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DAMPED WAVE EQUATION
WITH A CRITICAL NONLINEARITY

NAKAO HAYASHI, ELENA I. KAIKINA, AND PAVEL I. NAUMKIN

Abstract. We study large time asymptotics of small solutions to the Cauchy
problem for nonlinear damped wave equations with a critical nonlinearity{

∂2
t u + ∂tu − ∆u + λu1+ 2

n = 0, x ∈ Rn, t > 0,
u(0, x) = εu0 (x) , ∂tu(0, x) = εu1 (x) , x ∈ Rn,

where ε > 0, and space dimensions n = 1, 2, 3. Assume that the initial data

u0 ∈ Hδ,0 ∩ H0,δ, u1 ∈ Hδ−1,0 ∩ H−1,δ,

where δ > n
2

, weighted Sobolev spaces are

Hl,m =
{
φ ∈ L2;

∥∥∥〈x〉m 〈i∂x〉l φ (x)
∥∥∥
L2

< ∞
}

,

〈x〉 =
√

1 + x2. Also we suppose that

λθ
2
n > 0,

∫
u0 (x) dx > 0,

where

θ =

∫
(u0 (x) + u1 (x)) dx.

Then we prove that there exists a positive ε0 such that the Cauchy problem
above has a unique global solution u ∈ C

(
[0,∞) ;Hδ,0

)
satisfying the time

decay property∥∥∥u (t) − εθG (t, x) e−ϕ(t)
∥∥∥
Lp

≤ Cε1+ 2
n g−1−n

2 (t) 〈t〉−
n
2

(
1− 1

p

)
for all t > 0, 1 ≤ p ≤ ∞, where ε ∈ (0, ε0] .

1. Introduction

We study the large time asymptotics of solutions to the Cauchy problem for the
nonlinear damped wave equation

(1.1)
{

Lu + λN (u) = 0, x ∈ Rn, t > 0,
u (0, x) = εu0 (x) , ∂tu (0, x) = εu1 (x) , x ∈ Rn,

where L = ∂2
t + ∂t − ∆, ε > 0, the spatial dimension n = 1, 2, 3, and the critical

nonlinearity N (u) is defined by

N (u) = u1+ 2
n .

Recently much attention was drawn to nonlinear wave equations with dissipa-
tive terms. We mention here some recent works concerning global existence and
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nonexistence of solutions. The blow-up results were proved in [17], [18] for the case
N (u) = |u|ρ , 1 < ρ < 1 + 2

n , λ < 0, when the initial data u0 ∈ H1, u1 ∈ L2 have a
compact support and are such that

∫
u0 (x) dx > 0,

∫
u1 (x) dx > 0. This blow-up

result was extended to the critical and subcritical cases 1 < ρ ≤ 1 + 2
n in [19].

In [10] Li and Zhou obtained an upper bound of the life-span of solutions to (1.1)
with N (u) = |u|ρ , 1 < ρ < 1 + 2

n , λ < 0 with certain small initial data. In [14],
the blow-up result was obtained for problem (1.1) with N (u) = |u|ρ−1 u, λ < 0 in
the space dimension n = 3 under the conditions 1 < ρ ≤ 1 + 2

n and u0 (x) = 0,
u1 (x) ≥ 0,

∫
u1 (x) dx > 0. Note that similar behavior was first discovered in [1]

for the nonlinear heat equation ut − ∆u = uρ in the critical and subcritical cases
1 < ρ ≤ 1+ 2

n . We mention here some works regarding the nonlinear heat equation
in the critical case (i.e. equation (1.1) with L = ∂t − ∆ and N (u) = u1+ 2

n ). If
λ < 0, there are blow-up results for positive solutions (see [3], [9]). For any space
dimension and λ > 0, it was shown that positive solutions have an additional time
decay compared to the linear heat equation; more precisely, it was proved that (see
[2], [4], [5])

‖u (t)‖L∞ ≤ C (1 + t)−
n
2 (1 + log (1 + t))−

n
2 .

From the heuristic point of view the term with the second time derivative utt in
the nonlinear damped wave equation (1.1) has an additional time decay, hence it
cannot affect essentially the large time asymptotic behavior of solutions to (1.1).
Therefore we can also expect an additional time decay for solutions of the nonlinear
damped wave equation (1.1). Below we state more precisely the conditions which
guarantee global existence and decay of solutions to (1.1).

From the previous works [8], [11] we know that under the condition 〈ξ〉δ û0 (ξ) ,

〈ξ〉δ−1
û1 (ξ) ∈ L2 with δ > n

2 , the Fourier transform of a solution to the linearized
problem corresponding to (1.1) decays exponentially in time and behaves like a
solution of the linear wave equation in the high-frequency part |ξ| ≥ 1

2 , and in the
low-frequency part |ξ| ≤ 1

2 it is similar to a solution of the linear heat equation.
These facts were used to prove large time decay estimates and global existence of
solutions to (1.1) for the super critical cases ρ > 1 + 2

n . In [18], Todorova and
Yordanov proved global existence and large time decay estimates of solutions to
the Cauchy problem for the damped wave equation (1.1) with nonlinearity N (u) =
|u|ρ , where 1 + 2

n < ρ ≤ n
n−2 , in the case of sufficiently small initial data having

a compact support. When the initial data are in the usual Sobolev space ∂αu0 ∈
L1 ∩ L∞, |α| ≤ 1, u1 ∈ L1 ∩ L∞, problem (1.1) was considered in [13]. By making
use of the fundamental solution of the linear problem, global existence of small
solutions and large time decay estimates ‖u‖Lq ≤ Ct−

n
2 (1− 1

q ), 1 ≤ q ≤ ∞, for
space dimension n = 3, was proved. Later these requirements on the initial data
were relaxed in [16] as follows u0 ∈ L1, ∂αu0 ∈ L2, |α| ≤ 1, u1 ∈ L1∩L2, under the
additional assumptions on ρ and q such that ρ ≤ 5, q ≤ 6 for the space dimension
n = 3 and q < ∞ for the two-dimensional case n = 2.

Applying energy type estimates obtained in [11] and [8] it was proved in [7] that
solutions of the nonlinear damped wave equation (1.1) in the super critical cases
1 + 4

n < ρ ≤ n
n−2 , if n = 3 and 1 + 4

n < ρ < ∞, if n = 1, 2, with arbitrary initial
data u0 ∈ H1 ∩ L1, u1 ∈ L2 ∩ L1 (i.e. without smallness assumption on the initial
data) have the same large time asymptotics as that for the linear heat equation
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DAMPED WAVE EQUATIONS 1167

L = ∂t − ∆, that is,

‖u (t) − MG (t)‖Lp = o
(
t−

n
2 (1− 1

p )
)

as t → ∞, where 2 ≤ p < 2n
n−2 for n = 3, 2 ≤ p < ∞ for n = 2 and 2 ≤ p ≤ ∞

for n = 1; here G (t, x) = (4πt)−
n
2 e−

|x|2
4t is the heat kernel and M is a constant.

Recently in [15], sharp Lp-time decay estimates of solutions to the nonlinear damped
wave equation (1.1) were obtained in the subcritical case 1 < ρ < 1 + 2

n under the
condition that the initial data decay exponentially at infinity without any restriction
on the size, where 2 ≤ p ≤ 2

n−2 for the space dimension n ≥ 3, 2 ≤ p < ∞ for n = 2
and 2 ≤ p ≤ ∞ for n = 1. As far as we know, there are no results on the large time
asymptotic behavior for the critical damped nonlinear wave equations.

