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A MOMENT APPROACH TO ANALYZE ZEROS
OF TRIANGULAR POLYNOMIAL SETS

JEAN B. LASSERRE

ABSTRACT. Let I = (g1,...,9n) be a zero-dimensional ideal of R[z1,...,zn]
such that its associated set G of polynomial equations g;(z) = 0 for all ¢ =
1,...,n is in triangular form. By introducing multivariate Newton sums we
provide a numerical characterization of polynomials in v/I. We also provide a
necessary and sufficient (numerical) condition for all the zeros of G to be in
a given set K C C", without explicitly computing the zeros. In addition, we
also provide a necessary and sufficient condition on the coefficients of the g;’s
for G to have (a) only real zeros, (b) to have only real zeros, all contained in a
given semi-algebraic set K C R”. In the proof technique, we use a deep result
of Curto and Fialkow (2000) on the K-moment problem, and the conditions
we provide are given in terms of positive definiteness of some related moment
and localizing matrices depending on the g;’s via the Newton sums of G. In
addition, the number of distinct real zeros is shown to be the maximal rank of
a related moment matrix.

1. INTRODUCTION

In this paper we consider an ideal I := {(g1,...,9n) C R[z1,...%,] generated
by the real-valued polynomials g; € R[z1,...,2,]. Let us call G := {g1,...,9n} a
polynomial set and let a term ordering of monomials with z; < 22 < -+ < x, be
given.

We assume that the sytem of polynomials equations {g;(z) =0, i=1,...,n} is
in the following triangular form:

(1.1) gi(x) = pi(z1,...,xim1)z)* + hi(ze, ... 2), i=1,...,n,
by which we mean the following:

(i) x; is the main variable and p;(z1,...,2;—1)x;® is the leading term of g;.

(ii) for every i = 2,...,n, every zero in C" of the polynomial system G;_; :=
{g91,--.gi—1} is not a zero of the leading coefficient ini(g;) := pi(z1,...,2i—1) of g;.

The set G is called a triangular set. From (i)-(ii), it follows that I is a zero-
dimensional ideal. Conversely, any zero-dimensional ideal can be represented by a
finite union of specific triangular sets (see e.g. Aubry et al. [I], Lazard [10]). For
various definitions (and results) related to triangular sets (e.g. due to Kalkbrener,
Lazard, Wu) the interested reader is referred to Lazard [10], Wang [7] and the
many references therein; see also Aubry and Maza [2] for a comparison of symbolic
algorithms related to triangular sets.
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For instance, there are symbolic algorithms that, given I as input, generate
a finite set of triangular systems in the specific form g;(x) = z; — fi(x1) for all
i = 2,...,n. Triangular sets in the latter form are particularly interesting to develop
efficient symbolic algorithms for counting and computing real zeros of polynomials
sets (see e.g. Becker and Wérmann [B] and the recent work of Rouillier [I1]).

The goal of this paper is to show that a triangular polynomial set G as in
([CI) also has several advantages from a numerical point of view. Indeed, it also
permits us to define multivariate Newton sums, the multivariate analogue of Newton
sums for univariate polynomials (which can be used for counting real zeros as in
Gantmacher [§, Chap. 15, p. 200]). We shall see that indeed the same is true for
multivariate polynomials systems in triangular form (II]). Namely, we show that:

(a) With a triangular system G as in (LT]) we may associate real moment matrices
M, (y) depending on the (known) multivariate Newton sums of G (to be defined
later) and on an unknown vector y. The condition M,(y) > 0 for some specific
p = ro (meaning M,(y) positive semidefinite) defines a unique solution y*, the
vector of all moments (up to order 2p) of a probability measure p* supported on all
the zeros of G in C™. As a consequence, a polynomial of degree less than 2p is in
VT if and only if its vector of coefficients f satisfies the linear system of equations
My (y*) f = 0.

(b) Moreover, given a set

K :={zeC"wj(z1,...,%n,%1,...,%0) >0, j=1,...,m} C C",

defined by some polynomials {w;} in C[z,Z] (which can be viewed as a semi-
algebraic set in R?"), one may also check whether the zero set of G is contained in
K, by solving a convex semidefinite program for which efficient software packages
are now available. The necessary and sufficient conditions state that the system of
LMI (Linear Matrix Inequalities)

MTo(y) = 0, Mro(wiy) =0, +1=1,...,m,

for some appropriate moment matriz M, (y) and localizing matrices My, (w;y) (de-
pending on the Newton sums of G) must have a solution, which is then unique,
ie. y = y* with y* as in (a). In fact, it suffices to solve the single inequality
M, (y) = 0, which yields the unique solution y*, and then check afterwards whether
M, (w;y*) = 0, for all 4 = 1,...,m. For an introduction to semidefinite program-
ming, the interested reader is referred to Vandenberghe and Boyd [13].

(c) As a consequence, we also provide a necessary and sufficient condition (only
in terms of the Newton sums of G) for all the zeros of G to be real, and also for
these real zeros to be in a given semi-algebraic set

Ky :={x e R"|u(z1,...,2,) >0, i=1,...,m} C R",

for some polynomials {u;} in R[xy,...,2,]. In this case, the moment matrix is
completly known and depends only on the Newton sums of G. This latter result
extends to the multivariate case a previous result of the same vein by the author
for the univariate case [9].

(d) Finally, it is shown that the number of (distinct) real zeros of G is the
maximal rank of a positive semidefinite moment matrix M,,(y), that is, a y that
maximizes this rank is the vector of moments of a probability measure with support
on all the real zeros of G. This also provides a charaterization of the ideal I(Vr(I))
in terms of moment matrices.
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The basic technique that we use relies on a deep result of Curto and Fialkow [6]
for the K-moment problem.

