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EQUIVALENCE OF DOMAINS ARISING FROM DUALITY
OF ORBITS ON FLAG MANIFOLDS

TOSHIHIKO MATSUKI

ABSTRACT. S. Gindikin and the author defined a Gr-K¢ invariant subset C(S)
of G¢ for each Kc-orbit S on every flag manifold G¢/P and conjectured that
the connected component C(S)o of the identity would be equal to the Akhiezer-
Gindikin domain D if S is of non-holomorphic type by computing many ex-
amples. In this paper, we first prove this conjecture for the open K¢-orbit
S on an “arbitrary” flag manifold generalizing the result of Barchini. This
conjecture for closed S was solved by J. A. Wolf and R. Zierau for Hermitian
cases and by G. Fels and A. Huckleberry for non-Hermitian cases. We also
deduce an alternative proof of this result for non-Hermitian cases.

1. INTRODUCTION

Let G¢ be a connected complex semisimple Lie group and let Gg be a connected
real form of G¢. Let K¢ be the complexification in G¢ of a maximal compact
subgroup K of Gg. Let X = G¢/P be a flag manifold of G¢, where P is an arbitrary
parabolic subgroup of G¢. Then there exists a natural one-to-one correspondence
between the set of Kc-orbits S and the set of Ggr-orbits S’ on X given by the
condition:

(1.1) S« §' <= SN is non-empty and compact
(IM4]). For each Kc-orbit S on X we defined in [GMI] a subset C(S) of G¢ by
C(S) ={xr € G¢ | SN S’ is non-empty and compact},

where S’ is the Gr-orbit on X given by (1.1).

Akhiezer and Gindikin defined a domain D/K¢ in G¢/Kc in [AG] as follows.
Let gr = € ® m denote the Cartan decomposition of gg = Lie(Gr) with respect to
K. Let t be a maximal abelian subspace in im. Put

™
th ={Y et||aY)| < 5 for all @ € X},
where X is the restricted root system of gc with respect to t. Then D is defined by
D= GR(eXp t+)Kc.
Received by the editors October 6, 2003 and, in revised form, July 12, 2004.

2000 Mathematics Subject Classification. Primary 14M15, 22E15, 22E46, 32MO05.
Key words and phrases. Flag manifolds, symmetric spaces, Stein extensions.

(©2005 American Mathematical Society
Reverts to public domain 28 years from publication

2217

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2218 TOSHIHIKO MATSUKI

We conjectured in [GMI] the following.

Conjecture 1.1 (Conjecture 1.6 in [GM1]). Suppose that X = G¢/P is not Kc-
homogeneous. Then we will have C(S)g = D for all Kc-orbits S on X of non-
holomorphic type. Here C(S)o is the connected component of C(S) containing the
identity.

Remark 1.2. (i) When Gg is of Hermitian type, there exist two special closed
Kc-orbits S; = K¢B/B = Q/B and Sy = KcwoB/B = wo®/B on the full flag
manifold G¢/B, where @ = K¢ B is the usual maximal parabolic subgroup of G¢
defined by a non-trivial central element in ¢ and wq is the longest element in the
Weyl group. For each parabolic subgroup P containing B, two closed Kc-orbits
S1P and S2 P on G¢ /P are called of holomorphic type and all the other K¢-orbits
are called of non-holomorphic type. When Gg is of non-Hermitian type, we define
that all the K¢-orbits are of non-holomorphic type.

(ii) If X = G¢/P is Kc-homogeneous, then we have S = S’ = X and therefore
C(S) = G¢. So we must assume that X is not Kc-homogeneous. When Gc
is simple, it is shown in [O], Theorem 6.1 that there are only two types of Kc-
homogeneous flag manifolds X as follows. (Note that the Kc-orbit structure on X
depends only on the Lie algebras if K¢ is connected.)

(1) Ge¢ = SL(2n,C), Kc = Sp(n,C), X = P?»~1(C).

(2) Gec=50(2n,C), Kc =5S0(2n—-1,C), X =50(2n)/U(n).

Let S, denote the unique open Kc-B double coset in G¢. Then S(’)p is closed
in G¢ and therefore we can write
C(Sop) ={z € G | #Sop D S)L}-

The domain C(S,p)0 is often called the “Iwasawa domain”.
It is proved by Barchini ([B]) that C'(Sop)o € D. On the other hand, Huckleberry
([H]) proved the opposite inclusion

(1.2) D C C(Sop)o-

(Recently [M7] gave a proof of (1.2) without complex analysis.) So we have the
equality

(1.3) C(Sop)o = D.

It is proved in Proposition 8.1 and Proposition 8.3 in [GMI] that C(Sop)o C
C(S)o for all Kc-orbits S on all flag manifolds X = G¢/P. So we have only to
prove the inclusion C'(S)g C D in Conjecture 1.1.

The first aim of this paper is the following generalization of Barchini’s theorem

which solves Conjecture 1.1 for the open Kc-orbit on an arbitrary flag manifold
Ge/P.

Theorem 1.3. Suppose that Gr is simple. Then there exists a Kc-B invariant
subset S in G satisfying the following three conditions:

(i) S consists of a single K¢-B double coset when Gg is of non-Hermitian type
and consists of two K¢-B double cosets when Gr is of Hermitian type.

(ii) 25N Sty # 0 for all elements x in the boundary of D.

(iii) Let P be a parabolic subgroup of G¢ containing B. If G¢/P is not Kc-
homogeneous, then

SN SepP = 0.
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Corollary 1.4. Let P be a parabolic subgroup of G¢ containing B. If G¢/P is not
Kc-homogeneous, then C(SopP)o = D.

Proof. Let z be an element in the boundary of D. Then it follows from Theorem
1.3 that S N S, # 0. If 2 € C(SopP)o, then we have

xSopP D S’épP

Hence we have z5° N zS,, P # . Since SopP is open in Ge, this implies that
SN SopP # ) a contradiction to the condition (iii) in Theorem 1.3. Thus we have

C(SOPP)O c D. O
Example 1.5. Let Gec = SL(3,C), Gg = SU(2,1) and
* % 0
Kc = * x 0] €Ge
0 0 =

Then the complex symmetric space G¢/ K is identified with the space consisting of
the pairs (V, V_) of two-dimensional subspaces V and one-dimensional subspaces
V_ of C? such that V. N V_ = {0} by the identification

gKc — (Vi Vo) = (gV{,gVO).
Here V{ = Ce; & Cey and V2 = Cez with the canonical basis ey, ez, e3 of C*. Using
the Hermitian form Q(2) = |21|? +|22|2 — |23|? defining SU(2, 1), we can decompose
C3 as
C*=CouC,uUC_,

where Cp = {2 € C? | Q(z) =0}, C4 ={z € C? | Q(z) >0} and C_ = {z € C? |
Q(z) < 0}. Then the Akhiezer-Gindikin domain D/K¢ is described as

D/Kc ={(V4,V-) € Ge/Kc | V4 —{0} C Cy and V_ — {0} C C_}
by [GMI], Proposition 2.2. Hence the boundary of D/K¢ consists of the three
GRr-orbits

Dy = {(V4,V_) € Ge¢/Kc | Vi is tangent to Cp and V_ — {0} C C_},

Dy = {(VJF,V,) S G(C/K(C ‘ VJr — {0} C C+ and V_ € Co},

Ds ={(Vy,V_) € G¢/Kc | V4 is tangent to Cy and V_ € Cp}.

Let B denote the standard Borel subgroup of G¢ consisting of upper triangular

matrices contained in G¢. Then the full flag manifold X = G¢/B consists of
flags (¢,p), where £ are one-dimensional subspaces of C3 and p are two-dimensional

subspaces of C? containing ¢. Note that B is the isotropy subgroup of the flag
(Ceq,Cey @ Ces). We see that X is decomposed into the six K¢-orbits

Sy ={(t,p)e X |Lt=V"},

So={(t,p) e X |p=V}},

S’3—{(€,p)€X|€CV_|(rJ and p D V°},
={(t,p) € X |pDV°} —(S1US3),
={(t,p) € X [ £ TV} = (Sa U S3),

*(51L|52L|53|_|S4|_|S5).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2220 TOSHIHIKO MATSUKI

On the other hand, the corresponding Gg-orbits are
Sp={(tp)eX|t-{0} cC_},

Sy ={(,p)e X |p—{0} C Cy},

Sé {(E,p)€X|€f{0}CC+andpﬂC’_7é@},

Sy ={(l,p) € X |¢C Cyand p is not tangent to Cp},

St ={(¢,p) € X | p is tangent to Cy and £ ¢ Cp},
St ={(f,p) € X | £ C Cy and p is tangent to Co},

respectively.

