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ON THE CORRELATIONS OF DIRECTIONS
IN THE EUCLIDEAN PLANE

FLORIN P. BOCA AND ALEXANDRU ZAHARESCU

ABSTRACT. Let RE;?y),Q denote the repartition of the v-level correlation mea-
sure of the finite set of directions P, ,)P, where P ., is the fixed point
(x,y) € [0,1)2 and P is an integer lattice point in the square [—-Q,Q]%. We
show that the average of the pair correlation repartition Rgi?y),Q over (z,y)
in a fixed disc Dy converges as Q — oo. More precisely we prove, for every

A€R;fand 0 < < ﬁ, the estimate

1 [ 52 _2mA _1.s
m(]])o) // R(¢”11!)7Q(>\) dz dy - T + OD(),)\,LS(Q 10 ) as Q — 00.
Do

We also prove that for each individual point (z,y) € [0,1)2, the 6-level corre-
lation Rgi)y) Q()\) diverges at any point A € ]Ri as @ — oo, and we give an
explicit lower bound for the rate of divergence.

1. INTRODUCTION

In many problems one is led to consider in the Euclidean plane lines joining a
fixed point Py, which is not necessarily an integer lattice point, with a finite set
of integer lattice points. A natural way of measuring the distribution of directions
PyP, P € 72, is via correlations and consecutive spacings. When the fixed point
is the origin, the problem is related to the distribution of Farey fractions with
multiplicities, each fraction ¢ in Fqo being counted [%] times. The consecutive
h-level spacing measures of customary Farey fractions were computed for h =1 in
[6] and for A > 2 in [I]. Limiting correlations of Farey fractions were shown to exist
and computed recently in [5].

When the fixed point is not an integer lattice point, the problem of existence
of limiting correlations/consecutive spacings is considerably more difficult. It is
therefore natural to try to first prove some averaging results, letting the fixed point
vary in a given region. In the first part of this paper we derive such a result for the
limiting pair correlation measure. The limiting average pair correlation function is
constant, as in the Poisson case. What is striking, however, is that this constant is
not 1, as in the Poisson case, but 7.

We now give a mathematical formulation of the problem. For each @ > 1,
let Og denote the set of integer lattice points in the square [-Q, Q)% and set
N = Ng = #0g = (2Q + 1)%. Let P, = (2,y) be a fixed point and consider
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1798 FLORIN P. BOCA AND ALEXANDRU ZAHARESCU

for every (large) integer @ the finite sequences (0p(z,y)) of angles between

Pelq
the line P, )P and the horizontal direction. The pair correlation of this finite

sequence is defined as

R® #{(P,P’)EDEQ :P#£P, X 5> 10p,pr(2,y) \</\}
(xy)Q( )= N )

AER,,

where 0p p(2,y) denotes the measure of the angle ZPP, )P’
Throughout the paper we shall consider a fixed disc Dy of center (zq,yo) € [0,1)?
and radius r9. We are interested in the asymptotic behavior of the average

@) _ 1 2
(L1) R o) = W—%//R(m)y)@()\) dz dy
Do
of R(Z) | (A) over Dy, for fixed A > 0 and Q — cc.

The first three sections are concerned with the proof of the following result.

Theorem 1.1. For every A >0 and § >0

27 1
(1.2) R&),Q(/\) - % + Opy a,5(Q™1010) as Q — oc.

If one replaces Dy by a vertical or horizontal segment of length one, an identical
asymptotic formula as in (1.2) turns out to be true. This can be proved by similar
techniques as in this paper, or by using Erdoés-Turdan type discrepancy estimates.
These results suggest that (1.2) may be true regardless of the shape of the range of
the fixed point.

The behavior of higher level correlations appears to be different. In the last
section we prove that the 6-level correlations diverge for every individual fixed
point. When v > 2, the repartition of the v-level correlation measure of the finite
sequence (ep(l‘, y))PEmQ is defined for each vector A = (Ay,...,A\,_1) € Rﬁfl by

v fat s 2w,
W) _ #{(P1,...,P) € 04« b distinct, |0p, p,,, (7,y)| < ZF*}
(19) R, o) = N -

For randomly chosen directions one would expect to obtain the Poissonian limit
(1.4) hn17sz)Q = Vol II “Ai A =27 A

It turns out however that (1.4) fails. More precisely, we will show that if v > 6,
then for every point (z,y) € [0,1)? and for every (A1,...,A\,—1) € RY™! we have

hm R(”)

(@), Q()\) = oo. This is a consequence of

Theorem 1.2. For every (z,y) € [0,1)2, every A = (A1,...,Xs) € RS, and every
6 > 0, for Q large enough in terms of x,y, A and 6,

(1.5) RO QN >Qi™.
As in Theorem 1.2 one can prove

Corollary 1.3. The 6-level correlations of angles of directions P, )P, where P is
a lattice point inside an expanding region Q, diverges as Q — oo whenever ) is a
convez domain in R? which contains the origin.
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CORRELATIONS OF DIRECTIONS IN THE EUCLIDEAN PLANE 1799

The phenomenon is similar to the one encountered in the problem of the distri-
bution of fractional parts of polynomials. There, one can handle the pair correlation
problem generically (see [8], [3]). Moreover, in the case of the sequence n?a (mod 1)
one is able to solve the problem for all m-level correlations for a large class of ir-
rational numbers a (see [9], [I0]). However, as shown in [9], there are irrational
numbers « for which the 5-level correlation of fractional parts of n?a, 1 <n < N,
diverges to infinity as N — oco. This occurs as a result of the presence of large
clusters of such fractional parts. In the case of Theorem 1.2 above, large clusters of
elements of the given sequence are responsible, too, for the divergence of the 6-level
correlations, and hence of any other higher level correlations.

2. A FIRST APPROXIMATION FOR RS)(A)

For obvious practical reasons, from the beginning we try to replace 8p p/(x,y)
by one of its trigonometric functions in the definition of Rgi)y) Q(/\). Suppose that
two distinct points P = (¢,a), P’ = (¢/,a’) € Og, are such that ¢,¢ > 0 and
max{a,a’} > 0 > min{a,a’}. Then for sufficiently large @ (depending only on A)
we have

27
min |0p p/(z,y)| > arcsin T

1
- > P
z,y€[0,1] /Q2 +1 N

As a result, we may only consider in the definition of Rgi)y) o boints from the
same quadrant. Thus if we set

03 = {(P,P) e 0% : P # P’ and P, P’ belong to the same quadrant }

and
(2.1) ﬂQ7,\:sin% :sin(%?r\l)2 :;C;Q+O,\<1G> as Q — oo,
then
2) #{(P,P') € E2@ Opp(2,y)| < B2}
(2.2) (wa),@M) = N
) ~ #{(P,P) €T} : |sinbp pi(x,y)| < Bon}
I .
For P = (q,a), P’ = (¢',d’), (z,y) € R?, we define
1 q a
Lpp(zy)=(a'—y)lg—z)—(a—y)(d —2)= |1 ¢ o
1 =z vy
Then
2 Area APP, P’ |Lpp (z,y)]

|sinOp p(x,y)| = = .
1Py Pl 1P Pl 1w Pl [ Py P

For each P, P’ € Oy, consider the weight
wp,pr(Q, ) = Area {(x,y) € Do : |Lp,p/(x,y)| < BorllPay) Pl - | Pay P'll}-
From (2.2) and (1.1) we infer that

1
g N

(2.3) RY(\) = RS o(\) = S wrp (@)

(P,P)eli2
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1800 FLORIN P. BOCA AND ALEXANDRU ZAHARESCU

Denote

_loP-OP'| _ /¢ +a® \/q? + a”
B Q? a Q? ’

v ="ppr(Q)
and define for every u > 0
App(Q,p) = Area{(z,y) € Do : [Lpp(2,y)] < pypp(Q)},

(2:4) GQ(M):& > App(Q.p).

