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CRYSTALS OF TYPE D! AND YOUNG WALLS

HYEONMI LEE

ABSTRACT. We give a new realization of arbitrary level perfect crystals and

arbitrary level irreducible highest weight crystals of type DS), in the language

of Young walls. We refine the notions of splitting of blocks and slices that have
appeared in our previous works, and these play crucial roles in the construc-
tion of crystals. The perfect crystals are realized as the set of equivalence
classes of slices, and the irreducible highest weight crystals are realized as the
affine crystals consisting of reduced proper Young walls which, in turn, are
concatenations of slices.

1. INTRODUCTION

The theory of Young walls is a combinatorial scheme for realizing crystal bases
for quantum affine algebras. One may view this as a development of the Young
tableaux theory, which was used in realizing irreducible highest weight crystals for
the classical finite types [11], in the affine direction. At its root is the realization of
crystal bases for irreducible highest weight representations over the affine quantum
group of type AS) which appeared in [I3, 5]. Motivated by some insight from
solvable lattice model theory, their theory developed into the theory of perfect
crystals [8L[7,[9]. Tt gives a realization of crystal bases for irreducible highest weight
modules over any affine quantum groups in terms of paths. This path realization
plays an important part in the theory of Young walls.

The concept of Young walls first appeared in [2] for a very restricted case. It
was subsequently extended to cover level-1 highest weight crystals of most classical
affine types in [3] and [6]. The C{V case, which was missing from these works,
was more difficult to deal with, because the level-1 perfect crystal for this type is
intrinsically of level-2. The difficulty was resolved in [4] by introducing the notions
of slices and splitting of blocks. It was also in this work that a realization of perfect
crystals, obtained in the process of Young wall realization, was explicitly stated as
a separate result. This opened up the road for realization of arbitrary level highest
weight crystals, which was done in [l [I0] for most of the classical quantum affine
algebras. This time, type Dy(Ll) withstood realization efforts. The present paper
addresses this gap.

In passing, we acknowledge the existence of a realization for type A5} ) arbitrary
level highest weight crystals given in [I4], which is very similar to that appearing
in [10].
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1848 HYEONMI LEE

We would like to comment a little on the crucial turn of view which has made
this work possible. Although not written explicitly, previous works viewed a level-I
Young wall as a gathering of level-1 Young walls. In this work, we first give a
realization of the perfect crystal in terms of level-l slices and view a Young wall as
a concatenation of these slices. This freed us from the (misleading) concept that a
Young wall must be made up of concrete and complete (unbroken) blocks and lead
us to the Young wall theory for type DV,

Let us explain the contents of this paper. We first introduce the notions of
splitting of blocks and slices, and give a new realization of level-I perfect crystals
as the equivalence classes of slices. The two notions presented in this work are
refined versions of those appearing in previous works [4] and [I0]. We then proceed
to define the notion of Young walls, proper Young walls, reduced proper Young
walls, and ground-state walls. Finally, we prove that an arbitrary level irreducible
highest weight crystal may be realized as the affine crystal consisting of reduced
proper Young walls.

One immediate application of this work could be the extension of the work by
Savage [I4] on the correspondence between geometric and combinatorial realizations
of crystal graphs to the Dy(Ll) case.

In closing the Introduction, we remark that although realizations of arbitrary
level highest weight crystals for most of the other affine types were developed in [10],
the refined notions of slices and splitting of blocks appearing in this work may be
used to give a more unified and attractive Young wall theory for these types.

1
2. QUANTUM GROUP OF TYPE .D'EZ) AND ITS PERFECT CRYSTAL

In this section, we introduce notations and cite facts that are crucial for our
work. We follow notations of the references cited in the Introduction. First let us
fix basic notation:

g : affine Kac-Moody algebra of type DY (n>4).

Uq(g) : quantum group.

I={0,1,...,n} : index set.

A = (aij);jer ¢ generalized Cartan matrix for g.

PY = (@;c; Zh;) ® Zd : dual weight lattice.

h = C®gz PV : Cartan subalgebra.

«;, 0, A; : simple root, null root, fundamental weight.

P = (@,;c; ZA;) ® Z5 : weight lattice.

ei,Kiil,fi,qd : generators of Ugy(g).

U,(g) : subalgebra of U,(g) generated by e;, K f (i e ).
P =@,;.; ZA; : classical weight lattice.

wt, wt : (affine) weight, classical weight.

B(A) : irreducible highest weight crystal of highest weight A.
BW : level-l perfect crystal of type D,(Il).

fi,éi : Kashiwara operators.

P(A) : the set of A-paths (with crystal structure).

