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INNATELY TRANSITIVE SUBGROUPS
OF WREATH PRODUCTS IN PRODUCT ACTION

ROBERT W. BADDELEY, CHERYL E. PRAEGER, AND CSABA SCHNEIDER

ABSTRACT. A permutation group is innately transitive if it has a transitive
minimal normal subgroup, which is referred to as a plinth. We study the class
of finite, innately transitive permutation groups that can be embedded into
wreath products in product action. This investigation is carried out by observ-
ing that such a wreath product preserves a natural Cartesian decomposition
of the underlying set. Previously we classified the possible embeddings in the
case where the plinth is simple. Here we extend that classification and identify
several different types of Cartesian decompositions that can be preserved by
an innately transitive group with a non-abelian plinth. These different types of
decompositions lead to different types of embeddings of the acting group into
wreath products in product action. We also obtain a full characterisation of
embeddings of innately transitive groups with diagonal type into such wreath
products.

1. INTRODUCTION

This paper forms an important part of our program to describe innately transitive
subgroups of wreath products in product action (see Section 2l for the definition of
wreath products and their product actions). A permutation group is innately tran-
sitive if it has a transitive minimal normal subgroup; and such a subgroup is called
a plinth. A permutation group is said to be quasiprimitive if all its minimal normal
subgroups are transitive. There are various characterisations of innately transitive
and quasiprimitive groups: in [BamP04] 5 principal types of finite innately tran-
sitive groups were identified, and [BadP03] listed 8 types of finite quasiprimitive
permutation groups based on the classification obtained by [Pra93]. We use the
types of [BamP04] and [BadP03] in this paper.

In an earlier paper [BPS04] we described those finite, innately transitive groups
with a simple plinth that can be embedded into a wreath product in product action.
The main results of this paper extend that classification to embeddings of innately
transitive subgroups with a non-abelian plinth in such wreath products. Let H be a
quasiprimitive, almost simple permutation group acting on a set I'. That is, H has
a unique minimal normal subgroup U, and U is a non-abelian simple group. Set
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1620 R. W. BADDELEY, C. E. PRAEGER, AND C. SCHNEIDER

TABLE 1. Table for Theorem [I.1]

|| T | U
1 Ag Ag
2 M1 M1
3 Mo Ao
4 PO () PO ()
5 PQg‘(q) A,, where n = |PQ§'(q) : Q7(q)]
6 PQg (2) Sps(2)
71 Spy(2%), a =2 Sp,(29/°) where b | a
8 | Sp,(2%), a >2 | A,, where n = [Sp,(2%) : Sp,(2%2) - 2|

W = HwrSy for some ¢ > 2, and consider W as a permutation group in product
action acting on I'Y. Let N = Uj x - - - x Uy be the unique minimal normal subgroup
of W; note that N = U*. Assume that G is an innately transitive subgroup of W
with a non-abelian plinth M = T; X - - x T}, where T1, . .., T} are finite, non-abelian
simple groups all isomorphic to a group T

The following two theorems are the main results of this paper.

Theorem 1.1. If G, W, M, and N are as above, then M < N. Further, if G
projects onto a transitive subgroup of Sy, then exactly one of the following holds.

(a) k =¥; the T; and the U; can be indexed so that Ty < Uy, ..., T < Ug.

(b) £ =2k; T and U are as in Table[); the T; and the U; can be indexed so that
T1 < U1 X UQ,TQ < U3 X U4,...7Tk < ngfl X ng,

(¢c) Neither of the cases (a)—(b) holds and U = AltT.

An even stronger result can be obtained if G has diagonal type, which is defined
as follows. Let o; : M — T; be the natural projection map, for i € {1,...,k}. An
innately transitive group G has diagonal type if o;(M,) = T; for all w € T' and
i€{1,...,k}. It follows from Scott’s Lemma L] that in this case a point stabiliser
M, is isomorphic to T for some s > 1. If s = 1, then we say that G has simple
diagonal type, otherwise G has compound diagonal type. It was shown in [BamP04!
Proposition 5.5] that an innately transitive group of diagonal type contains a unique
minimal normal subgroup, and hence is quasiprimitive.

Theorem 1.2. If W, G, N, M are as above and G has diagonal type, then the
following all hold.

(a) G projects onto a transitive subgroup of Sy and G is a quasiprimitive group
of compound diagonal type;

(b) U =AIT;

(¢) M < N; k=ml for some m > 2 and the U; and the T; can be indexed so
thatT1><~~~><Tm < Ul, Tm+1X~~~><T2m < UQ,...,T([_l)m+1X~~~XTgm <
U,.

Theorem implies the following important corollary, thus proving [BadP03,
Theorem 4.7(3)].
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INNATELY TRANSITIVE SUBGROUPS OF WREATH PRODUCTS 1621

Corollary 1.3. An innately transitive permutation group with simple diagonal type
can never be a subgroup of a wreath product SymT wrSy in product action with
IT| > 2 and £ > 2.

Note that cases (a) and (b) of Theorem [Tl give detailed information about the
embedding G < W, while case (c) contains a rich variety of examples which will
be investigated further in Section 8l The inclusions in case (a) are quite common.
Take, for instance, finite simple permutation groups 7', U < SymI' such that T' < U.
If K is a transitive subgroup of Sy, then clearly Twr K < UwrS, < SymTI¥, and
this inclusion is as in Theorem [[T](a).

Embeddings belonging to Theorem [[T[(b) are not a great deal more mysteri-
ous, as illustrated by the following construction. By [LPS87], the group Aut Ag =
PT'L5(9), acting on a set of size 36, can be embedded into Sg wr Sy such that Aut Ag
projects onto So via the natural projection map SgwrSs — Sy, Hence if K is
a transitive subgroup of Sy for some k > 2, then (AutAg)wr K is a subgroup of
(SewrSy) wr Sy, and, in turn, of SgwrSox in product action. It is easy to see that
this inclusion (AutAg) wr K < Sgwr Sgp, is as in Theorem [LII(b).

The easiest examples in case (c) are constructed by taking a simple permutation
group T' < SymI and a transitive group K < S,;. Then T'wr K is a subgroup of
SymT'wrS,, in product action on I'"*. Moreover if L < Sy is a transitive permuta-
tion group, then clearly (T'wr K)wrL < SymI"™wrS; < SymI'"™*. The inclusion
(TwrK)wrL < SymI"™wrS, is as in Theorem [[1l(c). However, as we will see
in Section [2] the most intriguing examples in case (c¢) cannot be obtained by this
simple construction.

Note that, in Theorem [[.2] the fact that G induces a transitive subgroup of S,
is a consequence of the hypotheses. An easy example of the inclusions described
by Theorem can be constructed as follows. Let K be an innately transitive
permutation group of simple diagonal type acting on I' and let L be its unique
minimal normal subgroup. Let T denote the isomorphism type of a simple direct
factor of M. Then for v € I', the point stabiliser L., is isomorphic to 7. If Q is a
transitive subgroup of Sy, then K wr @ is an innately transitive group of compound
diagonal type acting on I'Y, and clearly K wr Q < SymT'wrS,. This inclusion gives
another example for Theorem [[](c).

In Section 2] we give three further examples of inclusions of innately transitive
groups into wreath products in product action to illustrate the diversity and the
beauty of the embeddings belonging to Theorem [[LT](c). Section [l contains a brief
account of Cartesian decompositions of sets and Cartesian systems of subgroups
that were introduced in [BPS04] and are fundamental to our approach.

The concept of Cartesian decompositions can be viewed as a straightforward
generalisation of the concept of systems of product imprimitivity. Such systems
were first defined by L. G. Kovécs in his lecture at the Group Theory Conference
at Oberwolfach in May 1987. The ideas presented in this Oberwolfach lecture played
a crucial réle in his paper [Kov89b|. In the terminology used by Kovdcs, a system
of product imprimitivity for a group G is a special type of Cartesian decomposition
preserved by G, namely it is one on which G acts transitively.

We draw attention to Theorem [l which is of crucial importance in analysing
the structure of Cartesian systems in M in which the elements involve diagonal
subgroups (which are called strips in our terminology introduced in Section [
isomorphic to T, as in Example 23 This result may be compared with Scott’s
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1622 R. W. BADDELEY, C. E. PRAEGER, AND C. SCHNEIDER

Lemma [£J] on subdirect subgroups in characteristically simple groups that played
a key role in proving the O’Nan-Scott Theorem for primitive groups.

Section [0l contains our major result, the 6-Class Theorem, about transitive Carte-
sian decompositions preserved by a finite innately transitive group. The examples
in the Introduction and in Section [2]show that the classification in Theorem [[.T] can
naturally be refined using the language of Cartesian systems. If G < SymT'wrS,
and G induces a transitive subgroup of Sy, then we say that the corresponding
Cartesian decomposition is transitive. We find that for an innately transitive group
G with a non-abelian plinth, each of the transitive G-invariant Cartesian decom-
positions of the underlying set belongs to exactly one of the 6 classes identified by
the 6-Class Theorem (Theorem [6.2)). The class of a particular Cartesian decompo-
sition can be determined from the abstract group structure of the subgroups in the
corresponding Cartesian system. Cartesian decompositions in different classes lead
to different types of embeddings of the group G into wreath products in product
action. This is strong evidence to support our belief that the theory of Cartesian
decompositions and Cartesian systems is the appropriate framework for studying
these embeddings.