2. NOTATION, DEFINITIONS AND PRELIMINARY RESULTS

Some of the material in this section is from Curto and Fialkow [6]. Let P, be
the space of polynomials in Clzy,..., 2n,Z1,. .., 2s] (for short C[z,Zz]) of degree at
most r € N. Now, following notation as in Curto and Fialkow [6], a polynomial
0 € Clz,Zz] is written

0(2,z) = Zeaﬁzazﬁ = Z@a[ﬁ?l S R
af o,

in the usual basis of monomials (e.g. ordered lexicographically)
(2.1) 1,20, ey 20y Bl e e ey By 22, 21225 - - - -

We here identify 6 € Clz,Z] with its vector of coefficients 6 := {f,3} in the basis

E.D.
Given an infinite sequence {yn3} indexed in the basis ([21I), we also define the
linear functional on Clz, Z]

01— AB) = Oapyas = > Oaplar...anbrbn:
B B

2.1. The moment matrix. Given p € N and an infinite sequence {yn s}, let M, (y)
be the unique square matrix such that

(Mp(y)f,h) = A(fh) Vf,heP,
(see e.g. Curto and Fialkow [0 p. 3]).

To fix ideas, in the two-dimensional case, the moment matrix M (y) is given by

1 Yoo1o0  Yoool Y1000 Y0100

Y1000 Y1010 Y1001 Y2000 Y1100

M, (y) = Yoi00 Yoii0 Yoio1 Y1100 Y0200
Yooio Yoo20 Yooi1 Yioio Yoiio

Yooo1 Yooi1 Yooo2 Yioo1 Yoio1l

Thus, the entry of the moment matrix M,(y) corresponding to column z*z” and
row Z"27 1S Ya4~,8+n, and if y is the moment vector of a measure p on C”, then

(2.2 (M5 £) = M) = [UPdu =0 Ve,
which shows that M, (y) is positive semidefinite (denoted M,(y) »= 0).

2.2. Localizing matrices. Let {y,g} be an infinite sequence and let 8 € C[z,Z].
Define the localizing matrix M, (fy) to be the unique square matrix such that

(2.3) (Mp(0y)f.g) = AOfG) Vf.g€Pp.

Thus, if 0(2,2) = >_,5 00pz"2P and M,(y)(i,j) = Yy, then

(2.4) M, (0y)(i,j) = Zeaﬁya+’y,ﬂ+n'
apf
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For instance, with z — 0(2,%) := 1 — Z121, M1(0y) reads

1 — w1010
Y1000 — Y2010
Yo100 — Y1110
Y0010 — Y1020
Yooo1 — Y1011

Yoo10 — Y1020
Y1010 — Y2020
Yo110 — Y2020
Y0020 — Y1030
Yoo11 — Y1021

Yooo1 — Y1011
Y1001 — Y2011
Yo101 — Y1111
Yoo11 — Y1021
Yooo2 — Y1012

Y1000 — Y2010
Y2000 — Y3021
Y1100 — Y2110
Y1010 — Y2020
Y1001 — Y2011

Yo100 — Y1110
Y1100 — Y2110
Yo200 — Y1210
Yo110 — Y1120
Yo101 — Y1111

It follows that if y is the moment vector of some measure p on C”, supported on
the set {z € C"|6(z,%Z) > 0}, we then have

(M (60)f, 1) = MOl = [lPdu =0 Vi e P,
so that M,(0y) = 0.

(2.5)

2.3. Multivariate Newton sums. With z; < 25 < --- < =z, and given a
fixed term ordering of monomials, consider a triangular polynomial system G =

{91, -.,9n} as in ([J)), that is,

(2.6) gi(x) = pi(x1,...,xim)x] + hi(z,...,2) =0 Vi=1,....n
(with p; € R), and the p;’s are such that for all i = 2,3,...,n,

(2.7) ge(2) = 0VE=1,....i—1= pi(2) # 0.

For eachi=1,...,n, pi(z1,...,2,—1)z;" is the leading term of g;. In the terminol-
ogy used in e.g. Wang [7], Definitions 2.1], G is a triangular set.

In view of the assumption on the g;’s, it follows that G has exactly s := [[;—, ;
zeros {z(4)};_; in C™ (counting their multiplicity) so that I = (g1,...,g,) is a
zero-dimensional ideal and the affine variety Vi (I) C C” is a finite set of cardinality
sg < s.

For every a € N" define s, to be the real number

S S
Sg 1= st E z(i)* = E 27t ag?
i=1 i=1

which we call the (normalized) a-Newton sum of G by analogy with the Newton
sums of a univariate polynomial (see e.g. Gantmacher [8, p. 199]).

(2.8) 2z, (1)

Remark 2.1. Note that the Newton sums s, depend on G and not only on the zeros
{z(#)} because we take into account the possible multiplicities.

Proposition 2.2. Let the g;’s be as in (Z0)-Z7) and let s, be as in (Z8). Then
each so, is a rational fraction in the coefficients of the g;’s and can be computed
recursively.

For a proof see §5.11

Example 2.3. Consider the elementary example with G := {2 +1, 7123 + 22 +1}.
Then, s, is just the usual (normalized) i-Newton sum of &1 +— 2%+ 1. For instance,
it follows that sg; = 0, sg2 = 0. Similarly, s17 = —1/2, s91 =0, s22 = 1/2, etc.

Interestingly, given a polynomial ¢t € Rz, ..., 2,], Rouillier [I1] §3] also defines
ertended Newton sums of what he calls a multi-ensemble associated with a set
of points of C™. He then uses these extended Newton sums to obtain a certain
triangular representation of zero-dimensional ideals.
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3. MAIN RESULT

In this section we assume that we are given a polynomial set G := {g1,...,9n}

in the triangular form (Z8)-(2.7).