(P,P’)el:le

In the remainder of this section we show that the asymptotic of R(Q2) (N) as

Q — oo is closely related to that of Gg (”7)‘)

For fixed P, P’, denote by # the angle between the line £ determined by P and
P’ and the horizontal direction. Also consider the lines ¢, parallel to £ and such
that dist(¢,¢+) = “‘Z,;_OZ‘Q. The equation of ¢ is given by
(E) LP,P/(xa y) = 07

while the equation of /4 is given by

(=) Lpp(x,y) = Fpuy.
We see that
2 2 4
dist(y,0_) = /WY -cosf = ] < a .
4" V@ = ¢+ (@ —a)? " /(¢ =)+ (¢ —a)?

The set whose area defines Ap p/(Q, 1) is the intersection of the strip bounded
by ¢4 and ¢_ and the disc Dy; thus

) 8uro
. Ap,pr - .
(2.5) PP (Q, p) < 2rodist(€y, ) < V@ =9+ (@ —a)?

We also have
(2.6) App(Q,u) #0 onlyif |a'q—aq'|<2u+|a" —a|+]¢ —ql.

Lemma 2.1. Let « € (0,1]. Let C be a compact set in Ry. Then for all § > 0 and
all peC

é > App(Q. 1) = Ocp,s(Q1T).

PEDQOL

P’elq

P#P’
Proof. The estimate (2.5) reads as Ap p/(Q, 1) = Oc.p, (HP—;’H)’ Combining it with
(2.6) we see that it suffices to show that

1
Ap = — atl+d
Q 2 P <09

PEDQ@ s P/EDQ
la’q—aq'|<c.s | PP’|l
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CORRELATIONS OF DIRECTIONS IN THE EUCLIDEAN PLANE 1801

Taking P" = (¢",d") = (¢’ — ¢,d’ — a) € Oag, we gather

1
AQ S Z HOP//”
PEDQQ,O#P”EEEQ
‘a”qfaq”‘<<c”OP//H

1
< Z oP7 #{(¢,a) € [-Q*, Q") : |a"q — aq"| <c |OP"|}.
0#P"clzq
The two conditions above yield that (g,a) should belong to the intersection of
the square [—Q%, Q])? with a strip of width <¢ |}OP,,H = 1 bounded by lines

Yy = Z—:,/ x + A¢. The number of integer lattice points inside this region is of order
Oc(Q%); thus

do<c @ 3. opp=Q > g

O#P"€llzq 0<m?+n?<4Q?

Since ro(k) = {(m,n) € Z% : m? + n? = k} = Os(k°), this gives

197 1 90, k)
sy Y Loy

k=1m2+4n2=k k=1

4Q?
<s Qa Zké <5 Q@(Q2)6+% _ 620¢+1+267

k=1
as desired. 0O

Lemma 2.2. For every compact set C C Ry and every § > 0, there exist constants
My, My > 0 such that

2
% Go <%A - M1Q> ~ MyQ 3% < 2R (A)

2 A 1
< Q_ Gq (% +MQ™ ) + MyQ 50,

Proof. The trivial estimate
[ Pay) Pll = [IOP] + Op, (1)
and (2.1) yield, for all P, P’ € Og, A € C, (z,y) € Dy, that
BaIPy) Pll - 1Py Pl = Boa(IOP|| - [OP'|| + On, (Q))

_ ( ™\ +oC(Q6)) (0P| - [OP']| + 05, (Q))

2092
_ mA[OP[ - JOP|| 1
= 2@2 + OC,DO (Q)
A 1
= % vp,p (@) + Ocp, (é)

= @(F +0ealgrm))
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1802 FLORIN P. BOCA AND ALEXANDRU ZAHARESCU

We first analyze the case min{||OP]|,[|OP’||} > Q3. Then yp p/(Q) > Q~ 5, and
the relation above and the definitions of wp pr and Ap ps yield M; > 0 such that

A 1 A 1
Ap pr <Q7 % - M1Q3> <wpp(Q,\) < Appr (Q, % + M1Q3>'

When min{||OP||, ||OP'||} < Q3, we take a = % in Lemma 2.1. Since

5Q,A||P(m,y)PH : HP(z,y)P/H <Lc 7"—/\'7P,P’(C2) as Q — o0,

we get
1 1 1
—1+6
N > U)P,P'Z(QvA) <c > AP,P’Q(Qaﬂ—A) Lcs Q737
min{|[OP|,[[OP'[|}<@Q3 min{|[OP|,|OP'||}<Q3

3. A FORMULA FOR Gg(u)

An immediate consequence of (2.5) and (2.6) is that the contribution to Gg ()
of pairs of points (P, P’) € ﬁé with @’ = a or with ¢’ = ¢ is negligible. Indeed,
we see from (2.6) that, when o’ = a # 0, the term Ap p/(Q,u) is zero unless
l —ql <2u+ ﬁ < 2+ 1; thus the total contribution of such points to Gg(u) is

1 8ur 1 1 lo
<o 2 Iq’u—OqI <9 2 7 —q < éQ '
l[q]<Q lq|I<Q
0<lg’'—q|<2p+1 0<|¢’ —q|<2u+1
0<[a|<@Q

The contribution of pairs of points (P, P’) € IjQQ with ' = a =0 to Go(u) is

1 1 lo
<@g ¥ g
lal,lq"<Q
q'#q

Similar estimates in the case ¢’ = ¢ show that

1 lo
(3.1) Go =g Y. Arm(@u +OC,DO(%Q).
(P,Pe
a'#a, q'#q

As a result, we shall subsequently assume that a’ # a and ¢’ # q. We now set

N ad —a aq’—a’q . ~y \/q2+a2\/q/2+a/2
— =, 0= = .
I’ — q| Q%q —q

Cd—q’ ¢ —q

The remainder of this section is elementary and is concerned with putting G ()

in a tidy form, suitable for a precise estimation which will be completed in the next
section.

Let Cy denote the center of Dy, let ¢’ be the line passing through Cy and per-
pendicular to ¢, and denote by A, and A_ the intersections of ¢’ with the circle
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CORRELATIONS OF DIRECTIONS IN THE EUCLIDEAN PLANE 1803

FI1GURE 1. The intersection of the strip bounded by ¢4 and ¢/_ with Dy.

