and
(c) t{vecC. | Sy = MaXycv, Tut < f{u € Vg ‘ Ty = MaAXyeVg Tu -

Marcus’s proof of his theorem is completed in the following way.

Let G be an irreducible graph whose spectral radius is an integer J. Then using
the “transpose” version of the above proposition a necessary number of times, we
obtain an irreducible graph G’ such that (X¢g/,06/) and (X¢, o) are topologically
conjugate and Mg has the left eigenvector corresponding to J with all components
equal to 1 (i.e., each column sum of Mg is J). Then using the proposition above a
necessary number of times, we obtain from G’ a graph G” such that (X¢», 0¢) and
(Xg,0¢6) are topologically conjugate and Mg~ has the left and right eigenvectors
corresponding to J with all components equal to 1.

Textile systems T and T’ are said to be topologically conjugate if there exist
topological conjugacies ¢ : (Xr,o0r) — (X77,01) and ¥ : (Zp,57) — (Z7/,$77)
such that v&p = &V and Ynp = np V.

For k > 1, a left (resp. right) resolving graph-homomorphism h : T' — G is said
to be k-definite if for any path @w € Ly (T"), h(w) uniquely determines ir(w) (resp.
tr(w)). As is easily seen, a left or right resolving graph-homomorphism h:T' — G
is k-definite for some k& > 1 if and only if the 1-block map ¢y, : (Xr,0r) — (X¢g,06)
is a conjugacy.

Lemma 3.5. Let T = (p,q : ' — G) be a nondegenerate, g-biresolving textile
system such that p* is 1-definite, where T* = (p*,q* : T* — G*). Let ~ be an
equivalence relation on Ac such that for ai,as € Ag, if a1 ~ as, then ig(a1) =
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ig(az). Then (G, and 1. being as above) there exists a nondegenerate q-biresolving
textile system Te = (Pe, qe : ['e — Ge) satisfying the following:

(1) T and T, are topologically conjugate, more precisely, there exists a con-
Jugacy (a bipartite code) V. : Zp — Zr, such that Y.r = &1, P, and

wenT = nTE‘Ile-
(2) T is onesided 1-1 and if T* is 1-1, then so is Ty .

Proof. We use the same method as in [N2|, the proof of Lemma 7.14].

Let 2 be the equivalence relation on Ar defined as follows. For aq,as € Ar,

E def
~Y

ar ~ay S (ip(on) = ir(a2)) A (qalar) ~ ga(az)).

Let E be the canonical map of £ and let Cg be the set of equivalence classes
E(a),a € Ap. Let Cp = {E(a) | @ € Ar}, where E(«) denotes a copy of E(a).
Let A be the bipartite graph defined for L in the same way that H. was defined
for ~. Actually, let Ax = Ar UCg, let VA = Vi UCg and define ia and ta by

ir(0) L2 FE(a) ¥ E(a),  E(o) &L25ad tp(a),  a € Ar.
We define a “bipartite” textile system (see [As]) T? = (p%,¢° : A — H.) by

(P a(E(a)) = e(pa(a)), (P ala) = pa(a),
(a2)A(E(@)) = 2(qa(a)), (a2)a(a) = qa()

with a € Ar. These p’ and ¢© are well defined. For if ay £ ap with aq, a9 € Ar,
then ip(a1) = ir(az) and ga(a;) ~ ga(az), the former of which implies pa(a;) =
pa(az) because p* is a 1-definite left resolving graph homomorphism.

Consider the second product-power (7)), This is considered to be the disjoint
union of the textile systems 70 = (p2, ¢ : A — H,) and T? = (2,4% : A — H.),
where A is the graph whose arcs are the paths of length 2 in A going from a vertex
in Vi to a vertex in Vi and A is the graph whose arcs are the paths of length 2 in
A going from a vertex in Cg to a vertex in Cz. Hence A? = AUA. Each arc in
A is of the form E(a)a, e € Ap, for which we have
(Be) a(E(a)a) = e(pa(a))pa(a) € Ay and (¢7)a(E(a)a) = e(ga(a))gala) € Ay .

e

Each arc in A is of the form aFE(B),aB € Ly(T'), o, B € Ar, for which we have

(0e)a(@B(B)) = pa(@)e(pa(B)) € Ay, and (¢0)a(aE(B)) = qa(a)e(qa(B)) € Ay, -
There exists a graph-isomorphism kg : I' — A given by (kg)a(e) = E(a)a,a €
Ar. T and T? are “isomorphic” through the “textile-system-isomorphism” (kg, k),
because plkr = k.p and ¢°kr = k.q (see [As]).

