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NON-MOISHEZON TWISTOR SPACES OF 4CP?
WITH NON-TRIVIAL AUTOMORPHISM GROUP

NOBUHIRO HONDA

ABSTRACT. We show that a twistor space of a self-dual metric on 4CP? with
U(1)-isometry is not Moishezon iff there is a C*-orbit biholomorphic to a
smooth elliptic curve, where the C*-action is the complexification of the U(1)-
action on the twistor space. It follows that the U(1)-isometry has a two-sphere
whose isotropy group is Zs. We also prove the existence of such twistor spaces
in a strong form to show that a problem of Campana and Kreu8ler is affirmative
even though a twistor space is required to have a non-trivial automorphism

group.

1. INTRODUCTION

Let (M,g) be a compact self-dual four-manifold and Z the associated twistor
space, which is a compact complex threefold. In 1981 N. Hitchin [I0] showed that
Z does not admit a Kahler metric except in two well-known examples. Five years
later, Y. S. Poon [26] showed that the connected sum of two complex projective
planes admits self-dual metrics whose twistor spaces are not projective algebraic,
but Moishezon. (A compact complex manifold is called Moishezon if the tran-
scendental degree of its meromorphic function field over C is equal to the complex
dimension.) Since then many works have been done about Moishezon twistor spaces
of nCP?, the connected sum of n copies of the complex projective planes, for arbi-
trary n.

In contrast, non-Moishezon twistor spaces of nCP? have not been seriously in-
vestigated so far, to the best of the author’s knowledge. In the present paper, we
investigate complex geometric properties of non-Moishezon twistor spaces of 4CP?,
having a holomorphic C*-action. This is equivalent to studying non-Moishezon
twistor spaces on 4CP? whose identity component of the holomorphic automor-
phism group is non-trivial. Under this assumption, the corresponding self-dual
conformal class on 4CP? admits a U(1)-action; namely, the U(1)-action obtained
by restriction on the twistor space goes down to 4CP? and yields a U (1)-action
preserving the self-dual conformal class. We note that for n < 3 any twistor space of
nCP? is known to be Moishezon, and n = 4 is the first case in which non-Moishezon
twistor spaces actually appear.
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Our first main result is a geometric characterization of such twistor spaces of
4CP2. We prove that every non-Moishezon twistor space of 4ACP? with C*-action
has a unique real C*-orbit which is a smooth elliptic curve (Theorem B.6). This
is in contrast to the Moishezon case, because for an arbitrary Moishezon manifold
with C*-action with non-empty fixed locus, the closure of any orbit is either a point
or CP', and the isotropy group is either finite or C*, whereas the isotropy group
of the above orbit of an elliptic curve is a infinite cyclic group. We also mention
that Theorem has a corollary that the corresponding U(1)-isometry on 4CP?
has a two-sphere along which the isotropy group is Zy (Proposition B1).

In our proof of the above result we see that the normal bundle of such a C*-
orbit in the twistor space is of the form F & F', where F' is a line bundle of degree
zero over the elliptic curve. Then applying a work of F. Campana and B. Kreufller
[5], the algebraic dimension of a twistor space Z, denoted by a(Z), is determined
by F: namely a(Z) = 2 if and only if F' is of finite order in the Picard group,
and otherwise a(Z) = 1. Further, in the case a(Z) = 2, the algebraic reduction
of Z is induced by its anticanonical system multiplied by the half of the order of
F [5]. Thus a natural question arises as to which F — C, C being an elliptic
curve, can be realized as above by a non-Moishezon twistor space of 4CP? with
C*-action. In this direction we first obtain a necessary condition for a line bundle F
to be a direct summand of the normal bundle (of the C*-orbit in a non-Moishezon
twistor space of 4CP? with C*-action). Namely we show that such F is real (i.e.
0*F ~ F; o is the real structure of Z) and can be continuously deformed into
the trivial line bundle preserving the reality. (This condition is not necessarily
satisfied for real F € Pic’C' in general. See Definition E3 for precisely.) Next
we show our main existence theorem stating that if C' is an elliptic curve without
non-trivial automorphism, and if F — C' is a line bundle of degree zero which can
be continuously deformed into the trivial line bundle preserving the real structure,
then there exists a non-Moishezon twistor space of 4ACP? with C*-action such that
the C*-orbit of an elliptic curve is biholomorphic to C and its normal bundle is
isomorphic to F & F as a holomophic vector bundle (Theorem [H]). In particular,
any positive integer can be realized as the order of F', and a question of Campana-
KreuBler [5, Open Problem] turns out to be affirmative, even if the twistor space is
required to have a non-trivial C*-action.