0Dy, by Ej the intersection of ¢’ and ¢, and by E1 the intersection of ¢ with /4.
Direct computation gives

- arg - (a' —a)ro

TAL =20+ —F=——= = T0 )

R G Y T e
ayo + o — o F apyo

.’IIEi = a2 n 1 ,
. e —wp | 2m0 _ p/@+a\/q? + a?
HE_E+|| = dlSt(é.;,_,g_) = - = = 5 ’
EY o 1 QPP
While ordering the points 25, < 2p_ and 4, < z4_, the following situations
may occur:

Case 1. zp, <wa, <za_ <TE_, that is,

ay0+5€0*a5*0<ﬂ70<x7 arg <zt arg <ayo+xo—a6+au’m
a?+1 CVerr1 T Vet 02 +1 '

This gives vy > rova? + 1, hence

2 2 2 o2
BV Q"+ a*\/q" ta
1o/ (¢’ —)? + (¢ —a)? < v Q;/ < 2.
Suppose first that |’ — a|] < |¢’ — ¢|. By (2.6) we know that for fixed (q,q’), the
expression D = aq’ — a’q only takes values between —2u — 2£ and 2 + f—g‘. Hence

,.
the number of solutions (a,a’) of a¢’ — a’q = D is of order OOc(d), where d is the
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1804 FLORIN P. BOCA AND ALEXANDRU ZAHARESCU

greatest common divisor of ¢ and ¢’. But d < 3—2‘, hence this order is actually
Oc¢(1); thus the contribution to G is

1 1 1
< @ Z Z 1 < @ Z 1 < é .
lal,ld’1<Q lal,]a’|<Q lal,ld’1<Q
0<|¢’ —q|<K1 Ap pr#0 0<|q¢’ —q|<1

0<la’~al <|q’'~q]
The case |¢' — q| < |a’ — a] is settled similarly by first summing over (a, a’).
Case 2. x4, <wp, <za_ <TE_, that is,
[0 —rova? + 1| =rovVa? +1—uy <yo—azg— B < py+rovaer+1,
or equivalently
la'q —aq' + (¢ — q)yo — (' — a)xo — 1o/ (¢ — @) + (¢ — a)? | < py.

The change of variables a’ —a = a”, ¢ — q = q" gives

la"q — aq” —rov/q"* + a” + ¢"yo — a" x| < py < 2p.

So, keeping a” and ¢” fixed, the range of a”’q — aq” has cardinality O¢(1). Now the
equation a”’q — aq” = K has either no solution (¢, a) when d = ged(a”, ¢"") does not
divide K, or has O(Z—/C,?) solutions (g, a) when d divides K. Thus the contribution

of terms Ap pr with ¢"? +a" = (¢ — ¢)* + (d' —a)> > Q is

Q
1 Q
Ly — D G = —
CQde:; D A QVQ = d 2w
0<lqyl.lag <[ 2]
=1

s

ged(gg5a0)
log? Q _i.s
< <5 Q2
VQ
The contribution of terms Ap pr with ¢? +a”? = (¢ — q)* + (a' —a)? < Q is
1 Q 1 1 «— V@ 1
Cog X X Grag g oag <9
sdop =

1S4V 0<|gy | Jay | <[ 2]

Case 3. zp, <wxa, <xp_ <Ta_, that is,
—pyo —roVe? +1 <yo—azg — B < —|pyo —rova? + 1.

We infer as in Case 2 that the contribution of Ap pr is Og(Q’%M) in this case too.
Case 4. x4, <wp, <xp_ <wa_, that is,

o —rovVea? +1<yo—axg— < —pyp+rovar+1,
or equivalently

|Lp,pr (20, 90)| < 10V (¢ — @)% + (a' — @) — py = o[ PP'|| — py.

Denote k = ¢'—q and ¢ = a’—a. The interval I}, ; = roVk? + 02—kyo+Lxo+[—py, 0]
has length uy <¢ 1. Hence we find that the contribution to G of terms Ap p: for
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CORRELATIONS OF DIRECTIONS IN THE EUCLIDEAN PLANE 1805

1]t
T

t1+ T2 O
2
FIGURE 2.

which ro||PP'|| — wy < Lp,pr(20,y0) < 1ol PP’|| is

1 Qged(k,l) 1
g 2 2 m QQZ ko ViRt

0<Ik|[e]<Q  |¢'],la"|<Q k=1
7ka'7€q'61k ?

BH SRS S K8 ¥
- Qd_l ey koK + 6 Qi d ko Lo
log® @
Q
One similarly shows that the contribution of points P, P’ for which —r¢|PP’| +
wy < Lppr(zo,y0) < rol|PP’|| is of the same order. By (3.1) and the previous
considerations we infer that

1 1
(3.2) Go(p) = 02 Z Ap p(Q, 1) + Ocpes(Q 2.
(PP

a'#a,q'#q
|Lp, pr(z0,y0)|<ro| PP’

<

The weights Ap p/ are next approximated by elementary calculus.

Lemma 3.1. The area of the region inside the circle of radius ro centered at the
origin and inside the strip bounded by the vertical lines y = t1 and y = ta, —1g <
t1 <ty <o, is given, for small to —t1, by

t1 + 12
2

Aro(t17t2):2(t2_t1) 7‘8—( ) +Oro((t2—t1)%)

Proof. The error is seen to be given (see Figure 2) by

t1tta

2 2 2 2
t1 4+ t2 t1 + 12
L/(¢@_( e i Y f (i omr- (252) )
t1+to
2

t1
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1806 FLORIN P. BOCA AND ALEXANDRU ZAHARESCU

It is < (ty — t1)%/? as a result of

Wt —a? = =2 | < VT = <o Vi =yl @y € [-romol.

We take
; _ TE. —Th :\/1+0z2 (ep, — ):LP,P'(%,Z/O):F!W
By sin 0 o P Fo PP

Note now that

2uy 1
(3.3) tp. —tp, = <c ,
e PPl
denote k=¢ —q, £ =d —a,
(3.4) Jie = —kyo + Lz + [ — rovV/k2 + 2,r0V/ k2 + 2],

and find that the contribution of the error provided by Lemma 3.1 in (3.2) is

1 1 1 1
Q2 Z~ [PP372 ~ Q2 Z Z (k2 + (2)3/4
(P,P")e0 0<|kLILISQ  |d'],|a’|1<Q
q'#q,0'#a ka'—Lq' €Tk ¢
IL p, pr (zo,y0) |<rol PP’

Q
<<LZM.,/]€2+£2. 1

2 2 /2\3/4

Q Py k (k2 +02) /

o [4]

1 Qd 2 2\ 1 1
<=3 A - T
>~ 2 0 0 3/2/(1.2 2\3/4

d=1 ko,lo=1 ko &2 (kg + 63)*
(3.5) Q
N -
-0 1/2 2 2\1/4

Qi dV ko,lo=1 ko (kg +€0)Y

1 ZQ: 1 (9] 1 (4] 1
< _ _— — _
> 172 172

Q =d / ko—=1 ko lo=1 Eo/

Q

log Q 1 Q1/2

< Z 12 g1/2
Q — dt/ di/

log? Q

<o

By (3.2), Lemma 3.1, (3.3) and (3.5) we find that

1 _1
(3.6) Go(p) = o0 Z Bp.p (1) + Ocp,s(Q 1),
(PP
q'#q,ad'#a

ILp, pr(z0,y0)|<rol PP|

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CORRELATIONS OF DIRECTIONS IN THE EUCLIDEAN PLANE 1807

where Bp p/(Q, 1) denotes the contribution of the main term in Lemma 3.1 to (3.2),

that is,
tg. +1tg 2
Bpp (Q, 1) =2(tp_ —tp, )\[7§ — <f>
(3.7) o 2 _ Lpp(z0,90)*
PP 2R
_ Apy\/ 13| PP[1> = Lp,pr (20, y0)?

I1PP|?