If xK¢ = (V4,V_) € D; U Ds, then V4 is tangent to Cy. Hence the flag
(V4 N Cy, V4) is contained in xSy N Sp,. On the other hand, if K¢ = (V,V_) €
Dy U D3, then V_ C Cy. Hence the flag (V_,p) (p is tangent to C) is contained in
rS1 N S;,. Thus we have

z(S1US2)N S’(')p #0
for all elements x in the boundary of D.
There are two non-trivial parabolic subgroups

Pi={g€Gc|gV)=V]} and P»={g€ Gc|gCe; =Ce}

in G¢ containing B. We see that S, P1 = S5 U Sop and that SopPo = S4 U Sop. So
we have

(S1US2)NSepP =10
for all parabolic subgroups P of G¢ such that B C P # G¢. Thus we have verified
Theorem 1.3 for S = S1 U .Sy in this case.

Remark 1.6. (i) The following statement is false:
€ 9(C(S8)y) = xS NAS #0

for non-open S. In fact there is a counterexample when Gg = SU(2,1) as follows.
In the above example, let K¢ = (V4,V_) be a point in D;. Then V. is tangent to
Co and V_ — {0} € C_. Consider the K¢-orbit Sy on G¢/B. Then the intersection
xSy NS} consists of the flags (¢,p) such that

CCo, £¢ViandpDV_.

Hence £54N S} is not closed in G¢ and therefore z € 9(C(S4)o). On the other hand,
since 5S¢ consists of flags (¢, p) satisfying p D V_, it does not intersect 9.5 = Sop-
(ii) By the above argument we see that

(1.4) z € Dy U D3 = (£S,NS})" > 285N S,

On the other hand suppose that z € Dy U D3. Then V_ C Cy. Let (o, po) denote
the unique flag in 2.9, N S, given by

ly=V_ and pq is tangent to Cjy.

Then we can take a sequence {(€,,p,)} of flags in xS, NS} converging to (¢o, po).
Hence

(1.5) € DyUDy = (xS, NSy DS NS,

By (1.4) and (1.5), we have
0(54)0 c D.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



EQUIVALENCE OF DOMAINS 2221

Since the opposite inclusion is known by (1.3) and [GMI], Proposition 8.3, we have
C(S4)o = D.

On the other hand, we have C(S4P1)o = C(S7) since SyP; = S1P; is of holo-
morphic type ([WZI]). Hence C(Sy)o is strictly included in C(S4P;)o though the
contradicting converse inclusion and the equality are asserted in [HN], Proposition
6 and Proposition 10, respectively. (Note that the projection Sj/B — Sy P1/P; is
proper and that S§ is left P;-invariant.)

Next suppose that S is closed. Then S’ is open ([M2]) and so the condition
zS NS is non-empty and compact (in G¢/P)
implies
zSc S

Hence the set C'(S)o is the cycle space for S’ introduced by Wells and Wolf ([WW]).
Let B be a Borel subgroup of G¢ contained in P. Let {S; | j € J} denote the set of
Kc-B double cosets in G¢ of codimension one and let T; = S;l denote the closure
of S;. Then we defined in [GM2] a subset J' = J(S) of J for S by

J' ={j € J|S(BwB)® =T; for some w € W}

and proved the equality
(1.6) C(S)o = UJ"),
where
QJ') = {z € G | 2Ty N S, = 0 for all j € J'}o.

(See [GM2], Remark 4, for the related paper [HW].) It is also shown in [GM2] that
UjeJ T} is the complement of Sy, in G¢. So we have the equalities

(1.7) D = C(Sop)o = Q(J)

by (1.3).
The second aim of this paper is to prove the following theorem.

Theorem 1.7. Suppose that Gr is of non-Hermitian type. Then the Kc-B double
coset S given in Theorem 1.3 is contained in ﬂjeJ T;.

As a direct consequence of this theorem, we have:

Corollary 1.8. If Gy is of non-Hermitian type, then Q(J') = D for all nonempty
subsets J' of J.

Proof. Since D = Q(J) Cc Q(J') by (1.7), we have only to show the inclusion
Q(J') C D. Let x be an arbitrary element on the boudary of D. Then

aTyN S, DS NS, #£0 forall jeJ

by Theorem 1.3 and Theorem 1.7. So we have x ¢ Q(J’) for any J' # 0. Hence
O(J') C D. O

By (1.6) we have:

Corollary 1.9. If Gr is of non-Hermitian type and S is a closed Kc-orbit on an
arbitrary flag manifold X = G¢/P such that S # X, then C(S)o = D.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2222 TOSHIHIKO MATSUKI

Here we review the history of the inclusion

for closed Kc-orbits S on X. (As we explained, the opposite inclusion is already
established.)

It was conjectured in [G] (Problem 6) that the Akhiezer-Gindikin domain D
would be the universal domain for all Stein extensions of Riemannian symmetric
spaces Gr/K and that it would coincide with the cycle spaces C(S)o and the
Iwasawa domain C(Sep)o-

When Gy is of Hermitian type, (1.8) was proved in [WZI] and [WZ2] for closed
Kc-orbits of non-holomorphic type (cf. Remark 5 in [GM2]). Remark that C'(S)g
is bigger than D if S is of holomorphic type (cf. [WZI] and [GMI]).

Here we should note the following generality: Let m : X’ — X be a G¢-
equivariant surjection between flag manifolds and let S be a closed Kc-orbit on
X'. Then

xS C S = zn(S) C 7(9).
Hence

x € C(S) =z e C(n(9))
and so we have C(S) C C(n(S)). This implies that we have only to prove the
inclusion (1.8) for minimal flag manifolds with non-trivial Kc-orbit structure.

In [GM1], (1.8) was proved for typical minimal flag manifolds X with non-trivial
Kc-orbit structure for all non-Hermitian classical Gg by case-by-case checkings.
(Note that they include the complex cases that Gg = SL(n,C), SO(n,C) or
Sp(n,C).) We proposed our Conjecture 1.1 (Conjecture 1.6 in [GMI]) by these
many explicit computations.

Recently, Fels and Huckleberry ([FH]) gave a general proof of (1.8) for closed S
for all non-Hermitian cases by using a complex analytic notion “Kobayashi hyper-
bolicity”. But we need no complex analysis (except Lemma 2.1) in our proof of
Theorem 1.7, Corollary 1.8 and Corollary 1.9 in this paper.

The rest of this paper is consructed as follows. In Section 2 and Section 3, we
consider real Lie groups G and associated pairs of symmetric subgroups H and H’
of G. If G = G¢ and H = K¢, then H' = Gg. In this general setting we defined a
generalization of the Akhiezer-Gindikin domain D in [M7]. In Section 2 we define
generic elements in the boundary of D generalizing the results in [FH], Section 4.
(Remark: In Section 3 of [FH], they studied the Jordan decomposition and elliptic
elements of the double coset decomposition Gg\Gc/Kc. But these results were
already given in [M5] in a more general setting as we explain in Section 2.)

In Section 3 we construct a parabolic subgroup Py such that H' Pz and Ha_' Py
are closed in G. Here a, is an element of T contained in the boundary of expt*.
Then we prove the key theorem (Theorem 3.2) which asserts that

rHa'Py; N H' Py # ()

for all elements z in the boundary of D under some conditions. (If H' is a group
of non-Hermitian type and G is the complexification of H’, then the conditions are
satisfied. If H' is of Hermitian type, then we must also consider P_z.)

In sections 4 through 7, we assume that G is a complex semisimple Lie group
and H' is a connected real form of G. Hence H is the complexification of a maximal
compact subgroup of H'. (If we use the notations in Section 1, then we rewrite as
G = G¢, H = K¢ and H' = Gg.) In Section 4 and 5 we prove Theorem 1.3. In
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Section 6 we prove Theorem 1.7. Section 7 is an appendix for the orbit structure
on the full flag manifolds.

Remark 1.10. Recently Conjecture 1.1 is studied for non-closed and non-open orbits
in [M8]. In this paper our conjecture is solved for non-Hermitian cases. So the
remaining problem in our conjecture is only for non-closed and non-open orbits
when Gg is of Hermitian type (cf. Remark 1.6).

2. GENERIC ELEMENTS IN THE BOUNDARY OF AKHIEZER-GINDIKIN DOMAIN

First we prepare the following lemma on the “continuity” of the eigenvalues. For
a complex m x m matrix A, define a norm N(A) of A by

N(A) = max{|ai;| | i,j =1,...,m}.
For § > 0 define a compact neighborhood Us(A) of A by
Us(A) ={B| N(B - A) <6}
For a matrix A let fa(z) = det(2I — A) denote the eigenpolynomial of A.

Lemma 2.1. (i) Let A be a complex square matriz with an eigenvalue \. Then for
any € > 0 there exists a § > 0 such that

B € Us(A) = there exists an eigenvalue p of B such that |pn — A < e.
(ii) Let A = {a;;} be a complex m x m matriz. Then
Al < mN(A)
for all the eigenvalues X of A.

Proof. (i) Take an 1 so that 0 < 1 < ¢ and that f4(z) # 0 for all z on the circle
Cy : |z — A| = 1. Then there exists a ¢ > 0 such that

¢ =min{|fp(2)| | B € Us(A), z € Cp} > 0.
Put D, ={z€C||z— X\ <n}.
Suppose that there exists a B € Us(A) such that
fB(2) # 0 for all z € D,,.