If we define a “bipartite” conjugacy (g : (X4,04) — (XA, 04) by

R C J—
(E(aj)y)jez = (ajE(aj41)) ez, (aj)jez € Xr,
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then we have the commutative diagram

CC
Xg, —— Xp,

¢1;le> T T‘bi,g

XHE E— XHe
Therefore if we define T, = Teb and VU, = (grxg with kg = ¢i,, then we have
Yebr = &1, 9. and Yenr = 01, ¥., and hence T, satisfies (1).

To see that T, = Teb is nondegenerate, it suffices to note that T’ is nondegenerate,
which follows from the fact that 7 is nondegenerate.

Next we prove that T, is g-biresolving. To do this, it suffices to show that T
is g-biresolving. Let & € VA. Then @ € Vp or u € Cpg. First consider the case
that @ € Vr. Then (¢)y(2) = qv(4). Each arc in H, starting from gy () is of the
form €(a) with @ € Ag and ig(a) = gy (u). Since g is right resolving, there exists a
unique arc a € Ar such that ip(a) = @ and g4(a) = a. It follows that E(a) is a
unique arc in A such that ia(E()) = @ and (¢%)a(E(a)) = €(a). Each arc in H,
ending in ¢y (@) is of the form b € Ag with tg(b) = qv(@). Since ¢ is left resolving,
there exists a unique arc 8 € Ar such that ¢tr(8) = @ and ga(8) = b. This 5 is a
unique arc in A such that ta(3) = @ and (¢°)a(8) = b. Next consider the case
that 4 € Cg. Then @ = E(a) for some a € Ar, and (¢°)v(E(a)) = e(ga(a)).
In H, only the arc €(ga(c)) ends in the vertex e(ga(a)), in A only the arc E(a)
ends in the vertex E(a) and (¢°)a(E(a)) = €(qa(a)). Each arc in H, starting
from the vertex e(qa(a)) is of the form a € Ag with a <~ ga(a). In G, a starts
from ig(ga(a)) = qv(ir(e)). Since g is right resolving, there exists a unique arc
v in I' satisfying ir(v) = ir(a) and ga(y) = a, which are equivalent to 7 L o and
qa(y) = a. Hence, in A, v is a unique arc starting from E(«) with (¢%)a(y) = a.
Thus we have seen that ¢? is biresolving.

Since (1?)* is onesided 1-1 (because T* is onesided 1-1), it follows that (7?)* is
onesided 1-1, so that (T?)* = T* is onesided 1-1. Similarly, if 7% is 1-1, then T* is
1-1. Thus T, satisfies (2). O

The following lemma is easily proved.

Lemma 3.6. If T} and Ts are topologically conjugate textile systems, then the n-th
composition-powers T{* and T3 are topologically conjugate for all n > 1.

Proposition 3.7. Let T = (p,q: T’ — G) be a nondegenerate, q-biresolving textile
system such that G is irreducible, \¢ = J € Z and T* is onesided 1-1. Then there
exist n > 1 and a nondegenerate, g-biresolving textile system T' over a graph G such
that

(i) T™ and T are topologically conjugate,

(i) Mg has the right eigenvector with all components 1 corresponding to J, and
iii) T* is onesided 1-1.
(iii)
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If in addition T™ is 1-1 with ¢, bounded-to-one and ¢, N-to-one, then there exist
n > 1 and a nondegenerate, q-biresolving textile system T over a graph G such that

(I) T"™ and T are topologically conjugate,
(IT) Mg has the left and right eigenvectors with all components 1 corresponding
to J, and
(I11) T* is a 1-1 textile system over a graph G* such that Mg, has the left and
right eigenvectors with all components 1 corresponding to N™.