Finally we show that one can replace HP}Z,”Q by 5 max{(q,iqq)27(a_a)2} in (3.7)
and (3.6). To see this, we assume without loss of generality that |a’ —a| < |¢’ —¢].
Since |Lp,pr(xo,y0)| < ol PP’||, then |a'q — aq’| < (ro + /23 + 43 )||PP’|| and

) (@' —a)* ] a? q:q_E(q/:q+5)
" (q/7Q)2 + . a’fu,)2 a2
\/1+ L 1+ %

la'q —ad| la'g —aq'|  la'q — ad|

a
q
. <
ad —al 1+ @ l¢ —dq PP
[ @=ay
V@ +a2=qy/1+——< +Op,(1
(¢" —q)? o)
7& 2
/q/2 + a/2 — q + O]D)o

Hence one can replace Bp p/(Q, 1) in (3.6)

<p, 1.

This gives

and similarly

4uqq’\/7‘(2)||PP’||2 — Lp.p(20,40)
@Q*max{(¢ —q)? (' —a)?} '

at the cost of an error which is found to be, as in (3.5),

Wpp(Q, 1) =

1 1
<L = E
2 !/ 2 /I __ 2
Q (PJ_—,/)GE]?Q Q\/(q q) + (a a)
q'#q, a'#a
|Lp, pr(x0,y0)|<rolPP'||

1 d(k, ¢ 1
<= > \/k2+62~Qng( 1IN

3
@ 0<|kl,l€]<Q
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1808 FLORIN P. BOCA AND ALEXANDRU ZAHARESCU

In summary, we have shown for any p in a fixed compact set C C R, that

9 Gotw = gi ¥ LRI O 0, (@4

(P,P")e}
'£q, a'#a
|Lp, pr (20,30)| <rol PP

as Q — oo.

4. ESTIMATING THE SUM Sg

By reflecting Dy about the axes and about the line y = x, we see that it suffices
to only estimate the contribution Ag (1) to Gg(u) of points (P, P') € (0,Q]? with
0<a= Z;:Z < 1. We thus consider

Aq(p) = 4pSq,
where
S 1 qq'\/7¢||PP'[|> = Lp p/ (w0, y0)?

Q= 11 Z (¢ —q)?

0<q,¢'<Q

0<a,a’<Q

|Lp pr(wo,yo)|<rol| PP’
0<y=e<]

9 S qq’\/ré((q’ —q)? + (a/ — a)?) — Lppr(x0,0)?

= 4 Y
Q 0<a<a’<Q (q q)
0<q<q'<Q
|Lp pr(zo,yo)|<rol|PP'||

0<L=e<l

Then we gather from (3.8) and the above formula for Sq that
(41)  Go(n) =8Ag(w) + Ocp, s(Q7 1) = 32uSq + Ocpes(Q 7).

Changing ¢ to ¢’ — ¢ and a to a’ — a, we may write

Sp = 2 (¢ — )¢ /re(¢* + a®) — (yog — woa + aq’ — a'q)?
Q= Q* Z PE

0<a<a’<Q

a<q<q'<Q

lyog—zoa+aq’—a’q|<ro\/q?+a?
Putting
D=uaq —dq
and taking J, , as in (3.4), that is,

Joa = —qyo + azo + [ — 10/ + a2,10\/q% + a? ],

we get

2 (¢ — 9)d'/r3(q*> + a®) — (yoq — woa + D)?
T > 2
1<a<q<Q ¢'€[q,Q]
DeJga a'€la,Q]
aq’'—a’'q=D
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x

(1,v2) (1, V2 +ao-fo)

0,1 //
(0,1-Bo)

(0,-1) —
\ (0,-1-B0)

(1, V%) (1, V2 +a0-Bo)
FIGURE 3. The regions Dy and Dy, gz,-

In this section we will prove

mre

Proposition 4.1. S = 5 + OD0,5(Q_1_10+5) for all 6 > 0.
From this and (4.1) we infer
1677
Corollary 4.2.  Go(u) = 7;7“0# + O0py.s(Q10H7).

Theorem 1.1 now follows combining Corollary 4.2 with Lemma 2.2.
We now start the proof of Proposition 4.1. We first lay out some notation and
prove an elementary calculus lemma. Fix «ag, Gy € R and consider the function

‘I’(t,I) = (I)Oto,ﬁo(tvx) =1+ t* — (ﬁO —tag + -'L')2
and the domain
D=Dyp ={(t,x):0<t <1, ®(t,x)> 0}

Also consider the projection pry, D of D on the second coordinate, the z-section

(4.3) I, ={te0,1] : ®(t,z) > 0},
and the ¢-section
(4.4) Jy={x €pryD: O(t,z) > 0}.

Define the function ¢ = 1, g, : pra D — [0, 00) by

V() = / B ) di.
I,

Lemma 4.3. For every ag and By

G) [ [@)de < v2+log(1+2).

pra Dag, 8¢
(ii) [ v(@)de= [[ J/O(t,z) dtde =2 .
pra Dag,p0 Dag.p0

Proof. (i) By the definition of ® it is seen that I, is the union of one or two intervals
[a(x),b(x)], where a(z) and b(z) are equal to 0, 1, or a root of ®(¢t,2) = 0. In all
these cases

®(a(z),z)d (z) = @ (b(z),z)V (z) =0,
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1810 FLORIN P. BOCA AND ALEXANDRU ZAHARESCU

and as a result we get
b(z) b(x)

d tag — Bo —
= / VO(t, ) dt = / N T

t,x
a(z) a(x) (t.)

d tag — Po —
V(@)= — [ VOltx)dt= | =222 gt
de/ I, " ®(t, )

Using the triangle inequality and the change of variables (u,v) = T'(¢,x) = (¢, tag —
Bo — x) we obtain

/ W (@) de = / %dt i

and

x

pro Doy, 8, prgDao 8o | 1=
t tag —
/ /|040 dtd // [tag — o — x| dt d
V1+12— (B —tag + x)2
pry Dag.p Iz Dayy.50
://L dudv = V2 +log(1+v2).
V1+u2 -2
0

(ii) The same change of variable as in (i) gives

// Vot z) dtdx:/ V14 u?— 02 dudv:%r.

D, Do,o0

aqp,B0

O

We start to evaluate Sg. If D € Jy ,, then D € Qg = (—(2+79V2)q, (2+79V2)q).
The equality aq’ —a’q = D is equivalent to a’ = “‘JIT*D. Hence in the inner sum in
(4.2) we should sum over ¢’ € [¢, Q] such that ag’ = D (mod ¢) and

<=L g
q

or equivalently
D , .

(45) max-<4q,q + — S q S min Qa
a

Next we show that the summation condition in the inner sum from (4.2) can be
replaced by only ¢’ € [¢,Q] and a¢’ = D (mod q). To see this, note first that for ¢’
fixed, the relations D = aq’ (mod ¢) and |D| < (r¢ + v/2)q imply that D takes at
most Oy, (1) values. So the total contribution to Sg of terms with 0 < g—a < 2+4[r]

is
(¢ — q
g 2 ey
q=1q'=1
When ¢ —a > 3 + [ro], we get —D < (3 + [7’0])@ < (q —a)Q; thus Q < 92FP
and we can simply replace the second inequality in (4.5) by ¢’ < Q. Suppose now
that ¢’ is between ¢ and ¢q + %. Owing again to a¢’ = D (mod q), it follows that

aq’ = D + kq for some integer k. But the range of ¢’ is an interval of length |aﬂ,

qQ+D}
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CORRELATIONS OF DIRECTIONS IN THE EUCLIDEAN PLANE 1811

hence the range of k = “Tq/ - % is an interval of length <1+ 2 - % < 4+ [ro).