Below is a perfect crystal of type Dgl) introduced in [7, 8, @, 12]. In the next
section, we give a new realization of this perfect crystal as a certain set of blocks.
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Theorem 2.1. A level-l perfect crystal of type Dfll) and the maps defining the
crystal structure are given as follows:

Z?:1(xi +z;) =1

(2.1) BY = {(xl,...,xn|5:n,...,:fl)

For b = (x1,..
BW are given by

T Ty - -

fb* (xlny+17x37"'7xn|jn7"’7j27‘®1_]-) ifq’.QZ:EZ?
0b = _ o _ ) _
(x1+ 1,29, ., Tn|Tny .-, T3, T2 — 1,21)  if 23 < To,
b (1,02 — L,@3, ., T [Tpy oo, T, Ty + 1) df 22 > 2o,
0b = _ o _ ) _
(r1 — 1,29, ., Tn|Tny ..., T3, T2+ 1,21)  if 29 < To.
Fori=1,...,n—2,
f-b— (1, Tic1, i — Lwier + 1, %00, oo, T Tny - -, T1) 8 i1 > Tivq,
1 - — — — — — — . —
(ZL’l, .,In‘.’ﬂn,...,iL’H_g,ZL’H_l71,.’£¢+1,£L’i_1,...,x1) Zf Ti+1 <ﬂ§i+1,
- (1, s, + Lxip — Lxigo, o @[Ty, Z1)  if Tigr > Tigas
éib=
1 - _ _ _ — — — . —
(T1, s @n|Thy o T2, T + 1,7 — L, %1, T1) i Tign < Ty
Also,
Fob= (1, Tp_o,Tn—1 — L, xp + 1Tp,..., 1) if 2, >0,T, =0,
n—1V — _ _ _ _ . _
(1, 2n|Tn — L, Bt + 1, Tp—sy ..., T1)  if 2, =0, T, > 1,
: b— (Ila -axn72axn71+17xn_1‘jna-~-a£1> Zf Ty > 1,2, =0,
n—1V — _ _ _ _ . _
(1, 2p|Zn + 1, T — L, Tp—sy ..., 1) if 2, =0,T, >0,
sy Tp—1,Tp — 1|jn;fn—l + ]-a:zn—Q; .. 'a*’zl Zf T Z ]-a Ty = 07

~ X1,
énb =
{(xla

ceey Ip—2,Tp—1 — 17xn|fn + 17*%77,717 cee

ey —1,Tp —+ 1|i’n,fn_1 — ].,.’En_g, e

sy Ip—2,Tp—1 + 17xn|fn - 17*%77,717 cee

zn=0o0rz,=0, z;,%; € Z>O}

., Z1), the action of the Kashiwara operator fo, €y on

fon:07jn207

Zf»’ﬂnZO,ﬂ_fnZQ
if Tn =0, %, > 1.

The remaining maps describing the crystal structure on BY are given below:

@o(b) = 1 + (T2 — 22)+4,

0id) =x; + (Tip1 —2i11)+ (E=1,...,n—2),
Pn—-1(b) = Tn-1+ Tp,
on(b) = Tp_1 + xp,
eo(b) = x1 + (z2 — T2) 4,
(2:2) ei(b) = T+ (Wie1 — Fiva)s (i=1,oom—2),

Enfl(b) =Tp_1+ Tn,

5n(b) =Tp—1+ Tn,

n

wt(b) = Z(%(@ —€i(b))Ai.

=0
Here, (z)+ = max(0,z).
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1850 HYEONMI LEE

The action of the Kashiwara operators on Young walls, which is our main ob-
Jective, builds on the action of the Kashiwara operator on path elements. Let us
review the action of the Kashiwara operator f; and €; on a path element

(2.3) p=--0p(J)®@---@p(1)@p(0) € P(N).

(1) Under each p(j), write £;(p(j))-many 1’s followed by ¢;(p(j))-many 0’s.

(2) From the (possibly) (half-)infinite list of 0’s and 1’s, successively cancel out
each (0,1) pair to obtain a sequence of 1’s followed by some 0’s (reading
from left to right).

(3) Let fi (and €;) act on the p(j) corresponding to the left-most 0 (resp.
right-most 1) remaining. Set it to zero if no 0 (resp. 1) remains.

Following is the path realization of irreducible highest weight crystals. Using this
theorem, we shall show that the set of Young walls satisfying some conditions gives
a new realization of the highest weight crystal graph.

Theorem 2.2. The path space is isomorphic to the irreducible highest weight crys-
tal:

(2.4) B\ =P

3. SLICES AND SPLITTING OF BLOCKS

In this section, we introduce the notions of splitting of blocks and slices, and
define a classical crystal structure on the set C) of equivalence classes of slices.
The classical crystal C¥) is isomorphic to the level-l perfect crystal B%Y). This fact
will be shown in the next section.

The basic ingredient of our discussion will be the following colored blocks of two
different shapes:

| : unit height, unit width, half-unit depth (i =0,1,n — 1, n).

av
' : unit height, unit width, unit depth (i = 2,...,n — 2).

For simplicity, we will use the following notation:

I .

' a—

.i ' o 2 .z | — ’
" . I

That is, we use just the frontal view for most blocks. For half-unit depth blocks,
we use triangles to cope with their co-presence inside a single unit cube.
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CRYSTALS OF TYPE D{! AND YOUNG WALLS 1851

Consider any gathering of blocks of the above given shapes stacked in one column
of unit depth following (either one of) the patterns given below and extending
infinitely downwards.

