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BROWNIAN INTERSECTION LOCAL TIMES:
EXPONENTIAL MOMENTS AND LAW OF LARGE MASSES

WOLFGANG KONIG AND PETER MORTERS

ABSTRACT. Consider p independent Brownian motions in R?, each running up
to its first exit time from an open domain B, and their intersection local time
£ as a measure on B. We give a sharp criterion for the finiteness of exponential

moments,
n
Efess ($5te004)].
i=1
where ¢1,...,py, are nonnegative, bounded functions with compact support

in B. We also derive a law of large numbers for intersection local time condi-
tioned to have large total mass.

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Introduction. Much of our knowledge about Brownian occupation times goes
back to the celebrated Feynman-Kac formula; see e.g. [Fed8| [Kad9] for original
sources and [FP99] for an excellent survey. The formula is also at the heart of results
relating Brownian motion and a vast number of differential equations; see [BS02]
for an impressive account. To formulate one of many versions of the Feynman-Kac
formula, let B € R? be a bounded open domain and suppose that W is a Brownian
motion started in z € B. Let q¢: B — [0,00) be a Borel measurable function and
let T" be the first exit time of the Brownian motion W from B. Then the function
f+ B — [0, 00] given by

(1.1) f(z) =E, [exp /OT a(W(s)) ds}, for z € B,

is the minimal positive solution of the equation

(1.2) fa) =1+ / G, y) Fw)aly) dy,

where G is the Green function for Brownian motion killed on the boundary of B;
see e.g. [FP99, (8)]. Hence, the exponential moments in (L)) are finite if and only
if there exists a finite positive solution to (2.

An ezplicit criterion for the finiteness of the exponential moments in (), given
in terms of a variational formula, is due to Pinsky [Pi86]. Assuming that B is a
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1224 WOLFGANG KONIG AND PETER MORTERS

bounded, open domain with a C2-boundary, for any continuous function q: B — R,
define

(13) lor =sup { [ a@)il@)? do— HIVOIE : v € HY(B), [wiafdo =1},

Pinsky shows that

T .
< oo forall z € Bifl;p <0,
(14) Eq [exp/ﬂ q(W(s))ds} { =oo for all z € B if [, g > 0.

The heuristics behind this formula is that the main contribution to the exponential
moment comes from Brownian motion behaving as if under the influence of a drift
field Vi /4 for a large time ¢t — oo, where 1 is a maximiser in (I3). The cost of
following this drift is given by exp(—t4||V4||3), and the exponent itself becomes
[ g(2)d(x)? da.

Whereas we have an almost complete understanding of occupation times of one
Brownian path, we know much less about the intersection of several independent
Brownian paths, where the role of occupation times is played by intersection local
times. However, there is every indication that the relation of intersection local
times and differential equations is as rich and exciting as in the case of a single
Brownian motion. Maybe even more so, as the equations appearing in this context
turn out to be nonlinear, and the analytical theory of these equations knows more
open problems than answers.

The crucial tools for the study of occupation measures, the Feynman-Kac formula
and the Donsker-Varadhan large deviation theory, can still be used in the analysis
of intersection local times; see [Ch04] for a skillful example. However, in order to
improve our understanding of intersection local times, it would be very important
to have natural analogues for these results which apply directly to intersection
local times. In this paper, as a first step into this new territory, we investigate the
existence of exponential moments for intersection local times of p Brownian motions
in R%. In analogy to (I4) we give a finiteness criterion for exponential moments
of integrals of intersection local time against a large class of test functions. In
the absence of the two crucial tools mentioned before, our arguments rely heavily
on combinatorial and analytical methods. As a consequence of our approach, we
are able to prove a law of large numbers (or, more accurately, large masses) which
relates the asymptotic shape of intersection local time to a natural nonlinear partial
differential equation.

1.2. Brownian intersection local times. Suppose that B ¢ R¢, with d > 1, is
an open set. The set B is assumed to be bounded if d < 2, except that we allow
B =R% ifd > 3. Let p > 1 be an integer, = (x1,...,2,) € BP, and assume that
a family of p independent Brownian motions

(W(t): t € [0,00)), ..., (WP(t): t € [0,00))

in R? with W1(0) = z1,...,WP(0) = z, are realized on a probability space
(Q,F,P,). Denote the corresponding expectation by E,. Each motion is killed
at the first exit time 7% = inf{t > 0: W'(t) ¢ B} from B if this time is finite.
By classical results of Dvoretzky, Erdés, Kakutani and Taylor, p(d — 2) < d is
equivalent to the fact that the paths of the p motions have a positive probability
of intersecting in a point other than their starting point. In this case there exists a
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BROWNIAN INTERSECTION LOCAL TIMES 1225

locally finite measure, the (projected) intersection local time measure £, which can
symbolically be described by the formula

(1.5) L(A) = /Ady ﬁ/o %ds 6y (W'(s)), for A C R? Borel.

Heuristically, ¢(A) measures the amount of intersection of the p Brownian paths in
the set A before they are killed. The measure ¢ is a random element of the space
M(B) of nonnegative, locally finite measures on B, which is equipped with the
vague topology. ¢ is nontrivial with positive probability and, if A is a bounded set,
£(A) is almost surely finite. If A is unbounded, then ¢(A) may be equal to co with
positive probability.

We always assume that p(d — 2) < d. This includes the following cases:

e p =1, d arbitrary. In this case ¢ degenerates to the occupation measure of
a single Brownian path,

Tl
L(A) = / ds1a(W'(s)), for A C R? Borel.
0

Our main result, Theorem [[T] is essentially contained in [Pi86]; see Re-
mark [[4] for a comparison. Theorem seems to be new even in this
case.

e d =1, p > 2 arbitrary. In this case the symbolic formula (5] makes sense
using local time. Indeed, if (L(x) : z € R) is the family of local times
of the stopped Brownian motion Wi, ie., the continuous density of the

. T
occupation measure fo ds dyyi(s), we define

P
L(A) = / dy HLi(y), for A C R Borel.
A=l

e d =2, p> 2 arbitrary, and d = 3, p = 2. In these most interesting cases,
the local times do not exist, and substantial work is needed to turn (3]
into a rigorous definition. See Section 2 of [KM02] for a short survey on
three rigorous constructions of £ in these cases.

We would like to mention (see [LG87, [LG89]) that if d > 2, almost surely, ¢ is
equal to a Hausdorff measure on the set S := W0, TY)N...NnWP[0, T?) with some
deterministic gauge function. This fact underlines that ¢ is the natural measure on
the intersection of the paths.

1.3. The main result. Let ¢: B — [0,00) be bounded with compact support in
B. If ;1 is a measure on B we write (p, 1) = [ ¢ dpu. Suppose now that ¢ is positive
on a set of positive Lebesgue measure; then it turns out that E,exp({y, £))] = cc.
However, it is a subtle question whether the stretched exponential moments of the
form

E. | exp ({0, 0)17)),

where p is the number of Brownian motions, are finite or not. Our first main result
is a sharp criterion for this. In fact, the nonlinearity due to the pth root in the
exponent makes it natural to ask a more general question, namely when for a finite

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1226 WOLFGANG KONIG AND PETER MORTERS

family (1, ..., 9,) of bounded nonnegative functions the moments

E, |exp (Z«owﬂp)}

i=1

are infinite or not. To formulate our answer denote by

D(B) = {H&(B) if B is bounded,

1.6
(1.6) DY(RY) if B =R¢,

the classical Sobolev space H{(B) with zero boundary condition if B is bounded,
and, in the case that B = R%, the set D!(R?) of functions in L{ (R%) vanishing at
infinity and having a distributional gradient in L?(R?). In Section Bl we recall some

properties of D(B).

Theorem 1.1 (Exponential moments). Let ¢ = (¢1,...,dn) be a family of bounded
nonnegative Borel measurable functions with compact support in B, and let

(L) O(9) = 061, 9n) = inf { £ Ve[ : v € D(B), Y llowvell3, = 1}
i=1
Then

S < oo for all x € BP if ©(¢) > 1,
(18) Ew{eXp (;@?J’@w)} { = 0o for all x € BP if ©(¢) < 1.

Indeed, we even have

n

1.9 lim — 10 P, { Frd fl/p>a} —0O(9).
(1.9 tm g lox2{ 316 @)
A partial result in the direction of Theorem [T was obtained in [KM02]. From
Theorem [[.T] we can infer a finiteness criterion for intersection local times in a form
analogous to Pinsky’s result for single Brownian motion in (4.

Corollary 1.2. Let B C R? be a bounded, open domain with Cl—bountiﬂry, and let
¢ = (b1,...,0n) be a family of bounded Borel measurable functions ¢;: B — [0, 00).
Let

110) 8y =sw{ Y 10wl - SIVUIE s v € D). oy =1,

i=1
Then

(1.11) E, [exp (i<¢?p7€>l/p)] { < oo for all x € B? @f ZZ,B <0,

_ D
— =00 for all z € B? if [y p > 0.

