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LOCAL THETA CORRESPONDENCE
FOR SMALL UNITARY GROUPS

SHU-YEN PAN

ABSTRACT. In this paper we give an explicit parameterization of the local theta
correspondence of supercuspidal representations for the reductive dual pairs
(Ur(F), U1 (F)), (U1(F), U1 (F)), (Ur(F), U2(F)), and (Ur(F), Ur,2(F)) of
unitary groups over a nonarchimedean local field F' of odd residue character-
istic.

1. INTRODUCTION

Let F be a p-adic field with odd residue characteristic. Let (G, G’) be a reductive

dual pair over F in the symplectic group Sp(W). Let Sp(W), G and G’ denote the
metaplectic covers of Sp(W), G and G’, respectively. By restricting the Weil repre-

sentation of Sp(W') we obtain a correspondence between some irreducible admissible
representations of G and some irreducible admissible representations of G’. This
correspondence is called the theta correspondence or Howe duality. It is known that
the correspondence is one-to-one by R. Howe and J.-P. Waldspurger (cf. [MVWST]
and [Wal90]). Suppose that both the covers G and G’ split (cf [Kud94]). By choos-
ing splittings G — G and G’ — G’ we have a one-to-one correspondence between
some irreducible admissible representations of G and some irreducible admissible
representations of G'. The fundamental problem is to investigate the explicit theta
correspondence. That is, for a given irreducible admissible representation 7 of G
we want to understand the following two questions:

1. In what condition of G’ does 7 occur in the theta correspondence?
2. Which representation «’ of G’ is 7 paired with once m occurs?

The answers of the above two questions are only known for very few examples
(among some other partial results), such as (Oz(F),Sp,(F)) by J. Shalika and
S. Tanaka in [ST69] and (Uy(F'),Uy(F)) by C. Moen in [Moe93] and by T. Yang
in [Yan98|. In this paper we answer the two questions of when G is U;(F') and the
representation 7’ paired with 7 is supercuspidal.

Let V' (resp. V') be a Hermitian (resp. skew-Hermitian) space over a quadratic
extension E of F. Let (G,G’) be the dual pair (U(V),U(V')). In [Pan02a] we
prove that the depths of the paired irreducible admissible representations are equal.
Moreover, we prove in [Pan02b] and [Pan03] that the minimal K-types of the paired
representations correspond by theta correspondence of certain finite reductive dual
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1512 SHU-YEN PAN

pairs when the depth is zero and by certain orbit correspondence when the depth is
positive. Although these results are far from sufficient for determining the explicit
correspondence for general reductive dual pairs, they do provide enough information
for some special cases; in particular, the cases that are considered in this work. The
basic idea of this work is quite simple and can be described as follows. We assume
that V is one-dimensional throughout the paper. We use the result in [Pan03] to
obtain a decomposition of the space V’'. Then we reduce the problem to the case of
correspondence for (Uy(F), Uy (F)), which is already well known. That means we
obtain the information of the minimal K-types of 7/. Because n’ is supercuspidal,
we can conclude that 7’ is induced from its minimal K-type by the result of Adler
in [AdI98]. Therefore, the representation 7’ is determined explicitly.

The contents of this paper are as follows. In section 2 we recall some basic
results from [Pan02b] and [Pan03]. In sections 3 and 4 we study the case when
both V' and V' are one-dimensional. This is the easiest case but also the most
important case. Of course, the explicit theta correspondence for this dual pair is
known and has been studied by several authors, for example, C. Moen ([Moe93])
and T. Yang ([Yan98]). However, we still treat this case completely to expose our
point of view. The major difference between our approach and theirs is the use
of different models of the Weil representation. We use a generalized lattice model
of the Weil representation, while a Schrédinger model is used in [Moe93] and a
lattice model with respect to a self-dual lattice is used in [Yan98|. The major part
of the paper is section 5. In this section we study the case when V' is over an
unramified quadratic extension of F' and is two-dimensional isotropic. The spirit
of our approach is similar to that of [Kud86] in some sense. In section 6 we study
the case when the quadratic extension of F' is ramified. In sections 7, 9 and 11
we study the correspondence when V' is over an unramified quadratic extension
of ' and is two-dimensional anisotropic, three-dimensional and four-dimensional
with Witt index one, respectively. In sections 8, 10 and 12 we study the parallel
cases when V' is over a ramified quadratic extension of F'. The approach is very
similar to that used in subsection 5, so it is very sketchy in these sections. Some
partial results of the explicit theta correspondence for the dual pair when V' is
three-dimensional is also studied by C. Moen in [Moe87] by a different method. Tt
might be interesting to compare his approach and the one used in this paper. In the
last section we summarize our result on the first occurrence in previous sections and
show that it is consistent with the preservation principle conjectured by S. Kudla
and S. Rallis (¢f. [HKS96]).

The author thanks the National Science Council of the Taiwan Government for
their financial support.

2. LOCAL THETA CORRESPONDENCE AND MINIMAL K-TYPES

2.1. Basic notation. Let F' be a nonarchimedean local field, Of the ring of in-
tegers of F, pr the unique maximal ideal of Op, wr a uniformizer of O, and
fr := Op/pr the residue field. We assume that the characteristic of fr is odd. Let
q denote the cardinality of fr. Let E be a quadratic extension of F, O the ring
of integers of E, pg the unique maximal ideal of O, wg a uniformizer of O, fg
the residue field of F, and 7 the non-trivial automorphism of E over F. We assume
that wg = wp if F is a unramified extension, and 7(wg) = —wg if E is ramified
over F. Let e denote the ramification index of E over F. We normalize the discrete
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LOCAL THETA CORRESPONDENCE FOR SMALL UNITARY GROUPS 1513

valuation of E such that the value group of E* is 1Z. Let ord: EX — %Z denote
the discrete valuation.

Let (V,(,)) be a (finite-dimensional) nondegenerate e-Hermitian space over E,
where € is 1 or —1. Let G := U(V') be the group of isometries of (V, (,)), i.e., U(V)
is a unitary group. Let x be a fixed integer associated to (V,(,)). Suppose that L
is a lattice in V. We define

(2.1.1) L*:={veV|{vl)epgforallle L}

Then L* is also a lattice in V' and is called the dual lattice of L. A lattice L is
called a good lattice if L*wy C L C L*.

2.2. Local theta correspondence. Let (V,(,)) (resp. (V, (,))) be an e-Hermitian
(resp. ¢’-Hermitian) space over E such that e’ = —1. Let W :=V ®g V’. Define

() ="Trgr(()@7(()),

where Trg, g is the trace map from E to F. We know that () is a skew-symmetric
F-bilinear form on W. The pair (U(V),U(V")) is a reductive dual pair of unitary
groups in Sp(W). Let & (resp. «') be a fixed integer associated to V (resp. V') as in
subsection 2.1. We make the assumption that that x + £’ is odd if E is a ramified
extension of F. Define the integer

(2.2.1) Ap e {%(/@ +k'+1), if E is ramified over F;

K+ K, if E is unramified.

Let ¢ be an (additive) character of F' of conductor p;‘f . We assume that the
duality of lattices in W is defined with respect to the integer Ap. Let Sp(WW) be the
metaplectic cover of Sp(W), let (wy,S) be the Weil representation of Sp(W') with

respect to the character ¢ of F, and let U(V) (resp. U(V’)) be the inverse image

—_~—

of U(V) (resp. U(V")) in Sp(W). Now U(V)U(V’) is a subgroup of Sp(W) and

— = =~

the map U(V) x U(V') — U(V)U(V') is a group homomorphism. Hence, (wy,S)

—_~—

can be regarded as a representation of U(V) x U(V’). An irreducible admissible

—~—

representation (m,V) of U(V) is said to correspond to an irreducible admissible

representation (7, V’) of U% if there is a nontrivial E‘(\V/) X (7(\‘//’)—Inap IT: wy —
7 ® «'. This establishes a correspondence, called the local theta correspondence or
Howe duality for the dual pair (U(V),U(V")), between some irreducible admissible

representations of U(V) and some irreducible admissible representations of U (V).
It has been proved by R. Howe (¢f. [MVWS8T7]) and J.-P. Waldspurger (c¢f. [Wal90])
that the local theta correspondence is one-to-one (when the residue characteristic of
F'is odd). We emphasize that the explicit correspondence depends on the character
¥ and the forms (,) and (,)’.

2.3. Splitting of the metaplectic cover. The reductive dual pair (U(V),U(V"))
is called split if there exist splittings By : U(V) — 5(\‘_//) and By : U(V') — (7(\‘}/’)
for the extensions ﬁ—(\‘_//) — U(V) and (ﬁ\‘}/’) — U(V’), respectively. It is known
that the dual pairs of unitary groups always split. By composing the splittings By

and [y we have a correspondence between irreducible admissible representations
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1514 SHU-YEN PAN

of U(V) and irreducible admissible representations of U(V"). Kudla ([Kud94]) con-
structs an explicit splitting of the metaplectic groups with respect to the Heisenberg
model of the Weil representation. A splitting with respect to a generalized lattice
model (see subsection 2.6) of the Weil representation is given in [Pan0I]. It is the
splitting used in this paper. More details can be found in later sections.