Proof. Using Marcus’s algorithm which is based on Proposition 3.4, for some m > 0
we obtain irreducible graphs Gy, ..., G,, and equivalence relations ~ on Ag,, i =
0,...,m—1, such that Go = G, G; = (Gi—1)e,_, for i =1,...,m, the smallest right
eigenvector of Mg, corresponding to J is equal to (1,...,1)%. Let Ty = T. Since
T = (05,45 : T5 — G§) is a onesided 1-1, LL textile system, p is a ko-definite
left resolving graph-homomorphism for some ky > 1. Let Té“o = (Po,qo : To — Gy)
be the ko-th composition-power of Tj. Then Té“o is a nondegenerate g-biresolving
textile system such that ff is 1-definite, where (T5°)* = (p5, @5 : T — G§).
Hence we can apply Lemma 3.5 to T(?D and obtain a nondegenerate g-biresolving
textile system T = (Tp°)., over G = (Go)e,- By Lemma 3.5, T} is onesided
1-1 and 7} and TéC ° are topologically conjugate. Since T} is onesided 1-1, we
similarly obtain a nondegenerate g-biresolving textile system Tp = (T7),, over
G2 = (Gy)e, for some k; > 1. By Lemma 3.5, Ty is onesided 1-1 and T and
lel are topologically conjugate. Continuing this way, we have nondegenerate g¢-
biresolving textile systems T; over G;,% = 0, ..., m, such that for i =0,...,m, T} is
onesided 1-1 and T; and (7;_;)*-! are topologically conjugate for some k;_; > 1.
If we let n =kg...kp—1, then it follows from Lemma 3.6 that T;, is topologically
conjugate to T™. Therefore, if we let T =T, and G = G,,, then the first part of
the proposition is proved.

If in addition 7™ is 1-1 in the above, then it follows from Lemma 3.5 that T} is
1-1fori=1,...,m. Using Marcus’s algorithm based on the “transpose” version of
Proposition 3.4, we obtain irreducible graphs Gy, . .., G, and equivalence relations

’
e,

~on Ag,i=0,...,m —1,such that Gy = G, G} = (G}_1)e; fori=1,...,m/,
the smallest right eigenvector of Mg/ , corresponding to J is equal to (1,...,1)*
and the smallest left eigenvector corr%sponding to J is equal to (1,...,1). Using
the “transpose” version of Lemma 3.5, we have nondegenerate g-biresolving textile
systems T} over G},i = 0,...,m/, with T = T,, such that for i = 0,...,m/, (T})*
is 1-1 and T and (Ti'_l)k;fl are topologically conjugate for some k;_,. Let n =
ko...km—1kg ... k., _,. Then it follows from Lemma 3.6 that T}, is topologically
conjugate to T™. Therefore, if we let T =T, and G = G,,, then the second part
of the proposition is proved by using Proposition 3.1(1). O

Here we describe a method given in [N2| Section 3] to compute “multipliers” of
Boyle [B] in terms of textile systems.

Let h : ' — G be a graph-homomorphism between irreducible graphs with
Ag = Ar = A, and assume that ¢y, is onto. For U C Vi and w € Lg, define

Sy (U,w) = {tr(2) | z € L(T),ir(z) € U, h(z) = w},
S_(w,U) ={ir(2) | z € L(T),tr(2) € U,h(z) = w}.
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We call S, (U,w) and S_(w,U) a successor of U and a predecessor of U, respec-
tively. A right-compatible set (for h) and a left-compatible set (for h) are defined
to be a nonempty successor of a singleton of Vr and a nonempty predecessor of a
singleton of V, respectively. Then any successor of a maximal right-compatible
set is also a maximal right-compatible set, and any predecessor of a maximal left-
compatible set is also a maximal left-compatible set ([N1]).

