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COHOMOLOGY THEORIES BASED ON GORENSTEIN
INJECTIVE MODULES

JAVAD ASADOLLAHI AND SHOKROLLAH SALARIAN

ABSTRACT. In this paper we study relative and Tate cohomology of modules
of finite Gorenstein injective dimension. Using these cohomology theories, we
present variations of Grothendieck local cohomology modules, namely Goren-
stein and Tate local cohomology modules. By applying a sort of Avramov-
Martsinkovsky exact sequence, we show that these two variations of local co-
homology are tightly connected to the generalized local cohomology modules
introduced by J. Herzog. We discuss some properties of these modules and
give some results concerning their vanishing and non-vanishing.

1. INTRODUCTION

Let R be a commutative Noetherian ring. The notion of the G-dimension of
a finitely generated module over such a ring was introduced by Auslander and
Bridger [AB]. Over a Gorenstein ring the modules of G-dimension 0 are precisely
the maximal Cohen-Macaulay modules. They play a central role in the study of
the category of finite R-modules. Avramov and Martsinkovsky [AM] studied the
so-called relative and Tate cohomology theories in the subcategory of modules of
finite G-dimension and made an intensive study of the interaction between the
three cohomology theories: i.e. the absolute, the relative and the Tate cohomology
theories.

The subject of relative homological algebra goes back to S. Eilenberg and J.C.
Moore in their 1965 AMS Memoir [EM] and was further studied by Mac Lane [Mal.
With this approach modules other than projectives are allowed in resolutions. And
so in [AM] the modules of G-dimension 0 were used as the relative projectives.

Another cohomology theory, Tate cohomology, introduced through complete res-
olutions, has been the subject of several recent expositions, in particular by Buch-
weitz [Bu] and Cornick and Kropholler [CK].

The main result of [AM] shows that there is a very close connection between these
theories. To give their main result, let Extg( , ) denote the relative cohomology
functor computed by treating the modules of G-dimension 0 as the projectives and

let E/b;c;;( , ) denote the Tate cohomology functor. Then there exists an exact
sequence of functors

O—>Exté—>Ext}%—>-~~—>Extg—>Ext%—>E/lx\t;—>Extg+l—>---

Received by the editors April 23, 2003 and, in revised form, June 15, 2004.

2000 Mathematics Subject Classification. Primary 13D05, 13D45, 13H10, 13D03, 55N35.

Key words and phrases. Gorenstein injective coresolutions, local cohomology modules, Tate
cohomology, Gorenstein rings, Gorenstein dimension.

This research was supported in part by a grant from IPM (No. 82130113 and No. 82130118).

©2005 American Mathematical Society
Reverts to public domain 28 years from publication

2183

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2184 JAVAD ASADOLLAHI AND SHOKROLLAH SALARIAN

On the other hand G-dimension 0 modules are called Gorenstein projective by
Enochs and collaborators [EJ1] and so recall their role in a relative cohomology the-
ory. The way they defined G-projective (short for Gorenstein projective) modules
can be dualized and allows one to define Gorenstein injective (G-injective for short)
modules. These notions generalize the usual projective and injective modules.

In light of the above and motivated by the work in [AM] one can treat the G-
injective modules as injectives and get dually defined relative cohomology functors
which will be denoted extgz( , N). These functors have this homological property:
their vanishing defines a numerical invariant (the G-injective dimension) which re-
fines the classical injective dimension with equality holding between the dimensions
when the injective dimension is finite.

Moreover, by using a method which is similar (or dual) to what is called the
pitchfork construction (and originally used by Auslander and Buchweitz to construct
maximal Cohen-Macaulay approximations of modules over commutative Gorenstein
rings) we construct for any module N of finite G-injective dimension the complete
coresolution N — I — T. Using this, for each R-module M and each n € Z, a
Tate cohomology group is defined by the equality e/\th(M, N) =H"Hompg(M,T).
We will show that the functors e/fc;; are independent of the choice of resolutions
and liftings. Functoriality in both the co and contravariant variables will also be
discussed. Moreover, we will give an exact sequence of functors

0 — extyy — Extp — - —>exth—>Ext’§—>e/\Xt;;—>exthIrl — ey,
that relates absolute cohomology and the relative and Tate cohomologies.

The heart of the paper is in section 5. Here we give a generalization of local
cohomology theory of Grothendieck (see [Gr]) using the extf; functors. For this let
GZ denote the full subcategory of the category of R-modules whose objects admit
some GZ-proper coresolution (see section 2 below for definitions). Let a be an ideal
of R. For any R-module M and any R-module N in GZ, we shall define for all i € Z,
the R-module hilextéI(M/a”M, N) to be the ith Gorenstein local cohomology of

neN
M and N with respect to a. We denote these modules by GHE(M,N). With
M = R one obtains the local cohomology introduced by Grothendieck. We discuss
some properties of these modules and give some results concerning their vanishing
and non-vanishing.

The basic structure of the paper is as follows: after the Introduction we sum-
marize some preliminaries and basic facts about complexes of modules, G-injective
dimension and GZ-proper coresolutions in section 2. In section 3 we introduce and
study briefly the relative (respectively Tate) cohomology on the GZ (respectively,
modules of finite G-injective dimension, denoted by gAi ). We also examine the ho-
mological properties of the cohomology functors extgr and extg. The basic problem
here is the relation between functor extgz and functor Extg of [AM]. In section 4 we
deal with the balance problem of the (bi)functor ‘Hom’. Balance means that we have
two specific kinds of (co)resolutions of each of two variables, the G-proper resolution
of M and GZ-proper coresolution of N, each of which can be used to compute the
relative derived functors. We conclude, in particular, that ‘Hom’ is balanced over
(arbitrary) commutative Noetherian ring, when G-dimension of M and G-injective
dimension of N are both finite. Furthermore, we discuss the balance of the func-

tors E}?c; and extr. As a result we show that the ith Auslander’s d-invariant for a
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finitely generated R-module M [Bu] can be computed over a Gorenstein local ring

as the dimension of the k-vector space Ker(Ext% (M, k) — e/)&lgI(M, k)).