2.4. Theta correspondence for finite unitary groups. Reductive dual pairs
and theta correspondence can be defined over a finite field analogously. However,
the correspondence might not be one-to-one. It is known that the theta correspon-
dence for finite reductive dual pairs always split. Now we describe some well-known
results of the first correspondence of cuspidal representations for certain dual pairs
(U(v),U(v")) of finite unitary groups (cf. [How79]). We shall consider the case when
v is one-dimensional. For convenience, we allow the dimension of v/ to be zero.
Therefore, we make the following conventions. We define the Weil representation of
the symplectic group on a zero-dimensional space to be the trivial representation (of
the trivial group). If one of the spaces v, v’ is trivial, then the theta correspondence
for the dual pair (U(v),U(v’)) is just the trivial representation corresponding to
the trivial representation.

Next we assume that v’ is also one-dimensional. In this case, the dimension of
the Weil representation is g-dimensional. All irreducible representations of U(v)
except the trivial one occur in the theta correspondence.

Third, we assume that v’ is two-dimensional. Every irreducible representation
of U(v) occurs in the theta correspondence. Every representation except the sgn
representation corresponds to a (¢ — 1)-dimensional irreducible cuspidal represen-
tation of U(v’). The sgn representation corresponds to a g-dimensional irreducible
representation.

Last, we consider the case that v’ is three-dimensional. Every irreducible repre-
sentation of U(v) occurs in the theta correspondence, but only the sgn representa-
tion of U(v) corresponds to irreducible cuspidal representation of U(v’). The trivial
representation of U(v) corresponds to the unique unipotent cuspidal representation
of U(v'"), which is of dimension ¢* — ¢.

2.5. Theta correspondence for finite orthogonal and symplectic groups.
In this subsection, let v be the one-dimensional quadratic space over fr. Now U(v)
is a group of two elements. We know that U(v) has two characters, namely the
triv character and the sgn character. The triv character of U(v) first occurs in
the correspondence when v’ is zero-dimensional, and it is paired with the trivial
character of U(v’). The sgn character of U(v) first occurs in the correspondence
when v’ is two-dimensional, and it is paired with a Q;;—dimensional irreducible
cuspidal representation of U(v’).

2.6. Generalized lattice model of the Weil representation. In this subsec-
tion we define the generalized lattice model of the Weil representation. Material in
this subsection can be found in [Wal90].

Let ¥ be the character of F' defined as in subsection 2.2, so Ap is the smallest
integer such that 1/)|ng is trivial. Let B be a good lattice in W (with respect to

Ar), that is, B*wwp C B C B*. Let b* be the quotient B*/B. We know that b* is a
vector space over fr with a nondegenerate skew-symmetric form {, )p» induced from
{,). Let H(b*) be the Heisenberg group associated to the finite symplectic space
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(b*, (, )b+). Let ) denote the character of f defined by 9(Ilp, (1)) == ¢(twp" "),
where t € Op. Let (wg, S) be the Schrodinger model of the Weil representation of
the finite symplectic groups Sp(b*) associated to the data (b*, {, )i+, ). Although
the skew-symmetric form {, )p- and character ¢ depend on the choice of a prime
element wp, the Weil representation wy; does not. This can easily be seen from
the Schrodinger model. Let pj denote the representation of H(b*) corresponding
to the character ¢ on the space S. Let H(B*) := B* x p;‘rF_l. It is easy to check
that H(B*) is a subgroup of the Heisenberg group H(W). We have a reduction
homomorphism

My(p+): H(BY) — H(b") by (b,t) = (p-(b), Mo (twy 7)),
where IIp«: B* — b* and llp,.: O — fr. Let Kp denote the stabilizer of B in
Sp(W), and let
(2.6.1) Kp:={g9geKp|(g—1).B*CB}.

It is clear that K7; is a normal subgroup of Kg, and Kp/KJ is isomorphic to
Sp(b*). Let py, denote the representation of H(B*) inflated from p; by the pro-
jection Ily(p-), and let Wy be the representation of Kp inflated from w; by the
projection Kp — Kp/K} and the isomorphism Kp/K% ~ Sp(b*). Let S(B) de-
note the space of locally constant, compactly supported maps f: W — S such that

(2.6.2) Fb+w) =¥ (5(w, b)) py(b).f (w),
for any w € W, b € B*. Define the action pf of H(W) on S(B) by
(2.6.3) (pg (w,t)-f)(w") = ()9 (5w, w)) f(w' +w)

for w' € W and (w,t) € HW). For g € Sp(W), we define M|g] € Aut(S(B)) by

(2.6.4) (Mplg].f)(w) := /B (36 w)) A (07 (Flg™" (b + w))) db,

where g € Sp(W), f € S(B), w € W and db is a Haar measure on B*. We can
normalize the Haar measure db such that

(2.6.5) (MpE].f)(w) = Gy (k)-f (K~ .w)

for k € K and f € S(B). This realization of the Weil representation is known as
a generalized lattice model. For any union of B*-cosets R, define

S(B)r := {fe€S8(B)]| f hassupportin R},

(2.6.6) S(B)y = S(B)priw forweW.

2.7. (Unrefined) minimal K-types. Let G := U(V), and let g C Endg(V) be
the Lie algebra of G. Let £ := {L; | i € Z} be a regular small admissible lattice
chain with numerical invariant (n,ng) in V' (cf. [Pan02a]). Define Lg =1L, ,, for
each 7 € Z. For every nonnegative integer d, we define

Gearyjen = {9€G|(9—1).L; C Liyapr, (g—1).LEC LY, forall i},
Geaeny = {9€G|(g—1).Li CL! ;.\, (g—1).LE C Lijqforalli},
9c.(ar1yjen = {X€g|X.L; CLiyap, X.LECLY . foralli},

9 (ajenyt = {X€g|XL;CL! , \, X.L! C Liyqforalli},
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1516 SHU-YEN PAN

where e is the ramification index of E over F. Let gz,fd/en’ 92,(7d/en)+ be the
filtrations as defined in [Pan02a]. We know that the quotient Gz g/en/G 2, (d/en)+
is a finite abelian group if d > 0. Each character of G 4/en/Gr (d/en)+ can be
realized as a coset in gz q/en/9z (djen)+- A character ¢ of Gz g/en/Gr (djen)t 18
called a nondegenerate representation if the coset in gz q/en/8z,(d/en)+ Presenting ¢
contains no nilpotent elements. From results in [MP94] and [Yu98], we know that for
every irreducible admissible representation (7, V) of G of positive depth there exists
a positive integer d and a regular small admissible lattice chain £ such that the space
of fixed points Ve a/em* is nontrivial and the representation of Gz q/en /G (d/en)+
on VCe.a/em+ contains a nondegenerate representation. Moreover, we know that
the depth of (m,V) is L.

en

If L is a good lattice in V', we define
GL {geU(V)|gL=L},
GL,O+ = {gGU(V) | (gfl).L* QL, (gfl)LgL*wE}

If an irreducible admissible representation of GG is of depth zero, then we know that
there exists a good lattice L in V such that VCrot is nontrivial.

2.8. Local theta correspondence and minimal K-types (part I). Let
(G,G) = (UV),U(V")

be a reductive dual pair of unitary groups. Suppose that L is a good lattice in
V. Then 1 := L/Lwg and 1* := L*/L are vector spaces over fg with induced
e-Hermitian forms. Moreover, we know that G /G o+ ~ U(l) x U(I*). Let G’ :=
U(V') and L’ be a good lattice in V', and let I’ and I'’* be defined analogously. We
know that both U(l) and U(1*) are finite unitary groups when E is an unramified
extension of F. If F is a ramified extension of F, then one of U(l) and U(1*) is
a finite orthogonal group, and the other is a finite symplectic group. It is easy to
check that

(2.8.1) B=B(L,I'))=LeL*+L*®L

is a good lattice in W. From [Pan02b], we know that (U(1) x U(1*),U(1™*) x U(I"))
is a (possibly reducible) finite reductive dual pair in the finite symplectic group
Sp(B*/B). We remark here that the definition of the finite reductive dual pair is
in the generalized sense that one of the two groups is allowed to be trivial. The
following results are from [Pan02b]

Proposition. Let (G,G’) := (U(V),U(V")) be a reductive dual pair of two unitary
groups. Let (m,V) (resp. (7', V")) be an irreducible admissible representation of

—~—

U(V) (resp. U(V")) of depth zero such that m and 7" are paired by the local theta
correspondence. Then there exist good lattices L, L' in V, V', respectively, such that

VGt Vot are nontrivial, and there exists a subrepresentation n (resp. ') of

VLot (resp. V'G,L’v0+) such that n,n’ are paired by the correspondence for the finite
dual pair

(GL/GLo+ G /G o+)-

Corollary. Suppose that 1, ' are irreducible cuspidal representations and n @ n'
s a first occurrence of theta correspondence for the finite reductive dual pair

(GL/Gro+,GL /G g+)-
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Then m @ ' is a first occurrence for the reductive dual pair (G,G"), where 7 is
the irreducible supercuspidal representation c—IndgLn of G and 7' is the irreducible

supercuspidal representation c-Indg:L/n’ of G'.

2.9. Local theta correspondence and minimal K-types (part II). Recall
that W := V ®g V'’ is an F-space. Let ¢: V ®g V' — Hompg(V,V’) be the
isomorphism of F-spaces given by ¢(v; ® ve)(x) := va(vy, z) for vi,x € V, vg € V.
Define the moment map M: W — Endg (V) by
(2.9.1) M(w) == —ewp ¢ (w) o p(w).
It is known that the image of the map 9 is in the Lie algebra g of U(V'). Similarly
we define the moment map M’ : W — ¢’ by w — —e'wh " ¢(w) o ¢/ (w).

