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UNIFORM BOUNDS UNDER INCREMENT CONDITIONS

MICHEL WEBER

ABSTRACT. We apply a majorizing measure theorem of Talagrand to obtain
uniform bounds for sums of random variables satisfying increment conditions
of the type considered in Gél-Koksma Theorems. We give some applications.

1. INTRODUCTION AND MAIN RESULTS

Let & = {&,1 > 1} be a sequence of random variables defined on some probability
space (2, A,P). Let m = {m;,l > 1} be a sequence of positive reals with partial
sums M, = > ;" , my. Assume that (£, m) are linked by the increment condition
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When the series ) ;- m; converges, the convergence almost everywhere of the
series ;5 & has been much studied in the setting of the theory of orthogonal
sums, based mainly on the dyadic chaining. In [Tal2] and [W2], an alternative
approach involving the majorizing measure method is proposed. In [LW], a simple
convergence criterion (Theorems 15 and 18) has also been established, and some
applications are given.

When the series ) ;- m; diverges, a lot of interest has been given to estimating
the growth of partial sums 1 & In the work of Gél-Koksma [GK] for instance,
this question has been much investigated for random variables satisfying similar
LP-increment conditions and m; = 1. The results essentially provide estimates for
the almost sure asymptotic order of the sums > ;" ; &.

As is customary in these kind of studies, one operates in the following way:
first one treats separately the asymptotic behavior of a subsequence le\i‘l &, where
(Ng )k increases exponentially, and next one shows that the oscillation

N N
sup G- &
sy, |28
of the whole sequence around this subsequence has a comparable asymptotic order.
Again the dyadic chaining is used. In a recent paper ([W2], see also the references
therein for variants of Gal-Koskma’s Theorems) we showed that most of these
results, as well others, like Stechkin’s Theorems or quantitative Borel-Cantelli The-
orems, can be alternatively established, without the restriction m; = 1, by means
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912 MICHEL WEBER

of the metric entropy method. The estimates are expressed in terms of ¥ and
quantities depending on the distribution of the sequence of partial sums over the
positive half line, but not directly in terms of ¥ and m.

In the present work, our goal is to show, in a general setting, the existence of a
simple criterion, uniquely built up from the sequence m, and allowing one to get
remarkably efficient uniform bounds for suitable averages of the random variables
&

We assume from now on, and throughout the whole paper, that the sequence
m = {my,l > 1} has partial sums M,, such that

(1.1) M, T o0,

as n tend to infinity, and denote M = {Mn, n > 1}. We will further assume that m
does not increase faster than exponentially. To be precise, we assume the following
growth condition: for any p large enough,

Zk>n mkpik
n

(1.2) Cm(p) = sup < 00.

n>1 Mmpp

We also consider sequences of random variables ¢ satisfying a more general type of
increment condition. Let 1 < p < oo and ¢ = p/(p—1) be fixed. Let ¥ : R — R*
be increasing. We assume that
(1.3) U(x)/xP is nonincreasing,.
This implies that there exists a constant 1 < C' < oo such that
(1.4) U(2z) < C¥(x) (Vx > 0).
As typical examples, we have the functions ¥(z) = 2%(log(1 + z))?, 0 < a < p,
BeER,ora=pand S € R_.

Consider the more general assumption

(1.5) E D g <w(d m) (i < j).
=i =i

Throughout the paper, let ¢ : Rt — R™T denote a continuous increasing concave
function such that ¢? is convex and ¢(0) = 0. The fact that ¢ is defined on R™
rather than on [my, oo[ is purely technical. The question studied can be described
as follows.

Problem. Given ¢, find conditions ensuring the existence of a constant K (de-
pending on p, m, ¥ and ¢ only) such that any sequence of random variables &
satisfying the increment condition (1.5) verifies

(1.6)

’ 27:1 &’ 1 " a.s.
Sup —————— K d 0.
v G(M,) Hp : o ¢(My) ;& B

We introduce a definition.

Definition 1.1. A function ¢ enjoying property (1.6) will be called (p, ¥, m)-
admissible, or more simply admissible.

We study this question by means of the majorizing measure method. We will
apply a Theorem due to Talagrand. We refer the reader to the important work
made in [Tall], and more specifically to Theorems 2.9 and 4.6 (see also Step 0 in
Section 2).
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UNIFORM BOUNDS UNDER INCREMENT CONDITIONS 913

The difficulty in the application of the majorizing measure method, when com-
pared to other methods, lies in the fact that one has to not only imagine the
measure, but also to really invent an argument that it goes with, and show that
this measure will, in turn, also satisfy Talagrand’s condition. Once this step is
performed, the method yields efficient bounds.

Introduce the following conditions linking ¥ and ¢:

(a) ¢(x)/¥(x)"/? is nondecreasing,
o
x o to(t)
Finally, define a class of functions which is a particular relevance throughout the
paper.

Definition 1.2. Let £ be the class of functions defined as follows:

dt < oo, for some A\ > 0.

L(t  dt
L= {L :RT - R : Q is nonincreasing and/ —— < oo for some A\ > 0}.
tP x L)

The following criterion is the main result of the paper.

Theorem 1.3. Assume that (V,¢) satisfy condition (1.7). Assume further that
(m, U, ) are linked by the following condition: there exists L € L such that

LM)Y? [ O(mp)\1yp V) dt
1.8 — :
(1.8) ,Sllgf o(M,,) ( My, ) [P(mn) tH/au=1(t)t/p =

Then ¢ is admissible.

The criterion we obtain is directly expressed in terms of the sequences m and
M, which is not possible by means of the metric entropy method, since it uses by
definition, covering numbers. This also makes its use very easy. Condition (1.8)
was difficult to guess. In using the same method, we found in a first approach a
criterion for the admissibility of ¢, expressed in terms of p, m, ¥, and ¢; but it did
not turn out to be sharp. To make the criterion sharp, we had to associate, as
stated, to ¢ a companion function L € £. Also, this is the combined action played
by both ¢ and L, which finally made the approach successful. In some important
cases, condition (1.8) can be simplified.

— Assume that m is a bounded sequence. Then Condition (1.8) is equivalent to

L(M,)"/» /‘”Mﬂ dt

(1.9) there exists L€ L : sup a1 ()" <

n>1 ¢(Mn)
This is immediate since ¥(x) < zP; so %ﬂ") <mP~1 and m is bounded.
— If U(x) < z, then 290~ (2)'/? > 2 and condition (1.8) reduces to
, L(M)Y?  w(M,)
1.10 there exists L€ L : su lo < 00

In the next statements, we apply Theorem 1.3 to the case ¥(x) = 2%, 0 < 3 < p.

Q.
W(my)

Corollary 1.4 (0 < 8 < 1). ¢ is admissible if there exists L € L such that

L(M,)"/» > dt
(a) sup (M) B=D/P < 50 and (b) /

o (M) ™ . 1RGO
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914 MICHEL WEBER

If

my > ¢ >0,
then for any L € L, ¢(t) = L(t)'/? is admissible; and for instance
o(t) =t/ 1og™/P(1 + t)
with T > 1.