In section 5 we give a pleasant application of our results in the previous sec-
tions. Grothendieck-Hartshorne local cohomology theory has become indispens-
able for many mathematicians working in the theory of commutative Noetherian
rings. There are several approaches to this cohomology: it can be computed as
the right derived functors of the a-torsion functor I'q(—=) = J,,cy 0 (=) a" as well
as using ‘Extg’ functors, that is, the ith local cohomology of N with respect to
a, denoted H(N), is isomorphic to lim Ext%(R/a™, N). In view of this, for an

neN

arbitrary R-module M and any R-module N in GZ, we consider the R-module
@ext&I(M/a”M, N) as the ith Gorenstein local cohomology module of M and N
neN

with respect to a. The notation GHE(M, N) is used to indicate this. Correspond-
ingly one can define for any ¢ € Z the ith Tate cohomology of M and N with
respect to a as limext (M /a™ M, N). We denote this by Hi(M, N). In section 5 we

neN

exhibit, among other things, a close connection between these two local cohomology
theories and generalized local cohomology of Herzog [He]. That is, we prove the
existence of an exact sequence

0 - GH}M,N)— H}M,N)—---— GHM,N) — H(M,N)
— HM(M,N) — GHI" ' (M,N) — --- .

Section 6 is devoted to presenting some vanishing and non-vanishing results
of Gorenstein local cohomology modules over Gorenstein rings. We show that
Gorenstein local cohomology module GH:(M, N) vanishes for degrees more than
G-dimpr M +dim N. Moreover we obtain a duality which is similar to Grothendieck
Matlis duality.

Throughout the paper R will denote a commutative Noetherian ring. All other
notation is standard.

2. PRELIMINARIES

We begin by reviewing some definitions and notation. Our complexes shall have
differentials of degree —1. A complex will be displayed as

oS, ac
n n
C: o — Cpp1 — Cp, —Chmp — -+

The ith syzygy module of C is Q'C = Coker 88_1. Y'C denotes the ith shift of
C, that is, a complex with nth component equal to C,,_; and 9> € = (-1)?9S .
The notation C-; denotes the subcomplex of C with nth component equal to C,,
for n >4 and to 0 for n <.

If B and C are two complexes, a homomorphism G : B — C of degree i is a
sequence of R-linear maps 3, : B, — Cj4; for all n € Z. A morphism of complexes
is a chain map of degree 0. By a quasi-isomorphism we mean a morphism 3 : B — C
with H,(8) : H, B — H,, C bijective for all n.

A coresolution (of length <) of a module M is a quasi-isomorphism v : M — E
with E,, = 0 for all n > 0 (and E,, = 0 for all n < —I): it gives rise to an exact
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2186 JAVAD ASADOLLAHI AND SHOKROLLAH SALARIAN

sequence

ET: O—>M—>E0—>E_1*>~~~—>E_na;n>E_n_1—>~~

We sometimes use the convention E_; = E* and so denote the coresolution E as
Et: 0-M—-E B —...pnZprit

Auslander and Bridger [AB] introduced the G-class G(R) as a generalization
of the class of projective modules. In [AM] these modules are called totally re-
flexive modules. Because of their role in the relative cohomology theory it seems
appropriate to call the modules in the G-class the Gorenstein projective modules.
This is done by Enochs and collaborators; cf. e.g. [EJ1]. They also dualized the
notion of a Gorenstein projective module and defined Gorenstein injective mod-
ules. So now let Z = Z(R) denote the full subcategory of C(R) whose objects are
injective R-modules, where C = C(R) denotes the category of all R-module and
R-homomorphisms.

Definition 2.1. Consider the complex E with E,, € Z such that
H,(E) =H,(Homg(I,E)) =0

for all n € Z and all I € Z. The syzygies of this complex are called Gorenstein
injective (G-injective for short) R-modules.

The class of all G-injective R-modules is denoted by GZ. Clearly Z C GZ.
Moreover by [H2, 2.6] GZ is injectively resolving. We recall that a class X of R-
modules is called injectively resolving if it contains Z and if for every short exact
sequence 0 — X’ — X — X" — 0 of R-modules with X’ € X, we can conclude
that X € X if and only if X" € X.

A coresolution M — E is called a GZ-coresolution if F,, belongs to GZ for all
n € Z. A GI-coresolution M — E is said to be strict if £_,, is injective for all
n > 1. Gorenstein injective dimension of an R-module M, Gidg M is defined as

. . there exists a GZ-coresolution
GldRM—lnf{HEN‘ M —E of length < n }

We use (respectively GT ) to denote the full subcategory of C, whose objects are
modules of finite injective (respectively G-injective) dimension. Trivially 7 CGT.
A complex C in C is called GZ-proper exact if the induced complex Hompg(C, G)
is exact for all G € GZ. Since the injective cogenerator of R belongs to GZ, every
GI-proper exact complex is exact. A GZ-proper coresolution M — E is a GZ-
coresolution such that its associated complex ET is GZ-proper exact. Note that by
[EJ2, 10.1.3], any injective coresolution of a module of finite injective dimension is
GI-proper exact. Let GZ denote the full subcategory of C whose objects are the
modules admitting some GZ-proper coresolution. It is clear that every split exact
sequence is GZ-proper. Moreover by [EJ2) 10.1.3], it is easy to see that every exact
sequence 0 - N — N’ — N” — 0 with idg N” < 0o or pdp N” < oo is GZ-proper.
This implies that every strict GZ-coresolution M — E of finite length is GZ-proper.
So there is an inclusion of categories GZ C GgT.
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3. ABSOLUTE, RELATIVE AND TATE COHOMOLOGY OF MODULES OF FINITE
(GORENSTEIN INJECTIVE DIMENSION

This section is motivated by Avramov and Martsinkovsky’s elegant work [AM].
They studied absolute, relative and Tate cohomology of modules of finite Gorenstein
dimension. In this section we deal with modules of finite G-injective dimension.
Basically some of our results are proved using their techniques. So we omit some
of the proofs and refer the reader to that source.

Let N € GT and consider a GZ-proper coresolution N — E. For every n € Z
and every M € C, define a relative cohomology group

extgz (M, N) = H"(Homg(M,E)).

Now choose an injective coresolution N — I and a morphism of complexes ¥ : E —
I that lifts the identity map of N to obtain a homomorphism

07 (M, N) : extgz(M,N) — Extz(M,N),
where
Gz (M,N) = H"(Homg(M,¥)) : H"(Homg(M, E)) — H"(Hompg (M, I)).
One can easily check that for n € Z,
extgr : C(R) x GZ(R) — C(Z)

is a functor and 9 is a morphism of functors extg; — Extf, . Moreover extg; and
057 are independent of the choice of coresolutions and liftings.

Remark 3.1. Let R be a Gorenstein ring of finite dimension. Then by [EJ2, 11.2.1]
the class of G-injective modules is preenveloping, that is, every module admits a G-
injective preenvelope. So every R-module has a GZ-proper coresolution [EJ2] 8.1.3].
Using this, Enochs and Jenda [EJ2, 12.1.4] have computed right derived functors
of Hompg(M, N). They denoted these right derived functors by Gext%s (M, N). As
is clear, our definition of extigI(M , N) is identical with their definition provided R
is a finite-dimensional Gorenstein ring.