Let L:={L;|i€Z} (resp. L :={L;|i€Z}) be a regular small admissible
lattice chain in V' (resp. V') with numerical invariant (n,ng) (resp. (n,ng)). Let d
be a positive integer such that n + d + ng + ny, is even. Define

(2.9.2) B(L, L, 4) = N Li® L)
itj= —n—d—zno—né)
The major theorem in [Pan03] is the following:

Proposition. Let (G,G") := (U(V),U(V")) be a reductive dual pair of orthogonal,
symplectic or unitary groups. Let (m,V) (resp. (7',V")) be an irreducible admissible

—_—~—

representation of U(V) (resp. U(V')). Suppose that w,n" correspond in the theta
correspondence, and the depth of (w,V) is positive. Then there exist a positive
integer d, a reqular small admissible lattice chain L (resp. L) in V (resp. V')
of period n and an element w € B(L, L', %) such that (Gz g/, M(W) + 82 (—d/n)+)
(resp- (G g/ IV (W) + 820 (_a/ny+)) is @ minimal K-type of (m,V) (resp. (7', V')).

3. THETA CORRESPONDENCE FOR (Uy(F),Uy(F)) I

In this section, we assume that F is an unramified quadratic extension of F (i.e.,
e = 1), and we assume that both V, V' are one-dimensional. Let G := U(V) and
G’ :=U(V’) be the unitary groups. Note that both G, G’ are compact.

3.1. Lattice chains in V’. We assume that V is a Hermitian space with the form
denoted by (,), and we assume that V' is a skew-Hermitian space with the form
(,)" defined by (,)" := §(,), where § is a number in E* such that 7(§) = —§. For
simplicity we shall assume that ord(§) = 0. Let A\, k, " be given as in subsection
2.2. Now we have \p = k + k' because E is an unramified extension of F.

Let vg be an element in V' such that (vg,v9) = 1. Clearly such an element v
K

exists. Let L be the lattice vopg/ﬂ in V, where [§] stands for the largest integer
not greater than 5. Clearly L* = vop};/ ZJ, where | § ] stands for the smallest integer

not less than 5. Hence, L is a good lattice in V. Moreover, L is self-dual if « is
even, and L = L*wp if k is odd. It is also clear that L is the unique good lattice

in V. Now we have G = GG, and
(311) GL70+ :{QEG‘ (g—l)LQLwE}

Let 1,1* be defined as in subsection 2.8. Now one of 1,1* is trivial and the other is
one-dimensional. We also know that fg is a quadratic extension of fr because F is
unramified. Hence, we know that G, /G, o+ is isomorphic to Uy (fr) ® Up(fr).
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Define L; := Lw, for each i € Z. It is clear that the lattice chain £ := { L; |
i € Z } is the unique regular small admissible lattice chain in V. It is easy to check
that the numerical invariant (n,ng) (cf. [Pan02a]) of £ is (1,0) if & is even, and
(n,no) = (1,1) if k is odd. Therefore, we have

(3.1.2) Gran=Gra={g€eCG|(g—1).LC Loy}

for any positive integer d. Note that G, q/G 4+ is isomorphic to fr. Therefore,
the possible depths of irreducible representations of G are all nonnegative integers.

Everything in the previous paragraph can be define analogously for U(V”). Let
v, be an element in V’ such that (v),vy)’ = 6. Then L' := vépéﬂl/ﬂ is the unique
good lattice in V’. We have G7,/G7, ;+ = Ui(fr) ® Uo(fr). The lattice chain
L = {L,| i€ Z}, where L, := L'wt is the unique regular small admissible
lattice chain in V’. Let (n’,n{) denote the numerical invariant of £’. We have
(n/,ng) = (1,0) if &" is even, and (n/,ng) = (1,1) if &’ is odd.

3.2. The correspondence. The correspondence for this dual pair (U(V),U (V"))
is very simple because both U(V) and U(V') have the same image when embed-
ded as subgroups of Sp(W). So the correspondence can be regarded as identical
(cf. IM0e93] and [Yan98]). Our viewpoint here is slightly different. We regard one
of the groups U(V),U (V') acting on W :=V ®@g V' from the left and the other
acting from the right. Therefore, we prefer to view the correspondence pairing an
irreducible representation with its contragredient representation.

3.3. Occurrence of representations of depth zero.

Theorem. Let (U(V),U(V")) be the reductive dual pair of unitary groups such that
both V, V' are one-dimensional over an unramified quadratic extension of F'. Let
Ar denote the conductoral component of the fized character o of F. If Ap is even,
then the trivial representation is the only depth zero representation that occurs in
the theta correspondence. If Ap is odd, then every depth zero representation except
the sgn character occurs in the theta correspondence.

Proof. Let (m,V) be a depth zero irreducible representation of U(V). Let L be
the lattice given in subsection 3.1. Because L is the only good lattice in V, the
restriction of the action of 7 to G o+ must be trivial. Let 7 denote the action of
Gr/Gp o+ onV. We know that 7 is uniquely determined by 7. By Proposition 2.8,
we know that 7 occurs in the theta correspondence for (U(V),U (V")) if and only
if 7 occurs in the theta correspondence for the dual pair (G /Gy o+, G/ /G ,’0+).
Now if Ap is even, then B(L,L') := L ® L™ + L* ® L’ is self-dual in . Hence,
Sp(B7/B) is the trivial group Spy(fr). Therefore, the pair (G /Gy o+, G/ /G, o+)
is (U1(fr) x Up(fr), Uo(fr) x U1(fF)) in Spy(fr). Hence, the only correspondence
is the trivial representation to the trivial representation.

Next, if A is odd, then B(L, L') is not self-dual. In fact, B*/B is two-dimensional
over fr, and (G /G o+, G /G ,)0+) is the dual pair (Uy(fr) x Ug(fr), Ui (fF) x
Ug(fr)) in Spy(fr). From the result in subsection 2.4 we know that the Weil rep-
resentation of Sp,(fr) is g-dimensional, and the unique character of order two of
Ui (fr) x Up(fp) is the only character that does not occur is the correspondence for

(GrL/Gro+, G /Gy 1) -
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3.4. Now we want to consider the correspondence of representations of positive
depths. We need an easy lemma.

Lemma. Let ng,n(, be given as in subsection 3.1. Then ng+ny = k+ ' (mod 2).

Proof. From subsection 3.1 we know that ng = 0 if x is even, ng = 1 if s is odd.
We also know that ng = 0 if « is even, ng = 1 if x is odd. [l

3.5. Occurrence of representations of positive depth (I).

Theorem. Keep the assumption in Theorem 3.3. Let (m,V) be an irreducible ad-
missible representation of U(V') of positive depth d. If d and A are of the same
parity, then m does not occur in the theta correspondence for the reductive dual pair
V), u(v)).

Proof. Let L be defined as in subsection 3.1. Because L is the only regular small
admissible lattice chain in V', the representation 7 has a minimal K-type of the form
(G4, Q) for some nondegenerated character ¢ of G /G 4+. From Proposition
2.9 if 7 occurs in the theta correspondence for the pair (U(V),U(V')), then V'
must have a regular small admissible lattice chain with numerical invariant (1, ng)
such that 1+ ng + n{ + d is even. By Lemma 3.4 ng + n{ and & + &' = Ap are of
the same parity. Therefore, d and A\g can not be of the same parity. Hence, if d

and Ag are of the same parity, then m can not occur in the theta correspondence
for the pair (U(V),U(V")). O

3.6. Occurrence of representations of positive depth (II). Now we have the
complement of Theorem 3.5.

Theorem. Keep the assumption in Theorem 3.3. Let (mw,V) be an irreducible rep-
resentation of U(V') of positive depth d. If d and A\p are of the opposite parity, then
7 occurs in the theta correspondence for the reductive dual pair (U(V),U(V’)).

Proof. Let L, L’ be the unique good lattices in V, V', respectively, as in subsection
3.1. First we suppose that A\g is even. Then B := B(L,L’) (see (2.8.1)) is a
self-dual lattice in W. Let S(B) be the lattice model of the Weil representation
with respect to B and 1. Let k be a nonnegative integer, and let w be a vector in
Bw;k_1 wa;k. Clearly, the space S(B),, of functions in S(B) supported in B+w
is fixed by both G 2542 and G’L,72k+2. Therefore, Gz 2k+1 (resp. Glﬁ/,2k+1) acts on
the space S(B),, via the character M(w)+a7 (o5 1)+ (resp. M (w)+97 oy 1)+)-
Note that it is a nondegenerate representation of G o541 i.e., it is a character of
depth 2k + 1. Now the dimension of the space ZweBw;k_LBw;k S(B),, is equal
to |fp |1 — |[fp|F = ¢®**2 — ¢*) where ¢ = |fr| denotes the cardinality of the finite
field fr. The number of characters of U(V) of depth 2k + 1 is (¢ + 1)¢**(¢ — 1) =
¢*F+2 — ¢ But we know the multiplicity of any representation occurring in the
local theta correspondence is exactly one. Therefore, every character of odd depth
of U(V) should occur in the theta correspondence.