2 2

1 0
0 1

2 2

covering blocks covering blocks
n—2| n—2|
(31) 4 n—1
n—I| { n
n—2| n—2|
supporting blocks supporting blocks

2 2

covering blocks — 120 covering blocks — 021

The column should stand in a stable manner. That is, except for perhaps at the
very top of this column, no part of the column should be of half-unit depth.

We can see in the figures that this is a repeating pattern. In these repeating
patterns, there are certain colors which appear twice in each cycle. To distinguish
the two positions containing the same colored blocks, we give names to these posi-
tions and blocks. We say that an i-block is a covering i-block (or a supporting
i-block) if it is closer to the (n — 1)-and n-blocks that sit below (resp. above) it
than to the (n—1)-and n-block position above (resp. below) it. A block sitting in a
position that appears only once in each cycle is regarded as being both a supporting
block and a covering block.

For each of the above two patterns, choose and fix, once and for all, any single
column among those we have been considering that is topped with a covering 2-
block. Call them standard columns.

Remark 3.1. It is possible to develop the rest of the theory for Young walls of type
D,(Zl) with any choice of top blocks for standard columns.

Definition 3.2. A level-1 slice of D,(Ll) type is any gathering of blocks which may
be obtained by either stacking finitely many blocks to or removing finitely many
blocks from either of the two standard columns. The stacking should be done in the
pattern the standard column is following. Also, the stacking and removal of blocks
should be done so that the result is stable.

An i-slot is the top of a level-1 slice where one may add an i-block. The notions
of a covering i-slot and a supporting i-slot are self-explanatory.

We define a §-column to be any set of blocks appearing in a single cycle of
the stacking pattern. For a level-1 slice ¢, we define ¢ + § (and ¢ — §) to be the
level-1 slice obtained from ¢ by adding (resp. removing) a d-column. The following

examples are for type DS).
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1852 HYEONMI LEE

(1) d-columns following the first pattern of (BI)):

(2) ct4:

2 2
EI+5=Z Z—5=

Remark 3.3. Even though columns ¢ and ¢+ § may look exactly the same because
they extend infinitely downwards, we state explicitly that we consider the two to
be different slices. As can be seen in the above example, their heights are different
when compared to each other.

For two level-1 slices ¢ and ¢/, we write ¢ C ¢’ if ¢/ contains all blocks which make
up ¢. As an example, we have ¢ C ¢+ 4, but not the other way around.

Definition 3.4. An ordered I-tuple C' = (e¢q,...,¢) of level-1 slices is a level-
pre-slice for type DY if it satisfies the following condition:

(3.2) gt CeagC---Ce Cep+06.

Only one of the two stacking patterns should be used in building a level-l pre-slice.
Each ¢; is called the ith layer of C.

We shall often simply say pre-slice, when dealing with level-/ pre-slices. Mentally,
we picture a level-l pre-slice as a gathering of the columns with the ith layer placed
in front of the (¢ + 1)th layer, rather than as an ordered [-tuple. In pasting the
layers together, their relative heights should be made natural. That is, the standard
columns each layer started out from should all come at the same height.

To simplify drawings, we shall use just the side view when representing a pre-
slice. We explain this method used in drawing a pre-slice with the following example
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for Dfll) type:

C4 = ol 65 = 0)

[
o

w
—_ v | v —]
W~
w
—_ v | o
W~
L Lw

W~
W~

—
o

1 ()|1 ()|1 ()|1

Next we explain the notion of splitting an i-block in a level-l pre-slice. To do
this, we first define a whole block to be any one of the unit depth blocks, or a
gluing of two half-unit depth blocks, as given by the following figures:

444444

The first two whole blocks will be named as O-blocks and the last two blocks shall
be named (n-l)n-blocks.

For each i = 01,0,1,...,n, (L, note that in any fixed pre-slice, due to the
circular inclusion condition ([B:2)) on level-1 slices, there can be at most two heights
in which a covering (or supporting) i-block may appear as the top block of a layer.
Similarly, there can be at most two heights in which a supporting (or covering)
i-slot may appear.

Definition 3.5. Fix an ¢ = 01,2,...,n — 2, (n-Djh. Suppose that in the pre-slice
under consideration, there are layers with the top occupied by a covering (whole)
i-block and layers whose top is a supporting (whole) i-slot. Choose the covering -
block lying in the foremost layer (i.e., the one with the smallest layer index) among
the ones sitting in the higher height, and the supporting i-slot lying in the rear-
most layer (i.e., the one with the largest layer index) among the ones situated in
the lower height.

To split an i-block in a level-l pre-slice means to break off the top half of the
chosen covering i-block and to place it in the chosen supporting i-slot.

The action characterized by interchanging covering and supporting in the above
description is also defined to be the splitting of an i-block in a level-l pre-slice.

Remark 3.6. Readers familiar with previous Young wall theory [4, [I0] may recall
that the splitting of a block was defined to be the breaking off of the covering block

in the C,(f), Agi), and D,(ﬁl cases and the breaking off of the supporting block in
the B and A;ill cases.

Likewise, it is possible to develop the rest of the theory of Young walls for type
D,(ll) after defining the splitting of a block to be just one of the two possible choices.