Our next two results can be proved by dualizing the proofs of similar (dual)
results in [AM]| Sec. 4], so we omit their proofs.

Theorem 3.2. Let N € GI. Then
(1) 09z : extgy — Homp is an isomorphism and extl,(,N) =0 for alln <O0.
(2) Ifidg N < o0, then 057 (M, N) is bijective for all n € Z.
(3) For every n >0, the following conditions are equivalent:
i) Gidg N <n.
ii) extgy(,N) =0 forall i > n.
iii) extgs'(,N) =0. |
iv) FEach injective coresolution N — I has QI € GT for all i > n.
Theorem 3.3. (a) Let N € GT and M =0 — M — M' — M" — 0 be a GZ-proper
exact sequence of R-modules. Then there exists a long exact sequence of Z-modules

—  extgr (M, N) —— extgy(M',N) —— extg (M, N)

oy
GO, extnt (M7, N) ——
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(b) Let N =0—- N — N' — N" — 0 be a GZ-proper exact sequence of
R-modules in GZ. Then for any R-module M, there is a long exact sequence of
R-modules

—  extgs(M,N) —— extg,(M,N') —— extgz(M,N")
2 (M,N
WM, extid ! (M, N) ——

The connecting homomorphisms in both (a) and (b) are natural in M and N

homomorphisms.

Proposition 3.4. Let N € GI. Then for any R-module M of finite injective or
finite projective dimension,

07 (M,N) : extGz(M,N) — Extz(M,N)
is bijective for all n € 7Z.

Proof. The validity of the result is clear for n < 0. Let n > 0. We induct on n.
First note that for any G-injective R-module F, by definition ext¢, (M, E) = 0 for
all n > 0. Moreover by [EJ2], 10.1.3], Exts(M, E) = 0 for all n > 0. Now suppose
inductively that n > 0 and consider short exact sequence

0—-N-—-FE—L—0,

where F is G-injective and idgr L = t — 1; for the existence of such a complex see
the paragraph after Theorem 3.9 below (see also [H2, 2.15]). By the induction
hypothesis, ag;l(M, E) and 8351(M, L) are both bijective. So the result follows
by using the long exact sequence of the above theorem, the Five-Lemma and the
usual long exact sequence of ‘Extp’. O

Definition 3.5. By a complete coresolution of N, we mean a diagram N — I > T,
where N 5 T is an Z-coresolution, T is a complex with the property that T, € T
and H,(T) = H, Hompg(/,T) =0, for all n € Z and all T € Z, v is a morphism,
and v, is bijective for all n < 0.

Remark 3.6. Let N be an R-module of finite G-injective dimension n. So the
nth cosyzygy Q"N of an injective coresolution I of N lies in GZ. The injective
coresolution I of N and the complete coresolution T of Q"N truncated in degree 0
can be put together into a commutative pitchfork diagram

0 N IO Il In—l

o |

0 XN TO Tl e Tnfl

One can inductively construct the vertical maps, starting with the isomorphism
Q"X =2 Q"N. Sowe have amap f : N — Xy. Now we can lift this map to a chain
map v : I — T (without loss of generality we may assume that v is monomorphism).
Using this we get a complete coresolution for N. As a result, we can record the
following theorem.

Theorem 3.7. Let N be an R-module. The following conditions are equivalent:
i) Gidg N < oo.
ii) N has a complete coresolution N - B 2 T with v, bijective for all n > 0.
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Now suppose N is an R-module of finite G-injective dimension. Choose a com-

plete coresolution N L% E % T. Let M be an R-module. For any n € Z, define a
Tate cohomology group by the equality

xtp(M, N) = H" Hompg (M, T).

By using the argument dual to that in the proof of [AM| 5.3] and then [AM]
5.2] step by step, one can show that e/\xt?{ C(R) x aI( R) — C(Z) is a functor and
that there is a morphism of functors 0% : Exty — ext;; such that ext;; and €% are
independent of the choice of coresolutions and lifting. Moreover if idg NV is finite,
by choosing a minimal injective coresolution I of N, one can construct a complete
coresolution N — I — 0, and so deduce that e/fc;;( ,N)=0for all n € Z.

We have the same result for the case idg M < oo. To see this let N - E % T be
a complete coresolution of N and look at T. Every (co)syzygy of T is G-injective.
So [EJ2l 10.1.3] implies the result, i.e. e/ﬂ;;(M, N) =0 for all n € Z.

Dual statements to [AM] 5.4 and 5.6] also hold. That is:

Theorem 3.8. (a) Let N be an R-module of finite G-injective dimension and let
0—-M— M — M" — 0 be an exact sequence of R-modules. Then there exists a
long exact sequences of Tate cohomology groups,

D extp(M”,N) ——— extp(M',N) —— extp(M, N)
—~n+1
e ext;?_ (M",N) ——
(b) Let 0 = N — N’ — N” — 0 be an exact sequence of R-modules of finite
G-injective dimension and let M be an arbitrary R-module. Then there exists a
long exact sequence of Tate cohomology groups,

C— eAxt’};(M N) —— extp(M,N') —— extp(M,N")
R extR (M N) ——

In both cases the connecting maps are natural in homomorphisms of M and N.

The Tate cohomology theory is rigid in the sense that vanishing of any one of
these functors implies the vanishing of all of them and their vanishing characterizes
modules of finite injective dimension. We have in hand all the necessary materials
to show this. We just mention that for any R-module N of finite G-injective
dimension, there exists a short exact sequence 0 - N — X — L — 0 of R-modules
such that X is G-injective and Gidr L = idg L = Gidr N — 1; see the paragraph
after Theorem 3.9 below.

Now it is straightforward to prove the following result by using the same argu-
ments as in [AM| 5.9].

Theorem 3.9. Let N be an R-module with Gidg N < oco. The following conditions
are equivalent:

i) idp N < oo.
e/\xt;;( N) =0, for somen € Z.