This paper is organized as follows. In Section 2 we study twistor spaces of
nCP? whose fundamental systems are two-dimensional and show that for n > 5
such a twistor space is always Moishezon (Corollary 2.5]). This reproves a result
of KreuBler [I8]. Next in Section 3 we prove Theorem by using results in the
previous section. In Section 4 we prove Theorem Our proof is a refinement of
the construction in our previous paper [15], where we showed, by using a so-called
Kummer type construction [22], the existence of a non-Moishezon twistor space
of 4CP? with C*-action whose F' is trivial. The key point for this case was the
existence of some C*-invariant smooth divisor on the twistor space. When F is
non-trivial, such a divisor does not exist, and the proof of [I5] does not work. Here
is a rough sketch of the present proof. For given data (an elliptic curve C and a line
bundle F' — C), we first construct a simply connected orbifold with a conformally
flat metric, whose twistor space Zy has a C*-action with an orbit biholomorphic to
C whose normal bundle is F @ F. Then applying a theory of [6l, 22], we construct
some normal crossing variety Z’, one of whose irreducible component is a resolution
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of Zy. The ingredient of the proof of Theorem is to show that Z’ can be C*-
equivariantly deformed keeping the complex structure of C' and its normal bundle
F & F fized, to get a desired twistor space of 4CP?. We also see in the course of
our proof that the obstruction space for deformation theory of twistor spaces of
primary Hopf surfaces always vanishes (Proposition ETT]), generalizing a result of
Pontecorvo [25]. This is done by taking the universal cover and calculating a Cech
cohomology using an explicit Stein open covering.

Notations and conventions. (i) Let X be a complex manifold and S a coherent
sheaf on X. The structure sheaf and the tangent of X are denoted by Ox and ©x,
respectively. If a Lie group G acts on X holomorphically, and if the action lifts
on S as an Ox-homomorphism, then G naturally acts on the cohomology groups
H'(X,S). We denote by H*(X,S)% the space of G-fixed elements, which is a vector
subspace of H'(X,S).

(ii) Let Z be a twistor space associated to a self-dual four-manifold. Then the
anticanonical bundle of Z has a canonical square root, which is called the funda-
mental line bundle. The associated complete linear system is called the fundamental
system and is denoted by | — (1/2)Kz|. A member of the fundamental system is
called a fundamental divisor.

(ili) An anti-holomorphic involution on a complex manifold is often called a real
structure. If A is the subset of the complex manifold, its image by the real structure
is denoted by A. A is said to be realif A = A.

2. TWISTOR SPACES WITH A TWO-DIMENSIONAL FUNDAMENTAL SYSTEM

In this section we study twistor spaces whose fundamental system is two-dimen-
sional. Some of the results will be needed in the next section to prove Theorem
First we recall a basic fact and a definition concerning fundamental divisors.

Proposition 2.1 ([23]). Let S be a real irreducible fundamental divisor of a twistor

space associated to a self-dual metric on nCP?. Then there exists a birational
morphism v : S — CP! x CP! such that

(i) v preserves the real structure,

(ii) the induced real structure of CP' x CP' is (anti-podal)x (complex conju-
gation),

(iii) v(E) N py ' (SY) is empty, where E denotes the exceptional divisor of v,
pa : CP x CP! — CP! the projection to the second factor, and S* ¢ CP!
the real locus of the complex conjugation,

(iv) ¢3(S) =8 —2n.

Definition 2.2 ([I1]). Let v : S — CP* x CP! and E C S be as in Proposition
211 Then S is called of type (a,b) if v(E) is contained in a real irreducible curve
of bidegree (a, b).

Lemma 2.3. Let Z be a twistor space of nCP? withn > 4 and S a real irreducible
fundamental divisor of Z. Assume that dim| — Kg| =1. Then

(i) if | — Kg| is free from the base locus, n =4 and | — Kg| induces an elliptic
fibration S — CP*,
(ii) of | — Kg| is not free, S is of type (2,1).
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Proof. (i) If the anticanonical system of S is free and is of positive dimension, then
(—=Ks)? = 2(S) = 0. On the other hand, we have ¢?(S) = 8 — 2n. Therefore
it follows that n = 4. In this case, a standard argument shows that the general
anticanonical curve of S is a smooth elliptic curve. Thus we obtain (i).

So we assume that the anticanonical system is one-dimensional and that its base
locus is non-empty, and show that S is of type (2,1). Since ¢?(S) = 8 —2n < 0,
the fixed locus of the anticanonical system is not isolated and therefore has a fixed
divisor. Let Cy be the fixed component of the anticanonical system. Cj is real. Let
v: S — CP! x CP! be a blowing-down fulfilling the conditions of Proposition 211
Suppose that v(Cy) is zero-dimensional. Then since the induced real structure on
CP'! x CP! has no fixed points and since v(Cy) is real, the number of points of
v(Cp) must be even (> 2). Hence Cj is disconnected. Let Cy € | — Kg — Cp| be
a member of the movable part. The cohomology exact sequence of the sequence
0 = Og(—Cp) — Os — O¢, — 0 and the disconnectedness of Cy imply that
HY(Og(—Cy)) is of positive dimension. Further, since Cy + C} is an anticanonical
curve, H*(Og(—Cp)) and H*(Og(—C})) are dual of each other by Serre duality.
It follows from the sequence 0 — Og(—Ci) — Og — O¢, — 0 that C; is also
disconnected. Since S is rational and since C is a member of the movable part, this
implies that dim | — Kg| > 2, contradicting our assumption. Therefore dim v(Cy) #
0 and v(Cp) must be a curve.