For the case of higher dimensions 4 ≤ n ≤ 5, global existence and Lq - time
decay estimates for ρ ≤ q ≤ ρ

ρ−1 were obtained via Fourier analysis in paper [12]
(see Theorem 1.3), when the power of the nonlinearity ρ is such that 1+ 2

n < ρ ≤ n+2
n−2

and the initial data are small enough and satisfy u0, ∂
αu0 ∈ Lρ ∩L

ρ
ρ−1 , ∂βu0 ∈ L2,

u1 ∈ L1∩L
ρ

ρ−1 , ∂αu1 ∈ L2, |α| ≤ 1, |β| ≤ 2. Thus we see that due to the hyperbolic
character of the equation some regularity assumptions on the initial data are needed
to be able to treat the case of higher space dimensions. However, the nonlinear term
under consideration does not possess enough regularity. This is one of the reasons
why we restrict our attention below to the case n ≤ 3. Another reason is that in
order to get an additional time decay of solutions we translate the original equation
to another one containing time derivative of a solution (see (3.6) below), which
require more regularity properties of the solution and prevents us from considering
higher-dimensional cases.

Define by

Hl,m =
{

φ ∈ L2;
∥∥∥〈x〉m 〈i∂x〉l φ (x)

∥∥∥
L2

< ∞
}

the weighted Sobolev space, 〈ξ〉 =
√

1 + ξ2. Denote

θ =
∫

(u0 (x) + u1 (x)) dx, µ =
λ

4π
(εθ)

2
n

(
n

n + 2

)n
2

.

Define g (t) = 1 + µ log 〈t〉 and let G (t, x) = (4πt)−
n
2 e−

|x|2
4t be the heat kernel.

Our main result is the following.

Theorem 1.1. Let the initial data u0, u1 be such that

u0 ∈ Hδ,0 ∩ H0,δ, u1 ∈ Hδ−1,0 ∩ H−1,δ,

where δ > n
2 . Also we assume

λθ
2
n > 0,

∫
u0 (x) dx > 0.

Then there exists ε0 > 0 such that for any 0 < ε ≤ ε0 the Cauchy problem (1.1)
has a unique global solution u ∈ C

(
[0,∞) ;Hδ,0

)
satisfying the asymptotic property∥∥∥u (t) − εθG (t, x) e−ϕ(t)

∥∥∥
Lp

≤ Cε1+ 2
n g−1−n

2 (t) 〈t〉−
n
2 (1− 1

p )
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for all t > 0, 1 ≤ p ≤ ∞, where∣∣∣e 2
n ϕ(t) − g (t)

∣∣∣ ≤ Cε
2
n log g (t) ,

for all t > 0.

Remark 1.2. The nonlinearity u1+ 2
n can be replaced by |u|

2
n u or |u|1+

2
n if we

assume λ > 0 or λθ > 0 instead of λθ
2
n > 0, respectively. In these cases µ =

λ
4π (ε |θ|)

2
n

(
n

n+2

)n
2

for |u|
2
n u and µ = λ

4π ε
2
n |θ|1+

2
n θ−1

(
n

n+2

)n
2
. We note that our

conditions always keep µ > 0.

We denote by F the Fourier transformation

û (ξ) ≡ Fu = (2π)−
n
2

∫
Rn

e−iξxu (x) dx

and by F−1 the inverse Fourier transformation

ǔ (x) ≡ F−1u = (2π)−
n
2

∫
Rn

eiξxu (ξ) dξ.

In what follows we denote by C different positive constants. The rest of the paper is
organized as follows. In Section 2 we obtain some preliminary estimates of the Green
operator solving the linearized Cauchy problem corresponding to (1.1). Section 3
is devoted to the proof of Theorem 1.1.

2. Preliminary lemmas

The solution of the linear Cauchy problem

(2.1)
{

Lu = f(t, x), x ∈ Rn, t > 0,
u (0, x) = εu0 (x) , ∂tu (0, x) = εu1 (x) , x ∈ Rn,

where L = ∂2
t + ∂t − ∆, ε > 0, can be written by the Duhamel formula

u (t) = εG0 (t)u0 + εG1 (t)u1 +
∫ t

0

G1 (t − τ ) f(τ )dτ,

where
Gj (t) = e−

t
2F−1Lj (t, ξ)F ,

j = 0, 1, and

L0 (t, ξ) = cos

(
t

√
|ξ|2 − 1

4

)
+

1
2
L1 (t, ξ) ,

L1 (t, ξ) =
sin

(
t
√
|ξ|2 − 1

4

)
√
|ξ|2 − 1

4

(we take the principal value of the square root). Also we define the operators

G′
j (t) = F−1 ∂

∂t

(
e−

t
2 Lj (t, ξ)

)
F .

Note that the symbols L0 (t, ξ) and L1 (t, ξ) are smooth and bounded: Lj (t, ξ) ∈
C∞ (Rn) , j = 0, 1; moreover, the symbol L1 (t, ξ) decays as 1

|ξ| for |ξ| → ∞, this
means the gain of regularity concerning the initial datum u1. We first collect some
preliminary estimates for the Green operators G0 (t) , G1 (t).
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Lemma 2.1. The estimates

‖(−∆)α Gj (t)φ‖L2 ≤ C
∥∥∥(−∆)α 〈∆〉−

j
2 φ

∥∥∥
L2

,∥∥∥(−∆)α 〈∆〉−
1
2 G′

j (t)φ
∥∥∥
L2

≤ C 〈t〉−1
∥∥∥(−∆)α 〈∆〉−

j
2 φ

∥∥∥
L2

,

and

‖|·|α Gj (t)φ‖L2 ≤ C
∥∥∥|·|α 〈∆〉−

j
2 φ

∥∥∥
L2

+ C 〈t〉
α
2

∥∥∥〈∆〉−
j
2 φ

∥∥∥
L2

are true for all t ≥ 0, j = 0, 1, where α ≥ 0, provided that the right-hand sides are
finite.

Proof. Since

|Lj (t, ξ)| ≤ Ce
t
2 〈ξ〉−j ,

for all t > 0, ξ ∈ Rn, j = 0, 1, we have

‖(−∆)α Gj (t)φ‖L2 = Ce−
t
2

∥∥∥|ξ|2α
Lj (t, ξ) φ̂ (ξ)

∥∥∥
L2

≤ C
∥∥∥|ξ|2α 〈ξ〉−j φ̂ (ξ)

∥∥∥
L2

≤ C
∥∥∥(−∆)α 〈∆〉−

j
2 φ

∥∥∥
L2

.

Thus the first estimate of the lemma is true. For the second estimate we note that

∂

∂t

(
e−

t
2 L0 (t, ξ)

)
=

2 |ξ|2√
1 − 4 |ξ|2

e−
t
2 sinh

(
t

2

√
1 − 4 |ξ|2

)

and

∂

∂t

(
e−

t
2 L1 (t, ξ)

)
= e−

t
2−

t
2

√
1−4|ξ|2

− 4 |ξ|2√
1 − 4 |ξ|2

(
1 +

√
1 − 4 |ξ|2

)e−
t
2 sinh

(
t

2

√
1 − 4 |ξ|2

)
.

Therefore, we have the estimate∣∣∣∣ ∂

∂t

(
e−

t
2 Lj (t, ξ)

)∣∣∣∣ ≤ C 〈t〉−1 〈ξ〉1−j

for all t > 0, ξ ∈ Rn, j = 0, 1, hence∥∥∥(−∆)α 〈∆〉−
1
2 G′

j (t)φ
∥∥∥
L2

= C

∥∥∥∥|ξ|2α 〈ξ〉−1 ∂

∂t

(
e−

t
2 Lj (t, ξ)

)
φ̂ (ξ)

∥∥∥∥
L2

≤ C 〈t〉−1
∥∥∥|ξ|2α 〈ξ〉−j

φ̂ (ξ)
∥∥∥
L2

≤ C 〈t〉−1
∥∥∥(−∆)α 〈∆〉−

j
2 φ

∥∥∥
L2

.