3.1. The associated moment matrix. The idea in this section is to build up
the moment matrices (defined in §2.7]) associated with a particular measure p* on
C™ whose support is on all the zeros of the polynomial set G. That is, let {z(4)}
be the collection of s := H;'Z:1 r; zeros in C" of G (counting their multiplicity) and
let u* to be the probability measure on C™ defined by

(31) ,U,* = 871252(1),
i=1

where d, stands for the Dirac measure at the point z € C”.
By definition of p*, its moments [ z*du* are just the normalized a-Newton sums

(Z3). Indeed,
(3.2) S = /z"‘ du* = s_lzz(i)a.
i=1

If we write

(3.3) Ynp = /Eo‘zg du*, «a,B €N

we have

(3.4) Sa = Ya0 = Yoar Yap = Ypar B EN"

3.2. Construction of the moment matrix of p*. With p* as in BI) let
{84,955} defined in (B.2)-(3.3) be the infinite sequence of all its moments.

We then call M,(p*) the moment matrix associated with p*, that is, in M, (y)
we replace the entries Yoo Or Yoo by so and the other entries yos by y35. By
Proposition 2.2], the entries s, are known and rational fractions of the coefficients
of the polynomials g;’s. They can be computed numerically or symbolically. On
the other hand, moments y;, ; do not have a closed form expression in terms of the
coeflicients of polynomials g;’s.

Therefore, we next introduce a moment matrix M, (u*,y) obtained from M, (u*)
by replacing the (unknown) entries y, 5 by variables y,s and look for conditions on
this matrix M,(u*,y) to be exactly M,(p*). For instance, in the two-dimensional
case, the moment matrix M; (u*,y) reads

1 s10  So1 S0 So1
$10 Y1010 Yio01 520 S11
My (", y) = So1  Yoii0 Yoiol  S11 502
S10  S20 S11 Y1010 Yo110
So1 S11 S02 Y1001 Yoio1
(with s = Ya0 = Yoa). Moreover, from the definition of p*, we may impose

M,(p*,y) to be symmetric for all p € N, because Yop = Ypo for all a, 3 € N (see

B4).
As G is a triangular polynomial system in the form @Z6)-C7), I = {(g1,.-.,9n)

is a zero-dimensional ideal. Therefore, let H := {hq,..., h,} be a reduced Grébner
basis of I with respect to (in short, w.r.t.) the term ordering already defined (e.g.
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the lexicographical ordering ©7 < x2 < -+ < x,). As I is zero dimensional, for
every i = 1,...,n, we may label the first n polynomials h; of H in such a way that

’

x;" is the leading term of h; (see e.g. Adams and Loustaunau [3, Theor. 2.2.7]).

Proposition 3.1. Let G be the triangular polynomial system in (20)-271) (with
some term ordering), and let H = {hy,...,hyn} be its reduced Grobner basis (with

x:/ the leading term of h; for alli=1,...,n).
Let p* be the probability measure defined in BI). For every «, 8 € N™ let

(3.5) Yop = /Eazﬂ du*.

Then, for every ~,n € N™,
foralli=1,...,n, that is,

(3.6) Ypy = Zua,@(n,'y)y;@, a, B <rl Yi=1,...,n
aB

Y4y is a linear combination of the y7,5’s with i, 3; < 7}

for some scalars {uqas(n,v)}.

Proof. Let H = {hq,...,hp} be the reduced Grobner basis of I w.r.t. the term

ordering, with xzi the leading term of h; foralli=1,...,n < m.
For n,v € N, write

m

2 = qu 2) + qy(z Z’UZ Z) + vy (2),

for some polynomials {¢,,¢;} and {vy,v;} in R[z1,...,n], that is, 2" (resp. z7) are
reduced to ¢,(z) (resp. vy(z)) w.r.t. H. Due to the special form of H, it follows
that the monomials 2* of ¢,, v, satisfy o; < 7} for all i = 1,...,n. Hence,

qn(z)”v(z) = Zuaﬁ(nvv)zazﬁa ai7ﬂi <’f’; Vi = 17"'7’”‘

for some scalars {uqg(n,v)}. Therefore, from the definition of p*,

/(Zq’ 2) +qn(2 > (sz Z)+vy(Z )) du*
= /qn(z)v,y(f) du* = Zuafj(n,’y)/iazﬁ du*
af

= Zuaﬁ(nv’)’)y25, a, B <1l Vi=1,....n

Yo = /2177Y dp”

O

The y;5’s with o, 3; < 7!, correspond to the irreducible monomials z®, r® with
respect to the Grobner basis H, which form a basis of Rz, o, ..., x,]/I viewed
as a vector space over R. In fact, in view of the triangular form (2.6)-(21), the
Grobner basis H of I w.r.t. to the lexicographical ordering x; < --- < x, is such
that r, =r; for all i = 1,...,n and H has exactly n terms (Rouillier [12]).

In view of Proposition B} we may redefine the moment matrix M, (p*,y) in an
equivalent form as follows.
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Definition 3.2 (Construction of M,(u*,y)). Let H = {hq,..., hy} be a reduced
Grobuer basis of I w.r.t. to the given term ordering (with :E:Q the leading term of
h; foralli=1,...,n).

The moment matrix M, (p*,y) is the moment matrix M, (y) defined in §2.T] and
where:

- every entry Yoo Or Yoo of Mp(y) is replaced with the (known) a-Newton sum
sq of G.

- every entry Y, in M,(y) is replaced with the linear combination B.6) of {yaz}
with o, 5; <rfforalli=1,...,n.

Thus, in this equivalent formulation, only a finite number of variables y,3 are
involved in M, (p*,y), all with o, 8; <7 foralli=1,...,n.

Remark 3.3. The above definition of M,(u*,y) depends on the reduced Grébner
basis H of G, whereas the entries s, only depend on the g;’s.

Example 3.4. Let
G = {2 + a1, (23 4+ 3)d — 225 + (23 — 21 — D)y — 21 + 1}.
Then,

H = {23 + x1; 625 — 322202 + 4a92? — 3w9x) — 209 — 22 — 321 + 2},

i

and, for instance, denoting “~~” as the reduction process w.r.t. H,

zg ~ (32%23 — 422,zf + 32921 + 229 + zf + 321 — 2)/6,
and as zf ~ —27, we have

Y4003 = (—3¥y2022 + 4¥2021 — 3Y2011 — 2Y2001 — Y2020 — 3Y2010 + 2Y2000)/6,

and the latter expression can be substituted for every occurrence of y4003.