If G is an innately transitive permutation group with a non-abelian plinth, each
transitive G-invariant Cartesian decomposition gives rise to a certain interesting
combinatorial structure preserved by the group or its stabiliser subgroups. These
combinatorial structures may be partitions (see Theorem [[2)), bipartite graphs,
generalised graphs, depending on the class of the decomposition. In some classes it
is also possible to restrict the abstract structure of the acting group (Theorem [6:3)).
In Section [l we provide a characterisation of the Cartesian decompositions in two
of the classes of the 6-Class Theorem (see Theorems[7.21and [(3]). The investigation
of the remaining 4 types can be found in [PS03] and [PS]. The main results of this
article are proved in Section B

It is also meaningful to study those embeddings of innately transitive permu-
tation groups G into wreath products SymI'wrS, in product action in which G
induces an intransitive subgroup of Sy. This will be carried out in a separate paper.

Most of our results depend on the correctness of the finite simple group classifi-
cation. For instance, a lot of information on the factorisations of simple and charac-
teristically simple groups that depend on this classification are used throughout the
paper. Theorem [5.1] which has central importance in the proof of our 6-Class The-
orem and other theorems in Section [6] is a consequence of [BadP03, Lemma 2.2],
whose proof uses the fact, verified by the finite simple group classification, that each
automorphism of a non-abelian, finite simple group has a non-trivial fixed-point.
The Schreier Conjecture about the outer automorphism group of a finite simple
group is used in the proof of Lemma [R1]

In this paper we use the following notation. Permutations act on the right: if 7
is a permutation and w is a point, then the image of w under 7 is denoted wm. If G
is a group acting on a set €2, then G** denotes the subgroup of Sym Q induced by
G.

2. FURTHER EXAMPLES OF INCLUSIONS

The examples of inclusions of innately transitive groups into wreath products in
product action given in the Introduction are natural. In this section we give some
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further examples, whose existence, we believe, is really surprising. They indicate
the richness of the theory described in this paper.

Let T" be a finite set, let L < SymT, let £ > 2 be an integer, and let H < Sy. The
wreath product L wr H is the semidirect product L x H, where, for (z1,...,20) € Lt
and o € Sy, (z1,.. .,xg)fl = (Z10y...,%es). The product action of Lwr H is the
action of Lwr H on I'? defined by

(71a-~-a’7€)($17~-~7$6):(71$17~-~7W$Z) and ('Yla"'a,yf)o-_l:(710'7"'7750')

for all (y1,...,7) € 'Y, x1,...,2 € L, and ¢ € H. The important properties of
wreath products can be found in most textbooks on permutation group theory; see
for instance [DM96].

Example 2.1. Let T be a finite simple group and let A, B be proper subgroups
of T such that T = AB. Set K1 = Ax B and Ko = B x A, and let I'y and I'y
denote the right coset spaces [T'x T : K1] and [T x T : K3], respectively. Note that
K1 Ky =T xT. Define w € Sym (I'; x I'y) as

(Ki(t1,t2), Ka(ts, ta))m = (Ki(ta, t3), K2(ta, 1))

for all t1, to, t3, t4 € T. It is routine to check that 7 is an involution and that
normalises SymI'; x SymI's, interchanging AltT'y and AltT's. Let o7 and oo be the
permutation representations of 7' x T on I'y and I'e, respectively, induced by right
multiplication. Set

M = {(01(t), 02(t)) | t € T x T}.

Clearly, M is a subgroup of SymI'; x SymI's, and the stabiliser in M of the point
(K1, K2) is My = {(01(t), 02(t)) | t € K1NK3}. Since K1NKs = (ANB) x (ANB),
it follows that |M : My| = [T x T : K1 N Ky = |T|?/]A N B|?>. Further, since
T = AB, we have, for i = 1, 2, that [I;| = [T x T : K;| = |T]?/(|A] - |B|) =
|T|/|AN B|. Thus |M : Mp| = |I'y x T'g|, and so M is transitive on I'; x I'y. Let
a = (Ki(t1,12), Ka(ts,ts)) € I'1 x T2 and y = (01(¢), 02(t)) € M with t = (z1,22) €
T x T; set y' = (01(wa,21), 02(w2,21)). Then

aym = (K1 (tiz1, taxa), Ko(tsxr, tazs)) m = (K1 (taxa, tsx1), Ko(toxs, t121))
= (Kl(tl,tg), Kg(tg,t4))7'ry/ = Ol’/Ty/.

Since this is true for all a € T'; x I'y, we have yr = 73/, and so y™ = 3 for all
y € M. Asy' € M, m normalises M. This simple argument also shows that

(1) (01(x1,22), 02(z1,22))" = (01(22,71), 02(w2, 1)) for all zy, o € T.
Set

Tl = {(Ql(t’]-)aQQ(t’l)) | te T} and T2 = {(Ql(lvt)’QQ(]-vt)) ‘ le T}

Then M can be written as the internal direct product M = T} x Ts. It also follows
from (I) that 7 interchanges T} and T>. Let W = (SymT'; x SymT'3) x (7) and
G = M x (). Then G is a quasiprimitive group on I'y x I's with unique minimal
normal subgroup M, and W is also quasiprimitive with minimal normal subgroup
AltT; x AltTy. Moreover, as |[I'1| = |[I'z|, W is permutationally isomorphic to the
wreath product SymI'; wrSs in product action. Therefore the inclusion G < W is
as in case (c) of Theorem [T
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Example 2.2. Let T be a finite simple group and let A, B, C be subgroups of
T such that T = A(BNC) = B(ANC) = C(AN B). Note that in this case we
say that {A, B,C} is a strong multiple factorisation of the finite simple group T,
and the possibilities for 7', A, B, and C can be found in [BadP98| Table V]. Set
Ki=AxBxC,Ky,=Bx(CxA, and K3 =C x A x B, it is a routine calculation
to check that

(2) Ki(KyNK3) = Ky(Ky N K3) = K3(K; N Ky) = T3,
Let 'y, I'y, and T'3 denote the right coset spaces [T° : K], [T? : Ks], and [T? : K3],
respectively, and define 7 € Sym (I'; x 'y x I's) as
(K1 (t1,to,t3), Ko(ta, ts, te), K3(tr, ts, to))m
= (K1 (ts, to, t7), Ka(to, t3,t1), K3(ts, t6, t4))
for all t1,...,t9g € T. It is routine to check that 7 is a permutation of order 3 and
that 7 normalises SymT'; x SymT'y x SymT's, acting transitively on {AltT'1, Alt s,

AltT3} by conjugation. Let g1, 02, and g3 be the permutation representations of
T3 on I'y, I'y, and T's, respectively, induced by right multiplication. Set

M = {(a1(t), 02(t), 03(1)) | t € T*}.

Clearly, M is a subgroup of SymT'; x SymT'y x SymT'3. Using (@), an argument
similar to the one in Example [2.1] shows that M is transitive on I'y x I's x I'3. It is
also easy to prove that m normalises M. Set

I = {(Ql(t’]-v1);92(t71a1)’g3(tala1)) | tGT}’
T2 {(Ql(la tv l)a 92(17t’ 1)7 93(17ta 1)) | te T}v and
T {(Ql(la17t)a92(1717t)793(17Lt)) | tET}'

Then M can be written as the internal direct product M = T1 x T, x T3, and 7 acts
transitively by conjugation on Ty, T, T3. Let W = (SymT'; xSym 'y x Sym I'3) » (mr)
and let G = M x (7). Then G is a quasiprimitive group with minimal normal
subgroup M, and W is quasiprimitive with minimal normal subgroup AltT'; x
AltT2 x AltT's. Moreover, as |I'1| = |T'2| = |I's|, W is permutationally isomorphic
to the wreath product SymT'; wr Az in product action. Therefore G can be viewed
as a subgroup of SymT'y wrS3, and this inclusion is as in Theorem [[T}c).

Example 2.3. Let T be a finite simple group and let A, B be proper isomorphic
subgroups of 7" such that T'= AB. The possibilities for T, A, and B can be found
in [BPS04, Table 2]. We obtain from [BPS04, Lemma 5.2(ii)] that there exists a
¥ € AutT that interchanges A and B. Define the subgroups K; and K, of 7% by

Ky = {(t1,ta,t3,ta) | t1 € A, ta € B, t3 =14}
and

Ko = {(t1,ta,t3,t4) | t1 = ta, t3 € A, t4 € B}.

