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DUALITY FOR HOPF ORDERS

ROBERT G. UNDERWOOD AND LINDSAY N. CHILDS

ABSTRACT. In this paper we use duality to construct new classes of Hopf orders
in the group algebra KC3, where K is a finite extension of Qp and C,3 denotes
the cyclic group of order p3. Included in this collection is a subcollection of
Hopf orders which are realizable as Galois groups.

INTRODUCTION

Let p be a prime number and let the field K be a finite extension of Q,. Let
ord(a) be the valuation of a in K, normalized so that ord(w) = 1, where 7 is a
parameter for K, and let R be the valuation ring of K. Let C},» denote the cyclic
group of order p™.

The classification of Hopf orders in KCj» is a problem that has been under
investigation since the 1970’s. Complete classifications are known only for the cases
n = 1,2; see [TO70], [La70], [Gr92], [By93], [Un94], [CO0] and section 1, below. For
n = 3 the first author constructed a class of Hopf orders by cohomological methods
extending Greither’s for n = 2 in [Gr92]. These Hopf orders are extensions of rank
p Larson orders by rank p? Hopf orders that are duals of Larson orders, which we
call cohomological Hopf orders. In [CUO3] we constructed Hopf orders in KCpn for
all n using isogenies of polynomial formal groups, orders that we will call formal
group Hopf orders. We showed that for n = 3 there exist formal group Hopf orders
that are not cohomological.

Classifying Hopf orders in KCp» remains open for n > 3.

This paper uses duality to construct new Hopf orders in KCps.

The paper contains five sections.

In section 1, we review the structure of R-Hopf orders in KC), and KC2. Assum-
ing K contains (s, a primitive p?nd root of unity, we give a new duality construction
of all Hopf orders in KC)2. We then define “triangular” Hopf orders in KC)s, re-
call and re-parametrize as triangular Hopf orders the cohomological Hopf orders in
KCys from [Un96], and introduce ILD Hopf orders in KCps, a collection of trian-
gular Hopf orders induced from cohomological Hopf orders by base change from the
dual Larson orders defining the cohomological Hopf orders.

Section 2 is devoted to duality results needed later in the paper. Included is a
precise determination of the valuation of G(z,y) — 1, where G(x,y) is the Gauss
sum defined in [GCY8]. As a consequence of these duality results, we show that
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1118 ROBERT G. UNDERWOOD AND LINDSAY N. CHILDS

most triangular Hopf orders are induced Hopf orders, that is, are “induced from
both ends” from a cohomological Hopf order (Theorem 2.8).

Section 3 contains the generalization to KCps of the duality construction of
Section 1. The triangular Hopf orders obtained are called duality Hopf orders.
This collection is distinct from the collection of ILD orders.

In section 4, we recall the class of formal group Hopf orders ([CUQ3]). For n = 3
we find inequalities on the parameters sufficient for the existence of formal group
Hopf orders, independent of and sharper than the main result of [CU03], and recall
from [CUO3] that under suitable conditions on the parameters, a formal group Hopf
order is not a triangular Hopf order. We find that the dual of any formal group
Hopf order is a triangular Hopf order that is never itself a formal group Hopf order.
We find conditions for a formal group Hopf order itself to be triangular.

Finally, in section 5, we show that almost none of the Hopf orders of rank p3
defined in this paper are realizable. By a theorem of N. Byott [By04], a Hopf order
H with local dual H* is realizable if and only if H* is monogenic as an R-algebra.
For known realizable Hopf orders of rank p? and p? we find algebra generators for
their duals, and we find a new class of realizable Hopf orders of rank p3. This
new class includes triangular Hopf orders that are not among any of the families
constructed in sections 1, 3 and 4. We conjecture that we have not constructed
all realizable Hopf orders of rank p3, and so the problem of constructing all Hopf
orders of rank p™, n > 3, remains open.

The first author thanks the University at Albany for its hospitality during this
research; the second author thanks Auburn University Montgomery and Union
College for their hospitality during this research. Both authors thank the referee for
a thorough reading of this paper; the resulting comments and suggestions improved
the content and presentation of this work.

1. KNowN HOPF ORDERS OF RANK p, p, p°

Assume K is a field containing Q, and a primitive pth root of unity ;. Let
ord(¢; — 1) = €/,ord(p) = e = (p — 1)¢/. For an integer ¢ with 0 < i < ¢, set
i =¢€ —i.

Orders in KC). Orders in KC), were classified by J. Tate and F. Oort [TO70],
(cf. [CO0O, Chapters 4 and 5]). It is convenient to describe them as follows: any
R-Hopf order in KC), is of the form

H(i):R{g_l},

T
(9) = C), for some integer 7, 0 < i < e’. Such R-Hopf orders are called Larson
orders in KC), |[La76], [Un94].

Assuming K contains a primitive pth root of unity (i, the character group C'p

of C,, is isomorphic to C,, and is generated by the character v with 47 (g*) = C{k
for j,k=0,...,p— 1. The linear dual of H(i) is then the Larson order

H(') =R {71} :

i

cf. [Gr92, Lemma 3.1] or [CO0, 21.2].

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DUALITY FOR HOPF ORDERS 1119

Orders in KC):. Hopf orders in KC,2 were classified by Byott [By93], Greither
[Gr92] and Underwood [Un94], assuming that K contains a primitive pth root of
unity ¢;. Let Cp2 = (g) and let

p—1

1
em=—Y G g 0<m<p—1,
pk:o

denote the minimal idempotents of K {gP). Greither’s classification of Hopf orders
in KC)2 uses elements of K(g”) defined as follows: define

a: K" — K{gP)*
by sending v in K* to a,, = Zﬁ;lo v"™e,,. Then a is a multiplicative homomorphism,
with a; =1 and a¢, = gP. Greither showed that for v € R,

(1) ay — 1is in 7°H (i) iff ord(v —1) >4 + L.
Using a cohomological argument, Greither showed that given 7, j with 0 < 4,5 < ¢’
satisfying the “p-adic” condition pj < ¢, the order

g’ —1 avg_l]

i j

H(i,j,v):R[ a”g_l]

:H(i)[ ,

g g

is a Hopf order in KC),> provided that
ord(v — 1) > maz{[i' + j/pl, [V'/p + j1},

where [z] denotes the smallest positive integer > x. The map sending g to g (=
the coset of g modulo (g?)) induces a short exact sequence of Hopf algebras,

K — K(¢*) - KCp = K(g) = K
and a sequence of Hopf orders,
R — H(i) — H(i, j,v) — H(j) — R.

Thus Greither’s orders are naturally presented as extensions of rank p Larson orders,
and in fact that is how they were constructed.

If v = 1, or more generally, if ord(v —1) > i’ + j, then H (i, j,v) is isomorphic to
the Larson order H(i,j,1) := H(4,j) (which is only defined if the p-adic condition
pj < i holds). Generally, we have from [Gr92] (cf. [CO0, (31.12)]),

H(i, j,v) = H(i,j,w) iff ord(v —w) > + .

Suppose K contains a primitive p?nd root of unity (5 with (; = (. Let C’pz = (v)
be the character group of Cp> and let

152 o
b= G 0<m <p-1,

denote the minimal idempotents of K(v”). Then the linear dual of H (i, j,v) is the
Hopf order H(j’,i',9) in K (), where © = (v(2) ™!, as will be verified below.

Underwood [Un94] showed that every Hopf order in KC)2 is either a Greither
order or the dual of a Greither order.

As a model for a construction in section [3, we now give a new construction of
Hopf orders in KC)2. Our approach is based on the following result, [C00} (31.2)],
which is a slight generalization of [GC98, Lemma 2.1].
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1120 ROBERT G. UNDERWOOD AND LINDSAY N. CHILDS

Proposition 1.1. Let G be a finite p-group, and let G’ be a subgroup of index p,
with G = (G, g). Let A be a Hopf order in KG'. Let u be a non-zero element of
KG' and 0 < k <e€'. Then

ug — 1

H=A, y=—5—,

is an order in KG, free over A with basis {1,y,...,y?~1}, iff
gPuP =1 (mod 7P*A),
and is a Hopf order in KG if in addition, u is a unit of A and
A(w)=u®u (mod 7%(A® A)).

In Proposition [T the algebra condition gPu? = 1 (mod 7P* A) is generally easier
to understand than the coalgebra condition A(u) =u ® u (mod 7% (4 ® A)).

In Section 31 of [CO0], Hopf orders in KC) were constructed using Proposition
[T, applying both the algebra and coalgebra conditions. However, if we assume K
contains (2, we can construct the same Hopf orders using only the algebra condition
and duality. Denote ((av)~! = ©. Then ord({ev — 1) = ord (v — 1).

Theorem 1.2. Assume K contains (2, a primitive p>nd root of unity, let 0 < i,j <

e, and let v be a unit in R. Let

A(i,j,v) = R [? %]
and assume that v satisfies the algebra condition
ord((iv? — 1) >4’ + pj.
Let

A7, 0) =R [71)1 ‘”’71}

i’ i’
with (y) = C’pz, and assume that ¥ satisfies the algebra condition
ord(vP — 1) > j + pi’.
Then A(i, j,v) is an R-Hopf order in KCe.
Proof. First observe that (a,g)? = ayrac, = ayre,, and so by (),
(avg)? =1 (mod 7P H(i)) iff ¢ =1 (mod n' tP/R).
Thus Proposition [[T] implies that A(4,j,v) is an algebra that is free of rank p
over H(i). Similarly for A(j',4',0). Now let A(4,j,v)* denote the linear dual of
2
A(i,j,v). Let tr : KCp,» — K be the trace map defined by tr(z) = Zfzgl oi(x),
where o; : KCj2 — K is given by 0;(g9) = (4. Let {c;} be an R-basis for A(, j, v).
Then there exists a collection {3;} C KC) for which tr(a;0;) = 6;;, where d;; is
Kronecker’s symbol. One has that
A(i,j,v)" =A{z € KCpltr(zA(i, j,v)) € R},

and A(7,7,v)" is a free R-module with basis {g;}.

If we show that A(j',4',0) = A(i,j,v)*, then A(i,j,v)* will be closed under
the multiplication map induced by the multiplication on KC,2, which means that

A(i, j,v) will be closed under the comultiplication induced by that on KC), and
hence A(i,j,v) will be an R-order and an R-coalgebra. It will then follow that
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DUALITY FOR HOPF ORDERS 1121

A(i,j,v) is closed under the antipode, and consequently, A(7,j,v) will be an R-
Hopf order in KCppe.

To show that A(j’,4,9) = A(i,j,v)* we first show that their discriminants are
equal.

By the method of [Un94, Theorem 2.0, Part 2], one has

disc(A(i, j,v)) = n¥" @D+ R
and
disc(A(j',, 1)) = o P~ DD R,

(Note: this shows that the discriminant of A(%, j,v) depends only on ¢ and j.)
Let M be the matrix which multiplies the basis

) (5}

of A(i,j,v) to give a basis of RC)2. Then

disc(RC,z2) = det*(M)disc(A(i, j,v)).

Moreover, M7 is the matrix which multiplies a basis of the maximal integral order
2
(RCp2)* = RP" to give a basis for A(7,j,v)*, hence

disc(A(i, j,v)*) = det>(MT)disc(RF")
= det®(M)disc(R").

Now by a well-known formula, disc(RCPQ)disc(RPQ) — 71.Zp%R7 thus
disc(A(i, j,v))disc(A(i, j,v)*) = 72 "°R,

whence disc(A(i, j,v)*) = disc(A(j,4’, D)).
We next show that
(A(i, j,v), A(4',i',0)) C R,
that is,
((¢" = 1)(avg = 1), (37 = 1)*(apy — 1)!) € noHra T4 R

for ¢,r,s,t =0,...,p—1. Here (, ): KCp2 x KC’pz — K is the duality map.
We need the following lemma, whose proof is a routine computation left to the
reader.

Lemma 1.3. Let e; denote the minimal idempotents of KCp. Then

(g7 ) = (00

if j=d, k=Db, and is 0 otherwise.
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1122 ROBERT G. UNDERWOOD AND LINDSAY N. CHILDS

q,7;8,t

Let S = ((¢* — 1)%(avg — 1)", (77 — 1)*(agy — 1)*), and let Z denote the

c,d,e,f=0
q T s t
o >33 Then

¢=0 d=0 e=0 f=0

q,7:5,t

Y Cledse, ){g"(avg)®, 7" (as7)”)
c,d,e, f=0

q,7;8,t

= Z C(Cv d7 €, f) <avdgpc+da Qg f 7pe+f>
c,d,e,f=0

S

q,r,s,t
= Z C(C7 d,e, f) Z v¥plI <eigpc+d7 ejfype+‘f>
c,d,e,f=0 ]
q,7,s,t
= Z C(e,d,e, f)vdfﬁdf(§p0+d)(pe+f) (by Lemma [[3))
c,d,e,f=0

q,7;8,t

= Y Clede, f)woc) ¥+,

c,d,e, f=0

ceden)= (1) (1) () () o e-naenen.