The first assertion is immediate. Concerning the second, if ¢(t) = L(t)'/P, then
(a) is fulfilled and we observe by Holder’s inequality that

e dt P A N L
/1 =B L) e (/ L(t>) (/ tq(lf(ﬁ/f'))) <o

m m m

since 1 — (8/p) > 1/q. Thus (b) is satisfied, too.

Corollary 1.5 (8 =1). ¢ is admissible if there exists L € L such that
L(M)Y? M, /°° dt

a) sup ————log — < o0 and (b ——— < 00.

@ RS0y % m, O .., wTem
If

log % = O(log Mn)
M
for any L € L, $(t) = L(t)*/Plogt is admissible; and for instance
$(t) = t1/71og! /P (1 + 1)

with T > 1.

Here again the first assertion is immediate; as for the second, one uses Holder’s
inequality to show (b). When m; = 1, one recovers Theorem 3 of [GK]. The last
condition on the growth of the sequence m is satisfied when m; > [7¢ for some
0 < ¢ < 1. The critical case occurs when m; = {~'. When the random variables
& are indicators, it is possible to overcome that difficulty. The key observation to
treat this case is that when ¥(z) = x, or more generally when ¥ is subadditive, as-
sumption (1.5) is preserved when replacing the sequence £ by a sequence of sums on
consecutive blocks of the &’s. Indeed, let {n,k > 1} be some increasing sequence

of integers, and put v =3, <y, & Yk = D, <i<n, Tu- Then,

Bl Y wl'=w( > > m)<sw( ), wm)

i<k<j i<k<jmngp—1<I<ng 1<k<j
Now, consider the indicator case § = 14, — P(A;) satisfying
E| Z &l < Z mp,
i<I<j i<I<j

with a sequence m such that 0 < P(A4;) < m; < 1. For p = 2, this assumption is
realized, as soon as

P(Ak n Al) < P(Ak)P(Al) + (Plka(Ak) (VZ >k > 1),

where ¢ = {¢;,7 > 0} is a sequence of nonnegative reals such that the series > ¢;
converges. There are many examples in Metrical Number Theory and Probability
Theory, in which the latter condition if fulfilled. Fix some real a > 1, and let our
increasing sequence of integers {ny, k > 1} be defined as follows:

nk:inf{n21 : anka}.
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UNIFORM BOUNDS UNDER INCREMENT CONDITIONS 915

Also put

pr= Y, PA), m= Y  m, k= > la.

ng—1<I<ng ng—1<Il<ng ng—1<I<ng

[1]

Then, M, 1 <ka <M, <M, _1+1 Hence0<a—1<pu;<a+1and

E| Y G- <> m 0<u<v<oo
u<k<v u<lk<v
Corollary 1.5 applies, and we get for 7 > 1
’ EZ 1 Ek - Pk)’
Sup 1/2]oelt7/P
=1 (305, p)/?log (Xhor i) P

Now, let n be arbitrary, and choose k such that nx_1 <n < ng. As

n k
(Ei—p)—(a+1) <> (14, —P(A)) <D (5 — pj) + (a+ 1),
=1

j=1

< 00.

E

-1

1

<.
I

one easily gets (for any 7 > 1)

|Zln1 gl* ( ))|
21 (7, mu)2log TP (S )

But the indicator case is also a limit case [B]. Indeed, even when £ is a sequence of
bounded random variables, the implication (1.5) = (1.11) is no longer true. Assume
the contrary. Let {n,,n > 1} be a uniformly bounded orthonormal sequence and let
{en,n > 1} be a real sequence with Y >~ | ¢2 < oo. Given any function w(n) — oo,
we can find a sequence (my,) such that

oS N
my > i, kazoo, ka:O(w(N)).
k=1 k=1

< 0
P

(1.11) sup

Then

E| Z Cl§l|2: Z CZQS Z my

i<I<j i<I<j i<I<j

and thus condition (1.5) is satisfied for & = cxm, and p = 2. Hence (1.11) yields

Z e = o(w(N)l/2 logb w(N))

for any b > 3/2. The last conclusion is however false for sufficiently slowly increasing
w(N) (e.g. for w(N) = log N): indeed, by a result of Tandori ([Tan, Satz III, p.
83]), for any function 1(n) = o(logn) there exists a uniformly bounded orthonormal
system {n,,n > 1} and a real sequence {c,,n > 1} with >_¢? < oo such that,
almost surely,

Z cknr > Y(N) infinitely often.

In the next statements, we continue to examine the case ¥(x) = 2.
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916 MICHEL WEBER

Corollary 1.6 (1 < 8 < p). For any L € L such that

e dt
/m1 tt/aL(t)l/p < 0,
o(t) = L(t)Y/Pt(B=D/P is admissible; and for instance ¢(t) = t°/Plog™/P(1 + t) with
T>D.
Indeed by Theorem 1.3, ¢ is admissible if there exists L € £ such that
1 oo
(a) :‘;Ii 7[/;]24]&1)@ MP-D/P < 5o and (b) /m1 7tlﬁc/l£¢(t) < oo

When m; = 1 one recovers Theorem 5 of [GK]. The next application concerns some
boundary cases.

Corollary 1.7. Case a) V(z) = xlog P(1 + x). Then ¢ is admissible if there
exists L € L such that

L(M,)'/P 1 /°° dt
loglog M,, ; < d
oSk oM, {Togramy +loglogMu} < oo an iy B/ log(1+ )(t)

Moreover, if

< 00.

1
log(1 + my,)
then ¢(t) = L(t)"/?loglogt is, for any L € L, admissible.
Case b) ¥(z) = zPlog °(1 +z) (b > 0). Then ¢ is admissible if there exists
L € L such that

L(M,)'/» o0 dt
sup ¥M}l/q logfb/p M, < oo and / T

= O(log log Mn),

< Q.

In particular, ¢(t) = tlog""O/P s, for any T > 1, admissible.
Case ¢) U(x) = aP. Then, for any L € L such that

/‘X’ dt <
A
s L)1

o(t) = tYIL(t)Y/P is admissible. In particular ¢(t) = tlog™ (1 +t) with 7 > 1 is
admissible.

Concerning Case ¢), we note that the increment condition (1.5) is trivially sat-
isfied, when for instance m; = ||§||,- The condition however forces ¢ to satisfy
lim;_, o ¢(t)/t = 0o, which is not surprising here. One thus always has, with 7 > 1,

sup ‘Z?:l El‘
n>1 (20 [1€llp) Tog™ (1 + 2, [1&]p)

There are some applications in Ergodic Theory.