One can check using [PS02, Lemma 2.1] that (A x B){(¢,t) |t € T} =T x T,
and hence K1Ks = T?. Let I'; and I'y denote the right coset spaces [T* : K;] and
[T* : K], respectively. Define m; € SymT'; x Sym 'y as follows:
(K1 (t1,ta,t3,ta), Ko(ts, g, t7, tg))m1
= (K1 (U(t2),9(t1),V(ta),V(t3)) , K2 (V(ts), I(t5), I(ts), I(t7)))
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for all ¢1,...,ts € T. Let my € Sym (I'; x I's) be the permutation defined by
(K1 (t1,ta,t3,ta), Ka(ts, te, b7, t8))m2 = (K1 (t7, ts, ts,t6), Ka(ts, ta, t1,t2)).

Set II = (w1, m2). It is routine to check that 5 is an involution that normalises
SymTI'; x SymT'y swapping the subgroups AltT'; and AltT's. Let o1 and g2 be the
permutation representations of 7% on I'y and TI's, respectively, induced by right
multiplication. Set
M = {(o1(t),02(t)) [ t € T}

Then M is a subgroup of SymI'; x SymT'y. Using the fact that Ky Ky = T4, it is
not hard to verify that M is transitive on I'y x I'y, and it also follows that M is
normalised by II. Set

T = {(at,1,1,1),00(t,1,1,1)) | £ € T},
T, = {(e1(1,t,1,1),05(1,8,1,1)) | t € T},
T3 = {(01(1,1,4,1),02(1,1,,1)) | t € T}, and
Ty = {(a(1,1,1,8),02(1,1,1,8)) | £ € T}

Then M can be written as the internal direct product M = T7 x T5 x T3 x Ty,
and IT acts transitively on Ty, To, T3, Ty. Let W = (SymT'; x SymTs) % (ms)
and G = MII. Then G is a quasiprimitive group with unique minimal normal
subgroup M. Moreover, as |['1| = |T's|, W quasiprimitive and is permutationally
isomorphic to the wreath product SymTI';y wrSs in product action. Therefore the
inclusion G < W is as in case (c) in Theorem [[11

Note that in all three of the above examples, the crucial fact that made M a
transitive group on the Cartesian product was that the subgroups K; formed a
special factorisation of the characteristically simple group 72 in Example 21 7°
in Example 2.2, and 7% in Example 3l Crucial properties of these subgroups K;
are encapsulated in the definition of Cartesian systems in Section [Bl

3. CARTESIAN DECOMPOSITIONS AND CARTESIAN SYSTEMS

In a previous paper [BPS04] we studied the general problem of describing the
innately transitive subgroups of wreath products in product action. The corre-
sponding problem for primitive groups was solved by [Pra90] and [Kov8&9al, but
for quasiprimitive groups it was left open in [BadP03]. Related problems were also
addressed in [Bau97]. If an innately transitive group G with plinth M is a subgroup
of such a wreath product W, then the underlying set can be viewed as a Cartesian
product of smaller sets. The actions of the groups W and G preserve this Carte-
sian product. We made these ideas more precise by introducing the concept of a
Cartesian decomposition of a set.

A Cartesian decomposition of a set  is a set {I', ..., 'y} of partitions of € such
that

[viN- N =1 forall v €Ty,...,7 €Ty

This property implies that the map w — (v1,...,7¢), where for i = 1,...,¢ the
block v; € T'; is chosen so that w € 7;, is a well-defined bijection between 2 and
I'y x -+ - xT'y. Thus the set 2 can naturally be identified with the Cartesian product
I’y x --- x T'y. This definition was first suggested by [Kov&9b].

If G is a permutation group acting on {2, then a Cartesian decomposition £
of Q is said to be G-invariant if the partitions in £ are permuted by G. For a
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permutation group G < Sym , the symbol CD(G) denotes the set of G-invariant
Cartesian decompositions of Q. If £ € CD(G) and G acts on £ transitively, then &
is said to be a transitive G-invariant Cartesian decomposition. The set of transitive
G-invariant Cartesian decompositions of €2 is denoted CDy,(G).

If L <SymT and H < Sy with some ¢ > 2, then the wreath product W = Lwr H
at the beginning of Section[2]is considered as a permutation group acting in product
action on the set I'. There is a natural Cartesian decomposition of I'* preserved
by W; namely, take & = {I'y,...,I's}, where

Li={0n ) [vi=at[yel} for i=1,....¢

The reader can easily check that £ is a W-invariant Cartesian decomposition of
'Y, and that the W-actions on the set £ and on the set of natural coordinate sub-
groups of the base group L of W are equivalent. We study innately transitive
subgroups of wreath products in product action, such as W, via the natural Carte-
sian decomposition of the underlying set corresponding to the product action of
wW.

Suppose that G is an innately transitive subgroup of SymQ with plinth M,
and that &£ is a G-invariant Cartesian decomposition of 2. We proved in [BPS04,
Proposition 2.1] that each T'; € £ is an M-invariant partition of Q. Choose an
element w of Q and let 91 € T'1,...,v € Ty be such that {w} = v N - Ny
set K; = M,,. Then [BPS04, Lemmas 2.2 and 2.3] imply that the set K, (€) =

{Ky,..., K} is invariant under conjugation by G, and moreover
¢
(3) ﬂ K, = M, and
i=1
(4) K [(\Kj| = M forall ic{l,....¢}
J#i

For an arbitrary transitive permutation group M on €, and a point w € 2, a set
K = {Kj,..., K} of proper subgroups of M is said to be a Cartesian system of
subgroups with respect to w for M, if (@) and (@) hold. If M is an abstract group,
then a set {K7,..., Ky} of proper subgroups satisfying () is said to be a Cartesian
system.

The reader can easily see that the subgroups K; in Examples 21| 221 and 2.3
form, in each example, a Cartesian system for the characteristically simple group
M. These examples show the importance of Cartesian systems for constructing
inclusions of an innately transitive group G into wreath products in product action.
In fact, Cartesian systems provide an effective way of identifying the set of G-
invariant Cartesian decompositions from information internal to G.

Theorem 3.1 (Theorem 1.4 and Lemma 2.3 of [BPS04]). Let G < Sym{ be
an innately transitive permutation group with plinth M. For a fived w € €0 the
correspondence € — K (€) is a bijection between the set of G-invariant Cartesian
decompositions of Q0 and the set of G, -invariant Cartesian systems of subgroups for
M with respect to w. Moreover the Gy -actions on € and on K, (E) are equivalent.

Suppose that G < Sym (2 is an innately transitive group with plinth M, and let
w € Q. Let K be a G,-invariant Cartesian system of subgroups in M with respect
to w. Then the previous theorem implies that I = IC,,(€) for some G-invariant
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Cartesian decomposition &£ of €). Indeed, it is easy to see that £ consists of the
M-invariant partitions {(w®)™ | m € M}, where K runs through the elements of
K. This Cartesian decomposition is denoted E(K).

Using this theory we were able to describe in [BPS04] those innately transitive
subgroups of wreath products that have a simple plinth. This led to a classification
of transitive simple and almost simple subgroups of wreath products in product
action (see [BPS04, Theorem 1.1]). Our aim in this paper is to extend that theory to
achieve a more complete characterisation of innately transitive subgroups of wreath
products in product action for innately transitive groups with a non-abelian plinth.
As noted earlier, the case of abelian plinth was settled in [Pra90].

4. ON CHARACTERISTICALLY SIMPLE GROUPS

Property (@) is of crucial importance for investigating Cartesian systems in char-
acteristically simple groups. Hence it is very important for our research to study
factorisations of such groups. In addition to the results in [PS02], we use the ones
listed in this section.

Suppose that T is a finite, non-abelian simple group and £ is a set of proper
subgroups in T such that |£]| > 3 and A(BNC) = T whenever A, B, and C are
pairwise distinct elements of £. Then the set L is said to be a strong multiple fac-
torisation of T'. Strong multiple factorisations of finite simple groups were classified
in [BadP98| Table V]. It was proved that not all finite simple groups admit a strong
multiple factorisation, and each such factorisation contains exactly three pairwise
non-isomorphic subgroups.

Suppose that M = T} x --- x Ty, where the T; are non-abelian, finite simple
groups. For I C {T1,...,T}} the function o7 : M — [[r,¢;Ti is the natural
projection map. We also write o; for o¢r,;. A subgroup X of M is said to be
a strip if for each i = 1,... k either 0;(X) = 1 or 0;(X) = X. The set of T;
such that 0;(X) # 1 is called the support of X and is denoted Supp X. If T, €
Supp X, then we also say that X covers T,,. Two strips X; and Xs are disjoint
if Supp X; N Supp Xs = 0. A strip X is said to be full if o;(X) = T; for all
T; € Supp X, and X is called non-trivial if | Supp X| > 2. A subgroup K of M is
said to be subdirect if o;(K) = T; for all 1.

We recall a well-known lemma on finite simple groups which can be found
in [Sco80).

Lemma 4.1. Let M be a direct product of finitely many non-abelian, finite simple
groups and let H be a subdirect subgroup of M. Then H is the direct product of
pairwise disjoint full strips of M.

The following result gives a generalisation of Scott’s Lemma. Let M = T7 x
.-+ x Ty, be a characteristically simple group where 77, ..., T} are the simple normal
subgroups of M. If K is a subgroup of M and X is a non-trivial strip in M such
that K = X X oy, . 1,}\Supp x (K), then we say that X is involved in K.