Next we suppose that Ag is odd. Now B(L, L’) is not self-dual. Let Ay be a self-
dual lattice in W such that B C Ay C B*. If w € B*w;k —B*w;’”l for some pos-
itive integer k, then S(Ay),, is fixed by G 2x+1 and acted by G 2k as a nondegen-
erate representation. Now the dimension of the space ZweB*w;kiB*w;k-#l S(A0)w
is equal to ¢(|fg|* — |fg|*~1) = ¢***1 — ¢**~1. The number of characters of U (V)
of depth 2k is (¢ + 1)¢®*~(q — 1) = ¢***! — ¢®*~1. Therefore, every character of
even depth of U(V') occurs in the theta correspondence. (]
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4. THETA CORRESPONDENCE FOR (U1 (F),Uy(F)) II

In this section, we assume that F is a ramified quadratic extension of F' (i.e.,
e = 2) and both V,V’ are one-dimensional. As usual, let G := U(V) and G’ :=
uw’).

4.1. Lattice chains in V’. As in subsection 3.1, we assume that V is a Hermitian
space with the form denoted by (,), and we assume that V' is a skew-Hermitian
space with the form (,)" defined by (,)’ := §(,), where § is a number in E* such
that 7(§) = —4. For simplicity, we shall assume that ord(§) = 3. Now we have
2Ar — 1 = k + K/, because F is ramified over F. Therefore, one of x and x’ is odd
and the other is even.

Let vg be an element in V such that ord({vg,vp)) = 0. Let L be the lattice
vopg/z] in V. It is clear that L is the unique good lattice in V. Moreover, L is
self-dual if x is even, and L = L*wg if x is odd. Now G /G, o+ ~ O1(fr) xSpy(fr).

Define L; := L, for each i € Z. Then it is clear that the lattice chain £ := { L; |
i € Z} is the unique regular small admissible lattice chain in V. The numerical
invariant (n,ng) of L is (1,0) if  is even, and (n,ng) = (1,1) if x is odd. Therefore,
we have

(4.1.1) Grap={9€G|(9—-1).L C Lwg}

for any positive integer d. Note that G 4/2/G (a/2)+ is isomorphic to fg if d is
odd, and is the trivial group if d is positive and even. Therefore, the possible depths
of irreducible representations of U (V') are zero or odd positive integers over 2.

There is a unique good lattice L’ in V/. Moreover, L’ is self-dual if " is odd
and L' = L™ wg if ' is even. Let L := { L} | i € Z} be the unique regular small
admissible lattice chain in V’. The numerical invariant (n’,ng) of £’ is (1,1) if &’
is even, and (n’,n{) = (1,0) if £’ is odd.

4.2. Occurrence of representations of depth zero. Now we consider the depth
zero characters of U(V'). We know that G /G, o+ ~ O1(fr) x Spy(fr). Therefore,
U(V) has exactly two characters of depth zero.

Theorem. Let (U(V),U(V')) be the reductive dual pair of unitary groups such
that both V, V' are one-dimensional over a ramified quadratic extension of F. The

trivial character is the only depth zero representation of U(V') that occurs in the
theta correspondence for the dual pair (U(V),U(V")).

Proof. Let L (resp. L') be the unique good lattice in V' (resp. V'). It is not
difficult to check that the lattice B := B(L,L’) is self-dual no matter where
Ar is even or odd. Moreover, we know that Gr/Gp o+ ~ Oy(fr) x Spy(fr)
and G7,/G7, o+ = Spo(fr) x O1(fr). Hence, (GL/GL o+, G /G o+) is the pair
(O1(fr) xSpy(fr), Spy (f7) X O1(fF) in Spy(fF). Therefore, the only correspondence
for (GL/GL,0+7GIL//G/LI70+) is the trivial representation corresponding to the triv-
ial representation. Therefore, by Proposition 2.8 the only depth zero representation
of U(V) that occurs in the theta correspondence for the pair (U(V),U (V")) is the
trivial representation. ([
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4.3. Occurrence of representations of positive depths.

Theorem. Keep the assumption in Theorem 3.3. Then exactly half of the char-
acters of a given positive depth of U(V') occurs in the theta correspondence for the
reductive dual pair (U(V),U(V")).

Proof. Let L (resp. L') be the unique good lattice in V' (resp. V'), respectively,
as given in subsection 4.1. Then B(L,L’) is a self-dual lattice in W. As in the
proof of Theorem 3.6, S(B) is the lattice model of the Weil representation. Now
suppose that k is a nonnegative integer and w € ngk 1o ngk . Then the action
on the space S(B)y of G (2r+1)/2 (resp. Gl[l’,(2k+1)/2) via M(w) + 92,((—2k—1)/2)+
(resp. M (w) + 9?/,((—2k—1)/2)+) is a nondegenerate representation. The images of
the maps

—k—1 —k * * .
BwEk : _BwEk - gL,(—2k71)/2/g£,((72k71)/2)+’
Bwy™" - Bwg — glﬁ*’,(—21«—1)/2/9/;’,((721971)/2)‘*'

are only a subset of index two because F is a ramified quadratic extension and
M, M are just the norm maps multiplied by 25. Now the dimension of the space

> S(B)w

wEBwEkfl—BwEk

is ¢**! — ¢*, and the number of characters of U(V) of depth % is 2¢F (¢ — 1) =
2(g"+1 — ¢*). Therefore, exactly half of the characters of U(V') of depth 25 occur
in the theta correspondence for every nonnegative integer k. O

5. THETA CORRESPONDENCE FOR (U1(F), Uy 1(F)) I

In this section we assume that E is an unramified quadratic extension of F', V'
is a one-dimensional Hermitian space and V' is a two-dimensional skew-Hermitian
space with Witt index one.

5.1. Lattice chains in V'. Let G :=U(V), G' :=U(V’) and (wy,S) be the Weil

—_—~—

representation of Sp(W). Without loss of generality, we assume that « is 0.
Let v; be an element in V such that (v1,v1) = 1. Suppose that {v],v4} is a basis
V' such that

<U/1’U/1>l = (vé,vé)’ =0, <v/1a ’Ué>/ = 7<U§,U’1>/ = wga
where (,)’ denotes the skew-Hermitian form on V’. Then the two lattices

M(l) = V|0 4+ v50g,

(5.1.1) M = vlpp+uh0%

are the only good lattices in V'’ up to equivalence. Let L’ be a good lattice in V.
It is easy to see that G, /G, o+ is isomorphic to Us(fr) x Ug(fr).

There are three regular small admissible lattice chains in V'’ which are generated
by {M{}, {M;} and {M[), M{}, respectively. Their numerical invariants are (1,0),
(1,1) and (2,0), respectively.
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5.2. Occurrence. Now the dual pair (U(V),U(V’)) is in stable range, that is,
the Witt index of V' is greater than or equal to the dimension of V. Thus all
characters of U(V') occur in the theta correspondence. Now U(V) is compact. All
its characters are supercuspidal. The trivial character of U (V') occurs in the theta
correspondence for the dual pair (U(V),U(V")), where V" is the zero-dimensional
“¢’-Hermitian space”. Therefore, every character of U(V') except the trivial one
first occurs in the theta correspondence for the dual pair (U(V),U(V’)).

5.3. Correspondence of representations of depth zero. Let (7, 1)) be a non-
trivial irreducible representation of U(V'). Let (n,V’) be the supercuspidal repre-
sentation of U(V’) corresponding to 7 in the theta correspondence for the pair
(U(V),U(V"). In this subsection we assume that 7 is of depth zero. From
subsection 4.1 we know that there is a unique good lattice L in V. Because
m is of depth 0, it is trivial on G ¢+ and can be regarded as a representation
of Gr/Gpro+ ~ Ui(fr) x Up(fr). From the result in subsection 2.8 we know
that there is a good lattice L' in V' such that = ® triv (as a representation of
G1/Gp,o+) first occurs in the theta correspondence for the finite reductive dual pair
(GL/Gro+,G//GY o+ ). Hence, from subsection 2.4 we know that 7®triv is paired
with 7’ ®triv in the correspondence for the pair (Ui (fr) x Ug(fr), U2(fr) x Ug(fF)),
where 7' is a (¢ — 1)-dimensional irreducible cuspidal representation of Usx(fp).
Hence, we know that the representation 7’ has a minimal K-type (G%,,n’ ® triv).
Regard i’ ® triv as a representation of G%,. The compactly induced representa-

tion c—IndgiL/(n’ ® triv) is irreducible and supercuspidal (¢f. [MP96]). Moreover,
c—Indg:L/(n’ ® triv) is the only irreducible representation of G’ having minimal K-

type (G%,,n'). Hence, 7’ is isomorphic to c—IndG:L/(n’ ® triv).

5.4. Moment maps. Starting from this subsection to the end of this section, we
are going to determine the correspondence for representations of positive depths.
The final result is stated in subsection 5.9. We need a few lemmas first.
The Lie algebra g’ of U(V') can be identified with the space of two by two
matrices of the form
€ Y
L’ —T(Jj)] ’

where x € E, y,z € F. We identify the Lie algebra g of U(V) with §F as in
subsection 4.1. Then it is easy to check that the moment maps 9t and 9 are

given by
M(zvr @ V) +yv @vh) = wp F(ar(y) — 1(2)y),
(5.4.1) M (201 @ 0] +yor @) = —wl {—m‘(y) xT(x)]
! 2 Eoolmyr(y) t(@)y)”

where v;, v; are given in subsection 5.1. Clearly the map 901 is surjective.