H < 00.
P

Proposition 1.8. Let 1 < p < oo, ¢g=p/(p—1). Let T be power-bounded on L,,
let f € LP(P) and let 0 < a < 1. Assume that

nlfa

1 n wea
(1.12) DAY e}
=1
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UNIFORM BOUNDS UNDER INCREMENT CONDITIONS 917

Let 7 > 1 and put

nl/p(lolgn)"/p Zlnzl Tlf Zf (1 - a)p < 13
T f =4 wrgeamerr i TS if  (I-a)p=1,
aw oz iet TS if  (l-ap>1
Then,
(1.13) T.7f 250 and H sup |’Tn7f‘ H < 00.
n>1 P

According to a result of Derriennic and Lin ([DL], Proposition 2.18), for T a
contraction, assumption (1.12) is equivalent to

N
(1.14) i‘;li ||n17a l_le fllp < oo.

Now, if T' is power bounded, T is a contraction in an equivalent norm ([K] p. 110),
and Proposition 2.18 of [DI] still applies to give (1.14). The increment condition
(1.5) is fulfilled with ¥(z) = 2P ~*). Proposition 1.8 thus follows at once from
Corollaries 1.4, 1.5 and 1.6.

Remarks. 1. In the particular case that 7" is induced on L, by a Dunford-Schwartz
operator, Corollary 3.7 of [DL] gives rates of convergence under assumption (1.14).
When (1 — a)p < 1, the rate there is — >>/"; T'f — 0 a.e., which is better than
what Proposition 1.8 yields. On the other hand, when (1 — «)p > 1, Proposition
1.8 provides a better rate than [DL].

2. For the particular case that T is induced by a Dunford-Schwartz operator and
f € (I —T)*L, (which implies lim, o |5 ;- T f||, = 0 by [DIJ Corollary
2.15]), more precise information, better than that obtained from Proposition 1.8,
is given in [DLL Theorem 3.2].

3. For T power-bounded on L, and f € L, satisfying (1.14), a pointwise er-
godic theorem with rate was obtained in [CLl Corollary 1]; the rates obtained in
Proposition 1.8 are better.

4. For T wunitary on Lo and f € Lo satisfying (1.14), the rates obtained by
Gaposhkin [Gal Theorem 3, cases (vii), (iv), and (iii)] are better than those of
Proposition 1.8.

Before passing to another application, we shall consider a variant of assumption
(1.13) useful for L2-applications.

Let ® : Rt — R™T be some nondecreasing function, and consider the following
type of increment assumption:

(1.15) ED aff <e> m) (D m) (i <J).
1= =i

=1
We further assume ® and ¥ to also satisfy the condition
O(M,) — D(M,y,) < B\IJ(Mn - M,,)
(M) B (M)

where B is an absolute constant.

(1.16) (m <mn),
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918 MICHEL WEBER

Theorem 1.9. Assume that U, ® satisfy condition (1.16). Further, assume that
p,m, VU and ¢ satisfy conditions (1.7) and (1.8). Then, there exists a constant
K < oo, such that any sequence §& = {&,1 > 1} of random variables satisfying the
increment condition (1.15) verifies

WZ@'—S&O and

The proof is given in Section 3. The main argument will consist of the fact that,
under conditions (1.15) and (1.16), the increments of the averages considered are
controlled in the same manner as those of the preceding averages.

In view of our next theorem, we shall specialize this result to L?-spaces and
U(z) = . Condition (1 15) becomes

(1.17) E| Zfl < &( Z ) (D) (i < §).
= =1 =i

Theorem 1.10. Assume that ® is concave. Further assume ¢ is such that there
ezists L € L satisfying the following condition:

L(M)Y? M, < dt
sup ————— log < o0 and / ——— < oo for some A>0.
w1 G(My) T my, N VEg(t

Then, there exists a constant K depending on m, ®, and ¢ only, such that any
sequence & = {&,l > 1} of random wvariables satisfying the increment condition
(1.17) also verifies

Zznzl fl as.
(M) 2p(M,)
If

sup — 1 2==15 ‘Zl 1& H
n>1 q)( 1/p¢

sup ‘ Zz:1 fl| < K.

0 and S DL
n>1 @( n)1/2¢(Mn) 2

M,
log —= ~ log M,
m

n

one can take ¢(t) = L(t)'/?logt for any L € L; and for instance
() = t"/2log™ (1 + t)
with T > 3/2.

Indeed, when p = 2 and ¥(z) = z, condition (1.16) reduces to

O(M,) — (M) M, — M,,
<B <n).
o(M,) M, (m<n)
Since ® is concave, for m <n
(I)(Mn) — (I)(Mm) < (I)(Mn) < q)(Mn)
Mn - Mm - Mn o Mm .
This implies (1.16) with B = 1. Theorem 1.10 then follows from Theorem 1.9 and
the fact that, in the case under consideration, conditions (1.7) and (1.8) reduce
to the conditions stated in Corollary 1.7. In the case m; = 1, Theorem 1.10 also
complements Theorem 7 in [GK], where under the assumption

E|) 4t <CiP7( —i)7n( — i) (i < J),

=i
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UNIFORM BOUNDS UNDER INCREMENT CONDITIONS 919

with p > ¢ > 1 and n(n) > 0 nonincreasing, such that the series > -, n(n)/n

converges. It is proved that %ZZLZI & tends to 0 almost surely when L tends to
infinity. Here the case p = 2 is considered and (1.17) with ®(z) = %, s €]0,1]
reads as follows:

J
E| Y ¢’ <0G i) (i < j)-
=1

This corresponds to n(z) = 177, s = 2 — ¢ in Theorem 7 of [GK]. Applying
Theorem 1.10 gives for any 7 > 3/2

1 L
a0

“+ log" L =1

almost surely when L tends to infinity, which is better than what is obtained by
applying Theorem 7 in [GK]. Now, we pass to our next application to Ergodic
Theory. Consider the following data.

~ ©={6,,l > 1} is a sequence of reals, such that ©,, = >, _,.. 07 T cc.
— P ={p;,1 > 1} is an increasing sequence of positive integers.
— T is a contraction in L*(P).

Introduce the sequence of complex numbers
G(z) = 0e*™*  (z € [0,1[= R/Z).

Let ||.]|oo denote the supremum norm on C([0, 1[). We shall assume that the follow-

ing condition is realized: there exists a sequence m and a concave nondecreasing
function ® : R™ — R, such that

(1.18) IS all.<e( Y m)(> m)? (<))

i<I<j 1<1<; i<I<j

Condition (1.18) usually describes a situation where m; ~ |6;|2, but are not equal.
Some examples are given in Section 4. Our next application is related to the study
of the ergodic sums

o (n>1).
k=1

Theorem 1.11. Assume that ¢ is such that there exists L € L with

L(M)Y? M, > dt
sup (M) log < 00 and / < 00, for some A > 0.
A

n>1 (M) My, \/ﬁ)(t)
Then, there exists a real K, such that for any f € L?(u)
0, nog s

sup ’ Zk_l ! f’ H <K and Zk:l ey == 0.

n>1 (I)n(Mn)l/2¢(Mn) 2 (I)n(Mn)l/2¢(Mn)
Moreover, if

M,

(1.19) log = O(log M),

n
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920 MICHEL WEBER

one can choose ¢(t) = L(t)/?logt, for any L € L; and for instance ¢(t) =
Vitlog™ (1 +t) with 7 > 3/2. Then, for any f € L*(p),

nog, TP
(1.20) sup | Zk_l}Q | H < K| fll2 and
w1 [@(My) M) log” (14 M,) 2
Zzzl olef a.s.