Remark 1.3. As in Pinsky’s result, heuristically, the main contribution to the expo-
nential moment comes from each Brownian motion behaving as if under the influ-
ence of a drift field Vi /¢ for ¢ — oo, which pushes the Brownian motion towards
the origin and leads to occupation densities t1)(z)? for each individual path, and
thus tP¢)(x)? for the intersections. In line with Donsker-Varadhan theory , the cost
to realize these occupation densities for all p motions is given by exp(—t3||V¢|3)
for each motion, and the exponent itself becomes ¢ Y7, [[¢:1)[3,.
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Proof. For € > 0, denote by B[e] the open e-neighbourhood of B. We first show
that

(1.12) hmlsoup 18 B < 165

Indeed, for k € N let v, € Hi(B[1/k]) be an approximate minimizer in (LI0) i.e.,
[rllzp =1 and Y270 [|6nlls, — 5 Vrl3 > ZZ)B[l/k] — 1/k. Since the first term
is bounded in k € N, it is clear that (|[Vt||?)ken is bounded. By Lemma
we may assume that 1) converges, as k — oo, to some ¢ € HJ(B[1]) in L?P-
norm such that Vi, converges weakly to V. Since supp(vx) C B[1/k] for any
k € N, we may assume that 1 € H'(R?) with ¢y = 0 outside B. According
to Lemma [5.] the restriction of ¢ to B lies in H}(B). By lower semicontinu-
ity of || - ||l2, we have ||[V4|l2 < liminfyjoeo [|[V¢k||2. By L?P-convergence we have

limpgoo 3070 [[0itkl3, = 327, [|4it0]13,. Hence,
linglsoup 1% Ble z_: o3, — |V¢||2 <15

and this finishes the proof of (L12)).
Now assume that Ij , < 0. Because of (LI2) one can fix ¢ > 0 such that

I < 0. We now work in the domain Ble] and exploit that the supports of

6.B[¢]
¢1,- .., ¢y are strictly inside Ble]. For any n > 0,
(1.13)
0< 0 SIVYI3 = 30 lleavll3,
BIEl ~ yep(Bl\ (0} [KEES
- 5lIVYlE -1 -
<inf{ T2 — 1 v e D(BLE), Y lowl3, = 1, 013, = n}
T0lE, -

1y, -
< ({31013 : v € DBED, > I6bll, = 1. 101, > np-1).

Since there is a nontrivial minimiser ¢ for the variational formula (L)), we can
choose 77 > 0 so small that the variational formula on the right-hand side of (II3)
is equal to ©(¢). Hence, ©(¢) > 1, and by Theorem [[T] we infer that

[exp(z 2p€1/p)] < 00

=1

3

for all z € Bl[e]? and the intersection local time ¢ of the Brownian motion killed upon
leaving Ble]. The desired result for the original domain follows by monotonicity.
Now assume that I¥ 5 > 0. Then there is a 1) € D(B) satisfying |12, = 1 and

SIVEI3 < - oI,

i=1

There exists a domain U with U C B such that

p n
§||V1/JH§ <Y ldiludll3,-

i=1
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1228 WOLFGANG KONIG AND PETER MORTERS

Multiplying ¢ with an appropriate positive constant, we obtain a new ¥ € D(B)
satisfying >, [[¢:1u|3, = 1 and 5||Vy[|3 < 1, which implies that ©(¢1y) < 1.
The result follows from Theorem [[.T] and monotonicity. O

Remark 1.4 (Comparison with the result of Pinsky). Looking at the special case
p = 1, and (without loss of generality) n = 1, Pinsky [Pi86] shows (LTT]) for any
continuous ¢;: B — R in the case that B has a C?-boundary. His result is based
on the formula

1 ! 1 1
(1.14) }%Ioré n logE, [exp {/0 D1(W(s)) ds}, T > t} =ly, B, forallz € B,

which follows from the Donsker-Varadhan theory and an analysis of the regularity
of the variational problem defining li’ - Note that our approach requires weaker
regularity assumptions, but is not suitable to deal with functions of changing sign.
Of course, the main point of our investigation is the generalisation to the case p > 1,
where (ILT4]) is not available. O

In our proof of Theorem [L.T]it is essential to show the existence of minimisers in
([L7) and characterise them by differential equations.

Proposition 1.5 (Analysis of ©(¢)). Let ¢ = (¢1,...,6,) be a family of nonneg-
ative bounded measurable functions with compact support in B. Then the infimum
in (7)) is attained. Fvery minimiser ¢ € D(B) satisfies the equation

(1.15) —SAY =0(0) v Y ey, 67
i=1

We do not know in general whether the solution of (LIH)) is unique, even in
the simpler case n = 1, where the equation simplifies to the nonlinear eigenvalue
equation

—5 A0 = 0(9) ¥,

A natural question in this context is whether the minimisers in the variational
problem (L7) allow a probabilistic interpretation. Our second main result provides
an interpretation as the asymptotic “shape” of the intersection local time when the
total mass in a given set is large.

For the formulation of this result let U be an open, bounded Lebesgue continuity
set whose closure is contained in B, and define a (random) probability measure L
on U as the normalized intersection local times L = £/4(U) on U. Let d denote a
metric on the space M1(U) of probability measures on U that induces the weak
topology. Under the conditional law P{- | ¢{(U) > a}, as a T oo, the measure L
satisfies the following law of large numbers.

Theorem 1.6 (Law of Large Masses). Denote by M C M1(U) the set of measures
V2P (x)dx on U with ¢ a minimiser in the variational formula for ©(1y). Then,
for any x € BP,

lim IP’z{d(L, m) > e ‘ o) > a} —0,  foranye>O0.

The convergence is exponential with speed a/P.
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This result was announced, without proof, in [KM02]. By Proposition [[L5 the
densities ¥?P of the measures in 9 satisfy the nonlinear eigenvalue equation

—§A¢ = O(1y) v 1,

Whether the solution to this equation is unique, and also whether 91 is a singleton,
seems to be an open problem. It is a further open problem to determine the precise
rate of convergence in Theorem

Remark 1.7 (Comparison with a result of Chen). In a recent paper Chen [Ch04]
looks at the intersection local time ¢; for p > 1 Brownian paths in R? each running
up to time one. He finds a sharp criterion for finiteness of the total intersection
local time. For ¢ = £(p — 1) and

1-2

1-2 q
(p,d) = a(z25) "~ sup {03, — $IVI3 : v € DR, =1}
he shows that

N2 d(p—1 < oo for all z € BP if v < v(p,d),
(1.16) B, {exp (VZI(R ) r ))} { = oo for all x € BP if y > ’yEp,d;.
Because of the fized time horizon this problem is very different from the one we
are looking at — note also the completely different scaling behaviour. Still it is in-
teresting to compare the techniques of proof. Chen’s method, again quite different
from ours, is based on asymptotics for the Feynman-Kac formula for occupation
times and approximation of intersection local time by occupation time. Under-
standing the relationship between these results and methods would probably lead
to significant progress in the research programme set out in the introduction. [

2. OVERVIEW AND SETUP OF THE PROOF

Our main results follow from an analysis of the large-k asymptotics of the kth

moments of the random variables
n

> (om0,

i=1
In Section 2] we fix some notation about entropy and relative entropy. In Sec-
tion we derive the moment asymptotics in terms of a variational formula in-
volving relative entropies. We also identify this formula in terms of O(¢) defined
in (L7). In Section [Z3] we complete the proofs.

2.1. Entropy and relative entropy. For any probability measure p and any
measure i on the same measure space X the relative entropy or Kullback-Leibler
distance of p with respect to i is defined as

(2.1) mﬂm/mmn%ﬁﬁ}

which is to be interpreted as infinity if p &« g. If @ = fdz, then we often write
H(p | f) instead of H(p | ;). By Jensen’s inequality we always have H(u|p) >
—log 1(X) and equality holds if and only if 4 = f1/f2(X). More specifically, for any
€ My (B) we define I(u) = H(u | Leb), the relative entropy of u with respect to
the Lebesgue measure Leb on B. For A € S,,, where S,, denotes the n-dimensional
unit simplex, we write I(A) = >, A;logA; for the relative entropy of A with
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1230 WOLFGANG KONIG AND PETER MORTERS

respect to the counting measure. In both cases the functional I is convex and lower
semicontinuous. We denote by

(2.2) Mj(B) = {1/ € My(B?) : v(A x B) = v(B x A) for all Borel sets A C B}

the set of probability measures v on B2 with equal marginals v (A) = v(A x B) and
vo(A) = v(B x A), and we denote the marginal by © = vy = 1. For v € My (B?)
we define

(23) IZ(V): {fo(y|7/1 ®M)v 1fU€M){(B)7

, otherwise.

It is known that Iﬁ is lower semicontinuous and convex.

By G = Gp: RY x R? — [0,00] we denote the Green function of a Brownian
motion stopped when reaching B. That is,

(2.4) Gla,y) = / pola,y) ds, for 2,y € B,
0

where p,(z,y) denotes the transition sub-probability density of the stopped motion.
Define a function G: M;(B) — R by

G(pn) = inf {I — (v, log G)}

1€M*(B)

(2.5) o v(dx dy)
= et /. /B Ve ) o8 WGy

Observe that it suffices to take the infimum over measures v satisfying v < p ® pu.
We can replace I7(v) in the definition of G by either the relative entropy H (v | p@pu)
or the mutual information H(v |11 ® va).

2.2. Moment asymptotics. Let ¢ = (¢1,...,¢,) be a family of bounded non-
negative Borel measurable functions with compact support in B and define, for any
AES,,

(26) H(6,)) = —inf{iAiH(ui |677) +pg(i>\jw) |1, € Ma(B) -

Note that it suffices to take the infimum over measures p; that satisfy p; < (;fp dx.
The following proposition is the main result of Section [3
Proposition 2.1 (Asymptotics for mixed moments). Fiz z € BP.

(i) For every A € Sy,

n

1
(2.7) hmmf A logE,, [k' H(@?P?@kki} > g(gz), /\).

k
Teo =1

(ii) If each ¢; is bounded away from zero on its support, then

(2.8) lim sup sup [k‘ logE, [k'l’ H<¢?l’,£>k/\i} _ ~‘73(¢,>\)] <0.

kloo AES, i—1
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(iii) Let U C B be a bounded open Lebesgque continuity set whose closure is
contained in B. Let H C My(U) and € > 0. Then

f(U) 1{L€H}} < — inf {I(u)+pG()},

li 1 E,
imsup — A og ok

kToo k!P
where Hle] C M1(U) denotes the e-neighbourhood of the set H.