Then we will get a contradiction as follows. Put B(t) = A+¢(B—A) for 0 <t <1
and define ty by

to = inf{t € [0,1] | fpw)(2) # 0 for all z € D, }.

Then there is a decreasing sequence {tx} in [tg, 1] such that limy_ . tx = to and
that gr(z) = 1/fp@,)(2) are holomorphic functions on D,. We have

1
. < -
90()] <

for z € D, by the maximum principle. So we have |fg,)(2)| > £ for z € D,
and therefore |fp,)(2)| > ¢ for z € D,. Moreover if t; > 0, then there exists a
t € (0,t0) such that fp()(z) # 0 for z € D, contradicting the definition of t5. So
we have tg = 0 and |fa(z)| > ¢ for z € D,,. But this contradicts the assumption
that fa(A) =0.

(i) If |z| > mN(A), then we can define

—1
(zI—A)1:1<I—1A> :1<I+1A+%A2+---)
z z z

z z

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2224 TOSHIHIKO MATSUKI

since the right-hand side converges. So the eigenvalues \ of A satisfy
A < mN(A).
O
Let G be a connected real semisimple Lie group. Let o be an involution of G
(automorphism of G of order two). Then there exists a Cartan involution € of G

such that 06 = fo. Denote the corresponding involutions of g = Lie(G) by the
same letters as usual. Let

g=hdq and g=¢tdPm
denote the +1 and —1 eigenspace decomposition of g for the involutions ¢ and 6,
respectively. Put 7 = 06. Then 7 is also an involution of G. Let
g=b'®q
be the +1 and —1 eigenspace decomposition of g for 7. Then
h'=(eNh) @ (mnq) and g = (ENq) @ (mNh).

Define two symmetric subgroups H and H' as the connected components of G and
G7, respectively, containing the identity. Then H and H’ are called “associated”
(IBd, [bI).

The double coset decomposition H\G/L, where H and L are arbitrary two
symmetric subgroups of G, is studied in [M5]. Of course we can apply it to the pair
of the symmetric subgroups (H, H').

Remark 2.2. K¢ and Gg are associated in the complex Lie group G¢. So we can
consider the setting in Section 1 as a special one.

We defined a generalization of the Akhiezer-Gindikin domain in [M7] as follows.
Let t be a maximal abelian subspace of £ N ¢. Then we can define the root space

ge(t,a)={X egc| [V, X]=a(Y)X forall Y € t}
for any linear form « : t — iR. Here gc = g @ ig is the complexification of g. Put
¥ =3(ge,t) ={a eit” —{0} | ge(t, @) # {0}}.

Then ¥ satisfies the axiom of the root system ([R], Theorem 5). Since §(Y) =Y
for all Y € t, we can decompose g¢(t, ) into the +1, —1-eigenspaces for 0 as

(2.1) ge(t, o) = tc(t, @) @ me(t, o).

Define a subset

(2.2) S(me, ) = {a € it* — {0} | me(t,a) # {0}}
of ¥ and put

tr={Y et||a(Y) < g for all @ € X(me, t)}.
Then we define a generalization of the Akhiezer-Gindikin domain D in G by
D=HT'H,

where T+ = exp t". (We showed in [M7], Proposition 1, that D is open in G.) The
following assertion is already proved in the proof of [M7], Proposition 2.

Lemma 2.3. DNT =TH(TNH).
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In [M5] we considered the automorphism
fe = TAd(z)oAd(z) ™!

of g for every element x in G. Then we defined the “Jordan decomposition” z =
(exp X, )z of the element x so that f, = f,,Ad(exp(—2X,,)) = Ad(exp(—2X,,)) fz.
is the usual multiplicative Jordan decomposition of the automorphism f, of g and
that X, is a nilpotent element in g’ N Ad(z,)q. It is shown in [M5], Proposition 3,
that

(2.3) H'z,H C (H'zH).

Let D denote the boundary of D in G and let 81" denote the boundary of 7" in
T.

Lemma 2.4. If x € 0D, then H'z,H = H'aH for some a € 0T .
Proof. If y=h'th € D with h' € H', t € T+ and h € H, then

fy = TAd(Wth)o Ad(h'th)
= Ad(W)ToAd(t)2Ad(W) ! = Ad(R))0Ad(t) "2 Ad(R) " .

Hence the absolute values of the eigenvalues of f, are all equal to one.

Let x be an element of D. By the continuity of the eigenvalues shown in Lemma
2.1(i), the absolute values of the eigenvalues of f, are all one. This also holds for
fz,- So if we decompose x5 = (exp X, )z (polar decomposition) as in [M5], Section
4.2, then we have X, = 0 and zj, = z,. Let us call such an element =, “elliptic”
following the terminology in [FH]. We can show that y € G is elliptic if and only if
y is contained in H'TH by the arguments in the proof of [M5], Theorem 2. Write
x, = h'ah with some b/ € H', a € T and h € H. By (2.3) z, is contained in D¢.
Hence a is also contained in D. We have only to show a € (DN T)¢ in view of

Lemma 2.3.
Since f, = 7Ad(a)ocAd(a)~?! is semisimple, we can decompose g as
(2:4) g = (b’ + Ad(a)h) & (¢ N Ad(a)q)

by [M5], Lemma 1. Let B( , ) denote the Killing form on g and let By(, ) denote
the positive definite bilinear form on g defined by By(X,Y) = —B(X,0Y). Since
a € D%, by (2.4) we can take an element Y of g’ Ad(a)q such that y = (expY)a €
D and that By(Y,Y) < €2 for an arbitrary positive real number ¢. Since

fy = TAd(y)oAd(y) ! = fuAd(exp2Y) ™t = Ad(exp2Y) ' £,

is elliptic, it follows that Ad(exp2Y) is elliptic. Taking e sufficiently small, we may
assume that Y is semisimple and that the eigenvalues of ad(Y’) are pure imaginary.
Hence there exists an element h € H'NAd(a)H such that Y/ = Ad(h)Y is contained
in t which is a compact Cartan subset of g¢'NAd(a)q (cf. [OM], Corollary of Theorem
2). Since (expY’)a € DNT and since By(Y',Y’) < By(Y,Y) < &2 by the following
lemma, we have proved a € (DN T)<. O

Lemma 2.5. If Y = Ad(g)Y’ for some g € G and Y’ € &, then Bg(Y',Y') <
By(Y,Y).
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Proof. Since By(Ad(k)Y', Ad(k)Y') = By(Y',Y’) for k € K, we may assume g =
exp Z for some Z € m. Write Y = 3", Y} with A-eigenvectors Y), for ad(Z) (A € R).
Since Y’ € &, we have Y, = Y_,. Hence

By(Y,Y) = Bo(Ad(exp Z)Y', Ad(exp Z)Y') = Y e** By(Y3, Y2)

A
= Bp(Y0,Y0) + Y _ (e + e By(Yx, Ya)
A>0
> By(Yo,Yo) + Y 2By(Ya, Ya) = Bo(Y',Y"). O
A>0

Lemma 2.6. Everyxz € 0D is contained in the boundary of the complement G — D
of D in G.

Proof. First assume that = is semisimple. Then we may assume x = a = expY
with Y € dt™ by Lemma 2.4. There exists an o € ¥ such that a(Y) = 7i/2 and
that mc(t, @) # {0} by the definition of t+. Since X + 7X defines a conjugation of
me(t, @), we can take a non-zero element X of me(t, «) such that 7X = —X. Then
Z = X + X is a non-zero element of gf« Nm N g’. Since

f(exptz)a = TAd(exp tZ)Ad(a)oAd(a) *Ad(exptZ)~*
= Ad(exptZ)~'7Ad(a)cAd(a) ' Ad(exptZ) "
= Ad(exptZ) ' f,Ad(exptZ) = f,Ad(exptZ) 2 = Ad(exptZ)~2f,

and since Ad(exptZ)~2 has a non-trivial real eigenvalue for ¢t € R, it follows
that (exptZ)a is a non-elliptic semisimple element and hence (exptZ)a ¢ D for
t € R*. Thus a € (G — D).

Next assume that z is not semisimple. Then we may assume that x = (exp X,,)a
with an @ € 9T and a nilpotent element X, # 0 in ¢’ Ad(a)q by Lemma 2.4. By
a generalization of the Jacobson-Morozov theorem, there exist a Y € b’ N Ad(a)h
and an X/, € q' N Ad(a)q such that

Y, X,] =2X,, [V,X.]=-2X, and [X,,X)]=Y
(IKR], Proposition 4; cf. also [Se], Section 1). For ¢t € R* we have

n?

1 1
(X, +t2X),Y — — X+ tX]] = 2t(Y — —Xn + tX)).