To prove the last estimate we note that∣∣∣(−∆)k
Lj (t, ξ)

∣∣∣ ≤ 〈t〉k e
t
2 〈ξ〉−j
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for all t > 0, ξ ∈ Rn, j = 0, 1, k ≥ 0; therefore, by the Leibnitz rule we obtain

‖|·|α Gj (t)φ‖L2 = Ce−
t
2

∥∥∥(−∆)
α
2 Lj (t, ξ) φ̂ (ξ)

∥∥∥
L2

≤ Ce−
t
2

∥∥∥〈ξ〉j Lj (t, ξ)
∥∥∥
L∞

∥∥∥(−∆)
α
2 〈ξ〉−j φ̂ (ξ)

∥∥∥
L2

+Ce−
t
2

[α]∑
k=0

∥∥∥(−∆)[α]+1 〈ξ〉j Lj (t, ξ)
∥∥∥ α−k

2([α]+1)

L∞

∥∥∥〈ξ〉j Lj (t, ξ)
∥∥∥1− α−k

2([α]+1)

L∞

×
∥∥∥(−∆)

k
2 〈ξ〉−j φ̂ (ξ)

∥∥∥
L2

≤ C
∥∥∥(−∆)

α
2 〈ξ〉−j φ̂ (ξ)

∥∥∥
L2

+ C

[α]∑
k=0

〈t〉
α−k

2

∥∥∥(−∆)
k
2 〈ξ〉−j φ̂ (ξ)

∥∥∥
L2

≤ C
∥∥∥(−∆)

α
2 〈ξ〉−j φ̂ (ξ)

∥∥∥
L2

+ C 〈t〉
α
2

∥∥∥〈ξ〉−j φ̂ (ξ)
∥∥∥
L2

≤ C
∥∥∥|·|α 〈∆〉−

j
2 φ

∥∥∥
L2

+ C 〈t〉
α
2

∥∥∥〈∆〉−
j
2 φ

∥∥∥
L2

.

This completes the proof of Lemma 2.1. �

Denote by G (t, x) ≡ (4πt)−
n
2 e−

|x|2
4t the heat kernel. The following lemma says

that the asymptotic behavior of solutions to the linear Cauchy problem (2.1) is
similar to that for the heat equation.

Lemma 2.2. The estimates∥∥∥(−∆)
α
2

(
Gj (t) φ − G (t, x) φ̂ (0)

)∥∥∥
L2

≤ Ct−
α+γ

2 −n
4

∥∥∥(−∆)α 〈∆〉−
j
2 φ

∥∥∥
L2

+Ct−
α+γ

2 −n
4

∥∥∥〈·〉δ 〈∆〉−
j
2 φ

∥∥∥ n
2δ

L2

∥∥∥〈∆〉−
j
2 φ

∥∥∥1− n
2δ

L2

+Ct−
α+γ

2 −n
4

∥∥∥〈·〉δ 〈∆〉−
j
2 φ

∥∥∥n+2γ
2δ

L2

∥∥∥〈∆〉−
j
2 φ

∥∥∥1−n+2γ
2δ

L2
,∥∥∥(−∆)

α
2 〈∆〉−

1
2

(
G′

j (t)φ − ∆G (t, x) φ̂ (0)
)∥∥∥

L2

≤ Ct−
α+γ

2 −n
4 −1

∥∥∥(−∆)α 〈∆〉−
j
2 φ

∥∥∥
L2

+Ct−
α+γ

2 −n
4 −1

∥∥∥〈·〉δ 〈∆〉−
j
2 φ

∥∥∥ n
2δ

L2

∥∥∥〈∆〉−
j
2 φ

∥∥∥1− n
2δ

L2

+Ct−
α+γ

2 −n
4 −1

∥∥∥〈·〉δ 〈∆〉−
j
2 φ

∥∥∥n+2γ
2δ

L2

∥∥∥〈∆〉−
j
2 φ

∥∥∥1−n+2γ
2δ

L2

and ∥∥∥|x|δ (
Gj (t)φ − G (t, x) φ̂ (0)

)∥∥∥
L2

x

≤ C
∥∥∥〈·〉δ 〈∆〉−

j
2 φ

∥∥∥
L2

+Ct
δ−γ

2 −n
4

∥∥∥〈·〉δ 〈∆〉−
j
2 φ

∥∥∥ n
2δ

L2

∥∥∥〈∆〉−
j
2 φ

∥∥∥1− n
2δ

L2

+Ct
δ−γ

2 −n
4

∥∥∥〈·〉δ 〈∆〉−
j
2 φ

∥∥∥n+2γ
2δ

L2

∥∥∥〈∆〉−
j
2 φ

∥∥∥1−n+2γ
2δ

L2
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are true for all t ≥ 1, j = 0, 1, where δ > n
2 , α ≥ 0, 0 < γ < min

(
1, δ − n

2

)
,

provided that the right-hand sides are finite.

Proof. By the Schwartz inequality with γ ≥ 0, δ − γ > n
2 we obtain, choosing

σ =
∥∥∥〈·〉δ φ

∥∥∥ 1
δ

L2
‖φ‖−

1
δ

L2 > 0,

‖|·|γ φ‖L1 ≤
(∫

Rn

(
σ2 + x2

)δ−γ |x|2γ |φ (x)|2 dx

) 1
2

(∫
Rn

(
σ2 + x2

)γ−δ
dx

) 1
2

≤ Cσ
n
2 +γ−δ

(∫
Rn

(
σ2 + x2

)δ |φ (x)|2 dx

) 1
2

≤ Cσ
n
2 +γ ‖φ‖L2 + Cσ

n
2 −δ+γ

∥∥∥〈·〉δ φ
∥∥∥
L2

≤ C
∥∥∥〈·〉δ φ

∥∥∥n+2γ
2δ

L2
‖φ‖1−n+2γ

2δ

L2 .(2.2)

Hence we get ∥∥∥|ξ|−γ
(
φ̂ (ξ) − φ̂ (0)

)∥∥∥
L∞

≤ C
∥∥∥(−∆)

γ
2 φ̂ (ξ)

∥∥∥
L∞

≤ ‖|·|γ φ‖L1

≤ C
∥∥∥〈·〉δ φ

∥∥∥n+2γ
2δ

L2
‖φ‖1−n+2γ

2δ

L2 .

Taking into account the estimates∥∥∥|ξ|α (
e−

t
2 Lj (t, ξ) − e−t|ξ|2

)∥∥∥
L2(|ξ|≤1)

≤ Ct−
α
2 −n

4 −1,∥∥∥〈ξ〉j Lj (t, ξ)
∥∥∥
L∞(|ξ|≥1)

≤ C,

and ∥∥∥|ξ|α+γ e−t|ξ|2
∥∥∥
L2(|ξ|≤1)

≤ Ct−
α+γ

2 −n
4 ,

∥∥∥|ξ|α e−t|ξ|2
∥∥∥
L2(|ξ|≥1)

≤ Ce−
t
2

for all t ≥ 1, we get∥∥∥(−∆)
α
2

(
Gj (t)φ − G (t, x) φ̂ (0)

)∥∥∥
L2

= C
∥∥∥|ξ|α (

e−
t
2 Lj (t, ξ) φ̂ (ξ) − e−t|ξ|2 φ̂ (0)

)∥∥∥
L2

≤ C
∥∥∥|ξ|α (

e−
t
2 Lj (t, ξ) − e−t|ξ|2

)∥∥∥
L2(|ξ|≤1)

∥∥∥〈ξ〉−j φ̂ (ξ)
∥∥∥
L∞(|ξ|≤1)

+C
∥∥∥|ξ|α+γ

e−t|ξ|2
∥∥∥
L2(|ξ|≤1)

∥∥∥|ξ|−γ
(
〈ξ〉−j

φ̂ (ξ) − 〈0〉−j
φ̂ (0)

)∥∥∥
L∞(|ξ|≤1)

+Ce−
t
2

∥∥∥〈ξ〉j Lj (t, ξ)
∥∥∥
L∞(|ξ|≥1)

∥∥∥|ξ|α 〈ξ〉−j φ̂ (ξ)
∥∥∥
L2(|ξ|≥1)

+C
∥∥∥〈ξ〉−j

φ̂ (ξ)
∥∥∥
L∞(|ξ|≤1)

∥∥∥|ξ|α e−t|ξ|2
∥∥∥
L2(|ξ|≥1)

≤ Ct−
α+γ

2 −n
4

∥∥∥〈·〉δ 〈∆〉−
j
2 φ

∥∥∥ n
2δ

L2

∥∥∥〈∆〉−
j
2 φ

∥∥∥1− n
2δ

L2

+Ct−
α+γ

2 −n
4

∥∥∥〈·〉δ 〈∆〉−
j
2 φ

∥∥∥n+2γ
2δ

L2

∥∥∥〈∆〉−
j
2 φ

∥∥∥1−n+2γ
2δ

L2

+Ct−
α+γ

2 −n
4

∥∥∥(−∆)α 〈∆〉−
j
2 φ

∥∥∥
L2

.