In this section we show how to use this result, together with an analysis of the
variational problems to complete the proofs of our theorems. We first derive from
Proposition 2] the moment asymptotics of the random variable > 1<¢2p AR
For this purpose define

(2:9) W(9) =~ inf {pI(N)~ H(6. 1) }.
Proposition 2.2. Fiz x € BP.
(1) We have
1 D, / kp
(2.10) hmlnf E logE, [km(i_l((bip,é}l p) ] > W(e).

(2) Assume that every ¢; is bounded away from zero on its support. Then
1 i 2% N1/p kp
(2.11) hstup % logE, {k”’ (Zl(gzbz 0 ) < W(o).

Proof. We use Proposition 2.1 and denote ¢; = (b?p. For I,n € N, let
)= {)\ € S,, : I)\; is an integer for all z}

The multinomial theorem yields that

n n

(2.12) (Steen)” = 3 (,ﬁm o) L

i=1 AES, (kp i=1

Stirling’s formula yields that, uniformly in A € S, (kp), as k T oo,

kp —kpl .
2.13 = e~ kpI(N) golk)
(2.13) (kszl, o k:p)\n) € ©

To prove part (i) of Proposition 2.2 pick some small 7 > 0 and choose an
approximate minimiser A* € S,, in (Z9]) such that

pI(A") = H(, X) < =W (¢) +
Pick A € S, (kp) such that [A; —A;| < & for any i € {1,...,n}. Note that the vector
A=1(A* = A1 —¢)) lies in S,,. Fix £ > 0 and use Hélder’s inequality to derive

ST (S N (S ) (A

= 1= 1=

The last term is further estimated using Holder’s inequality by

n

@15) B[] 7 2 HE (i, F] 7T > (e T,
i=1
where C only depends on p and ¢1,...,¢,. This follows from rough a priori es-

timates based on Le Gall’s moment formula; see e.g. [LG87, Proposition 3]. By

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1232 WOLFGANG KONIG AND PETER MORTERS

continuity and nonpositivity of I, we may estimate I(\) < I(A*)1=2, for k suf-
ficiently large. We take expectations on both sides of ([ZIZ), and obtain a lower
bound by restricting the sum on the right side to the unique summand for A chosen
above, obtaining, with the help of Proposition [211i),

1 " 2 n1/p)\ P
hmme log E, [k”’(21<¢i ,0) )

1 1 2 * eC
> — 2P p\RAG | S
> —pI(\) + T hmmf L logE [kz'ﬁ J |1<¢)z ,0) ] T2

1

>
- 1-¢

1
1—e¢
Now let n | 0 and € | 0 to arrive at (210)).

Now we prove Proposition 222(ii). For any small § > 0 we have, by Proposi-
tion 2I(ii), for sufficiently large k and any A € S,,,

[PI(X*) — (¢, A*) 4+ eC — 2peI(X*)]

>

[—W(¢) +n+eC — 2peI(X*)].

n

Dlogk [ T[lee 0] < 9000 +6

=1

Hence, by ([ZI2), 213), and using that the cardinality of S, (kp) is bounded by
(kp)™ = e°®) | we get

1 n
(2.16) hr,?T(S,llkaOgE [k'p(;<¢fl’7é>l/p) p} < — inf [pI(A) — 9(¢,\)] + 6.

AES,
Now we let § | 0 in (ZTI6]) to complete the proof. O

At this point we would like to replace the cumbersome expression (2.9) for W (¢)
with a more elegant expression involving energies of functions. The following result
is the main result of Section @l

Proposition 2.3. Let O(¢) be as in (7). Then

W(¢) = —plog ¥~

Moreover, in the variational problems (LT) and 29 (substituting [2.6]) ) minimis-
ers exist, and they are related by the formulas

du; ‘
217) A= |vgilZ,  and  pFEF =N d“ fori=1,....n

Using this, we arrive at the following theorem.

Theorem 2.4 (Moment asymptotics). Let ¢ = (¢1,...,¢,) be a family of bounded
nonnegative Borel measurable functions with compact support in B, and let ©(¢)
be as in (LA). Then, for all x € BP,

(2.18) llle klogE [/jp(iw% 6)1/”) ] = —plog @

=1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



BROWNIAN INTERSECTION LOCAL TIMES 1233

Proof. By Propositions and [Z3] we have the result if ¢1,..., ¢, are bounded
away from zero on their respective supports. In order to remove this restriction, let
¢1,...,¢, be as in the statement and define d)f) = ¢i + el gupp(e,) for e > 0. All
we have to show is

limsup ©(¢)) > 6(9).
€l0

It is clear that the condition in the variational problem (7)) may be relaxed to
0(¢) = inf {2 Vyll3 - v e D(B), D ll6iwl3, > 1}
2 2 - 5 '3 2p = .
i=1
Now we argue that there is M > 0 such that, for any ¢ € [0, 1],
n
e . p =5
(219) () =inf {L|Vul3 : ¢ € D(B), - 160 I3, > 1 1ty < M,
i=1

where U denotes the union of the supports of ¢q,...,¢,. Indeed, note that ¢
O(¢®) is decreasing and therefore bounded on [0, 1]. Hence, in dimensions d > 3,
[2I9) follows from (5.2), and in d < 2 it follows from (&.3]).

For any e € [0, 1] and any 1 in the set on the right-hand side of ([2.19), we have

||¢;€)¢ng < H¢’L¢H§p + 507

where C' > 0 only depends on M and on the suprema of ¢1,...,®,. Now choose
e €[0,1/(2C)]. Then we have

0(6) 2 inf {EIVull3 : v € D(B), S 6113, = 1 - =C. 1wy < M|
i=1

n e
> inf{guwng 1 € D(B), Y lleall3, > 1 *EC} =7 _(?c
=1

which completes the proof. (I

2.3. Completion of the proofs. With this result at hand we can easily complete
the proof of our main results. The relation between large moment asymptotics and
exponential moments is given by the following easy lemma.

Lemma 2.5. Fiz p > 0 and let X be a nonnegative random variable such that

1 1 ] S
%%?oglogE[mX }——plogg

exists for some © > 0. Then we have E[eX] < oo if® > 1, and E[eX] = oo if
O <1.

Proof. The assumption and Stirling’s formula imply that, as k T oo,
kp
(2.20) E[X*] = k!P(g) ) = (kp)l@—Pk o),

In the case © < 1, this shows that the terms E[X™]/m! are not summable over the
subsequence m = kp, k € N, which implies the second statement. In the case © > 1
we estimate, for any m such that kp < m < (k + 1)p, with the help of Holder’s
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inequality and Stirling’s formula,

BLX™] < BP0 = (2" oo < (2™ (2)" o) gy,

The first statement follows by summing over all n. O

Proof of Theorem[I.1l Apply Lemma to the situation of Theorem 2.4 to get
(CH). Similarly to Lemma 23], [KM02, Lemma 2.3] relates large integer moments
and upper tail asymptotics, and allows us to infer (L9) from Theorem 241 O

Proof of Theorem [[L6l. Suppose H C M;(U) is such that H[e], an e-neighbourhood
of H, is disjoint from 9. By ([2I7), in the special case n = 1, ¢; = 1y, the set
M is equal to the set of minimisers of I 4+ pG over the set M1 (U). As the set of
minimisers is closed, we can find € > 0 such that I(u) + pG(u) — inf{I + pG} > ¢
for all » € H[e]. Now,

1
7 logP{L € H|¢(U) > a}
a+/P

1
The second term converges to pexp( inf{I +pg}) by [KMOQ Theorem 1.1 and

Proposition 2.1]. For the first term we use the Tauberian Theorem [KM02, Lemma
2.3], together with Proposition 2.11(iii) to obtain

lim —— logP{é( )>a|Le€H}
oal

aloo

< —pexp( L lim — logIE [

ook: k’LEHD

AR

= —pexp ( llIglo p logIE [k,p Z(U)kl{LEH}D

SfpeXp(%,Melr;If {I(p +pg(u)})~

Altogether,

. 1
llriillpm logP{L € H|{(U) > a}

inf {I(,u) +pg(u)}) + pexp ( inf{7 erg})

1
S Tpexp (E pEH[e]

which implies the result. ([

3. MOMENT ASYMPTOTICS

In this section we prove Proposition 2.1l The proof is an extension of the proof
of [KM02, Theorem 1.1], and we are able to use some material from there. To
keep the notation manageable we assume that = = (0,...,0), i.e., all motions are
started in the origin. We write E instead of Eg. The case of arbitrary starting
points does not pose any additional difficulties for our asymptotic statements. We
define o; = ¢

The proof is based on a moment formula of Le Gall [LG86]. To formulate the
result in the necessary generality, recall the Green function G = G and define the
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function Py: B* — R by

k
(3.1) Pr(y) = % Z HG(ya(i_l),yg(i)), fory = (y1,...,9k) € B*,
ceB i=1
where we put yg = 0, the starting point of the motions. &y, is the symmetric group
in k elements and we write elements 0 € & as permutations o: {1,...,k} —
{1,...,k} and agree on the additional convention that ¢(0) = 0. Introduce the
empirical measure of the vector y = (y1,...,yx) € B¥,

k
1
Ly = E;ayj € M,(B),

and note that @ is a permutation symmetric function, i.e., it depends on y only via
Ly k. @) assumes the value oo if and only if 0,y1, ...,y are not pairwise distinct.
For the rest of the proof, we tacitly assume that the numbers kAq,... kA, are
integers. This simplification can be justified by simple local approximations of the
type A; ~ [kXi|/k or A; ~ [kA;]/k. Inequalities (2.14) and ([ZI5]) show that this
does not affect the asymptotics on the left-hand side of ([Z7) and ([2.8).