Hence Ad(exp(X, + t2X/)) is semisimple and it has an eigenvalue e?*. From the
same argument as in the first case it follows that (exp(X, +t2>X/))a is a non-elliptic
semisimple element for ¢ € R*. Hence z = (exp X,,)a € (G — D). O

Let ¥(mg, t) be as in (2.2) and similarly define another subset X(fc,t) of ¥ by
S(ee, ) = {a € it" — {0} | te(t,a) # {0}}.
For o € ¥ and k € R let p, ;, denote the hyperplane in t defined by
Pak ={Y €t| a(Y) = kni}.
Define families Hy and H_ of hyperplanes by

1
My ={pak | @ €B(tc,t), k€ Z} and H- ={pax|a€X(me,t), k€, +2Z},
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respectively. Put H = H UH_. Then the family H of hyperplanes defines a family
& of Euclidean cells consisting of cells A which are maximal connected subsets of t
satisfying the condition

ACpor ANp=_0 for all p € H.

We have the cellular decomposition t = | |5 ¢ A. Since t* is bounded ([M7], Lemma
1), there exists a finite subset B of € such that 0t* =| |y 5 A. For A € & let ©%
denote the subset of ¥ given by

Yi ={a €Y |ACpax for some p, ) € Hel}

and put X = X UYL,
Let Y be an element of a cell A and put a = expY. We can prove the following
lemma by the same argument as in [M7], Lemma 2.

Lemma 2.7. g({:‘* = 3e.(t) ® @aezz tc(t,a) ® EBang me(t, a).
Proof. By (2.1) we have the decomposition

gc = @ (Ec(f, o) ® m@(t, Oé))

aeXU{0}
If X € tc(t,a), then f,(X) = Ad(a)20(X) = e 20X, If X € mc(t,a), then
fa(X) = Ad(a)20(X) = —e~2*(¥) X So the assertion is clear. O

This lemma implies that
[a = g’ = (' N Ad(a)h) © (¢' N Ad(a)q)

is independent of the choice of Y in A. Let 3a denote the center of [o and let
sa = [la,[a] denote the semisimple part of [n. Then we have [n = 3a ® sa and
therefore

(2.5) qdNAd(a)g=1ang =(ang)®(sang).
By Lemma 2.7 we have
iang Cit)ng =t
Hence we can write
iang ={Yet|aY)=0foral aecXa}
This implies that
(2.6) 3a Nq is the tangent space of A.

We see that the nilpotent variety in sA Nq’ is decomposed into a finite number of
(SaNH')p-orbits, where Sa denotes the analytic subgroup of G for sa. (It is shown
in [KR], Theorem 2, that there are a finite number of nilpotent ((SaNH')g)c-orbits
Nc in (saNg’)c. For each N it follows from Whitney’s theorem for real algebraic
varieties ([Wh], Theorem 3.3 in [PR]) that NcN(saNg’) consists of a finite number
of connected components which are (Sa N H')g-orbits.)

For A € B let Ny denote the union of the nilpotent (Sa N H')g-orbits of codi-
mension d which are contained in the closure of the set (sa N q')e; of the elliptic
elements in sA N q’. Define a subset

M(A,d) = H'(expNy)(exp A)H
of G.
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Proposition 2.8. (i) 9D = | |;Uacg M (A, d).
(i) If Ng # 0, then M(A,d) is a locally closed d-codimensional submanifold of
G consisting of a finite number of connected components.

(ii)) 0D = (Upep M(A, 1),
Proof. (i) Let x be an element of dD. By Lemma 2.4 z is contained in
H'(exp X,,)aH

for some a € 1" and a nilpotent element X,, in sA Nq’. Here we write a = expY’
with Y € A C dt™. We will show that X, is contained in the closure of (sA Nq")e-
Since SANH' ¢ H NaHa™ ', we can take an Sa N H'-conjugate of X,, so that X,
is sufficiently close to the origin. If X, is not on the boundary of (sa N q')ey, then
there exists a neighborhood U of X, in sA N ¢’ consisting of non-elliptic elements.
Take a neighborhood V of 0 in 34 N q’. Then it follows from (2.4) and (2.5) that
the set
H'(expU)(expV)aH

contains a neighborhood of y = (exp X,,)a in G consisting of non-elliptic elements.
Hence y is not contained in the closure of D, contradicting = € 0D. Thus we have
proved that X, is on the boundary of (sa N q')ey. Conversely, if X, is on the
boundary of (sa N q’)en, then it is clear that y = (exp X, )a € dD.

(ii) Tt follows from (2.4), (2.5) and (2.6) that the codimension of M(A,d) in
G equals the codimension d of Ny in sa N q'. Considering the left H’-action and
the right H-action, we have only to show that M(A,d) is locally closed at y =
exp X, exp Yy for every Yy € A and every X,, € Ny. Furthermore taking an SANH’-
conjugate, we may assume that X, is sufficiently close to 0. Let V be a compact
neighborhood of Y; in A. Then the non-trivial eigenvalues of foxpy for Y € V are
contained in a compact subset A of U(1) = {z € C | |z| = 1} such that 1 ¢ A.
By Lemma 2.1(ii) we can take a neighborhood U of 0 in sa N g’ such that the
eigenvalues of Adexp(—2Z) are not contained in A~! for all Z € U. By (2.4) and
(2.5) we have only to show that

(expUexp V)N M(A,d) = exp(UNNy)expV.

Suppose Z € U, Y € V and exp ZexpY € M(A,d). Then we have only to show
Z € Nd.
Let gé denote the A-eigenspace for fexpy. Then gc is decomposed as

A
gc = @ dc
A
since fexpy is semisimple. Since

fepoepr = feprAdeXp(_2Z) = Adexp(_2Z)fepra

we can furthurmore decompose the spaces gé into the generalized eigenspaces as
A A,
ot = Par”,
n

where gé’” ={X € g} | (Adexp(—2Z) — uI)*X = 0 for some k}. Note that every

X e gé’“ is a generalized eigenvector for fexp zexpy With the eigenvalue Ap. Since
we assume that g ¢ A~1, we have

M=1l=A=p=1
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This implies that the generalized eigenspace g((cl) of fexp Zzexpy for the eigenvalue

1 is contained in g& = (la)c. On the other hand, the condition exp ZexpY €
M(A,d) = H' (expNy)(exp A)H implies that
(27) fepoepr is conjugate to f(exp W)b
for some W € Ny and b € exp A. So we have

dim gV = dim g = dim(ia)c.
Hence we have )

8¢’ = (la)c.

This implies that the linear map Adexp(—2Z) : (Ia)c — (la)c has the unique
eigenvalue 1. Hence Adexp(—2Z2) is unipotent on ()¢ and therefore Z € sa N g’

is nilpotent.
It follows from (2.7) that

fexp Zexpy fexp Wb

dimc g¢ = dimc g¢
Since g{f""ze"py is contained in g((cl) =gt
g Y = (WFP7 = (WE = (X el | [X,2]=0}.
Similary we also have
gl = (1) = {X e lc | [X, W] = 0}.

Hence we have dimc([A)g = dim@([A)(‘éV and therefore dimc (5A)g = dimg¢ (SA)(EV.
This implies that

= (Ia)c, we have

dil’n(c Ad(SA)(CZ = dimc Ad(SA)(CW
By [KR], Proposition 5, we have
1 1
dimc Ad(SA N H’)CZ = 5 dim@ Ad(SA)CZ = 5 dimc Ad(SA)(CW
= dim¢ Ad(Sa N H/)(CW.
So we have
(2.8) dim Ad(Sa N H')Z = dim Ad(Sa N H")W.
Since W € N, it is contained in the closure of (5o N ¢q')ey. Hence exp ZexpY €
H'(expW)aH is contained in 0D. By the argument in the proof of (i), we see that
Z is contained in the closure of (sa N q’)ey. Combining with (2.8), we have proved
= Nd.
(iii) Let x be an element of M(A,d) C 9D such that d > 2. Let U be a
neighborhood of = in G. Suppose that U does not intersect (Jo .z M (A, 1). Then
U — 0D is connected because UNAD is a finite union of locally closed submanifolds

of codimension greater than two. But UND and U — D are both non-empty open
sets by Lemma 2.6, a contradiction. Thus 0D = (Jaeg M (A, 1)) O

Remark 2.9. (i) It is known that d > dim(sa Nt) (JKR], Proposition 9). Hence
M(A1)#0

only when the rank of YA = EX L X4 is one.

(ii) In general we can prove that codimgH'xH > dim t for any x = (exp X,,)zs €
G. So we may call x = (exp X,,)z, regular if codimgH'tH = dimt. Regular
semisimple elements studied in [M5] are contained in the set of regular elements.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2230 TOSHIHIKO MATSUKI

The author is grateful to Michael Otto for suggesting the existence of this notion
of regularity.