Theorem 3.5. Let G be a triangular polynomial system as in 26)-@27) and let
{Sa} be the Newton sums of G in (2Z8]). Let M,(u*,y) be the moment matriz as in
Definition B2, and let ro := 2375, (r; —1). Then:

(i) For all p > ro, My(s*,y) = My(u*) if and only if M,(u*,y) = 0.

(i) For all p > ro, rank(M,(p*)) = rank(M,, (u*)), the number of distinct zeros
in C™ of the polynomial system G.

(iii) Let f € Clz,Zz] be of degree less than 2p. All the zeros in C™ of the polynomial
system G are zeros of f if and only if

(3.7) My(u)f = 0.

In particular, a polynomial f € Rlxy,...,z,] of degree less than 2p is in \/I if and
only if BI) holds.

The proof is postponed to §5.2

Remark 3.6. (a) Theorem [B.E(iii) has an equivalent formulation as follows. Let
f € C[z,Z] be of degree at most 2p and let f be its reduction w.r.t. H, the Grobner
basis of G defined in Proposition[3Il Then the condition M, (x*)f = 0 is equivalent
to M,,f = 0.

(b) Given a reduced Grébner basis H of I, the condition M,,(1*,y) = 0 in
Theorem [BE(i) is equivalent to the same condition for its submatrix ]/\4\,»o (u*,y)
whose indices of rows and columns in the basis (2] correspond to independent
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monomials {z*} which form a basis of R[x1, ..., z,]/I, their conjugate {z*} and the
corresponding monomial products Z*z?. Indeed, the positive semidefinite condition
on the latter is equivalent to the positive semidefinite condition on the former.

Example 3.7. Consider the trivial example G := {2 + 1} so that V¢(I) = {%i}.
Then the condition M., (1*,y) = 0 (see Remark B.6(b)) reads

L0 0 yn

= 0 -1 0

M2(:u 7y) = 0 y_li Y11 0 = 07
yu 0 0 1

which clearly implies y11 =1 = [ Zzdu*. Moreover,

rank(M,, (1", y)) = rank(M,,(u*,y)) = 2= [Ve(D)|.

Similarly, let G := {2? 4+ 1, 2129 + 1} so that V(1) = {(4,4), (—i, —i)}. We have
ro = 2 and with the lexicographical ordering z1 < xo, H = {2 + 1,20 — 21}
is a reduced Grobner basis of I. Hence, in the moment matrix M, (u*,y) every
Yarasp B, 15 Teplaced with Yo, 48,,0,0048,,0- Moreover, we only need to consider
a1, 81 < 1. Therefore, we only need to consider the monomials {21,271, 21Z1}, and

in view of Remark B:6|(b), the (equivalent) condition ]\//-77“0 (p*,y) * 0 reads (denoting

Y1010 = ¥)
1 0 0 vy
0 yv -1 0
—
0 -1 y O = 0,
y 0 0 1

which implies y = 1 = [ z12; du*. Moreover,

rank (M, (u*,y)) = rank(M,, (1*,y)) = 2 = [Ve(D)].

3.3. Conditions for a localization of zeros of G. Let w; € C[z,z],i =1,...,m,
be given polynomials and let K C C™ be the set defined by

(3.8) K:={zeC" wi(z,2) >0, i=1,...,m}.

We now consider the following issue:

Under what conditions on the coefficients of the polynomials g;’s are all the zeros
of the triangular system G contained in K?

Let M, (w;y) be the localizing matrices (cf. §2.2)) associated with the polynomials
w;, for all ¢ = 1,...,m. As we did for the moment matrix M,(1*,y) in Definition
B2l we define M, (u*, w;,y) to be the localizing matrix M, (w;y) where the entries
Yoo and yoo are replaced with the a-Newton sums s, and where all the ym are
replaced by the linear combinations ([B.6) of the {yng} with a;,8; < 7 for all
i =1,...,n. Accordingly, M,(p*, w;) is obtained from M,(w;y) by replacmg y
with y* as in Proposition 311

Theorem 3.8. Let G be the triangular system in 26)-27) and let M, (1*,y) be
as in Theorem BB Then, all the zeros of G are in K if and only if

(3.9) M, (", w;) = 0, i=1,...,m.
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FEquivalently, all the zeros of G are in K if and only if the system of linear matrix
inequalities

(3.10) M., (¢ y) =0, My (0" 5w;y) =0, i=1,...,m,
has a solution y.

Proof. The necessity is obvious. Indeed, assume that all the zeros of G are in K.
Let p* be as in (B.1) and let y* := {sq,y}5} be the infinite sequence of moments
of p*. Then, of course, M,(1*) = 0 and

M,(p*,w;) = Mp(wiy*) =0, i=1,...,m,

for all p € N, is a necessary condition for p* to have its support in K. Thus,
y == {y,s} is a solution of (B.I0).

Conversely, let y be a solution of [BI0). From Theorem BEi) {sq,yag} is the
moment vector of p*, that is, {yag} = {yjs} for all o, B with «;, 8; < rj, for all
i = 1,...,n. Then, all the other yzﬁ can be obtained from the former by (B.6]).
Therefore, and in view of the construction of the localizing matrices M, (u*, w;, y),
we have

MP(:U’*, Wy, y) = M;D(,u’*v Wy, y*) = MP(H*a w’L)
Moreover, using the terminology of Curto and Fialkow [6] (see also the proof of
Theorem B.H), all the moment matrices M,(u*,y) = M,(u*) (p > ro) are flat
positive extensions of My (u*,y) = My, (1*). As My, (1*, wi,y) = My, (1n*, w;) = 0,
it follows from Theorem 1.6 in Curto and Fialkow [6] that p* has its support
contained in K. Hence, as p* is supported on all the zeros of G, all the zeros of G
are in K. ]

3.4. Triangular systems with only real zeros. In this section we are interested
in conditions on the coefficients of the polynomials g;’s for the triangular system
G to have all its zeros real (i.e. in R™). One way to proceed is to apply Theorem
with the set K defined by K := {z € C"|w;(z,Z) =0, i = 1,...,n} with
zwi(z,2) =z —z foralli=1,... n.