Let C be any anticanonical curve of S. Then since Cy C C, and since v(C') is an
anticanonical curve of CP' x CP!, the bidegree (a,b) of v(Cj) satisfies a < 2 and
b < 2. Further, because dim| — Kg| > 1, (a,b) # (2,2). Moreover, the reality of
v(Cp) and properties (ii) and (iii) of Proposition 2Zlimply (a, b) # (1,0), (0,1), (1,1)
or (1,2). Suppose that (a,b) = (2,0) or (a,b) = (0,2). In these cases we readily
deduce dim | — Kg| = 2, again a contradiction. Therefore, we get (a,b) = (2,1).
Moreover, our assumption dim | — Kg| = 1 implies that all of the blowing-up points
of v are on (the strict transform of ) v(Cj), because otherwise we have dim |- Kg| =
0. Finally we show that v(Cp) is irreducible. First, v(Cpy) cannot contain an
irreducible component whose bidegree is (1, 1), since there exists no real curve of
bidegree (1,1). Next, a curve of bidegree (0, 1) cannot be an irreducible component
of v(Cyp), since in such a case the blown-up points on v is on p, '(S') (because we
have assumed dim | — Kg| = 1), contradicting (iii) of Proposition 2l Combining
these, it easily follows that v(Cp) does not contain an irreducible component of
bidegree (1,0). Thus v(Cp) is irreducible. This implies that S is of type (2,1). O

We use this lemma to get the following

Proposition 2.4. Let Z be a twistor space of nCP? and assume that its funda-
mental system is two-dimensional. Then we have:

(i) n > 4.

(ii) If the fundamental system is free, we have n = 4 and the system induces a
surjective morphism Z — CP?, which is an algebraic reduction of Z. In
particular, the algebraic dimension of Z is two.

(iii) If the fundamental system is not free, any real irreducible fundamental di-
visor is of type (2,1). In particular, Z is Moishezon.

(iv) Z does not have an effective divisor of degree one (= a divisor whose in-
tersection number with a twistor line is one).
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Proof. (i) is well known. Indeed, if n = 1, the fundamental system is very ample.
If n = 2 or n = 3, the system is five-dimensional [26], or three-dimensional [19] [27],
respectively.

So we assume that Z is a twistor space of nCP? with n > 4 and that its
fundamental system is two-dimensional. Let S be a real irreducible fundamental
divisor of Z. Then the anticanonical system of S is one-dimensional. Further,
the base locus of the fundamental system of Z and the anticanonical system of S
coincide. Hence if the fundamental system is free, so is the anticanonical system of
S. Therefore by Lemma 23] we get n = 4, and the anticanonical system induces an
elliptic fibration on S. The anti-Kodaira dimension £~1(S) of the rational elliptic
surface is one. On the other hand we have the inequality a(Z) < 1 + s~ 1(S)
[3]. Hence a(Z) < 2. Further, the morphism f : Z — CP? induced by the
fundamental system is surjective, for otherwise the general fundamental divisor
would be reducible, which implies that Z is a LeBrun twistor space [27], whose
fundamental system is three-dimensional [20]. Thus we get a(Z) = 2. It is easily
seen from the existence of the four-dimensional family of rational curves on Z that
the meromorphic function field of Z is a purely transcendental extension of C.
Therefore f must be an algebraic reduction of Z. Thus we obtain (ii). If the
fundamental system is not free, the anticanonical system of any real irreducible
fundamental divisor S is also not free. Hence again by Lemma 23] S must be of
type (2,1). The existence of such a fundamental divisor implies that Z is Moishezon
[16]. Thus we get (iii).

In order to show (iv) we recall that in [II, Prop. 1.2] it was shown that if Z
has a real irreducible fundamental divisor of type (2,1) or (2,2), then Z does not
have an effective divisor of degree one. It is obvious from the above argument that
any real irreducible fundamental divisor of Z is of type (2,1) (resp. (2,2)) if the
fundamental system of Z is not free (resp. free). Therefore we can conclude that
in both cases the twistor spaces do not have an effective divisor of degree one. [

Thus we have reproved a result of Kreufller [18].

Corollary 2.5. Let Z be a twistor space of nCP? and assume that the fundamental
system is two dimensional. If Z is non-Moishezon, n = 4.

Next we make a brief remark on the case that the twistor space has a C*-action.