Since 0 is so that v0(s =1,

i czgio <Z> (:l> (Z) <;) (1) ¢(=1)"~4(—1)5 ¢ (—1) S ol Fed

where

- (Z, Q0w ) £ (e

Suppose ¢ > t. Then considering the left sum,

> () () ercrar = 3 () (Z (Z)<—1>q—0<<{>c>

c,f=0 f=0 c=0
t
-y (;)<—1>t-f<<{ Sy,
£=0

and since (¢; — 1)? divides every term of the sum, the order of the left sum is at
least,

ge’ = qi+qi’ > qi +ti'.
Since the same argument will work if ¢ > ¢, and will also work with the right sum
(involving d and e), it follows that S has order > i + ti' + rj + sj’, as we wished
to show. Therefore A(j',i',0) = A(i,4,v)*, and so A(i,j,v) is an R-Hopf order,
completing the proof. (I
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Remark 1.4. Consider the units v and ¢ of Theorem Since ord({s — 1) = €' /p,
we have the following possibilities:

(1) If ord(v — 1) > €'/p, then ord(v — 1) = €'/p.

(2) If ord(v — 1) > €'/p, then ord(d — 1) = €' /p.

(3) If ord(v — 1) < €'/p and ord(d — 1) < €'/p, then ord(v — 1) = ord(d — 1).
The hypotheses of Theorem [[L2] namely, ord(v? —1) > pi’4+j and ord(¢;ovP —1)
> i 4 pj, imply that ¢ > ¢’ + j/p and ¢ > ¢'/p + j. Thus by Lemma 3.3,
ord(v —1) >4 4+ j/p and ord(6 — 1) > #'/p + j. We then have:

e In Case 1, ¢/p = ord(v — 1) > ¢ + j/p, hence j'/p > 4, the dual p-
adic condition on ¢ and j. Also, ord(0 — 1) > ord(v — 1) > ¢’ + j/p and
ord(0 — 1) > /p+ 7, so A(j',4,0) is Greither.

e In Case 2, ¢//p=ord(¢ — 1) > #'/p+ j, hence i > pj, the p-adic condition
on i and j. Also, ord(v—1) > ord(6—1) > ¢ /p+j and ord(v—1) > '+ /p,
so A(4, j,v) is Greither.

e In Case 3, ¢//p > ord(v — 1) > i’ + j/p, hence j'/p > i’, and also ¢'/p >
ord(v — 1) > i'/p+ 7, hence ¢ > pj, and both the p-adic and dual p-adic
conditions hold. Also, since ord(v — 1) = ord(¢ — 1), both A(4, j,v) and
A(j',4',0) are Greither.

Thus in Theorem [[.2] 7 and j always satisfy either the p-adic or dual p-adic condi-
tion, and either A(i, j,v) or A(j',4,0) is a Greither order.

Theorem 1.5. The construction of Theorem[L2 yields every Hopf order in KC,

Proof. In [Un94] the first author proved that every Hopf order in K C): is either a
Greither order or the dual of a Greither order. Thus it suffices to show that every
Greither order H (i, j,v), that is, an order of the form A(s, j,v), where ¢ > pj and
v satisfies

ord(v —1) >4’ +j/p and ord(v — 1) >4'/p+ 7,

is of the form A(i, j,v) in Theorem[[:2] For that we only need to show that if i > pj
and v satisfies ord(v — 1) > ¢’ + j/p and ord(v — 1) > i’ /p + j, then

(2) ord(Gv — 1) >4 /p + j,
so that the valuation hypotheses on (19?7 — 1 and vP — 1 in Theorem hold. If
ord(Cav — 1) > ord(v — 1), as in cases (1) and (3) of Remark [ then (@) is clear.

Otherwise, we are in case (2) of Remark [[4] so the p-adic condition on ¢ and j
gives i/p > j, so ¢ /p > i /p+ j, and hence

ord(Cu —1) = ¢'/p+j.
]

Note also that in either case, ¢ > j (and, equivalently, j° > ¢’); cf. [Un94,
Theorem 1.3.1].

We conclude this subsection on rank p? Hopf orders by looking at the relationship
between general Hopf orders in KC)» and Larson orders.

Let A(i, j,v) be an R-Hopf order in KCp2. Then A(i,j,v) contains a largest
Larson order, denoted by L(A(,j,v)). Necessarily, L(A(%,j,v)) = H(i,1), where
l=jiford(l—v) > +j,and l =i — € + ord(1 — v), that is, ord(1 — v) =i’ +1
otherwise ([Un94] Theorem 1.4.0]).
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1124 ROBERT G. UNDERWOOD AND LINDSAY N. CHILDS

Under certain conditions A(i,7,v) also contains a “largest Larson dual”, that
is, the maximal R-Hopf order in K'C,2 of the form H(s,r)* which is contained in
A(i, j,v). We denote this Hopf order by LD(A(i, j,v)). Assuming K contains (o, if
H(s,r)* is contained in A(z, j,v), then A(4,7,v)* is contained in H (s, r); hence the
largest Larson dual in A(i,j,v) is the dual of the smallest Larson order containing
A, j,v)* = A, ¢, D).

Lemma 1.6. Let A(i,j,v) be an R-Hopf order in KCp2 and set v = v ¢, ",
If i > pi’ and ord(0 — 1) >4’ + j, then A(i,j,v) = H(j',i')* is a Larson dual.
Ife'/p > i and ord(d — 1) =i’ + o with o < j, then LD(A(i, j,v)) = H(o',i')*.

Proof. The first case follows from remarks near the beginning of this subsection.
For the case when A(4, j,v) is not a Larson dual, we seek ¢’ minimal > j’ so that
H(¢',i") is Larson, hence
pi' <o <€,
and A(j',4',0) C A(¢',7',0) = H(¢',i'), hence
ord(1 — %) >4’ + .
We let ord(1 — 9) = ¢’ + p with ¢ < j, and show
pi' <o <€
If so, then H(¢',4’) is Larson and minimal containing A(j’,4’,0), so H(¢',4')* is the
largest Larson dual contained in A(%, j, v).
We consider the cases of Remark [LZ} In cases (1) and (3), we have j' > pi’, and
since ¢’ > j’, we have o' > pi’. Also,
i +o=ord(6—1) >ord(v—1) >4 +j/p,
hence ¢ > 0, hence o' < ¢'.
In case (2), ord(0 — 1) =’ + o =€’ /p > i’ by hypothesis, so ¢ > 0; also,

Ql:i/+€/—el/p

-1
:i,+(p )e,
p
—1
>i’+(p—>pi’:pi'. O
p

Orders in KC)ps. We first review the class of R-Hopf orders in K C)ps constructed
in [Un96].
Let H be an arbitrary R-Hopf order in KCps. Then H induces the short exact

sequences of Hopf orders

R— A(i,j,u) - H— H(k) = R
and

R— H(i) — H— A(j, k,w) — R,
where A(4,j,u) and A(j,k,w) are Hopf orders in KC)2, and H(i) and H(k) are
Larson orders in KC),. It follows that H is of the form

H=R

2
gp _17a/ugp_17T b

Tt gl
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DUALITY FOR HOPF ORDERS 1125

where T is some element of H mapping to % in A(j, k,w), where h is g
(mod (gP°)). If T is of the form

Aybywg — 1
ak

where

by = Z wepatb

0<pa+b<p?—1
so that
buwg — 1 P 1 aug® —1 apbyg —1
H:A(i7j7u) {aﬂu wi ] = g 1/ 7aug‘7 7av wi ] b
0 0 s 0

then we call H a triangular Hopf order. Here

—1
1 % —(pa+b)(pr+s ;
Epath = — Z C2 (p ) (p )gp(pr+s)

r,s=0

for 0 < a,b < p—1 are the pairwise orthogonal minimal idempotents of KC2, Cp2 =
P2 ¥
(¢9?). In what follows we shall denote the R-algebra R {g —1 gl a”bwgl] by

Tt bl i I ﬂ.k
H(Z’ j? k’ u? U? w)'
Analogous to the elements a,,, the elements b,, are multiplicative:
bybw = byw

(clear, since the e,q4p are idempotents). One may verify that b, maps to a,, under
the map from H to A(j, k, w).
In [CUO03] a Hopf order H in KCps was called a cohomological Hopf order if

. bvw *1
H= A(,Lv]7u) |:,7fk:| )

where
b b
byw = E PPt €pa+b-

0<pa+b<p2—-1
Then by = by-1 , and since

p—1
1 _ 2
€p = Zepa+b’
a=0

where e}, b =0,...,p — 1, are the minimal idempotents of KC), C,, = (g”2>, and
eferb = €pa+b, it follows easily that b, 1 = a,, and so
bv,w = bvw,lbwfl,w = avwbwp-

Thus the cohomological Hopf orders of [CUQ3] are included in the class of triangular
Hopf orders described above. Note that

g =brc = bszlegl,Cz = ag,be, -
We now introduce a collection of triangular Hopf orders constructed in [Un96,
§4.1, §4.2].
Let U(R) denote the group of units in R. Let pi’ < j', H(j',i') be the Larson

order in KCype, and let H(j',i')* = A(i,5,(; ") be its linear dual. Let H (k) denote
a Larson order in K C), for which pk <1, where H(i,1) = L(H(j’,4)*) is the largest
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1126 ROBERT G. UNDERWOOD AND LINDSAY N. CHILDS

*

Larson order contained in H(j’,)*. Then [ = j if ¢//p > i’ + j, and otherwise,
l=¢/p—1i (> 0since pi’ < j' <¢'). (Note that pl =€’ —pi’ < e’ —i' =14, s01i
and [ are p- adlc.) Let

Ext!(Spec H(j',i')*, Spec H(k))

denote the collection of 1-extensions of Spec H (k) by Spec H(j’,')*.
Here is the main result of [Un96] (cf. [CU03, Theorem 4.0]):

Theorem 1.7. Assume pi’ < j',pk < j and i’ + pk < €'/p. Let M be the group of

pairs (v,w) € U(R) x U(R) such that
(A) ord(v—1) >4 /p+ k ,
(B) ord(w—1) > 7/p+k ,
(C) ord(w—1) > 7"+ k/p

(D) ord(va L) >pi +k,
and let N be the subgroup of M consisting of pairs (v, w) such that ord(v—1) > i'+k
and ord(w—1) > j'+k. Then the classes [(v,w)] in M/N are in 1-1 correspondence
with elements in Ext'(Spec H(j',i')*, Spec H(k)), pk <, which over K appear as
Pp, K — Hps ik — Pp2 k- The class [(v,w)] corresponds to a short exact sequence
of R-Hopf orders

R— H(j', i) — H(i,j, k, (G v,w)

g” =1 a;19" =1 aub,g—1

3 7_(_] ) ’]Tk

=R

: — H(k) — R.
71—1

Since the Hopf orders of Theorem [[.7] were constructed by a cohomology argu-
ment extending that in [Gr92], we shall call those Hopf orders cohomological Hopf
orders.

The Hopf algebras in Theorem [[L7] are extensions of Larson orders by Larson
duals, and involve five parameters: ¢,j,k,v and w. We can induce from them a

collection of “6-parameter” triangular Hopf orders in K Cjs
Define ¢’ by

o =i +¢€ —ord(a—1)if ord(a — 1) <7 + 7,
o=j'iford(a—1)>i+j
and ¢ by
e/p=ord(¢a—1)=¢+Lif'/p<i +p,
L=pife/p>i+o.
Proposition 1.8. Let H(i,j,u) be a Hopf order with i’ <¢e'/p. If pk < ¢ and v,w
satisfy
(A) ord(v
(B )0rd(w—1)>g/p+k ,
(C) ord(w — )ZQ+k/p,and
(D) ord(vPw=t — 1) > pi’ + k,
then H(i,0,k,( " v,w) is a cohomological Hopf order, and H (i, j, k,u,v,w) is a
triangular Hopf order.