Lemma 4.2. Let M be a direct product Ty X - - - X T}, where the T; are non-abelian,
pairwise isomorphic finite simple groups, and let K be a subgroup of M such that
om(K) = T,y for some m < k. Then there is a unique full strip X of M covering
T, such that X is involved in K.
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Proof. Let X, Y be normal subgroups of K which are minimal by inclusion subject
to satistying 0,,(X) = 0,,(Y) = T;,; such subgroups exist as o,,(K) = T},,. Then
(X OY) 2 (X, Y]) = [0m(X), (V)] = Tons To] = Tin
and by minimality we have X = XNY =Y. Thus K has a unique normal subgroup,

X say, which is minimal by inclusion subject to satisfying o, (X) = Ty.

We show that X 2 Ty. For ¢t # m consider 0+(X); suppose that this is non-trivial
whence X N kero; is a proper subgroup of X. As X Nkero; is normal in X we
deduce that o,, (X Nker o) is a normal subgroup of T,,, and is not equal to T,, by the
minimality of X. Thus o,,(X Nkeroy) is trivial, and so X Nkeroy < X Nkeroy,.
The latter subgroup has index |T,,| in X, while the former has index dividing
|Ty| = |Tin|. This forces X Nkero,, = X Nkero, and o4(X) = T;. So for each
t=1,...,k we have either 04(X) =1, or 0¢(X) = T} and X Nkero; = X Nker o,,.
Hence o¢(X Nkero,,) = 1 for all ¢, whence X Nker o, is trivial and X = T,, &2 T.

Thus X is a full strip which covers T;,,. As X is self-normalising in HTt eSupp X Lt
(see [BamP04, Lemma 4.6]), we see that ogupp x(K) = X whence K = X x
Oy, TP\ Supp x (/). Hence X is involved in K. O

The next lemma implies that the factorisation of a characteristically simple group
as a product of a full strip and a proper subgroup is possible only under restricted
conditions. This result is crucial for the proof of Theorem

Lemma 4.3. Suppose that M = Ty X --- X Ty is a non-abelian characteristically
simple group, c; : Ty — T; is an isomorphism fori=2,... k, and K is a subgroup
of M such that o;(K) #T; fori=1,..., k. If

{(t,ag(t),. . .,ak(t)) | t e Tl}K =M,

then k < 3. Moreover, if k = 3, then {01(K), ay (02(K)), a3 *(03(K))} is a strong
multiple factorisation of T .

Proof. For each t € Ty there is some = € Ty, and (ay,...,ax) € K such that
(t,1,...,1) = (z,a2(x),...,ar(x))(a1, ..., ax).

Then t = za; and 2 = o *(a; ') for all i = 2,...,k, and so z € ay ' (02(K))N---N
o, H(ok(K)). So

T1 = o1(K)(ay (02(K)) N -~ Nag ok (K))),
and we obtain similarly that
T) = oy ' (02(K)) (01 (K) Nag ' (o3(K)) N+ - N ey (0k(K)))
== oy (o (K)) (01(K) Nag H(o2(K)) N -+ - Nag Ly (o3-1(K))).
Since o;(K) is a proper subgroup of T; for all 4, we obtain that
{o1(K), a5 (02(K)), ..., ap  (ox(K)}

is a strong multiple factorisation of T} whenever k > 3. Then the results of Baddeley
and Praeger [BadP98] imply that k& = 3. O

The next lemma which can be found as [BadP03|, Lemma 2.2] states that finite
characteristically simple groups cannot be written as a product of two subgroups
each of which is a direct product of non-trivial strips. The proof of this result uses
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the fact that each automorphism of a non-abelian, finite simple group has a non-
trivial fixed-point, and hence it depends on the finite simple group classification.

Lemma 4.4. Suppose that M =Ty x ---x T}, is a direct product of isomorphic non-
abelian, simple groups Ty, ..., Ty. Suppose that A1, ..., A, are non-trivial pairwise
disjoint strips in M, and so are B1,...,B,. Then

M # (A1 x - X Ap)(By X -+ X By).
5. STRIPS IN A CARTESIAN SYSTEM

A non-trivial strip X is said to be involved in a Cartesian system X for a non-
abelian, characteristically simple group if X is involved in an element of K, as
defined before Lemma Note that in this case Lemma [£4] and () imply that
X is involved in a unique element of K. The purpose of this section is to prove
that two distinct strips involved in a Cartesian system must be disjoint. This result
plays a key role in the proof of our 6-Class Theorem (see in particular the proof of

Theorem [61(d)).

Theorem 5.1. Let M =T, x --- x T} be a finite, non-abelian, characteristically
simple group with simple normal subgroups T1, ..., Ty, and let Gy be a subgroup of
Aut M such that the natural action of Gy on Th,...,Ty is transitive. Suppose, in

addition, that K = {K1,..., K} is a Go-invariant Cartesian system of subgroups
in the abstract group M. If X1 and X5 are distinct, non-trivial strips involved in
K, then X1 and Xs are disjoint.

Proof. By the definition given above, if X7, X5 are involved in the same K;, then
they are disjoint as strips. Thus we may assume that X is involved in K and
X5 is involved in K, where j; # jo. First we prove that | Supp X1 NSupp Xo| < 1.
Suppose to the contrary that T;,, T;, € Supp X1 N Supp Xo with ¢; # 42. Then
or,, 1,1 (Kj,) and o7, 1, 3(K;,) are non-trivial strips, and so Lemma 4] implies
that O-{Til7Ti2}(Kj1)U{Ti17Ti2}(Kj2) 7é Ti1 XTZ'2. However Kjl sz =M by @), which
is a contradiction. Thus | Supp X; N Supp X5| < 1.

Assume that Supp X; N Supp Xy = {T}} for some ¢t < k. Choose g € Gq such
that TY € Supp Xs \ Supp X1; such an element g exists since G is transitive on
T ={Ty,..., T} and Supp X2\ Supp X; is non-empty. Now Gg acts by conjugation
on the set of strips involved in K, and so both X{ and X3 are strips involved in
K. As T} is in both Supp X{ and Supp X3 but is not in Supp X5, we deduce that
there exists a non-trivial strip X3 in I distinct from X7, X5 such that Supp X3 N
(Supp X2 \ Supp X;) # 0 (namely, we can take X3 to be one of X{ or XJ as at
least one of these is distinct from X; and Xz). Proceeding in this way we construct
a sequence X1, Xa,... of distinct, non-trivial strips in K such that Supp X411 N
(Supp X4 \ Supp X4—1) # 0 for each d > 2. Let X, be the first member of the
sequence with a > 3 and

Supp X, N (Supp X1 U -+ USupp X,_2) # 0.
By removing some initial segment of the sequence if necessary we may assume that
the intersection Supp X, N Supp X; is non-empty, while Supp X, N Supp X4 = ( if
2<d<a-—2for some a > 3.
By relabeling the K, we may assume that X; is involved in K7. Let 1 =41 <
ig < -+ < iq < a be such that among the X the strips X;,,..., X;, are precisely
the ones that are involved in K;. Note that X, is not involved in K; since Supp X,
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and Supp X; are not disjoint. Also, ij41 > ¢; +2 for all j = 1,...,d — 1 since
Supp X;; and Supp X;, 1 are not disjoint. We may also relabel the T; so that

{T1} =Supp X, NSupp X; and {75} = Supp X; N Supp Xo,
and so that for j = 2,...,d,
{Toj_1} =Supp Xy, 1 NSupp X;, and {Ty;} = Supp X;, N Supp X;, 1.

It follows from the definition of a that 77, ..., Tbq are pairwise distinct. Let o be the
projection map M — Tj X --- X Thg. The labeling of T1, ..., >3 and the minimality
of a have ensured that the following all hold:
(i) o (Xij) is a non-trivial strip of Th;_1 x Ty, for j =1,...,d;
(ii) for j=1,...,d — 1 we have
o(Xi;1N--NX; 1)

1 ifi;41 215 + 3,
| a non-trivial strip covering Ty and Thj41  if 4541 =15 +2;

(ili) moreover,

1 ifa>ig+ 2,

¢ (Xig1 NN Xa) = { a non-trivial strip covering Tby and 77 if a =4 + 1.

Recalling that X;,,..., X;, are precisely the strips from the sequence Xi,..., X,
that appear as direct factors of K7, we have that

G(Kl):U(Xh X X Xy )7

d

and that for IAQ =KoNn---N Ky,
o(Ky) < g((XQm.-.mXiQ_l) % (X m-.-mxa)).