Proposition 2.6. Let Z be a twistor space of nCP? and assume that its fun-
damental system is two-dimensional. If Z admits a non-trivial C*-action, there
ezists a real C*-invariant fundamental divisor. Further, such a divisor is unique
and irreducible (hence smooth).

Proof. Since a holomorphic action naturally lifts on the fundamental line bundle,
C* naturally acts on CP?, the dual projective plane of the space of fundamental
divisors of Z. Let p be this C*-action on CP?.

Suppose that there exists a line | € CP? which is pointwise fixed by p. We may
assume that [ is real, since otherwise p is the trivial action and we can replace [ with
any real line. Let S be the C*-invariant real fundamental divisor corresponding to
[. S is irreducible by Proposition 24(iv). If the anticanonical system of S is free,
it follows from Lemma 23] that (n = 4 and) the anticanonical system induces an
elliptic fibration on S. This is a contradiction, since in this situation C* does
not preserve general fiber of the elliptic fibration, which is not compatible with
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our assumption on p. Hence suppose that the anticanonincal system is not free.
Let Cy be the base curve of the system, which is automatically C*-invariant. Let
v: S — CP! x CP! be a birational morphism as in the proof of Lemma 23l
Then as seen in the proof of the lemma, v(Cy) is a real irreducible curve of bidegree
(2,1), and is clearly C*-invariant. Since our C*-action on S is non-trivial, it follows
that v(Cp) is the closure of an orbit. Therefore, because we know that v(Cp) is
irreducible, the induced C*-actions on both factors of CP! x CP! are non-trivial.
This is again a contradiction, because the morphism S — CP! associated to the
anticanonical system is induced by [v*O(0,1)|, and because we have assumed that
p is trivial on I. Therefore p fixes no lines on CP?.

It then follows that the set of p-invariant lines forms a triangle of CP?, and
that each of these three lines is not pointwise fixed by p. This triangle is clearly
real. To prove the proposition, it suffices to show that there exists just one real
line among these three lines. Since the real structure is involutive, at least one of
these lines, again denoted by [, is real. Let {0, 00} be the set of p-fixed points on
l. Then the real structure interchanges 0 and oco. In fact, if both of 0 and oo are
real, 0 and oo belong to the real circle of . But the real circle must be an orbit of
the U(1)-action which is the restriction of p, because p is non-trivial on I. This is
a contradiction and 0 = oo must hold. Therefore the remaining two C*-invariant
lines (among the triangle) are conjugate of each other. This completes the proof of
the proposition. ([

3. NON-MOISHEZON TWISTOR SPACES OF 4CP?
WITH C*-ACTION AND AN ELLIPTIC CURVE

Proposition 3.1. Let Z be a twistor space of nCP? with C*-action and assume
that the fundamental system is one-dimensional. If the induced C*-action on the
parameter space of the pencil (~ CPl) is non-trivial, then Z is non-Moishezon
and the base locus of the pencil is a smooth elliptic curve which is an orbit of the
C*-action.

Proof. Let Z be as in the proposition and C' the base locus of the pencil of fun-
damental divisors. Then by [I7, Prop. 3.7], C is either a smooth elliptic curve or
a cycle of rational curves. Suppose that C is a cycle of rational curves, and let
k > 2 be the number of the irreducible components of C. Then again by [I7, Prop.
3.7], k is equal to the number of degree one divisors on Z. On the other hand,
since Z has at most a finite number of degree one divisors, every degree one divisor
is C*-invariant. Therefore, together with its conjugation, each degree one divisor
determines a C*-fixed point on CP! (= the parameter space of the pencil). Since
we have assumed that the induced C*-action on CP! is non-trivial, there exists
just two C*-invariant fundamental divisors, which we denote Sy and S.,. Then
we have Sy = S by the same reasoning as in the last paragraph in the proof of
Proposition Therefore both Sy and S, must be reducible. So we may write
So = Do+ D} and S, = Do +ﬁ:). On the other hand, Do+ Dy is also a (reducible)
fundamental divisor which is not contained in the pencil. This is a contradiction,
and C' must be a smooth elliptic curve.

C is obviously real and C*-invariant. Further, since the connected component
of the fixed locus of the original U(1)-action on nCP? is either a point or a two-
dimensional sphere [9], C' cannot be pointwise fixed. Hence C' must be an orbit of
the C*-action. It follows immediately from the existence of such an orbit that Z is
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non-Moishezon, because the closure of any orbit of C*-action with fixed points on
any Moishezon manifold is a point or a rational curve. (I

Proposition 3.2. Let Z be a twistor space of nCP? with C*-action and assume
that the fundamental system is one-dimensional. If each fundamental divisor is
C*-invariant, Z is Moishezon.

To prove this proposition, we show the following

Lemma 3.3. Let Z be a twistor space as in the above proposition and S a real ir-
reducible C*-invariant fundamental divisor of Z. Then the anti-Kodaira dimension
k~1(S) of S is two.