Proof. To obtain H(i, 0, k,(; ", v, w) we need only check the inequalities

pi' <o, pk<op
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of Theorem [[7l Since €’ /p > #', then by Lemmal[lL8l H (i, j,u) has a largest Larson
dual,

LD(A(i, j,u) = H(d',i')* = H(i,0.G ),

where ¢’ > pi’ by construction. Then the assumption pk < ¢ implies that pk < o
by definition of ¢. Thus

. _ e avbw -1
H(zu 97k7C2 lavaw) = H(17]7C2 1) |:7g:|

ik
is a Hopf order. Since H (i, 0,(y ") C H(i,j,u), it is clear that

aypbyg —1
ok

H (i j, by v, w) = H(i,j, ) [

is then a Hopf order, and there is an induced short exact sequence of Hopf orders
R — H(i,j,u) — H(i,j, k,u,v,w) — H(k) — R.

([

An R-Hopf order H(i,j, k, u,v,w) arising in the manner of Proposition [[.8] will
be called a Hopf order induced from a Larson dual, or, for short, an ILD order.

It is natural to ask whether all triangular Hopf orders are ILD orders as in

Proposition [[L81 One goal in the remainder of this paper is to investigate this

question. However, we shall soon show that under the restriction ¢’'/p > i, every

triangular Hopf order is “induced from both ends” of an ILD Hopf order (Theorem
2.8).

2. DUALITY LEMMAS

In this section we collect together various results on duality needed in order to
extend the construction of Theorem [ 2to rank p® Hopf orders. We need two useful
preliminary results.

Proposition 2.1. Iford(é—1) =4 +v' >0, ¢ > >0, then

fas — 1]

R

Proof. We know that ag — 1 € 7% H(v) by (1), hence

R

— | C H(v).

To show equality, we compare discriminants. We have

pp

dlSC(H(l/)) = WR

by [Gr92, Lemma 1.3a]. So

ord(disc(H (v)) = p(p — 1)e’ —p(p — L)v = p(p — 1)v/".
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dise (1 a =1 (aa—1 2 ag — 1\?!
9 7_[_1/ b 7_[_1/ PR ) 7'['1‘l

1
= ————disc(l,as — 1,(ag — 1)%,..., (ag — 1)P71)

On the other hand,

disc (R [a“—;l] )
™

,n-i’p(pfl)
. 2 —1
mdlsc(l,a{“a{“...,ag )
Now af = S0~ ey for k=1,...,p—1. So
1 €0
g, el
2
ag =M €2 ,
ab™! ep—1
where
1 1 1 1
1 U 02 ar—!
M- 1 ﬁ2 ﬁ4 fL2(p71)
1 ar-t @2-D o gD’
Since
disc(eg, €1, ...,€p—1) = R,

it suffices to compute (det(M))2. Since M is Vandermonde,

det(M)= [ (@ —a").

0<i<j<p—1

But ord(@#’ — %) = ord(4/~" — 1) = ord(@ — 1) since @ = 1 mod wR. Thus

ord(det(M)) = 2PV raia— 1),

2
and so
. ag —1 ‘ .
ord <dlSCR {ﬂ}) = (p—1Lp' +v)—(p—1)pi
= (p—1)pv = ord(disc(H(v)).
Hence R [a;—;l} = H(v), as we wished to prove. O
Corollary 2.2. a) Let
B:R{a‘”_,l,ay_, }
Tt mJ

Ifordlzx —1)=i4+py >0,¢ >y >0andordly—1)=j4+v' >0, > >0,
then B = H(max{p,v}).
b) Iford(a —1) =441 >0,¢ >v' >0,¢ >j >0, then
a—1 o—
R{“.,“ . } —H()

v i

with \=7" ifv<j, and \=v ifv>j'.
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Proof. Using Proposition 2.1l we have

B=R “x__l} {%_—1}
e g

_R _0—1} {ay—l}
Th mJ

where A = maz{u, v}.
Statement b) follows easily from a) since o = ac,. O

In the next results we will use duality, and to keep track of which groups are
involved, we shall subscript the duality brackets, as follows: (, ),, will denote the
duality map KCpn X Képn — K forn=1,2,3.

Our first duality results involve a “Gauss sum”defined in [GC98] that arises in
duality computations.

Let  and y be any units in R. The quantity

1 iy
Glr,y)=- > Gy
P ocili<p
is defined to be the Gauss sum of x and y ([GCIY|). Note that G(z,1) = 1. Also,
G(¢F,w

18
)= ) 3 b

P iz

p 1 p—1
:_Z C(k J)z j k.
J =0 =0

The Gauss sum arises in connection with duality because
G(z,y) = (aa, ay)
(where a, € KC,, a, € KC,), as is easily verified (cf. [GC98]).

Proposition 2.3. Let x, y be units in R with ¢’ > ord(1 —x), ¢’ > ord(1 —y), and
ord(l —z) + ord(l —y) > €'. Then

ord(G(z,y) — 1) = ord({az, ay)1 — 1) = ord(1l — z) + ord(1 — y) — €’.
Proof. Let ord(1 — 2) = n and ord(1 — y) = n’ + s, and suppose
ord((az, ay)1 — 1) = ord((a; — 1,a, — 1)1) =t.
We have a, —1 € H(n'), and a, — 1 € #°H(n) by (1). Thus
(az —1,ay — 1)1 € T°R,
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hence t > s. Now
<(a91 - 1>2a Ay — 1>1

((az = 1)% ay)y
({az = 1, ay)1)* + {(az = 1) ® (az — 1), Ay
({ae — 1,0y = 1)1)* + ((ae = 1) ® (ag — 1), A)1,

where
A= Aay) —ay ®ay, € 7" H(n) ® H(n)
since ord(y? — 1) = pn’ + ps [CO0, (31.10)]. So
ord({(a; — 1), a, — 1)1) > min{2t,ps}.
Then
((az —1)%ay — 1)y
= ((az = 1) ay)1{as — 1 ay)1 + {(as = 1)* @ (az = 1), A)y

has order > min{3t,ps}, etc. So
G, — 1
<R[am —1, ™ > €R,
md 1

where ¢ = min{t,ps} > s. But Rla, — 1] = H(n’) by Proposition 21 Hence
a’;rzl € H(n). Thus ord(y —1) > n/4¢ by (1). Since ¢ > s and ord(y — 1) = n'+s,

we have s =t = ¢q. That completes the proof. ([

Lemma 2.4. Suppose ¢’ > ord(1—z;), ¢ > ord(1—y), and ord(1—z;)+ord(1—y) >
e +s,8>0,1=1,2. Then

G(z122,y) = G(x1,y)G(z2,y) (mod 7P°R).
Proof.
G(21,y)G(22,y) = G(2172,Y) = (azy, ay)1(Aey; Ay)1 = (G2, Qay s Ay
= (ag, ® agy,ay ® ay)1 — (ag, @ agy, Alay))r
= (z, ® Agy, 0y @ ay — Aay))1.
Let ord(1 — y) =n’ + s. Then ord(1 — x;) > n, so a,, € H(n'),i = 1,2, and
ay ® ay — Aay) € P°H(n) @ H(n).
Thus
(g, ® Gg,, 0y ® ay — A(ay))1 € T°R.
O

Corollary 2.5. Suppose ¢’ > ord(1 —x) >n and e’ >ord(l —y) >n'+s, s > 0.
Then for0<m <p-—1,

G(z,y)" =G(x™,y) (mod 7P°R)

and
G(z(",y) = G(x,y)y™ (mod 7 R).

Proof. The first formula is an easy induction. The second is an immediate conse-
quence of the property that G(¢*,y) = y™. (]
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Lemma 2.6 (Reduction Lemma). Let v be an element of K, and let T be the
generator of Cpz for which (g¥,7)2 = (2. Then for all0 < c,d <p—1,

<bya avaC+d>2 - G(”Cf, y) = <ava21 5 ay>l-

Proof.

p—1
d 2 d
(by,a, TP T4,y = < E ymepm+n,a7ﬂpc+>
2

m,n=0
p—1 p—1
_ m 2 q,1_pct+d
= < g Y €pmsns g vie, T
m,n=0 q=0 2
p—1 p—1 1 p—1
— m 2 q —qr__pr+pc+d
= E Y epm+n,§ 1175 GrT
m,n=0 q=0 pr:O 2
1 =
_ E q,m—qr/ 2 pr+pe+d
- ; vy Cl <epm+n77— >2'

Note that (€2, ,,,, 77" t7¢t4)y = 1if n = d and m = r+cmod p, that is, if r = m—c,
and (€2, ,,,, 77" TPt )y = 0 in all other cases. Thus

—1

> gy

0

by, a7y

D=

P
m,q
.
PORC SRR
m,q=0

= G(v(,y)

= ({ayacg, ay)1-

—

=

O

Using the Reduction Lemma, we can study when b, — 1 is in 79A(4, j, u), where
A(i, j,u) is an arbitrary R-Hopf order in KC)e.

Theorem 2.7. a) Let y be a unit of R. Suppose A(i,j,u) is a Hopf order and let
i = ¢ lumt with ord(a — 1) =i’ + v/ > 0 with ¢ > v/ > 0. Then b, — 1 is in
w?A(i, §,u) iff ord(y — 1) > o' + q, where

o =vifv <jand
o =j"ifv >
b) Suppose ord(y—1) < e’. Thenb,—1 € w?A(1, j,u) if and only if ord(a—1) > ¢’
and ord(y — 1) > o' +q.

Proof. We have b, — 1 € m?A(i, j, u) iff
(3) (by =1, (17 — 1) (agT — 1)%)p € 79T+ R,
for0<r,s<p-—1.If r=s=0, we have

(by —1,(7P — 1)"(agT — 1)%)2 = (b, — 1,1)2 =0,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1132 ROBERT G. UNDERWOOD AND LINDSAY N. CHILDS

so (@) holds iff
(by —1,(7F = 1) (agr — 1))y € 79+ +sV'R
for 0 < r + s. Since
(L,(7? = 1)"(ag7 — 1)%)2 =0
for r + s > 0, we have for r + s > 0,
(by — L,(7P = 1)"(aaT — 1)%)2
= (by, (7" = 1)"(aaT — 1)%)2

=23 () (5) 0t o)

c=0d=0

=23 () (5) e atag o

=0 d=0
(by the Reduction Lemma [2.6])

= ((aa = 1)*(ag, =1)",ay)1.
Thus condition (@) is equivalent to the condition

((aa = 1)*(ag, = 1)",ay)h € 977" R
or

ﬁf]_ S _ r ,a* S _ T
() () o), = (") () o), €=
Tt gl 1 Tt m 1

wherea:gpz and 0 <r,s <p—1,0<r+s. Since for all 0 < r,s < p— 1 with

0<7"+S, we have
<<aﬁ ! 1> ( /1) ’1> 0’
it J 1

and since (1,a,» — 1) = 0, ([B) is equivalent to

(4) <<aﬁ7r;1>s<"7;,1>r,a,,—1>leﬂR

forall 0 < r,s < p—1. Assume ord(¢ — 1) = ¢ + v/ > 0, ¢ > v/ > 0. Then by
Corollary 2.2Db),

R[aa—l,a—_l ] i)

¥’ mJ
for o =vif v/ < j,and ¢’ =5 if v/ > j. Thus () is equivalent to a, —1 € 77H(p),
which by (1) is equivalent to ord(y — 1) > o’ + ¢, giving a).
For b): It suffices to show, assuming ord(y—1) < €/, that if b, —1 is in 79A(3, j, u),
then ord(it —1) =i +v' > andord(y — 1) > '+ ¢ > o' +4q.
Since by — 1 is in 79A(4, j,u), then for all 0 < r,s <p—1 with r + s> 0,
((ag —1)*(c —1)",a,) € 71+ IR,
In particular, for s = 0,7 = 1 we have
y—1=(o—-1ay) € TR,
hence ord(y — 1) > j' 4+ q. Also, for s = 1,7 = 0 we have

(ag —1,ay) =G(a,y) — 1 € Tt R,
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Since A(i,7,u) is a Hopf order, by Theorem we have ord(d — 1) > i'/p + j.
Hence

ord(@ —1)+ord(y—1) > j ' +q+i/p+j> €.
Assume ord(y — 1) < ¢’. If ord(é — 1) > ¢, then ord(a — 1) > 4¢’. Otherwise, by
Proposition 2.3]

ord(G(4,y) — 1)+ € = ord(y — 1) + ord(u — 1),
hence
ord(y — 1) +ord(a — 1) > ¢’ +4' +q.
Since ord(y — 1) < €', we have ord(d¢ — 1) > i’ + ¢ > i'. Since ¢’ < 7' we have
ord(y — 1) > j' + q > ¢’ + g, proving b). O

Using Theorem [Z7] one can show that if ¢’/p > ', then every triangular Hopf
order is induced from “both ends” of an ILD Hopf order.