5.5. Decomposition of V’. Now we suppose that 7 is an irreducible representa-
tion of U(V') of positive depth. From subsection 4.1 we know that there is a unique
regular small admissible lattice chain £ = {L; |i € Z} in V and 7 has a minimal
K-type (G,q4/1,¢) for some positive integer d and some (. Let (1,n0) denote the
numerical invariant of £. From Proposition 2.9 we know that there are a regular
small admissible lattice chain £ = {L; | i € Z} in V' with numerical invariant
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(1,nf) and an element wy € B(L, L, %), such that (G q/1,M(wo) + g*ﬁﬂﬁ) is a

minimal K-type of m and (G, a1 M (wo) + g7, _ 4+ ) is a minimal K-type of 7’.
From (5.4.1) we know that 9V (wy) is a matrix of rank 1. Let V{ (resp. V4) be

the one-dimensional subspace of V'’ spanned by the eigenvector corresponding to

the nonzero (resp. zero) eigenvalue. Then V' is the orthogonal direct sum of V7
and Vj.

Lemma. Let L' be the good lattice in L'. Then L' = (L'NV{)® (L' N V3).

Proof. First suppose that d is odd. Now L = v;0g, n = 1, ng = 0 and n{, = 0.
Hence, L' = v1Og + v4Og. Moreover,

B(L, L', 4) = pE(d“)/Qvl ® V) + p,;(‘i“)/%l ® vh.

Let wo be the element in B(L, L', %) such that M(wo) + gz (_a/1)+ Presents a
minimal K-type of (m,V) as given before this lemma. Write

/ /
Wy = ToV1 Q@ V] + YoV1 K Uy

for some zg,yp € E. Clearly, ord(zo) > —%L and ord(yg) > —4L. We claim
Y N ) Y 5
that ord(zo) = ord(ye) = —%L. If ord(wg) > —94L, then wo € p V%0 ®

v+ pg(dﬂ)ﬂvl ® vh, which is B(L, L", %), where £ is the small admissible
lattice chain with numerical invariant (1,1) generated by the good lattice L =
prvy + Ogvy. Then M(wo) is in g7 _(;_4),;- This means that the representation
7 has nontrivial vectors fixed by G, (4—1)/1)+. Then the depth of 7 is less than
d. This contradicts the assumption that the depth of 7 is d. Therefore, we have
ord(zg) = —%tL. By the similar argument we can show that ord(yo) = —%tt. Now
L' =v{Op 4+ vOg, V] is spanned by the vector vjxzo + viyo and Vi is spanned by
the vector v{7(zo) + v57(yo). Hence, L' = (L' NV{) & (L' N V3).

Next suppose that d is even. Now ng = 0 and n, = 1, L = v10g and L' =
vipE + v,OF. Hence,

B(L, L' %)= pgd/Qm ® vy + pg(d+2)/2v1 ® V).

Write wg = zov; ® v] + yov1 ® vh for some g, yo € E. Clearly, ord(zo) > —% and

ord(yp) > —%2. We claim that ord(zg) = —% and ord(yo) = —%4£2. If ord(yo) >

f%, then wg € pgdmvl ® v + pgd/gvl ® v}, which is B(L, L", ‘12;1), where L
is the small admissible lattice chain with numerical invariant (1,0) generated by

the good lattice Ogv] + Ogvs. This contradicts the assumption that the depth

of wis d. If ord(xg) > —%, then wq € pg<d72)/2v1 ® v + pg(dﬂ)ﬂvl ® v, which

is B(L,L", %), where £” is the small admissible lattice chain with numerical
invariant (1,0) generated by the good lattice pgv| + pp'vh. Clearly the good
lattice ppv] + pglvh is equivalent to Opv) + Ogvh. Hence, this contradicts the
assumption that the depth of 7 is d again. Therefore, we have ord(zg) = —% and
ord(yo) = —42. Now L' = vipp + v4Op, V{ is spanned by the vector v{zg + vhyo
and Vj is spanned by the vector v{7(xo) +v57(yo). Hence, L' = (L'NV{)® (L' NVy),
again. O

Let (, )} denote the restrictions of (,)" to V/ x V/ for i = 1,2. It is easy to see that
both the forms (, )], {, )5 are nondegenerate. We can also check that the centralizer
of M (wp) in UV’ is U(VY) x U(V5).
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5.6. Decomposition of the Weil representation. Define F' spaces:
W=V eV, Wy =V eV,

Then W can be identified with the direct sum W7 ® W5, and each W; is regarded
as a subspace of W. It is not difficult to check that wg € W7 C W. Define

G = Temye(() @(0)D),
(5.6.1) (D2 = Teoell)©r(()h).

It is clear that {, )1 and (, )2 are skew-symmetric bilinear forms on Wy and Wo,
respectively. It is also clear that {,); is the just the restriction of , ) to W; x W.
So we know that (U(V),U(VY{)) and (U(V),U(Vy)) form reductive dual pairs in
Sp(W7) and Sp(Ws), respectively. Define

(5.6.2) B:=Lo® L{ N L{® L.

We know that B is a good lattice in W. Now it is easy to see that B = L @ L'
because L is self-dual (recall that we assume k£ = 0 in this section). Hence, we have

(5.6.3) B=(BNW)a& (BNW,)

from Lemma 5.5. Denote BN W; by B; for ¢ = 1,2. It is clear that B; is a good
lattice in W;. Let B} denote the dual lattice in W;, and let b} be the quotient
B} /B;. From (5.6.3) we know that b* = b} @ b}, where b* = B*/B. Regard
Sp(b%) x Sp(bj) as a subgroup of Sp(b*). Then we know that S ~ S; ®¢ S as
a representation of Sp(by) x Sp(b3), where (&; ;,S5;) is the Weil representation
of the finite symplectic group Sp(b}). Let p; denote the action of H(B}) on S;
(cf. subsection 2.6). It is clear that py (b1 + b2) = p1,4(b1) ® pa,y(be) for b; € B
when Si/s\iﬁd/entiﬁed Wit/}_l\_% Qc S3.

Let Sp(W7) (resp. Sp(Ws)) be the metaplectic cover of Sp(W7) (resp. Sp(Wa2)).

Regard (wy, S) as a representation of Sp(W7) x Sp(Ws) via the composition of the
homomorphism

—_~

Sp(Wl) X Sp(Wg) — Sp(Wl) X Sp(Wg)

and the inclusion

Sp(W1) x Sp(Wa) — Sp(W).
Let S(B1) (resp. S(Bz)) be the generalized lattice model of the Weil representation

— T "X

of Sp(W1) (resp. Sp(W2)) with respect to the character ¥. Recall that S(B;) is the
space of locally constant, compactly supported maps f: W; — S; such that

Fo+z) = (5, b)i)piy(b).f(2),
for any b € B}, and x € W;. Define a map =: S(B1) ®c S(Bz2) — S(B) by
(5.6.4) E(fi ® f2)(@1 +22) := fi(z1) ® fa(z2)
for x; € W;. We identify S with S; ®¢ Ss in (5.6.4).

Lemma. The map = gives an isomorphism between S(B1) ®c¢ S(Bs) and S(B) as

—_—~

a representation of Sp(W7) x Sp(Wa).

Proof. First we check that f := Z(f; ® fa) is really in S(B). Recall that W =
W1 @& Ws and B = By ® By. Suppose that x is a vector in W and b is a an element
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in B. Then we can write x = x1 + x5 for z; € W; and b = by + by for b; € B;.
Therefore,
flo+z) = f(br+z1+ba+w2)
f1(br +21) @ fa(b2 + 22)
V{21, 01)1)p1,5 (01)- f1(z1) @ ({22, b2)2) 2,5 (b2).- fa(22)
V{21, 01 )1 + (22, 02)2)p1,0(b1)- f1(21) ® P2,y (b2). f2(22)
Y({x1 + @2, b1 + b2)) poy (b1 + b2). f(z1 + x2)
= (=,
Hence, E(f1 ® f2) is in S(B).

b))y (b).f ().

Next we want to prove that the map = intertwines the actions of Sp(W7) x
Sp(W2). Let f; € S(B;), g = (91, 92) € Sp(W1) x Sp(W3) and = € W. Then
(5.6.5) (MglgloE).f1® f2)(z) = (MB[ ] f)(fﬂ)

= [y e(h (b w))Fu b)) Fg (b + @) b
Because B = B; @ B3, any b € B can be written umquely as b= by +by for b; € B;.
Also x can be written uniquely as x; + a9 for x; € W;. Let db (resp. dby, dbs) be

the Haar measure of B (resp. By, Bs) such that the volume of B is equal to the
product of volumes of By and By. Hence,

((Mglg] OE) f1® f2)(x)
— [ (fB L(by + ba, x1 + )
Py ((br +b2)71). f((91,92) " (by + 21 + b2 + 962))(151)6”72
= (Jp, w12 )pubr)-F g by +20)) dbr ) @

(S, V(3 b2 22)2)p0 (03 ).F (97 (b2 + 2)) b )
= (Mg, [g1]-f1)(x1) ® (Mp,[g2]- f2) (22)
= (Eo (Mg, [g1]-/1 ® Mp,[g2].f2))(x)
= (Eo (Mg, [9] ® Mp,[g2])-fr © f2) ().
Hence, E intertwines the actions Mp[g1,g2] and Mg, [g1] ® Mp,[ge] for any g1 €
Sp(W7) and g2 € Sp(Ws3). Clearly = is an isomorphism of vector spaces. O

9.7.
Lemma. U(V]) x U(V) is a subgroup of G%,.

Proof. Let L} := L' NV/. We have L' = L @ L} from Lemma 5.5. Moreover, L} is
the unique good lattice in V;. Because V; is anisotropic, the group U(V}) stabilizes
the unique good lattice L}. Hence, the group U(V{) x U(V3) stabilizes both L] and
LY. Therefore, U(VY) x U(V3) stabilizes L’. Thus U(V{) x U(V3) is a subgroup of
G O

From this lemma we know that the splitting U(V/) — U(V}) in Sp(W;) is com-
patible with the splitting U(V’) — U(V’) in Sp(W).