)
iii) extp(,N) =0, for alln € Z.
iv) eth(N, ) =0, for some n € Z.
V) eth(N, ) =0, for alln € Z.
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Up to now the three cohomology theories—absolute, relative and Tate—are de-
fined on the category GZ of modules of finite G-injective dimension. Relative and
Tate functors come equipped with natural transformations

0g1 @ extgy — Exth and Of : Extph — exty .
Our last result in this section provides a tight connection between these three

theories. Suppose that Gidg N = n. Using the pitchfork construction of Remark
3.6 we have a short exact sequence of complexes

0-I35T—-L—0,

where L = Coker(I — T). The long exact sequence of cohomology modules shows
that the cohomology of L is concentrated in degree zero. Since v is split in each
degree, L is a complex of injective modules. Moreover since v,, is the identity map
for degrees bigger than or equal to n, terms of L are zero in all degrees bigger than
or equal to n. So L is an injective coresolution of the module Yy defined by the
short exact sequence

0—>NL>XN—>YN—>0.

Since idg Yy < o0, this sequence is GZ-proper. Furthermore, since Xy is a cosyzygy
of a complete resolution, it is G-injective. Thus the above short exact sequence is
a GZ-proper coresolution of N. Moreover we can construct the exact sequence

b
0TS T X y1G -0

of complexes, where

T, for n <0; L, ;1 for n<—1;
TZ = QT for n=1; and G, = QT for n=0;
0 for n > 2; 0 for n > 1.

The maps are defined in a manner similar to that in [AM, 3.8]. Moreover 7 :
N — G with 79 : N — QUT, is a strict GZ-resolution of N. This sequence is split
exact in each degree, so we have an exact sequence

0 — Hompg(M,I) — Homp (M, T’) — Hompg(M,~7'1G) — 0
of complexes. This, in turn induces an exact sequence of cohomology modules as
— H"Homp(M, T?) — H" Homg(M,~"'G) — H"" Homp(M,T)
— H"™' Homp (M, T?) — --- .
Now one should identify the modules and maps appearing in this sequence to obtain
the following theorem.

Theorem 3.10. Let N be an R-module with Gidr N = d < oco. Then for any
R-module M, there exist natural homomorphisms Yi(M,N) in M and in N, such
that the following sequence is exact:

1 &7 (M,N) 1
0 —— exthy(M,N) —2Z70 Exth(M,N) ——

% (M,N am(M,N
L extlg(M,N) UM OROMN)

Yr(M,N)

Extf (M, N) extp(M, N)
extZt (M, N) ——— - exty(M,N) —— 0

Corollary 3.11. Let N be an R-module such that Gidr N is finite. The following
conditions are equivalent:

i) 0g7(,N):extgz(,N) — Extg(,N) is an isomorphism for all n € 7Z.
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ii) 0g7(N, ):extgz(N, ) — Extg(N, ) is an isomorphism for all n € Z.
i) idp N < oo.

Proof. When idg N is finite, extp(N, ) = extp( ,N) = 0, for all n € Z. So the
result follows from the previous long exact sequence. O

4. BALANCE OF GORENSTEIN AND TATE DERIVED FUNCTORS

In this section we focus our attention on the relation between the notion of ‘Extg’
(resp. ‘E}RR’) and our definition of ‘extgz’ (resp. ‘extp’). We deal with the balance
of these functors over different subcategories of C. We were told by the referee that
the question of Gorenstein balance has already considered by Holm [HI]. Actually
he proved Theorem 4.3 (see [HIJ).

Let us begin by recalling the notion of a (G)-relative cohomology. For any finitely
generated module M over a Noetherian ring R that admits some (G-)proper resolu-
tion, i.e. a resolution of M by modules G in the G-class, where Hompg (G, ) leaves
the resolution exact for any module G in G(R), Avramov and Martsinkovsky have
[AM| Sec. 4] defined for each n € Z and each R-module N a relative cohomology

group
Extg(M,N) = H" Homg(G, N),
where G — M is a G-proper resolution. Choosing a projective resolution 7 : P —

M and a morphism of complexes ¢ : P — G that lifts the identity map of M, they
defined the comparison morphism

eg(M,N) : Extg(M,N) — Extr(M, N)

by setting eG(M,N) = H"Homg(¢, N) : H" Homg(G, N) — H"Hompg (P, N).
Moreover, they showed that Extg and 3 are independent of the choice of resolutions
and liftings [AM] 4.2].

It follows from [EJ2, 12.1.4] that over Gorenstein rings of finite dimension, for
any R-modules M and N and any i € Z we have

Gextlz(M, N) = Extg(M, N) = exth7 (M, N).

Lemma 4.1. Let M € G. Then any G-proper resolution G — M is Hompg( ,G7)-
exact.

Proof. Let 0 - X — Gy — M — 0 be a G-approximation of M, ie. Gy €
G(R), pdr X < oo and the sequence is exact; for the existence of such a sequence
see [AM] 3.1]. Let E € GZ. It is enough to show that this sequence is Hompg( , F)-
exact. By [AM, 4.6], there exists an exact sequence

0 — Hompg(M, E) — Hompg(Go, E) — Hompg(X, E) — Extg (M, E).

So it is enough to prove that Exté(M, E) = 0. To see this, for any integer ¢ > 0
consider the short exact sequences

OHLZH];‘)LZ_lHO
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2192 JAVAD ASADOLLAHI AND SHOKROLLAH SALARIAN

whose middle terms are injective. They exist because of the G-injectivity of E.
Here L_; = E. So for any integer ¢« > 0, we get the following commutative diagram:

Exthy (M, Li_y) ——— BExt®'(M, L;_y)

eé?,(M,Li_z)l Jsgl(M,Li_l)
—1 o —1+1
EXtR(M, Li_g) —_— EXtR (M, Li—l)

But for i > G-dimg M, % (M, L;_») is an isomorphism. As a result we get the
—1

isomorphism of ek (M, E) : Exty(M, E) — Exty(M, E), which in conjunction with

[AM, 7.1] implies that Extg (M, E) = 0. This completes the proof. O

Lemma 4.2. Let N € GI. Then any GI-proper coresolution N — E of N is
Hompg (G, )-exact.

Proof. Dual the proof of the above lemma. O

The above two lemmas can be stated in the language of Enochs and Jenda [EJ2,

8.2.13] as follows: The bifunctor Homp( , ) is right balanced by G x GZ. So we have
the following nice result.

Theorem 4.3. Let M € G and N € GI. Then for alli € Z,
extgr (M, N) = Extg (M, N).
Proof. Use [EJ2| 8.2.14]. O

Over Gorenstein rings we can generalize the above result to F x GZ, where
F denotes the full subcategory of finite R-modules. To this end we need some
preliminary results.

Lemma 4.4. Let G be a G-injective R,-module, where p is a prime ideal of R.
Then G is also G-injective as an R-module.