In this case, everything simplifies because the localizing conditions

M,(p*,wi,y) =0, i =1,...,n, peN
(necessary for p* to have its support on K), simply mean that for every a, 8 € N™,

Yap = Ya+B,0 = Y0,a+8 — Sa+8-
In other words, we only need to deal with the Newton sums {s, } of G. In particular,
to define M,(u*,y), we do not have to introduce the reduced Grébner basis H of
I in Definition B2l Thus, the moment matrix M, (1*) simplifies, and we only need
consider the basis of monomials

2 T r
(3.11) 1,21,y By X, T1T 2y e oy Ty ooy Ty e

(without their conjugates) for the real-valued polynomials in Rz, ..., z,].

Therefore, with p* as in (3.I]), the moment matrix M, (1*) is now indexed in the
basis (311 and is completely known. Indeed,

- M, (u*)(1,j) = sq if the column j corresponds to the monomial z¢ in the basis
@110, and

-if My (1*)(1,7) = sq and M, (u*)(i,1) = sg, then M,(11*)(4,7) = Sa+s-

In fact, as Mp(p*) is completely determined from the Newton sums {s,} of G,
let us call M,(s) the moment matrices M, (u*) for all p € N.
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Next, let K; C R™ be the semi-algebraic set defined by
Ky :={z e R"|u(z) >0, i=1,...,m},

for some given polynomials u; € R[zq,...,2,],i=1,...,m.

We also denote by M, (u;, s) the localizing matrix M,(u;y) indexed in the basis
(BII), and where all the entries {y,} are replaced with the corresponding Newton
sums {s,}. We obtain

Theorem 3.9. Let G be the triangular system defined in (Z0)-@7) and let {sq}
be the Newton sums of G defined in 22). Let ro = ;" (rj — 1) with 7} as in
Theorem B3l

(i) All the zeros of G are real if and only if

(3.12) M, (s) = 0.

Moreover, the number of distinct zeros is rank(M,,(s)).
(ii) All the zeros of G are real and in Ky if and only if

(3.13) M, (s) = 0, My(u;,s)=0, i=1,...,m.

Proof. This is just a particular case of Theorem [3.8 where the simplification is due
to the localizing constraints M, (w;y) = 0 for all ¢ = 1,...,n, which permits us to
deal only with the Newton sums {s,} of G. Again, as in the proof of Theworem
35 one uses Theorem 1.6 of Curto and Fialkow [6], but this time for measures on
R™ and not on C™. (]

Example 3.10. Let G := {2? — 1,223 — 1} so that V(1) # Ve(I). In the matrix
M., (s) we only need to consider its submatrix Ma(s) with rows and columns indexed

by the monomials {1,z;, 2o, 7122} because 22 and 3 are linear combinations of
those monomials (see Remark B.6(b)). Therefore,

1 0 0
My(s) =

o OO
S O =
= O O

and obviously, Ms(s) = 0 does not hold.
Now with G := {2? — 1,129 — 1} we have V(1) = V(1) = {(1,1),(=1,-1)},
and we obtain

. 100
Ml(S): 0 1 1 FO,
0 11

with rank(M; (s)) = 2 = [Ve(I)].

Theorem [39lis the analogue in the multivariate case of the result in Lasserre [9] in
which one obtains a similar necessary and sufficient condition on the Newton sums of
a univariate polynomial g, for g to have all its zeros real and in a prescribed interval
[a,b]. In the univariate case, and with G = {g} for a single univariate polynomial
g of degree n + 1, one may check that (n + 1)M,(s) is just the (Hankel) matrix
associated with Hermite’s quadratic form Her(g, 1) (see [4 p. 99]). Similarly, given
another univariate polynomial h, (n 4+ 1)M,(h,s) is the matrix associated with
Hermite’s quadratic form Her(g, h) and whose signature gives the number of real
zeros of g that satisfy h(z) > 0 minus the number of real zeros that satisfy h(z) < 0
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([, Theorem 4.13]). Both M, (s) and M, (h,s) are explicit in terms of standard
Newton sums. - .

In the multivariate case, let M, (s) (resp. M;,(u;, s)) be the submatrix obtained
from M,,(s) (resp. M,,(u;,s)) by keeping only the rows and columns indexed
by monomials {z®} which form a basis of R[z1,...,2,]/I as an R-vector space.
Then, one may check that (after scaling) M\To(s) is the matrix associated with the
multivariate Hermite’s quadratic form Her(G, 1) (see [ p. 129]). Similarly (after
scaling again), ]\//-77“0 (u;, s) is the matrix associated with the multivariate Hermite’s
quadratic form Her(G, u;), and whose signature gives the number of real zeros of
G that satisfy u;(«) > 0 minus the number of real zeros that satisfy u;(x) < 0 ([4,
Theorem 4.72]). Here, and as in the univariate case, both M\TD(S) and Z/W\TO (u;, 8) are
obtained explicitly in terms of generalized Newton sums, because of the triangular

form of G. Note that in Theorem B.9, we do mot need to determine a basis of
Rlzy,...,z,]/1.

3.5. Counting real zeros. We still consider a triangular system G as in (Z.0))-(2.7)
and now consider the issue of counting the real zeros of G.

As we did for p*, we build up the moment matrix of a probability measure p
with support on the real zeros of G. This time, we cannot use the Newton sums
{sa} in [22) because some zeros of G may not be real. Therefore, we replace s,
with the unknown y,. Namely, we define the moment matrix M,(y) as follows.