(iii) Suppose that mg(t, ) # 0 for all the longest roots o in ¥. Since all the
roots in Y are contained in the convex hull spanned by the longest roots, t is
written as

th ={Y et||aY)| < % for all the longest roots o € ¥}

So the condition M(A,1) # () for A € B implies that
Sa =35 = {+a}

for some longest root a. Suppose furthermore that all the longest roots in 3 are
mutually Wgng(t)-conjugate. Then we can write

U man= | M@

AeB A€B,
with a longest root a in X, where

Ba:{AeBm(Y):giforallYeA}.
So we have 9D = (Upep, M(A, 1))Cl :

3. CONSTRUCTION OF PARABOLIC SUBGROUPS

Let o be a root in X(mc, t) and suppose that 2« ¢ ¥. Let s¢ be the subalgebra
of gc generated by me(t, ) ® me(t, —a). Since [mc(t, ), me(t, —a)] C 3e.(t) and
since [3e. (1), me(t, £a)] C me(t, ), we have

(3.1) sc C e (t) ®me(t, @) @me(t, —a).
Clearly s = s¢ N g is a real form of s¢.
Proposition 3.1. (s, s7) = (s0(2,n), so(1,n)), where n = dimc me(t, «).

Proof. Let X — X denote the conjugation with respect to the real form g. Since
X — 7(X) is a conjugation of m¢(t, &), we can take a non-zero element X € me(t, @)
such that 7(X) = X. Put Y7 = [X,7(X)] = [X, X]. Then we have

Vi € 3o () Nc Nae Nig = 34 (8) Ni(EN q) = it.
On the other hand, we have
B(Y, Y1) = B(Y,[X,X]) = B([Y, X],X) = a(Y)B(X, X)

for Y € t¢. Since the Hermitian form B(X, X) is positive definite on mc, we see
that Y7 # 0. Taking Y = Y7, we have

(3.2) a(Yy) > 0.
Since Y7 € s¢ and since [Y7, me(t, £a)] = me(t, £a) by (3.2), the spaces me(t, o)
are contained in the derived ideal [sc,sc] of s¢c. So we have s¢ = [s¢,sc] and

therefore sc is semisimple. If Z € s¢ N ¢ satisfies «(Z) = 0, then Z is contained in
the center of s¢ and hence Z = 0. So we have proved

(3.3) scNite = CY;.

We will show that CY; is maximal abelian in s¢ N qz. Let X be an element in
sc N qg such that [Yq,X] =0. If Y € t satisfies a(Y) = 0, then [Y, X] = 0 because
sc is generated by me(t, o) @ me(t, —a). Hence X is contained in the centralizer

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



EQUIVALENCE OF DOMAINS 2231

of t. By (3.1) X is contained in 3¢ (t). Hence X € &c Nqp = €c Nqe. Since t is
maximal abelian in € N g, we have X € tc. It follows from (3.3) that X € CY;.

Thus the symmetric pair (sc, sc Nh¢) is rank one and we have the restricted root
space decomposition

sc = 55C(t) ®me(t, ) @ me(t, —a)
with respect to CY;. We have such a restricted root space decomposition only when

(sc,5c Nbe) = (so(n+2,C),s0(n+ 1,C)), where n = dimc me(¢, @).
By the classification in [Be], we have

(s,87) = (so(p,q),50(p—1,q9))  (¢=n+2-p)
with some p =1,...,n+ 1 since s is non-compact. (This can also be deduced from
[M6] by considering two commuting involutions 7 and 6 on the compact real form
(sNt)@i(sNm) Zso(n+2).) If p=1, then we have sN€t =sNh’, a contradiction
to RiY; =sNtC tNg’. Hence p > 2. Taking sNt=R(Ej2 — E21) CsNq’, we can
compute
dime(sc(t, o) NEc) =p — 2.

Since s¢(t, @) C mg, we have p = 2. O

For Z € m we define a parabolic subgroup Pz of G by
PZ = ZG(Z) expny,
where ny = @, {X € g | [Z,X] = AX}. For a € ¥ let Y,, denote the unique

element in t such that a(Y,) = mi/2 and that B(Y,,ts) = {0}, where t, = {Y €
t|a(Y)=0}. Put ay =expY,.

Theorem 3.2. Suppose that mc(t, o) # 0 for all the longest roots o in ¥ and that
all the longest roots in ¥ are mutually conjugate under Wgng(t). Take a longest
root o in ¥ and a non-zero element Z of (me(t, o) ®me(t, —a))Nh’. Then we have:
(i) H' Pyz and Ha_'Pyy are closed in G.
(ii) For any element x in the boundary of D, we have

xHa,'Py; N H' Py # () or vHa'P_zNH'P_5 # 0.
(iii) Assume moreover that dimme(t, ) > 2 or that there exists at € TN H
such that Ad(t)Z = —Z. Then for any element x in the boundary of D, we have
cHa'P; N H' Py # .

Proof. (i) Since Z € mN Y, it follows that H' N Py is a parabolic subgroup of H'.
Hence H'P;/Py; = H'/H' N Pz is compact. This implies that H' Py is closed in G.
Replacing Z by —Z, we see that H'P_z is also closed in G.

Identify s with so(2,n) as in Proposition 3.1. Then we have

sNt= R(Egl — Elg),
where Fj; denote the matrix units. We can assume that o € ¥ satisfies o :

y(Eo1 — Ei12) = iy. Then we have Y, = 5 (FE21 — E12) and therefore the adjoint
action of a, = exp Y, on s is equal to that of

0 -1 0
1 0 0
0 0 I,

on 50(2,n) by the identification s = so0(2,n).
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On the other hand, Z is of the form

o o o0 --- 0
0 0 =z - x,
0O = 0 --- 0
Oz, 0 --- 0

with some (z1,...,z,) € R® — {0}. Put Zy = E23 + E32. Then we see that Z is
Z i (t)-conjugate to rZy with some r € R*. (We can take r > 0 if n > 2.) Since
P.; = Pz for ¢ > 0 and since we consider +£7, we may assume that

Z = Zy.
We see that
g ' Pigao = Pigr,
where
7' =Ad(ay) ' Z=E;3+F3; €snmng =snmnb.
Hence Ha 'Prz = HPigaj' are also closed in G by the same reason as for
H'Pyy.
(ii) If h € H and h' € H', then we have
(W'azh)Ha ' Pz N H' Pyiy = h'(xHa, ' Pry N H' Pyy).

So we may replace z by any element in the double coset H'zH.

By Remark 2.9(iii) we have 0D = (Uacp, M (A, 1))¢l. First assume that = €
M(A,1) for some A € B,. Then we have x € H'(exp X,,)aH for some a = expY €
exp A and a nilpotent element X,, in g’ N Ad(a)q. By the above remark we may
assume that

x = (exp Xp,)a.

By Lemma 2.7 we have
gl = 3e.(0) ® me(t, @) @ me(t, —a).
Since s¢ is generated by me(t, o) ® me(t, —a), it is contained in g(’é“. Since
[3ec (1), 85c] C sc,

sc is an ideal of gé“. Hence s = sc N g is an ideal of g/*. Let s denote the
orthogonal complement of s in gfe with respect to the Killing form on g. Then s*
is an ideal of g/« contained in 3¢(t). (Note that s may be smaller than s in Section
2)

Since gf* = s ® s and s* C &, the nilpotent element X,, is contained in s N q'.
By the identification in Proposition 3.1, X, is of the form

0 -1 Ty o Tpgl
Z1
1)

Tn41

with z; € R such that #§ = 23 +--- + z2,,. Since we can consider any element
in the double coset H'xH, we can replace X,, by an H' N aHa~'-conjugate. Since
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b’ NAd(a)h = gfa N’ D sNp = so(l,n), we may replace X,, by some SO(1,n)o-
conjugate by the identification in Proposition 3.1. So we may assume

X = £(EBoy — Bz +eFE31 + €Ey3),
where e = £1. (We may put ¢ = 1 if n > 2.) By computation we see that
1Z,X,] = X,

Since a(Y) = a(Y,) = 7i/2, we can write Y =Y, + Y’ with Y’ € tNst. Hence
we can write
a = a,a
with @’ = expY’.
Since X,, € n.z and since Y’ € s+ C 39(2), it follows that

zHa,

[

'P.y D aal' Py = (exp X,)a' Py = Pey.
Hence we have
(3.4) zHa

fore =1 or —1.

Finally let y be an arbitrary element in the boundary of D. If yHa,'Pyz N
H'Pyz =0, then xHa_'PyzNH' Py = () for all the elements z in a neighborhood
U, of y because yHa,'Pz/P; and H'Pz/Py are compact. But this contradicts
(3.4) because 9D = (Uncp, M(A, 1)<

The assertion (iii) is also proved in (ii). O

AP, NHP.; #0

(03

4. PROOF OF THEOREM 1.3

In this section, we will prove Theorem 1.3. So we assume that G is a complex
Lie group and that H' (= Gg) is a real form of G.
Since K is a compact real form of G, we have

dime me(t, @) = dimg €c(t, @) = dime g(t, @)

for all @ € ¥X(t). Hence we can identify X(mc,t) with the usual restricted root
system ¥ = X(t) of H'. Tt is also known that all the longest roots in ¥ are mutually
conjugate under Wrng(t) for simple H'. So the conditions in Theorem 3.2 are
satisfied.

Table 1 gives the well-known list of simple real Lie algebras §’ and the multiplic-
ities n of the longest restricted roots. (Assume p < q.)