In the following, we organise the vector y as

y= (y; cj=1,...,kN;, andi=1,...,n).
Lemma 3.1 (Moment formulas).

(1) For all integers k > 1,

n n Ak
1 | L
(32) | [0 = [ av @) TTTT ot
T =1 ) i=1j=1
(2) Let H C My(U) be a Borel set, and 6 > 0. Then, for all sufficiently large
keN,
1
(3.3) E{m f(U)kl{LeH}} < 2/ dylr, emep (Pr®))"
! Uk

where H|[0] is the §-neighbourhood of H.

Proof. A variant of part (i) was proved in [LG86]; see [LG87, (2c)]. We focus
on part (ii), where the main idea is that the random variable L is asymptotically
estimated in terms of the empirical measure L, j induced by the integration variable
y = (y1,-..,yx) on the right-hand side of the moment formula.

We now suppose § > 0 and a Borel set H C M;(R%) are given. Then

E[E(U)kl{LeH}]
= E[/Uk (9% (dy) l{Ly,kesz}}] +]E[€(U)k Epor [1{L6H} — 1{Lyyk€H[5/2]}”
(3.4)
< E{/k 2% (dy) 1{Ly,keH[6/2]}} + ]E{E(U)kl{LeH} L®k{d(L,Ly,k) > 5/3}},
-

where E;er denotes expectation with respect to L&, and Y: U*¥ — U is the
identity map, i.e., Y7,..., Y}, are independent with distribution L.
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We now look at the first term on the right-hand side of (8] and show that

]E{ (=% (dy) 1{Ly,k€H[6/2]}]

k
< /Uk dyl{LyykeH[g}}( Z HG(ya(ifl)aya(i)))p'

ceGy i=1

Uk:
(3.5)

This requires us to distinguish between the dimensions. In d = 1 we have that

]E{/Uk €®k(dy) 1{Ly,k€H[5/2]}:| = /Uk dylp, ,eH[5/2)} (E[ﬁL(yj)Dp’

where L(z), x € U, is the local time of the stopped process in xz. Using the
approximation of L(z) by the occupation time of (x,x + ¢) it is easily seen that

k k
E[HL(KJJ)} = Z HG(yo(i—l)ayo‘(i))a
j=1

€S i=1

which proves (B in the case d = 1.

If d > 2, an essential ingredient of the proof is Le Gall’s Wiener sausage char-
acterization of ¢; see [LG8G, Th. 3.1]. For every € > 0 define the Wiener sausage
around W; by

(3.6) S;’:{xeB: there is ¢ € [0, T}) with |x—Wi(t)|<a}, fori=1,....p,

and their intersection S, = (/_, SI. Recall that S = W0, 7] n...NWP[0,T?]
and observe that S = ., S is the intersection of the p independent Brownian
paths. Define

7 Plogf(1/e), ifd=2,
(3.7) sa(e) = ¢ (2me) 72, if d =3 and p = 2,

ﬁs%d, ifd>3and p=1,

where wy is the volume of the d-dimensional unit ball. For every set A C B that is
almost surely an /-continuity set,

(3.8) 161%1 sa(e)Leb (S. NA) =£(A),

in the L*(P)-sense for all positive integers k and, in particular, in probability. As
we have assumed that U is a Lebesgue continuity set, we see from the moment
formula [B2]) for n = k = 1 and 1 = 1lyy that almost surely £(0U) = 0 and thus
B3) applies to the set A =U.

Recall from [LG86] that the family of functions

std(g)kP{yj e S, for allj}, for e € (0,1),

is dominated by an integrable function, and

lsiFOlSd(e)k P{yj € S, for all j} = ( Z ﬁG(yg(il),yo(i)))p.

ceGy 1=1
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Hence for the first term on the right-hand side of [B4), by (B8], Fubini’s Theorem
and the theorem of dominated convergence,
]E{ (4 (dy) 1{Ly,keH[5/2}}} < lalﬁ)l Sd(é)k]E[/

wnsyr Lty wenis)) |

Uk

= 161%1 e dy 1{Ly,kEH[6]}5d(5)k ]P’{yj € S, for all ]}

(3.9) . |
= ” dyl¢r, .eHs)} lglﬁ)lsd(e) ]P’{yj € S for all j}

k
:/Uk dyl{Ly,kGH[(ﬂ}( Z HG(ya(iﬂ),yg(i)))p,

ceSy i=1

which is equal to the right-hand side in our claim (B.3)).

To derive an upper bound for the second term of the right-hand side of ([3.4)
that is negligible with respect to the left-hand side in (B3]), we need an upper
bound for LE*{d(L, Ly.x) > 6/3}, which does not depend on the Brownian paths.
This will be based on a simple metric-entropy type argument. We first use the
fact that the weak topology of measures can be approximated by a finite partition.
More precisely, for the given § > 0, we can find a finite partition P of B and an
1 =n(d) > 0 such that,

sup |v(M) — u(M)| <n implies d(v, ) < §/3.
MeP

Denote the cardinality of P by N and the natural projection by 7: B — {1,..., N}
and recall that for any two probability measures P, Q on {1,..., N} the Kullback-
Leibler distance H(P | Q) is bounded from below by

1
3 _sw [P(A) = QA
Ac{1,...,N}

Hence, we obtain for any two probability measures v,  on R¢ that
d(v,p) > 9/3 implies Hvorn ' |porn™t)>n?/2.
Denote by I the set of probability measures @ on {1,..., N} with H(Q | Lox~1!) >

n?/2. From the upper bound in Sanov’s Theorem for the finite alphabet {1,..., N}
(see [DZ98, p. 15]) we infer that

a1 © A Lv) 2 8/3h < (k+ DT exp (~kint HQ|Lox™))
< (k+ 1)N exp(—kn?/2),

which is the required upper bound. We infer from this that

E[((U) Lzeny LA, Lys) = 3/3}]
(3.11)
< (k+ )N exp(—kn? 2)E [(U) 1 zemy

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1238 WOLFGANG KONIG AND PETER MORTERS

and putting (34), (31) and (BII) together, we obtain
(1= (k+ )Ve M B [((U) 1 ey |

< /kdyl{Ly,keH[é]}( > ﬁG(yU(i—l)’y"(”DP'
Uk €GB i=1

Finally, 1 — (k+1)" exp(—kn?/2) > 1/2 for all sufficiently large k, and this finishes
the proof. [l

In order to derive the upper bounds in Proposition [2.I] it is necessary to replace
the Green function G in the definition of ®x(y) by some bounded function. We
achieve this by cutting off at a large level and show that this does not change the
exponential rate of @y (y) asymptotically as the cut-off level gets large. Introduce,
for M > 0, the cut-off Green function G; = G A M, and denote

k
1
(3.12) Pp v (y) = il E HGM (Yo(i—1):Yo(i)) ,  for y € BX.
ceGy i=1

The following lemma provides the cutting argument:
Lemma 3.2. There is Cy > 0 and, for all sufficiently large M > 1 and small

n € (0,1), there are constants Cpr > 0 and €, > 0 such that limpreo Cr =
lim, o e, = 0, and the following holds:

(1) For any k € N and for any A € S,

n ik
/ dy (2x(w)" [T ] #iwh)
B¥ i=17=1
(3.13) < 2Ppk(2C,)FCTF

n A;m
+2”(1+6n)kp Z / dy (P, ( ))pHH@(y)

=[k(1—pn)]

(2) For any H C M;(U) Borel, and 6 > 0, one can pick n > 0 small enough
such that

/ dy (Pr(y)) 1L, vem)
Uk

P kmk
(3.14) < 2Ppk(2Cy)"CY;
+2p(1+57,)kp Z dy mt (W) L, e
=k(—pm] """
Proof. This follows from an obvious adaptation of Lemmas 3.2 and 3.3 in [KMO02]
and their proofs (recall that ¢, ..., ¢, are bounded). O

Note that for the upper bounds we may now focus on the m-fold integral on the
right-hand side of ([BI3)), resp. (BI4]). Observe that the integration domain B™
may be replaced by the compact set U™, where U is the union of the supports of
pifore=1,...,n
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Our second main technical tool is a reduction to a discrete counting argument.
For this purpose, we introduce a finite partition of U which is carefully chosen in
order to represent many details of the continuous picture.

To introduce appropriate notation, let ¥, = {1,...,r} and denote the parti-
tion sets by Ui,...,U,. We assume that every U; is measurable and has pos-
itive Lebesgue measure. In Lemma below we shall make precise how fine
we choose the partition. We call 7: U — X, the canonical projection, that is,
x € Uy, for any € U. We write 7y = ((myf,...,7y5.,,) @ = 1,...,n) if
y = ((yl,.- %m) © @ =1,...,n). If uis a probability measure on U, then
7 € My (%) is its projection on ¥,.. Similarly for v € M;(U?) we denote the pro-
jection on ¥2 by v € M;(X2). If v is in the set M} (X,.) of probability measures
on ¥2 with equal marginals, we denote by ¥ € M;(%,) its left or right marginal
measure. Note that 77 = 7w for any v € M3 (U), where 7 is the marginal measure
of v.