Thus k, and consequently ¢’, take at most O, (1) values. Besides, in this case we
have 0 < ¢ — ¢ < %. Hence the contribution to Sg of terms with ¢’ between ¢
and q + % is

1
<<7-0 @

1 1
—gi 2 G2 1D
1<a<q<Q DeQ, 1<a<q<Q = DeQ,

Therefore we have shown that, up to an error term of order <, log @

, one can
replace the summation conditions in the inner sum from (4.2) by ¢’ € [¢, Q] and
aq’ = D (mod q).

We write g = roag and yo = r9Bp. Take D = Dy, 5,, ® = Poy,8, and ¥ =
Yay,B,, Unless otherwise specified, and note that

a D
r%(q2 + az) — (yoq — woa + D)2 = r§q2<I><, )

Then (4.1) and the previous considerations lead to

2r (@ -9 a D log &
Somgr XX ¥ W et 2 ho, (M5
1<a<q<Q DérogJa q'€[q,Q]

aq’=D (mod q)

2r a D log @
R e (2] o f59)
DETqurQD q'€lq,Q] 4 Tt

acql p
r04q
aq’=D (mod q)

where I, and J; are defined as in (4.3) and (4.4).
Take d = ged(q, ¢') and write ¢ = dqo, ¢’ = dqj). Then d divides D, so D = dDj.
The congruence adgq) = D (mod dqo) is equivalent to ag) = Dy (mod ¢p), and we

may write the expression Sg, up to an error term of order Oy, (%), as

d a DO
— > > (- a0)dh (1’<—,—>-
% dgo T0qo0
0€Togo P2 D o [Qm%}
ged(gg,q0)=1
aEalquE(L
70490
ago=Do (mod go)
To estimate the inner sum above, we need some information about the distribu-

tion of solutions of the congruence zy = h (mod ¢). We shall employ the following
result, which is a consequence of Proposition A4 from the Appendix.

Proposition 4.4. Assume that ¢ > 1 and h are two given integers, T and J are
intervals, and f: T x J — R is a C' function. Then for every integer T > 1 and
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1812 FLORIN P. BOCA AND ALEXANDRU ZAHARESCU

every § >0
Y, flab)= %g)//f(ar?y)dmdyﬂ%,
ac€Z, beJ
ab:eh (meod q) IxJ

ged(b,g)=1

where
7z J 1 Il TNV

e < (14 20) (140 ) 70240 et (21l 19 1) 4 L
and we denote || - ||oo = || * [|oo,zx7 -

We now return to the formula of S¢ given in (4.6) and first give an upper bound
for the contribution to Sg of quadruples (d, go, Do, a) for which
a Dy
dgo’ T0q0
with L = Ly, > 1 to be chosen later.

(47) 0 <r3d 2@( ) =rj(a® + d°q3) — (dgoyo — azo + dDy)* < L7,

Lemma 4.5. Let F(a) = ua® +va +w with u # 0. Then for any K and L
2|L
[{aeR: K < F(a) < K + L*}| §\/|_|| .
U

Proof. Using

{a: K<Fa)<K+L*})={a:-K—-L?><—F(a) < -K}
we see that it suffices to consider the case u > 0. In this case the statement follows
from the fact that the double inequality K < F(t) < K + L? is equivalent to

2 2 2 2 _
Lz duww) (o) o0 1 v —duwy
U 4u 2u U U 4u

and from the inequality

o=yl <Vlz—yl.

Suppose that (d, qo, Dg) is fixed and consider the following two cases:

Case 1. rg # xg.
By (4.7) and Lemma 4.5 the range of a is the union of at most two intervals of

length LTJ‘IO Hence a can only assume O(Ly,) values. But, for each a, ¢ belongs
to [qo, %] and is subject to the condition gja = Dy (mod go). Hence ¢} takes
O(1+%) (%) values. Thus the contribution to Sg of quadruples (d, go, Do, a)
which satisfy (4. 7) is

(4.8) <<—ZZ > L (3)2@0 L

i=1q0=1 10 | D %00

Case 2. rg = xg thus ag = 1.
In this case we collect directly from (3.7)
(dgoyo + dDo)* — r3d*q} Ly, + (dgoyo + dDo)* — rid’q

<a<
2T0d(DQ + L]Qyo) - 2""Od(DO + (Joyo)
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L2
Hence a can only assume O( 0

the contribution to Sg of quadruples (d, go, Do, a) which satisfy (4.7) is

Q Q 2 2

1 d Ly, Q (@ log qo 2
<=d > = o= (—) E :

1

o) i a1 90 | pere o dDo  dqo dCIO Q oy 4

1QL3

<5 —= .
Q 5

Next we investigate the situation

d2 2q)< a ‘DO
dgo’ Toqo

Consider the range of ¢:

Q
Iqo,d = |:q07g )

the range of a (which is the union of at most two intervals):

J. = e[Od]wbyDO >L2 C dgol
q0,Do,d,L. = \Y ,aqo] - dq() To%0 rngqg = aqol by

and the functions:

G(z) = Goy(2) = (x —qo)z, = €Ly

D
\Ij(y) = \Ijqo,Dg,d(y) = (I)< 0 ) ) AS jqo,Do,d,L - [Ovdqo]a

dgo’ T0qo
f(x,y) = fqa,Dmd(mvy) = G(x)\ll(y)7 (amy) € Iq0,d X Jq07Do7d L-

With this notation the following estimates hold on Zy, 4 X J40,D0,d,L:

Q2 QQ
Gllee € 5, Wloe <1, [1Fllo < IG ol Wloe < %
(1-ad)y Do 1
+ & +
HG,HOO < %7 H\II/HOO _ sup ‘ d2q? dQO (r;qo ﬁo)‘ < Zqo _
Lag
Y€Ja0, Do, I @(T%a m;o) dqo

Q* 1 Q Q* (1 Ly
IV flloo < N1Gllocl[¥floo + G loc|¥lloe < —5 - 7 + i 1

2 T, ALy, \d " Q
2 1 2

< <—+q—0> <«
AL, \d ' Q) &L,
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dDD) values and we find, arguing as in Case 1, that



1814 FLORIN P. BOCA AND ALEXANDRU ZAHARESCU

1 9
Applying Proposition 4.4 with T' = [¢7], L = ¢J°, we find that

> (96— 20)d0 ‘I’( DO) > faoaldpa)

/ o dgo’ Toqo / o
qo€< [QO7E:| qo€< [ng]
ga}(q(),qo)=1 ga}(q(),qo)=1
a€dqqy,Dg.d,L a€dqqy,Dg.d,L
aqO Dy (mod qo) aqO Dy (mod qo)

Q
= SO(ZO) /qu (ZIJ) dz /\IJQmDo,d(y) dy+5qo,Do,da

e
90 JQO,DO,d,L
where
2 J(TQ a@\ Q. @ 1
bansDod 5 o dqo qu " ged(Do )’ 2 o)ty dqo - 2IZ T
3
A SR S PR
= %(qo 5+ ged(Do,qo)2 + 9o st ged (Do, o) 2 +qo 10)
3 1
< 3_2 go ™" ged(Do, go)*
Using

qo qo

1
E ged(D,qo)? < ged(D, qo) = E dtp( )<QOT((J0) <5,
D=1 D=1 d|qo

we find that

3
5
Y Eawbod <s g gy T
|Do|<q0

Thus the total contribution to Sg of &4 p,.q is

<5 — Z Z . —15+6 < Q_T0+25
Q d= 1(]0 1
Moreover, the quantities in (4.8) and (4.9) are both <5 @~ 10+%, Thus we gather
(4.10) Sq = Mg + 05(Q10%7),
with

/qu ) dx /‘I’qo,Do,d(y) dy.