From (i) we deduce that o(K7) is the direct product of strips of Ty X Ta, ..., Toq_1 X
T4, while from (ii) and (iii) we deduce that o(K1) is contained in the direct product
of non-trivial strips of To x T3, ..., Toq—2 X Tag—1,Taq X T1. Thus o(K7) and J(IA(l)
are each contained in the direct product of disjoint non-trivial strips of T7 X - - - X Toy.
Lemma B4 implies that (K)o (K1) # (M), which contradicts the fact implied
by (@) that K1 K1 = M. Thus Supp X; N Supp X = 0, as required. O

6. SIX CLASSES OF CARTESIAN DECOMPOSITIONS

A non-abelian plinth of an innately transitive group G has the form M = T; x
-+« X Ty, where the T; are finite, non-abelian, simple groups. Let & € CD(G) and
let K, (E) be a corresponding Cartesian system {Kj,..., K} for M with respect
to some w € Q. Then equation () implies that, for all ¢ < k and 5 < £,

(5) ai(K;) | () oulEy) | = To.

J'#J
In particular this means that if o;(K;) is a proper subgroup of T;, then o;(K;/) #
oi(K;) for all j € {1,...,£}\ {j}. It is thus important to understand the following
sets of subgroups:

(6) fi(gaMaw) - {UZ(KJ) ‘ J= 13"'767 Ji(Kj) 7& E}
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Note that |F;(€, M,w)| is the number of indices j such that o;(K;) # T;. The set
Fi(€, M,w) is independent of ¢ up to isomorphism, in the sense that if i1, i €
{1,...,k} and g € G,, are such that T/ = Tj,, then F;, (£, M,w)? = {L9 | L €
Fi,(E,M,w)} = Fi,(E,M,w). This argument also shows that the elements of
Fi, (€, M,w) are actually G,-conjugate to the elements of F;, (£, M, w).

Recall that, for G < SymQ, CD;,(G) denotes the set of transitive G-invariant
Cartesian decompositions of 2. The following theorem depends on the finite simple
group classification, since the proof uses results from [BadP98]| on full factorisations
and multiple factorisations of finite simple groups.

Theorem 6.1. Suppose that G is an innately transitive permutation group with a
non-abelian plinth M = Ty X --- x Ty, where Ty, ..., T}, are pairwise isomorphic
finite simple groups and k > 1. Let £ € CD¢(G) with a corresponding Cartesian
system K for M with respect to w € Q. Fori=1,... k, let F; = F;(E,M,w) be
defined as in ([@). Then the following all hold.

(a) The number |F;| is independent of i and |F;| < 3. Further, if |F;| = 3, then
Fi is a strong multiple factorisation of T;.

(b) Suppose that there is a non-trivial, full strip involved in IC. Then k > 2
and |F;| € {0, 1}. Moreover, if |F;| =1, then the T; admit a factorisation
as a product of two proper, isomorphic subgroups.

(¢) If X is a non-trivial, full strip involved in K and |F;| = 1, then | Supp X| =
2.

(d) Set P = {Supp X | X is a non-trivial, full strip involved in K}. If P # 0,
then P is a G-invariant partition of {T1,...,Ti}.

Proof. (a) Suppose that i1, iz € {1,...,k} and g € G, such that T} = T;,. Then
it was observed after equation (@) that F; = F;,, and so |F;| is independent of .
The definition of F; and (B)) imply that if |F;| > 3, then F; is a strong multiple
factorisation of T;. Hence [BadP98, Table V] shows that |F;| < 3.

(b) A non-trivial strip has to cover at least two of the T;, and so we must have
k > 2. We argue by contradiction and assume that |F;| > 2. Suppose without loss
of generality that Kj involves a non-trivial full strip X covering 77 and T,. Let
g € G, such that Ty = Ty. Then, by Theorem 5.1, X9 = X, and so K = K, and
also I?f = IA(l, where, as in the proof of Theorem [5.1] I?l = Kyn---NK,. This
also implies that oy (K1)? = 05(K;); therefore o (K1) and o2(K;) are isomorphic.
Note that

o2y (X) ={(t,a(t) | t € T1}

for some isomorphism « : Ty — T5. As |Fi| > 2, we obtain that o1(Kj;,) < Th
and o1(Kj,) < T for distinct j1, jo € {2,...,¢}, and, as noted above, o1(Kj,) #
01(Kj,). Thus 01([?1) < T, and, as al(lA(l) = UQ(IAQ), also 02([?1) < Ty. Since
KK, = M, [PS02, Lemma 2.1] implies that o1(K;) and a~'(03(K1)) form a
full factorisation of 7} with isomorphic subgroups. Based on the classification of
full factorisations of almost simple groups in [BadP9§|, such factorisations were
described in [BPS04, Lemma 5.2]. In particular, o; (K1) and a Yoy (K1)) are both
maximal subgroups of Ti. On the other hand, o;(K;) < o1(Kj,) Noi(Kj,) <
01(Kj,), 01(Kj,), which is a contradiction. Therefore |F;| < 1.

(¢) Suppose without loss of generality that X is a non-trivial, full strip involved
in K; covering T1,...,Ts. Let ¢, j be distinct elements of {1,...,s} and let g € G|,
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such that 77 = T;. Then X9 is a strip involved in K such that T; € Supp X N
Supp X9. Therefore by Theorem 5.1l X = X9, and so K{ = K, and also IA(f =
K,. Since T = Tj it follows that Ui(f(l)g = O'j(f?l). Now, as |F;| = 1, there
exists ¢ such that o;(K;) < Tj, and, as 0;(K;) = T;, we have t # 1. Hence
0i(Ky) < Ty. Also, 0;(K1) = 0i(K1)? < T? = T;. Therefore o;(K;) < T; holds for
all i € {1,...,s}. Thus the factorisation ogupp x (M) = Usupr(Kl)Jsupr(I?l)
is as in Lemma 3] and so s < 3, and moreover if s = 3, then the projections
01(K1), 02(K1), and o3(K;) are isomorphic to the subgroups in a strong multiple
factorisation of T7. On the other hand, the subgroups in such a strong multiple
factorisation are pairwise non-isomorphic (see [BadP98| Table V]), a contradiction.
Hence we obtain s = 2.

(d) Let P = {Supp X | X is a non-trivial, full strip involved in K}. By Theo-
rem [0.T], either P = () or P is a partition of {T},...,T}}. Moreover, if Supp X € P
and g € G, then there exists K € K such that X is involved in K. There-
fore K9 € K and X9 is involved in KY9. Thus X9 is involved in K, and so
(Supp X)9 = Supp(X9) € P. Hence P is G,-invariant. Since M acts trivially
on {Ty,...,Tx} by conjugation and G = MG, we have that P is a G-invariant
partition of {Ty,...,Tx}. O

If GG is a finite, innately transitive group with a non-abelian plinth M, then the
set CDy,(G) is further subdivided according to the structure of the subgroups in
the corresponding Cartesian systems for M as follows. For £ € CDy,(G) and w € Q
the sets F; = F;(€, M,w) are as defined in (@)

CDs(G) = {€ € CDw(G) | the elements of K, () are subdirect subgroups in M };
CD1(G) = {€ € CDw(G) | |F:| =1 and K., (€) involves no non-trivial, full strip};
CD1s(G) = {€ € CDw(G) | |Fi| =1 and Ko (€) involves non-trivial, full strips};
CD2~(G) = {€ € CDw(G) | |Fi| = 2 and the F; contain two G-conjugate subgroups};
CD2,4(G) = {€ € CDw(G) | |Fi| = 2 and the subgroups in F; are not G.,-conjugate};
CD3(G) = {€ € CDw(G) | |Fi| = 3}.

In order to prove that the above classes of Cartesian decompositions are well de-
fined, we need to show that the properties used in these definitions are independent
of the choice of the plinth M, the Cartesian system K, (€), and the index .

Theorem 6.2 (6-class Theorem). If G is a finite, innately transitive permutation
group with a non-abelian plinth M, then the classes CD1(G), CDs(G), CD1s(G),
CD2~(G), CD2yx(G), and CD3(G) are well-defined subsets of CDy(G), and they
form a partition of CD(G). Moreover, if M is simple, then CDy,(G) = CDa (G).

Proof. First we prove that the above classes are well defined. Suppose that £ €
CD4; (@), and let € = {T'y,...,T'v}. We need to show that the class of £ does not
depend on the choice of the plinth M, the point w € Q, or the index i € {1,..., k}.
First we verify that, given M, the class of £ is independent of w and <. Let wq, wsy €
Q, and let K1 = K, (€), K2 = K, (E) be the corresponding Cartesian systems for
M. As M is a transitive subgroup of G, there is some m € M such that wim = wy
and [BPS04, Lemma 2.2] implies that £7* = Ks. Hence, an element K of K; involves
a non-trivial, full strip X, if and only if the corresponding element K™ of s involves
the non-trivial full strip X™. Thus the existence of a non-trivial strip involved in
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an element of a Cartesian system corresponding to £ is independent of the choice
of w. Moreover, o;(K) < T; holds for some K € K; if and only if o;(K™) < T;
holds. Thus the number |F;(£, M,w)| is independent of the choice w, and, by
Theorem [6.1(a), it is independent of i. It remains to prove that the definitions
of the classes CD2~(G) and CD2y(G) are independent of w and of i. The simple
argument given after (@) shows that, for j =1, 2, the elements of F;(€, M,w;) are
Gu,-conjugate for some i if and only if they are G, -conjugate for all i. Suppose
that the elements of Fi(E, M,wy) are Gwl—conjugate Let F1(€,M,w1) = {A, B}
and let g € G, be such that A9 = B. Then F1(&, M, w1)™ = F1(E, M,wy) and
Am™9™ = A9™ = B™ hence the elements A™ and B™ of F; (£, M,ws) are conjugate
under the element ¢™. Further, wyg™ = wimg™ = wigm = wim = ws, and so
g™ € G,,. Thus the elements of F; (€, M,ws) are conjugate under G,,. Hence the
definitions of CD2~(G) and CD.(G) are independent of the choice of w and 3.