Let I = (I(v))veve and r = (r(v))yev, be left and right eigenvectors of Mg
corresponding to A. Let | = (I(u))uev and 7 = (7(u))uey,. be left and right
eigenvectors of M corresponding to A. By a similar argument (using the extremal
argument of Boyle [B]) to that in the proof of Lemma 3.2, we see that for any
maximal left-compatible sets U, U’ for h and any maximal right-compatible sets
V, V' for h,

Z I(u) _
2 1y ()
Thus we define L(h, ,1) to be the first value and R(h,7,r) to be the second. Corre-

sponding to the theorem of L. R. Welch ([H, Theorem 14.9]), by similar arguments
to those in [H| Section 14] (cf. Lemma 3.2) we have

o W) )
2 i) M 2 @) = 2, ()

uelU’ ueV ueV’

_ ]
L(h7 lv Z)R(h‘v T, T) deg ¢h = l_’ra
r
where deg ¢y, = f ¢, ' ({z}) for any bilaterally transitive point = € X¢.
Let T = (p,q : T' — G) be a nondegenerate textile system with G and T' irre-
ducible and Ag = Ar. We define
_ L(pvial) R(p,f,'l")

— _ = 7/ d degT =
TS Ighy T Ry MCE

deg ¢,
deg ¢,

Then these are independent of the choice of [, 1,7 and 7, and they are invariants of
topological conjugacy of textile systems ([N2, Proposition 5.4]). We have lprp =
degT.

Let m, n be nonnegative integers. Let ¢ be an onto endomorphism of (m, n)-type
of an irreducible topological Markov shift (X¢g,o0¢), that is, there exists a “local
rule” f i Limint1(G) — Ag such that ((a;)jez) = (f(aj—m) ... f(ajin))jez for
(a;)jez € Xg,a; € Ag. We define a textile system T, = (p,, g, : GI"+"+1 — @)
such that for w = a1...0mint1 € Lmint+1(G),a; € Ag, pp(w) = amy1 and
go(w) = f(w). Then T, is onesided 1-1 and nondegenerate and @7, = ¢. The
“multipliers” [, and 7, of Boyle [B] are equal to I7, and rr,, respectively. In
fact, if we choose [ and 7 such that I(u) = l(ig(u)) and 7(u) = r(tg(u)) for u €
Vatm+nt1) = Liyn(G), then we see that

AE A%
l, = ¢ —| and ro = — %  —pp .
7T Llge ) T *7 Rlgp,mr)
If T is a onesided 1-1, nondegenerate textile system over an irreducible graph G,

then
lop =l and ryp =17,

because T and T, are topologically conjugate textile systems. If ¢ : (X¢q,0¢) —
(Xgr,06) is a topological conjugacy, where G’ is an irreducible graph, then there
exists a onesided 1-1, nondegenerate textile system T’ over G’ such that T and
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T’ are topologically conjugate and o7 = pryp~!. Hence Typryp— and T are
topologically conjugate.

Theorem 3.8 (Boyle, [B]). Let ¢ be an onto endomorphism of a topologically
transitive topological Markov shift (X,o0). Then
(1) lyry, = dego.
(2) If ¢’ is an onto endomorphism of (X,0), then lyop = lyly and 1y =
Tg,rg,/.
(3) l, and r, are invariants of topological conjugacy of endomorphisms, that
is, for any topological conjugacy ¥ : (X,0) — (X',0') onto a topological
Markov shift, Ly,p-1 =1y and rypp-1 =14

Proposition 3.9. Let T = (p,q : I' — G) be a onesided 1-1, nondegenerate, q-
biresolving textile system with G irreducible and aperiodic, o7 N-to-one and T*
onesided 1-1. Then

(1) lyp and 1y, are integers, and N and r,, are diwvisible by the same primes.

(2) If T* is 1-1, then l,, and 1y, are integers such that all N, l,, and 74,
are divisible by the same primes, and in particular if a prime p divides N,
then p? divides N.

Proof. We use the same argument as in the proof of Proposition 5.4 of [N4].