—, 490 qO
d=1¢o=1 Y Dye D
0 0 TOQOPr qO Dodqg/lo
Next we show that one can replace .7 0,Dosdsal/ by dgol p, in the latter integral.

Clearly jqo Do,dyg?/™® C dgol n, and by Lemma 4.5 we ha\;)eo

7090

9/10y9
(00" )2 5
<2/ F—% 7 <q

7’0 0

dgol oo \ T, b 449010

70490

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CORRELATIONS OF DIRECTIONS IN THE EUCLIDEAN PLANE 1815

Thus
9/10 4/5

40 o
0= / \Ijqo’Do ( )dy = dquJ— \j‘ZmDo;d;qg/w . dgo < T ’

dgol b \J 10
7040 q0,Dg dq 9/

and as a result the error in Mg that results by replacing Jy,,p,,4,z. by dgol oy is

T0490

e 3] do(a0) a'° i
0
< Q4ZZ s T/qu(x)dx
d=1qo=1 %
On the other hand we find that
9 < —qo
/qu(aj)daj: / z(x 4 qo)dr = qp g(dQ),
; q0

where

_1\3 _1\2
PR 31) G 21)

In particular, the integral of Gy, on [qo, 3} is € 3;, and we find that the total

cost of replacing j 0. Do,/ by dgol b, in Mg is

7090

<<—ZZ 3

4o

g.IrQ

6

QP 11 = s 1

.—<—§—§ G << =.
3 — 3 0

d Qd:ldqozl Q

Omm

Thus we infer that Mg can be written, up to an error term of order O(%), as

Q
2rg d  ¥(qo) Q
Toyy 2. 2 @y o > Wgq.00.4(y) dy
0 0/ Doeroao pry D dgol p,
70490

o 4]
27‘0 Q
-3t 3 2wy " ot
d=1qo=1 Do€roqo pry D daol by
(4.11) 7040

21 2 Q Dy
==Y > d QW(CIO)Q(—> > / q’(t —) dt
Q* = A baD 040
70490

28 S a2 T o(2)

d=1go=1 Do€rogo pro D
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1816 FLORIN P. BOCA AND ALEXANDRU ZAHARESCU

By the Euler-MacLaurin summation formula and Lemma 4.3 the inner sum above

is given by
1
/ ¢<L)du+0< sup |v(z)| + / — -w’(i> du>
Toqo x€Epry D 040 Toqo
rogo pro D 7090 PTy
2
—roa0 [ v+ 0(1) = 0 1 0.
pro D

Inserting this back into (4.11) and putting ¢ = dgo € [1, Q], we obtain

4]

Q
B dmrd Q log @
Mo~ T3t 32 3 latans ) + 0 (G2
4 2 Q Q 1 2
- () St +0(250)
q=1 qolq
Q 2
(4.12) _ A O 5 (Q) (log Q)
= gl —)+0
3Q4 ; q Q

:47;7‘8/1((1—3x)3+$(12 )2>d +O<1ogQQ>
0

= ﬁ+0<10g2Q>

6 Q
Proposition 4.1 now follows from (4.10) and (4.12).
5. THE DIVERGENCE OF THE 6-LEVEL CORRELATIONS
In this section we prove Theorem 1.2. We begin with a counting result.

Lemma 5.1. Let a,b,d be positive integers with ged(a,b,d) =1 and let dy denote

the largest divisor of d which is relatively prime with b. Write dy = dill. Then
(5.1) #{0<m<2d—1: ged(a+bdm,d) =1} = 2¢(dy)ds.
Proof. Using Mdbius inversion we express the left-hand side of (5.1) as
Z Z Z,u Y #{0<m<2d—1: D|la+bm}.
0<m<2d—1 D|d Dl|d
Dla+bm

Note that if D does not divide dy, then there is no m for which D]a+bm. Indeed,
if for some m we have D|a + bm, then a = Dk — bm for some k € Z. Hence a is
divisible by ged(D,b). Then ged(D,b) divides ged(a, b, d) = 1; thus ged(D,b) = 1
and by the definition of d; it follows that D divides dy. Therefore

#{0 <m <2d—1:ged(at+bm,d) =1} = Z w(D) #{0 <m < 2d—1: D|a+bm}.
Dldy

For D|d;, we have ged(D,b) = 1 and there is a unique solution m (mod D) to
the congruence a + bm = 0 (mod D). Thus there are exactly %1 values of m in
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{0,1,...,2d — 1} for which D|a 4+ bm. As a result we infer that

2d n(D)
#{0<m<2d—1:ged(a+bm,d) =1} = Y (D) 5:2dz —
D|d; D|dy
20 2 o),
dy

which proves the lemma. (Il

For any positive integers a, b, ¢, consider the set
Napg={(A,B):1 <A B<2q, ged(A,B) =1, q|Ab— Ba}.
Lemma 5.2. For q large and 1 < a,b < q such that ged(a, b, q) =1,

BNy > ¢(q) > q .
” log g log qloglog q

Remark. If in the definition of Ny, we took the range of A and B to be [1,(]
instead of [1,2¢], the cardinality of Ngp 4 would be much smaller. For example, if
1<a<gq, ged(a,q) =1, and b = a, then g|A — B, and in the range 1 < A, B < ¢
this forces A = B. Then the only pair (A, B) with ged(4,B) = 1 is (1,1), so
Nab,q will only contain one element. Lemma 5.2 shows a sudden increase in the
cardinality of NV, , when the range of A and B increases by a factor 2.

Proof of Lemma 5.2. To make a choice, assume in what follows next that d =
ged(a, q) < ged(b,q). Then ged(d,b) = 1 since ged(q, a,b) = 1. It follows that for
any solution (A, B) to the congruence Ab = Ba (mod ¢), A has to be divisible by
d. Write ¢ = dg; and a = daq, so ged(ar,q1) = 1. Denote by a; the multiplicative
inverse of a; (mod ¢1) in the interval [1, ¢1].

Note that since ¢ is divisible by the product ged(a, q) ged(b, q), we have d < ,/q.
Therefore g1 > /q. So q is large for large ¢, and by the Prime Number Theorem
we know that

(5.2) #{p prime : ¢y <p <2q} ~

log ¢1 ’

For any fixed prime p with ¢; < p < 2¢;, we count the solutions 1 < B < 2q of
the congruence

(5.3) dpb = Ba (mod q).
This is equivalent to
(5.4) pb= Ba; (mod q1).

Since ged(gr,a1) = 1, this congruence has a unique solution modulo ¢, namely
B = a;pb (mod ¢;). Denote by By the solution to (5.4) which belongs to the
interval [1,¢g;]. Then (5.3) will have 2d solutions, given by

(5.5) B = By+ ¢m, 0<m<2d-1.