But we chose to allow both in the D,(ll) case for sake of symmetry.
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Remark 3.7. Note that the result obtained after splitting is no longer a pre-slice.
Hence, logically, it is possible to split only a single whole block from a pre-slice.
But the above definition of splitting can also be easily applied to such split results.
We shall allow for this extension of the above definition to be used.

Remark 3.8. Although not strictly true, one may think of the choices of block and
slot in the above definition for splitting as inevitable if one wants to preserve the
circular inclusion condition (B2).

Remark 3.9. The splitting of one block may render the splitting of another block
impossible. So the choice of which block to split first can affect the next choice for
splitting.

Dotted lines shall be used to denote broken blocks, as can be seen in the next
example.

Example 3.10. The following illustrates the splitting of blocks for Dfll) type pre-
slices:

(1) We have split a single pre-slice in two different ways below. The upper
right figure shows the splitting of a 34-block. The half 34-block sitting in
the third (resp. second) layer is the broken off top (resp. bottom) part of
the 34-block of the second layer shown in the left figure. The lower right
figure shows the splitting of a covering 2-block from the same pre-slice.

[¢]eg
2
[] 2
2 §|:é1:z! |X|
/

1 [4 ~__

<)
=

<)
=

W
=
ot

[<)
=

S

-5t

3|4 Fl
1

The circular inclusion condition (B.2)) is no longer met in a strict sense, but
one may still consider it true in a weaker (volume) sense.

(2) This example shows four different split results of a single pre-slice. None of
the results allow further splitting.

ojt T [o17

3]4[3]4 3]4[3]4

2 2 N 01 2 2

UllUllUll 2 UllUllUlll

e
S

3|4

ofrfo]t

N S
TR B Woocnni NG m e
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(3) The following figure shows an incorrect (Jl-block splitting of the above pre-

slice:

2

3|4

2|2

0|1 0|1

o)t !

As we can see in the above example, given a level-l pre-slice, it may be possible to
split it in many different ways. Any one of the (possibly many) results of splitting a
given pre-slice C, which does not allow further splitting, is said to be a split form
of C. If C does not allow any splitting at all, C itself is the split form of C.

We saw in the above example that if we can split a covering i-block for i =
2,..., (- (or a supporting i-block for ¢ = (1, ..., n—2), then it is always possible
to split a supporting (i — 1)-block (resp. covering (i + 1)-block) from the same
pre-slice, instead.

Definition 3.11. Choose one of the two given patterns for stacking blocks given
in (3. The set consisting of all split forms of all level-l pre-slices of type D;l)
following the unique pattern will be denoted by S®). The elements of S® are called

level-l slices of type DS).

Remark 3.12. The theory of slices to be developed will not depend on which of the
two patterns one has chosen.

Remark 3.13. We are not imposing the circular inclusion condition given by (B.2])
to slices. In fact, as the previous example of a splitting shows, the circular inclusion
condition now holds true, only in a weaker sense.

Remark 3.14. The notions of i-slot, §-column, and layer, defined for pre-slices,
naturally carries over to those of slices. Some care must be exercised, however.
For example, é-columns should allow for halves of blocks to add up to a J, and we
should now consider halves of i-slots.

Now we would like to caution the readers that the top of each layer is an i-slot
if the layer viewed as a level-1 slice contains an i-slot at the top. Those that are
visually oriented might fall into the error of viewing only the rear-most i-slot among
those of the same height as an i-slot.

We now define the action of the Kashiwara operators on the set S® of slices.
Let C be a level-l slice and fix an index ¢ € I.

° fz fore=2,...,n—2.

All slots considered below are i-slots. We shall deal with the following four

cases separately:

(Fiwo) C contains covering full-slots (as opposed to halves of slots) and also
contains supporting full-slots.

(Fone) C does contain full-slots but they are of one type, i.e., covering or
supporting.

(H) C contains no full-slots, but does contain half-slots. In such cases,
there will be an equal number of covering half-slots and supporting
half-slots.

(N) C contains no full-slot or even a half-slot.
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Break an i-block into two halves and, for each of the four case, position
them as instructed below:

(Fiwo) Place one half-block in the rear-most covering full-slot among those in
the lower height. Do the same on supporting full-slots.

(Fone) Place a half-block in the rear-most full-slot among those in the lower
height. This will create an (upper) half-slot. Considering just the
(upper) half-slots of the same (covering or supporting) type, place the
other half-block in the rear-most half-slot among those in the lower
height.

(H) Place a half-block in the rear-most covering half-slot among those in
the lower height. Do the same in a supporting half-slot.
(N) We define f;C' = 0.

e ¢ fori=2...,n—2.

All blocks considered below are i-blocks that sit at the top of some layer.
Replace the word slot with block in the above division of classes to define
four new cases, which we denote by the same label. For each case, remove
two half-blocks as described below:

(Fiwo) Remove the upper half-block from the foremost covering full-block
among those in the higher height. Do the same from a supporting
full-block.