— 0.

[®(M,)M,]"*log™ (1 + M,)
This result is proved and applied in Section 4. In the applications, M,, ~ ©,.

2. PROOF OF THEOREM 1.3

The proof is long. We pause to outline the steps. In Step 0, we briefly recall some
necessary background on majorizing measures, and Talagrand’s results, that we will
use. Step 1 is an intermediate step consisting of the regularization of the sequence
m. There are some specific functions built from this sequence, ¥ and ¢, and used
later on, which necessitate such a regularization to be efficiently employed. In Step
2, a great deal of effort is devoted to the estimation of the increments ||Y;, — Y., ||,
for m < n, according to whether M,, < M, /2 or M,, > M, /2. This preliminary
work is of course, indispensable. Finally, in Step 3, we really attack the proof.
We contruct a measure g on N and show that a family of local integrals attached
to it is uniformly bounded. This establishes that p is a majorizing measure, and
consequently, enables us to conclude.

Step 0. In this step, we recall a useful consequence of several results obtained
by Talagrand [Tall]. We present it in our setting, although it is valid in some more
general Orlicz spaces. Let (T, d) be a compact metric space and denote by D the
diameter of T. For z € T and € > 0, let B(z,¢) denote the open d-ball of T with
center z and radius €.

A stochastic process X = {X;,t € T} is a collection of random variables indexed
by T and defined on some probability space (2,4, P). Consider the increment
condition

(2.1) X, — Xill, < d(s,t)  (s,t€T).

Assume that there exists a probability measure p on 7' such that

(2.2) su / P de
' verJo w(B(z,e)te —

It follows from [Tall], Theorem 4.6, p. 27, that each separable process that satisfies
the increment condition (2.1) is sample continuous, and moreover

(2.3) | sup (X, — Xt)Hp < K,M,
s,teT

where K, depends on p only. The last inequality does not appear as stated in
Theorem 4.6. But, it is a consequence of the majorizing measure condition (2.2)
and Proposition 2.7, p. 11 in [Tall]. The sample continuity property follows from
the combination of Theorem 4.6 with Theorem 2.9, p. 13, in [Tall]. A stochastic
process is separable (with respect to the metric d) if there exists a countable d-dense
subset Ty of T such that for each t in T,

X2 lim X

s—t, s€Tp
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UNIFORM BOUNDS UNDER INCREMENT CONDITIONS 921

In our case, this concept has not much importance because we work with sequences
of random variables; so T' = N and the sample continuity property simply means
here that the sequence studied converges almost surely.

With this tool in hand, our task will consist of proving the existence of a ma-
jorizing measure on N provided with a specific metric, namely the one induced by
the LP-increments of the sequence Y, , &/¢(M,), n > 1. The majorizing measure
is built at Section 3. But some preliminary steps are necessary.

Step 1. Let p > 1 be some fixed real which we assume to be sufficiently large for
condition (1.2) to be realized. Without loss of generality, we can assume

If this condition is not satisfied, we first replace W(z) by ¥(z) = 2P¥(z). Then,
we let &1 be a random variable satisfying E‘§1|p < \P(m1/2(1 + Cm(p))). We also
replace m by m defined by m; = m;_q for i > 2 and m; = (E|§1| ) In place

of &, we then consider enlarged families 5 defined as follows fZ =¢&_1, fori > 2.
Then, m; < ma/2(1 + Ciy(p)) and

E\Zﬁz\pw Z <U(Y ) (2 <i<j),
= =i 1=i
B> E) < 2P*I{E|Za>”+E\&|P}
=1 =2
< 2p71{qj(2ml) +\1/(m1)} <¥(Ym
=2 =1

It follows that condition (1.5) is satisfied with function U and the new sequence 1,
for any sequence £ obtained from £ by adding &, as well as condition (2.4). More-
over, the new sequence m satisfies condition (1.2) with Ci(p)) = (m1 V 1)C(p)-

We now regularize the sequence m. Consider the new sequence m’ = {mj,l > 1}
defined by

(2.5) my = p " lmy, (1>1)
k=

and denote M), = >)' ; mj, n > 1. Then,

1) my S m;7
.. — mi
(2.6) i) o< <)

l
i) M, > M, /2.

Assertions i) and ii) are elementary; as for iii) we have by ii) that M >
(M, —m})/p. But, in view of (1.2) and (2.4),

my=mi+ Y p~Fmy <my (14 Clp)) <ma/2 <mb/2 < My, /2.
k=2
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Hence, M), > M), ,/2p. Observe now that

:iipf‘]%”mk ka Z/flk*ll)a

1=1 k=1 1=1
and
D p < pr et (p — 1) (k> n),
=1
n
S o< p/(p - 1) (k=n),
1=1
S ol < (4 1)/ (- 1) (k < n).
=1
Thus
k=1 =1 k>n
p+1
<t )[M 4+ M Ca(p )} < C,M,,
where we put C, = { }, and Cp,(p) is defined by condition (1.2).
Hence,
(2.8) M, < M} < C,M,.
Now, consider the conditions: there exists L € L such that
LMY [ O(ml )y V) dt
1.8/ n n o <
(18) s =i ) [y(m%) /ap-1(r)i/e [ 5
J J
) By el <u(Xm) <)
=i l=i

Since M,,, M, are commensurable and m,, < m/ , we have the implications (1.5) =
(1.5") and (1.8) = (1.8').

Assume that we have proved the theorem with m’ in place of m. Let £ satisfy
(1.5), and thus (1.5"). Then, T M,) > i & converges almost surely to 0, and verifies

sup | Zl:l fl|
n>1 O(M})

Since ¢(M,,) >¢(C,M,,)/C,>d(M])/C,, by concavity of ¢, we have ¢(M ) Y&
converges almost surely to 0, and

<K.

p

| 27—1 fl|
sup —————|| < K.
n>1 d)(Mn) p
It is therefore enough to prove the theorem under the additional assumption on m:
(2 9) (l) pil Sml+1/ml Spv
) b) M,, > My41/2p.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



UNIFORM BOUNDS UNDER INCREMENT CONDITIONS 923

Step 2. Put for any integer n > 1,

_ lnzlfl
(2.10) Y, = o(M,)

Clearly, for any m < n,
1/p O(Mn) — (M) + U (M, — M,,)'/»
¢(My,)p(Mn) o(M,)

We estimate the right-hand side according to whether M,,, > M, /2 or M, < M, /2.
—If M,,, > M,,/2, by concavity of ¢,

(2.11) Y = Yonllp < W (M)

¢(Mn) — ¢(Mm) _ (b(Mn) - ¢(Mm) (Mn - Mm
(M, — M,,)\/» M, —M,, U(M, — M,)/»
< O(Mu)  (My — My)
= M, U(M,— M,)/r
— d)(Mm) \II(Mm)l/p Mn - Mm
(MR U (M, — M,)YPY M, )
(M)
ST

since ¥(z)/zP is nonincreasing and M, — M,, < M,,. Thus % <
(M)

T(M,)/P° which implies
U(M,, — M,,)'/»

¢(My)

1/p ¢(Mn) — QS(Mm)

VM) LYo (M,

<

Hence by (2.11)
U (M, — M,,)"/»
(M) ’

— Now, consider the case m < n with M,, < M, /2. Since ¢(M,,/2) < ¢(M,,)/2"/P
by convexity of ¢P, we have

_ —_9-1/p

O(My)p(My,) P(Mn)

But % is nondecreasing; then \Ilqb(M") > _¢Mm)

(M,)Y/P = U(Mpy,)l/P
our estimate with

(2.12) 1Y, = Youllp <2 if m<mnand M,, > M,/2.