—_—~—

5.8. Decomposition of the local theta correspondence. In this subsection
we want to describe 7’ in terms of data from 7w when the depth of 7 is positive.
Recall that there is a surjective map

(5.8.1) S(B) = Ve V.
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From previous discussion we know that there is an element wy € W such that
S(B)w, has nontrivial image under the projection II: S(B) — V®cV'. Let f be an
element in S(B),,, such that II(f) is nontrivial. The space spanned by the function
fr defined by

(5.8.2) fei= Y w9 welg)-f

QEG/GL,(d/1)+

is acted by U(V), and the action is 7 (¢f. [Yan9g]).

The isomorphism S(B;) @c S(Bz) — S(B) given in Lemma 5.6 maps the sub-
space S(B1)w, ®c S(B2)o onto S(B).,, where 0 denotes the zero vector in Wy and
wp is regarded as an element in both Wy and W. Hence, S(B1)w, ®c S(B2)o has
nontrivial image under the map

(583) S(Bl) Rc S(BQ) —V ®c V.

Therefore, (m,V), as a representation of U(V) x U(V), can be decomposed as the
tensor product (m ® ma, V1 ® V2), and (n’,V’), as a representation of U(V]) x
U(V3), has a subrepresentation (7] ® 75, V] ®c V4) such that S(B1)w, @c S(B2)o
has nontrivial image under the (U(V) x U(V)) x (U(V{) x U(V4)) map

(5.8.4) S(B1) ®c S(B2) — (V1 ®c Vy) @c (V2 @c V).

Therefore, the representations my, 7] are paired in the theta correspondence for
the dual pair (U(V),U(VY)) in Sp(W7) such that the subspace S(B1), has non-
trivial image, and o, 75 are paired in the theta correspondence for the dual pair
(U(V),U(Vy)) in Sp(Ws) such that the subspace S(Bz)o has nontrivial image.
Hence, 7 is isomorphic to m, and 7} is isomorphic to the contragredient repre-
sentation 7 of 7 if we identify U(V{) with U(V). Moreover, it is easy to see that
both groups U(V) and U(Vy) acts trivially on S(Bz)o. Hence, both mo, 7} are the
trivial representations.

5.9. Correspondence of representations of positive depths. Let G' = U(V’)
and g’ be the Lie algebra of G'. Let H := U(V{) x U(Vy) and b be the Lie algebra
of H. Now we recall a result from [AdI98]. Let h* denote the perpendicular of b
in g’. Let
I = (0Nge ) @ ("N (40)+):
J (hNaza) ® (- NaL )
For X € g’ such that 1 — X is invertible we define a Cayley transform

T(X) = (1+X)1-X)7",

which is an element in U(V”). It is easy to see that 1—X is invertible for any element
X in J. Define Jy := ¥(J1) and J := U(J). It is known that H normalizes J and
J+. It is known from [AdI98] that for an irreducible representation o of H we can
construct an irreducible admissible representation ¢, of HJ with dimension equal
to

dim (o) /#((0- 0 82.0/2)/ (0 0 02 (472)+)).

It is also known from [AdI98| that the compactly induced representation c—Indg 700
is an irreducible supercuspidal representation of G’. Now we denote ¢, by ¢z if
o = T triv, where 7 is the contragredient representation of a character 7 of U(VY)
and triv is the trivial representation of U(V5).
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Theorem. Let (U(V),U(V")) be the reductive dual pair of unitary groups such that
V' (resp. V') is one-dimensional (resp. two-dimensional with Witt index one) over
an unramified quadratic extension of F'. The theta correspondence for the dual pair
(U(V),U(V") of irreducible representations of positive depths is the following:

(5.9.1) T c-Ind$ ¢

Proof. Suppose that a character m of U(V) of positive depth is paired with the
irreducible supercuspidal representation 7’ of U(V’). From the discussion in sub-
sections 5.5-5.8 we know that there is a decomposition V' = V{ & V5 such that
the restriction of 7’ to H := U(V{) x U(Vy) contains the character 7 ® triv, where
7 is the contragredient representation of . By Proposition 2.6.3 of [AdI9g] we
know that the restriction of #’ to HJ contains ¢5. By the result in [AdI98] again
we know that there is only one irreducible (supercuspidal) representation of U (V")

’
whose restriction to HJ contains ¢z. Hence, 7’ is isomorphic to c—Inde JD7. Il

6. THETA CORRESPONDENCE FOR (U1 (F),Uy1(F)) II

In this section, we assume that E is a ramified quadratic extension of F', V is
one-dimensional and V'’ is two-dimensional with Witt index one.

6.1. Lattice chains in V’. As in subsection 4.1, there is a unique good L lattice
in V and G /Gy o+ is isomorphic to Oy (fr) x Spy(fr). Similar to the situation in
subsection 5.1 there are two good lattices in V', and G,/ G£/7O+ is either isomorphic
to Sp2(fF) X Oo(fF) or Spo(fF) X 0171(fp).

Let M{ C M/ be the two good lattice in V’. There are three regular small
admissible lattice chains in V', which are generated by {M{}, {M7} and {M}, M},
respectively. Their numerical invariants are (1,0), (1,1) and (2,0), respectively.

6.2. Occurrence. All characters of U(V) occur in the theta correspondence be-
cause the dual pair is in stable range. Suppose 7 is a nontrivial character of U(V').
Then 7 first occurs in the theta correspondence for the dual pair (U(V),U(V")).
So 7 is paired with an irreducible supercuspidal representation 7’ of U(V’) by the
induction principle.

6.3. Correspondence of representations of depth zero. Suppose that 7 is a
nontrivial character of U(V') of depth zero. As in subsection 4.1 7 can be regarded as
a nontrivial representation of O1 (fr) X Spy(fr). Hence, 7 is isomorphic to sgn®triv
when regarded as a representation of O;(fp) x Spy(fr). We know that sgn ® triv
first occurs in the correspondence for the pair (O1(fr) X Spy(fr), Sps(fr) X Oo(fr))
and is paired with 1’ ® triv, where ' is a %—dimensional irreducible cuspidal
representation of Spy(fr). Let L’ be the good lattice in V” such that G7,/G7 ¢
is isomorphic to SLa(fF) x Og(fr). Then we know that 7 is isomorphic to the

induced representation c—Indg:L/ (7' @ triv).

6.4. Correspondence of representations of positive depths. All the results
in subsections 5.4 to 5.8 work when E is a ramified extension. Therefore, the
explicit correspondence of representations of positive depths is the same as the case
for unramified E in subsection 5.9.
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7. THETA CORRESPONDENCE FOR (U1 (F),Uy(F)) I

In this section, we assume that E is an unramified quadratic extension of F', V
is one-dimensional and V' is two-dimensional anisotropic.

7.1. Lattice chains in V’. In this subsection we assume that £ = F(y/a), where
a € O% is not a square. Let § := y/a. Then 7(§) = —d. We can find a basis {v], v5}
of V' such that the form (,)’ on V' is given by

(7.1.1) (V11 + VoY1, v T + vhye) = §(7(x1)x2 + BT(y1)y2),

where (3 is an element in F such that the Hilbert symbol (—«, 8)F = —1. Without
loss of generality we assume that k' is zero. Then the lattice L' := v]Op + v4O0F
is the only good lattice in V' because now V' is anisotropic. It is obvious that
L™ =, Op + vhpy'. Hence, G1, /G, oy = Ui(fr) x Ui (fr).

Up to equivalence there are three different regular small admissible lattice chains
L= {L, i€ Z}in V', whose numerical invariants are (1,0), (1,1), (2,1),
respectively. The first lattice chain is given by L. := L'w’, the second one is given
by L, := L@ and the third one is given by L), = L'w’, L}, , = L*@" for
i €Z.

7.2. Correspondence of representations of depth zero. In this subsection
we assume that 7 is of depth zero. Let L be the unique good lattice in V. Re-
garded as a character of G /Gpo+ ~ U(l) @ U(I*) =~ Ui(fr) x Up(fr), m can
be written as w ® triv. Let L’ be the unique good lattice in V. We know that

1/Gpr o+ = Ui(fr) x Ui(fr). Suppose that the representation m of U(V) oc-
curs in the theta correspondence for the pair (U(V),U(V’)) and is paired with the
irreducible supercuspidal representation 7’ of U(V’). Then we also know that
7 ® triv is paired with © ® triv in the correspondence for the finite dual pair
(Gr/Gpo+,GL /G ,70+). Hence, from subsection 2.6 we know that 7 cannot be
the sgn character. Moreover, by Corollary 2.8 we know that 7’ is isomorphic to
c—Indg:L/ (7 & triv).