Definition 3.11. Let H := {hy,...,hn} be a reduced Grébner basis of I w.r.t.

some term ordering (with z;° the leading term of h; for all i = 1,...,n < m).
Then M, (y) is the moment matrix defined in (21 but now with rows and columns
indexed in the basis (BI1]), and where:

For every a € N the monomial y,, is replaced by a linear combination of the
variables yg with 8; < r} for all i = 1,...,n (see Proposition Bl coming from the
reduction of the monomial 2* w.r.t. H. That is, if 2% ~ 3y ug()2” with §; < ;]
for all 4, and for some scalars {ug(a)}, then y, is replaced with 5 ug(a)ys.

We denote by Vr(I) C R™ the set of real zeros of G and I(Vr(I)) C Rz, ..., xy]
the ideal generated by the variety Vr(I). Recall that a polynomial f € Rz, ..., 2]
is identified with its vector (also denoted by f) of coefficients in the basis (BI1)).

Proposition 3.12. Let G be a triangular system as in (Z6)-@71) and let My(y)
be as in Definition BIIl, and ro := Y, (r; —1). Then:

(a) The number sy of distinct real zeros of G is given by the mazimal rank of
M, (y) over all possible solutions y (if any) of My, (y) = 0.

(b) Lety be such that M., (y) = 0 with rank(M,,(y)) = so. Let f € R[zq,...,xy]

be a polynomial of degree less than ry. Then,
(3.14) fel(Ve()) <  My(y)f =0.

Proof. (a) Assume that there is a solution y to M,,(y) = 0. Then, proceding as in
the proof of Theorem BE] using Theorem 1.6 in Curto and Fialkow [6], it follows
that y is the vector of moments of a rank(M,,(y))-atomic probability measure pu,
this time on R™, and with support on the real zeros of G. Therefore, the rank of
M, (y) is not larger than the number sq of distinct real zeros of G.

Next, let {z(i)};2, be the real distinct zeros of G and let p := sy > 6,5
(with 0, the Dirac measure at the point x € R™). Let y be the infinite sequence
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of all the moments of . It follows easily that the moment matrices M, (y) are
exactly as in Definition B.I1] and moreover, M,,(y) = 0 holds, as it is a necessary
condition for y to be a moment sequence. As (from its definition) p is an sp-atomic
probability measure with support on the distinct real zeros of G, we conclude from
what precedes that rank(M.., (y)) = so.

(b) Let f € I(Vk(I)) and let y be as in Proposition BI2(b). From (a) it follows
that y is the sequence of moments (up to order 2rg) of a probability measure p,
with support on the sg distinct real zeros of G (that is, with support on all the
points of Vg(I)). Hence, from ([2.2))

0= / Py = (M (0)f. f) = Myy(u)f = 0 because My, (y) = 0.

Conversely, let f be such that M, (y)f = 0. Then

(M () f, f) = 0= /f2 dipy =0 = f=0 py-almost everywhere,
which implies that f(z) = 0 for all x € Vg(I), or, equivalently, f € I(Vg(I)). O

Remark 3.13. (i) The assumption on the degree of f in Proposition BI2(b) is not
restrictive, for one may first reduce f w.r.t. the Grobner basis H of I to end up
with a polynomial of degree less than rq.

(ii) Proposition B.I2((a) should not be misleading. Finding a vector y such that
M,,(y) = 0 has mazimal rank is not necessarily easy. (However, note that SDP
solvers that use interior point methods usually find solutions with highest rank.)
Proposition BI2[(a)-(b) should be viewed as an alternative characterization of the
number of real zeros of G and of the ideal I(Vg(I)) in terms of moment matrices.
Note that in contrast to counting techniques via multivariate Hermite’s quadratic
form, knowledge of a basis of R[x1,...,2,]|/I is not needed in Proposition

4. CONCLUSION

In this paper we have considered a system G of polynomial equations in triangu-
lar form and show that several characterizations of the zeros of G may be obtained
from positive semidefinite (numerical) conditions on appropriate moment and lo-
calizing matrices. In particular, the triangular form of G permits us to define the
analogue for the multivariate case of Newton sums of a univariate polynomial. As
in the univariate case, these multivariate Newton sums permit us to give explicit
conditions on the coefficients of the polynomials g;’s for G to have only real zeros,
and for those zeros to be in a given semi-algebraic set of R™.

5. PROOFS

5.1. Proof of Proposition

Proof. The proof is by induction. In view of the triangular form (2.6])-(2.7), the
zero set of G in C™ (or, equivalently, the variety Vi (I) associated with I) consists

of s := H?:l r; zeros that we label z(i), i =1,..., s, counting their multiplicity.
In addition, still in view of (2.6))-(2.7), any particular zero z(i) € C™ of G can be
written
Z(Z) - [Zl(il)a ZQ(ila iZ)v SERE) Zn(ila cee 7in)]7
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for some multi-index i; < rq,...,4, < 7,, and where each zj(i1,...,ix

zero of the univariate polynomial = +— gg(21(i1),...,2k-1(%1,. .., ig—1), @

multiplicy is taken into account).

Therefore, for every o € N™, the a-Newton sum y,, defined in (Z8)) can be written

S

(5.1) sy, = Zz(z)a = Z 21(i1) 22(i1,92) "% -+ 20 (i1, - - -

=1 11T,y in <Tp
Let us make the following induction hypothesis.
Hy,.. For every p,q € Rlzy, ..., 2]
p(z1(41), - -, 25 (ix))
Sk(p, = - -
SN DIl PR CA BRRPACA)
(5.2) _ Z > o Pa?1(i ) 2 (ik)

E qaz (1 <oz (i )k

Tyeers

is a rational fraction of coejﬁczents of the polynomials g;’s, i =1,... k.