Proof. By definition there exists a complex T of injective Ry-modules with the
property that H,(T) = H,(Homg,(I,T)) = 0 for all n € Z and all injective
R, module I and G is a cosyzygy of this complex. Clearly the terms of this
complex are also injective as R-modules. Let I be an injective R-module. We
have to show that H,(Hompg(I,T)) = 0. Since T is a complex of R,-modules,
Homp(I,T) = Homg, (I, T). Moreover I, is injective R,-module. So the result
follows. O

Proposition 4.5. Let M be a finitely generated R-module and N € GI. Then for
all p € Spec(R) and for all i > 0, there exist isomorphisms

(extgz(M, N))p = eXting (My, Ny),
where GI, is the class of all G-injective R,-modules.

Proof. First we show that if 0 — N — E is a GZ-proper coresolution, then for any
prime p in Spec(R), 0 — N, — E, is a GZ,-proper coresolution. It is enough to
deal with the GZ-proper sequence 0 — N — E — L — 0. Let G be an arbitrary G-
injective Ry-module. We must show that the sequence 0 — N, — E, — L, — 0 is
Hompg, (, G)-exact. But since, by the previous lemma, G is G-injective R-module,
the original sequence (before localizing) is Hompg( , G)-exact. Now the result follows
using the natural isomorphism Homg( ,G) = Homg, (( ),, G). O
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Corollary 4.6. Let R be a (not necessarily finite-dimensional) Gorenstein ring.
Let G € G(R) and N € GI. Then extiz(G,N) = 0.

Proof. Let p be a prime ideal of R. The localized module extézp(Gp,Np) ful-
fills the conditions that G, € G(R,) and Gidr, M, < oo. So by Theorem 4.3,
extézp (Gp, Np) = Extép(Gp,Np). The latter module is zero by definition. This
implies the result as p was arbitrary. O

Theorem 4.7. Let R be a (not necessarily finite-dimensional) Gorenstein ring.
Let M be finitely generated and N € GZ. Then for all i € Z,

extir (M, N) = Exts (M, N).

Proof. The result holds trivially for ¢ < 0. So we only have to deal with the case
i > 0. By [G], G-dimpg M is finite. So there are short exact sequences

0—L—G—M-—70

and
0— N —F—K—0,

such that G € G(R), FE is G-injective and they are respectively G- and GZ-proper.
We have the following commutative diagram:

0 0 0
0 — Homg(M, N) — Homg (G, N) — Hompg(L, N) — Ext& (M, N) — 0
0 — Homg(M, E) — Homg(G, E) — Homg(L, E) ——— 0

a J¢] ol

0 — Homgr(M, K) — Homg(G, K) — Homg(L, K) ———— X

extlhz (M, N) 0 Y

0

By Theorem 4.3, Exté(M, E) extéI(M,E) and so is zero by definition. This
implies the exactness of the middle row. The exactness of the middle column follows
from the previous corollary. Now applying the snake lemma (to the maps «, § and
v) yields an exact sequence

Ker 3 — Kery — Coker @« — Coker (3,
ie.
Homp(G, N) — Hompg(L, N) — extg7(M,N) — 0.

Comparing this with the first row of the diagram gives the isomorphism

Extgr(M, N) = extf7 (M, N).
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One can now use the argument of the proof of [Rl 7.8] to get the isomorphism for
all n. O

We now want to give a sort of balance for Tate cohomology groups. Before doing
so we quote the definition of Extp from [AM]. Let P denote the full subcategory of
C, whose objects are the finite projective R-modules. A complex T is called totally
acyclic if T,, € P and H,(T) = 0 = H,,(Homg(T, R)). Let M be a finite R-module
of finite G-dimension. Choose a complete resolution T > P 7 M of M [AM, 3.1].
By this we mean a diagram T > P 5 M, where 7 is a P-resolution of M, T is a
totally acyclic complex, v is a morphism, and v,, is bijective for all n > 0. Then
for each R-module N and for each n € Z a Tate cohomology group is defined by
the equality

Ext (M, N) = H" Homp (T, N).
In [AM| Sec. 5], it is shown that the functors E/‘QRZ are independent of the choice
of resolutions. For more details see [AM] Sec. 5].

Theorem 4.8. Let (R, m) be a Gorenstein local ring. Let M be a finite and let N
be an arbitrary R-module. Then for all i € Z,

Ext (M, N) = éxt (M, N).
Proof. Since R is Gorenstein local, both G-dimgr M and Gidg N are finite. Set
t = G-dimg M. By [AM| 7.1], Theorem 3.10 and Theorem 4.3, for all i > ¢
E}R}(M ,N) = e/fc;b(M ,IN) since both modules are isomorphic to the ordinary
‘Ext’ modules. Let i € Z. Consider the short exact sequence
0— Ly — Fy — N — 0,

where Fj is free. By [AM] 5.4], there is a long exact sequence
—1 —1 —i+1 —1+1
- Bxty(M, Fy) — Extp(M,N) — Extp (M, Lo) — Extn (M, Fy) — --- .

Since Fy is free, by [AM] 5.9], E}R;( , Fo) = 0 for all i € Z. This implies the isomor-
o= o
phism Ext;(M, N) = Ext; (M, Ly). Continuing in this way but now considering
the exact sequence
0—Ly—F — Ly— 0,
we are able to increase the powers of Ext r as far as we want, say up to t+ 1, where
Extpg is isomorphic to ordinary ‘Ext’. Now again consider the sequence
0— Ly— Fy — N — 0,
and apply Theorem 3.8 to obtain the exact sequence
— — —~it1 —~it1
- — extp(M, Fy) — exty(M,N) — exty (M, L) — extp (M, Fo) — --- .

The Gorensteinness of R implies that idg Fy < c0. So by Theorem 3.9, e/ﬁ;( ,Fo) =
0 for all 4 € Z. This gives the isomorphism e/\xt;(M, N) = e/ﬁ;rl(M, Ly). So again

we can increase the superscript of oxt r up to t 4+ 1. The result now follows. ([

Remark 4.9. There is an unpublished cohomology theory due to Pierre Vogel that
associates to each pair (M, N) of modules over an arbitrary ring R a sequence of

abelian groups E:&;(M ,N) for n € Z and which comes equipped with a natural
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transformation Extiz(M,N) — E/)x\/tZ(M ,N) of cohomology functors. For more
details see [M].

In the literature, there is another complete cohomology theory, using injectives.
For details of the construction see e.g. [N]. In this theory injective complete cores-
olutions can be applied to define cohomology functors ES{t}( , ) which are also
equipped with the natural maps Ext;(M, N) — Ext (M, N). When R is a com-
mutative Noetherian local ring, it is known [Nl 5.2] that the (projective) complete
cohomology E?{EZ(M , N) and the (injective) complete cohomology Ekt;(M ,N) are
naturally equivalent if and only if R is Gorenstein.