Theorem 2.8. Let H = A(i, j,u) [%} be a triangular Hopf order with ¢’ /p >
i" and a,, by, elements of A(i,j,u), v,w € U(R). Then there exists p < k so that

wbwg — 1
H = Al | 8=
TH
is an ILD order.

Proof. If €' /p > 4/, then ord(d — 1) > #': referring to Remark [[.4] this is clear in
cases (1) and (2), where ord(¢—1) > 4'; in case (3), ord(4—1) = ord(u—1) > '+ /p.
Now since a, € A(i, j,u), we have a, € H(i), hence by (1), ord(v — 1) > ¢'. Now
by Theorem 2.7a), since b,, € A(, j,u), we have ord(w — 1) > o, where o' = j if
ord(i — 1) >4’ + j, and otherwise ord(é — 1) = i’ + o. The largest Larson dual in
A, j,u) is H(¢',7)*, and o > pi’. We show that for some p < k, the triangular
Hopf order

HO = H(Qla Zl)* |: T
satisfies the conditions of Theorem [[7 namely:
(A) ord(v —1) >’ /p +
(B) ord(w — 1) > ¢'/p + p;
(C) ord(w —1) = o' + p/p;
(D) ord(vPw=t — 1) > pi’ + p,
with pu <1, H(i,1) = L(H(o',i')*).
Since ord(v — 1) > ¢’ and ¢’ > pi’, we have

ord(vPw™t — 1) > min{ord(v? — 1),ord(w — 1)} > pi’.

Aybyg — 1}

So let

'—1) = pi’ + pp.

ord(vPw™
Since ord(w — 1) > ¢'/p, let
ord(w—1) = ¢'/p+ pp = ¢’ + pc/p-
Since ord(v — 1) > 4’, let ord(v — 1) =i’ /p + pa. Finally, let p satisfy
0 < p <minfk, pa, ps, po, 1o, 1/p}-
Then pp < I and all of the inequalities (A)—(D) hold, so H' is an ILD Hopf order. O
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3. DuALiITY HOPF ORDERS
We begin this section by isolating the main idea of Theorem

Theorem 3.1. Let K contain a primitive p™th root of unity. Let G be cyclic of
order p"™ with character group G. Suppose H is an order over R in KG and J is
an order over R in KG. If (J,H) C R and disc(H*) = disc(J), then J = H* and
both are Hopf orders.

Proof. 1t is well known that the two hypotheses,
(J,H) C R and disc(H") = disc(J),

imply that J = H*. But if J = H* and J is an order over R in KG = KG*, hence
an R-algebra with operations induced from KG*, then J* = H is an R-coalgebra
with operations induced from KG, and hence H is a bialgebra. Since H is also
closed under the inverse map, H is a Hopf order. Then H* = J is also a Hopf
order. O

Using Theorem B we will construct triangular Hopf orders using a duality
argument, a generalization to Hopf orders in K C}s of the construction we presented
for KCp2 as Theorem Before doing so, we note some lemmas:

Lemma 3.2. Let i’ > 0. Then ay is a unit of H(i) iffu—1 € =" R.

Proof. We have a, in H(i) iff a, — 1 € H(i), iff u—1 € 7/ R by (1). But then u is
aunit of Rand u=! —1 € 7" R, 50 ay-1 € H(i), and aya,—1 = a; = 1. O

Lemma 3.3. Ifq < ¢, then for x in R, ord(aP —1) > pq if and only if ord(x —1) >
q.

Proof. If ord(z — 1) > ¢q, ¢ < €, then ord((1 — x)?) > pg. By the binomial
theorem, (z — 1)? = 2P — 1 + W, where W is so that ord(W) = e + ¢q. Now if
e+ q > ord(zP — 1), then ord(zP — 1) > pq. Otherwise, if e + ¢ < ord(zP — 1), then
ord(zP — 1) > pq since €' > q. Conversely, suppose ord(z? — 1) > pq, ¢/ > ¢q. If
e+q > ord(zP — 1), then ord(x — 1) > ¢g. On the other hand, if e +¢ < ord(zP — 1),
then ord((x — 1)P) > e+ g > pq, hence ord(z — 1) > q. O

The next lemma is a routine computation, analogous to Lemma [[.3] using the
fundamental duality relation (¢™,~y™)s = ¢§*".

Lemma 3.4. Let G = Cps = (g), G = (v), and let eanb, é§m+n, a,bym,n =
0,...,p — 1, denote the idempotents in the mazimal integral orders in K[gP] and

K[v?], respectively. Then for all0 < c,d,e,«, 3,0 <p—1,

pPetpdte
)

<epa+bg épm+n7

)

p2oz+p,6+6> _ 1C—(m—d)(a—ﬁ)C(p2c+pd+e)(p2a+p6+5)
3 p 1 3

ifn=-eand b=24, and 0 in all other cases.

Assume that K contains (3, a primitive p®rd root of unity. Let vy generate C'ps,
the character group of Cps, so that (7, g)s = (3. To begin the duality construction,
let A= A(3,j,u), i >0, be an R-Hopf order in K(g?), and for v,w € U(R), let
aybywg — ]-:l

H = Alig ko) = 4| 2225
i
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where, recall,

p—1 p—1 p—1
1.1 m 2 n, . m,_2
ayby = E v'ep - E wres 1y = E vt e
=0

m,n=0 m,n=0
Let B = A(K,j',z), k > 0, be an R-Hopf order in K(v?), and let
azbyy — 1}

i

J=M%f¢%aw=3[

where z,y € U(R). We note that if H is a Hopf order, then both A(4, j,u) and
A(j, k,w), the image of H under the map sending g”2 to 1, are Hopf orders, and
hence necessarily ¢ > j > k (cf. Remark [[4]). So we assume i > j > k.

We wish to find conditions on u, v, w, x,y, z in order that H and J are R-algebras
and (H, J)3 C R. Once we do so, then since the discriminants of H and J depend
only on ¢,j,k (cf. the proof of Theorem [[2)), it is routine to see that disc(J) =
disc(H*) and so J = H*.

First we find conditions for H to be an R-order. For this we want

e A is a Hopf order, free of rank p over the Larson order H (7).
By Theorem 1.2 this is true if a,, is a unit of H(7), which is equivalent to
e u—1¢€ "R, by Lemma B2 and also
o u? —1 ¢ 7P tIR; and
o uP(; — 1€t tPIiR,
If u» — 1 € 7"+ R, then since j < i, Lemma [33) gives ord(u — 1) > i’ + j/p, hence
u— 1€ 7R follows from the other conditions.
e H is an R-algebra, free of rank p over A.

By [C00, (31.1)], this is true iff (a,b,)Pg? — 1 € 7% A(i, j,u). Note that
(avbwg)p = Qypr bwpgp

p—1

Z (Up)b (wP)*€pa+b9”

a,b=0

p—1

= 3 ()P (@P) G e

a,b=0
= Ay, burey -
Then ayrc,bure, — 1 € TPPA(i, j,u) if
apoe, — 1 € TPFH(3)
and
bure, — 1 € TR A(i, 4, ).
The first holds iff
ord(vP¢y — 1) > i’ + pk,
and if ord(@ — 1) > 4/, the second holds iff
ord(wP¢y — 1) +ord(a — 1) >4’ + ¢’ + pk if ord(a — 1) < i’ + 7,
ord(wP¢y — 1) > j' +pkif ord(a—1) > +j
by Theorem 2.7a).
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We collect these conditions into
Proposition 3.5. The algebra
gp -1 augp -1 avbwg_ 1

H = A(i,j, k,u,v,w) = R

?

e I k

is free of rank p over the Hopf order A(i,j,u) if i > j > k and the following
inequalities hold:

Similarly, we have
Proposition 3.6. The algebra

gp2 -1 a,g? -1 azbyg—1
’ﬂ'k/ ) 71_]/ b

A A
J=A,j i z2y) =R o

is free of rank p over the Hopf order A(K',j',z) if ¥ > j' > i’ and the following
inequalities hold:

(i) ord(z — 1) > k+5'/p;

(ii) ord(2 —1) > k/p + j';

(iii) ord(zPls — 1) > k + pi';

(iv) ord(2 —1) > k > 0;

v) ord(yCe — 1) > j/p+1i';

(vi) ord(2 —1) 4 ord(yP(1 — 1) > € + k +pi

We are left with choosing relations among u, v, w, x,y, z and conditions so that
(J, H) C R. Here is the result.

Theorem 3.7. Suppose i > j > k. Consider the following valuation inequalities:
(i) ¢ >ord(d—1) >4 /p+ J;
(ii) ord(vP(y — 1) >4’ + pk;
(iii) ord(a —1) >4 > 0;
(iv) ord(a — 1) + ord(wpcl —1) > 4+ + pk;
v) ord(ws — 1) =ord(z — 1) > j'/p + k;
(vi) ord(u — D =ord(g—1) >+ j/p;
(vii) ¢ >ord(2—-1) > k/p+ j';
(viii) ord(aP{s — 1) >k + pi’;
(ix) ord(2—1) > k > 0;
(x) ord(z — 1) + ord(ypcl -1)>e+ k + pi’; and
(xi) ord(2 —1)+ord(d —1) > € + (= = D@ +k+é).
Then H = A(i, j, k,u,v,w) is an R-algebra, free over the R-Hopf order A(i,j,u),
if inequalities (1)—(vi) hold; J = A(K',j',i',z,x,y) is an R-algebra, free over the R-
Hopf order A(K', 7', 2), if inequalities (v)—(x) hold;, and H and J are dual triangular
Hopf orders in KCys if 2 =w,u =y, va(zG(u, 2) = 1 and inequality (xi) holds.
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Proof. Since it is easy to verify that H and J are closed under the antipode (inverse)
map on K@G, to finish the proof we need to show that (J, H) C R. To do this, we
require that

ord({(g”" — 1) (aug” — 1) (avbwg — 1)*, (47" = 1)7 (a7 — 1) (azbyy — 1)%)3)
>qi+rj+sk+ ok + 75 +ei,

for q,7,8,0,7,6=0,...,p—1. Put

2 2
n={(g" =1 aug” — 1) (avbwg — 1)*, (7" —1)7(a:" —1)7(azbyy — 1)%)s.
Then
q,7,8,0,T,€
2 2
n= Z C<gp Caudgpdavebwegea’yp aazﬁ'ypﬁazébyé’yg>3
c,d,e,a,3,6=0
q,7,8,0,T,
2 2
= C<gp C+pd+eaud'uebw€77p a+pﬁ+6az51‘s by5>3
c,d,e,a,3,6=0
q,7,8,0,T,€
= > Cledea,B,0)T,

e,d,e,0r,8,6=0

C=0C(c,d,e,apB,0)

(GO G) Gty

and
p?-1
= Z udbvebwaezﬁnxénym(s <epa+bgp2c+pd+e’ épm+n7p2a+pﬂ+6>3~
pa+b,pm+n=0
By Lemma [3.4]
<epa+bgp2c+pd+e7 épm+n7p2a+p6+6>3 _ lcf(m*d)(a*ﬁ)C§p2c+pd+e)(p2a+pﬁ+5)56’n5b’5

b

so since uy(a = 1 = wz(s and va(3G(w,y) = 1, we have

p—1
T = 1 Z ud6ve6waezﬁex5eymécl—(m—d)(a—ﬂ)C§P20+Pd+e)(P2a+Pﬁ+5)
p

a,m=0

-1
1 X —(m—d)(a—
= ul (027 G (nGa) OGS YTy (e

a,m=0
steal “
=y P nG) G Y )G )
a,m=0

*d‘swfﬁe(vx@)eé(meG(yéClﬁ7 w¢t)
TGy w) TG ),

=Y
=Y
Now, by (i), ¢’ >ord(1—y) and by (vii), ¢’ > ord(w—1). Moreover, ord(w—1)
+ord(y—1) > e + f, with f = (%)(i' +k+¢')>0Dby (xi). Thus, Corollary 2.5
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yields

Gy, we¢)(we¢h?
( 5 3) dé eﬂcdﬁ (mod ﬂpr)
( )65 dé eBCdﬁ JrWpf

G ¢, weet)

G
G ms,Be,d

where ms g.c.q is in R. So
L=t P ang g ea),

for some element ns ¢4 in R. Then
q,r,8,0,T,E
n= Z CcT
c,d,e,a,3,6=0
q,7,5,0,T,&
= Z C(1+7Tpfngged> co+eatds
c,d,e,a,3,6=0
q,7,8,0,T,&
Z CCIC(H_eOH_dB
c,d,e,o,3,6=0
q,7,8,0,T,&
+ 7Pt Z Cnsge.d
c,d,e,o,3,6=0

c§+eo¢+dﬁ

Now the first sum
q,7,8,0,T,&
oot = cha ZC’ea ZCdﬁ
c,d,e,a,3,6=0 c,6=0 e,a=0 d,3=0
and (cf. the proof of Theorem [[2)

q,e
> Cle,6)¢?

c,6=0

has order > e’q and > €’e, hence order > ¢i + ¢i’. Similarly for the others. In the
second sum, let

C(da €, 57 5)”5,ﬁ,c,d<fﬁ = h’((sa 6> €, d)
Then the second sum is

rie (s, B, e, d) - Zq: ( >(_1)q—c<i5c _ Za: <Z>(_1)g_a<1m

e,3,6=0 c= a=0
= Trpf Z h‘(éaﬂa €, d)(Cf - 1)q(<1€ - 1)07
d,e,(3,6=0

which has order > pf + qe’ + o€’. So we want
pf +qe + o€ >qi+rj+sk+ ok’ +15 +eil.
The worst case is when g =0 =0,7 =7 =¢ = s = p — 1, in which case we have
pf > (= 1) +k+e),
which holds since f = (2= D@ +k+¢). O
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Pairs of triangular R-Hopf orders satisfying the conditions of Theorem [37] are
called duality Hopf orders.
Suppose a Hopf order H C K (s induces the short exact sequences

R— A(i,j,u) = H—H(k)— R

and
R— A(K,j,2) — H*— H({') - R.