In the following arguments we consider the complex structure only inside g. It
means that we do not consider the “complexification” of the complex Lie algebra
g in order to avoid confusion.

We define a maximal abelian subspace a of m N q by

a=RZ P it,,

| «(Y) = 0}. Take a positive system X(a)* of the restricted
¥ (g, a) so that

B(Z) >0 for all B € X(a)".
Then the pair (a,X(a)™) defines a parabolic subgroup
P=P(a,%(a)")

where t, = {Y €t
root system X(a) =

of G contained in Py.
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TABLE 1.
type H’ D) n
Al sl(¢,R) Ay 1
Al gl(¢,H)/R Ay gy 4
AIIT su(p,q) BCporC,| 1 Hermitian
BDI so(p,q) (p>2)| B,orD, 1 Hermitian if p = 2
BDI s0(1,q) B, qg—1
CI sp(¢,R) Cy 1 Hermitian
CII sp(p, q) BC, or C, 3
DIII 50%(44) Cy 1 Hermitian
DIII 50" (44 + 2) BC, 1 Hermitian
EI Eg 1
EIT Fy 1
EIII BC, 1 Hermitian
EIV A, 8
EV E, 1
EVI F, 1
EVII Cs 1 Hermitian
EVIII Esg 1
EIX Fy 1
FI F4 1
FII BC, 7
G Go 1
complex cases 2

Let j be a maximal abelian subspace of m containing a. Let X(j)™ be a positive
system of the root system X(j) = 3(g,j) which is compatible with ¥(a)*. Then the
pair (j, 2(j)*) defines a Borel subgroup

B =B(j,%()")

of G contained in P. Since a = j N q is maximal abelian in m N q and since X(j) " is
7-compatible, it follows that H'B is closed in G and that HB is open in G ([M1],
Proposition 1 and Proposition 2). Since H is a complex symmetric subgroup of G,
HB is the unique open H-B double coset in G and therefore H'B is the unique
closed H'-B double coset in G.

Remark 4.1. Since Theorem 1.3 concerns orbits on the flag manifold X = G/B, we
may replace B with any conjugate pBp~! for p € P.

Let « be an element in the boundary of D. By Theorem 3.2 we have

(4.1) xHa,'P; N H' Pz # 0
or
(4.2) rHa'P_zNH'P_y # 0.

If Gg is of non-Hermitian type, then the condition in Theorem 3.2(iii) is satisfied
by Lemma 7.2 in the appendix. Hence we have (4.1) in this case.
Assume (4.1). Then we will show that

(4.3) z(Hay'pB) N H'B # ()
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for any p € P. It follows from Lemma 7.1(i) that HP = HB. So we have H'P =
H'B ([M2]). Hence (4.3) is equivalent to

z(Ha'P)'NH'P #(
because (Ha ' P) = (Ha,'pB)®P. We have only to show that

(Hay'P)" = Ha,' Py
which is equivalent to (HP')*! = HPz/, where P’ = a_'Pa,. Put
(4.4) o = Ad(a;Y)a=RZ @ it,.
Then the Lie algebra p’ of P’ is defined by the pair (a/,2(a’)"), where X(a/)t =
{0 Ad(an) € X(d') | @« € E(a)™}. Since H and P’ are complex subgroups of G,
we have only to show the equality
(4.5) b+p =b+pz.
We can write

bz =9 ® . g(a, =)
pex(a)t,B8(2")=0
If 3 € X(a')" satisfies 3(Z') = 0, then it follows from (4.4) that o3 = —3 and
hence og(a’,—8) = g(d’, 3). So we have pz C p’' +op’ C h+p'. (4.5) is clear by
this inclusion. Thus we have proved (4.3).
Next assume (4.2). Since Ad(a2)Z = —Z, we have P_z = a2 Pza_%. Hence
xHay a2 Pzay? N H a2 Pzay? # ()

and therefore

xHaaPZ ﬂH/aiPZ 7& @
Since H' Pz and H'a? Pz = H'P_za? are closed in G and since there is only one
closed H'-Pz double coset in G, we have H' Py = H'a? P;. Hence

xHao,Pz N H' Py # 0.

By the same argument as for (4.1) = (4.3), we get

z(Haop'B)* N H'B # ()

for an arbitrary p’ € P. Thus we have proved (ii) for S = Ha,'pB U Ha,p'B or
S = Ha_'pB for arbitrary p and p’ in P.

Remark 4.2. In the following proof of (iii), we must choose p € P (resp. p’ € P) so
that Ha_ 'pB (resp. Ha,p'B) is as small as possible. Of course we may also replace
B with pBp~! for some p € P. The following considerations on orbit structure are
based on many examples computed in [MO], Section 4.

Now we will prove (iii). First consider the case where n is odd. Then in view
of Proposition 3.1 and the choice of Z in the proof of Theorem 3.2, we can take
a maximal abelian subalgebra t; of s N €N h(C 34(t)) so that [Z,t;] = {0}. We
may choose j so that it contains a @ it,. We see that Ad(a_?) defines the reflection
with respect to Z on j Nsc. Since Ad(a,?2) acts trivially on s¢, it acts on j as the
reflection wz with respect to Z.

Let ¥ denote the set of simple roots in X(j)™. For each subset © of U there
corresponds a parabolic subgroup

Po = BWeo B
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of G, where Wg is the subgroup of W generated by {wg | 8 € ©}. We will show
that

O#VY = Ha,'BNH'Pg =10

because the right-hand side is equivalent to Ha_ !B N HPg = 0 ([M2]).
We can study H'-B double cosets by using the Bruhat decomposition as in [Sp].
By the map

y—1(y) "y,

the double coset H'yB is mapped into 7(B)7(y) " 'yB. Since X(j)T is 7-compatible,
we can write

T(B) = wc_leC,

where w, is the longest element in the Weyl group W, generated by the reflections
with respect to the compact roots in X(j). Hence by the map

y > wer(y) "y,

H'yB is mapped into
wer(B)7(y)~'yB = Buw.(y)”'yB.

By this map H’a_ !B is mapped into Bw.a_?B. On the other hand, H'Pg is
mapped into

wcT(P@)wgleP@ = Pow.Pg.

Here we write w.7(Pe)w, ! = Pg/ with some ©’ C ¥ since w.7(Po)w, ! contains

wer(B)w;! = B. Since w.a,? normalizes j, it is considered an element of W. So

we have only to prove that
(4.6) weay? ¢ WoW.We.

Let Zo (resp. Zo/) be a non-zero element in j which is dominant with respect
to 2(j)T and Weg-invariant (resp. We/-invariant). Then we have

(4.7) B(Z,Z¢) > 0 (resp. B(Z, Zg/) > 0)

with respect to the Killing form B( , ) as follows. Z is identified by B( , ) with
a dominant root & in X(j)T (modulo positive constant). It is known that & =
ZBE\D mgf with mg > 0 for all 5 € ¥. Since 3(Zg) > 0 for all 3 € ¥ and since
B(Zg) > 0 for some (3 € U, it follows that

A(Ze) =Y _ msp(Ze) > 0.

Bev

Since Z € a, we have

(4.8) we(2) = Z.

Since Zg and Zg are dominant for X(j)*, we have

(4.9) B(Ze, Ad(w.)Zo) < B(Zer, Ad(w:)Ze)

for any wy, € We.
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It follows from (4,7), (4.8) and (4.9) that
2B(Z, Ze)

B(Zer, Ad(w)Ad(a,*) Ze) = B(Zer, Ad(w,)(Ze — B(Z 22
— B(Zer, Ad(w,)Zo) — 22\ Z?>BZ<)Za Zer)

< B(Zer, Ad(w1)Ze)
= B(Z@/, Ad(w@/’LU1'LU®)Z®)

for all we € Wo, w; € W, and wer € We,. Thus we have (4.6).
We can also prove that

O£V = Ha,BNH Ps =0

by the same argument. Thus we have proved (iii) when n is odd.

5. PROOF OF (iii) FOR EVEN n

In this section we will prove (iii) of Theorem 1.3 when n is even. In this case
there are no real roots in X(j) and hence

there is only one K N H-conjugacy class

(5.1) of o-stable maximal abelian subspace of m

(IM1], Theorem 2, [Su], Theorem 6).
By the classification, there are four cases

H' (= GRr) is complex, AIl, so(1,q) (¢is odd) and EIV.

5.1. Complex cases. Let G be a complex simple Lie group. Let K7 be a compact
real form of Gy and let 61 be the conjugation of G; with respect to K;. Then
g1 = £ ® my is a Cartan decomposition of g;, where my; = it,.

Put G=G1 xG1, H={(9,9) | g€ G1} and K = K; x K;. Then

H = {(g,61(9)) | g € G1}.

Let a = RZ @it, C mNq be as in Section 4. Since mNg = {(X,—X) | X € my},
we can write a = {(X,—X) | X € j;} with some maximal abelian subspace j; of
my.