(Fone) Remove the upper half-block from the foremost full-block among those
in the higher height. This will create an (lower) half-block. Consid-
ering just the (lower) half-blocks of the same (covering or supporting)
type, remove the foremost half-block among those in the higher height.

(H) Remove the foremost covering half-block among those in the higher
height. Do the same with a supporting half-block.
(N) We define ¢;C = 0.

) ﬂ fori=0,1,n—1,n.

For i = 0,1, a block of unspecified color refers to a (l-block and for i =

n—1,n, a block is an (n-l)h-block. First, un-split every possible block from

C.

(F) If the result contains i-slots, place an i-block in the rear-most i-slot
among those in the lower height. Then split every block possible.

(N) If the result contains no i-slot, we define f;C' = 0.

e ¢, fori=0,1,n—1,n.

For i = 0,1, a block of unspecified color refers to a Ol-block, and for i =

n — 1,n, a block is an (n-ljn-block. Un-split every possible block.

(F) If the result contains i-blocks, remove the foremost i-block among those
in the higher height. Then split every block possible.

(N) If the result contains no i-block, we define &;C = 0.

Remark 3.15. In a slice, unlike the case for other whole blocks, the result of un-
splitting all 1 and (n-j-blocks, mentioned in the above actions of Kashiwara
operators for i = 0,1,n — 1, n, is unique.

Let C = (¢1,...,¢) be a level-l slice. We define the slices C' 4§ by

CH+6=(cay...,c,c1 +9),

(33) 0—5:(05—5761,...70171).
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We say that two slices C and C’ are related, denoted by C' ~ C’, if one of the
two slices may be obtained from the other by adding finitely many &’s. Let

(3.4) ¢ =80/~

be the set of equivalence classes of level-l slices. We will use the same symbol C' for
the equivalence class containing the level-l slice C.

Note that the map C(€ S®) — C + § commutes with the action of Kashiwara
operators. Hence the Kashiwara operators are well defined on C). We define

0;(C) =max{n | frC e c®,
(3.5) £i(C) = max{n | &'C e cV},

H(0) =D (2i(C) —&i(C))A,.

K3

Then it is tedious but straightforward to prove the following proposition.

Proposition 3.16. The Kashiwara operators, together with the maps p;, €; (i € I),
wt, define a U,(g)-crystal structure on the set c®,

4. NEW REALIZATION OF PERFECT CRYSTALS

In this section, we will show that the U,(g)-crystal C® gives a new realization
of the level-I perfect crystal BY) described in Section[2l We first define a canonical
map 1 : BO — €O as follows.

Recall that every element b € BY is of the form b = (z1,..., 2, |Zy,. .., T1) with
zp,=0o0r Z, =0, 2;,%; € Z>o, and Y (x; + ;) = I. Set

x; = max{0, z; — Z;}, i=1,....,n—1,
xh =y,
Z), = Tnp,

(4.1) z, = max{0,Z; — z;}, i=1,...,n—1,
Ty = min{xzy, 71 },
xf = min{z,;, Z;}, 1=2,...,n—2.
Ty = min{x,_1,Zn_1}

For ease of writing, we shall temporarily use the notation in Figure 1 to denote a
gathering of blocks or halves of blocks stacked in a single column of unit depth, i.e.,
something which may appear as a layer of a slice. Each notation is defined by its
top part, described by the figure to its right. Here, the top of ¢; and ¢; are covered
by a broken half of a whole i-block.

The image of the above b under the map 1 is defined to be the equivalence class
of a level-l slice obtained by pasting together

xf-many s;, i=1,...,n,
(4.2) T;-many S;, z =1,...,n,
x}-many t;, i=0L,2,...,n—2, (n-Dn,

zf-many t;, 1 =0L,2,...,n— 2 nlhn.

K3
In particPlar, we are gathering together Qxal—many top = ton’s and Qxa_l)h—many
Lo = tpap's- Note that this equivalence class does not depend on the way we
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v v
w= A o
si = |i2 fori=3,--- ,n—1,
n—1
n—]1]
Sp = n—2| or n—2|
e B o
_ n n—1
Sn—1 = n—]1] or n
i
5 = |in fori=2,--- ,n—2,
-7 = O
- 14
tql = tql = 2 or
— 1
tg = 20 or %
-
ti = |i1 fort=3,--- ,n—2,
B ;'_'/1” [ri=T
tpajp = lpayn = |2 or
n—2| n—2|
n _ n_/ n—1
tn72 - n—1| or n
— _--7./--
t; = | fore=2,--- ,n—3.
FIGURE 1.

have pasted the s;’s, 5;’s, t;’s, and t;’s together, as long as the pasted result forms
a slice. It is easy to verify that the map v is well defined.