Thus the first estimate of the lemma is valid.
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Since ∥∥∥∥|ξ|α (
∂

∂t

(
e−

t
2 Lj (t, ξ)

)
+ |ξ|2 e−t|ξ|2

)∥∥∥∥
L2(|ξ|≤1)

≤ Ct−
α
2 −n

4 −2

and ∥∥∥∥〈ξ〉j−1 ∂

∂t

(
e−

t
2 Lj (t, ξ)

)∥∥∥∥
L∞(|ξ|≥1)

≤ Ce−
t
4

for all t ≥ 1, we get

∥∥∥(−∆)
α
2 〈∆〉−

1
2

(
G′

j (t) φ − φ̂ (0)∆G (t, x)
)∥∥∥

L2

= C

∥∥∥∥|ξ|α 〈ξ〉−1

(
∂

∂t

(
e−

t
2 Lj (t, ξ)

)
φ̂ (ξ) + |ξ|2 e−t|ξ|2 φ̂ (0)

)∥∥∥∥
L2

≤ C

∥∥∥∥|ξ|α (
∂

∂t

(
e−

t
2 Lj (t, ξ)

)
+ |ξ|2 e−t|ξ|2

)∥∥∥∥
L2(|ξ|≤1)

∥∥∥〈ξ〉−j
φ̂ (ξ)

∥∥∥
L∞(|ξ|≤1)

+C
∥∥∥|ξ|α+2+γ e−t|ξ|2

∥∥∥
L2(|ξ|≤1)

∥∥∥|ξ|−γ
(
〈ξ〉−j φ̂ (ξ) − 〈0〉−j φ̂ (0)

)∥∥∥
L∞(|ξ|≤1)

+Ce−
t
2

∥∥∥∥〈ξ〉j−1 ∂

∂t

(
e−

t
2 Lj (t, ξ)

)∥∥∥∥
L∞(|ξ|≥1)

∥∥∥|ξ|α 〈ξ〉−j
φ̂ (ξ)

∥∥∥
L2(|ξ|≥1)

+C
∥∥∥〈ξ〉−j φ̂ (ξ)

∥∥∥
L∞(|ξ|≤1)

∥∥∥|ξ|α+2 e−t|ξ|2
∥∥∥
L2(|ξ|≥1)

≤ Ct−
α+γ

2 −n
4 −1

∥∥∥〈·〉δ 〈∆〉−
j
2 φ

∥∥∥ n
2δ

L2

∥∥∥〈∆〉−
j
2 φ

∥∥∥1− n
2δ

L2

+Ct−
α+γ

2 −n
4 −1

∥∥∥〈·〉δ 〈∆〉−
j
2 φ

∥∥∥n+2γ
2δ

L2

∥∥∥〈∆〉−
j
2 φ

∥∥∥1−n+2γ
2δ

L2

+Ct−
α+γ

2 −n
4 −1

∥∥∥(−∆)
α
2 〈∆〉−

j
2 φ

∥∥∥
L2

.

Whence the second estimate of the lemma follows. To prove the last estimate we
write ∥∥∥|x|δ (

Gj (t)φ − G (t, x) φ̂ (0)
)∥∥∥

L2

≤ C
∥∥∥(−∆)

δ
2

(
〈ξ〉j e−

t
2 Lj (t, ξ) − e−t|ξ|2

)
〈ξ〉−j

φ̂ (ξ)
∥∥∥
L2

+C
∥∥∥(−∆)

δ
2 e−t|ξ|2

(
〈ξ〉−j

φ̂ (ξ) − 〈0〉−j
φ̂ (0)

)∥∥∥
L2

.(2.3)

Denote χ1 (ξ) ∈ C∞ (Rn) such that χ1 (ξ) = 1 for |ξ| ≤ 1 and χ1 (ξ) = 0 for
|ξ| ≥ 2, also we define χ2 (ξ) = 1 − χ1 (ξ) . Note that there exists a smooth and
rapidly decaying kernel

K (t, x) = F−1
((

〈ξ〉j e−
t
2 Lj (t, ξ) − e−t|ξ|2

)
χ1 (ξ)

)
,
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so that by the Young inequality we have∥∥∥|·|δ F−1
((

〈ξ〉j e−
t
2 Lj (t, ξ) − e−t|ξ|2

)
χ1 (ξ)

)
〈ξ〉−j φ̂ (ξ)

∥∥∥
L2

=
∥∥∥∥|x|δ ∫

Rn

K (t, x − y) 〈∆〉−
j
2 φ (y) dy

∥∥∥∥
L2

≤ C

∥∥∥∥∫
Rn

|x − y|δ |K (t, x − y)|
∣∣∣〈∆〉−

j
2 φ (y)

∣∣∣ dy

∥∥∥∥
L2

+C

∥∥∥∥∫
Rn

|K (t, x − y)| |y|δ
∣∣∣〈∆〉−

j
2 φ (y)

∣∣∣ dy

∥∥∥∥
L2

≤ C
∥∥∥|x|δ K (t, x)

∥∥∥
L2

∥∥∥〈∆〉−
j
2 φ (x)

∥∥∥
L1

+C ‖K (t, x)‖L1

∥∥∥|x|δ 〈∆〉−
j
2 φ (x)

∥∥∥
L2

.(2.4)

By the estimate

(−∆)k
((

〈ξ〉j e−
t
2 Lj (t, ξ) − e−t|ξ|2

)
χ1 (ξ)

)
≤ C 〈t〉k−1 e−Ct|ξ|2χ1 (ξ)

for all t > 0, |ξ| ≤ 2, j = 0, 1, k ≥ 0, we have∥∥∥|x|2k
K (t, x)

∥∥∥
L2

≤ C
∥∥∥〈·〉2k

K
∥∥∥
L2

≤ C
∥∥∥〈∆〉k

((
〈ξ〉j e−

t
2 Lj (t, ξ) − e−t|ξ|2

)
χ1 (ξ)

)∥∥∥
L2

≤ C 〈t〉k−1−n
4 ;

hence via estimate (2.2) with γ = 0,∥∥∥|x|δ K (t, x)
∥∥∥
L2

≤ C 〈t〉
δ
2−1−n

4

and

‖K (t, x)‖L1 ≤ C
∥∥∥〈·〉δ K

∥∥∥ n
2δ

L2
‖K‖1− n

2δ

L2 ≤ C 〈t〉−1 .

Therefore (2.4) yields∥∥∥|·|δ F−1
((

〈ξ〉j e−
t
2 Lj (t, ξ) − e−t|ξ|2

)
χ1 (ξ)

)
〈ξ〉−j

φ̂ (ξ)
∥∥∥
L2

≤ C 〈t〉
δ
2−

n
4 −1

∥∥∥〈·〉δ 〈∆〉−
j
2 φ

∥∥∥ n
2δ

L2

∥∥∥〈∆〉−
j
2 φ

∥∥∥1− n
2δ

L2

+C 〈t〉−1
∥∥∥|·|δ 〈∆〉−

j
2 φ

∥∥∥
L2

.(2.5)

We have

(−∆)k
((

〈ξ〉j e−
t
2 Lj (t, ξ) − e−t|ξ|2

)
χ2 (ξ)

)
≤ Ce−

t
4
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for all t > 0, ξ ∈ Rn, j = 0, 1, k ≥ 0; therefore, by the Leibnitz rule we obtain∥∥∥(−∆)
δ
2

((
〈ξ〉j e−

t
2 Lj (t, ξ) − e−t|ξ|2

)
χ2 (ξ)