Since T is g-biresolving, T* = (p* : I — G*) is LL. Since {p« is 1-1, p* is a k-
definite left resolving graph-homomorphlsm forsome k > 1. Let T = (p,q: [ — G)
be the k-th composition-power T of T. Then § is biresolving. Since p* is a k-
definite left resolving graph-homomorphism, it follows that for any arcs o, o’ in T,
ir(a) = ip(a’) implies pa(a) = pa(a’). Hence we define F': Vi — Ag by

F(ip(a)) = pala), a € Ar.
Let T = (p,q : r — G) be the second composition-power of T. Then each arc

~ in [ is of the form g, where a and 3 are arcs in T' with ga(a) = pa(B). For

, pa(y) = pala) and Ga(y) = ga(B). Since q is biresolving, so is g. Let

~N =2
I Il
=

D, q : I — G) be the textile system such that I' and q are the same as

=i

and ¢, respectively, but p is defined as follows. For v = g in Ap = Ag, let

pa(y) = F(tp(a)). Then it is observed that T weaves a textile (Vij)ijez if and
only if T" weaves a textile (v; ;)i jez. Thus T is a onesided 1-1, nondegenerate,
g-biresolving textile system over the irreducible, aperiodic graph G such that

(3.6) o7 = pror' = pfor!.

Moreover, the same proof as in [N4, the proof of Proposition 5.4] proves that T+ is
1-1.

By Corollary 3.3, A\g is an integer, say J. Hence Mg and Mt have left and right
eigenvectors corresponding to J such that all the components are in Q. Therefore,
lor and 1y, are in Q.

By Proposmon 3.7, there exist n > 1 and a nondegenerate g-biresolving textile
system T = (5,4 : I — &) such that 7" and T are topologically conjugate and
r=(1,...,1)tisa rlght eigenvector of M corresponding to J. Since 7' is a onesided
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1-1, nondegenerate textile system over an irreducible graph, it follows that T is
onesided 1-1 and G and I are irreducible. Since G is biresolving, it follows from
Proposition 2.3 of [N1] that the column vector 7 = (r(qv (u)))uev;., the components
of which are all 1, is a right eigenvector of My corresponding to J = Ap = Ax.
Hence we have R(q,7,7) = 1. Thus r, = rp = R(p,7,7)/R(q,7,7) = R(p,7,7).
Since R(p,7,r) is equal to the cardinality of the maximal right-compatible set for
D, we see that ry, € Z. Since T and T™ are topologically conjugate, using Theorem
3.8 we have (ry,)" = ryn = rppn = r7n = 15 = 1. Therefore, since r,, € Q,
we have r,, € Z.

Applying this result (for T') to 7', we also have Ty € Z. Applying Theorem 3.8

to (3.6), we have

_ 2.2k _ 2k 71
wa—erro;l—T¢TJ .

Hence J divides ri’;. Therefore, it follows from Corollary 3.3(3) that every prime
dividing NV divides ry,..

In this stage, we prove (2) preceding the completion of the the proof of (1). To
prove (2), assume that 7% is 1-1. Then by the above, r,, is an integer which is
divisible by every prime dividing N. Moreover, by the “transpose” version of the
arguments in the proof above (using the property that ny« is 1-1 instead of the
property that &7+ is 1-1), we know that [, is an integer which is divisible by every
prime dividing N. Since l,,r,, = N, we obtain the proof of (2).

Now we complete the proof of (1). It remains to show that l,, € Z and that
every prime dividing ., divides N with only the assumption that 7™ is onesided
1-1. Applying (2) to 7', we know that ly. € Z. Therefore, since [, = l?akTJ by (3.6)
and Theorem 3.8, we have li’; J € Z. Since this holds for all sufficiently large k and
since l,,. € Q, it follows that [, € Z. Since l,,7,, = N, every prime dividing
T divides N. O

By the proof above, we have the following. (Cf. [N4, Proposition 5.4].)

Proposition 3.10. If T is a onesided 1-1, nondegenerate, q-biresolving textile
system with o topologically mixing and T onesided 1-1, then there exist k > 1 and
a onesided 1-1, nondegenerate, q-biresolving textile system T such that Op = cp’}o;l
and this is positively expansive.