For measures u € M;(%,) and v € M;(X2) we define discrete analogues of the
relative entropy functionals I and Iﬁ by

uy ) Vi,m
3.15 I(u) = u; log — and I2(v) = V.m 1O —
@315 T = 3w os Mo = 3 v o

using the usual convention 0log0 = 0. Recall that Gj); = G A M and define the
approximate Green functions GL, G~ :¥2 - Rby
(3.16) G (l,m) = sup Gu(z,y) and G~ (l,m) = inf G(z,y).

z€U; zE€U)
yEUm yEUm

Functions G, and G~ on M (%,) analogous to G in (2.5 are defined by

ai= g {Rie) - oreci)
(3.17) e B
— _ . 2 _ —
o=t {Be) (o6 )},

where we used the notation (v, F) =7, | o5, v1m F(l,m).

The functions QL and G~ are continuous. Indeed, for fixed wu, if the set vV c
M3(2,) is a neighbourhood of the set {v € M;(X,) : ¥ = u}, there exists a
neighbourhood U of u with {v € M#(%,) : T=a} C V for all @ € U. Together
with the obvious continuity of fﬁ (v) in both arguments u and v and of v — (v, F')
this implies continuity of gj\g and G—.

Introduce the empirical measure of the vector o¢ = (ot,... ,a§7m) € YN™ of
length A\;m by putting '

Aim
1N

3.18 Lyi xm = 5. %),
( ) ot im )\zm J; o} S Ml( )
and the global empirical measure of o = (¢,...,0m) € ¥ by

1 n A;m n
3.19 Ly =— 0,0 = AiLgi x.m € ).
( : 7 m ;j:l 7 i=1 . M)
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By [KMO02, Lemma 3.5], for any M > 0, uniformly in y € U™, as m T o0,
(3.20) Opry) < e exp(—m% (me))v
(3.21) Oly) = e exp(=mG (Laym) )-

Now we go back to the integral on the right-hand side of (BI3) and rewrite the
integral over B™ (which we have replaced by the integral over U™) as an integral

over the partition sets Uos? with i € {1,...,n} and j € {1,..., \;m} and sum over
all o} € %,..
Note that, for any o € X", the map y — Lrym = Lo m is constant on the set
of y € U™ satisfying yJ € Ua , where we again organise o0 € X" as 0 = (0; j=
S Aimy,i=1,...,n). Hence
n A;m n o A;m
/ st T [T ot = 32 comsstn [T [ o
" 1=1 j=1 ocexm 1=1 j=1
Z e*pmgM(Lf’ Hexp<m>\ oims log/ <Pz>)
UEZ’" U.

Analogously, we have a lower bound for the left-hand side with ®,, as replaced by
®,,, in terms of the right-hand side with g;\r/[ replaced by G~. We rewrite the sum
over ¢ € ¥ as n sums over probability measures u; € M;(3,) and count the
numbers of o € 2™ such that u; is the empirical measure of o,

n xim

dy mM pHH@'L y]

Bm™ 1=17=1

< Z e~ mPIar (Tily A [H #{ot € XXMy = Ly}

u; EM(m (2, i=1

% {H em)\i(ui,log I, cpﬁ} ’

=1

where Mﬁm*”(zr) is the set of those u; such that mA;u;(l) is an integer for any
l € ¥,. By Stirling’s formula, the ith counting factor on the right is equal to
™) exp(—mM; > iex, wi(l) logu;(l)), uniformly in u; € MY”)”')(ET) andin A € S,,.
Indeed, choose 0 < ¢ < C' such that ¢ < n!/[(2)""n~1/2] < C for any n € N, and
estimate, for A; > 0,

1. ui(l)>0(ui(l))‘im)!

r Ai
< ep{=mA 3 ) log i) e \/ T w0 (DX

Now use that u;())A; >

#{o" €SN wj = Lyi ) =

L if u;(1) > 0. The lower bound is derived in a similar way.
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Note that the cardinality of Mgm’\'i) (X,) is polynomial in m, uniformly in A € S,,.
Hence, we obtain

. 1 )’ -
(3.22) limsup sup {E log(/m dy (® H

mloo AES, i=1j=1

Aim

wi(yé-)) — St A)] <0,
where we recall that ¢; = ¢-” and introduce

ShoN=— (ET)[ng(gAiw)éAiH(u] [ #)

ULy Uy EMy

It is easy to see that the map 5L(¢, -) is continuous on the simplex S,,. Indeed,
the family of mappings

A G (i N ) + i NH (us
i=1 i=1

is uniformly equicontinuous on S,,, since g]@ is uniformly continuous on Mj(%,),
and the map u — H(u | [;; ¢;) is bounded and continuous for every i.
Analogously to (8:22)), we have, for any A € S,,,

gpi), for uy,...,u, € M1(%,),
u.

n Ak
(3.23) hir%mf ? 10g</B dy (®r(y 21_[“1_[1 @iy} ) H7(6, M),

where S%_(cﬁ7 A) is defined as 5&((]5, A) with G5, replaced by G~. Like 5;(4((@ -), the
function $~ (¢, -) is also continuous on S,.
Now we determine the fineness of the partition (Uy,...,U,) of the set U.
Lemma 3.3 (Choice of the partition). Fiz M > 0 and any 6 > 0.
(1) For any A € S,,, the partition (Uy,...,U,) of the set U may be chosen so
fine that N
ﬁ_((bv )‘) Z f)((ba )‘) -
(2) If each ¢; is bounded away from zero on its support, then the partition
(U1, ...,U.) of the set U may be chosen so fine that, for any A € Sy,

GIACRYESGICPYEE
(3) For any H C M1(U) and § > 0 the partition (Uy,...,U,) of the set U may
be chosen so fine that

—1nf {Iﬁ,u +pGi; 7ru}<— 1nf {I )+ pG (1 }—|—5
ne

Proof. We first prove (i). Choose approximate minimisers uf,...,us € My (U)
in (Z6) and an approximate minimiser v* € M3 (B?) in the definition 23] of G
(satisfying 7* = 31" | A\;u}) such that

n
(3.24) —9(6,N) = > NH (g | 9i) + (I (v°) = (v, 1og G)) —

i=1

l\DIOn

We now use Jensen’s inequality to show that, for any partition and for any u resp. v,
we have

(325)  Hlu|g:) > H(mn)| /U e) )= By,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1242 WOLFGANG KONIG AND PETER MORTERS

To prove this, abbreviate f(y) = ylogy and note that

) 1 [ LD (pldos
H(u|%)_zl:/m%( ) dIf( vi(z) )

U fU ‘Pz

Now use Jensen’s inequality for the convex function f and summarise to arrive
at the first inequality in (B:25). The other one is proved analogously, noting that
2(v) = (7@, f o (dv]d(5 2 7).

For v* fixed above, we may choose the partition (Ut,...,U,) of U so fine that
(v*,log G) < (mv*,log G~) 4+ 6/(2p). This can be seen by choosing N so large that
(v,Jog G) — (v,log Gn) < §/(4p) and using uniform continuity of log G on U? to
split the domain of integration into partition sets on which the variation of log G
is less than d/(4p). Using this and (25) in B24), we arrive at

—9(p, N\) > iAiH(WM: / (pi) —l—p(:f?ry* (7v*) — (mv*, log G_>) _

Zuh ,u,LeMl(Z)Z)\H ‘/ vi) 9 Z)‘ul)}fé

(¢7 )_ ’

which finishes the proof of (i).
Now we prove (ii). We choose the partition so fine that

5
(3.26) ’10g Gi(ma, my) —log G (x, y)‘ < %’ for all z,y € U
and
- ) )
(3.27) lloggoi(x) - loggoi(x)‘ < 2 for all i € {1,...,n}, = € supp(p;),

where ¢;(z) = >";_, Leb (U)) '1y, (z fU ; is a discrete approximation to ;. This
choice is possible since the functions log G M and log p; are bounded and measurable
on U? resp. on supp(y;). To every u € M;(U) we associate a g € M;(U)with
constant density on the partition sets and mpu = 7. Note that H(mu | [, ¢i) =
H(i| @;) forany i€ {1,...,n} and any p € M;(U). Furthermore, we easily derive

from (B.26) resp. from [B.27) that

~ ) _ B 5
g;\}(ﬁﬂ) >G(p) — % and H(Wu ’ 801') >H(u | gi) — 5

for any u € My(U) and any i € {1,...,n}. Hence, we obtain, for any A € S,,,

916, 0) = . ,ulnnefMl U)(ng( (Z )\zm)) + g)‘iH(WM /U goi))
_ ,uinefMl(U) (pg (; )w%) + ; NeH (fi | %)) +6

His---

IN

IN

- m,--A,uinnefMl(U) (pg (é /\i“i) + g AiH (i | %‘)) +6
=9(p,\) +9
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Finally we prove (iii). We choose the partition so fine that ([3:26]) holds and such
that y € H, mp = 7 imply o € H[0]. As in the proof of (ii) we associate to
any p € H a measure i € M;(U) with constant density on the partition sets and
7 = wji. In particular, this implies i € H[6]. Since I(mu) = I(fi), the statement
follows as above. O

We now complete the proof of Proposition 21l For part (i), it suffices to combine
B2), B23) and Lemma B3[(i). For the proof of part (ii) let > 0 be small. By
(32) and Lemma [32(i) we can choose M > 0 such that, for all A € S,

E{k%[[l<¢i»£>kki}<5k+(1+5) Z / dy (P, n( ))pHH%‘(y)

=k(1—5)] i=1j=1

The right-hand side can further be estimated, using (3:222) and Lemma B3(ii), for
sufficiently large k and all A € S,,, by

k
5k + (1 +5)k Z e (9 (#:A)+26)
m=[k(1-6)]
Now we argue that (¢, \) is bounded from below in A € S,,. Indeed, in (2.4), we
get a lower bound by choosing j1;(dz) = ¢;¢*"(x) dx, and noting that G is bounded
from above on My (U). From this the proof of Proposition 21(2) readily follows.