)
〈ξ〉−j

φ̂ (ξ)
∥∥∥
L2

≤ C
∥∥∥(

〈ξ〉j e−
t
2 Lj (t, ξ) − e−t|ξ|2

)
χ2 (ξ)

∥∥∥
L∞

∥∥∥(−∆)
δ
2 〈ξ〉−j φ̂ (ξ)

∥∥∥
L2

+C

[δ]∑
k=0

∥∥∥(−∆)[δ]+1
((

〈ξ〉j e−
t
2 Lj (t, ξ) − e−t|ξ|2

)
χ2 (ξ)

)∥∥∥ δ−k
2([δ]+1)

L∞

×
∥∥∥(

〈ξ〉j e−
t
2 Lj (t, ξ) − e−t|ξ|2

)
χ2 (ξ)

∥∥∥1− δ−k
2([δ]+1)

L∞

∥∥∥(−∆)
k
2 〈ξ〉−j

φ̂ (ξ)
∥∥∥
L2

≤ Ce−
t
4

∥∥∥〈∆〉
δ
2 〈ξ〉−j φ̂ (ξ)

∥∥∥
L2

≤ C 〈t〉−1
∥∥∥〈·〉δ 〈∆〉−

j
2 φ

∥∥∥
L2

.(2.6)

In the same manner, using the heat kernel,

G (t, x) = F−1
(
e−t|ξ|2

)
= (4πt)−

n
2 e−

x2
4t ,

and G2 (t) = F−1e−t|ξ|2F , we write∥∥∥(−∆)
δ
2 e−t|ξ|2

(
〈ξ〉−j φ̂ (ξ) − 〈0〉−j φ̂ (0)

)∥∥∥
L2

ξ

=
∥∥∥|x|δ (

G2 (t) 〈∆〉−
j
2 φ − G (t, x) 〈0〉−j φ̂ (0)

)∥∥∥
L2

x

.

Taking γ ∈ [0, 1] , γ < δ− n
2 , changing the dependent variables x = ξ

√
t and y = η

√
t

we write

|x|δ
(
G2 (t) 〈∆〉−

j
2 φ − G (t, x) 〈0〉−j φ̂ (0)

)
= (4πt)−

n
2

∫
|y|≤

√
t

|x|δ

|y|γ
(

e−
(x−y)2

4t − e−
x2
4t

)
|y|γ

(
〈∆〉−

j
2 φ

)
(y) dy

+ (4πt)−
n
2

∫
|y|≥

√
t

|x|δ

|y|δ
(

e−
(x−y)2

4t − e−
x2
4t

)
|y|δ

(
〈∆〉−

j
2 φ

)
(y) dy

= (4π)−
n
2 t

δ
2

∫
|η|≤1

|ξ|δ

|η|γ
(

e−
(ξ−η)2

4 − e−
ξ2
4

)
|η|γ

(
〈∆〉−

j
2 φ

) (
η
√

t
)

dη

+ (4π)−
n
2 t

δ
2

∫
|η|≥1

|ξ|δ

|η|δ
(

e−
(ξ−η)2

4 − e−
ξ2
4

)
|η|δ

(
〈∆〉−

j
2 φ

)(
η
√

t
)

dη.(2.7)

Applying the inequality

|ξ|δ

|η|δ

∣∣∣∣e− (ξ−η)2

4 − e−
ξ2
4

∣∣∣∣ ≤ C
|ξ − η|δ + |η|δ

|η|δ
e−

(ξ−η)2

4 + C
|ξ|δ

|η|δ
e−

ξ2
4

≤ Ce−C(ξ−η)2 + Ce−Cξ2

for all |η| ≥ 1 and the estimate

|ξ|δ

|η|γ
∣∣∣∣e− (ξ−η)2

4 − e−
ξ2
4

∣∣∣∣ ≤ Ce−C(ξ−η)2 + Ce−Cξ2
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for all |η| ≤ 1, in view of (2.2) we obtain from (2.7)∥∥∥|x|δ (
G2 (t) 〈∆〉−

j
2 φ − G (t, x) 〈0〉−j φ̂ (0)

)∥∥∥
L2

x

≤ Ct
δ
2+ n

4

∥∥∥∥∥
∫
|η|≤1

|ξ|δ

|η|γ
∣∣∣∣e− (ξ−η)2

4 − e−
ξ2
4

∣∣∣∣ |η|γ (
〈∆〉−

j
2 φ

) (
η
√

t
)

dη

∥∥∥∥∥
L2

ξ

+Ct
δ
2+ n

4

∥∥∥∥∥
∫
|η|≥1

|ξ|δ

|η|δ

∣∣∣∣e− (ξ−η)2

4 − e−
ξ2
4

∣∣∣∣ |η|δ (
〈∆〉−

j
2 φ

) (
η
√

t
)

dη

∥∥∥∥∥
L2

ξ

≤ Ct
δ
2+ n

4

∥∥∥∥∥
∫
|η|≤1

(
e−C(ξ−η)2 + e−Cξ2

)
|η|γ

(
〈∆〉−

j
2 φ

) (
η
√

t
)

dη

∥∥∥∥∥
L2

ξ

+Ct
δ
2+ n

4

∥∥∥∥∥
∫
|η|≥1

(
e−C(ξ−η)2 + e−Cξ2

)
|η|δ

(
〈∆〉−

j
2 φ

)(
η
√

t
)

dη

∥∥∥∥∥
L2

ξ

≤ Ct
δ
2+ n

4

∥∥∥|η|γ φ
(
η
√

t
)∥∥∥

L1
η

+ Ct
δ
2+ n

4

∥∥∥|η|δ (
〈∆〉−

j
2 φ

) (
η
√

t
)∥∥∥

L2
η

≤ Ct
δ−γ

2 −n
4

∥∥∥|·|γ 〈∆〉−
j
2 φ

∥∥∥
L1

+ C
∥∥∥|·|δ 〈∆〉−

j
2 φ

∥∥∥
L2

≤ Ct
δ−γ

2 −n
4

∥∥∥〈·〉δ 〈∆〉−
j
2 φ

∥∥∥ n
2δ + γ

δ

L2

∥∥∥〈∆〉−
j
2 φ

∥∥∥1− n
2δ −

γ
δ

L2

+C
∥∥∥|·|δ 〈∆〉−

j
2 φ

∥∥∥
L2

(2.8)

for all t ≥ 1. Substitution of (2.5), (2.6) and (2.8) into (2.3) yields the third estimate
of the lemma. Lemma 2.2 is proved. �

We let

g (t) = 1 + κ log 〈t〉

with some κ > 0 (in the proof of the theorem we put κ = µ) and we define two
norms

‖φ‖X = sup
t>0

sup
0≤α≤δ

〈t〉
n
4 + α

2

∥∥∥(−∆)
α
2 φ (t)

∥∥∥
L2

+ sup
t>0

sup
0≤α≤δ

〈t〉
n
4 + α

2 + 1
2

∥∥∥(−∆)
α
2 〈∆〉−

1
2 ∂tφ (t)

∥∥∥
L2

+ sup
t>0

〈t〉
n
4 − δ

2

∥∥∥|·|δ φ (t)
∥∥∥
L2

and

‖φ‖Y = sup
t>0

sup
0≤α≤δ

〈t〉1+
n
4 + α

2

∥∥∥(−∆)
α
2 〈∆〉−

1
2 φ (t)

∥∥∥
L2

+ sup
t>0

〈t〉1+
n
4 − δ

2

∥∥∥|·|δ 〈∆〉−
1
2 φ (t)

∥∥∥
L2

.

Next lemma will be necessary for estimating the nonlinear term in the proof of the
theorem.
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Lemma 2.3. Let the function f (t, x) have a zero mean value f̂ (t, 0) = 0. Then
the inequality ∥∥∥∥g (t)

∫ t

0

g−1 (τ )G1 (t − τ ) f (τ ) dτ

∥∥∥∥
X

≤ C ‖f‖Y

is valid, provided that the right-hand side is finite.