4. EXPANSIVE AUTOMORPHISMS OF ONESIDED FULL SHIFTS

An endomorphism ¢ of a dynamical system (X, 7), written by ¢ : (X,7) O,
and another ¢’ : (X', 7') O are said to be topologically conjugate if there exists a
topological conjugacy ¢ : (X,7) — (X', 7') with ¢ = 1.

Kurka [Ku] proved that a positively expansive endomorphism of a transitive
topological Markov shift is topologically conjugate to a onesided topological Markov
shift. (His proof can be stated as follows. Such an endomorphism is biclosing,
so that it is open (see [NIl Theorems 6.3 and 6.5]). Thus use [P, Theorem 1].)
Combining this result with [N2, Theorem 3.9(1)] , we have:

Theorem 4.1. Let ¢ be a positively erpansive endomorphism of a topologically
transitive topological Markov shift (X, o). Then there exists a onesided 1-1, nonde-
generate, q-biresolving textile system T with T* 1-1 such that the endomorphisms
o (Xp,01) O and ¢ are topologically conjugate.
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The following theorem proves the third conjecture of Boyle and Maass.

Theorem 4.2. If p is a positively expansive endomorphism of a mixing topological
Markov shift and is N-to-one, then l, and r, are integers such that all N, l, and
Ty are divisible by the same primes, and in particular if a prime p divides N, then
p? divides N.

Proof. By Theorem 4.1, Proposition 3.9 and Theorem 3.8. (I

As was shown in [N4], if ¢ is an expansive automorphism of a onesided full
shift (AN,54) over an alphabet A, then (AN, ) is topologically conjugate to a
mixing topological Markov shift. Let y* be any topological conjugacy of (AN, @)
onto a mixing topological Markov shift (X, o) and let ¢ = Y*54(¥*)"!. Define
lg =1y, and rg = 1y, ([BM]). Then ¢y is positively expansive and N-to-one, where
N =4 A. By Theorem 3.8, [, and r,, are independent of choice of x¥*, so that [
and rg are well defined.

Corollary 4.3. Let ¢ be an expansive automorphism of the onesided full shift
(AN G 4) over the alphabet A of cardinality N. Then lz and rg are integers such
that all N, lz and rg are divisible by the same primes, and in particular if a prime
p divides N, then p® divides N.

An endomorphism ¢ : (XG* ,0a+) O of a onesided topological Markov shift over
a graph G* is said to be leftmost permutive if ¢ = @5 for some mapping (local
rule) f : Lip41(G*) — Ag+ with k > 0, which induces a left resolving graph-
homomorphism of (G*)*+1] onto G*, where @ ¢ is defined by

Pr((@i)ien) = (f(ai-..aiyk))ien,  (ai)ien € Xg=, a; € Ag-.

Any automorphism of a onesided topological Markov shift is a leftmost permutive
endomorphism of the onesided shift. If ¢ : (X ,0) O is a leftmost-permutive endo-
morphism of a onesided topological Markov shift and @™ is topologically transitive
for all m > 1, then there exists a leftmost-permutive endomorphism @ : (AN, 54) O
of the onesided full shift over an alphabet A such that ¢ and ¢y are topologically
conjugate ([N4, Corollary 5.3]). Here a leftmost-permutive endomorphism of the
onesided full shift (AN, & 4) means that of (Xg,, ¢, ), where G4 is the one-vertex
graph with Ag, = A. An endomorphism ¢ : (Xg*,a'g*) O of a onesided topologi-
cal Markov shift is leftmost permutive if and only if ¢ is an LL endomorphism of
the shift, that is, there exists a onesided 1-1, LL textile system T™ over G* with
@ = ¢+ ([N4) Remark 5.2]).

Remark 4.4. Leftmost permutive or LL endomorphisms of onesided topological
Markov shifts are an invariant for topological conjugacy between endomorphisms
of onesided subshifts.