It is easy to see that if N € GZ, there is a natural isomorphism of cohomol-
ogy functors Ekt;(M ,N) = e/;t;(M , N) compatible with the natural maps from
Extz (M, N). We observe that using the above theorem, for any finite module M
over Gorenstein ring of finite dimension, there is a natural isomorphism of coho-
mology functors

Ext (M, N) = Ext (M, N) = Ext (M, N) = ext (M, N).

Remark 4.10. For a finite module M over a Gorenstein complete local ring (R, m),
Auslander defined the delta invariant dg(M) to be the smallest integer n such that
there is an epimorphism X @& R™ — M with X a maximal Cohen-Macaulay module
with no free summand. For an integer ¢ > 0 he defined the ith higher delta invariant
8% (M) by the formula 6% (M) = dr(Q%(M)), where Q% (M) denotes the ith syzygy
module in a minimal free resolution of M over R; cf. [ADS], Sec. 5].

On the other hand, by [AM| 5.2] for any such module M, there exist natural

maps % (M, k) : Extly (M, k) — E/}-X\t;(M, k), for any integer i. The ith higher
delta invariant can also be defined as the dimy Ker(e% (M, k)) (see [M]).

In the following we show that these invariants can also be defined as the dimen-
sions of the k-vector spaces Ker(0% (M, k) : Ext (M, k) — e/\xt;(M, k)), of Theorem
3.10.

Theorem 4.11. Let (R, m) be a Gorenstein local ring. Let M be a finitely generated
R-module. Then for any i > 0,

5% (M) = dimy, Ker (9% (M, k) : Extiy(M, k) — extr (M, k)).

Proof. Let X and Y be two arbitrary R-modules with X finitely generated. It
follows from [AM| 7.1] that dimy, Ker(ch(X,Y)) = dimy, Extg(X,Y). On the other
hand Theorem 3.10, implies that Ker(0;(X,Y)) = ext57(X,Y). So use Theorem
4.3 to deduce that Ker(eh(X,Y)) = Ker(95(X,Y)).

Now let M be a finitely generated R-module. By the above paragraph, 611{(M ) =
Ker(d5(M, k)). Consider the short exact sequence 0 — L — F — M — 0, where
F ' is free and G-dimp L is finite. Since R is a Gorenstein local ring, idg F is finite.
So we have the following commutative diagrams:

Extk (L, k) —— Ext(M, k) Exth(L, k) —— Ext% (M, k)
ls}%(L,k) la?{(M,k) Ja}z(uk) l@é(M,k)

—1 = —2 —~1 = —2

Extp(L, k) — Extp(M, k) extp(L, k) — 7 extp(M, k)
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They in turn, imply that
6%(M) = dimy Ker(ek (L, k) = dimy, Ker(0k (L, k)) = dimy, Ker(0% (M, k)).

The same argument shows that 6% (L) = dimy, Ker(0%(L,k)). Now use induction.
(I

Corollary 4.12. Let R be a Gorenstein local ring. Then R is reqular if Ker 8% (k, k)
# 0 for some i > 0.

Proof. In view of the above corollary the result follows from [ADS| 5.7] . O

5. GORENSTEIN LOCAL COHOMOLOGY MODULES

The main objec of this section is to introduce and study a generalization of local
cohomology functors which were originally introduced by Grothendieck in local
algebra. The local cohomology functors are defined as the right derived functors of
the appropriate torsion functor and it can be shown that one can construct them as
direct limit of ‘Ext’ modules. We follow this scheme and introduce the Gorenstein
local cohomology modules. To begin we recall that for an R-module M, the a-
torsion functor is defined as I'q (M) = (J,,cn(0 :as a™). It is naturally equivalent to
the functor liLnHomR(R/a”, ).

neN

Definition 5.1. Let M be an R-module and let a be an ideal of R. Choose N € GT
and take a GZ-proper coresolution N — E. Apply the functor Homp(M,T'y( )) on
it. Take the ¢th cohomology module of the latter complex; the result
Ker(Homp(M,T'4(9;)))
Im(Hompg (M, T¢(di11)))’
which, using standard facts of homological algebra, is independent (up to R-isomor-
phism) of the choice of GZ-proper coresolutions of M, will be denoted by GH:(M, N)
and will be referred as the ith Gorenstein local cohomology module of M and N
with respect to a.

Since Hompg(M,Ty( )) is left exact, GHY(M, ) is naturally equivalent to
Homp(M,Tq( )). So we can use this natural equivalence to identify two func-
tors. Moreover using standard tools in homological algebra, it is not difficult to see
that we can consider GHE (M, N) as a direct limit of the extigz . More precisely, for
any 7 € Z, there is an isomorphism

GH.(M,N) = limextgy(M/a"M,N).
neN
Lemma 5.2. Let M be a G-injective R-module. Then for any ideal a of R, M is
Lq-acyclic, that is, H.(M) =0 for all i > 0.

Proof. Let M be a G-injective module. By definition, for any integer ¢ > 0, there
exist short exact sequences
0—L;—Ei—Li—1 —0,

where the F;’s are injective and L_; = M. Applying the a-torsion functor I'y on
these exact sequences, in conjunction with the fact that for any injective module I,
Hl(I) =0 for all i > 0, implies a sequences of isomorphisms

HYM) = H>(Lo) = -2 HY(L;_g) = --- .
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Since R is Noetherian, the arithmetic rank of a, ara(a = t) is finite. So by [BS,
3.3.3], for all i > 0, H:**(L;_2) = 0. So the result follows. O

Remark 5.3. (i). As explained in [BS| 1.2.2], the most basic method for calculation
of H{(N) for an R-module N is to take an injective coresolution I* of N, apply
Iy (the a-torsion functor) to I* to obtain the complex I';(I®), and take the ith
cohomology module of this complex: we have H:(N) = H(['4(I*)).

It is an easy exercise in homological algebra to see that a coresolution of N by
I'y-acyclic R-modules will serve this purpose just as well. So by the previous lemma
one can compute local cohomology modules using a GZ-coresolution of N.

This fact shows that GH.(R,N) = H.(N) for all i € Z. So our definition is in
fact a generalization of usual local cohomology functor.

(#3). There is a generalization of local cohomology functors given by Herzog in
[He]. For each i > 0, Hi(, ):C x C — C is the functor defined by H:(M,N) =
lim Extp (24, N), where M, N € C. It is clear that the functor Hi(R, ) is naturally
neN
equivalent to the functor Hi( ).