Next we show that the class of £ is independent of the plinth M. If M is the
unique transitive, minimal normal subgroup of GG, then there is nothing to prove. If
this is not the case, then G has exactly two transitive, minimal normal subgroups
M and ]/W\, they are isomorphic, they both are regular on 2, and Cg(M) = ]/W\,
(Cg(J\/J\) = M also hold. Moreover, there is an involution o € Ngymq (G) that
interchanges M and M (see [BamP04, Lemma 5.1]). It follows from the proof
of [BamP04] Lemma 5.1] that this involution « lies in a point stabiliser. As G is
transitive on {2, we may assume without loss of generality that « is an element of the
point stabiliser (Nsme (@))w- Let fl T, .. fk =T¢. Then M= ﬁ X+ X fk.
Let o, : M — T be the natural projection map, and define F; (€, M w) Fi(€, M\ w)
as in ([@). Let K and K be the Cartesian systems for M and M respectlvely,
with respect to w. For i = 1,... £, let 7; € T'; such that w € ~;. As wa = w,
we obtain that ]/\4\%. = (M%.)O“7 and so, by the definition of K and IE, we have
K=K>*={K*|KeKk} Letty- -ty €M with t; € T,...,t; € Ty. Then
19 t® € M with t¢ € Ty, ...t € Tp,. Thus o;(ty - - t5)® = 65((t - - - t)*) for all
i € {1,...,k}. Therefore

(7) 01(K%) =01 (K)* forall K ek,

and so oy (K) # Ty if and only if 51 (K@) # Ty. Hence | Fy (€, M, w)| = | F1(E, M, w)].
It also follows that if X is a non-trivial, full strip involved in K € K, then X is
a non-trivial full strip involved in K¢ € K. Finally, suppose that F; (€, M,w) =
{A, B} and Fy (€, M, w) = {A, B}. Equation () implies that we may assume with-
out loss of generality that A = A® and B = Be. Hence subgroups A and B are
conjugate under an element g € G, if and only if A and B are conjugate under
g%, and, since g € G, and a € (Nsymq (G))., we have g* € G,,. This shows that
the definitions of the classes CD1(G), CDg(G), CD1g(G), CD2n(G), CD2.(G), and
CD3(@) do not depend on the choice of the plinth.

It is easy to see that the above classes are pairwise disjoint, and Theorem
implies that each Cartesian decomposition of CDy,(G) belongs to at least one of
the classes. If Kk = 1 and M is a simple group, then the map oy is the identity
map M — M, and so K, () = F1(€, M,w). Theorem 6.1 of [BPS04] implies that
|€] = 2 and hence that |[F1(E, M,w)| = 2. As £ € CD,(G) we have that G, is
transitive on K, (&), and hence on F; (€, M,w). Thus £ € CDy.(G). O
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The examples given earlier in this paper show that for each x € {1, S, 1S, 2~
2+, 3} there exists a group G such that the class CD4(G) is non-empty. Consid-
ering the corresponding Cartesian systems, one can easily see that the Cartesian
decomposition in the first example of the Introduction (given after Corollary [[3)) is
in CD{(T wr K), the decomposition of the second is in CDa~ ((AutAg) wr K). The
Cartesian decomposition in Example 1] belongs to CD24(G), the one in Exam-
ple is in CD3(G), and the one in Example belongs to CD1g(G). Finally
the decomposition in the example given for Theorem in the Introduction is
in CDg(K wr@). On the other hand no group G exists such that each of the
classes CD4(G) is non-empty. Indeed, it will follow from Theorems [6.3] and [[3] that
CDs(G) # 0 implies CD;1(G) U CD15(G) U CD2 (G) U CDyy (G) U CD3(G) = 0, and
CD1(G> U CDls(G) U CDQN(G) U CDQ,)(,(G) U CDg(G) 7& (D implies CDs(G) = (D, for
all G.

If an observant reader compares [BPS04, Theorem 6.1] to our 6-Class Theo-
rem, then she finds that the Cartesian decompositions in [BPS04, Theorem 6.1(ii)]
resemble the ones in CD3(G). These Cartesian decompositions are, however, G-
intransitive. This shows that allowing the plinth M to be non-simple leads to a very
rich theory, and it would not be realistic to expect results as explicit as the ones
in [BPS04]. Nevertheless, it is both possible and desirable to give further details
of the Cartesian decompositions in each class. The Cartesian decompositions in
CD3(G) were already described in [PS03]. In this paper we describe classes CD;(G)
and CDg(G). Besides the fact that these classes are, in a sense, the easiest, their
description also leads to the general result in Theorem Thus we felt that their
description belongs in this article. The classes CD15(G), CD2~(G), and CDyy(G)
pose considerably more challenge, and they are addressed in a separate paper [PS].

Theorem shows that the existence of a G-invariant Cartesian decomposition
in a particular class may pose severe restriction on the structure of G. This is made
more explicit in the following theorem. Recall that an innately transitive group G
with plinth M has compound diagonal type if a point stabiliser M, is a subdirect
subgroup of M and is not simple.

Theorem 6.3. Suppose that G is an innately transitive permutation group with a
non-abelian plinth M, and let T be the isomorphism type of a simple direct factor
of M. Then the following all hold.
(a) If CDs(G) # 0, then G is a quasiprimitive group with compound diagonal
type.
(b) If CD1s(G)UCD2n(G) # 0, then T admits a factorisation with two proper,
isomorphic subgroups, and hence T is isomorphic to one of the groups Ag,
My, PQd (), or Spy(29) with a > 2.
(c) If CD2x(G) # 0, then T' admits a factorisation with proper subgroups.
(d) If CD3(G) # 0, then T admits a strong multiple factorisation, and hence T
is isomorphic to one of the groups Sp,,(2) with a > 2, PQF (3), or Sps(2).
Moreover, for each x € {S, 1, 1S, 2~, 24, 3} there is some G as above such that
CD«(G) # 0.

Proof. (a) Suppose now that CDg(G) # 0, and let £ € CDs(G). Then the elements
of K, (€) are proper subdirect subgroups of M. By Theorem [GI] the set P of
supports Supp X of non-trivial strips X involved in I, (€) is non-empty and, by
Theorem [6.1[d), P is a G,-invariant partition of {T3,...,T;}. Hence each K €
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K. (&) is a direct product of those non-trivial strips that are involved in K, and
those of the T; that are not covered by these strips. Therefore

M,= (] K= 11 X.

KeKy,(E) X is a nontrivial strip involved in K, ()

Thus M, is a subdirect subgroup of M, and hence G has diagonal type. It follows
from [BamP04, Proposition 5.5] that G is quasiprimitive. Since there are at least
K, (E)| = 2 strips X involved in K, (E), we have that M, % T'; therefore G is of
compound diagonal type.

(b)—(d) It follows from Theorem[6.Tland the definitions of CDs~. (G) and CDa.(G)
that the claimed factorisations are admitted by 7T'. Factorisations of finite simple
groups with isomorphic subgroups were listed in [BPS04, Lemma 5.2], while strong
multiple factorisation of finite simple groups were classified in [BadP98, Table V].
These results imply that the isomorphism type of T in parts (b) and (d) is as
claimed.

The final assertion follows from the discussion between Theorems and[63 O

There are finite simple groups that admit no factorisations with proper sub-
groups, for example, PSUg,,,1+1(q) (with a finite number of exceptions) and some
sporadic groups (see the tables in [LPS90]). Therefore Theorem [6.3|(c) also restricts
the isomorphism type of T

7. THE CARTESIAN DECOMPOSITIONS IN CDg(G) AND IN CD¢(G)

In this section we describe the elements of CDg(G) and CD;(G) for an innately
transitive permutation group G. First we show how to construct such Cartesian
decompositions. Theorem [[.2]implies that our construction is as general as possible.

Example 7.1. Suppose that G is an innately transitive permutation group with
a non-abelian plinth M, and let 71, ..., T be the simple normal subgroups of M.
Note that the conjugation action of G permutes the set {T1,..., Tk} transitively.
Suppose that w € Q and A = {Ay, ..., As} is a G-invariant partition of {77, ..., Ty}
such that
Mw = UAl(Mw) X X UA@(Mw)~
Then for : =1,...,¢ let
Ki=0a,(M,)x [] T
T; €A,
and set K = {K1,...,Kp}.
If ge G, and i € {1,...,¢}, then, since M, is normalised by G,

(04,(M.,))" = 049 (MJ) = 049 (M,).