7.3. Occurrence. From subsection 7.2 we know that all characters of depth zero
except the sgn character occur in the theta correspondence for the dual pair
(U(V),U(V"). Now we consider the characters of positive depths. Suppose that
V" is a four-dimensional ¢’-Hermitian space with Witt index one. Since now the
pair (U(V),U(V")) is in the stable range, the character 7 of U(V) of positive depth
occurs in the theta correspondence for the pair (U(V),U(V")). Suppose that 7 is
paired with an irreducible admissible representation (7’,V’) of U(V’). There is an
element wy in B(L,L', %) for some small admissible lattice chain £’ in V' such
that M(wo) + gz,(a/1)+ is a minimal K-type of m and M (wo) + g/ (4/1)+ Is @
minimal K-type of 7’. Let V" = V" & V3’ be the similar decomposition as given
in subsection 5.5 where V{” is one-dimensional and V' is three-dimensional. Now
the Witt index of V3" must be one. Let V3’ = Vi’ & V)’ be the decomposition of
nondegenerate subspaces such that V3’ is one-dimensional and V}’ is a hyperplane.
Let V' be the direct sum V" @ V§'. So V" = V' @& V. Clearly the space V'
is anisotropic, otherwise it contradicts the assumption that the Witt index of V"
isone. Let W =V V' W, =V @V and W, =V ®V/. So W; and W{
are nondegenerate symplectic subspaces of W', and we have the decomposition
W' = W, & W{. As in subsection 5.5 we know that wy is in fact in W{. Hence,
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there is a nontrivial map from the Weil representation of Sp(WY) to V ® V¥ for
some irreducible admissible representation (7%, VY) of U(VY'). This means that 7
occurs in the theta correspondence for the dual pair (U(V),U(VZ')). Because now
VJ' is two-dimensional anisotropic, it is isomorphic to the space V’. Therefore, 7
occurs in the theta correspondence for the dual pair (U(V),U(V')). So we have
proved the following proposition.

Proposition. Let (U(V),U(V")) be the reductive dual pair of unitary groups such
that V' (resp. V') is one-dimensional (resp. anisotropic two-dimensional) over an
unramified quadratic extension of F. All characters of U(V') except sgn occur in
the theta correspondence for the dual pair (U(V),U(V")).

7.4. Moment maps. The Lie algebra of U(V’) can be identified with the space of
matrices of the form
[693 —BT(y)}

y 0z

where y € E, z,z € F with respect to the basis {v],v5}. Now the moment maps
M, M’ are given by

M(zvy @ v +yv1 @vh) = @wp Fé(ar(x) + Br(y)y);

M (v @ v + yvr @ 0L B ) rr(z) Brr(y)

(e @ vt ) P yre) Byr(y)
Let wy be as in subsection 5.5. The rank of 9 (wy) is one. Let VY (resp. V) be the
eigenspace with respect to a nonzero (resp. zero) eigenvalue. We know that V{, V
are nondegenerate one-dimensional subspaces and V"’ is the orthogonal direct sum
of V{ and V;. By the argument in subsection 5.5 we can check that

L'=(L'nV)e (L nv).

(7.4.1)

7.5. Correspondence of representations of positive depth. In this subsec-
tion we suppose that an irreducible representation 7 of U(V) is of positive depth.
We know that the centralizer of ' (wg) in U(V’) is U(V{) x U(V4). Let H de-
note U(VY) x U(VJ), and let J be defined as in subsection 5.9. Let ¢z be the
representation of HJ defined as in subsection 5.9. By the same argument in sub-
sections 5.4-5.9 we know that the character m of U(V) is paired with the induced

representation c—Inng(b;r of U(V’) in the theta correspondence.

8. THETA CORRESPONDENCE FOR (U1 (F), Uy(F)) II

In this section, we assume that F is a ramified quadratic extension of F', V is
one-dimensional and V' is two-dimensional anisotropic.

8.1. Lattice chains in V’. We assume that £ = F(y/a) where « = wp. Let
0 := /a; then 7(§) = —4. We can find a basis {v],v}} of V' such that the form
(,) on V' is given by
(8.1.1) (Vi1 + voyr, VT2 + v5y) = 0(7(z1)z2 + BT(Y1)y2),
where 8 is an element in F such that the Hilbert symbol (—wp,3)r = —1. We
assume that ' is zero. Then the lattice L' := v] O 4+ v4OF is the only good lattice
in V', Tt is easy to see that G, /G", o+ is isomorphic to Oz (fr) x Spy(fr).

Up to equivalence there is only one regular small admissible lattice chain in V’,
whose numerical invariant is (1,1) and is generated by {L’}.
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8.2. Correspondence of representations of depth zero. In this subsection
let 7 be a character of U(V) of depth zero. So we know that = is either triv or
sgn. Suppose that 7 occurs in the theta correspondence for the pair (U(V),U (V"))
and is paired with the irreducible supercuspidal representation 7’ of U(V’). Let
L, L' be the good lattices in V, V', respectively. Then G /G, ¢+ is isomorphic to
O1(fr) xSpy(fr) and G, /G";, + is isomorphic to Spy(fr) x O2(fr). Therefore, the
dual pair (G1/Gr o+, G/ /G o+ ) is (O1(fr) x Spy(fr), Spo(fr) x O2(fr)). Hence,
7 has to be the trivial representation of U(V'), and it is paired with the trivial
representation of U (V).

8.3. Occurrence. We know that U(V') has two characters of depth zero, which
are triv and sgn. From the result in subsection 8.2 we know that triv occurs in the
correspondence for the pair (U(V),U(V’)) but sgn does not. Next we consider the
occurrence of representations of positive depths. Clearly Proposition 7.3 still holds
when F is a ramified extension of F'. Hence, we have the following proposition.

Proposition. Let (U(V),U(V')) be the reductive dual pair of unitary groups such
that V' (resp. V') is one-dimensional (resp. anisotropic two-dimensional) over a
ramified quadratic extension of F. All characters of U(V') except sgn occur in the
theta correspondence for the dual pair (U(V),U(V")).

8.4. Correspondence of representations of positive depths. The correspon-
dence of representations of positive depths is the same as in the case for unramified
F in subsection 7.5.

9. THETA CORRESPONDENCE FOR (U1 (F'), Uy 2(F)) 1

In this section, we assume that F is an unramified quadratic extension of F', V'
is one-dimensional and V' is three-dimensional.

9.1. Occurrence. Let V" be the ¢’-Hermitian space which is the preceding term of
V' in the Witt series. So V" is one-dimensional. Let 7 be a character of G := U (V).
Because now we want investigate the correspondence of supercuspidal representa-
tions, we assume that 7 does not occur in the theta correspondence for the dual
pair (U(V),U(V")). Then m must occur in the theta correspondence for the dual
pair (U(V),U(V")) because the pair (U(V),U(V’)) is in the stable range. Let 7’
be the irreducible supercuspidal representation of G’ := U(V’) paired with .

9.2. Lattice chains in V’. Let ¢ be an element in Oj such that 7(6) = —J. We
can find a basis {v], v, v5} of V' such that the form (,)’ on V' is given by

(viz1 + vhyr + vhz1, viTe + vhye + vi20) = T(21)22 + 6T (y1)y2 — T(21)Ta.
Without loss of generality we assume that ' is zero. Now the lattices

M|, = viOg + v40g + v40g,

(9-2.1) M{ = vipg+ 150+ v50E

are the only good lattices in V’ up to equivalence. Let L’ be a good lattice in V.

Then we know that G7,/GY, o is isomorphic to Us(fp) x Uo(fr) if L' = M and
is isomorphic to Uy (fr) x Us(fr) if L' = M.
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There are seven regular small admissible lattice chains in V’. The numerical
invariants of them are

(1,0), if L} := M}w’;

(1,0), if L, := M{w?;

(1,1), if L} :== M*w'1;

(2,0), if L}, := Méw”i, Ly = M{w”,

(2,0), if Ly; :== Mgw", Ly, q = M{*wfrl;

(2,1), if Ly; := Miw", Ly, = M{*wz+1;

(3,0), if L}, := M{w", L, | :== M{w", L}; 5 == M{*w"t?

9.3. Correspondence of representations of depth zero. In this subsection we
assume that 7 is of depth zero. Let L be the unique good lattice in V. We know
that GL/GL,O+ ~ Ul(fp) X Uo(fp)

Suppose that Ag is odd. Then 7, regarded as a representation of G /Gy, o+ ~
Ui (fr) x Uo(fr), is sgn@triv. Let L’ be the good lattice in V" such that G, /G, ,+
~ Us(fr) x Ug(fr). Let 7/ be the (¢> — q)-dimensional irreducible cuspidal represen-
tation of Us(fr) paired with 7. From subsection 2.8 we know that 7/ has a minimal
K-type (G,,n @ triv), where triv is the trivial representation of the trivial group
Uo(fr). Hence, 7’ is isomorphic to c—InngL/ (7 ® triv).