U(M,,)'?.

and so we can continue

oMy) = (M) 1 5 (1 — g-1r) ZLAL)P
GG M) 2 (=2 =0a S
Thus, /
¢(Mn) — (M) Vb o 01 oty WM, — M,)'P
SM)p(Myy M) 2 =2 g
Set
_9-1/p
(21 = (3—2*1/17 '

Then by (2.11)
(2.14)

1Y = Youllp < vp\IJ(Mm)l/”.(bSb if m <n and M, < M,/2.
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— Finally remark that if n is sufficiently large, say n > nq, then

U (M, — M,)'/? - U(M,,)/P - U(M,)'/P

(2.15) m>n =

(M) T (M) T o(Mn)

M) — ¢(m1)
< W(my)Vp L) — Olm)
= V) L o me)

Observe indeed, from (1.7-b) we have that
) \I/(Mn)l/P

lim ——*— =0,

n—oo  ¢(Mp)
and besides, lim, \I/(ml)l/p %Z\I/}‘:;ﬁgzﬁ) = ‘I’gz;)ll)/p. Define n; so that for n >
ny,

1
U (M,)'/P < 1W(m) /e < \Ij(ml)l/p(b(Mn) - ¢(m1).
¢(Mn) 2 ¢(ma) P(M)¢(my)

This and (1.7-a) prove our claim. Now by combining (2.12) with (2.15) and (2.14)
with (2.15) successively, using (1.7-a) we get

QW(ml)l/p%’ if m>n>ny and M, > M,,/2,
HYn - Yme <
yp\p(ml)l/p%, if m>n>n; and M,, < M,,/2,

Concerning the last case, we have by using (2.15) again

i )L/P A(Mp,) — p(mq) ‘I’(ml)l/p )/ ¢(My,) — p(my)

L) et = elmy) = 2 S0 e me)

since n > ni. As v, > 2, we have obtained

1/p ¢(Mn) B ¢(m1)
d(Mp)p(my)

Now let n > ny and m < n. Then, by (2.12), (2.14), (1.7-a) and (2.15)
—if Mm 2 Mn/2

(2.16) 1Y, — Yiullp < 27,%(mq) ifm>n>n.

U(My — My)'7? _ W(M)'P_ W(ma)'/P

oy T SETIGALY S 00y S Ttm)
(M) = 6(m)
= 2 S 6 mn)
—if My, < My/2
(2.18)
_ 1/p #(Mn) = ¢(Min) o)1/ OMn) — ¢(ma)
Yo = Youllp < M2 000y = 7Y ) g m)
Therefore,
su — mq)1/P M n>n

Step 3. Now fix n > ny, and put for k=1,2,...,n—1,

6(M,) — (My)

(n) _ . _ 1/
(2.20) e = e = 2 = S S )
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Then,
(2.21) sup 1Yo = Vinllp < 7pet™.
m>1

By concavity of ¢ and (2.9-b), we have that ¢(My11) < MAZ:I d(My) < 2pp(My).
Thus, for k+1 < n and p = [p] + 2
& _ ( W (M) )1/p¢(Mk+1) ¢(Mn) — d(My) p ¢(Mn) — ¢(My)
Ertr W (M) o(My) ¢(My) — ¢(Myt1) —  ¢(Mn) — ¢(My41)
(- 00) = P0)
¢P(My) — ¢P(Mit1)
(éf)(Mn)p*l + ¢(M)P 2P (M) + .- + ¢(Mk+1)p71)
O(Mp)P~t + ¢(Mp)P2p(My) + ... + (My)P~t /-
Since ¢P is convex, then ¢P is also convex and
° (Mn)— P (My)

P (M) — ¢P (M) _ M, — M, M, — My, < M, — My
P (M) — ¢P(Mp11) PP (M)~ 6P (Myey1) " M, — Myyr = My — My
M, — M1
M1 — My, M1
=1 L TR e T ),
M, — M1 Mp42 r
Thus,
€k o(1+ p)<¢(Mn)p71 + ¢(Mp)P2p(Myy1) + ... + ¢(Mk+1)p71)
Eht1 G(Mp)P~1 + ¢(M,)P—2p(My,) + ... + ¢(My)P~1
< p(1+ p)(fb(Mn)p‘l + pp(My,)P (M) + ... + Pp_1¢(Mk)p_1)
- (My)P~1 + Q(Mp)P—2¢(My) + ... + d(M)P~!
< pP(L+p).
Put nn = pP(1 + p); we have showed that
(2.22) L - k=1,2....n—2
Ek+1

We denote B(n,e) ={m >2 : ||V, —Y,l|l, <¢c}. Let p be the measure defined
on the set of integers {2,3,...} by

Moo fy'? 1
(2.23) u{n} = C/Mn_1 ( to(0) + L(t)) dt,

» -1
with ¢ = (f:; (\Pt(;)(; + ﬁ) dt) . By Step 0 and (2.21), it suffices to establish
that

(n)

/’Yzﬂfl de
sup — < 0.
n>ny J0 ,U'(B(nvg))l/p

We fix n > ny. Let k,, be the unique integer such that

4T (M,)'/P
2.24 Eppi1 < — it < gy
(224 T e(M,)
We compute the integral
/51 de
0 M(B(n,s))l/p.
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A)

U (mp)t/P

$(0n) de U(my)\1/p L(M,)'/?
229 /0 u(B(n,e))l/pS( Mn, ) (M)

which, in view of condition (1.8), is bounded in n uniformly.
B) Since e, < neg, +1, we have

4nW (Mp)/P

Ekn de T o(Mn) de
/P(mn>1/1’ 1/p < /p(mn)l/p 1/p"
Yty n(B(n,e)) i w(B(n,e)
Let H = 4nC where C arises from (1.4) and observe that H > 2. Put for
e < 4O "
=500,

(2.26) me =inf {m <n : U(M, — My)"/? < %gﬁ(Mn)}.
Since £¢(M,) < ZU(M,)/P = SW(M,)'/?, then
(M, — M,,)"'? < W(M,)"?/C,

if m > me..
This implies by property (1.4) of ¥, that M,,, > M, /2. And by Step 2,
U(M, — M,,)'/? _ 2¢

o0L)  ~H -

HYn - Ym”p <2

Hence,
(2.27) {ms, o ,n} C B(n,¢),

and consequently,

M, o c : )
u(B(ne)) Zc/ dt 5 Mn— M qf—l([¢(M )5] ),

My -1 L(?) L(M,)  — L(My) H
since My, — My, 1 > \P_l([wr) by definition of m.. Thus,
anw (M )/ P Anw (Mp)L/P
/ (Mn) de < (L(Mn))l/p/ ®(Mn) de
gyt n(Be)' " TN c Syt v ([
Haxl/r L(M,)Y/P ) d
ez e-giy (B [ S
o(M,) o) ) S /w1 (21l

with ¢ = (H?/c)*/Pp=1. Tt follows from condition (1.8), that the right-hand side
of (2.28) is bounded uniformly in n.