Observe that (G.)) is a particular case of (5.2) in H,.
We first prove that Hy is true. Let p,q € R[m‘l] and

Z Zk szl
Zk kal

with {z1(j)} being the zeros of 1 — gl(xl), counting their multiplicity.
Reducing to a common denominator, S(p, q) reads
P(z(1),...
S(p,q) = (2(l), aln))
Qz1(1),...,21(m1))

for some symmetric polynomials P, Q of the variables {z1(j)} and whose coeflicients

are polynomials of coefficients of p, q

Therefore, by the fundamental theorem of symmetric functions, both numerator
P(.) and denominator Q(.) are rational fractions of coefficients of g; (polynomials
if g1 is monic). Thus, H; is true, and we can write S1(p,q) = Upe(91)/Vpq(g1)
for some polynomials u,q, vpg of coefficients of g;. The coefficients of wuyq, vy are

themselves polynomials of coefficients of the polynomials p, ¢

Next, assume that H; is true for all 1 < j < k, that is, forall j =1,...,

P, q € R[xla e 7xj]a
(5.3) Si(p,q) = upq(g1,---,95)/Vpg(g1,-- -5 95)

for some polynomials w4, vpg of coefficients of the polynomials g,,...,g;.

We are going to show that Hy; is true. Let p,q € R[zq,...,2541] and let

Daz1(41) - Zpg1 (B, - - oy Gppgpr) P!
Sk-{-l(p,q) — Z Za (&3 ( ) +( +)

[T P Za qa =1 (il)a1 T Rkt (ilv ce 7ik+1)ak+1 .

Sk+1(p, q) can be rewritten as
(5.4)

Tk4+1 . - Nag . . o
o Paz1 (i 1"‘Zk Ulyee s 0g) 201 (00, ooy 0k, J) 0 H
Skl = Y zz : R )

D1y ylk

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

Z qazl Zk(il""7ik)akzk+1(ila'"7ik7j)ak+l



1416 JEAN B. LASSERRE

In (54), the term

Tilz Paz (i sz e ) 21 (G, g, J) YR
Z qazl k(il,...,ik)akszrl(il,...,ik,j)o‘k+1

can in turn be written as

Thk4+1 ~

p(zk+1(i1a v 7ik’j))
(5.5) A= — - —=,
jgl Q(zk—‘rl(ll, o 7Zk,j))
for some univariate polynomials p, § € R[x] of the variable 241 (i1, ..., %k, ) (which
is a zero of the univariate polynomial  — gg41(21(%1), .., 2 (i1, - .. ,zk), x)) and
whose coefficients are polynomials in the variables z1(i1), 22(41,%2), - - -, 2k (%1, - - -, ig)-

In view of H;
A = U (gr+1)
V5 (Gr+1)’
for some polynomials w4, v54 of the coefficients of gy 1.
The coefficients of the polynomials uz4, v55 are themselves polynomials of coeffi-
cients of p,q and of 2 (i1),...,2k(i1,...,ix). Hence, substituting for A in (54) we
obtain

= Yoo Ualgrha) 21 (i) - zp (1, . oy ig)
Sk+1(psq) = “)Z Z Vo gra1)z1(i1)@r -+ 2p(ig, . . ., ig) 2

= Sk(U(gr+1), V(gr+1))

for some polynomials U,V € Rixy,...,zx] whose coefficients are polynomials of
coefficients of gjy1.

We next use the induction hypothesis Hy by which Sk (U(gr+1),V(gk+1)) is a
rational fraction fuv(g1,...,98)/huv (g1, .., k) of coefficients of the polynomials
g1,---,9x- As the coefficients of fyy,hyy are themselves rational fractions of
coefficients of gi1 we finally obtain that

Ulpq(gh ey Gkt1)
,U]/gq(gla e agk-‘rl) ’

that is, a rational fraction of coefficients of the polynomials g1,...,gr+1. Hence
Hy 44 is true, and therefore, the induction hypothesis is true.

Now Proposition [Z2] follows from H,, and the expression (&) for the a-Newton
sum y,. That the {y,} can be computed recursively is clear from the above proof
of the induction hypothesis Hy,. O

Skv1(p,q) =

5.2. Proof of Theorem

Proof. (i) Let p > 1o be fixed, arbitrary, and write

M., (u*,y) | B
M,(p*,y) = - -
B e

B(.,7)
C(.,4)

B(1,j) is a monomial 272" for which ; > r} or n; > 7}, for at least one index ¢ or

Consider an arbitrary column [ ] By definition of the moment matrix,
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k. By Proposition B1]

(5.6) 27z = Zuag(n,'y)iazﬁ, a, B <ri,Vi=1,...,n,
a,B
for some scalars {ung(n,7)}, so that, from the construction of M, (u*,y), we have
B(la.j) = Yy = Zuaﬁ(nv’y)yaﬁ

a,f3
- Zuaﬁ(n7W)Mro(u*ay)(lvjaﬂ)’
a,f3

where jog is the index of the column of M, (u*,y) corresponding to the monomial
7929, Next, consider an element B(k, j) of the column B(.,7). The element k of
M,(p*,y)(k,1) is a monomial zPZ? and from the definition of M, (u*,y), we have
B(k,j) = Yn+qy+p- Now, from (5.6) we have

AP — Z U (1, 7P tPzota,
a,B
which implies
Yntaqy+p = Zuaﬁ(na’}’)ya+q,ﬁ+p’
a,B
or, equivalently,
B(k,j) = Zuaﬁ(na'Y)Mro (k, jas)-
o,
The same argument holds for C(., ). Hence,

HEE > o) M o)

which, in view of M,(u*,y) > 0, implies that
rank (M (1", y)) = rank(My, (4", y)).

As p > rop was arbitrary, and using the terminology of Curto and Fialkow [6], it
follows that the matrices M, (u*,y) are flat positive extensions of M, (p*,y) for all
p > 19. This in turn implies that, indeed, the entries of M, (u*,y) are moments of
some rank(M,, (1*, y))-atomic probability measure p.

We next prove that u = p*, i.e., the condition M,,(u*,y) = 0 determines a
unique vector y = y* that corresponds to the vector of moments of p*, up to order
27‘0.