For the proof of Proposition 2[(iii) let § > 0 be small. By (@3) and by
Lemma B2{(ii) we can choose M > 0 such that

{k'pE(U)kl{LeH}} <5F 4+ (1+0)F Z / dy (Pm, e () 1L, o)}
=[k(1-0)]

Now we use (3:20) and note that Ly, = 7Ly, to obtain
1 -
I —1( dy (@ 1 )<—‘f[ + .
m sup - log / L (@ W) L, oy ) < = b {T(mw) + pGi (i)}

From here one can finish the proof of Proposition 2IJ(iii) by an application of

Lemma [B3(iii).

4. IDENTIFICATION OF THE VARIATIONAL FORMULA

In this section we prove Proposition 2.3l This is done in two steps. In Section[4]]
we identify W(¢) in terms of a variational problem involving energies of measures
with respect to the Green operator on B. In Section this formula is related to
the variational formula (7)) for ©(¢) in that section, and this completes the proof
of Proposition 23]

4.1. Identification of W (¢) in terms of energies of measures. Recall the def-
inition of the Green function G from Section 2.1l and define the associated operator

A by

() = / Glay)gly)dy  and  An(e) = / Gz, y) u(dy).
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We introduce the energy of a measure p on B,

2 _ = T X
(4.1) ll2 = (. 2p) = /B /B (d) Gz, y)u(dy),

and we write gz = |l i i = g d.

Let ¢ = (¢1,...,¢n) be a family of nonnegative, bounded measurable functions
on B having compact supports. The main object of this section is the variational
formula

2
B :

(6) = p(or.....0m) =sup {| 3 Vg2 6,
(4.2) i=1

N€Sn,gi € L(B),llgillay =1 fori=1,...,n}.

We first show that maximisers exist for this variational problem, and we derive
the variational equations.

Lemma 4.1 (Analysis of p(¢)). Let ¢ = (¢1,...,0n) be a family of nonnegative,
bounded measurable functions on B with compact supports. Then there exist A € S,
and g1, ..., gn € L?(B) with || gi|l2p = 1 such that

(4.3) p(0) =[SV e
=1
and

(4.4) \/)\T'P(fﬁ)gi:(?ﬂl(z \/)Tjg?p_lqu>, foralli=1,... n.
j=1

2
E

Proof. We may assume that the supports of the ¢; are not empty. Then it is clear
that in ([A2)) we may add the conditions g; > 0 and supp(g;) C U foralli =1,...,n,
where U = (J!-_, supp(¢;) denotes the union of the supports of ¢1, ..., ¢,, which is
a compact subset of B. Furthermore, we may relax the condition ||g;||2, = 1 to the

condition [|g; |2, < 1. Tt is convenient to substitute f; = g?*~' and to rewrite (2

as
n 2
(45) @) =sw{|| VAL eS8 fifue K,
i=1
where
Ky ={fe L' (U): f>0,|f|l <M}, for M > 0,
and || - || = || - l2p/(2p—1)- As a first step, we argue that maximisers exist for the

problem in ([@3]). In the proof of [KM02, Lemma 4.3] we showed that K is weakly
compact in L'(U) and that the map f — | f||% is upper semicontinuous on K; in
the weak topology on L(U). Certainly, these two statements also hold for K, for
any M > 0. Since the set S,, x K' is also compact and since the map

Sux KT'2 (M fiseeos fa) = Do Vi fidi € K
i=1
(here M > 0 is suitably chosen, only dependent on ¢1, ..., ¢,) is continuous in the
product topology, the existence of maximisers in (H]) follows. We denote them by

A€S, and fi,..., fn € Ky. It is clear that || f;]] = 1 and supp(f;) C supp(¢;) for
alli=1,...,n.
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The second step is to show that A; > 0 and that f; is bounded away from 0 on any

set where ¢; is bounded from zero, for any ¢ = 1,...,n. Let us first prove the first of
these two statements. Assume the contrary, i.e., A\; = 0, say. Then we may assume
that f1¢; is not almost everywhere equal to zero. There is an ¢ € {2,...,n} such

that /i fi¢; is not almost everywhere equal to zero. For definiteness, we assume
that Ao > 0 and that fo¢s is not trivial. With some § > 0, we define A € S,, by

0, if j =1,
A=A -6, ifj=2
A otherwise.

YR

The idea is to pick § > 0 so small that [|h5[§ > [[hallf, where hy = 377 \/A; f; &5
This would contradict the maximality of A and therefore prove the first assertion.
We calculate

IhsllE = 11hallz = D (VAdi = VAN (fidvi, A(F565))

4,5=1

= 6(f161, A(f11)) + 2V A2 — 3{ f11, A( foipo))
(4.6) +2\/_Z\/_ fro1,2A4(f;6;))

2(v/ A2 — 0 — \/)\_2) Z VA (202, A(f05)) — 0{ fod2, A(fop2))
=3
> V(1 (fro1, A(f202)) — c2V),

for positive constants ¢, co, not depending on 4. Since f1¢1 and fa¢o are nonneg-
ative and not trivial, and since G is bounded away from zero on U?2, it is clear that
the right-hand side of (&) is positive for sufficiently small 6 > 0. This contradicts
the maximality of A. Hence, A; > 0 for all i € {1,...,n}.

Now we fix a small § > 0 and prove that every f; is essentially bounded away
from 0 on {¢; > 0}. Abbreviate U; = {¢1 > 0} and assume for contradiction that
{fi <e}nUi| >0 for all ¢ > 0. Pick some ¢ > 0 such that [{f; > ¢} NU1| > 0.
With some a,b > 0, we define f,: U — [0, 00) by

) fi(x) +a, if fi(z) <k,
filz) = fi(z) = b, if fi(z) > ¢

fi(z), otherwise.

The 1dea is to pick a,b > 0 in such a way that ||fi|| = 1 but ||hy]|Z > ||h>\HE7 where
hy = J 1V fi ¢4, and hy is defined analogously with f; replaced by fi. This
would contradlct the maximality of fi,..., f, and therefore prove the assertion.
For notational convenience, we put f; = f; for i > 2. Abbreviate n = 1/(2p —1).
For every sufficiently small ¢ and € > 0, we can find b € (0, ¢/2) such that || f1]| = 1.
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This implies
0= [IFf" = L a7

- / [(fi(x) +a) ™" = fi(x)""]) da
{f<eintn

o B (I RO AR
{f>c}nUs

Hence, for some constant C' > 0 depending neither on a nor on &, we have b <
Ca(a+¢)"|Ur N {f1 < e}|. Now we calculate

I3 IE = Al = D VAR ((Focoes 2(Fi0)) = (fion, A(F569)) )

4,j=1

Y / / dz dy Gz, y)1(2)é1 ()
Uin{fi<e} JUiN{f1<e}

x [(f1(@) + a)(f1(y) + a) — fi(2) f1(y)]

Y / / dz dy Gz, y)d1 (2)1 (y)
Uin{fi>c} JUIN{f1>c}

x [(fi(@) =) (f(y) = b) = fr(@) f1(y)]

i s [ ey Gl @)
( . ) Ulﬁ{flgz’;‘} Ulﬂ{flzc}

x [(fi(z) + a)(fi(y) — b) — fr(z) f1(y)]
ALV [ [ ey Gna@ew

% [(fi(2) +a) — fi(2)] £;(v)
—2/n g Vo /U o /U drdy G, 1)61(2)0,(0)

x [(fila) =) = fi(2)] f;(y)
> aCh|Ur N {f1 < e} —bCy,

for some constants C; > 0 and Cy > 0, depending neither on a nor on b. From the
bound on b, we see that the right-hand side of (&7 is positive for a > 0 and b > 0
sufficiently small, if € > 0 is sufficiently small. This contradicts the maximality of
fi,..., fn. Hence, every f; is essentially bounded away from zero on sets of the
form {¢; > 0}.

The third and last step is a standard application of variational techniques to
derive the variational equation in (£4) for the maximisers A\ € S,, and fi,..., fn €
K. It is convenient to substitute

ri =g = PP for i =1, n;

then r; is normalized in L'(U)-sense. For any family of test functions p;: {¢; >
8} — R satisfying [¢; = 0 for i = 1,...,n, and for any vector v = (v1,...,vy)
satisfying Z?:l v; = 0, the objects A 4+ v and r; + ep; are admissible for all € with
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le| sufficiently small, and we obtain

‘Z V)\ +ev; Tz"_apz 221’1 ¢z

dEe O’

2pp_ 1 Z \//\_i<‘Pi=7“z’_%¢i»9l(Z \//\7]'7“;1;_;1@»
i=1 Jj=1
@) =L S Vo o o)) + Z
i=1 i=1

97" i, A(hy)),

where we put h) = Z] 1 VA ng 1¢j. Putting ¢; = 0 for all 4, we obtain C' > 0
such that

(4.9) CVAi = (g7 i, A(hy)) for all 4.

Multiplying this with \/A;, summing over i and using p(¢) = (hy,2(hy)), it follows
that C = p(¢). Putting v; = 0 for all ¢ in (£.8) and choosing all but one ¢; equal
to zero, we obtain the existence of Cy,...,C, > 0 such that C;g; = ¢;2(hy) for all
i. Multiplying the latter equality by gfp _1, integrating over B and using ([.9]), one
easily obtains that C; = p(¢)y/); for all i. This completes the proof of (Z4). O

Now we characterise W(¢) in terms of p(¢). Recall the definitions ([Z9) and
[@2) of W(¢) and p(¢), respectively.