Then H satisfies the “valuative condition for n = 37 [Un96} §4.0] if either pk <1
or pi’ <1, where H(i,1) = L(A(i,j,u)) and H(K,1) = L(A(K, ', z)). If H satisfies
this condition, then at least one of the short exact sequences above can be written
as the Baer product of a generically trivial extension and a distinguished extension
of Hopf orders. Hence the structure of H can be characterized. This generalizes
Greither’s method of [Gr92] for Hopf orders of rank p?.

Recall that the maximal Larson order in A(i, j,u) is H(i,1), where

[ = J iford(u — 1) >4 + 7,
~li—¢ +ord(u—1) otherwise

and the maximal Larson order in A(K', j', z) is H(K/, [), where

P 7 iford(z—1) > k+ 5,
|k —¢ +ord(z—1) otherwise.

Theorem 3.8. A duality Hopf order A(i,j, k,u,v,w) satisfies the valuative condi-
tion.

Proof. Since €' > ord(@ — 1), and €’ > ord(Z — 1), then from (xi),

-1
e +ord(2-1) > e’—i—p—(i'—i—k—i—e’),
p

hence

e/

ord(2 —1) > —,
(E-1)>2
and likewise, ord(@ — 1) > €//p. Thus ord(u — 1) = ord(z — 1) = €’/p, which gives
pi’ < j" and pk < j by (v) and (vi).
By (xi) and Proposition 2.3, one has

/

-1 . e
P (z’—l—k+e')>]§.

ord(G(4, %) — 1) >

Now if i’ +pk > €’ /p, then by (ii) ord(vP{a—1) > €’/p, thus since v&(3G (4, £) = 1,
ord(z? —1) > €' /p. So €' /p > k + pi’ by (viii), and the valuation condition pi’ < [
holds.

If ' /p > i’ + pk, then the valuation condition pk <[ holds. O

Proposition 3.9. Let A(i,j,k,u,v,w) be duality. Then either A(i,j,u) or
A(K', 4, 2) is dual Larson.
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Proof. If ord(d — 1) >

i’ 4+ j, then A(4,j,u) is dual Larson, so suppose i’ + j >
ord(@ — 1). Then by (xi),

p_l(i’—i—k—i—e'),
(p—1i" -1k e

i'"+j+ord(2—1)>€ +

i' +ord(2 —1) > j + + + -,
p p p
— i’ — 1)k
ord(:—1) > j 4 <= =Dk
p P
— 1)k
ord(2—1)>j +L,
P

ord(2 —1) > j' +k,

since ¢ > k. Thus A(K',j’, z) is dual Larson. O

In view of the above proposition and Theorem [3.8] it is natural to compare
duality Hopf orders to the cohomological Hopf orders of Theorem [l There are
duality Hopf orders which are not cohomological, as the following example shows.

Example 3.10. Let p = 3,¢’ = 306,¢'/p = 102,i = 272, j = 204,k = 6, so that
i =34, = 102, k' = 300. Let

ord(u — 1)
ord(2 —1) = 305 then
ord(z — 1) = 102 and
G(a,2) — 1) = 2374 305 — 306 = 236. Choose x with
ord(z — 1) = 34 and

ord(v — 1) = 37 and
ord(v3¢s — 1) = 102.

o 0o 0 0 0 0 0 0 o
]
=
[oN
AN AN AN AN AN NN

Then one verifies that all of the valuation inequalities hold, to yield a pair of dual
Hopf orders, as follows:

(i) 237 = ord(a — 1) > 216 > ' /3 + j;

(i) 102 = ord(v3¢s — 1) > i’ + 3k = 52;
(ii) 237 = ord(@ — 1) > ¢/ = 34;
(iv) 543 =ord(d — 1) + ord(23 — 1) > 3k + i’ + ¢ = 358
v) 102 =ord(z — 1) > 7/3 + k = 40;
(vi) 102 = ord(u — 1) > ¢ + j/3 = 102;
(vii) 305 = ord(s — 1) > j' + k/3 = 104;
(viii) ord(zP{e — 1) > 111 > 108 = k + 3i
(ix) 305 =ord(2 —1) > k = 6;
(x) 611 =ord(2 — 1) + ord(uP — 1) > 3i' + k + ¢ = 414;

(xi) 542 =ord(2 — 1) +ord(@a — 1) > 537 > ¢’ + (2)(k+ i +¢€).

Now A(%, j, u)=A(272, 204, u) is not dual Larson, but A(k’, j/, z) = A(300, 102, 2)
is dual Larson, but not Larson. We have £(A(300, 102, z)) = H(300,96). However,
31" £ 96 as required for A(k',j',i', z,z,y) to be cohomological.
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Moreover, no cohomological Hopf order with ¢’ /p > ord(w — 1) = ord(Z — 1) can
be duality, for by (xi) and (i) of Theorem B ord(Z — 1) must satisfy

1
d+m“5—nZoﬂ@—4)+MM2—DZeW%B;_ﬂd+ﬂ+k)

Remark 3.11. Now that we have discussed triangular Hopf orders in some detail,
a natural question arises: Is every Hopf order in KC)s triangular? Intuitively,
the answer would seem to be “no”. Suppose H is a rank p> Hopf order that is
an extension of a rank p? Hopf order by H(i). The classes of examples we have
constructed require that the parameter i be close to €¢/. For example, if H is a
duality Hopf order, then inequalities (iii) and (vi) of Theorem [B.17 are

(iii) ord(qt —1) >4
(vi) ord(u—1) >4 + j/p.
Since @ = (u2) ™!, it follows from (iii) and (vi) that
e/p>i

i> <p;1> e
p

Similarly, if H is a ILD Hopf order, then i’ < ¢’/p. Thus a rank p> Hopf order that
is an extension of a rank p? Hopf order by H (i), where i is sufficiently smaller than
€', cannot be duality or ILD.

In fact, we essentially showed in [CUQ3] that there are Hopf orders arising from
formal groups with i sufficiently smaller than e’ that cannot be triangular. In the
next section we review this result, and investigate the relationship between “formal
group” Hopf orders and triangular Hopf orders in more detail.

and hence

4. FORMAL GROUP HOPF ORDERS

In [CUO3l Theorem 2.1] the authors give a general construction of Hopf orders
in KCpn as the representing algebras of kernels of isogenies f : F — G of degree 2
dimension n polynomial formal groups. These are the so-called formal group Hopf
orders. We obtained the following theorem:

Theorem 4.1 ([CU03, Theorem 2.1]). Suppose © is an n x n lower triangular
matriz with entries in R for which det(©) # 0 and ord(0,.,) > 0 for all r. Suppose,
for all €, that ord(8e;) < ord(fee) for all i < € such that 8¢; # 0, and suppose
also that there exists numbers ¢ and d so that ord(,,;) > (1 — g)ord(6e,) and
ord(0g¢) > dord(fes1,6+1), where

0
<q<2
d (61, !
B,
and » .
d>—
“T-g 1o d

P
Then © gives rise to an R-Hopf order Hg in KCpn.
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Remark 4.2. The structure of Hg can be determined as follows. Let U = (u;, ;)
denote the lower triangular matrix which is the inverse of ©. Then, following [CS98],

p. 71],
Heo = R[z1,29,. .., 2n),
where
n—1
21 = wui(g®  —1),
n—1 n—2
7 = ugi(g’  —1)+wuaa(g” -1,
Zn = Una(g” =) At Uy — 1),
and (g) = Cpn.

In this section we relate formal group Hopf orders when n = 3 to the classes of
triangular Hopf orders of the previous sections.
We begin by recalling a result from [CUQ3]. Suppose ¢ € Q satisfies

p—1
0<g< .
1= 95,71
Put » q
d=-r 4 9
I—q 1-Lz” 7

Let 7 and j be integers with ¢ > dj and

) ()
- P d—1+¢q

Let s and k be integers with j > dk, s < k, and s = (1 — q)k, that is, ¢ = 1 — 7.

Set _
™ 0 0
=10 7@ 0
0 = «F

Then by Theorem B} © yields an R-Hopf order Hg in KC)ps of the form

PP 1 gp—1 —mi(gP—1 ~1
Ho=R|Y ol el L g .

i w7 itk + mk

In [CUQO3| Theorem 4.2] we proved that if i < (1 —
the form

% - 1%)6’, then Hg is not of

R

e g k

g”2 -1 g7 —1 bx,ygll

A review of the proof of [CU03| Theorem 4.2] shows that with only obvious nota-
tional changes, that proof yields:

Theorem 4.3. If
1 1
(e
p p

then the R-Hopf order He in KCps defined above is not triangular.

We can also show that not every triangular Hopf order is formal group.
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Theorem 4.4. Suppose p > 2. Let H = H(i,j, k,u,v,w) be an ILD Hopf order
with j' + (k/p) < ord(w — 1) < j' 4+ (k/2). Then H cannot represent the kernel of
any isogeny of formal groups f: F — G.

Proof. H induces the short exact sequence
R— H(i)— H— H(j,k,w) — R,

where H(j, k,w) is a Greither order in KCp2. Suppose H represents the kernel of
an isogeny f : F — G. Then the coalgebra structure of H is induced by the 3-
dimensional polynomial formal group F. It follows that the coalgebra structure of
the Greither order H(j, k,w) is induced by a 2-dimensional polynomial formal group
F'. But this contradicts [CUO3, Theorem 3.0] since ord(1 —w) < j' + (k/2). O

Confirming a statement in Remark B.T1] we have

Proposition 4.5. Suppose Hg is a formal group Hopf order of rank p3, where
ord(61,1) satisfies the inequality

. p—1 d—1 ,
d(611) =
0T(1,1) ’L<< » ><d_1+q>6
of Theorem 1l Then He is not an ILD Hopf order.

The proof is trivial: any ILD Hopf order satisfies e’/p > #’, hence i > ( pp;l)e’ .

Triangular and formal group Hopf orders are not mutually exclusive, however.
Certainly any Larson order in KCs is both formal group and triangular. To see
more precisely how formal group Hopf orders and their duals relate to triangular
Hopf orders, we need to look more carefully at formal group Hopf orders when
n = 3. Theorem [l gives sufficient conditions to construct Hopf orders for any n,
but when n = 3, it is not sharp. Here is a more precise result when n = 3, one that
allows i to be close to €'

Theorem 4.6. Let '
't 0 0
O=|br" w7 0
cn® dnt 7P
with b, c,d units of R, where r < j and s,t < k, . Then the R-algebra Hg is a Hopf
order in KCps if the following inequalities hold:
e >1i>pj,
2r > 93 >r > pk,
2% >k >t
2s > k > s,
(p—Di' = (p—1)(e' —i) > p(k - s),
(p—1)i'=(—1)(e —1i) >p(j —r)+pk—1),
2r—j > k—t.
Proof. We begin with a brief review of the construction of formal group Hopf orders

of [CUO03] adapted to the n = 3 case. Let T = (z1,72,23)T, ¥ = (y1,y2,y3)T, and
let G2, denote the 3-dimensional multiplicative formal group. Let © be a 3 x 3
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lower triangular matrix with entries 6;;. Under certain conditions on the entries of
O, there exist 3-dimensional formal groups F and F®) defined by

F(z,y) = ©7'G}, (6, 0y),
FO(@.7) = (07) '€}, (07, 677),

respectively, where ©(®) denotes the 3 x 3 matrix whose ijth entry is 9%. Let
[¥] : G2, — G2, denote the homomorphism of formal groups defined by

@) = (1 +21)? =1, (L4 21) (T +29)? — 1, (1 4+ 22) (1 +23)? — 1)7.
Then one can impose additional restrictions on © so that the map
f(@) = (W) '[<](exz)

is an isogeny of formal groups f : F — F®) . The representing algebra of the
kernel of f is a Hopf order in KCps of the form He.