If N is an R-module of finite injective dimension, then every injective coresolution
of N is a GZ-proper coresolution [EJ2, 10.1.3]. So in this case for any R-module
M, GH.{(M,N) = H!(M,N), for all i € Z.

Theorem 5.4. Let 0 — N — N’ — N” — 0 be a GI-proper exact sequence of
R-modules in GI. Then for any R-module M, there is a long exact sequence of
Gorenstein local cohomology modules as follows:

0 —— GHY(M,N) —— GH%(M,N') —— GH%(M,N")
— GH}M,N) —— GH}(M,N') ——

Proof. The functor Hompg (M, T'4( )) is a covariant left exact functor. So the result
follows from [EJ2, 8.2.5]. O

Lemma 5.5. Let M and E be R-modules such that pdr M is finite and E is
G-injective. Then for any i > 0, H{(M,E) = 0.

Proof. Since E is G-injective, for any integer ¢ > 0, there exists exact sequence
0— L — Iy — L1 — 0,

where the middle terms are all injective and L_; = E. Using them, for any i € N,
we obtain a sequence of isomorphisms as follows:

Hé(M’ E) = H§+1(M7LO) = Hcii+2(M7 Ll) =

By [B] the generalized local cohomology module will vanish after pdp M + ara(a).
So the result follows. O

Proposition 5.6. Let pdp M be finite and let N € GZ. Then for any i € Z,
GH!(M,N) = H(M,N).
Proof. There exists a GZ-proper exact sequence of R-modules
0— N-—FE—L—0,

where E is G-injective and L € GZ. So, in view of the previous lemma, we obtain
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a commutative diagram

0 — GHY(M, N)— GHO(M, E)— GHO(M, L) — GH!(M,N)— 0

' ! ' '

0 — HJ(M,N) — HJ(M,E) — HJ(M,L) — Hy(M,N)— 0

(in which the rows are exact), and for each i € N, isomorphisms GH:(M, L) =
GHITY(M,N) and H:(M,L) = Hi*'(M,N). Since the first three vertical maps
are isomorphisms, so is the fourth. Since L also belongs to GZ, the same arguments
imply the isomorphism GH}(M, L) = H}(M, L). Now use induction. O

Here we present another cohomology theory, Tate local cohomology. We shall
use it as a tool to study Gorenstein local cohomology modules.

Definition 5.7. Let N be an R-module with Gidg N < oco. Consider the complete

coresolution N — E — T of N. For any ¢ € Z, we define the ith Tate local

cohomology module of M and N with respect to a by the formula
limexty, (M /a" M, N),

neN
where M is an arbitrary R-module. These modules will be denoted ﬁg(M ,IN).

It is not difficult to see that these modules can be computed as follows: apply the
left exact functor Homp (M, T'y( )) to the complex T and take its ith cohomology
module. The result will be H: (M, N).

Lemma 5.8. Let M be a ﬁniﬁely generated R-module. Then for any R-module N
of finite injective dimension, H:(M,N) =0 for all i > 0.

Proof. The result follows from Theorem 3.9. (]

Lemma 5.9. Let E be an injective R-module. Then for any finitely generated
R-module M, Hi(Homg(M, E)) =0, for all i > 0.

Proof. First note that, since local cohomology functor commutes with direct sums,
we may reduce the lemma to the case E = E(R/p), for some prime ideal p. Using
flat base change theorem [BS] 4.3.2], without loss of generality, we may assume that
R is local. But in this case Hompg(M, F) is Artinian, and so by an appeal to the
Grothendieck Vanishing Theorem we conclude the proof. O

Theorem 5.10. Let N be an R-module of finite G-injective dimension. Let 0 —
M — M’ — M" — 0 be a short exact sequence of R-modules. Then there exists a
long exact sequence of Tate local cohomology groups

- — Hi{(M",N) — H\(M',N) — H{(M,N) — H*(M",N) — --- .

Proof. Consider a complete coresolution N — E — T of N. For any integer i, the
ith term of T, T; is injective. So the functor Hompg( ,T;) is exact. Hence we obtain
an exact sequence of complexes

0 — Homg(M",T) — Homg(M’, T) — Homg(M, T) — 0.

By the previous lemma, applying I', on this exact sequence again gives a short exact
sequence of complexes which in turn induces a long exact sequence of cohomology
groups as desired. (I

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



COHOMOLOGY THEORIES 2199

The following theorem provides a tight connection between Gorenstein, Tate and
generalized local cohomology modules.

Theorem 5.11. Let N be an R-module with Gidg N = d. Then for any R-
module M, there exist natural in M and N homomorphisms ¥ (M, N), such that
the following sequence is exact:

el (M,N el R ~
0 ——  GHNM,N) <2 gy vy O8N gy
71 €% (M,N €% (M, ~
JrALN) GHZ(M,N) Sz (M) H2(M,N) Sr(MLN) H2(M,N)

€% (M,N)
_—

n GBI(M’N) n n
GH{(M,N) ———— H(M,N) H{ (M, N)
7 (M,N)
—

GH!M*'(M,N) —— HY(M,N) —— 0.

Proof. For any n € N, write the exact sequence of Theorem 3.10 for modules
M/a™M and N. Then pass to the direct limit. O

Corollary 5.12. Ifpdp M < oo and N € GT then ﬁ;(M, N)=0 foralli>0. In
particular, for i > Gidg N,

GHi(M,N) = Hi(M,N) = H,(M,N) = 0.
Proof. Use Proposition 5.6 in conjunction with the above theorem. O

6. VANISHING RESULTS OVER GORENSTEIN RINGS

In this section we assume that R is a commutative Noetherian Gorenstein ring.
Our aim here is to provide some results concerning the vanishing (and non-vanishing)
of Gorenstein local cohomology modules.

Proposition 6.1. Let R be a Gorenstein ring of finite dimension and let a be an
ideal of R. Let M be finitely generated and let N be an a-torsion R-module. Then
for all i > 0, GH{(M,N) = extigI(M, N). In particular, for all i > G-dimp M,
GHi(M,N) = 0.

Proof. Since R is Gorenstein of finite dimension, it is easy to see, using [EJ2]
10.1.13], that the effect of T'y on a G-injective R-module again gives a G-injective
R-module. Using this we can construct a GZ-proper coresolution of N in which
each term is an a-torsion R-module. So for any i € Z, we have an isomorphism
GH{(M,N) = exti7(M, N). By Theorem 4.3, the latter module is isomorphic to
Extg (M, N). So the result follows from [AM] 4.2]. O

Theorem 6.2. Let R be a Gorenstein ring of finite dimension. Let a be an ideal of
R and let M and N be finitely generated R-modules. Then for all i > G-dimg M +
dim N, GH(M,N) = 0.