Proof. Let C be the base locus of the pencil of fundamental divisors. C' is an
anticanonical curve of S. As in the proof of Proposition Bl C' is either a smooth
elliptic curve or a cycle of rational curves. But since S is this time C*-invariant, C
cannot be a smooth elliptic curve and must be a cycle of rational curves.

First suppose that the fixed locus of the C*-action on S is isolated and show
that k~1(S) = 2. Let E be any (—1)-curve on S. Since C is an anticanonical curve
of S, we have C'- E = 1 by the adjunction formula. Hence F is not disjoint from C.
Suppose that £ ¢ C. Then C and E must intersect transversally at just one point.
Because both C' and E are C*-invariant, the intersection is a C*-fixed point. On
the other hand we have supposed that all of the fixed locus of the C*-action on S is
isolated. Therefore C'NE must be the double point of C'. This contradicts C'-E = 1.
Therefore E must be one of the irreducible components of C. Let v : S — S’ be
the contraction of E. Then v(C) is again a C*-invariant anticanonical curve, and
the induced C*-action still has no fixed curve. Moreover, v(FE) is clearly a double
point of v(C). Therefore we have k~1(S) = x~1(S’). It is obvious that we can
repeat this blowing-down process keeping the anti-Kodaira dimensions in order to
get a minimal surface. Therefore we get x~1(S) = 2, as claimed.

Next assume that the fixed locus of the C*-action on S is not isolated. Let Cj be a
one-dimensional connected component of the fixed locus. Since S is rational, Cy is a
(smooth) rational curve. Because the U(1)-action commutes with the real structure,
() is also pointwise fixed. Further, Cy # Cy, since otherwise Co(= Cp) becomes
source and sink, which is impossible. Let g : S — CP! be the quotient map of the
C*-action. Because our C*-action has two fixed curves, g is a holomorphic map,
which is biholomorphic on Cy and Cy. Now we see that Cy and Cj are irreducible
components of C'. General fiber of g being a smooth rational curve, we easily see
by adjunction formula that the intersection number of C' with a general fiber of g
is two. Therefore g(C) = CP'. Hence just two of the irreducible components of C
must be C*-invariant sections of g, which must be pointwise fixed. On the other
hand there is no pointwise fixed curve, other than Cy and Cy. Therefore the two
sections must be Cy and Cy. Thus we get Co U Cy C C. Let E be a (—1)-curve
on S such that (Cy U Cy) N E is empty, if any. Then by the same argument (based
on C - E = 1) as above, we can see that such E is an irreducible component of
C. Further, E is not real, since otherwise the surface obtained by blowing-down
F has a real structure such that the contacted curve is a real point, and since the
real structure on the tangent space of this real point must be the usual complex
conjugation (because the tangent space is a vector space), which yields a (—1)-curve
with the real circle. Further, ENE is empty. In fact, E and E are also contained in
fibers of g, since otherwise F and E will be C*-fixed curves, which contradicts our
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choice of E and E. Hence if ENE # 0, it follows that £ N E is a point; this point
is real, which is impossible. Therefore we can simultaneously blow down E and E.
Let S’ be the resulting surface. Then we have k~1(S) = k~1(5’), because E and
E will again be contracted to double points of an anticanonical curve. Further,
since E and F are contained in fibers of ¢ as seen above, g naturally induces a
morphism ¢’ : 8" — CP' which is still the C*-quotient map. Repeating this blow-
down process as far as possible, we get a surface S; with C*-action and a morphism
g1 : 81 — CP!, satisfying the following two properties: (i) any (—1)-curve of S
is not disjoint from Cy U Cy, (ii) x~(S1) = x~(S). Thus in order to finish a
proof of the lemma it suffices to show that k= 1(S;) = 2. Let v; : Sy — Sp be a
birational morphism to a minimal surface Sy preserving the real structure, which
is a succession of blowing-downs of (—1)-curves contained in the fiber of ¢;. By
reality, Sy is biholomorphic to CP! x CP!. Then it is easily seen from condition
(i) above that any of the (—1)-curves contracted in each step of 11 always intersect
just one of (the image of) Cy and Cj. Therefore setting k := 8 — c2(S;), the self-
intersection numbers of Cy and Cj in S; are both equal to —k. From this, it is
readily seen that the degree of Sy is 4/k > 0. (Here the degree means (P - P)g,,
where —K = P + N is the Zariski decomposition of the anticanonical class of S;.)
Therefore we get £k~ 1(S1) = 2. O