C) Now consider the integral f;kl ﬁ. Let 1 < k <k, —1 and let
" u(B(n,e)

Ept1 < € < gg. Since k+ 1 < ky,, then g1 > €, > 4% Thus 4\11%4 ))/p <
(M) —$(Mp1)
29 (My )" SrSa Sy o
Mp41)
M,) — ¢(M, > 20(M,, 1/PM.
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One immediately sees that M}, cannot be too close to M,,. More precisely, sup-
pose that My, > M, /2. Then we deduce from the fact that ¢(z)/¥(x)"/? is
nondecreasing and from the previous line, that

1/p ¢(Mn/2)

1/p_O(Mri1) >2U(M,) W(M,/2)' /P

A(My)—p(Myy1) >2¥(M,,) T(Ms1) 17 =~

>2¢(M,/2).

As ¢(Mn) - ¢(Mk+l) < ¢(Mn) - ¢(Mn/2)a this imphes
30(Mn/2) < (Mp).

But ¢ is concave; thus ¢(M,,/2) > ¢(M,,)/2. This implies that 3¢(M,,)/2 < ¢(M,,),
and we have a contradiction. Hence,

M < M, /2.

Let n > m > k + 1. Again using the fact that ¢(x)/¥(x)/? is nondecreasing,
and Step 2, gives by (2.11), (2.14)

(Mn) — ¢(Mm) \Ij(Mn - Mm)l/p

1V = Yonllp < W(My) 7 2

d)(MTL)d)(MTYL) d)(MTL)
_ _ 1/p
< W(Mip)"? ¢fb§4&l>¢?§4ﬂﬁf>ﬂ \P(Mnfb(zxﬂﬁﬂ) < Woeka/2 5 pe/2

Hence, by noting &’ = ~,¢/2,
(2.29) {k+1,...,n} C B(n,&"),

and p(B(n,e')) > c{S(My) — S(M,)}, where we put S(u) = f;o \I't(;—)(llt)/pdt. But

S(.) is convex decreasing. Since My, < My41 < M, /2, we therefore have that

S(My) — S(My) > S(My) — S(2My) > —My.S'(2My,)
_ MU (2M)YP W(2My)'/P - U (My)/P

2M},$(2My) 20(2My) — A¢(My)

Thus, we can continue our estimate with

cU(My)V/P

nBn ) 2 50

And, by letting ¢ = (4/c)'/?, and recalling that ¢’ = v,¢/2,

ek de woeoo A(My) \1/p
~/€k+1 ,U(B(n,'}/pg/Q))l/p <c (r‘fk EkJrl)(\P(Mk)l/p) .
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Consequently,
/51 de _k"l/s" de
1/p 1
ern 1(Bn,1pe/2)" 1D e u(Bln,ype/2)) "
kp—1
N ¢(Mk) \1/p
<) (er—e) s
k=1 " (W(Mk)l/p)
kp—1
A P(Mp) )1/p{(\I/(Mk)1/P _ U(Mign)'?
2 a7 o000 6(Mis)
U(Myr1)'/? — W(My)'/P
2.30 + .
(2:30) ( SO )}
On one hand, since ¢(z)/¥(z)'/? is nondecreasing,
$ (O sy Pn) 7 (M)
2 Syt 01,
< (20 ¢(My) )i/o i U (M 1)'/? — W (M)Y?
<Gonm) - 2 o(,)
(231) < (OO yip ) () f<w<Mn)1/P)1/q
. T UM, P(My) P(M )1/ P(My) ’
which is bounded in n uniformly.
On the other hand, concerning the sum
kf( (M) )1/p(w<Mk>1/p ~ \P(MM)I/”)
= VU ( M)t P(My) ¢(Mis1) 7
we observe that
(SO WM W(Mi) P
232 > (o) -
= W(M)lP P(My,) P(My41)
w(M, /P w(mq)l/P
<’“i1/ (q><ﬂk4>k> dt</(«><m)1> ﬂzl(@(ml)l/”)uq'
= 7‘”4?(4@21)11)/? e = Jo ttr gt p(ma)
Therefore
€1 d ] Mn 1/p 1/ 1 1/p
(2.33) / —61/320,,{(#) ¢ 1 0m)'r 1/q}.
enn p(B(n,e’)) " ¢(Mp) g ¢(mi)
From (2.25) and (2.28) follows that
€kn d €kn d
(2.34) / S — g/ =
0 p(B(n,ve/2)) 0 p(B(ne))
<(\I/(mn))1/pL(Mn) N ,(L(Mn)l/p)/‘lf%n) e
=) Teon) o) ) S 200
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Then combining these two estimates gives

/51 de (‘I’(mn))l/pL(Mn)l/p
0 p(B(n,’YpS/Q))l/p S M)

((LOML)YPN 5 da
(2.35) +C(W)/% 2l /ey ()1 /P

)P\ 1/q mi)YP 174
()

It remains to observe that

/a de e=x0 \ /a//\ do

0 u(B(n,e)"? o u(B(n, A"
Applying this with A = v, and a = 7,e; shows that

(2.36)

/7P51 de . /51 de <4 /El de
- 1/p _Ip - 1/ =Ip
0 u(Bne)"” 0 u(Bn,ye) 0 u(B(n,y,e/2)"”

@ (Mp)
B Y o
- PUY m, P(Ms) ¢(My) / Jur  al/a@=1(x)l/p
V(M) PNVa 1 W (my) P 1
+ 2" —— —(— .
(o) i Smm ) 'H)
Since g1 = ggn), this finally shows that
(n)
Tp€1
(2.37) sup/ Ll/ < 00
endo u(Bne)

Let Do = sup,, ,,>1 [|Yn — Yinllp- For n > ny, we know (see (2.21) at the beginning
of Step 3) that sup,,~1 [|[Yn — Yiullp, < ’ypsgn). This implies with (2.37) that

(2.38) sup / 761/ < 0.

wxniJo u(Bln,e))"”
Since

Dy d _
(2.39) sup / 781/ < Dy sup p{n} Yr 00,
n<ni Jo M(B(n7g)) p n<ni
we deduce
Do d

(2.40) sup/ 761/ =M,

nz1Jo  u(B(n,e)) "
and M < oo depends on p, m, ¥ and ¢ only. According to Step 0, this implies
(2.41) | sup (Yo — Vi) Hp < K,M,

n,m>1
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where K, depends on p only, and the sequence {Y,,,n > 1} converges almost surely.
Now, from assumptions (1.5) and (1.7-a) it follows that

(242) Sup H ‘ Zl ! gl’ H m)l/p/¢(Mm)a

since ¢(x)/W(x)/? is nondecreasing. Also, since (1.7-b) implies that
lim ¢(z)/¥(x)"/? = oo,

r—00

then

Zzn;l fl L_”> 0
(M)

Write sup,,>; [Ya| < [Vl +8up,, 1> [Yn — Y| With (2.26), this gives

(2.43) Y, =

|| ngl’ Y| Hp < KpM + [[Yong [lp-

Since my is arbitrary, we can let mg tend to infinity in the above inequality and
use (2.41) to control || Yy, |l,- We obtain

(2.44) || sup || Hp < K,M.
n>1
Now, (2.43) and (2.44) imply, in view of the dominated convergence Theorem and
Step 0, that
(2.45) Y, £ 0.