Proposition 4.2 (Relation between W and p). Let ¢ = (¢1,...,¢y) be a family of
nonnegative, bounded measurable functions on B having compact supports. Then

W(¢) = plogp(e), i.e.,

g {3 Gt () 410 ()}

(410 = plogmax {| S VA o
i=1

A€ Sn,gi € L¥(B), |lgillap =1 fori=1,... n}

An explicit one-to-one correspondence between the mammzsers on the right and the
minimisers on the left-hand side is given by the relation g d“’ fori=1,.

Proof. In order to prove ‘<’ in ([I0), we shall show that, for any A € S,, and any
Hlyee ey i € My (B),

(4.11) Enx mz,log(;:p Cg;»f Q(ZMM) < plog ||halE,

i=1

du,

where we put g;” for i = 1,...,n and abbreviated hy = 327" | VX; g7 " .
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Abbreviate pn = Y"1 | Aipt; and g? = dp/dx. Using the definition of G, Jensen’s
inequality and the concavity of log, we get the following upper bound:

5 (rtos( 252)) 0930
)+ oL

Xig? :
= —p{; >\i<,uz',10g qé

v(dxd (2)G(z,y)h
— sup /M(dx)/ A(L(d v) logg ( )V(sxdj/)) A(y)}

v:U=pu 33) dzdy
< —p{z; >\i<,uz', (;291 Z,A> - <,u,log2l(h,\)>}
_ v :g*P S P2 (hy)
[ S o R+ Lot )
(bz 2p - ¢z
<p Z)\ 10g< 2p= 1\/_ i/\>+2)\i10g<gi2p 1\/—)\—1_,9((h>\)>}

g%r

< pflog (3 VRg o o
L i=1

A

> n log<hk,91(h>\)>]
= plog ||hx|g-

This shows that (ZI1]) holds and implies the upper bound in (ZI0I).

To prove the lower bound in (£I0) we pick, in accordance with Lemma [£1]
maximisers A\ € S, and g1,...,9, € L?’(B) for the problem of the right-hand
side and show that the value of the functional of the left-hand side for the choice
pi(dz) = g (x) dx for i = 1,...,n is not smaller than the value of the maximum
on the right. Recall from ([@4]) that p;-almost everywhere ¢; > 0. We first find an
upper bound for G(3°7", A\;p;) by picking some particular v € M;(U?); recall the
definition (Z5)) of G. Indeed, define v* € M;(U?) by

v*(dzdy) = %hA(x) G(z,y) ha(y) dz dy,

where we abbreviated p = p(¢) and hy = 327 VA g7~ " ¢ Note from (@) that,
foralli=1,...,n

(4.12) A(hy) () —pfg”; if ¢i(z) >

Note that v* is an admissible choice in the optimisation problem in the definition
@3) of G, by symmetry and because, using ([EI12)),

7" (dy) = ;1) ha(y) A(ha) (y) dy =D Xi g dy = p(dy).

i=1
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Replacing the supremum over all v by the value for v* gives the following lower
bound for the left-hand side of ([I0):

—Z< Z,h,log(ﬁp j’“‘)}—pg(im)

n

2)G(z,y)g* (y
=pl| - Z)‘Z<'u“ + Vsllllpu // (dzdy) log g )V(Eixdy)) ( )]
i=1 dxdy
. i9; G(z,y)g*
>p —Z&{uz,log L)+ [ vty 10g OG0
= dxdy

- x//\T-gz- / 92”(96)}
=p|—2 N i, log ——=—) +logp + 2 dx)lo
p_ ; (1, log S ) +1logp (dz)log 5

= plog [|h,l|% = plog p,

because v/A;gihy = g*P¢; by ([@EI2) and the definition of hy. This completes the
proof. O

4.2. Identification of W (¢) in terms of energies of functions. In this section,
we identify the variational formula ([£.2) for p(¢) in terms of the formula (7)) for
O(¢) and prove Proposition As a first step, we prove that minimisers exist in
(I0), and we derive their variational equation.

Lemma 4.3 (Analysis of O(¢)). Let ¢ = (é1,...,¢n) be a family of nonnegative,
bounded measurable functions on B having compact supports. Then there exists a
¥ € D(B), which satisfies

0(¢) = SIV¥l3 and Y llowl3, = 1.

i=1

and with h =7, ||¢iw\|§;2p ¢2F we have the variational equations

(4.13) S=AWPTHh) and  —GAY = (@) h

_p
o(¢)
Proof. As a first step, we derive the existence of a minimiser in (7). Let (¢ :
k € N) be a minimising sequence, that is, the functions ¢, € D(B) are nonnegative
and satisfy Y1, [[¢ivxl|3, = 1 for any k € N, and limyyoo 3|V |3 = O(¢).

Let ¢, € D(B) denote the weak limit of a subsequence in accordance with
Lemma 5.2l By local strong convergence in L??(B), we also have Y7, ||¢i¢ |13, =
1. By weak lower semicontinuity of the map 1 — ||V#||3 (apply [LLOI, Theorem
2.11]), we have that £[|Ve.[|3 < liminfrieo (| Veor]|3 = ©(¢). Since 1, is certainly
nonnegative, it is a minimiser in

The second step is the derivation of the variational equation in (I3]) for any
minimiser ¢, in (7). Since ||V]¢[||3 = |[V¥|3 for any ¢ € D(B) (see [LLOI,
Theorem 6.17]), and since Y., ||¢;:9||3, is positive homogeneous of order two in
1, 1, is also a minimiser in the variational problem

e IVl
veD(B) Y1y [|0ivll3,
Denote the quotient on the right-hand side of (I4)) by F(¢). Let ¢ € C°(B) be
a smooth test function. Then the map € — F(¢, + £¢) can easily be differentiated

(4.14) O(9) =
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at ¢ = 0. By minimality of v, for F, this derivative is equal to zero. Recalling that
>y llgithell3, = 1, this implies that

d - d
0=—| [V +eo)ll; - > IVel3 | _ I6itv- + @),

419) =2 [ 9p. Vo 12D S o 3 o, i)
i=1
= _2<§07 A, + 2%w3p71h>7
p

where we used the definition of the distributional Laplacian in the last step, and
h=3", ||¢)i1/)*||§;2p¢fp as in ([£I3). As (EI5) holds for any smooth test function
©, we infer that the function in the right argument of the brackets on the right-hand
side is equal to zero, i.e., f%AdJ* = %@ﬁp—lh, which is the second identity in
@I3). By [LLOL Th. 6.21], the function ¢ = 29y~ h) satifies —L Ay =
%z{;fp_lh. Hence, by [LLO1, Th. 9.3], ¢ differs from . by a harmonic function
in D(B), which therefore vanishes. This ends the proof of ([I3]). O

Now we identify p(¢) in terms of ©(¢). The following proposition completes the
proof of Theorem [2.4] with the help of Proposition and Proposition

Proposition 4.4 (Relation between p and ©). Let ¢ = (¢1,...,¢y) be a family
of nonnegative, bounded measurable functions on B with compact supports. Then

p(®) =p/O(8), i.e.,
(4.16)

max {H S Vg g
i=1

2 —1
L P AESu g € LP(B), |lgillzp =1 fori= 1n}

= min { 1|93 - v € D(B), Y lowl3, = 1}.
=1

Remark 4.5. The proof gives an explicit one-to-one correspondence between the
maximisers on the left and the minimisers on the right-hand side, see (£I7) and

(#19), respectively. O

Proof. For the proofs of both ‘>’ and ‘<’ in (18], we pick the maximiser, resp. the
minimiser, in one variational formula, construct admissible objects for the other one,
and show that the other functional attains the inverse of the value of the maximum
resp. minimum.

Let us begin with the proof of ‘>’. Pick maximisers A € S,, and ¢1,...,9, €
L?P(B) of the formula on the right-hand side of formula ([£I6)) in accordance with
Lemma [£1] Define

(4.17) Y= o(0) Q‘(; \/Egjp ¢J>~
Then, by [@4), for all i =1,...,n,
(4.18) b(z) = VN %(x) for all ¢;(z) > 0.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



BROWNIAN INTERSECTION LOCAL TIMES 1251
Hence,
n n
2 2
Z l¢ivlls, = Z/\z‘ /gip(x) dr = 1.
i=1 i

Then the energy of the measure =1 /A ng ld)j dx can be calculated as

follows:

p(T

H@g 2p 1¢JH /dx¢ Z\/*g% 1 ] )
1
@ o ZAJ% ol

By Lemma (.3 We have that v € D(B ) and that the energy of 1 equals the energy

of the measure 5 D=1 VA gzp Yo; dr, ie., V|3 = ﬁ. This implies ‘>’
To prove ‘g’ we choose 9 as the minimiser of the problem on the right-hand

side of in (#I6), by Lemma[£3l We define g1,...,g, € L?’(B) and A € S,, by

Vi .
(4.19) gi = ﬁ and A = ||¢¢z||§p fori=1,...,n
ill2p
Note that ||gill2p = 1 for all ¢ = 1,...,n and that Ay,..., A, are nonnegative
numbers summing to one. Hence, g1,...,9, and A = (A1,...,\;,) are admissible

for the formula on the left-hand side of ([@I6]). We find, using the first identity in

@I3),
n 2
H Z\//\iz‘gfpfl@ “

i=1

=3 (w6 w5, 2 (v lzmmnz )

n

2

= [ X twoz, w2 e
=1

j=1 —
p 2p—1 ,2p 2-2p ) p
= P S (P 57 ) = oo
o) JZ< 065187 ) = o)
This completes the proof of the proposition. (I

5. APPENDIX: THE SPACE D(B)

We now recall the definition of the function space D(B) and state some properties
of this space. All of this material is known to the experts, but we find it convenient
to collect some technical facts which are used at some places.