Now, we define a new map ¢ : C%) — B® to see that the map 1 is a bijection.
Any element of C) may be obtained by pasting together some number of s;, 5;, t;,
and #;. We consider the general element C of C(Y) obtained by pasting together y;-
many s;’s, ;-many 5;’s, and y;-many ¢;’s and ¢;’s, for each i. The no-more-splitting
property of slices tell us that y;5; = 0 for all i = 2,...,n — 1. Also, since a slice
comes from a pre-slice which satisfies the cyclic inclusion condition, the same holds
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true even for i = 1,n. We also know that

n—2 n
2005 + D Y5+ Ypay) T Wi +7i) = 1.
i=2 i=1
For such an element C, we define ¢(C) = (x1,...,%n|ZTn,.-.,Z1), where
1= Y1+ Yy
T, =y + Y5, i1=2,...,n—2,
Tp—1=Yn-1+ yzfn_l)h;
(43) o
Tp = Yn,
Tn—1 = Yn-1+ ygl_l)h;
jz:gl+y;‘kv 2*23 ,77,72,
1 =4+ yal

It is now easy to verify that the map ¢ is well defined and that it is actually the
inverse of 1.

It is almost obvious that the maps wt, ¢;, and &; commute with . It still
remains to show that ¥ commutes with the Kashiwara operators. However, this may
be done through a lengthy but straightforward case-by-case verification. Therefore,
we obtain a new realization of level-l perfect crystals as the set of equivalence classes
of level-[ slices.

Theorem 4.1. The map ¢ : BY — CW defined above is an isomorphism of U,(9)-
crystals.

We close this section with an example.

Example 4.2. The following is a drawing of a portion of the level-2 perfect crystal
for type Dil) given in terms of elements of C!). We have omitted all arrows that

connect elements presented here with those not presented here.

: T
1

)

X

o[ilo[i

\1\
()|1 ()| ()|1 ()|
1 1
3|4
. [

7

5. COMBINATORICS OF YOUNG WALLS

In this section, we introduce level-l Young walls for type D,(Ll). Roughly speaking,

these are constructed by lining up, side by side, level-I slices defined in Section[3 In
the next section, we will show that the set of level-l Young walls satisfying certain
conditions forms the highest weight crystal.
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The pattern for building Young walls is given below:

2 2 2 2

0 1 0 1
1 0 1 0

2 2 2 2

n—2\n—2|n—2n—2

(5.1)

1—1n 1—1n
n|n—1/ n|n—1

n—2\n—2|n—2n—2

2 2 2 2

0 1 0 1
1 0 1 0

Definition 5.1. A level-l Young wall of type Dﬁtl) is a concatenation of level-/
slices, extending infinitely to the left, that satisfies the following conditions:

(1) It is concatenated following the pattern given above.

(2) In pasting the slices together, their relative heights should be made so that
the standard columns that each layer of each slice started out from all come
at the same height.

(3) When we look at the same layer of two consecutive level-l slices, there is
no free space to the right of any block (or broken half-block) belonging to
the left slice.

Remark 5.2. The third condition in the above definition for level-l Young walls
needs more explanation. We do this here. In most situations, it is easy to judge
whether the right of some block (or broken half-block) is a free space or not.

(1) The following lists all nontrivial cases of having a free space to the right:
e The left is a whole block and the right is a broken half of a whole block

i fee--
1

with i =0L,2,...,n — 2, @-Dh.

e Recall that unlike other whole blocks, for j = (1 and (n-Ljn, there is a
unique way to un-split all broken halves of whole j-blocks contained
in a slice. Hence it makes sense to talk of whether a broken half of a
whole j-block is the upper half or the lower half.

The next nontrivial case is when the left is a single block of half-unit
depth and the right is the upper broken half of a whole j-block.

L

Here, i = 0,1,n — 1,n and j = 01, (n-Djr. Note that since these must
be blocks stacked followmg the pattern for building Young walls, the
color of the broken half on the right will depend on the color 1.
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e The right is a single block of half-unit depth and the left is the lower
broken half of a whole j-block.

saPlas

Here, i = 0,1,n — 1,n and j = 01, @-D.
(2) We state explicitly that the following can appear as some layer of two
consecutive level-l slices that make up a Young wall. That is, these are not
cases of having a free space to the right of some block

with 4 =0,1,n — 1,n and j = (1, (2-Ijp and where the right is a lower half

sk
and

with ¢ =0,1,n — 1,n and j = (1, (n-n and where the left is an upper half.

Definition 5.3.

(1) A level-l Young wall Y is said to be proper if for each layer of Y, none of
the columns which is of integer height and whose top is of unit depth have
the same height.

(2) A column in a level-l proper Young wall is said to contain a removable ¢
if one may remove a ¢ from that column and still obtain a proper Young
wall.

(3) A level-l proper Young wall is said to be reduced if none of its columns
contain a removable §.

Let A\ = agAo + a1Ay + -+ - + a, A, be a dominant integral weight of level-I so
that

(5.2) l=ap+ai+2(ax+ - +ap2)+an1+a,.

We would like to define the ground-state wall Y, of weight ). It will be
constructed as a level-I reduced proper Young wall. It will be obtained by concate-
nating slices whose layers were made by adding finitely many blocks to standard
columns. To simplify diagrams, we shall draw just the part above the standard
columns when presenting a ground-state wall.
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Depending on whether ag > a1 or ag < ay and ap—1 > a, or a,—1 < a,, there
are four different forms of the ground-state wall. We have drawn just one of these
here. It corresponds to the case when ag < a; and a,_1 > a,.