To construct Hg we first find conditions for the formal group F to be defined
over R. Since F(z,7) = ©7'G3 (0T), O7), it is routine to verify that

Fi =z 4y +m'ziy,

_b,]rr+2i 271_27“ .
Fo=x2+y2 + (T) T1y1 + < 4 )fflyl + " (z1y2 + 22y1) + T 22Yyo,
ke g

P N N 7T2i(bdﬂ.r+t _ C7Ts+j) dﬂ.tb2ﬂ.2r N 6271'25
3=1T3+Ys3 e T Tk ok )

N (—bdﬂ'tﬂ"“*‘j cdmstt emsth

- >($1y2+302yl)+< e )($1y3+x3y1)

n —dmtnr? n A2t —— drttk (@aus + Tay )+7rkx y
itk s 2Y2 s 2Y3 3Y2 3Y3.

So F is defined over R if each of the above coefficients is in R, which is the case
if the following inequalities hold:

r+12>7,
2r > j,
s+i>k,
i+r+t>j5+k,
t+2r > j+k,
t+r >k,
t+j >k,
2t > k,
s+t>k,
2s > k.

We also need F?)(Z,7) = (0®)~1G3,(0P7Z, 0)7F) to be defined over R, but
the inequalities become the same. Now we seek conditions on O so that f(T) is
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defined over R, where
f@) = (")~ x (o)
m
- (@(p))—l m |,
3

where
m=(1+6121)" —1,

(14602121 4 02222)P — (14 601 121)

= (14 61121) ’
ns = (1405121 + 039029 + 03 323)7 — (L4 02121 + O2.922)
3 1+ 602121 + 02272 '

Assuming that ord(6; ;) < €’ for all 4, j such that 0; ; # 0, we have [*](OT) =
07 127 + pbi12)
(05 2% + 05 g2 + pha 125 — 01 121)(1 — 01,123)
(05 127 + 08 yah + 03 g8 + pl3 12 + pl3 225 — 02171 — O 229) (1 + 0217 25)
with 2/ in R[[Z]].
Inserting the entries of ©, we find that f(x) = ) 4w, where ZP) = (2, 25, 25)

and w = (wy,wq, w3)T, where

T

)

pT

wyp = 52’1,
S LN L
2 Pitpi 2 pi 3 7PJ 4
pﬂiers pﬁiﬂwﬂ?t pﬂthrr htti
W3 = — Z —— 2 . z - 2
3 mpit+pk 5+ TPitpi+pk 6+ TPi+rk T TPi+pk 8
pms prt "

+ k9 + ok 210 + ok A1
with z1,...,211 in R[[Z]]. Thus for f(Z) to be defined over R with
f(@) =z (mod 7R[[Z]])
it suffices that the following inequalities hold:
e+ 1> pi,
e+ pr+i> pi+ pj,
e+r>pj,
i > pj,
e+ 1+ ps > pi+ pk,
e+ i+ pr+pt> pi+pj+ pk,
e+ pt+r > pj+pk,
pt +1 > pj + pk,
e+ s > pk,
e+t > pk,
r > pk.
Collecting the two sets of inequalities for F and f yields the theorem.
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These inequalities immediately yield:

Corollary 4.7. If H = Hg is a formal group Hopf order arising from Theorem
4.1 or Theorem 4.6 andp >2 ork >0 ori <e orj <i/p orj <k'/p, then H*
cannot be a formal group Hopf order.

Proof. Considering the hypotheses of each theorem, the valuation parameters i, j
and k of H satisfy ¢ > pj and j > pk. The valuation parameters of H* are then
k',7" and 7', and for H* to be a formal group Hopf order they would have to satisfy
k' > pj’ and j° > pi’. But then j < i/p < €'/p and j' < K'/p < €'/p, hence
e’ < 2¢’/p, which means that p = 2 and all the inequalities in the statement of the
corollary are equalities. O

To treat duals of formal group Hopf orders arising from Theorem 4.6, we will
use the following general duality result.

Theorem 4.8. Let K contain a primitive p"™th root of unity C,, and let G = (g)
be cyclic of order p™ with character group G= (7). Let H C KG be a Hopf order
and let Hy = HNK(g?""") = H(i) with 0 < i < ¢’. Let H = image of H modulo
(gP""). Let A=H C K(~?). Let

-1
J=A [“W _ }
7TZ
with w € K(v?). If (J,H), C R, then J = H* is a Hopf order in KG.
Proof. First, we show that a = “Z;l satisfies a monic polynomial of degree p with
coefficients in A.
We have

PP = (1+ar’ )P € K[(y)],
and so since e = (p — 1)e/ > (p — 1)7,

p—1
P\ rpr-mi _ W =1
of + o = —
7; <T> " 7sz

is in H* N K(y?) = A. Thus u is a unit of A.

Now if A has an R-basis {a,}, v = 1,...,p" !, then J has an R-basis {a,a’}
with v = 1,...,p" Y, k =0,...,p — 1, a basis with which we can compute the
discriminant of J. The discriminant of H* may be obtained by dualizing the exact
sequence of Hopf orders,

R— H(i)=H — H—H—R.
We obtain
R—A—H"—H - R
from which we have (from [Gr92]; cf. [CO0, (22.18)])
disc(H*) = disc(A)pdisc(Hf)p"_1 = disc(A)Per”_ll’(Pfl)iR’

since Hf = H(i') and disc(H(i')) = 7?®=DiR by [CO0, (21.1)].
Now Jo = Aluy — 1] = A[y] is a Hopf order in KG, and we can compute the
discriminant of A[y] using the exact sequence:

R—A— Jy— H(0) — R,
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namely,
disc(Jo) = disc(A)palisc(H(O))I’W1 = disc(A)pWPTHIP(p_l)e/R.

The matrix that multiplies the basis {a,a”} of J to the basis {a,(uy — 1)} of Jy
is the matrix

M = diag(1,... 17" ..« . «® D7 =D,

whose determinant is ¢ ®"~'P(P=1))/2 gq

disc(Jo) = det(M)*disc(J) = 7P

n—1

Pe=D7 gise(]),

and hence B )
d’LSC(J) = disc(JO)ﬂ—fpn p(p—1)i R
= disc(A)pwP"_lp(p*l)e’*p"_lp(pfl)i’R
= disc(A)Pa?" " PP-ViR = disc(H*).
Since J C H* and have equal discriminants, J = H*. 0

We now show that the dual of a formal group Hopf order of rank p? is triangular.
Let '
T 0 0
O=|br" @ 0
cr® dmt 7k
with b, ¢, d units of R, satisfying Theorem E.6, and let U = (u; ;) be the inverse of
©. Then Hg = Rz, 22, 23], where
2
2 =ua(g? —1),
2
zo =u21(9" — 1) +u22(9” — 1),

2
zz3 =uz1(9" — 1) +uza(g’ — 1) +uzz(g—1).
Let

J_R 'ypzfl ay? —1 azbyy—1

’ ’

mk I i
with z satisfying
u32(C1 — 1) +uz3((ez — 1) =0,
with y satisfying
u21(C1 — 1) +ug2(ly—1)=0
and with x satisfying
u3,1(C1 — 1) +uz2(Cey — 1) +uz3(@zr — 1) = 0.
Then one sees easily that
2= N1+t Id(¢ — 1)),
y=G (1+a"7"(¢ 1))
and
r=C (L7 (G - 1)

Theorem 4.9. Suppose © is as above so that Fo and the isogeny fo are defined
over R. Then the dual of Hg is triangular.
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Proof. We show that H§ = J, defined above. Using Theorem [L8]it suffices to show
that

(J,Ho) C R.
We know that

Jo=R

7]'kl 71_J/

7 -1 mf’—l]

is the dual of Hg,, the image of Hg under the map sending g]”2 to 1, where
70
9, = (dwt ’/Tk> ’

So since Hg is a Hopf order and its dual contains Jy, it suffices to show that
is in H§. So we need to show that for all 0 <{,m,n <p—1,

azbyy—1
i’

(agby,y —1,242528) € 7 R.
Since
(1,2125°23) = 0
forl+m+n >0 and
(agbyy —1,1) =0,
it suffices to show that
(azbyy, 2425 28) € ™R
for I +m+n > 0. Now we have
(asbyy, ) = G (y62) (aGs)'
for 0 <s,t<p—1andanyr>0. Sofor 0 <m+n<p-—1, we have

(aabyy, 212528 ) = (ur,1 (¢ — 1) (u2,1 (G — 1) + u22(yée — 1))
“(u31(C — 1) +uz2(yCe — 1) +uzz(xds —1))"

=0,
by the way we defined x and y.
Since
u,1(C1 — 1) +uz2(y¢e —1) =0
we have ,
2z = uz1(9” — 1) +u22(g” — 1)
= uz1 (g% — (1) +uz2(g” — yCa)
and since
u3,1(C1 — 1) +uz2(yCe — 1) +uzz(z¢z —1) =0
we have

23 = U371(gp2 —1) +uz2(g” — 1) +uss(g—1)
= uz1(g” — 1) +us2(g” — ya) + uz (g — xCs).
Set b; = g”2 — (1,02 = gP —y(a,b3 = g — x(3. If we set A = (1 — 1, then we have
z1 =wu1,1(b1 + ),
and

A2 = Ul1,1(bl + M) (uz,1b1 + un,2b2)™ (uz,1b1 + ug 2ba + uz 3b3)"
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is an R-linear combination of terms of the form
B = uj s Ayt ug Sugughug by by by
withly +ls=1,m;1+ma=m <p,and n; +ns +nz =n < p.
Set
¢ = (azbyy,—) : KG — K.
Then ¢ maps RG to R and ¢(B) = 0if [y +m;+ny > 0 or n3 > 0. Thus ¢(z! 25"27)
is a linear combination of terms of the form
b Nl o605,

Terms of this form equal 0 if 0 <m +n < p. If m+n =p+t, then

2
$(b5™") = po(€) + d((¢" —y"C)(9" — Coy)')
with £ in RG. The second term in the right side equals 0 if ¢ > 0, and = ¢; (1 — yP)
if m+mn = p. Thus, with m+n = p+t, ¢(2}25"2%) is a linear combination of terms
of the form

(w1, 0) sty opd (€) + (ur,10) ustyuf o (C1(1 = y7))
with ¢(§) € R and the second term occurring only for m 4+ n = p.

Note that

ord(ug2) = —J,

ord(uge) =t —j — k,

ord(uy 1) = —1,

ord(1 — y?) > min{e’,pi’ + pr}.

Thus

ord((ulyl)\)lu%uggp) >
follows if

e —i)—mj—n(t—j—k)+e>i
and for that to hold (since ord(us 1) > 0) it suffices that
0> i+ (- 1j+ (-1 + (k1)
But i > pj + p(k — t) from Theorem 4.6, so
-1

i/+<p_1>j+(pp)z-zz"+<p—1>j+<p—1><j+<k—t>>.

Now (@)Hi’ > i+ (p—1)j+ (%)isince i > pj, and e > (@)Hi’
since € > 7, thus the required inequality holds.
Also, for m +n = p,

ord((u1 1 A) ubyul oG (1 = yP)) > 4
if
min{e’, pi’ + pr} + m(—j) + n(—j — k+1)
> min{e’,pi’ +pr} —pj+ -1t —k) >

or
min{e ,pi' +pr}+i—pji—(p—1)(k—t)>¢€.
But from Theorem 4.6, we have

i—pj—(-1(k-1)>0
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so the desired inequality follows if min{e’, pi’ + pr} > ¢’. To show
pi' +pr—pj—(p—1)(k—t) =7
it suffices to show that
(p—=Di" Zp(G—r)+(p-Dk-1)
which follows from the inequality from Theorem 4.6:
(p—1)i" = p(j —r) +p(k —1).
This completes the proof. ([
We seek conditions so that Hg itself is triangular.