It remains to be seen how many of the numbers B from (5.5) are relatively
prime with A = dp. Note first that at most two such numbers B are divisible by p.
Assume that

(5.6) p|Bo + qimy, p|Bo+ qima, and p|Bo+ qims,
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with 0 < my < ms < mg < 2d — 1. Since p > q;, p does not divide ¢;. Then (5.6)
yields

(5.7) plme —my and plms — mao.

Here at least one of the differences mo —myq, m3 —meo is less than d, and d < Va <
¢1 < p. So it is impossible that both divisibilities in (5.7) hold true. Therefore at
most two numbers from (5.5) are divisible by p. Note also, by the same reasoning,
that for smaller values of d—more precisely for d < \/g, that is, d < % —one
has 2d < p. Then one concludes that at most one number B from (5.5) can be a
multiple of p.

We now count the numbers B from (5.5) which are relatively prime with d. We
claim that ged(Bo, q1,d) = 1. Indeed, let us assume this fails and choose a prime
divisor p; of ged(Bo, q1,d). Since pi|d, we have p1|a and pi|gq. Recall that By
satisfies (5.4), hence

(58) pb = Bpai + qlk

for some k € Z. Here p1|By, p1|q1, so p1 must also divide the left side of (5.8).
The inequalities p; < By < ¢1 < p show that p; # p, so p divides b. But then
p1|ged(a, b, q¢) = 1, and we obtain a contradiction. This shows that ged(By, q1,d) =
1. Then Lemma 5.1 is applicable to By, q1,d. If d; denotes the largest divisor of d
which is relatively prime with g1, and ds = dill, Lemma 5.1 provides

#{0 <m < 2d—1:gcd(Bo+ gim,d) =1} = 2¢(d1)ds.

It follows in particular that there are always at least two numbers B as in (5.5) for
which ged(B,d) = 1, and as soon as do > 2 or d; > 3, there are at least four such
numbers. Since at most two numbers B as in (5.5) are divisible by p, and for small
values of d we know that at most one number B as in (5.5) is divisible by p, we
conclude that in all cases

(5.9) #{1<B<2d:gcd(B,dp) =1, dpb=Ba (mod q)} > ¢(d1)ds > ¢(d).
Combining (5.9) with (5.2) we infer that
np(d) _ ap(d) g  »(d)

logqy  dlogqy ~logg d '
and the lemma is completed using the inequalities

1
eld) o la) .
d q loglog q

#Na,b,q >

O

Now let ¢ be a large positive integer, let a,b € {1,..., g} such that ged(a, b, q) =
1, and let @ be a positive integer larger than g. In our applications @ will be at
least of the order of magnitude of q%. We will construct some sets of lattice points
inside the square [0, Q]?, indexed by the set N, ;.. Precisely, we select a positive
integer M, which will be chosen later in the proof of Theorem 1.2, and for each
pair (A, B) € N, we construct a set Map = Ma p(a,b,q,Q, M) as follows.
Fix (A,B) € Ngp,q. To make a choice assume that B < A. Let C be the integer
defined by the equation

(5.10) bA —aB = qC.
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Denote by u the unique integer satisfying
u=-BC (mod A), 0<u<A-1,

where B is the multiplicative inverse of B modulo A, and put v = B“TTC . Then v
is an integer. Also, from the inequalities

q q q
it follows that & € (—£,1) C (—1,1). Hence
C _Bu+C _ Bu

— P G g
1<A* 1 *A+1<B+1’

so that v € (=1, B+ 1). Thus 0 < v < B, since v is an integer. Now let s = [%],
and define M 4 g to be the set of lattice points given by

Muap={(u+mAv+mB):s—M<m<s—1}.
Note that the case A = B can only occur when A = B = 1, and in this situation we
also get C =u=v=0, and so My 1 ={(m,m) : Q —M <m < Q—1}. We have
constructed #MN, p 4 sets of the form M 4 g, each set M 4 g consisting of M lattice

points. Note that u,v, s in the definition of M 4 p depend on the pair (4, B). In
what follows we assume that M satisfies the inequality

Q
11 M < |-=|.
(5:1) B [4(1
Also define .
Ma,b,q: U MA,B-
(A,B)G./V.a,b,q

Some properties of these sets are collected in the following lemma.

Lemma 5.3. (i) dist ([0,1]%, Mq,4) > %

(ii) Manbq € [0,Q)%
(i) The sets M g are disjoint.

Proof. (i) Owing to (5.11) and to

m—[ﬂ%—l,

we have for any (A, B) € Nayp,q and any point (u 4+ mA,u +mB) € Ma p the
inequalities
u+mA>mA>(s—M)A> ([%} _ [Q})A

S(CRE D

Recall that @ is much larger than g. It follows that the distance between any two
points P € [0,1]? and P’ € M, , satisfies

Q—Zq—lzg.
2 3

(ii) For any (A, B) € Ny, with, say, A > B, and any point P = (u + mA,
v+mB) € My p,onehasu+mA <u+(s—1)A<sA<Q. Also,0 <v+mB <

(5.12) |PP'|| >
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v+ (s—1)B < sB = [%]B < @, since B < A. Hence all points P € /T/l/a@q lie
inside the square [0, Q]%.

(iii) Assume that there is a lattice point P = (n1,n2) which belongs to two sets
Ma,p and M g with (A, B), (A, B’) € Nupy and (A, B) # (A, B’). Assume
first that B < A and B’ < A’. Then

(5.13) ny =u+mA, no =v+mB
for some m € {s — M,...,s —1}. Similarly
n=u +m'A, ne =v +m'B’
for some m’ € {s' = M,..., s’ — 1}, with u,v,s,u/,v', s’ given by appropriate defi-
nitions.
We compute the ratio gn"lz—:z in two ways. First, by (5.13), (5.10) and the equality

v = % we have

qn2 —b  qu+qgmB—b  qBu+qC+ AgmB — Ab

gui—a qut+qmA—a A(qu + gmA — a)

_un—aB—i—Aqu_E
 A(qut+gmA—a) A

By a similar computation we also have
qgna—b B’ B

qni —a A A
Since A, B, A’, B’ are all positive and ged(B,A) = ged(B’, A’) = 1, this forces
A=A"and B=B'.

In general the same argument gives min{A, B} = min{A4’, B’} and max{A, B} =
max{A4’, B'}, thus (4’,B’) € {(A,B),(B,A)}. If A/ = B and B’ = A, we get

%:%,henceA2:B2andA:B:1. 0

Now fix a point P, € [0,1]* and a pair (4, B) € N4 Also, choose any two
points P,P" € M g, say P = (u+ mA,v+mB) and P/ = (u+ m/A,v +m’'B),
with m,m’ € {s — M,...,s — 1}. Consider the angle § = ZP'P, , P. Then by
(5.12) we gather

2 Area AP' P, ) P 18 Area AP' P,y P

sinf| = <
0= PR TP Py @
_9(u+m'A—z)(v+mB—y)— (ut+mA—x)(v+m'B —y)|
- 2
(5.14) Q
9m’ —m| - [A(v —y) — B(u — z)|
= o
IM|A(v —y) — B(u — )|
< .
< 02

, we rewrite (5.14) as
9M|C + Bz — Ay
Q? '
Since |C] < max{A, B} <2q and 0 < z,y < 1, we see that |C + Bx — Ay| < ¢q. If
M satisfies (5.11), then M|C' + Bx — Ay| < Q. As a consequence of (5.15) we also

Next, using the equality v = ZC

(5.15) |sinf] <
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have
1
sinf| < —= .
[sind] < 5
From (5.15) we also infer that
w|sin@|  M|C + Bx — Ay|
< .
2 Q?
By (5.10) and (5.16) we derive that
M|Cq+ Bqr — Aqy| _ M|A(b — qy) + Blgz — a)|
qQ* qQ*

As a consequence of (5.17) and of the inequalities 1 < A, B < 2¢, we have

(5.16) 0] <

(5.17) 0] <

M(|b—qy| + |gz —a)
Q> ’
uniformly for all pairs (A, B) € N, 4 and all pairs of points P, P’ € My p.