Proof. By Lemma 2.1 we get∥∥∥∥(−∆)
α
2

∫ t

0

g−1 (τ )G1 (t − τ ) f (τ ) dτ

∥∥∥∥
L2

≤ C

∫ t

0

g−1 (τ )
∥∥∥(−∆)

α
2 〈∆〉−

1
2 f (τ )

∥∥∥
L2

dτ ≤ C ‖f‖Y ,

∥∥∥∥(−∆)
α
2 〈∆〉−

1
2 ∂t

∫ t

0

g−1 (τ )G1 (t − τ ) f (τ ) dτ

∥∥∥∥
L2

=
∥∥∥∥(−∆)

α
2 〈∆〉−

1
2

∫ t

0

g−1 (τ )G′
1 (t − τ ) f (τ ) dτ

∥∥∥∥
L2

≤ C

∫ t

0

g−1 (τ )
∥∥∥(−∆)

α
2 〈∆〉−

1
2 f (τ )

∥∥∥
L2

dτ ≤ C ‖f‖Y

and ∥∥∥∥|·|α ∫ t

0

g−1 (τ )G1 (t − τ ) f (τ ) dτ

∥∥∥∥
L2

≤ C

∫ t

0

g−1 (τ ) 〈t − τ 〉
α
2

∥∥∥〈·〉α 〈∆〉−
1
2 f (τ )

∥∥∥
L2

dτ ≤ C ‖f‖Y

for all t ∈ [0, 1] , where α ∈ [0, δ] . We now consider t ≥ 1. In view of Lemma 2.2 we
obtain ∥∥∥∥(−∆)

α
2

∫ t

0

g−1 (τ )G1 (t − τ ) f (τ ) dτ

∥∥∥∥
L2

≤
∫ t

2

0

g−1 (τ )
∥∥∥(−∆)

α
2 G1 (t − τ ) f (τ )

∥∥∥
L2

dτ

+
∫ t

t
2

g−1 (τ )
∥∥∥(−∆)

α
2 G1 (t − τ ) f (τ )

∥∥∥
L2

dτ

≤ C

∫ t
2

0

g−1 (τ ) (t − τ )−
α+γ

2 −n
4

∥∥∥(−∆)
α
2 〈∆〉−

1
2 f (τ )

∥∥∥
L2

dτ

+C

∫ t
2

0

g−1 (τ ) (t − τ )−
α+γ

2 −n
4

(∥∥∥〈·〉δ 〈∆〉−
1
2 f (τ )

∥∥∥ n
2δ

L2

∥∥∥〈∆〉−
1
2 f (τ )

∥∥∥1− n
2δ

L2

+
∥∥∥〈·〉δ 〈∆〉−

1
2 f (τ )

∥∥∥n+2γ
2δ

L2

∥∥∥〈∆〉−
1
2 f (τ )

∥∥∥1−n+2γ
2δ

L2

)
dτ

+C

∫ t

t
2

g−1 (τ )
∥∥∥(−∆)

α
2 〈∆〉−

1
2 f (τ )

∥∥∥
L2

dτ,
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whence

∥∥∥∥(−∆)
α
2

∫ t

0

g−1 (τ )G1 (t − τ ) f (τ ) dτ

∥∥∥∥
L2

≤ C

∫ t
2

0

g−1 (τ ) (t − τ )−
α+γ

2 −n
4 τ

γ
2 −1dτ

× sup
t>0

〈t〉1+
n
4

(
〈t〉

α
2

∥∥∥(−∆)
α
2 〈∆〉−

1
2 f (t)

∥∥∥
L2

+
∥∥∥〈∆〉−

1
2 f (t)

∥∥∥
L2

+ 〈t〉−
δ
2

∥∥∥|·|δ 〈∆〉−
1
2 f (t)

∥∥∥
L2

)
+C

∫ t

t
2

g−1 (τ ) τ−1−n
4 −α

2 dτ sup
t>0

〈t〉1+
n
4 + α

2

∥∥∥(−∆)
α
2 〈∆〉−

1
2 f (t)

∥∥∥
L2

≤ Ct−
n
4 −α

2 g−1 (t) ‖f‖Y .

Similarly by virtue of the second estimate of Lemma 2.2 we have

∥∥∥∥(−∆)
α
2 〈∆〉−

1
2 ∂t

∫ t

0

g−1 (τ )G1 (t − τ ) f (τ ) dτ

∥∥∥∥
L2

≤ C

∫ t
2

0

g−1 (τ ) (t − τ )−
α+γ

2 −n
4 −1

∥∥∥(−∆)
α
2 〈∆〉−

1
2 f (τ )

∥∥∥
L2

dτ

+C

∫ t
2

0

g−1 (τ ) (t − τ )−
α+γ

2 −n
4 −1

(∥∥∥〈·〉δ 〈∆〉−
1
2 f (τ )

∥∥∥ n
2δ

L2

∥∥∥〈∆〉−
1
2 f (τ )

∥∥∥1− n
2δ

L2

+
∥∥∥〈·〉δ 〈∆〉−

1
2 f (τ )

∥∥∥n+2γ
2δ

L2

∥∥∥〈∆〉−
1
2 f (τ )

∥∥∥1−n+2γ
2δ

L2

)
dτ

+C

∫ t

t
2

g−1 (τ ) 〈t − τ 〉−1
∥∥∥(−∆)

α
2 〈∆〉−

1
2 f (τ )

∥∥∥
L2

dτ,

whence

∥∥∥∥(−∆)
α
2 ∂t

∫ t

0

g−1 (τ )G1 (t − τ ) f (τ ) dτ

∥∥∥∥
L2

≤ C

∫ t
2

0

g−1 (τ ) (t − τ )−
α+γ

2 −n
4 −1 τ

γ
2 −1dτ

× sup
t>0

〈t〉1+
n
4

(
〈t〉

α
2

∥∥∥(−∆)
α
2 〈∆〉−

1
2 f (t)

∥∥∥
L2

+
∥∥∥〈∆〉−

1
2 f (t)

∥∥∥
L2

+ 〈t〉−
δ
2

∥∥∥|·|δ 〈∆〉−
1
2 f (t)

∥∥∥
L2

)
+C

∫ t

t
2

g−1 (τ ) 〈t − τ 〉−1
τ−1−n

4 −α
2 dτ sup

t>0
〈t〉1+

n
4 + α

2

∥∥∥(−∆)
α
2 〈∆〉−

1
2 f (t)

∥∥∥
L2

≤ Ct−
n
4 −α+1

2 g−1 (t) ‖f‖Y .
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Finally, for all t ≥ 1, applying the third estimate of Lemma 2.2 we get∥∥∥∥|·|δ ∫ t

0

g−1 (τ )G1 (t − τ ) f (τ ) dτ

∥∥∥∥
L2

≤ C

∫ t
2

0

g−1 (τ )
∥∥∥〈·〉δ 〈∆〉−

1
2 f (τ )

∥∥∥
L2

dτ

+C

∫ t
2

0

g−1 (τ ) (t − τ )
δ−γ

2 −n
4

(∥∥∥〈·〉δ 〈∆〉−
1
2 f (τ )

∥∥∥ n
2δ

L2

∥∥∥〈∆〉−
1
2 f (τ )

∥∥∥1− n
2δ

L2

+
∥∥∥〈·〉δ 〈∆〉−

1
2 f (τ )

∥∥∥n+2γ
2δ

L2

∥∥∥〈∆〉−
1
2 f (τ )

∥∥∥1−n+2γ
2δ

L2

)
dτ

+C

∫ t

t
2

g−1 (τ )
(∥∥∥〈·〉δ 〈∆〉−

1
2 f (τ )

∥∥∥
L2

+ 〈t − τ 〉
δ
2

∥∥∥〈∆〉−
1
2 f (τ )

∥∥∥
L2

)
dτ,

whence ∥∥∥∥|·|δ ∫ t

0

g−1 (τ )G1 (t − τ ) f (τ ) dτ

∥∥∥∥
L2

≤
(∫ t

0

g−1 (τ ) τ
δ
2−

n
4 −1dτ +

∫ t
2

0

g−1 (τ ) (t − τ )
δ−γ

2 −n
4 τ

γ
2 −1dτ

)
× sup

t>0
〈t〉1+

n
4

(∥∥∥〈∆〉−
1
2 f (t)

∥∥∥
L2

+ 〈t〉−
δ
2

∥∥∥|·|δ 〈∆〉−
1
2 f (t)

∥∥∥
L2

)
≤ C 〈t〉

δ
2−

n
4 g−1 (t) ‖f‖Y .