Given the Grobner basis H = {h;}*, of I = (g1,...,gn) (already considered in
the proof of Proposition [B.1]), let h; € C[z,Z] be the conjugate polynomial of h;,
ie., hi(z,2) = hi(z) foralli=1,...,m.

We first prove that

(5.7) My(hiy) = 0, My(hyy) =0, i=1,...,m, peN,
where M, (h;y) (resp. M,(hy)) is the localizing matriz associated with the polyno-

mials h; (resp. h;).
By Proposition B}, recall that any entry y,., of M,(1*,y) is replaced by a linear
combination of the y,s’s with «;, 8; < r} for all ¢ = 1,...,n. This linear combina-

tion is coming from the reduction of the monomials {2%},en» with respect to H;
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that is, let us call J the set of indices 3 corresponding to the irreducible monomials
2% w.r.t. H. Then, the reduction of 2* w.r.t. H yields

2% = Zqi(z)hi(z)Jr Ztm(a)zﬁ denoted 2% — ZUg(a)z'B,
i=1

peJ BeJ

and similarly,

z% = Z ai(Z)hi(z) + Z ug(a)z’  denoted % — Z up(a)z".
i=1

peJ BeJ

From this, we obtain (see the proof of Proposition B.1)

(5.8) 27 = D us() ) D usm)F | = D wap(n, 1)z,
BeJ BeJ a,BeJ

for some scalars {uqg(n,7)}, and thus the entry y,, of My(u*,y) is replaced with
Zaﬁe] uas (M, ¥)Yas, O, equivalently,

(5.9) Uy — D Uap(n,7)Yap = 0.
a,BeT

So let p € N be fixed, and consider the entry M, (h;y)(k,[) of the localizing matrix
M, (h;y). Recall that M, (y)(k,l) = yec for some ¢, € N, and so M (h;y)(k,1) is
just the expression Z%2¢h;(z), where each monomial %27 is replaced with YaB; S€€
@4). Next, by definition, Z°2¢h; — 0 for all i = 1,...,m. Therefore, when y is as
in Definition (that is, when (B9) holds), writing

_d) _ —
7% 25h; = Uy 2127 — 0,
n,7EN™

and using (5.8))-([B.9), yields
My(hiy) (k1) = > | D vnyttap(m7) | vas = 0.

a,BeJ \n,yeN"

Recall that p € N, and k,[ were arbitrary. Therefore, when y is as in Definition
B2l we have M,(h;y) = 0 (and similarly, M, (h;y) = 0), for all i = 1,...,m and all
p € N. That is, (&.7) holds.

Hence, let p be the r-atomic probability measure encountered earlier (with r :=

rank (M., (1*,v))), and let {z(k)}},_; C C™ be the r distinct points of the support
of u, that is,

u:iukéz(k), iukzl, O<ug, k=1,...,r

with de the Dirac measure at e.

For every 1 < i < r, let g; € C[z,Z] be an interpolation polynomial that vanishes
at all z( ), k # i, and with ¢;(2(i),2(i)) # 0. Let p > degg. Then for all
j=1,...,m, we have (also denoting ¢; as the vector of coefficients of ¢; € C|z,Zz])

0 = (g My(hyy)a) / 106222 (2) (=) = wslas (2(0), 20) Py (2(0)),
and so, hj(z) =0forall j=1,...,m

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ZEROS OF TRIANGULAR SETS 1419

As this is true for all 1 <4 < r, it follows that
hj(z(i)) =0, i=1,...,r, j=1,...,m,

that is, p has its support contained in G. Therefore, with {z(7)};°, being the
distinct zeros in C™ of G,

S0 S0
u:Zuléz(z)a Zu’b =1 w;=>0, i=1,...,n,
i=1 i=1

for some nonnegative scalars {u;}, whereas p* = s7*>°7 | d,(;) (counting their
multiplicity) or u* = 3772, v;0,(;) for some nonnegative scalars {v;}.

Remember that by definition of the matrices M, (p*) and M,,(u*,y), their en-
tries {sq} (corresponding to the Newton sums) are the same. That is,

sa:/zo‘du:/zo‘du*, a; <r;—1, j=1,...,n

Now, we also know that sg is less than the number of independent monomials
{zﬁm} (w.r.t. H) which form a basis of R[zy,...,z,]/I (with equality if I = /T).
Therefore, if y # p*, we have

S0
A g . .
Z(ul —v)z())?" =0, j=1,...,s0, withu # v,
i=1
which yields that the square matrix of the above linear system is singular. Hence
some linear combination {\;} of its rows vanishes, i.e.,

S0 .
S Nk VE=1,..., 50,
j=1

in contradiction with the linear independence of the {zﬂm }. Hence u = v, which in
turn implies p1 = p*. So it follows that M, (1*,y) > 0 has only one solution, namely
y = y*, the (truncated) vector y* of moments up to order 2rq, of the probability
measure u*.

Finally, this implies that sqg = r = rank(M,, (u*,y)) = rank(M,,(u*)) because
by Curto and Fialkow [0, Theor. 1.6], the number of atoms of u = p* is precisely
rank(M,, (1*,y)). This also proves that M,,(1*,y) = M,,(¢*) and thus, (i) and
(ii).

To prove (iii), consider a polynomial f € C[z,Zz] of degree less than 2p with
coefficient vector in the basis (2] still denoted f. It is clear that if f(z(i)) = 0 for
alli=1,...,sp, then

0= /|f|2d,u* = (Mp(u")f, 1),

which in turn implies M, (¢*)f = 0. Conversely,

My () f = 0= 0 = (My(u")f. f) = /|f|2du*,

which in turn implies f(z) =0, p*-a.e.

Finally, let f € Rlzy,...,2,]. Recall that vT=1(Vc(I)) where Ve (I) ={2(i)}52,,
that is, f € VT if and only if f(z(i)) = 0 for all i = 1,...,80. In view of what
precedes, f € V/T if and only if M,(u*)f = 0. O
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