Proof. Consider the maps €& (M, N) : H:(M,N) — H:(M, N) of Theorem 5.11.
It is enough for us to show that for i = G-dimp M + dim N, €%(M,N) is an
epimorphism and for ¢ > G-dimg M + dim N is an isomorphism. We do this by
induction on dim N. So suppose dim N = 0. In this case N is a-torsion and so by
the previous proposition for all ¢ > 0, GH:(M, N) = ext; (M, N). That is, for
any i > G-dimp M, €’s are an isomorphism and by Theorem 5.11, ¢S-dima M jg ap
epimorphism. Now suppose inductively that dim N > 0. If T';(N) = N, the result
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follows from the previous case. So suppose I'q(N) # N and consider the short exact
sequence

0—T4(N)— N — N/Tq(N) —0.
We obtain the commutative diagram

Hi(M,T4(N)) ——— HL(M,N) ——— Hi(M, :25) ——— HiF(M,T4(N)

lek(M‘Fn(N)) lej,%(M,N) leR(M,W) legl(lw,l"n(l\’))
Hi{(M,T4(N)) —— HY(M,N) ——— Hi{(M

st wy)  ——— HITN(M,To(N))

By a simple diagram chasing argument we see that it is enough for us to prove the
result for N/T'4(V). So passing to N/T'y(N), we may assume that a contains a non-

zerodivisor on N, say . The short exact sequence 0 — N — N — N/zN — 0
induces a commutative diagram

HY(M, X)) ——— HY(M,N) —~— HY(M,N) —— H(M, ) —— H{T'(M,N)

lodo Laen | 1
m

HY (M, Xy —L— HL(M,N) HL (M, N) HY(M, ) ——— HTY(M, N)

Consider the case G-dimp M + dim N = ¢t. Then by the induction assumption
-1(M,N/zN) is an epimorphism, and for all i > ¢, €%, (M, N/zN) is an isomor-
phism. Let o € fIﬁ(M, N). There exists an integer n such that z"a = 0. Without
loss of generality we may assume that n = 1 and so a belongs to Im f. So this
concludes the proof that €f (M, N) is an epimorphism. The other isomorphisms
follow easily by diagram chasing. O

Corollary 6.3. Let R be a (not necessarily ﬁm'te—dimensional)_Gorenstein Ting.
Let M and let N be finitely generated R-modules and let N € GZ. Then for any
i > G-dimg M +dim N, GH.(M,N) = 0.

Proof. Let p € Spec(R) be an arbitrary prime. In view of Proposition 4.5,
(GH{(M, N))p = GHgp (My, Ny).

By [AB], G-dimp, M, < G-dimp M. We finish the argument by using the previous
theorem. 0

Now let (R, m) be a commutative Noetherian Gorenstein local ring, let M be a
finitely generated R-module and let N be an R-module. Since for any n € N, the
R-module M/m™M is Artinian, it is G-perfect of G-dimension d = dim R. So by
[AM| 6.3], there exists an exact sequence as

0 s Bxtp (2, N) ——  Torf(Extd(2, R), N)
— BExtQ (A N) ——— ——— Torll  (Ext§ (AL R),N)
——— Bxth(=2_ N) —— Ext} (M N) ——— Tork (Ext% R),N)
R\mn M R\'mnpro d—r—1 mnMv

—d
- ——— ExtG (A5, N) ——— Extp(5,

N) —— 0
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By Theorem 4.8, E}RZR = e/)&;% for all ¢+ € Z. So by taking the direct limit and by
noting that ‘Tor’ commutes with direct limit, we get the following exact sequence:

er (M,N) =
_—

0 H'(M,N) ——  Tor¥(H%(M,R),N)

€% (M,N)
_

—— HQ(M,N) ——  Torj(Ha(M, R),N)

€R(M,N)
FRELATRER Y

—— Hi(M,N) Hy,(M,N) —— Tor . _,(H%(M,R),N)

€L (M,N)
_

. —— HY(M,N) HY(M,N) —— 0

But since R is Gorenstein, one can use its standard minimal injective coresolution
to deduce that Hd (M, R) = Hompg(M, E(k)), and so the standard isomorphism in
homology implies the isomorphisms

Torj (H&(M, R),N) = Tor} (Homg(M, E(k)),N)
>~ Hompg(Exty (N, M), E(k)).
So if D( ) = Hompg( , E(k)) is the Matlis duality functor, we can rewrite the above
exact sequence as follows:

€x (M,N)
_—

0 HY(M,N) ——  D(Exts(N,M))
60
. H(M,N) =N — D(Ext& (N, M))
. mn (M, N) BN g N) s D(ExtdT (N, M)

€% (M,N)
_

. —— HL(M,N) HE(M,N) —— 0

Hence we have the following proposition.
Proposition 6.4. Let (R,m) be a Gorenstein local ring. Fiz n € N. With the
above notation, the following conditions are equivalent:

i) €x(M,N) is an isomorphism for all i < n and €%(M,N) is a monomor-
phism.
ii) Ext% (N, M) =0 for all i < n.

As a corollary we have a vanishing result for Gorenstein local cohomology mod-
ules.

Corollary 6.5. Let (R,m) be a Gorenstein local ring. For n € N if we have one
(and hence both) of the equivalent conditions in the above lemma, then GH: (M, N)
=0 for all i < n.

Proof. Let Ext% ‘(N,M) = 0 for all i < n. So by the above isomorphisms,
Torl(HE (M, R), N) = 0. This in conjunction with [AM, 6.3(3)] implies the vanish-
ing of lim Extg(M/m™ M, N) for all i < n. But since R is Gorenstein,

neN
Exty(M/m"M, N) 2 extl 7 (M/m"M, N)
for all 7 € Z and all n € N. The result now follows. O

The following corollary should be compared with the Grothendieck local duality
for ordinary local cohomology module.
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Corollary 6.6. Suppose that (R, m) is a Gorenstein local ring of dimension d. Set
D( ) =Hompg( ,E(k)). Then for any 2 < i < d, there is an isomorphism

GHE (M, N) = D(Ext% (N, M)).
Moreover for i = 1, there is an epimorphism
D(Extg Y(N,M)) — GHL(M,N).

Proof. Compare the long exact sequence of Theorem 5.11 with the above exact
sequence. For the epimorphism, see [AM] 6.3]. O
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