This completes the proof of Lemma 2.3. �

Consider the Cauchy problem

(2.9)

⎧⎨⎩
d
dt (h′ (t) (et − β)) = 2λ

nεθ et
∫
N (v (t, x)) dx

+ n+2
2h(t) (h′ (t))2 (et − β) − βh′ (t) ,

h (0) = 1, h′ (0) = 0,

where v (t, x) is an auxiliary given function. Denote

g (t) = 1 + µ log 〈t〉 , µ =
λ

2nπ
(εθ)

2
n

(
n

n + 2

)n
2

> 0

and define v0 (t) = ε
∑1

j=0 Gj (t)uj .

Lemma 2.4. Suppose that

‖v‖X ≤ Cε, ‖v (t) − v0 (t)‖Lp ≤ Cε1+ 2
n g−1 (t) 〈t〉−

n
2 (1− 1

p )

for all t > 0, 1 ≤ p ≤ ∞, then there exists a unique solution h (t) ∈ C1 ((0,∞)) of
the Cauchy problem (2.9) such that

(2.10) |h (t) − g (t)| ≤ Cε
2
n log g (t) , |h′ (t)| ≤ Cε

2
n 〈t〉−1

for all t > 0.

Proof. Integration of (2.9) with respect to time yields

h′ (t) =
2λ

nεθ (et − β)

∫ t

0

dτeτ

∫
N (v (τ, x)) dx

+
n + 2

2 (et − β)

∫ t

0

dτ
(eτ − β)

h (τ )
(h′ (τ ))2 +

β (1 − h (t))
et − β

, h (0) = 1.(2.11)
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Integration by parts gives us∫ t

0

dτeτ

∫
N (v (τ, x)) dx = et

∫
N (v (t, x)) dx −

∫
N (v (0, x)) dx

−
∫ t

0

dτeτ

∫
∂τN (v (τ, x)) dx.(2.12)

Therefore by virtue of (2.11) and (2.12) we have

(2.13)
{

h′ (t) = 2λ
nεθ

∫
N (v (t, x)) dx + Q (t) ,
h (0) = 1,

where

Q (t) =
2λ

nεθ (et − β)

(
β

∫
N (v (t, x)) dx −

∫
N (v (0, x)) dx

−
∫ t

0

dτeτ

∫
∂τN (v (τ, x)) dx

)
+

n + 2
2 (et − β)

∫ t

0

dτ
(eτ − β)

h (τ )
(h′ (τ ))2 +

β (1 − h (t))
et − β

.

We solve the Cauchy problem (2.13) by the successive approximations. Denote
h0 (t) = g (t) and define hm+1 (t) , m ≥ 0 as a solution of the linearized Cauchy
problem

(2.14)
{

h′
m+1 (t) = 2λ

nεθ

∫
N (v (t, x)) dx + Qm (t) ,

hm+1 (0) = 1,

where

Qm (t) =
2λ

nεθ (et − β)

(
β

∫
N (v (t, x)) dx −

∫
N (v (0, x)) dx

−
∫ t

0

dτeτ

∫
∂τN (v (τ, x)) dx

)
+

n + 2
2 (et − β)

∫ t

0

dτ
(eτ − β)
hm (τ )

(h′
m (τ ))2 +

β (1 − hm (t))
et − β

.

We prove that for all m ≥ 0,

(2.15) |hm (t) − g (t)| ≤ Cε
2
n log g (t) , |h′

m (t)| ≤ Cε
2
n 〈t〉−1

.

For m = 0 estimates (2.15) are valid. By induction we suppose that (2.15) is true
for some m ≥ 0. Then in view of the inequality ‖v‖X ≤ Cε, we see that Qm (t) has
a better time decay

|Qm (t)| ≤ Cε
2
n 〈t〉−

3
2

for all t > 0. Hence in view of (2.14)∣∣∣∣hm+1 (t) − 1 − 2λ

εnθ

∫ t

0

∫
N (v (τ, x)) dxdτ

∣∣∣∣ ≤ Cε
2
n ,

∣∣h′
m+1 (t)

∣∣ ≤ Cε
2
n 〈t〉−

3
2 + ε−1

∣∣∣∣∫ N (v (τ, x)) dxdτ

∣∣∣∣ .(2.16)
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We write ∫
N (v (t, x)) dx − (εθ)1+

2
n

∫
N (G (t, x)) dx

=
∫

(N (v (t, x)) −N (v0)) dx +
∫ (

N (v0) −N
(
εθG

(
xt−

1
2

)))
dx,(2.17)

where G (t, x) ≡ (4πt)−
n
2 e−

|x|2
4t . By the condition

‖v (t) − v0 (t)‖Lp ≤ Cε1+ 2
n g−1 (t) 〈t〉−

n
2 (1− 1

p )

we obtain

(2.18)
∣∣∣∣∫ (N (v (t, x)) −N (v0)) dx

∣∣∣∣ ≤ Cε1+ 4
n 〈t〉−1 g−1 (t)

and via Lemmas 2.1 and 2.2 we have

(2.19)
∣∣∣∣∫ (N (v0) −N (εθG (t, x))) dx

∣∣∣∣ ≤ Cε1+ 2
n 〈t〉−1−γ .

A direct calculation shows

(2.20)
2λ

εnθ

∫
N (εθG (t, x)) dx =

2λ (εθ)
2
n

n (4πt)1+
n
2

∫
e−(1+ 2

n ) |x|2
4t dx =

κ

t
,

where κ = λ
2nπ (εθ)

2
n

(
n

n+2

)n
2

. Therefore by virtue of (2.17)–(2.20) we get∫
N (v (t, x)) dx = g (t) + Cε1+ 2

n log g (t) ,

whence by (2.16) the estimates (2.15) follow with m replaced by m+1. In the same
manner we estimate the differences

|hm+1 (t) − hm (t)| ≤ 1
2
|hm (t) − hm−1 (t)| and∣∣h′

m+1 (t) − h′
m (t)

∣∣ ≤ 1
2

∣∣h′
m (t) − h′

m−1 (t)
∣∣ .

Hence there exists a unique solution h (t) ∈ C1 ((0,∞)) of the Cauchy problem
(2.9) satisfying estimates (2.10) for all t > 0. Lemma 2.4 is proved. �

3. Proof of Theorem 1.1

Following the method of paper [4] we make a change of the dependent variable
u (t, x) = e−ϕ(t)v (t, x) in the damped wave equation (1.1) to get

(3.1) Lv = f,

where L = ∂2
t + ∂t − ∆ and

f = −λe−
2
n ϕN (v) + 2ϕ′vt +

(
ϕ′′ − (ϕ′)2 + ϕ′

)
v.
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Now we choose ϕ (t) by the condition
∫

f (t, x) dx = 0, i.e. ϕ (t) is a solution of the
following equation

−λe−
2
n ϕ(t)

∫
N (v (t, x)) dx + 2ϕ′ (t)

∫
vt (t, x) dx

+
(
ϕ′′ (t) − (ϕ′ (t))2 + ϕ′ (t)

) ∫
v (t, x) dx = 0,(3.2)

and also we suppose that ϕ (0) = ϕ′ (0) = 0. Integrating (3.1) with respect to x and
using (3.2) we obtain

d

dt

∫
(vt (t, x) + v (t, x)) dx = 0

which implies∫
(vt (t, x) + v (t, x)) dx =

∫
(vt (0, x) + v (0, x)) dx(3.3)