Therefore
g

Kl =|oa(Mo)x [] T | =oasM)x ] T
TigA; T;¢A]
and so K7 € K. Hence K is G -invariant. It is also easy to see that equations (3)
and (@) hold for K, and hence K is a Cartesian system for M with respect to w.
It follows from the last displayed equation that the G,-actions on K and on A

are equivalent. Hence G, is transitive on K, and so £(K) € CDy,(G). Moreover
E(K) € CDs(G) if M, is a subdirect subgroup of M, and £(K) € CD;(G) otherwise.
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Theorem 7.2. Let G be an innately transitive group on  with a non-abelian
plinth M, and let w € Q. Let x = S if M, is a subdirect subgroup of M, and let
x = 1 otherwise. Then there is a bijection between the set CDyx(G) and the set
of G-invariant partitions {Py,..., P} of {Th,...,Tx} satisfying M, = op, (M) %
-+ X op, (M), and each £ € CDx(G) arises as in Example [[]

Proof. It P ={Py,..., P} is a G-invariant partition of {T7,..., T} such that
Mw = Upl(Mw) X+ X O-Pz(Mw);
then let K(P) = {K,..., Ky} where, as in Example [[[T]

K;i=op(M,)x [[ T; forall ie{1,....0}.
TP

Then, arguing as in Example [T} IC(P) is a G -invariant Cartesian system of
subgroups for M. It is easy to check that the map P — K(P) is injective. If M, is
not a subdirect subgroup of M, then E(K(P)) € CD1(G), and E(K(P)) € CDs(G)
otherwise. Hence we have an injective map P — E(K(P)) from the set of G-
invariant partitions of {77, ...,Tx} to CDx(G).

Now let £ € CD1(G) and set K, (€) = {Kq,..., K¢} and P = {{T; | 0:(K;) #
T} | j=1,...,£}. Since £ € CD1(G) we have |F;(E, M,w)| =1 for all 4, that is,
there is a unique j such that ¢;(K;) < T;. Thus P is a partition of {T1,...,T¢}.
As £ € CD1(G), it follows from Lemma @2 that if ¢ € {1,...,k} and j € {1,...,¢}
such that o;(K;) = T;, then T; < K;. This implies that K, (£) = K(P), and we
have &€ = E(K(P)). Thus in this case P +— E(K(P)) is surjective, and so it is a
bijection. On the other hand, if M, is a subdirect subgroup of M and £ € CDg(G),
then Theorem shows that P = {{T; | T; £ K;} | j = 1,...,¢} is a partition
of {T1,...,T}}. It follows from the definition of P that K (€) = K(P), and hence
again & = E(K(P)), and the map P — E(K(P)) is a bijection in this case also. O

Using the above characterisation of Cartesian decompositions, we can describe
the class of Cartesian decompositions that are preserved by innately transitive
groups with diagonal type, which, we recall, are defined as follows. Suppose that G
is an innately transitive permutation group on 2 with a non-abelian and non-simple
plinth M = Tj x- -+ x T}, where the T; are isomorphic to a non-abelian simple group
T. As above, let o; denote the i-th coordinate projection M — T;. Let w € €.
Then G has diagonal type if 0;(M,) = T; for some (and hence all) i € {1,...,k}.
It follows from Scott’s lemma that, in this case, M,, is isomorphic to T™ for some
m < k. By [BamP04, Proposition 5.5], M is the unique minimal normal subgroup
of G, and so G is quasiprimitive. We say that such a G has simple diagonal type if
M, 2T, and compound diagonal type otherwise (see also [BadP03]).

Theorem 7.3. Let G be an innately transitive permutation group of diagonal type.
Then CD(G) # 0 if and only if G is a quasiprimitive group with compound diagonal
type. Moreover, if G is of compound diagonal type, then CD(G) = CDs(G) # 0.

Proof. Let M be the unique minimal normal subgroup of G. Let Ti,...,T) be
the simple normal subgroups of M, and let T' denote their common isomorphism
type. Suppose that M, is a subdirect subgroup of M, and let £ be an element
in CD(G). It follows from [BamP04, Proposition 5.5] that G is a quasiprimitive
group. For each K € K, (€) we have M, < K, and so all elements of I, (£) are
subdirect subgroups of M. Let Ky, Ko € K,(£) be two distinct subgroups. Then
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Ky, Ko # M, and so, by Lemma [£1] K;, K involve non-trivial full strips X;
and Xy, say, and, by Theorem Bl X; # Xs5. Suppose that T;, € Supp X; and
T;, € Supp Xo. Then Tg = T,, for some g € G,,, and so Theorem [5.]] implies that
X{ = X,. This, in turn, yields KY = Ks. Thus £ € CDy,(G), and then clearly
€ € CDg(G). Hence CD(G) = CDg(G). Note that our argument also implies
that if a non-trivial, full strip X is involved in KC, then it is also involved in M,,.
The supports of the full strips involved in M, form a G-invariant partition P of
{Th,..., Ty} such that M, = [[pcpop(M,). Since |P| > 2, M, is not simple,
and so G has compound diagonal type. Conversely, if G has compound diagonal
type, then, by Theorem [[2] CD(G) is non-empty, and we showed above that, in
this case, CD(G) = CDg(G). O

8. INCLUSIONS IN WREATH PRODUCTS

This section is devoted to proving Theorems [T} [[.2]and Corollary[[.3l Through-
out the section we assume that the common hypotheses of Theorems [[.T] and
hold. Thus, let H be a quasiprimitive, almost simple permutation group acting
on a set I', and let U denote its simple normal subgroup. Set W = HwrS, =
H® % Sy, and consider W as a permutation group on I'* in product action. Let
N =U; x --- x Uy =2 U’ denote the unique minimal normal subgroup of W. As
there is a natural isomorphism U — U; for each i € {1,...,¢}, we consider the U;
as subgroups of SymI'. Let G be a finite, innately transitive permutation group
acting on I'¥ with a non-abelian plinth M =Ty x --- x Ty, where Ty,...,T} are
finite simple groups all isomorphic to a group 7. Assume that G < W. Note that
at this stage we do not assume that G projects onto a transitive subgroup of Sy.

Let us introduce some extra notation to facilitate our investigation of the situ-
ations described by Theorems [[.1] and As before, o; denotes the natural pro-
jection M — T;, and, for ¢t = 1,..., ¢, let u; denote the natural projection N — U;.
Note that W preserves the natural Cartesian decomposition & = {I'y,..., [} of
I, where

Li={{(v,--»v) | =7} | veT} for ie{l,... ¢}

Fix v € T and let w = (7,...,7). Let K = {Ky,...,K,} be the G,-invariant
Cartesian system in M with respect to w corresponding to £. It follows from the
definition of the product action that the W-actions on £ and on the set of simple
direct factors Uy, ...,U; of N are equivalent.

The proof of the next lemma uses the Schreier Conjecture that the outer auto-
morphism group of a finite simple group is soluble. The validity of the Schreier
Conjecture follows from the finite simple group classification.

Lemma 8.1. We have that M < N.

Proof. Let B denote the base group H’ of W. It follows from the definition of
the product action that the pointwise stabiliser in W of £ coincides with B, and
so [BPS04l Proposition 2.1] implies that M < B. Now, as M is a minimal normal
subgroup of G, we have that either M < Nor MNN = 1. If M < N, then we
are done, so assume that M NN = 1. Then (MN)/N = M/(MNN) 2= M, and so
M can be viewed as a subgroup of B/N. On the other hand, B/N = (H/U)‘. By
the Schreier Conjecture, H/U is a soluble group, and therefore so is B/N. Hence
assuming that M NN = 1 leads to the incorrect conclusion that M is a soluble
group. Therefore M < N must hold. O
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Note that M is a characteristically simple group and each of its normal subgroups
is a product of some of the T;. If L is a normal subgroup of M, then the quotient
M/L can naturally be identified with the subgroup HTi < T, and in the future
this identification will be used without further comment. For a subgroup K < M,
Corens(K) = (,,cas K™ is the largest normal subgroup of M contained in K.

Lemma 8.2. Leti e {1,...,¢}. Then

r; _ ~ 8;
(8) MU= T[] Ty=T
Ty L K;

for some s; > 1, and pu;(M) is permutationally isomorphic to MY:. Moreover,
wi(M) is a transitive subgroup of U;, and if s; = 2, then U = AltT.

Proof. Note that K; is the stabiliser of a point for the M-action on I';, and the
kernel of this action is Coreps(K;). Now T; < Coreps(K;) if and only if T < K,
and so () holds.

Let a denote the bijection I' — I'; mapping

vy {1, sve) | i =~} forall yeT.

The map p; can be considered as a permutation representation of M in SymI'. We
claim that the M-actions on I' and I'; are equivalent via the bijection a. Let v € T’
and m € M. Then

a(ym) ={(v1,--,70) [ vi=am} ={(71,-- %) | vi =v}m = a(y)m.