Theorem 4.10. Suppose © is as above so that Fg and the isogeny fo are defined
over R. Then J=H¢ is ILD ife//p>1i +r and €' /p > k + pi’.

Proof. From Theorem 9 we have the triangular Hopf order
’yp2 -1 a./? =1 azbyy—1

Ho=J=R k' A
with
z=C (L+a7d(G - 1)),
y=G (147G - 1)
and

v G4 m (G - 1)),
Note ¢’ /p > k by Theorem 6] so the Hopf order LD(A(K’,j',z)) exists. Since
ord(Z—1)=t+j <k+7j,
LD(AW, ', 2)) = H(d k)" = H(K, 0,65,
where p satisfies ord(2 — 1) =k + p. Thus o' =k +j —t.
Let [ satisfy
l=opife/p>k+o,
elp=k+l1life/p<k+o.
We need pi’ < 1. If ¢/ /p < k + o, this follows from the assumption e'/p > k + pi’.

But by a condition of Theorem [£.6] we have (p — 1)¢’ > p(j — t), which yields
k+ o> € /p, and so pi’ <I[. Thus J is ILD if the inequalities (A)—(D) hold, where

(A) ord(1 — aP) > k + pi’,

(B) ord(1—y) = (k+j—t)/p+i’,

(©) ord(1 —y) > k+j—t+(i'/p),

(D) ord(1 — 2Py~ 1) > pk + 4.
(A) We have

ord(1 — aP) > min{e'/p,pi’ + ps,e +1i' + s}

thus (A) holds given that e'/p > pi’ + k, ps > k, and e + i’ + s > pi’ + k.
(B) Since €'/p > i +r,ord(l1 —y) =4 +r. Now

‘+r>(k+j—t)/p+7
follows from t + 2r > j + k, a condition of Theorem
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(C) The condition of Theorem (p—1)i' >p(k—t)+p(j —r) implies (C).
(D) We have
ord(1 —y~'aP) > min{e + 14’ + 5,7’ + r, pi’ + ps},
which implies (D) by Theorem O

We conclude this section by finding sufficient conditions on a formal group Hopf
order H to be triangular. Since H* is triangular by Theorem 9 if we find condi-
tions on H* to be duality, then H will be triangular.

Proposition 4.11. Let J = A(K,j',4, z,2,y) be the dual of a formal group Hopf
order Ho with © as in TheoremE6l If ord(y —1) =i +r =¢'/p and ord(y — 1)
satisfies e’ > ord(1 — y) and

-1
ord(2—1)+ord(y —1)=t+j +ord(y — 1) > €' + (pT) (e +i' +k),

then Hg is triangular.

Proof. We have
ord(2—-1)= t+7,
ord(g—1)= r+17,
ord(z¢3 — 1) = s+,
where 1, j, k,r, s,t satisfy the inequalities of Theorem Following Theorem 3.7
H = A(4, j, k,u,v,w) is free of rank p over A(i,j,u) if (Proposition [3.3])
i) ord(u —1) > + j/p,
) ord(d—1) > %’/PJrJ,
) ord(vP(y — 1) > i’ + pk,
v) ord(a —1) >
) ord(wCs —1) > i'fp+k,
(vi) ord(@ — 1) + ord(wP¢y — 1) > €’ + i’ + pk,
and H = J* if w =2,y = 4,vx(3G(4,%2) = 1 and
(xi) ord(2 —1)+ord(d—1) > € + (%)(e' +i' + k).

To begin with condition (xi), ord(2 —1) = j' +¢, so ord(i— 1) = ord(y — 1) must
satisfy

ord(i— 1) = ord(y — 1) > ¢’ + (I’Tf) (€ +i k) — (' 1),

Now ord(§ — 1) =i’ +r. From Remark [[4] if ord(§ — 1) # €’/p, then ord(y — 1) <
e’ /p; but

—1
Cfpze (P )@ iR - )
p
is impossible for p > 3, for
v ’ ’ ’ 77,2 ’ p—1 ’ ’ p—1 ’o
JHt+e/p<e+e/pte/pT<e + > e <e+ > (e +i" + k).

Thus we must have ord(§ — 1) = ¢/ + r = €'/p and ord(y — 1) so large (but still
e’) that (xi) holds.
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We check (i)—(vi). Since ord(y — 1) = ord(a — 1) satisfies (xi), one sees easily
from the inequalities of Theorem (.6 that (ii), (iv) and (vi) hold. As for the others:

(i): ord(u—1)=ord(g— 1) =¢€'/p=1i +r >4 + j/p since j < 2r.

(v): If ord(w(e — 1) = ord(z — 1) = j' +t < €/p, then j' +t > j'/p + k follows
from

(p=1)j">2@-1i" >p(j—7)+pk—1t) > plk—1).

If ord(w¢y — 1) = ord(z — 1) > €’/p, then (v) follows from e’ = j' + j > j' + pk.
(iii): To show ord(vP(s — 1) > 4’ + pk, we observe that ¢ > ord(Z — 1) and
e’ > ord(1 — y), hence by Proposition 2.3,

ord(G(4, 2) — 1) = ord(G(y,w) — 1)
=ord(y — 1) + ord(w — 1) — ¢
-1
S S GRE)
p
by the assumption for (xi). We also have ord(x(s — 1) = ¢’ + s, and so, since
vx(3G(u, 2) = 1, we have

ord(vP¢y — 1) > min{pi’ + ps,€'/p}.

Now (p— 1)i’ > p(k — s), so pi’ + ps > i’ + pk. Also, €'/p =i’ +r > i’ + pk. Thus
all the inequalities hold, and so H = J* is a triangular Hopf order. (I

5. REALIZABILITY AND HOPF ORDERS

For the moment we assume that H is an R-Hopf order in KG where G is an
abelian group.

An H-Galois algebra is a finitely generated projective R-algebra A together with
an H-module algebra structure §: H ® g A — A for which the map

H® A— EndR(A),

defined by h® z — (y — z - 8(h ® y)), is bijective. The most interesting H-
Galois algebras that one encounters are those which occur as rings of integers S of
abelian extensions L/K with group G. In the terminology of C. Greither [Gr92],
an R-Hopf order H in KG is realizable as a Galois group, or more simply, realizable
if there exists a Galois extension L/K with group G for which S is an H-Galois
algebra. If H is realizable via the extension L/K, then the module algebra map
B : H®prS — S becomes just the classical Galois action KG ® L — L upon
tensoring with K.

Greither [Gr92, Theorem I1.3.2] has shown that A(4, j,u), j > 0, is realizable if
and only if p divides j and ord(u — 1) =4’ 4 (j/p).

Quite generally, N. Byott [By04] shows that a Hopf order H in KCp» with local
dual H* is realizable iff H* is monogenic as an R-algebra.

Byott’s result applies to the realizable Hopf orders of Greither. Thus the linear
dual of the Greither order A(i, j,u) with j > 0 and pj < 4 must be monogenic.

Theorem 5.1. Let H = A(i, j,u) be an R-Hopf order in KCp2 with ord(u — 1) =

2y — 1
i' 4+ (j/p). Then H* = A(j',i,4) is monogenic with generator Lﬁi/ _
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Proof. From section 1 we know that the linear dual of H = A(%, j,u) is the R-Hopf
order H* = R [7:717 %7171}. We claim that

R [LVT 1] — H".

’]Tl

Certainly R [%71} C H* so it suffices to show that the generators of H* are in

R [%ﬂ_l} Evidently, we only need to show that

-1 agy — 1
i i '

e r|",

Put o = %22-1 Then

i
Pl P ( )4/ G}Z"/p -1
p r(p—r)i _ a4l  —
o —I—Z(T)aﬂ = T
r=0
Since ¢’ > 4/, the left-hand side of the above equation is in R [a’ﬂfl}, hence,

Pap _ o~
R{M}QR{M}

Pt s

Now observe that

aby? =1 agre, =1 ay-»—1

P’ P P’
with ord(u™ — 1) = ord(u? — 1) = pi’ + j = pi’ + (j')’, by hypothesis, hence
Pap —1 =1
R [L} _ R [ai} _H(),
P Pt
by Proposition 2.1l Therefore

H(j') C R [‘ml]
T

and thus 252 € R [%,_1} . It follows that

%4 T
iy —1
H*:R{“” ] O

v

We now discuss the realizability of the Hopf orders in K Cps given in this paper.
Theorem 5.2. An ILD Hopf order that is not cohomological is not realizable.

Proof. Let H = H(i,j,k,u,v,w) be an ILD Hopf order with ord(d — 1) < i’ + j,
that is, H is an ILD Hopf order which is not cohomological. If H is realizable,
then so is H = A(j,k,w), the image of H under the mapping g?" — 1. Thus
ord(w —1) = j' + k/p < ¢ + k/p, which contradicts condition (C) of Proposition
1.8. (I

Theorem 5.3. No duality Hopf order is realizable.
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Proof. Suppose H = H(i,j,k,u,v,w) is a realizable duality Hopf order. Then
ord(u —1) =4 + j/p and ord(w — 1) = j' + k/p by [Gr92, Lemma II.1.6]. Then
ord(u? —1) = pi’ +j since ' +j/p <i'+i=¢€',and pi’+j+j' +k/p = pi'+e' +k/p.
But inequality (x) of Theorem 3.7 requires

ord(u? — 1) + ord(w — 1) > pi’ + ¢’ + k.

This implies k/p > k, which is impossible. O

Theorem 5.4. If p > 2, no formal group Hopf order Hg is realizable.

Proof. Let H = A(j, k,w) denote the image of Hg under the mapping g - 1.
Then the coalgebra structure of H is given by a 2-dimensional generically split
polynomial formal group. Thus by [CU03, Theorem 3.0], ord(w — 1) > 5/ + (k/2).
Now if Hg is realizable, then so is A(j, k, w), which is impossible. O

So we look at cohomological Hopf orders for realizability.

Theorem 5.5. Let H = H(i, j,k,( b v,w), k> 0, be a cohomological Hopf order.
If H is realizable, then pi’ = j’.

Proof. By [Gr92] Lemma II.1.6] we have ord(¢; — 1) = €'/p =i’ + j/p which yields
pi' = j. O

So to find realizable cohomological Hopf orders we are restricted to the case
pi’ = j’. This subclass simplifies to the form

gp2 -1 an_lgp -1 avbvpg -1
: ) 2P

wborg — 1
st [

b b

i mk

with v € Uiy (k/p2) VUit )4k, K > 0 (cf. [CUO3, Remark 4.1].
Underwood [Un98, Theorem 3.2.0], [Un03l Theorem 3.3.1] has shown that these
cohomological Hopf orders are realizable if and only if p? divides k and ord(v—1) =

i' + (k/p?).
Hence by Byott’s theorem, such Hopf orders must have monogenic duals.