Proof. Let T* = (p*,¢* : T — G*) be a onesided 1-1, LL textile system and let P
(Xg-,6¢+) — (Xg-,5m+) be a topological conjugacy between onesided subshifts,
where H* is a nondegenerate graph. Then there exists k > 1 and g : Ly(G*) —
L1(H*) such that g induces a left resolving graph homomorphism of (G*)* onto
H* and for (ai)eN S XG* with a; € Ag~, @((ai)ieN) = (g(ai .. .ai+k,1)>i€N. Let
(T = ((p*)F, (g*)F . (T*)*] — (G*)I*]) be the higher block textile system of
T* of order k. Then the textile system T* = (g- (p*)*], g - (¢*)¥ : (%) — H*)
is a onesided 1-1, LL textile system with ¢z, = &@T*&*l. (I
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Theorem 4.5. Let ¢ : (AN, G54) O be an expansive leftmost-permutive endomor-
phism of the onesided full shift over the alphabet A of cardinality N. Then there
exists a onesided 1-1, nondegenerate, q-biresolving textile system T over an ir-
reducible and aperiodic graph such that T* is onesided 1-1, @r is N-to-one and
Gpe : (Xpe,6p-) O and @ are topologically conjugate.
Proof. Let f : AF*1 — A be a leftmost-permutive local rule with ¢ = ps. Let
T5 = (p§,q} : T§ — Ga) be the textile system such that T'f = GEfH] and for
W= 0a1...054+1,0; € A, pi(w) = a1 and ¢f(w) = f(w). Then T is onesided 1-1
and LL. Let Ty = (po, qo : ['o — GB) be the dual of T with B = A*. Then Ty is
onesided 1-1 and g-biresolving, G'p is irreducible and aperiodic, and (X7y,07y) =
(A% 0 ,) is topologically mixing. Therefore, by Proposition 3.5 of [N4], (X7, 01,)
is topologically conjugate to a mixing topological Markov shift.

By the proof of Corollary 3.6 of [N4], there exist n > 1 and a onesided 1-1,
nondegenerate, g-biresolving textile system T = (p,q : I' — G) with G irreducible

and aperiodic such that Ur = U_. Since {r; is one-to-one, there are topological
)

conjugacies 1[) : (XTM&T*) — (XT(;«,ETTJ) and \if : (ZT*,GT*) — (ZTS‘,GTS‘) with
lZng = &0 and 1/~JﬁT5 = iip+ W (cf. [N2] the proof of Lemma 2.8]). Hence T* is
onesided 1-1 and the endomorphisms ¢ = @7 and @7« are topologically conjugate.

Since ¢ is biresolving, ¢, is N’-to-one for some N’ > 1, so that ¢r is N'-to-one
because T is onesided 1-1 and nondegenerate. Since gy is N’-to-one, the topological
entropy of (Xp«,or+) is log N’. The subshift (X7, or-) is topologically conjugate
to the full N-shift (Xr;,0r;) = (A%,04), so that N’ = N. Thus ¢r is N-to-
one. (]

Let ¢ : (X,5) O be an onto endomorphism of a onesided subshift. Let (Og, X3)
be the inverse limit system of ¢, that is, Oz is the compact metric space given
by Op = {(zj)jez | Vi.x; € X,9(z;) = zj11} and do, ((z5)jez, (yj)jez) =
sup{27Vld ¢z (z;,y;) | j € Z}, and B : Op — O maps (z;)jez to (j11)jez-
We consider the onto endomorphism ®; : (z;)ez — (6(x;))jez of (Op,E3). If
¢ is expansive (i.e., there is § > 0 such that for any (z;);ez, (yj)jez € Ogp, if
dg(zj,y;) < 6 for all j € Z, then (z;);ez = (y;)jez), then there exists an onto
endomorphism g : (Xo,00) O of a subshift which is topologically conjugate to
®; : (05,%3) O. If onto endomorphisms ¢ : (X,5) O and ¢ : (X',5") O of
onesided subshifts are topologically conjugate, then so are @z : (Og, L) © and
Oy 1 (Op, X)) O . If in addition these are respectively topologically conjugate to
onto endomorphisms ¢y : (Xg,00) O and ¢y : (X, o) O of irreducible topological
Markov shifts, then [,, = l% and ry, = Tl s by Theorem 3.8. Thus for an onto en-
domorphism ¢ : (X,5) O of a onesided subshift, if ®s: (Op,25) O is topologically
conjugate to an onto endomorphism ¢q : (Xo,00) O of an irreducible topological
Markov shift, then we can define {3 and r3 by 5 = [,, and r3 = r,, and they are
invariants for topological conjugacy between such onto endomorphisms of onesided
subshifts.