The proof is complete.

Remark. The attentive reader will have observed that our proof shows a little more
than Theorem 1.3. Let X = {X,,n > 1} be a sequence of random variables
satisfying the increment condition: for any integers n > m

BNl if My > M, /2,
(246) (| X0 — Ximllp <
BY(M,,)" /7 )0l if My, < M, /2,

where B is an absolute constant.
Then, the conclusion of Theorem 1.3 remains true for X.

3. PROOF OoF THEOREMS 1.9 AND 1.10
Theorem 1.10 is just a particular case of Theorem 1.9. Thus, we only have to
give the proof of Theorem 1.9. Put, for any positive integer n,
(3.1) o, = (M), X,= gl;l&
@,/ ¢(My)

In view of the remark following the proof of Theorem 1.3, it is enough to show
that X satisfies assumption (2.46). We proceed in two steps. Let n,m be two
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positive integers with n > m. From assumption (1.15) follows that

_ 1/p 1/p 1 B 1 (M, — My,)'/P
||Xm Xn”p S ‘I)m \I/(Mm) {(I)}n/l’qs(Mm) q)}l/qu(M )} ¢(Mn)
U (M,)H/P D, \ /P (M, — My)\/»
(32) S SO (P~ (32)  60m) | + = —.

Step 1. My, > M, /2. Then,
U (M,,)/P ){¢(Mn) B (_m)l/p(l5 }

¢(Mm)¢(Mn P,

(3:3) Up(¢(My) — ¢(My,)) W (M,,)H/P ®,,\ /P

( e ey U (G )
But, by assumption (1.16)
(3.4) ®,,\1/p O, 1/p O, — P, /P 1p U(M, — M;,)\/P
Ofl‘(q:) S{l—@—n} :{Tn} =B {W} :
Hence,

n)L/P m\1/P

- o {ean - (32) e}

(M) VP ($(My) — (M) LB/ w/P (M, — M,,)
¢(M77L)¢(M7L) (ZS(Mm)

Since n > m and M,,, > M,, /2, we know from the preliminary computations leading

to inequality (2.12) that \I’(M"");/p(qs(M”)*Q&(M"")) < \Pl/p(M";M’”). By then inserting

(M) $(Mn,) - (M)
this estimate into (3.5) and using (3.2), we get

Ul/P(M, — M,,)

<

3.6 X — Xul| < (2+BYP
(3.6) H I, < KT

Step 2. M,, < M, /2. Let A > 1 such that A/(A—1) < 2/P. Since ¢? is convex
and ¢(0) =0

My,)

BT) 6l > 9(2M,) > 2/rg(0,) > (A L/ 2T
implies that

(3.8) S(Mp) = (Pon /@) /P $(Mrm) < A(D(M) = (M)
Thus
(3.9)

U(M)'/? m\ /P U (M) P ($(My) = (M)
sty 120~ () o)} < A== ey
From the computations leading to inequality (2.14), we know that if M,, < M, /2,

then (v, — 1) Y (M) 2 (M) (M) > P Min) Pperefore

$(M) (M) =T (M)
_ B U (M) /P ($(M) = $(My))
(3.10) | Xm — Xn H 1+ A) SOL) 0L

Hence, (2.46) is satisfied.
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4. PROOF OF THEOREM 1.11 AND SOME EXAMPLES

We begin by recalling a useful tool: the spectral inequality which reduces the
problem of evaluating norms to Fourier analysis questions. Let T be a contraction
in a Hilbert H. Let f € H, and put

P,(f)=(T"(f),f) for n>0 and P,(f)=P_,(f) for n<0.

The sequence (P, (f))nez is nonnegative definite, thus by Herglotz Theorem, there
exists a finite positive measure py on B([0,1[) (called the spectral measure of f)
such that for all n > 0 we have

(), f) = /[ @),

From this fact and the dilation theorem of Sz-Nagy, one deduces (see [K], pp. 94-95)

Lemma 4.1 (Spectral Inequality). If T is a contraction in a Hilbert space H and
f is an element from this space with the spectral measure jif, then the following
inequality holds:

(4.1) IP(T)fI? < / [|P<e2i“>\2uf<dx>.

P(z) = Zg:o arz” is a complex polynomial of degree N > 0.
Let f € L?(P). From assumption (1.18) and the spectral lemma, follows that

} )
E| Y orvf|” < o Z Z )P (i < j).

i<I<j =1

We assume || f]l2 = 1 and put & = 6; TP f, I > 1. Then the sequence £ = {§,1 > 1}
satisfies assumption (1.17). Since ® is concave increasing, Theorem 1.10 applies.
Thus, if ¢ is such that there exists L € £ with

L(M)Y? M, < dt
sup # log— < > and / ——— < oo, for some A > 0,
n>1 ¢(Mn) My \/E¢(t)
then there exists a constant K such that
0, 7" n e, TP a.s
sup | Dkt l2 f} H and 2k=1 l2 f &5,
n>1 P ( 1/ ¢ (I)n(Mn)l/ ¢(Mn)

The first part of the theorem follows by replacing f by g/||g|l2 for arbitrary g €
L?(P). The second part of the theorem similarly follows from the second half of
Theorem 1.10. (]

Now we give some examples of the application of Theorem 1.11.

1. Consider a sequence © = {6,k > 1} of independent, symmetric real-valued
random variables, as well as an increasing sequence of integers P = {py, k > 1}.
Let (X,F,u) be an arbitrary probability space, and let T be any contraction of
L?(). In this example, we study the growth of the weighted ergodic sums

Z O, (w)TP f
k=1

when w belongs to a measurable set of full measure. This is universal in the sense
that the estimates of the magnitude of the considered sums are independent of the
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contraction T and f € L?(u). We shall introduce conditions on the sequences ©
and P; some of them are very weak. All these conditions are also natural, in regard
to the optimality of the result we obtain below.

Condition (P): there exists ® : Rt — R™ nondecreasing, concave such that

D= (’)(e@(l)).
Condition (©): i) For anyl, P{|6,| =0} = 0.
i) n "= O(X, 67).