(5.18) 0] <

Proof of Theorem 1.2. Fix (x,y) € [0,1)%, A = (A1,...,A5) € R® with Ay,..., A5 >
0, and § > 0. The case when both = and y are rational numbers is clear. In this
case, if we fix an integer my > 1 for which both mox and mgy are integers, and
consider the set of lattice points A = {(¢mozx,fmey) : £ =1,2,. .., [”%] }, then all
these points lie on the same line that passes through P, ,). Then all the 6-tuples

of distinct elements from A will contribute to Rgi)y) o(A). Since #A = [n%], it
follows that
Q@

#0q m§ ~ mf

6
Riono®) >
Note that in this case the 3-level correlations already diverge as @@ — oo.

Now consider the case when at least one of x,y is irrational. With z,y, A and ¢
fixed, choose a large positive integer Q). Let 1 < T < @ be a parameter whose pre-
cise value will be chosen later and will be the integer part of a fractional power of ().
By Minkowski’s convex body theorem (see Theorem 6.25 in [7] for the formulation
used here), there exists an integer 1 < ¢ < T for which

1 1
5.19 T) < — and < —,
(5.19) {gz) < T {ay) < Nt
where (-) denotes here the distance to the closest integer. Let a and b denote the
closest integers to gz and qy, respectively. Then 0 < a,b < ¢, max{a,b} > 0, and
(5.19) gives

(5.20) gz —a| < % and gy —b| < % .
Dividing if necessary a, b and ¢ by ged(a, b, ¢), we may assume in what follows that
ged(a, b, q) = 1.

We will have T' — oo as Q — oo, and since at least one of x,y is irrational,
this forces ¢ — oo as @ — oo. Then all our previous results, valid for large ¢, are
applicable.

Let M be a positive integer satisfying (5.11), whose precise order of magnitude
will be chosen later. Consider the disjoint subsets M4 g of Og, with (4, B) €
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Nabq- By (5.18) we know that for any (A, B) € Ny, and any P, P’ € My p, the
measure of the angle ZPP, )P’ satisfies

M(|b— qy| + |gz — al)

(5.21) 10p.p/| <

’ Q \/T .

If we take the order of magnitude of M to be slightly smaller than that of both
% and /T, for instance

@ T
.22 M = —
(5:22) win{ | 2] [ 25|}
then M will satisfy (5.11) on the one hand, and on the other hand we will have
1
Op,p — .
10p,pr| < Pz 0

It follows that for @ large enough in terms of Ay, ..., As, all the 6-tuples (P, ..., Ps)
of distinct points from My p will contribute to Rgi)y) Q()\). Therefore, since
#Ma g = M for each (A, B) € Ny q, we derive that

(6)
R(r,y),Q

Here N = #0g = (2Q + 1)?, and from (5.22) and Lemma 5.2 it follows that

()\)2% cH#Napg  M(M —1)--- (M —5).

MSq 4 T3q
5.23 RO N>—"9 min{ , }
(5:23) ) Q?log qloglogq ¢Plog’q’ Q?log®Q

We now choose T'=1 + [Q%}. Then, no matter how small ¢ might be, we have
T8 Qi
Q?log®Q ~ log® Q

Also, since ¢ < T, it follows that

(5.24) > Qi f for large Q.

(5.25) ¢ ., _ o > Qi  for large Q
. or large Q.
@Plogq ~ T5log® T &
Now (1.5) follows from (5.23), (5.24) and (5.25). O
APPENDIX

For fixed integers ¢ > 2, m,n,h and sets I, I, I C R, we consider the Klooster-

man sum
Kmmg= Y (&)
)

z (mod q q
gcd(z,q)=1

the incomplete Kloosterman sum

S ()

xel
ged(z,q)=1
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and the set
Nq,h(IlaI2) = {(.’L',y) S Il X I2 : ng({E,q) = ]-7 Ty = h (mOd q)}

Here Z denotes the multiplicative inverse of z (mod g¢).
The first two lemmas are probably well known (see for instance Lemmas 2.2 and
1.6 in [2]).

Lemma A1l. Suppose that f is a C* function on [a,b]. Then
e / 74 05 (¢ (1l + V1)),
a<k<b
ged(k,q)=1
Lemma A2. For any interval I C [0,q) and any integer n
1S1(0,m; q)| <5 ged(n, )2 g7+
Proof. We write

sioma = Y o)X IS (M)

z (mod q) yel * k=1
gcd(r q)=1
—kx +nx
(A1) HOX CIED IR E- )
k 1yel z (mod q)
ged(z,q)=1
S C L
k 1yel

The inner sum is a geometric progression and can be bounded as

3e(%)] <oy

yel
By (Al), (A2) and Weil-Salié estimates,

(A2)

1 122
|SI(Oan;Q)| < a | (O n; Q)||I| + - Z QHkH (_kan;Q)|
g7+ ged(n, q)? q2+5gcd(n,q)%qlogq L1405
<5 + < ged(n, q)2qz 0.
q q
0

Proposition A3. For any intervals Iy, Is C [0,q) and any integer h

Non(I1, I2) = % L] 12| + O5 (¢34 ged(h, ) 7).

Proof. We write

1 hz)
N )= Y Z€< Y= >M+E,

ze€li,yelz k=0
ged(z,q)=1
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where the main term can be expressed, as a result of Lemma Al, as

1 1
M=y 1= (9”(‘” |11|+05<q5>)(|12+0<1>) = 2D 1 1)+ 05 (0.
q x€l,y€ls q q q
ged(z,q)=

The error is given by

e (IR S B

k l1yels xely k l1yels
ged(z,q)=1
Owing to (A2), Lemma A2, and to the inequality ged(kh,q) < ged(h, q) ged(k, q),
we have
a=1
1

q—1 5
1 11 11 1 1
Z 2Hk|| ng(kaq)2q2+6 S ng(h7q)2q2+6’; E ng(kJ,q)2.

k=1
Writing k = dm, with d = ged(k, m), we eventually get

ged(h, q)*
q

|E\ <5

|| <5 ged(h, )2 2*52 Z = < ged(h, q)t g .
d\q

O

Proposition A4. Assume that ¢ > 1 and h are two given integers, T and J are
intervals of length less than q, and f : T x J — R is a C! function. Then for any
integer T'> 1 and any § > 0

Z fla,b

€T,beJ
abih (mod q) IxJg
ged(b,q)=1
with
T V fllso
£ <5 %) flloat ™ ged(h,0)} + TV e ged(n, g} + TV e

The proof relies on Proposition A3 and is identical to that of Lemma 2.2 in [4].
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