Therefore our claim holds. As I'; is an M-invariant partition of 2, the group
M is transitive on T';, and so u;(M) is transitive on I'. Thus the factorisation
wi(M)(U;)~ = U; holds. Also note that p;(M) is a homomorphic image of M, and
so p; (M) =2 T for some s;. Let I denote the set of indices 7 such that s; > 1. Then
M < [l;e; Ui, and so [[;c; Us is a transitive normal subgroup of N. However, by
the definition of the product action, [ jeJ U; is intransitive if J is a proper subset
of {1,...,¢}. Hence I = {1,...,¢}, and so s; > 1 for all i. If s; > 2 for some 4,
then [BadP03, Theorem 1.4] implies that U = AltT". O

These results enable us to show that, for four of the six classes identified by the
6-Class Theorem, the corresponding embedding of G belongs to Theorem [[T}c).

Lemma 8.3. Suppose that £ € CDw(G). If pu;(M) = TS with s; > 2 for some
1€ {l,...,¢}, then Theorem[LIc) is valid.

Proof. Suppose that u;(M) = T% and s; > 2 for some ¢ > 1. It follows from
LemmaB2lthat in this case U = AltT". Also, note that there are exactly s; indices j
such that p;(7;) = T. On the other hand, in cases (a) and (b) for each ¢ € {1,...,¢}
there is a unique j € {1,...,k} such that p;(T;) = T. Therefore Theorem [ITl(c)
holds. O

Lemma 8.4. (a) If € € CDg(G)UCD15(G)UCD3(G)UCD24(G), then p;(M) =T
with s independent of i and s > 2, and Theorem [[Ilc) is valid.

(b) If € € CD1(G), then either case (a) or case (c) of Theorem [l is valid.

(¢c) If £ € CD2.(G), then either case (b) or case (¢) of Theorem [Tl is valid.

Proof. In each case, G is transitive on £, and M is a normal subgroup of G, and
so the permutation groups MT¢ are pairwise permutationally isomorphic. Thus
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MU'+ 2 T% for some s > 1 independent of 4, and, by Lemma B2 u;(M) = T*. If
s > 2, then Lemma [B3] implies that case (c¢) of the theorem holds.

(a) Let £ € CDg(G) U CD1s(G) U CD3(G) U CD2y(G). By the discussion in the
previous paragraph, it suffices to verify that pu;(M) = T° with s > 2. Note that,
by Lemma B2 p1 (M) =[], ;{K T;. If £ € CDg(G) U CD1s(G), then K involves
a non-trivial, full strip, and so s > 2 follows immediately.

Suppose next that £ € CD3(G). Then F1 (€, M,w) = {4, B,C} for some sub-
groups A, B, and C of T}, such that A, B, and C form a strong multiple fac-
torisation of T7. Hence [BadP98| Table V] yields that the subgroups A, B, and C
represent three distinct isomorphism types. Then there are pairwise distinct indices
jl, j2, jg € {1, E} such that 0'1( ) A 0'1( ) B 0'1(K ) C. Let
a1, 92, g3 € Go such that KY' = Kg2 K = Kl Let 41, io, i3 € {1,...,k}
such that TY* = T;,, T{? = TZQ, T7® = T;,. Then oy, (K1) = o01(K;,)9 = Agl,
JZQ(KI) = Ul(sz)QZ = BQQ, and 023(K1) = Ul(Kjg)gg' = (9. As A, B, and C
are pairwise non-isomorphic, it follows that i1, i, i3 are also pairwise distinct.
Thus (8) implies that pi (M) = T* for some s > 3.

Suppose finally that € € CDyy(G) such that F1(E,M,w) = {A, B}, where
A, B < T3 are not conjugate under GG,,. Then it follows that there are indices
J1, J2 € {1,...,£} such that 01(Kj;,) = A and 01(Kj,) = B. Let g1, g2 € G, be
such that qull K = K. Then T9' = T;, and T{* = T;, for some iy, iz €
{1, .. ,k} Hence 0iy (Kl) = Ul(Kjl)gl = A% and 0'1‘2(K1) = 01(Kj2)92 = B92, As
A and B are not conjugate under G,,, we have that A9 # B92 and so i1 # is.
Thus () implies that p;(M) = T* where s > 2, and the result follows.

(b) As noted above, if p;(M) =2 T*° with s > 2, then Theorem [[[T[c) holds.
Assume now that p;(M) = T. As £ € CDy(G), for all i € {1,...,k} there is a
unique j € {1,...,¢} such that T; £ K,. This means that for all ¢ € {1,...,k}
there is a unique j € {1,...,¢} such that u;(T;) # 1, and so T; < U;. On the
other hand, as p;(M) = T, for all j € {1,...,¢} there is a unique ¢ € {1,...,k}
such that T; < U;. Therefore £ = k and the T; and the U; can be indexed so that
T < Uy,..., Ty < Ug, and so Theorem [[T}(a) holds.

(¢) As in part (b), either Theorem [[LT|c) holds or p;(M) = T for all i; assume
the latter. As & € CDao(G), for all i € {1,...,k}, there are exactly two indices
Jj€{1,...,£} such that p;(T;) # 1. If j1, jo € {1,...,£} are these indices, then we
obtain that T; < Uj, x Uj,. On the other hand, as p;(M) = T, for all j € {1,...,¢}
there is a unique 7 € {1,...,k} such that u;(7;) # 1. Counting the pairs in the set

{(Za]) |i€{1a"'7k}v jE{l,...,g}, E%KJ}
we obtain that £ = 2k and the T; and the U; can be indexed so that
Ty <UL x Uz, To <Us x Uy,..., T < Usp—1 X Ugg.

Note that U; x Us can be viewed as a permutation group acting on I'; x I'y
preserving the natural Cartesian decomposition formed by the (U; x Us)-invariant
partitions I'; and I's. Choose 71 € T'y, 72 € 'y and set w = (y1,72). Then [BPS04,
Theorem 6.1] implies that the isomorphism type T of T}, and the stabilisers (71),,
(T1)~, and (T1), are as in Table 2 Hence T; acts primitively on both I'; and T's.
Thus (U)' and (Uz)'2 are primitive permutation groups. Since (T1)'t < (Up)'s
and (T»)'2 < (Uz)'2, the results of [LPS87] yield that U and 7T are as in the
corresponding columns of Table[Il Thus Theorem [[LTb) holds. (]
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TABLE 2. The stabilisers in T}

‘ ‘ T | (Tl)“/u (Tl)“rz ‘ (Tl)w ‘
1 As As, T(As) (T & Se) Dio
2 M12 Mll; T(Mll) (T € M12) PSLQ(l].)
3 PQT (q) Q7(q), 7(Q(q)) (7 a triality) |  Ga(q)
152, a>2|  Spy(2%) -2 0;(q) | Dpy-2

The proof of Theorem [[.I]is now very easy.

Proof of Theorem [Tl The theorem follows from the 6-Class Theorem (Theorem
[62) and Lemma [R41 O

Next we prove Theorem

Proof of Theorem[I.2l Let G and W be as in Theorem Then CD(G) # 0,
and hence, by Theorem [[3] G is a quasiprimitive group with compound diagonal
type and the Cartesian decomposition £ corresponding to the product action of W
belongs to CDg(G). In particular, £ € CDy,(G), and so G projects onto a transitive
subgroup of S,. Thus part (a) is proved. It follows from Lemma that the
inclusion G < W is as in Theorem [[.T|(c), and so U = AltT". Thus part (b) holds.

By Lemma RIl M < N. Let w € Q and consider the Cartesian system &, (&)
for M. If K € K, (), then M, < K, and so K is a subdirect subgroup of M. Thus
Lemma [Tl implies that K is the direct product of pairwise disjoint, full strips. By
Theorem B] if X; and X5 are non-trivial, full strips involved in K, (&), then X;
and X, are disjoint. Thus if 7; € K; for some i € {1,...,k} and j € {1,...,¢},
then T; < Kj for all j' € {1,...,¢}\ {j}. Hence the T, ..., T} and the Uy,..., Uy
can be indexed such that

M =Ty XX me”;MFz :T(éfl)erla”-aThm
Thus k& = ¢m and by Lemmas 82 and B4 m > 2. Also
Ty x - X T KU, Te—1ymar X -+ - X Tom < Uy,

and statement (c) is also valid. O
Finally we prove Corollary [[L3l

Proof of Corollary[L3l Let G be an innately transitive group on Q with simple
diagonal type, and let M be the unique minimal normal subgroup of G, whose
existence is guaranteed by [BamP04, Proposition 5.5]. Assume that the result is
not true for G, so G < W where W is permutationally isomorphic to SymI"wr S,
with some |[I'| > 2 and ¢ > 2. Let £ denote the natural Cartesian decomposition
of Q corresponding to the product action of W. Then [BPS04, Proposition 2.1]
implies that M lies in the pointwise stabiliser in W of £, and so M is a subgroup
of the base group (SymT')¢ of W. As M is a non-abelian characteristically simple
group and SymT is soluble for |I'| < 4, we obtain that |T'| > 5. Thus Theorem
implies that G has compound diagonal type, which is a contradiction. O
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