Next we suppose that Ap is even. Then m, regarded as a representation of
Gr/Gro+ ~ Ui(fr) x Ug(fr), is m ® triv, and 7 cannot be the sgn character. Let
L' be the good lattice in V' such that G7,/G", ,+ ~ Ua(fr) x Ui(fr). Let o' be
the (¢ — 1)-dimensional irreducible cuspidal representation of Us(fr) paired with 7.
From subsection 2.8 we know that 7’ has a minimal K-type (G, ®triv). Hence,

7’ is isomorphic to c—Indg:L/ (7 ® triv).

9.4. Moment maps. The moment maps I, I’ are given by

(9.4.1)
M(zv) @ V] +yv1 @vh+ 201 ©v3) = @y ¥ (@7(2) + 67(y)y — 7(2)2);
—z7(2) Odx7r(y) x7(x)
M (201 @V} +yv1 @vh + 201 @Vy) = —wp P |—yr(z) yr(y) yr(x)
—z7(2) Oz7(y) =27(x)

Let wg be as in subsection 5.5. The rank of 9 (wy) is one. Let V{ (resp. V3) be
the eigenspace with respect to a nonzero (resp. zero) eigenvalue. We know that V7
(resp. V) is a one-dimensional (resp. two-dimensional) subspace of V. Moreover,
V{, V3 are nondegenerate subspaces, and V' is the orthogonal direct sum of V; and
V5. By the argument in subsection 5.5 we can check that

L'=(L'nV{)® (L' NVy).
9.5. Decomposition of V’. Now suppose that 7 is a character of U(V') of positive
depth which first occurs in the theta correspondence for the dual pair (U(V),U(V)).

As in subsection 5.5, V' has a decomposition V] @ VJ as a direct sum of two non-
degenerate subspaces. Now V7 is one-dimensional and V3 is two-dimensional.

Lemma. The restriction of the form {(,)’ on V3 is anisotropic.

Proof. Let (,)} denote the restriction of (,)’ on V. Suppose that the form (, )} is
not anisotropic. Then V3 is a hyperplane. Hence, V7 is the preceding term of V’ in
the Witt series.
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Hence, 7 occurs in the theta correspondence for the dual pair (U(V),U(VY)).
This contradicts the assumption that « first occurs in the theta correspondence for
the dual pair (U(V),U(V")). Therefore, the form (, )} is anisotropic. O

9.6. Correspondence of representations of positive depths. Keep the as-
sumption that 7 is a character of U(V') of positive depth which first occurs in the
theta correspondence for the dual pair (U(V),U(V')). Let wy be as in subsection
5.5. The centralizer of 9 (wp) in U(V') is U(V{) x U(V5), which is anisotropic by
Lemma 9.5. Hence, the arguments in subsections 5.5-5.9 still work in the present
situation. So we conclude that the character m of U(V) is paired with the induced

representation c—Indg’JqS;r of U(V’) in the theta correspondence.

10. THETA CORRESPONDENCE FOR (U1(F),U; o(F)) II

In this section, we assume that E is a ramified quadratic extension of F', V is
one-dimensional and V” is three-dimensional.

10.1. Occurrence. Let V" be given as in subsection 9.1. We assume that the
character m of U(V') does not occur in the theta correspondence for the dual pair
(U(V),U(V")). Let ' be the irreducible supercuspidal representation of U (V")
paired with 7 in the correspondence for the pair (U(V),U(V’)).

10.2. Lattice chains in V’. There are two good lattices in V/. We know that
G/ /G o+ 1s isomorphic to either O1(fr) X Spy(fr) or O12(fr) x Spy(fr) when
L' is a good lattice in V.

Let M] C M} be the two good lattices in V’. There are seven regular small
admissible lattice chains in V', which are generated by {M[}, {M§} {M{§, My},
{M7}, {M7, M}, { M7, M{*} and { M7, M}, M{*}. Their numerical invariants are
(1,0), (1,1), (2,1), (1,1), (2,0), (2,1) and (3, 1), respectively.

10.3. Correspondence of representations of depth zero. In this subsection
we assume that 7 is of depth zero. Let L be the unique good lattice in V. We know
that G /G 0+ ~ O1(fr)xSpy(fr). Because we assume that 7 does not occur in the
theta correspondence for the dual pair (U(V),U(V")), we know that 7, regarded as
a representation of G, /G, o+ ~ O1(fr) x Spy(fr), is sgn®triv. The representation
sgn®triv is paired with the representation 7' @ triv of Sp,y(fr) x O1 (fr) when it first
occurs, where ) is a q%l—dimensional irreducible cuspidal representation of Spy (fr).

Then we know that the representation 7’ is isomorphic to c-IndG:L/ (7 ®triv), where
L is a good lattice in V' such that G7,/G7, 5+ = Sp,(fr) x O1(fF).

10.4. Correspondence of representations of positive depths. The explicit
correspondence of representations of positive depths is the same as in the case for
unramified E in subsection 9.6.

11. THETA CORRESPONDENCE FOR (U;(F),U; 3(F)) I

In this section, we assume that E is an unramified quadratic extension of F, V'
is one-dimensional and V’ is four-dimensional with Witt index one.
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11.1. Correspondence of representations of depth zero. From the result in
section 7 we know that the only representation of U(V) which does not occur in
the correspondence for the pair (U(V),U(V")) is the sgn character, where V" is
the two-dimensional anisotropic ¢’-Hermitian space. So now we assume that 7 is
the sgn character of U(V). Let L be the unique good lattice in V. We know that
Gr/Gp o+ ~ Ui(fr) x Ug(fr). We also know that there are two (equivalence classes
of) good lattices L’ in V', and G, /G, o+ is isomorphic to either Uy (fr) x Us(fp)
or Us(fr) x Uy(fr). Now 7, regarded as a representation of G /G, o+ ~ Ui (fr) x
Uo(fr), is sgn®@triv. The representation sgn®triv is paired with the representation
n' @ triv of Uz(fr) x Uy (fr) when it first occurs, where 7’ is a (¢* — ¢)-dimensional
irreducible cuspidal representation of Us(fr) (¢f. [How]). Then we know that the
representation 7’ is isomorphic to c—IndgjL/ (7’ ® triv), where L’ is a good lattice in

V' such that G/L//G/ 1o+ >~ Ug(fF) X Ul(fF)

12. THETA CORRESPONDENCE FOR (U (F), Uy 3(F)) II

In this section, we assume that F is a ramified quadratic extension of F', V is
one-dimensional and V"’ is four-dimensional with Witt index one.

12.1. Correspondence of representations of depth zero. As in subsection
11.1 we let 7 be the sgn character of U(V'). Let L be the unique good in V. We know
that G /Gp o+ ~ O1(fr) X Spy(fr). There are two (equivalence classes of) good
lattices L in V. We know that G, /G, o+ is isomorphic to either Oz (fr) x Sp,(fr)
or Oy 3(fr) xSpy(fr). Now 7, regarded as a representation of G, /G o+ ~ O1(fr) x
Spo(fr), is sgn ® triv. The representation sgn ® triv of O (fr) x Spy(fF) is paired
with the representation 7’ ® triv of Sp,y(fr) x Oz(fr) when it first occurs, where 7/
isa q%l—dimensional irreducible cuspidal representation of Sp,(fr). Then we know

that the representation 7’ is isomorphic to c—Indg;/ (7’ @triv), where L’ is the good
lattice in V' such that G, /G7, o4 =~ Spy(fr) x Oz2(fr).

13. PRESERVATION PRINCIPLE

13.1. Preservation principle. Let e,/ denote the quadratic character of E over
F. Let V be an e-Hermitian space over E, and let V'* be the ¢/-Hermitian space
given by the condition

mt (mE

(13.1.1) ep/p((—1)" 5 det (V') = +1,

where m¥ is the dimension of V’#. Let 7 be an irreducible admissible represen-

tation of U(V), and let sgn be the sign character of U(V). Let md () (resp.
mg (7 ® sgn)) denote the dimension of V'™ (resp. V'~) such that 7 (resp. 7 ® sgn)
first occurs in the theta correspondence for the reductive dual pair (U(V),U(V'T))
(resp. (U(V),U(V'T))). It is conjectured in [HKS96| (see also [Pan02b]) that

(13.1.2) mg (1) + mg (7 @ sgn) = 2dim(V) + 2.

This conjecture is the so-called preservation principle of the theta correspondence.
This conjecture is proved to be true for all supercuspidal representations 7 in
[HKS96] when the dimensions of V' and V’ are of the same parity. Then the result
is extended in [Pan02b] for all depth zero supercuspidal representations 7 without
the restriction on the parity of dimensions of V and V.
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13.2. For V one-dimensional. In this subsection we want to verify the preserva-
tion principle when V is one-dimensional. Now we assume that V' is one-dimensional
and 7 is a character of U(V).

First we suppose that the dimension of V' and the dimension of V' have the same
parity. From the result in sections 3, 4, 9, 10 we know that

1, if 7 = triv or the depth of 7 is positive even;

+ _
(13.2.1) mg (7). = 3, otherwise,
o _ 1, if m # sgn or the depth of 7 is odd;
mg () = # g P

3, otherwise.

Then we suppose that the dimension of V and the dimension of V'’ have the opposite
parity. From the result in sections 5, 6, 7, 8, 11, 12 we know that

0, if m = triv;

+ _
(13.2.2) mg (1) = 2, if 7 # triv,
o ~(r) = 2, if m # sgn;
Mo m) = 4, if T = sgn.

Therefore, the preservation principle (13.1.2) is verified when V is one-dimensional.
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