Theorem 5.6. Let H = H(pi',i')* {%} be a cohomological Hopf order with
k>0, ord(v — 1) =i + (k/p?), where p* divides k. Then

H*=R

2
Y =1 apy? -1 a3y —1
’ﬂ'k/ Y ’ﬂ'p?/l Y 7T/L/ k)

azy—1
il

where vP = (VP() ™Y, and © = (v(3)~t, and H* is monogenic with generator -

Proof. We first show that the dual H* is of the claimed form.
By Theorem 4.8, we only need to show that (H,J) C R, where

2
=1 apy? -1 a3y —1
’ﬂ'k/ ) T‘_pl/ ) y

J=R

’ )

71-1
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and for this it suffices to show that
ord(7" = 1)"(ag 19" — 1) (aubymg — 1)° a7y — L)a) > gi +r(pi') + sk + 7,
for ¢,7,s =0,...,p— 1, where x = 9. Put

2
n={((¢g" —1Dag 19" = 1) (avborg —1)% azy — 1)s.
Then

q,7,8,1

2
Z C(c,d, e, d){g” Cagdgpdaye bior)eg°, apsy’)s
c,d,e,6=0

3
|

q,78,1

2
Z C(Ca da ¢, 6) <gp c+pd+eac;dvc b(vl’)ﬂa 7604055 >3
c,d,e,6=0

q,78,1

= Z C(e,d,e, )T,

c,d,e,6=0

Cle,d,e, 8) = (Z) (2) (z) <(15)(1)qC(1)rd(1)56(1)15

_ —db _.eb ae _.0n 2e+pdte 2 )
I'= E ¢ v (Up) T <epa+bgp P y Epm+nY >3'
pa+b,pm+n

By Lemma [3.4]

where

and

p’ctpdte *a(m*d)c5(pzc+pd+e)5
3

<€pa+bg aépm+n’76>3 = §C1 e7n6b,6

so since vz(z = 1 we have

—ds,.ed Se ~—a(m—d) 5(p*c+pd+e
CQ v (,Up)aex e<-1 ( )CB( )

)

p—1

>

m=0
p—1

p—1

( 5 o )

a,m=0

1

r = -
a
— el

So it suffices that
q,r,s,1
5% Clede ) e prreot i
c,d,e,0=0

Since this last sum is equal to
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and the first factor is 1 if , s = 0, and 0 otherwise, it suffices to show that

q,1

> Cle,d)¢’ e n R,

c,6=0
for g =0,...,p— 1, which clearly holds. Thus by Theorem 4.8, one has

o — R 7”271 apy? 1a’y—1]'

T('k/ ) 7_‘_pzl ) 7_l_,L/

We claim that H* = R [%Jl} Certainly
=1
R [L] CH,
ﬂ—'L

so it suffices to show that

H*CR[%V.ly

= 7_‘_,L/

and for this it suffices to show that each generator of H* is in R [%171]

2
R [aép’yp/_ 1] = R [ﬂyp ]; 17 a’UAp’yp'/i 1‘| b
bt T v
which follows if we can show that

V- | P’ _ AP
disc (R [W}) = disc (R 7 - 1, il _ 1]) )
P mk Pl

We show that the discriminants above are equal by extending the discriminant
argument of Proposition 2.J1 We have

2
disc | R 71)2 —1 aprP -1 — L :
LA (p— (K +pi"))

by [Gr92, Lemma I.1.3a] and [La76]. Hence
P 1 apq? -1
ord (disc (R i , a”pfypi, 1)) =p*(2e — (p— 1)(K' + pi"))
T

k’
=p*(p—1)(k + (pi")").
On the other hand,

A AP
disc <R {(W,l])
bt

Since ¢’ > pi’, R {%} CR [ 1} so it suffices to show that

2_
= 71—p2(p2 1)pi’ dlSC( ) ’Up,y 1, p7 - 1) (CL,[:)p’yp - 1)1) 1)
2_

= ﬂ-p?(pzfl dZSC <17 vp'y p)27 LN} (aép'yp)p 1)
= —5—~——disc(1,a;,. b be,)? (azp. b )7”271

7P (p2 1)pi’ ) vp( C17 vpCz C1) s P (o C1

27

= 71—1)2(?2*1 p'L/dZSC< Ay prN v PbC1) ,...,(av—pbcl)p 1) .
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Now
p°—1
(av*PbCl)k = Z (Uﬁpncr)kepm—i-na
pm~+n=0
for 0 <k <p?—1.
So
1 60
a{,p’}/p ) €1
(%p’)’p) =M €2 ,
(af}p'}/p)pQ_l

€p271
where M is the p? x p? matrix whose (pm +n + 1)st column, 0 < m,n < p— 1, is

1
v
(vPep)?
(vPreq)?
(v=Pngpryr =t
Since
disc(eg,e1,...,e,2_1) = R,
it suffices to compute (det(M))?. Since M is Vandermonde,
det(M) = I1 (WP =T,
0<pm+n<pm’+n’<p2—1
But
ord(v P ¢ — v = ord (¢ — 1) = ¢
if n =n’, and
ord (v (" — v™P"(") = ord(v” — 1) = pi’ + (k/p),

for all other cases, thus,

ord(det(M)) = (%) e + (p (p2— D _p (p2— 1)) (pi’" + (k/p)),

and so

ord (dz‘sc (R {MD) = p’(p—1)e + @P*P*-1)

—p*(p— 1)) (pi’ + (k/p)) — p*(p* — 1)pi’
= plp— D) +p*(p—1)k

P’ _ AP
ord <disc (R T = 1, il = 11)) ,
s P

which completes the proof. ([
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We seek other Hopf orders in KC)ps which are realizable. From Byott’s theo-
rem, we need only construct a Hopf order H which is monogenic; then H* will be
realizable.

Let A(p*k,k,v) =R {g
ord(v? — 1) > €' /p, and set

D

22k 0

- “”fr 1] be a Greither order, (¢”) = C)2, with

Theorem 5.7. The R-algebra A as above is a monogenic Hopf order with realizable
linear dual

A"=R ﬂ_k/ ’ ﬂ_(pk)/ ) 7r(p2k)’

»Yp2_1 a42—1’yp71 a(vcg) 1b 171]

Proof. We first show that A is a Hopf order in KC)s using Proposition 1.1. We
need %L -1 ¢ H(p*k, pk). To this end, write

nrk
2 2
apg’ =1 afg” —alg” +afg’ —1
Pk Pk
2 2
_ @gP(l—g" ") | afg” —1
Pk wpk

P 4P 2
Now % € H(p*k, pk) and * ﬂ,[ € H(p*k) since A(p*k, k,v) is free over
H (p*k) with basis {(%{1) }. Now since a, is a unit in A(p?k, k, v), it suffices to

show that
Alay) = a, ® a,  (mod 7F(A(p%k, k,v) @ A(p?k, k,v))).

But this follows from [CO0, (31.10)] since ord(vP — 1) > p(p*k)’ + k by Theorem
1.5. Thus Ais an Hopf order.

. Clearly R [a”j,:l] C A. So
it remains to show that A C R [2 ”;’k L]. Since ¢’ > k, R {%} C R[%%1] soit

suffices to show that R |:a€gp—1:| =R {gp i 1] Since A is Hopf, R [a gp_l} -

TPk 2 7 ppk
2

Rl -1
771)270 )y gpk .

Now
disc (

ord (disc <R

b /ﬂ_pk

)Z (<p—1><];22k+pk>)p ’
=)
=

(2¢ — (p— D)(Pk + pk)) = p*(p — D((P°k) + (pk)').

g” —1 g”—ll

Hence
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On the other hand,

ord (disc <R {%] ))

p*(p—1)(¢ + pord(v’¢y — 1)) — p*(p* — 1)pk

2

(
p*(p—1)(¢" + pord(vPly — 1) — (p + 1)pk)
p’(p—1)(2¢' — (p + 1)pk)
P*(p — D((P°K) + (pk)"),

since ord(v? — 1) > ¢’/p. Thus A is monogenic.
We next compute A*. Put

7102 —1 aCQ_ryP -1 a(vc3)_1bcz)_1'y —1
7Tk/ ’ ﬁ(Pk)/ ’ 7T(P2k)/

J=R

By Theorem 4.8, we only need to show that (A, J) C R, and for this it suffices to
show that

ord(((g"" = 1)9(g” — 1) (avg — 1)°, azbyy — 1)3) > qpk + rpk + sk + (p°k)’,

forg,7,s=0,...,p—1, wherexzé,yz({l. Put

2

n={(¢" —1DUg" — )" (avg — 1)*, azbyy — 1)s.

Then

q,7,s,1
*c_pd s
no= Y Cleded)g" gMaveg®, amby7°)s
c,d,e,6=0
q,7,s,1
2
- E Cle,d, e, 0)(g" TP ame yoa,sbys)s
c,d,e,6=0
q,7,s,1

= Y Cleded)l

c,d,e,6=0

where

and

b5 5 2ctpdte 4 5
I'= E v y™ <epa+bgp TPOTE  ComanY )3-

pa+b,pm—+n

By Lemma [3.4]

2c+pd A 5 1 —a(m—d) -5(p*c+pd+e)
<6pa+bgp ote +ea€pm+n7 >3 - 7C1 Cg 5e,n5b,5
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so since y(o = 1, vx(s = 1 we have

p—1
I = % Z Ue‘;x‘;eym‘sgfa(m*d)Cg(PQCerdJre)

a,m=0

1 2
= = > GGG

P am=o
1 p—1
= @@ > GG
p am=0
= GGG
— cé
= (9.
So it suffices that
48,1
n= Z C(C, d, e, (S)Cfé c 7qu2k+rpk+sk+(p2k)’R'
c,d,e,6=0
Since this last sum is equal to
T8 , < » 6
r—d s—e .
2 (d) <) 0 3 Cle o)’ |,
et c,6=0

and the first factor is 1 is r,s = 0 and 0 otherwise, it suffices to show that

q,1
Z C(e,0)¢ € quzk"’(p?k)’]i’,
c,6=0

for g =0,...,p— 1, which holds. Thus by Theorem 4.8, one has

A*=R

AP -1 ac=17? =1 aey)-1be1y — 1
R A= T '

d

The realizable Hopf orders of Theorem 5.6 and Theorem [5.7] are distinct as the
following example shows.

Example 5.8. Set p =3, ¢/ =300, k = 30, ord(v — 1) = 40. Then

99—1 93—1 ayg — 1
7270 77 290 T 130

A=R [
is a monogenic R-Hopf order in KC5; with realizable linear dual

A*=R

79 —1 acgl’}/S —1 CL(,UCS)—Ib<2—1")/ —1
7270 7210 ’ 30 '

3_
ac_lv 1

Note L [ R %7 %]) = H(270,70). But 3(30) £ 70, so A* cannot be
of the form of Theorem 5.6.
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Remark 5.9. Let Ag = A(p?k, k,v) and A = H(p?k,pk, k,1,v,1) be the Hopf orders
of Theorem [5.7] and assume p?k < €’ and ord(vP — 1) = b with ¢/ > b > €//p. We
show that for suitable choice of k, A* is not an ILD order, not a formal group Hopf
order, not the dual of a formal group Hopf order, and not a duality Hopf order.
Thus A* is not any of the types constructed earlier in this paper.

To show that A* cannot be an ILD Hopf order, we first draw consequences from
the fact that Ag is Greither. Since ord(vP(; — 1) = b, we have

(5) b> e —p’k + pk,
(6) b>p(e —p’k) + k.
Since b < ¢/, (@) implies

P’k —k>pe —¢,
Hence
® oz (5r) ¢

Now A* = A(K', (pk)’, (p*k)’, & Y, (v¢z) ™1, ¢ 1) is an extension of a rank p Larson
order by a Larson dual. Hence if A* is ILD, then A* is cohomological. For that to
occur, we require conditions on the valuation parameters, namely

(8) p(e' — p*k) <€ —pk,
which implies
3 2
ka > <p . p > e/
p° =D
and
(9) k+ple —p?k) <€ /p,

which implies

3
2 p =D /
ph= (p3 - 1) <
Thus, recalling (), if

3_ .2 3 _ 2 3
p-—p 2 p =D p-—=p
<p3—1)6/§p b <p3—p>el< <p3—1>e/’
then A* is not cohomological. As an example, for p = 3, ¢/ = 780,k = 61, then
(18/26)e’ = 540 < 9k = 549 < (18/24)e’ = 585.

Also, A* is not a formal group Hopf order. To be a formal group Hopf order, we
would require that (pk)’ > p(p?k)’, hence

3 _ .2
ka Z (p - p ) 6/,
p°—=Dp
hence the last example fails this inequality and A* is not a formal group Hopf order.
Neither can A* be the dual of a formal group Hopf order as constructed in

Theorem 4.1 or Theorem 4.6. For suppose A is a formal group Hopf order, A = Hg.
Then © must have the form

™k 0 0
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Then A is not a formal group Hopf order as in Theorem 4.1 because there we
require that ord(6,,) > dord(6,4+1,+1) with d > p. Moreover, A is not of the form
of Theorem 4.6 since there we require that b and d be units of R.

The construction of Theorem 4.6 remains valid in the case that b = d = 0,
however, and the resulting formal group Hopf orders Hg have matrices of the form
© with 2s > k > s, and ¢ a unit. We show that there exists A not of the form Hg.
If A= Hg, then (Hg, A*) C R, so in particular,

g—1 _Cﬂ.s(gpz — 1) a(ygs)—lbcz—l'}/ -1

R.
ok APk Ttk ’ T (0°k) <

But the expression in angle brackets is

2
v -1 B

71—(p2k)'+k + 71—(p2k)'+k (Cl - 1)7

So we require that
vl =1+ er PR = 1) (mod 7@ HRR).

Since (p%k) + s < (p*k)’ + k, ord(1 — v) = (p*k)’ + s, hence we require that
ord(1 —wv) > (p?k)’ + (k/2). Now since €’/p > ord(1 — v), any k for which (p?k)’ +
(k/2) > €'/p yields A is not a formal group. In fact, the example given earlier
provides such a k.

Finally, since ord(1 — v?) > €’/p, A is monogenic, hence A* is realizable. Thus
neither A* nor A can be duality by Theorem 5.3.
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