Condition i7) is weak. If the ;’s are identically distributed, condition %) is always
satisfied. This follows from the strong law of large numbers. Condition 4) is natural
in regard to the studied averages. Put for any positive integer n, ©, = Zl":l 9l2.

Theorem 4.2. Let 7 > 3/2. There exists a measurable set Q* with P(Q*) = 1,
and for any w € Q*, a real K, < 0o, such that for any probability space (X, F, u),
any contraction T on L?(u), and any f € L?(u), we have

Dot Ou(w) TP f
sup Xy | [, < <l

21 [@(0,(w))O, (w)] "/ logT (1 + O, (w))

and
| Dbt al(w)Tplﬂ
[@(6(w))On ()] log7 (1 +Oa(w)) 0.

e The stated result expresses a rather general form of the ergodic theorem with
weights sampled by sequences of independent random variables, and we hope that it
will end a long series of results of that type. There is indeed no moment assumption
at all. When some integrability property is moreover known, ©,, can be replaced
by a suitable deterministic sequence in the normalizing sequence.

e Take P such that for some B < oo, p, = O(nf) and © is an i.i.d. se-
quence satisfying condition (0 — 4). Conditions (P) and (©) are satisfied with
®(t) = Blogt. For b > 2, Theorem 4.2 applies with, as a normalizing factor,
O, (w)/?1log" (1 + ©,,(w)). Further, if 6, is square integrable, for any b > 2, there
exists a measurable set Q* with P(Q*) = 1, and for any w € Q*, a real K, < oo,
such that for any probability space (X, F, i), any contraction T'on L?(u), and any
f € L*(n), we have

‘ ZZ=1 01 (w)Tplf| | Zzzl 0[ (W)Tplf‘ a.s.
sup 7 7 e
n>1 Vvnlog’n vnlog’n

This is Theorem 3.5 in [BW] (see also the references therein concerning results
previously obtained by other authors).

e Take P such that for some 0 < § < 1, p,, = (’)(e"é) and © is an 7.7.d. sequence
satisfying condition (© —4). Conditions P and © are satisfied with ®(¢) = t°. Then,
for b > 3/2, Theorem 4.2 applies with the normalizing factor e +9)/2 logb(l +0,)
or n(1+9)/2 166" 0 if 6; is square integrable.

|, <Klfle and
2,p

Proof. Fix 7 > 3/2 and p > 0. The proof relies upon the following result in [W1],
(see Theorem 7).
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Lemma 4.3. There exists a universal constant C such that

|ZM 2i7'rpkt’
E sup sup k=19 <C.

N<M 0<t<1 (1ogpM Zk N+1 92)

Put for positive integers n and ¢ € [0, 1]
Ca(t) = O, Pt

It follows from this lemma that

1
I3 alo <o {3 Pan 3 i

i<I<j z<l<]

with EC' < co. Conditions (P) and (©) imply j = O(6;) and logp; = O(®(j)).
Thus logp; = O(@(Gj)). Replacing C by AC for some suitable A if necessary gives

| 3 all.<c®©)”* (3 )"

i<I<j i<I<j

<C (I)( Z (‘9l| V, 1*9)2)1/2( Z (|9l| V. l*p)2)1/2'
1<1< i<I<j
Thus condition (1.18) of Theorem 1.11 is fulfilled. Now, in view of condition (©—ii),
the sequence {(|6;| vV 17P)%,1 > 1} clearly satisfies condition (1.19).

The conditions for the application of Theorem 1.11 are fulfilled, and the proof is
achieved by applying the second half of this Theorem, and by observing, by means
of condition (© — i), that

n
S (Il v i) = 0(6,).
=1

2. Consider a sequence Q = {Qg, k > 1} of independent random variables with
values in N, as well as an increasing sequence of integers P = {pr,k > 1} and a
sequence of reals A = {ay, k > 1} such that A, = > ;" a? T .

Condition (P): there exists ® : RT — R™T nondecreasing, concave such that

P = O(e®A).

Condition (Q): E sup,,>, % < 0.

Condition (A): log “;‘—: = O(log A,)

Theorem 4.4. Let 7 > 3/2. There exists a measurable set Q* with P(Q*) = 1,
and for any w € QF, a real K, < 0o, such that for any probability space (X, F, u),
any contraction T on L?(u), any f € L?(u), we have

| Yy @ (TP f — ETPrC )
w2 [B(A4)4] g1+ 4,)

0 L. < Kl
2,p

and
ZZ:I a (sz+le(;u)f _ ET?’l+Qlf) as,
[®(A,)A,] " log™ (1 4 A,)
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e Theorem 4.4 provides optimal results for this type of ergodic averages. Here,
are two examples.

e Let 0 < ¢ < 1. Take n=¢ < a, < 1. Then condition (.A) is verified. Choose
Dn = O(e”a), forsome 0 < o < 1, and Q as an i.i.d. sequence such that E logf Q1 <
oo for some B > 1/a. Then conditions (P) and (Q) are satisfied with ®(¢) = ¢*.
For 7 > 3/2, Theorem 4.4 thus applies with normalizing factor n(+e)/2 1667 p.

In the case when a,, = 1, these averages are studied in [S] and [BW] (see Corollary
3.10), where it is proved that

% zn: (TPL+QL(W)f _ Esz+sz) 250,
k=1

Here, we obtain in that case, for any 7 > 3/2,

n

Z (Tpl+Ql(w)f _ ETPH—QLf) a8 0,
k=1

1
n(1+a)/2]og" n

and a maximal inequality.

e Take A as before, p, = O(n?), for some B < oo, and Q as an 4.i.d. sequence
such that EQJ < oo for some § > 0. Choose ®(t) = Blogt. Then conditions (P),
(9Q), (A) are satisfied and for any b > 2, Theorem 4.4 applies with the normalizing
factor \/ﬁlogb n. The same kind of comments can be made for the case a; = 1.

Proof. Fix 7 > 3/2. In view of conditions (P) and (Q)

logl+p; + Q;(w)
4.2 E su
(42 o ®(4;)

Put for any positive integer [

< 0

G(z) = al{e%ﬂx(pz-‘rQL) _ E62iﬂ-x(pl+Ql)},

We use the following lemma ([BW], Lemma 2.3]), which is also easily deduced from
Lemma 4.2.

Lemma 4.5. Assume that for some increasing function G : N — N the following
condition is satisfied:

. oo log(l —|—pj+Qj) 3
(4.3) C(Q.G)=E sip [—G(j) } < oo
Then,
[ a0
E sup sup < CC(Q,G).

N 0zi1 (Y3 x4 })Y/2G(M)
In view of (4.3), we can choose G by putting G(j) = ®(A;). It follows that
1/2
| Y all, <Ceap (Y o).
1<I<j i<I<j

Then, condition (1.18) is satisfied. The conditions for the application of Theorem
1.11 are fulfilled. In view of condition (A), condition (1.19) is verified; the proof is
achieved by applying the second half of this theorem. O
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