Write Z = (Z1,—21), aa = (a,a7!) = (expY,exp(—Y)), ita = {(X,—X) | X €
(jl)a} and

= Ad(ay')Z = (Ad(a 12y, —Ad(a)Z)) = (Z2, Z2) €mnh
with Z; € j;, Y € ¢ and Z3 € m;. Then we have
Ad(a*)Z) = —Ad(a)Zy = —Z; and Ad(a*)X = X for X € (j1)a-

Hence Ad(a?);, is the reflection with respect to Z;.

Let 31 denote the root system of the pair (g1,j1) and let Ef be a positive system
of ¥1 such that Z; is dominant for Zf. Let By be the Borel subgroup of G for
the pair (j;, Y1) and put B = By x 61(B1). By the map

(5.2) H'(y,z)B — Byy '6,(2)B;
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the decomposition H'\G/B is identified with the Bruhat decomposition B;\G1 /B
of G1. Let ¥y denote the set of simple roots in Ef. Then every parabolic subgroup
Py of G containing B is written as

P@ = P@1 X 6‘1 (P@2)

with some subsets ©; and ©; of ¥;, where Pg, = BiWeg,B; is the parabolic
subgroup of Gy corresponding to ©;.

By the identification (5.2) H'a_!'B and H'Pg are identified with Byaf;(a)B; =
Bia®?B; = Biwgz, By and P, Pe, = B1We, We, By, respectively. Since we assume
that H'\G/Pg is non-trivial, ®; and O2 are not equal to ¥;. So we have only to
show that

wz, ¢ W@1W@2.
But we can prove this by the same argument as in Section 4 since Z; corresponds
to the maximal root in ¥. Thus we have proved (iii) when H’ is a complex Lie
group.

5.2. All-case. Since n = 4, the pair (s,s7) is isomorphic to (s0(2,4),s0(1,4)) by
Proposition 3.1. By this identification, we can take a three-dimensional maximal
abelian subspace
s =RZPRZ, ®RZy

in m N sc, where Z = Fa3 + E32 (as in Section 3), Z3 = E14 + E41 and Z5 =
i(Ess — Egs). Take a maximal abelian subspace j,1 of m N (s1)¢ = is* containing
itq. Then j =j; ®j,1 is a maximal abelian subspace of m containing a = RZ @ it,,.
By computation we have

Ad(ay®)Z = —Z, Ad(a;®)Zy =71, Ad(ay?)Zs = Zs
and Ad(a,?)X = X for all X €j,..
Let 3X(a)* be a positive system of X(a) such that Z is dominant for X(a)*.
Let X(j)* be a positive system of (j) which is compatible with X(a)*. Let ¥ =

{a1,...,am} (m is odd) denote the set of simple roots in 3(j)*, where
1 if k= g,
(agran) =4 =1/2 if b —jl = 1,
0 if |k — j| > 2

as usual. Then {«y | k is odd} is the set of the compact simple roots in ¥. Let
Qmax = Q1 + -+ + @y, denote the maximal root in X(j)T. Then the four roots
Omax,  Omax — 01, Omax — QO ald  Qmax — Q1 — Qpy,

are mapped onto the maximal root & in X(a)™ by the restriction of roots in 3(j) to
a. By the Killing form we can identify Z and Z; with a and a vector in Ray @ Rayy,,
respectively.

We see that

Pz = Py_{as,am-1} = Plai}Plas,) Foos
where ©¢ = {a3,a4,...,am_2}. Since Ha_ ! Py is closed in G by Theorem 3.2(i),
it follows that
Ha'pPe,

is closed in G for some p € Piy,1P(q,,}- It follows from (5.1) and Lemma 7.1
that Ha,'pB = Ha 'wB for some w € Wia}Wia,.} = {€ Wa,, Wa,,, Wa, Wa,, }-
(More precisely, we can see that Ha,'B = Ha,'w,, wa, B and Hay'w,, B =
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Haj'w,, B. But we do not need these equalities here.) Replace B by wBw™!.
Then

Ha'Pe,

is closed in G.

First suppose that © contains ©g. If Ha,'B C HPe, then HPg contains a
closed set Ha_'Pg,. Hence HPg is closed in G. But HPg is also open in G. So
we have HPg = GG contradicting the assumption H Pg # G. Thus we have

Ha'BNHPs = 0.

So we have only to consider © = ¥ — {ay} with k =3,4,...,m — 2. Take a Zg
as in Section 4. Since w.7(Pg)w, ! = Pg, we have only to prove (4.6) for ©' = ©.
Since a1(Ze) = am(Zo) = 0, we have

(5.3) Wz, Zo = Zo.

Since Z corresponds to a positive constant multiple of 2a,.x — @1 — y, and since
(20max — 01 — o) (Zo) = 20max(Ze) > 0

as in Section 4, we have

(5.4) B(Z,Zg) > 0.

By (4.8), (4.9), (5.3) and (5.4) we have

B(Ze,Ad(wea?) Zo) = B(Zo, Ad(wowzwyz, ) Ze)
= B(Z@, Ad(wcwz)Z@)

Bz, Adu) 2o - L) 7
2
= B(Ze, Ad(w.)Ze) — %

< B(Z@, Ad(wl)Z@)

= B(Zo, Ad(wewiwg)Ze)
for all we, wg € We and wy € W,.. Thus we have proved

weay? ¢ WoW.We.

5.3. Cases of s0(1,¢q) (¢ is odd) and EIV. In these cases, we have Pz = P.
(Remark: We only use this condition. So the following argument is also valid when
H’ (= Gg) is real rank one.) Since Ha_'P = Ha_' Pz is closed in G by Theorem
3.2(i), there exists a p € P such that Ha_'pB is closed in G. If Ha_'pB C HPe,

then HPg is closed in G. But H Pg is also open in G. Hence we have HPg = G,
a contradiction to the assumption HPg # G. Thus we have proved

Ha,'pBN HPg =)

and we have completed the proof of Theorem 1.3.
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6. PROOF OF THEOREM 1.7

Applying Lemma 2 in [GM2] recursively, we can find a sequence of simple roots

a1, ...,04 (£ =dimg G — dime S) such that
dime SP,, -+ Py, = dime SPy, -+ Py, + 1

fork=1,... ¢
Lemma 6.1. Suppose that H' is of non-Hermitian type.

(i) If H' is not of Cll-type or Fll-type, then

(gl)cl _ S(/)pPOtz . ]3(%1 X
(ii) If H' is of CIl-type, then we can take oy as a compact root and we have
cl
51" = SopPay -+ Pa,

for the dense H-B double coset Sy in §Pa1.
Proof. Let Sk denote the dense H-B double coset in §Pa1 <Py, for k=0,...,¢4.

Write Sy = Hux, B with a representative xj such that j, = Ad(x)j is a o-stable
maximal abelian subspace in m. Let §; denote the simple root in

S(ik)* = {yo Ad(w) ™" |y € 2()}

defined by By = ax o Ad(xy)~!. Since dimc Sy = dime S_1 + 1, it follows from
Lemma 7.1 that

dim(jx Nq) = dim(jp—1 Ngq) and [ is complex
or that
dim(jx N q) = dim(jr—1 Ng) +1 and fJy is real.

In particular, we have
(6.1) dim(jo Nq) < dim(j; Nq) < -+ < dim(je N q).

Suppose that §i is complex. Then it follows from Lemma 7.1(iv) that

SkPa, = Sk—1 U Sk.
Moreover we can take xp = xp_1wq, and hence j, = jr—1. By the duality ([M2])
we have S/ P, = S,_,US} and S}, C S;_,*. Hence
cl ¢ cl

(62) Sllcfl :(Sllcpak) l: I/c Pk

(i) First suppose that n is even. By (5.1) we have

dim(jo N q) = dim(jy Ng) = --- = dim(jy N q).
Since f( is complex for all k = 1,...,¢, it follows from (6.2) that
SN e cl cl cl
(S/)l: (’) 251 P, == Zpaz"'Pm:S(/)pPaz"'Par

Next consider the case where n is odd. Since we assume H’ is not of CII-type or
FIl-type, it follows that n = 1. Take a o-stable maximal abelian subspace j of m
as in Section 4 and Section 7.2. Then j’ = Ad(a!)j is o-stable. So we may assume
that 2o = a_!. Since i’ N q = it,, it follows from (6.1) that

dim(jo N q) = --- = dim(j—1 N q) = dim(j, Ng) =1 =--- = dim(jeNg) — 1
for some m. So we may assume that jo = -+ = j,,_1 = j’ and that j,, = --- = j, = j.
We see that the root & € X(j) corresponding to Z is the real root defining j’ =
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Ad(a;t)j fromj ([Sul, Theorem 6). On the other hand 3, is also a real root defining
the K N H-conjugacy class of o-stable maximal abelian subspace containing j’. So
a and (3, are conjugate under some w € Wrng(j). Replacing x,, by wz,,, we may
assume that 3, = &. Consider the root v = o, 0 Ad(xp,—1) 7! = B oAd(xmx:nlfl)
in ¥(j;n_1). This root v is the non-compact simple root in X(j,,_1)" corresponding
to Z'.