= ε

∫
(u0 (x) + u1 (x)) dx = εθ,

since u (0, x) = e−ϕ(0)v (0, x) and ut (0, x) = −ϕ′ (0) e−ϕ(0)v (0, x) + e−ϕ(0)vt (0, x).
By (3.3) we have

e−t d

dt

(
et

∫
v (t, x) dx

)
= εθ,

whence it follows that ∫
v (t, x) dx = εθ

(
1 − βe−t

)
,

where β = 1
θ

∫
u1 (x) dx. By virtue of (3.3) and (3.2) we get

ϕ′′ (t)
(
1 − βe−t

)
+

(
1 + βe−t

)
ϕ′ (t)

=
λ

εθ
e−

2
n ϕ(t)

∫
N (v (t, x)) dx + (ϕ′ (t))2

(
1 − βe−t

)
.(3.4)

We put h (t) = e
2
n ϕ(t), then multiplying (3.4) by et+ 2

n ϕ(t) we find

d

dt

(
h′ (t)

(
et − β

))
=

2λ

nεθ
et

∫
N (v (t, x)) dx

+
n + 2
2h (t)

(h′ (t))2
(
et − β

)
− βh′ (t) ,(3.5)

with initial conditions h (0) = 1, h′ (0) = 0. Thus we obtain the following system of
equations for (v (t, x) , h (t))

(3.6)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Lv = f,

d
dt (h′ (t) (et − β)) = 2λ

nεθ et
∫
N (v (t, x)) dx

+ n+2
2h(t) (h′ (t))2 (et − β) − βh′ (t) ,

v (0, x) = εu0 (x) , vt (0, x) = εu1 (x) ,
h (0) = 1, h′ (0) = 0,
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where

f = −λ

h
N (v) + ϕ′ (t) v + 2ϕ′ (t) vt +

(
ϕ′′ (t) − (ϕ′ (t))2

)
v

= −λ

h
N (v) − nh′ (t)

h (t)

(
e−tβ

θ − e−tβ
v + vt

)
+

λv

εh (t) (θ − βe−t)

∫
N (v (t, x)) dx.

We find a solution (v (t, x) , h (t)) of the Cauchy problem (3.6) using the successive
approximations method in the function space

Z =
{
(v, h) ∈ X × C1 [0,∞) ; ‖(v, h)‖Z < ∞

}
,

where the norm

‖(v, h)‖Z ≡ ‖v‖X + sup
t>0

sup
1≤p≤∞

g (t) 〈t〉
n
2 (1− 1

p ) ‖v (t) − v0 (t)‖Lp

+ sup
t>0

(log g (t))−1 |h (t) − g (t)| + sup
t>0

〈t〉 |h′ (t)| ,

where

‖φ‖X = sup
t>0

sup
0≤α≤δ

〈t〉
n
4 + α

2

∥∥∥(−∆)
α
2 φ (t)

∥∥∥
L2

+ sup
t>0

sup
0≤α≤δ

〈t〉
n
4 + α+1

2

∥∥∥(−∆)
α
2 〈∆〉−

1
2 ∂tφ (t)

∥∥∥
L2

+ sup
t>0

〈t〉
n
4 − δ

2

∥∥∥|·|δ φ (t)
∥∥∥
L2

and

v0 (t) = ε
1∑

j=0

Gj (t)uj ,

g (t) = 1 + µ log 〈t〉 , µ =
λ

2nπ
(εθ)

2
n

(
n

n + 2

)n
2

.

We now define v0 (t) = ε
∑1

j=0 Gj (t)uj , h0 (t) = g (t) , and for (vm+1 (t) , hm+1 (t)) ,

m ≥ 0, we consider the linearized system of equations corresponding to (3.6)

(3.7)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Lvm+1 = fm,

d
dt

(
h′

m+1 (t) (et − β)
)

= 2λ
nεθ et

∫
N (vm (t, x)) dx

+ n+2
2hm+1(t)

(
h′

m+1 (t)
)2 (et − β) − βh′

m+1 (t) ,

vm+1 (0, x) = εu0 (x) , ∂tvm+1 (0, x) = εu1 (x) ,
hm+1 (0) = 1, h′

m+1 (0) = 0,

where for m ≥ 1,

fm = − λ

hm+1
N (vm) −

nh′
m+1 (t)

hm+1 (t)

(
e−tβ

θ − e−tβ
vm + ∂tvm

)
+

λvm

εhm+1 (t) (θ − βe−t)

∫
N (vm (t, x)) dx.

We now prove that for all m ≥ 0,

(3.8) ‖vm‖X ≤ Cε, ‖vm (t) − v0 (t)‖Lp ≤ Cε1+ 2
n g−1 (t) 〈t〉−

n
2 (1− 1

p ) ,
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and

(3.9) |hm (t) − g (t)| ≤ Cε
2
n log g (t) , |∂thm (t)| ≤ Cε

2
n 〈t〉−1

for all t > 0, 1 ≤ p ≤ ∞. By Lemmas 2.1 and 2.2 we see that (3.8) and (3.9) are
valid for m = 0. We assume by induction that (3.8) and (3.9) are true for some m.
By the definition of hm (t) = e

2
n ϕm(t), it follows that∫

fm (t, x) dx = 0

and ∫
vm+1 (t, x) dx = εθ

(
1 − βe−t

)
for all t > 0. We write equation Lvm+1 = fm in the integral form vm+1 = v0 +∫ t

0
G1 (t − τ ) fm (τ ) dτ and apply Lemma 2.3 to get

(3.10) ‖(vm+1 − v0) g‖X ≤ C ‖fmg‖Y ≤ Cε1+ 2
n ,

where

‖f‖Y = sup
t>0

sup
0≤α≤δ

〈t〉1+
n
4 + α

2

∥∥∥(−∆)
α
2 〈∆〉−

1
2 f (t)

∥∥∥
L2

+ sup
t>0

〈t〉1+
n
4 − δ

2

∥∥∥|·|δ 〈∆〉−
1
2 f (t)

∥∥∥
L2

.

Whence in view of the Sobolev embedding theorem it follows that

(3.11) ‖vm+1 (t) − v0 (t)‖Lp ≤ Cε1+ 2
n g−1 (t) 〈t〉−

n
2 (1− 1

p ) ,

for all t > 0, 1 ≤ p ≤ ∞. We also find by Lemma 2.4 that

(3.12) |hm+1 (t) − g (t)| ≤ Cε
2
n log g (t) ,

∣∣h′
m+1 (t)

∣∣ ≤ Cε
2
n 〈t〉−1

.

Therefore the estimates (3.8) and (3.9) are valid for any m.
For the difference wm = vm+1 − vm we get from (3.7){

Lwm = fm+1 − fm,
wm (0, x) = 0, ∂twm (0, x) = 0.

Since ∫
(fm+1 (t, x) − fm (t, x)) dx = 0,

applying Lemma 2.3 we obtain

‖wm‖X ≤ 1
2
‖wm−1‖X

and by Lemma 2.4

sup
t>0

(g (t))−1 |hm+1 (t) − hm (t)| ≤ 1
2
‖wm‖X .

These estimates imply that there exists a unique solution (v, h) ∈ Z of the Cauchy
problem (3.6) satisfying in view of (3.11) and (3.12) the estimates

‖v (t) − v0 (t)‖Lp ≤ Cε1+ 2
n g−1 (t) 〈t〉−

n
2 (1− 1

p )

for all t > 0, 1 ≤ p ≤ ∞ and∣∣∣e 2
n ϕ(t) − g (t)

∣∣∣ ≤ Cε
2
n log g (t)
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for all t > 0. Since u = e−ϕv, we have∥∥∥u (t) eϕ(t) − εθG (t, x)
∥∥∥
Lp

≤ C
∥∥∥u (t) eϕ(t) − v0 (t)

∥∥∥
Lp

+ C ‖v0 (t) − εθG (t, x)‖Lp

≤ Cε1+ 2
n g−1 (t) 〈t〉−

n
2 (1− 1

p ) ,

hence ∥∥∥u (t) − εθG (t, x) e−ϕ(t)
∥∥∥
Lp

≤ Cε1+ 2
n g−1−n

2 (t) 〈t〉−
n
2 (1− 1

p )

for all t > 0, 1 ≤ p ≤ ∞. This completes the proof of Theorem 1.1.
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