Proof of Proposition 3.2l Let Z be a twistor space satisfying the properties of the
proposition. We show that any smooth fundamental divisor has anti-Kodaira di-
mension two. By Lemma this is true for any real irreducible members S. Let
C be as above and let C = P + N be the Zariski decomposition of the anti-
canonical class of S, as a divisor on S. Then since x~!(S) = 2 by Lemma 3.3
we have (P?)g > 0. Let S’ be any smooth fundamental divisor. Then C is also
an anticanonical curve of S’. Further, since the Zariski decomposition of a divi-
sor is determined by the self-intersection numbers of the irreducible components,
and since the self-intersection numbers are independent of the choice of smooth 57,
C = P+ N also gives the Zariski decomposition of the anticanonical class of S’, and
(P?)s = (P?)s > 0. Therefore we have k~1(S’) = 2 for any smooth fundamental
divisor S’. Then [28, Prop. 12.2] readily implies the proposition. O

Propositions [3.1] and imply

Corollary 3.4. Let Z be a twistor space of nCP? with C*-action and assume that
the fundamental system is one-dimensional. Then Z is Moishezon if and only if
each fundamental divisor is C*-invariant.

Remark 3.5. The conclusion of Proposition Bl (and hence Corollary [B4) does
not hold if we drop the assumption dim| — (1/2)Kz| = 1 and only assume the
existence of the real C*-invariant pencil of fundamental divisors. In fact, as shown
in [14], there exists a Moishezon twistor space of nCP? with C*-action such that the
fundamental system contains a real irreducible C*-invariant member of type (2, 1).
Such a twistor space contains a real C*-invariant pencil whose general member is
not C*-invariant. This pencil is not complete. (The fundamental system is two
dimensional.)

From now on we restrict our attention to the case n = 4. The following result
gives an account for non-meromorphicity of C*-action on non-Moishezon twistor
spaces of 4CP2.
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Theorem 3.6. Let Z be a non-Moishezon twistor space of 4ACP? with C*-action.
Then there exists a C*-orbit C satisfying the following two properties: (i) C is
a smooth elliptic curve, (ii) C is real. Further, such an orbit is unique and R-
homologous to zero.

Proof. Tt is easily seen from the Riemann-Roch formula and the vanishing theorem
of Hitchin that the fundamental system of a twistor space of 4CP? satisfies

dim | — (1/2)Kz| > 1.

First assume that the system is one-dimensional. Then since Z is assumed to be
non-Moishezon, it follows from Proposition that the induced C*-action on the
parameter space of the pencil is non-trivial. Hence by Proposition3.1lthe base curve
C of the pencil is a smooth real elliptic curve which is an orbit of the C*-action.

Next suppose that the fundamental system is two-dimensional. Then Proposition
2.4l implies the system is free, because Z is assumed to be non-Moishezon. Let
f: Z — CP? be the associated morphism (which is an algebraic reduction of Z).
As in the proof of Proposition [Z.6] the set of C*-invariant lines of the induced C*-
action p on CP? forms a triangle, and just one of the three lines is real. Let [ be
this real invariant line and y the intersection of the other two lines, which is clearly
a real C*-fixed point. Set S := f~1(I) and C := f~1(y). Both S and C are real
and C*-invariant. Further, since C' can be regarded as an anticanonical curve of a
smooth rational surface, C'is a connected curve. Since S is rational with ¢?(S) = 0,
the Euler number of S is easily seen to be 12. On the other hand the Euler number
of Z is also 12. Therefore every fixed point of the C*-action is contained in .S,
because the connected component of the C*-fixed points on Z is either a rational
curve or a point, whose Euler numbers are positive. It follows that no point of C'
is fixed. Therefore C' cannot be singular and hence is a smooth elliptic curve.

Next we show the uniqueness of real C*-orbit of an elliptic curve. Let C' C Z
be such an orbit other than C. Since both are orbits, C'NC’ is empty. Let Z — Z
be the blowing-up along C, C' C Z the inverse image of C’, and f : Z — CP!
the morphism associated to the pencil of fundamental divisors whose base locus
is C. f is C*-equivariant and C’ is C*-invariant. Let 0 and co € CP! be the
C*-fixed points, which are conjugate of each other (cf. an argument in the proof
of Proposition 28). Therefore C’ is not contained in f~(0) or f~'(c0). It follows
that f(C’) = CP'. This implies that C' N f~(0) # 0, which contradicts the fact
that there exists no fixed point on C’. Therefore such an orbit € does not exist.

Finally we show that C is R-homologous to zero, by showing that the intersection
numbers of C' with generators of H?(Z, R) are all zero. Let [C] € H*(Z,R) be the
cohomology class of C. As in the above proof, C' is the intersection of fundamental
divisors. Hence [C] = F-F, where we set 7 = —1 K. On the other hand H?(Z, R)
is generated by F and &1, &, €3, &4, where {&;}1_ is the lifted orthonormal basis of
H?(4CP?,Z). Further we have [10]

1
(f-f)-f=—§K§=2(4—n)=o,

and since ¢1(Z)? is the pull-back of a cohomology class of H*(4CP?,Z) [10], we
have

(F-F)-&=0
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for any &. Therefore we have [C] = 0 € H*(Z,R), and all of the claims of the
theorem are proved. ([l

This is in sharp contrast to the Moishezon case, since for Moishezon manifolds
(not necessarily twistor space), the orbit closure of any C*-action with a fixed point
must be a point or CP!, and an elliptic curve cannot appear. But we also remark
that a special class of Moishezon twistor spaces of 4CP? with C*-action can be
equivariantly deformed into non-Moishezon twistor space, as a small deformation
[13].