Since H' is of non-Hermitian type, it follows from Lemma 7.2 that Hw.2,,—1B =
Hzx,,_1B. Hence we have

Sm—lpam = H.]Zm_lB L HC,YZIIm_lB = Sm—l L Sm

by Lemma 7.1(ii). So we have S/, P, =5/ US' ,and S, C S’ . Hence

m

(6.3) L =8 P, ) =8P, .

m—1
By (6.2) and (6.3), we get
(8"t = 6Cl =8Py, == flpa[ <o Pay =8 Pay -+ Py

(ii) Takej, X(j)T and ¥ (the set of the simple roots in X(j)T) as in Section 4.
Then jo = Ad(ay')j is o-stable and dim(jo N q) = dim(j N q) — 1. Write ¥ = {e; —
€2, — €3,...,er_1 — €, 2e,.} as usual by using an orthonormal basis {ey,...,e.}
of j*. Then the compact simple roots are
€1 — €2, €3 — €4, ..., €251 — €25, €541 — €2542, €2542 — €2543, -+, Er—1 — Ep, 2€r,
where s (< r/2) is the real rank of H = Sp(s,r — s). The dominant root &
corresponding to Z is

a=e +es.

The root 8 = & o Ad(ay) € X(jo) is non-compact. Suppose that (e; — ez) o Ad(aq)
is compact. Then 2e; o Ad(a,) and 2e3 o Ad(a,) are non-compact. Since these
two roots are strongly orthogonal, we can construct a o-stable maximal abelian
subspace j’ of m such that

dim(j’ N q) = dim(jo N g) + 2 = dim(j N q) + 1.

But this contradicts that j N q = a is maximal abelian in m N q. Thus we have
proved that (e; — e2) o Ad(ay) is a non-compact root of 3(jp).

Put ay = e; — e3. Then the dense H-B double coset S; in SP,, is written as
S1 = Hax1 B, where j; = Ad(z1)j satisfies

dim(j; Nq) = dim(jo N g) + 1 = dim(j N g).
Take as, ..., ap so that
dimg SP,, -+ Py, = dime SP,, -+~ Pay_, +1
for k =2,...,¢. Then we have

dim(j; Nq) =dim(jaNgq) = --- = dim(j, N q)
by (6.1). Hence fs, ..., 8¢ are complex roots and so we have
cl cl cl
Si = é P,,=-= z,pw...pwzgéppaz...p%
by (6.2). O
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Proof of Theorem 1.7. We will show that S C T, = SJC-Z for every j € J. By [GM2],
Lemma 2, there exists a simple root 3 such that S;Pg D Sop. Hence S; C SopPs
and therefore S; C S[)pPg. In particular, g is not a compact root.

If H' is of F1I-type, then ¥ (j) is F4-type and it consists of three compact roots and
one complex root 3. Hence J consists of only one element j and S,,Pg = Sop U S;.
So it is clear that _

S C Tj
because S C T; for some j € J by [GM2], Theorem 2.
So we may assume that H' is not of FII-type. It is known that

Sc 8= ()" 8]

(IM3], Corollary, [MUV], Corollary 1.4). Suppose that S ¢ T, = S}fl. Then (5") 2
S%. Hence

A1y, F 0
by Lemma 6.1. (If H' is of ClIl-type, then S ¢ T} implies S; ¢ T} because S C S¢.
Hence S, % S% and therefore as,...,ay # 3 by Lemma 6.1(ii). Since ay is
compact, we have aq,...,ap # (8.) Thus we have

g C SopP@

with © = ¥ — {#}. In Remark 1.2(ii) we see that HPg = G holds only when
© = ¥ — {4} with some compact root 5. So we have HPg # G and it follows from
Theorem 1.3(iii) that

SN SopPo =0,

a contradiction. Thus we have proved S c T;. O

7. APPENDIX

In this appendix, we assume H' is a simple Lie group and G is a complexification
of H'. (So G, H and H' are G¢, K¢ and Gg, respectively, in Section 1.) In Section
7.2 we will moreover assume that H' is of non-Hermitian type.

7.1. Lemma 5.1 in [V]. First we will review a lemma due to Vogan [V] which is
used frequently in this paper. This lemma is generalized for arbitrary real sym-
metric pairs (G, H) in [M3], Lemma 3. But we will restrict ourselves to complex
symmetric pairs for simplicity.

The full flag manifold of G is identified with the set F of all the Borel subgroups
in G. Every H-orbit in F contains a Borel subgroup of the form

(7.1) B=DB(,2") = Zg(j) expn

with n = @, c5+ 90, @), where j is a o-stable maximal abelian subspace of m and
¥t is a positive system of the root system X of the pair (g,j) ([M1], Theorem 1,
[R], Theorem 13). (jc is a o-stable Cartan subalgebra of g.) By the symmetry of
H and H’ every H'-orbit in F also contains a Borel subgroup B of the form (7.1).
In [MI] (Corollary of Theorem 3) we defined the natural correspondence between
H-orbits S in F and H'-orbits S’ in F so that S and S’ contain the same Borel
subgroups B of the form (7.1). (We remark here that the H'-orbit structure on the
full flag manifold F was first explicitly studied in [A].)

Roots in ¥ are usually classified as follows:

(i) If o(o) = o and g(j, ) C b, then « is called a “compact root”.
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(ii) If o(a) = @ and g(j, @) C g, then « is called a “non-compact root”.
(iii) If o(a) = —a, then « is called a “real root”.
(iv) If o(a) # ta, then « is called a “complex root”.
For a simple root o of ¥, we can define a parabolic subgroup P, by

P, = BU Bw,B.

Lemma 7.1 ([V], Lemma 5.1, cf. also [M3], Lemma 3). HP, is decomposed into
H-B double cosets as follows:

(i) If « is compact, then HP, = HB.

(ii) If « is non-compact, then HP, = HB U Hw,B U Hc,B and dim¢c HB =
dim¢ HwoB = dim¢ Heo, B — 1. Here ¢, = exp(X + 0X) with some X € g(j, a)
such that ¢2 = w,. (Sometimes HB and Hw, B coincide.)

(iii) If o is real, then HP,=HBUHc,BUHc,'B and dim¢c He, B=dime He ' B
= dim¢c HB — 1. Here ¢, = exp(X + 0X) with some X € g(j,a) Nq" such that
2 = wq. (Sometimes Hco B and Hey' B coincide.)

(iv) If « is complex, then HP,, = HB U Hw,B. Moreover we have

dimc HB+1 ifcacX™,

dime Hwo B =
e e {mmCHB—l if oa ¢ ST,

7.2. A lemma for non-Hermitian cases. Suppose that n = dimc g(t,«) = 1 for
a longest root « in 3(t). Let t be a maximal abelian subalgebra of £ containing t.
Then the restricted root « is the restriction of the root & for t such that & vanishes
on t, = tNh.

As in Section 4 define a maximal abelian subspace a = RZ @ it, of mNg. Then
j = a @ty is a maximal abelian subspace of m. Put i’ = Ad(a_')j = RZ' @it, D ty,
where Z' = Ad(a;')Z as in Section 3. Then j’ is a o-stable maximal abelian
subspace of m such that dim(y’ N q) = dim(jNq) — 1.

Lemma 7.2. Suppose that H' is of non-Hermitian type. Then there exists a t €
T N H such that e*(t) = —1 and that Ad(t)|; is the reflection with respect to Z'.

Proof. Clearly we may assume that G is simply connected. So the compact real
form K of G is also simply connected. Then it is known that K¢ is connected. So
we have

K°=KnNH.
Note that ¥(t) is identified with the restricted root system of the compact symmetric
pair (K, K N H). Let Zg be the element of t defined by

4mif3
Zg = ——.
(3.5
(This means v(Z3) = 4wi(v, 3)/(8, 8) for all v € X(t).) Then it is known that the

lattice
{Yet|expY =e}
is generated by {Zg | 8 € 2(t)} (cf. [M6], Appendix).

Note that 3(t) is also identified with the restricted root system of H’'. It is
known that H' is of Hermitian type if and only if the following two conditions are
satisfied:

(i) X(t) is C-type or BC-type.

(ii) dimg g(t, @) = 1 for the longest roots a in X(t).
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Since we assume H' is of non-Hermitian type and since we assume (ii), the restricted
root system X(t) does not satisfy (i). Hence there exists a 8 € 3(t) such that
1
(7.2) (.0) _1
(8,8) 2
Consider the element t = exp(1/2)Z3 of T. Since to(t)™! =t> = exp Zg = ¢, we
have t € K = K N H. By (7.2) we have

and therefore e®(t) = e™ = —1.

Since Z' € mc(t,a) ® me(t, —a), we have Ad(t)Z' = —Z'. (Here we consider
the complexification of the complex Lie algebra g.) On the other hand Ad(t) acts
trivially on it, @ t,. Hence Ad(t) acts on j’ as the reflection with respect to Z’'. O
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ADDED IN PROOF

Recently Conjecture 1.1 was solved in [M9] for Hermitian cases. So the conjecture
is now completely solved affirmatively (cf. Remark 1.10).
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