Theorem 4.6. Let ¢ be an expansive leftmost-permutive endomorphism of the
onesided full shift (AN,G4) over the alphabet A of cardinality N. Then ls and rg
are integers, and N and vy are divisible by the same primes.

Proof. By Theorem 4.5, there exists a onesided 1-1, nondegenerate, g-biresolving
textile system T over an irreducible and aperiodic graph such that T™* is onesided
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1-1, @p is N-to-one and @p- : (Xp«,6p-) O and @ are topologically conjugate.
Since I = l,,. and r3 = ., the theorem follows from Proposition 3.9. d

Let A = {0,1} and let B = {0,1,2}. Let T} = (p1,q : G2 — G,4) and
Ty = (p2,q2 : G[BQ] — Gp) be the textile systems defined by (p1)a : ajasas —
az, (q1)a : a1a2as — a1 + az mod 2 with a; € A and (p2)a : bibs — b1, (g2)a :
b1by — b1 +by mod 3 with b; € B. Then T and 75 are onesided 1-1, nondegenerate
and g¢-biresolving. 77 and T3 are onesided 1-1 and LL. If g = o1, X ¢p, and
® = o1y X Pry, then ¢ is an expansive LL endomorphism of the onesided full
12-shift with I3 = l,, = 2 and rg = r,, = 6.

If T is a onesided 1-1, nondegenerate, g-biresolving textile system, then we call
or  (Xp,0r) O a g-biresolving endomorphism of the topological Markov shift
(X7,0r) ([N4]). We are interested in topologically mixing g-biresolving endomor-
phisms of topological Markov shifts, which are also topologically mixing by [N3|
Theorem 1.6]. A positively expansive endomorphism of a mixing topological Markov
shift is conjugate to a topologically mixing ¢-biresolving endomorphism. The exam-
ple above gives an example of a topologically mixing g-biresolving endomorphism
which is not positively expansive. However note Proposition 3.10. It is seen by
using Theorem 4.2 that if 1 : (A%Z,04) O and ¢y : (B%,0p) O are defined by
¢1((aj)jez) = (aj—1 + a; mod 2);ez and w2((b))jez) = (bj + bj+1 mod 3)jez With
A ={0,1} and B = {0, 1,2}, then ¢ = 1 X ¢y is an example of a topologically
mixing g-biresolving endomorphism such that ¢™c™ is not positively expansive for
all m € N and n € Z, where 0 = 04 X 0p.

Since topologically mixing, g-biresolving endomorphisms of topological Markov
shifts are topologically mixing, constant-to-one endomorphisms of mixing topolog-
ical Markov shifts, constraints for these (see [B], [T1] and [T2]) are imposed on
them. There are further constraints for them, in particular on their underlying
mixing topological Markov shifts, which have not been sufficiently understood. In
fact, suppose that a mixing topological Markov shift (X, 0q) has an N-to-one,
topologically mixing, g-biresolving endomorphism ¢. Then, by Corollary 3.3(1) we
know that Ag is a rational integer J such that every prime dividing N divides J.
The result of Boyle and Maass [BM] stated in the Introduction is equivalent to the
following. If ¢ is positively expansive, then (X¢g, o) is shift equivalent to some full
J-shift such that J and N are divisible by the same primes. The second conjecture
of Boyle and Maass says that in this result “shift equivalent” can be replaced by
“topologically conjugate”. Is the result of Boyle and Maass extended to topological
Markov shifts having topologically mixing g-biresolving endomorphisms? Further-
more, the following is a corrected version of Question 6.5 of [N4].

Question 4.7. Is every topological Markov shift having a topologically mixing
¢-biresolving endomorphism topologically conjugate to a full shift?
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