Next we study U(1)-action on the base four-manifold 4CP?. A U(1)-action on
a four-manifold is said to be semi-free if the isotropy group of any point is either
{id} or U(1). Let g be a self-dual metric on 4CP? and assume that g has a non-
trivial isometric U(1) action p. C. LeBrun [2I] has shown that if p is semi-free,
g is a LeBrun’s metric, whose twistor space is Moishezon [20]. Therefore, if the
twistor space of g is non-Moishezon, p is not semi-free. That is, there is a point on
4CP? whose isotropy group is neither {id} nor U(1). In this direction Theorem
implies the following.

Proposition 3.7. Let g be a self-dual metric on 4CP? of positive scalar curvature,
and assume that g has a non-trivial isometric U(1)-action, and that the associated
twistor space is non-Moishezon. Then there is a U(1)-invariant two-sphere in 4CP?
whose isotropy group s Zs.

Proof. Let Z be the twistor space of g and o the real structure. Then by Theorem
there is a real smooth elliptic curve C in Z which is U(1)-invariant. It can be
readily seen that while U(1) acts freely on C, there are just two orbits which are
o-invariant. Let K C 4CP? be the image of C. K = C/(0) and is a Klein bottle
which is evidently U(1)-invariant. Then the two orbits corresponding to the above
two o-invariant orbits on C' have Zs as the isotropy group. On the other hand, by a
result of Fintushel [9], the set of points on a four-manifold which have a non-trivial
finite isotropy group forms a set of disjoint S?\{0, 00}, where 0 and oo are fixed
points. Thus the claim follows. ([

Proposition 3.8. Let Z be a non-Moishezon twistor space of ACP? with C*-action,
o the real structure, and C the orbit as in Theorem B.6l Then the normal bundle
of C in Z is of the form F & F, where F is a line bundle of degree zero satisfying
o*F ~F.

Proof. As seen in the proof of Theorem B.6l C' is a base curve of a C*-invariant
real pencil of fundamental divisors whose general member is smooth and not C*-
invariant. Take a real (irreducible) member S among the pencil, and put F :=
N¢ys. Then the claim is obvious. O

The following is a direct consequence of a result of Campana and KreuSler [5]
Theorem 3.4] (where they do not assume the existence of C*-action and instead
suppose the existence of C').

Proposition 3.9. Let Z, C and F be as in Proposition B8 Then a(Z) = 2 if and
only if the order of F in Pic’C is finite. (Otherwise a(Z) =1.)
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4. EXISTENCE

As shown in the last section, the non-Moishezon twistor space of 4CP? with
C*-action has a unique real orbit which is a smooth elliptic curve whose normal
bundle is of the form F' @ F with deg F' = 0. In this section we show the existence
of such twistor spaces over 4CP?.

4.1. Some lemmas on elliptic curves and a statement of the main result.
In order to state our main result precisely, we need the following lemmas.

Lemma 4.1. Let C be a smooth elliptic curve and o a real structure without real
point. Then there exists 0 < X\ < 1/e*™ such that C is biholomorphic to C*/{z —
Az), and o is induced by z — —1/Z. Further, such X is uniquely determined by the
biholomorphic class of C.

Proof. LetT' = Z+Zw C C be a lattice such that C ~ C/T", where w satisfies |w| > 1
and —1/2 < Rew < 1/2; and Imw > 0, under which w is uniquely determined.
Then by a standard argument we can show that, if C' admits a real structure, then
w satisfies |w| = 1, Rew = 1/2, or Rew = 0. But if Rew # 0, then the real locus of
any real structures on C' turns out to be non-empty, which is always a (connected)
circle. Hence if the real structure does not have real point, Rew = 0 must hold.
Assume Rew = 0. Then we can show that any real structure on C' is given by
W W+ bw, w— W+ 1/24+bw, w — —W+a, or w — —W + a + w/2 on the
universal cover, where a,b € R. For the first and third cases, the real locus on
C consists of two disjoint circles. Hence our real structure must be the second or
fourth ones. But these two cases represent the same real structure, as is seen by
changing a coordinate by w’ = ww. Thus we may assume that the real structure
is given by w — w+ 1/2 4+ bw. But we can suppose b = 0, as is seen by setting
w' = w — (b/2)w. Descending on C/Z ~ C* by z = e>™V~1" e get the claim of
the lemma. O

Lemma 4.2. Let C and o be as in Lemma T, and let F — C' be a holomorphic line

bundle of degree zero satisfying c*F ~ F. Then F is obtained from the trivial line
bundle over C* as a quotient bundle by the Z-action defined by (z,£) — (Az,(E),
where 0 < A\ < 1/€>™ is as in Lemma ], ¢ € U(1) UVA-U(1), and € is a fiber
coordinate on the trivial bundle. Further, such { is uniquely determined by the
isomorphic class of F'.