““TII'””HTIHV I “TII'””IITI /6

az Gp-2an anpGn-2 azap  ag
ap-_1—an ai—ag

Recall that a Young wall is a concatenation of slices. We have drawn the left-side-
views of the first two slices that make up the Young wall. The actual ground-state
wall should extend infinitely to the left, repeating the same pattern. At the right
end, we have drawn the pattern for stacking the blocks, so as to show the color of
the blocks placed at each height. But we caution the readers that the pattern on
the right is just for the even ith columns. As given by figure (51, the odd columns
will be stacked in a pattern with 0,1 exchanged and n — 1, n exchanged. Since the
outline of the first two slices given above (actually, all slices) are exactly the same,
this means that the even and odd columns are identical except for the exchange of
0 with 1 and n — 1 with n. Below the Oth slice, we have written down how many
layers of each shape should be used.

We believe that the readers can easily fill in the ground-state walls for the other
cases. For example, when ag > aq,

ap—ai

should appear in the first few layers of the Oth column. Notice that in addition to
the exchange of ag with a; from the full diagram above, the position of half-unit
depth blocks appearing in the middle has shifted so that they are now 1-blocks
instead of the 0-blocks used in the full diagram.

A level-l proper Young wall obtained by adding finitely many blocks to the
ground-state wall Y is said to have been built on Y. We denote by F(\) (and
Y(A)) the set of all proper (resp. reduced proper) Young walls built on Y.

Let Y be a level-l proper Young wall built on Y and let C' be a column of Y.
Recall that a column C'is a level-l slice and that for each i € I, ¢;(C) (and €,(C))
is the largest integer & > 0 such that flk (C) # 0 (resp. €¥(C) #0).
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We now define the action of Kashiwara operators f;, é; (i € I) on Y as follows:

(1) For each column C of Y, write &;(C)-many 1’s followed by ¢;(C)-many 0’s
under C. This sequence is called the i-signature of C.

(2) From this sequence of 1’s and 0’s, cancel out each (0,1)-pair to obtain a
sequence of 1’s followed by 0’s (reading from left to right). This sequence
is called the i-signature of Y.

(3) We define fiY to be the proper Young wall obtained from Y by replacing
the column C' corresponding the leftmost 0 in the i-signature of Y with the
column f;C.

(4) We define ¢;Y to be the proper Young wall obtained from Y by replacing
the column C corresponding the rightmost 1 in the i-signature of Y with
the column ¢;C.

(5) If there is no 0 (or 1) in the i-signature of Y, we define f;Y = 0 (resp.
&Y =0).

Sketch of proof for well-definedness. Let us now show that the above definition of
Kashiwara operators on the set F(A) is well defined. We shall just deal with the fz
operator.

Since a Young wall extends infinitely to the left, it is not immediately clear as to
whether there exists a leftmost zero. That is, it is not clear if the number of zeros
in the i-signature of Y is finite. Let us briefly comment on this here.

Since only finitely many blocks were added to the ground-state wall in building
Y, the wall will eventually become identical to the ground-state wall at some point,
as it proceeds to the left. Thus it suffices to check if the ground-state walls give
finite signatures. This one may do easily with each of the explicit ground-state
walls.

Now, we fix some notations. Denote by C' the column corresponding to the
leftmost 0 in the i-signature of a proper Young wall Y. The column sitting to the
right of column C will be denoted by C”.

Suppose that fiY is not a proper Young wall. In fact, it could be that fiY is
not even a Young wall. In such a case, the following statement would be true:

e There is a free space to the right of some block or half-block in some layer
of the column of f;Y, that correspond to column C' of Y.

If the result is a Young wall, but just not proper, then the following statement
would be true:

e The columns of f;Y corresponding to columns C and C’ of Y contain a
layer in which the tops are of unit depth and of the same integer height.

When ¢ = 2,...,n — 2, the following lists all possible forms for fiY that satisfy
one of the above two statements, and which may not be dealt with too trivially.
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When i = 0,1,n — 1,n, the following lists (almost) all possible forms for f;¥ that
satisfy one of the above two statements.

Here, j = 01, (n-Dn. As mentioned in Remark 5.2 the right (or left) of the first
(resp. last) two diagrams in the first row is the upper (resp. lower) broken half of
a whole j-block.
In each of these cases, it is possible to obtain one of the following three conclu-
sions:
(1) There is a free space to the right of some block or half-block in some layer
of the column C of Y.
(2) The columns C and C’ of the proper Young wall Y contain a layer in which
the tops are of unit depth and of the same integer height.
(3) @i(C) < &(C).
The first of these conclusions violates the assumption that we started out with
a Young wall Y. The second conclusion is in violation of the properness of Y.
As for the third, since C' is the column corresponding to the leftmost 0 in the i-
signature of Y, we must have p;(C) > £;(C’). Each of these conclusions brings

us to contradictions, and hence the resulting fiY must have been a proper Young
wall. O

We define the maps wt : F(A\) — P, ;,&; : F(\) — Z by setting

wt(Y) = A= kioy,
=0

5.3 -
(5:3) ©i(Y) = the number of 0’s in the i-signature of Y,

£;(Y) = the number of 1’s in the i-signature of Y,
where k; is the number of i-blocks that have been added to Y.