In the case of B bounded, D(B) is the classical Sobolev space H{(B) which
is defined as the closure of C°(B) in the sense of the Sobolev norm ¢ +—
([IV[13 + ||¥]13)*/? in the Sobolev space H'(B). We first give a relation between
H}(B) and H'(R?) in the case of a C''-boundary.

Lemma 5.1. Let B C R? be an open bounded set with C'-boundary. Let ¢ €
HY(R?) such that 1) = 0 a.e. on BS. Then the restriction of 1 to B lies in H}(B).

Proof. Our proof is an adaptation of the proof of Theorem 3 in [Ev98| Section 5.3.3].
First we pick, for any € > 0, a function ¢. € C*(R9) such that p. — ¢ as e | 0 in
the Sobolev norm, and such that supp(p.) is contained in the open e-neighbourhood
of B, which we denote by Ble].
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Fix 2% € 0B. Since 0B is C', there are r > 0 and a C'-function v: R~! — R

such that

BN B%r)={z e B’ r): 21 <y(z2,...,24)}
Let V. = BN B(z°,r/2). For ¢ > 0 define ¢.: V — R by 9¥.(z) = p.(z + eley)
for x € V, where e; denotes the first unit vector and A > 1 is chosen such that
supp(¥.) C U. Then 9. € C®(V). Now the continuity of the L2-norm under
translations shows that lim. g ||t — 1;€||H1(V) = 0. In particular, we have that
e — b in HY(V).

Now the rest of the proof is as in the proof of Theorem 3 in [Ev98, Section 5.3.3].
Indeed, using the compactness of 9B, we find a finite covering of B with balls
By, ..., By in which 0B can be mapped differentiably onto a hyperplane. Within
the ball B;, we can approximate 1 for any 4 in H'-norm by a C*>°-function ¥ whose
support lies within B. Extend the covering of 0B to a covering of B by adding a
suitable open set By whose closure is contained in B. On By, we can approximate
¥ in H'-norm by a C°°-function ¢ with support within B (use Theorem 1 in
[Ev98| Section 5.3.3]). Now pick a smooth partition of the unity (¢;: ¢ =0,...,N),
subordinated to the covering By,..., By of B, and put ¢ = Zivzo PG, Tt is
then easily seen that ¢ lies in C°(B) and approximates ¢ in H'(B)-norm. This
completes the proof. O

In the case that B = R?, the space D(RY) = D!(R?) is the space of functions
f € LL (R?), which vanish at infinity, i.e., {z € R%: |f(z)| > a} has finite Lebesgue
measure for any a > 0, and whose distributional gradient is in L%(R%). Now we

collect some sequential compactness properties of the space D(B).

Lemma 5.2. Suppose (Vy)ren is a sequence in D(B) such that (||Vkll2)ken is
bounded. Fix any q € (1,2d/(d —2)) for d > 3 and any ¢ > 1 for d < 2. Then
there exists 1 € D(B) and a subsequence (V) jen such that Viby,, — Vb weakly in
L*(B) and vy, — 1 locally strongly in LI(B).

Proof. Let us recall standard Sobolev inequalities; see [LLO1, Theorems 8.3, 8.5].
There are positive constants Sy for d > 3 and S, for » > 2 such that

Sall¥l2aya—2 < VI3, for d > 3,9 € D'(R?),

S|l < (IVI3 + (I3, for d = 2,9 € H'(R?),r > 2.

We first consider the case B = R?. In particular, d > 3. Fix 1 < ¢ < 2d/(d — 2)
and apply Holder’s inequality and Sobolev’s inequality to get, for any bounded
measurable set A C R? and any ¢ € D}(R?),

(5.1)

2d—dq+2q —1/2 2d—dq+2q
(5:2)  [l¥1allg < [¥ll2d/(@—2)Leb (A)"2a— < [[Vhl[25, " "Leb (A)~ 2
where Leb denotes the Lebesgue measure.

Now suppose that (¢)ren is a sequence in D'(R?) such that (||Vir||2)ren is
bounded. The estimate in (5.2) shows that (1 )ren is locally bounded in L4(R?).
By the Banach-Alaoglu Theorem, there is a subsequence (¢, );en Which converges
to some ¢ € L4(R?) locally weakly in L4(R?) and Vi, — u weakly in L?(R?) for
some u € L2(R?). By [LLOI, Theorem 8.6], the subsequence converges even locally
strongly in L9(R?), and u = V4. This completes the proof for B = R%.

Now we turn to the case of bounded B, for general d > 1. For any ¢ € L?*(B)
we define the extension v, € L?(R?) by v.(z) =0 for z ¢ B and 1. (z) = ¢ (z) for
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x € B. Then, for ¢ € H}(B) we have Vi, = (V1)).. Indeed, let p € C>(B) be
any test function and let ¢, € C$°(B) be a sequence of functions approximating v
in the norm of H}(B). Then, applying partial integration to test functions, for all

1<i<d,
/ (D0 o [ o gy [ /
Ox;’* &v] nloo <p Oz nToo 895]

8xj w / Oz,

This fact will be used in the sequel mostly without further notice. It implies,
for instance, that Sobolev’s inequality (51) is applicable to functions in D(B) =
H}(B).

Suppose that (¢ )ken is a sequence in H (B) such that (|| Vo ||2)ken is bounded.
In the case d > 3 and 1 < ¢ < 2d/(d—2), similarly to (B.2]), one derives that (¥)ren
is bounded in L9(B). By the Banach-Alaoglu theorem in the space Hi(B), a
subsequence converges weakly to some 1) € H}(B), and the rest of the proof is as
above in the case B = R<.

In the case d < 2, fixing any ¢ > 1, we first argue that there is a constant C' > 0
(depending only on B and ¢) such that

(5.3) [¥llg < ClIVll2,  for any ¢ € Hy(B).
In order to prove (53)) in d = 2, use Holder’s inequality and the Sobolev inequality
in (5.I)) to obtain, for any ¢ € H}(B) and any r > 2,

Leb (B)}=2/7
< H B 1913 + o).
2,r

It is known [LLOI, Theorem 8.5] that 1/Ss . < (r?(r —2)/[(r — 1)87])*=2/7/(r — 1).
A Taylor approximation for r | 2 shows that the quotient on the right side of (54)
is smaller than one for r > 2 sufficiently close to 2. For this r, (54) can be solved
for ||1]|3, and we obtain the existence of a constant ¢ > 0 such that |[4[|3 < ¢|| V|3
Use this estimate on the right-hand side of (&) for r = ¢ to obtain that (53]) holds
for some C > 0, only depending on B and q.

In order to prove (53) in d = 1, we use the simple inequality

(5.5) LF@)2 < £ 2 1112 for f € H'(R),z € R;
see e.g. [LLO1, Theorem 8.5(6)]. Now assume ¢ > 2. Raising (53] to the power ¢/2
and integrating over B, we get, for f € H}(B),

LFIZ < 1f/ |2 1112 Leb (B)*/9 < || f'l|2 || fllq Leb (B)Y/4+1/2,

where we used Holder’s inequality in the second step. This shows (53)) in the case
q > 2. The general case follows by a further application of Holder’s inequality.
The remainder of the proof in the case d < 2 is as above. O

(5-4) l0l3 < [l )17Leb (B) 2/ <

Recall the definition of the energy of a measure from ([I]). The following con-
nection between the energy of functions in D(B) and the energy of measures will
be important.

Lemma 5.3. For any (positive) absolutely continuous measure y € M(B) whose
support is a compact subset of B and whose energy |u||% is finite, the function
¥ =A(p) lies in D(B) and satisfies 5| V|3 = ||ul|3-
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Proof. Let us look at bounded B first. From (&.2]) in the case d > 3 and from
(5.3) in the case d = 2 we get that for some ¢ > 0 we have |Vf||2 > ¢/ f||3, for
all f € H}(B). By [S98, Proposition 2.5.1], this coercivity condition implies that
¢ € H}(B) and £[|VY|13 = ||u]|}, as claimed.

Now suppose that B = R? d > 3. Choose n € N so large that the open centred
ball B(0,n) contains the support of p. The first part shows that the function
Y, = A (1), defined with the operator 2, associated with the Green function G,
on B(0,n), lies in H}(B(0,n)) and satisfies 1|V, |3 = |1llg . Where the energy
Il - H%n is taken with respect to the domain B(0,n). We can extend each v, by
zero to the whole of R™ and call the extension v, again. As n T oo we have
U = ot T W = 4 and [V l3 = (o, up) T (%) = ]2 From this, in
combination with Lemma 5.2 we see that 1) € D! (R9).

Finally, we have to show that limp e [[Vn|l2 = || V4)||2. For this, it is sufficient
to show that limy, m1eo |V (¥ —%m)||3 = 0. Use partial integration (see [LLOI, The-
orem 6.21]) and the facts that —1 A, =y on B(0,n) (as in [LLOI, Theorem 6.21])
and v, = A, p to see that, for any n > m,

IV (e — Yo = SIVlI2 + 3112 —/B(O RORS
120+ Dl + (AP, )

= {10, W) + (1 Arpt) = 2{p0, Apt) = (g2, (A = A ) 11)
- // w(dz) (Gn(z,y) — Gm(z,y)) u(dy),

where G,, denotes Green function of B(0,n). By Lebesgue’s theorem, the right-
hand side vanishes as n,m T oco. O
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