Remark 5.4. We have seen in the above proof of well-definedness of Kashiwara
operators that the i-signatures are always finite. Hence it makes sense to count the
number of 0’s and 1’s in the signature.

Now it is straightforward to verify that the following theorem holds.

Theorem 5.5. Th~e set F(N) of all level-l proper Young walls built on Yy, together
with the maps &, fi, €i, @i (i € I), and wt, forms a Uy(g)-crystal.
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6. YOUNG WALL REALIZATION OF B(\)

In this section, we give a new realization of arbitrary level irreducible highest
weight crystals in terms of reduced proper Young walls.

Recall that the set P(A) of all A-paths gives a realization of the irreducible highest
weight crystal B(\) (see Section ). We will show that Y()) is a new realization of
B(\) by giving a U,(g)-crystal isomorphism ® : Y(\) — P(A).

Let Y = (Y(k))72, be a reduced proper Young wall built on Y. Here, Y (k)
denotes the kth column of Y. Using the Uy (g)-crystal isomorphism ) : BH =, ¢
given in Theorem 1] we get a map @ : Y(\) — P(\) which is defined by

(6.1) oY) = (¢~ (Y (R)iZo-

Note that the ground-state wall Y is mapped onto the ground-state path pj.

Conversely, to each A-path p = (p(k))72, € P(A), we can associate a proper
Young wall Y = (Y (k))?2, built on Y, such that ¢(p(k)) = Y (k) for all & > 0.
By removing an appropriate number of d’s (proceeding from left to right), one can
easily see that there exists a unique reduced proper Young wall Y = (Y (k))32,
with this property, which shows that ® : Y(A) — P(]) is a bijection.

Here is our main realization theorem, which shows that the above bijection is a
crystal isomorphism.

Theorem 6.1. The bijection ® : Y(A) — P(A) defined by ([6.0)) is a Uy(g)-crystal
isomorphism. Therefore, we have a Uy(g)-crystal isomorphism

(6.2) Y(A) = P(\) = B(\).

Proof. We shall focus our efforts on showing that the set Y(X) is a Uy (g)-subcrystal
of F(X\) and that the map ® commutes with the Kashiwara operators ﬁ and é;.
Other parts of the proof are similar or easy.

First, let us assume that the set Y(A) is a Uy(g)-subcrystal of F()\). Then
the action of Kashiwara operators on F(A) defined in Section [l is well defined on
Y(A). The fact that the map @ is determined by the Uj(g)-crystal isomorphism
¥ : BO = €W and that the action of Kashiwara operators on Y(A) follows the
process for defining it on P(A), implies naturally that the map ® commutes with
the Kashiwara operators ﬁ and é;.

Now, it remains to show that the set Y(\) is a U,(g)-subcrystal of F(A). It
suffices to prove that the action of Kashiwara operators on J(\) satisfy the following
properties:

(6.3) LY\ cyNu{oy,  &YN) cYNu{o} forall iel.

Suppose that there exists some Y € Y()\) for which f;Y ¢ Y(\) U {0}. We
assume that f; has acted on the jth column of Y and set p = ®(Y). Then, the
action of f; on p would also have been on the jth tensor component of p.

Since f;Y € F (M), we may remove finitely many §’s from f;Y to obtain a reduced
proper Young wall Y’. The number of §’s removed is nonzero since ;¥ ¢ Y()).
Since every column of fiY is related to the corresponding column of Y’ under the
previously defined equivalence relation (34]), we have

fi(p) = @(Y").
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FIGURE 2.

Let us apply & to both Y’ and f;(p). We have p = &(fi(p)) and the action of
€; on f;(p) would have been on the jth tensor component. The action of €; of Y’
will also be on the jth column. Hence the proper Young wall €;Y’ may be obtained
from the reduced proper Young wall Y by removing finitely many §’s. We may
now remove finitely many ¢’s from é; Y’ to obtain a reduced proper Young wall Y"”
which also corresponds to p under the map ®.

Recall that we started out with a reduced proper Young wall Y, added an i-
block to the jth column of Y to obtain f;Y, removed finitely many d’s from f;Y
to obtain a reduced proper Young wall Y’, and removed an i-block from the jth
column of Y’ to obtain &;Y’, and finally, removed finitely many ¢’s from ¢&;Y’ to
obtain a reduced proper Young wall Y” which corresponds to p under the map .
Therefore, we have ®(Y) = p = ®(Y”), but Y # Y”, which is a contradiction.
Hence fiY must be reduced.

Similarly, one can show that &;Y(\) C Y(\) U {0} for all ¢ € I, which completes
the proof of our claim. O

We close this paper with an example of Young wall realization of irreducible
highest weight crystals.

Example 6.2. The top part of the crystal graph Y(Ag+ Ay4) for type Dfll) is given
in Figure 2. In each Young wall, we have shaded the part that has received some
change through the action of f; and have omitted drawing the part that is occupied
by standard columns.
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