Proof. Let I' = Z 4+ Zw C C be a lattice such that C' ~ C/I" as in the proof of the
previous lemma. Then, as is well known, Pic’C' is naturally identified with the set
of characters {x : I' — U(1)} of I". Concretely, any F € Pic’C' is obtained from the
trivial bundle over C, as a quotient line bundle by the I'-action defined by

Fosm+nw: (w,§) — (w+m+nw, x(1)"x(w)"E).

Here, & denotes a fiber coordinate of the trivial line bundle over C. If we change
the fiber coordinate by setting & = e>"V=19%¢ for a € C*, then x(1) and y(w) are
multiplied by e2™V=1a and e2ﬂﬁa“, respectively. Hence by setting e—2mV~la —
x(1) (i.e. by setting a = —(log x(1))/(2mv/—1)), we see that x(1) can be assumed
to be 1 and correspondingly x(w) is multiplied by e2"V~1% ¢ C*. Further, the
ambiguity of the choice of such a € C* (i.e. the indeterminacy of values of log)
implies that, when fixing x(1) to be 1, ¢ := x(w) has ambiguity of multiplications
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by e2™V=Inw where n moves in Z. Descending again to C/Z ~ C*, and noting that
A = e2™V=1¥ e can conclude that Pic’C' is identified with C*/(¢ — AC) (which
is C itself, of course). Hence ¢ € C* can be uniquely chosen from the fundamental
domain {¢ € C*|1/VA < [¢| < VAL

Next we assume that C has a real structure o without real points, so that
0 < XA < 1/e?*" by the previous lemma. Let F € Pic’C be any clement and ¢ € C*,
1/ VA< I<| < VA be the uniquely determined number as above. We denote by F,
the fiber of I over z. Then we have natural isomorphisms (0 F); ~ F,1) = F_;
and (0" F)x ~ F,n) = F_i/x. Therefore, the identification (0*F); — (0*F)x
is given by the multiplication of ¢ ~'. Namely the real structure on the above
fundamental domain is given by ¢ — ¢ ~'. Thus the set of real line bundles just
corresponds to the set {|¢| = 1 or v/A}. This proves the claim of the lemma. [

Definition 4.3. Let C,0 and F — C be as in Lemma Then we say F can
be continuously deformed into the trivial line bundle preserving the real structure if

CeUQ) (e CEVA-U(L)).

Let Z be a non-Moishezon twistor space of 4CP? with C*-action and C' the
unique real orbit which is an elliptic curve (see Theorem B.6]). Then by Proposition
the normal bundle, N¢/z, is of the form F' @ F, where F' is a line bundle of

degree zero satisfying o*F ~ F. Then we have the following

Proposition 4.4. F' can be continuously deformed into the trivial line bundle pre-
serving the real structure.

Proof. As in the proof of Proposition B.8 let S be a (general) real member of the
C*-invariant pencil of fundamental divisors having C' as a base locus. Then C'is a
real anticanonical curve of S and F' = N¢ /5. (S does not have C*-action in general.)
Let v: S — Sy = CP! x CP! be a birational morphism as in Proposition 21l Then
Cy = v(C) is an anticanonical curve of Sy which is a smooth elliptic curve. Put
No = N¢,/s,- No is areal line bundle of degree eight. Let {p;,p; € Co|i = 1,2,3,4}
be a zero locus of a real section of Ny. Let {¢;,q; € Co|i =1,2,3,4} be the blown-
up points of v. Then we have

4 4
F = Noys = Oc, () (pi +17) © Ocy (= Y (¢ + )
i=1 i=1
4 4
~ Oc,(Y_(pi— @)+ > (B — @)).
i=1 i=1
Thus by taking continuous paths connecting p; and ¢; in Cy for 1 < i < 4, we get
the conclusion. Il

The following is the main result in this section. The rest of this paper is devoted
to proving it.

Theorem 4.5. Let C be a non-singular elliptic curve and o a real structure without
real points. Suppose that C' has no non-trivial automorphism. Let F be any holo-
morphic line bundle over C of degree zero satisfying o*F ~ F. Further assume F
can be continuously deformed into the trivial line bundle preserving the real struc-
ture. Then there exists a non-Moishezon twistor space Z of 4CP? with C*-action
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such that the orbit that appears in Theorem is biholomorphic to C' and such
that its normal bundle in Z is isomorphic to F' @ F.

Remark 4.6. An elliptic curve C = C*/{z +— Xz) with 0 < A < 1/€?™ has no
non-trivial automorphism iff A\ = 1/e2". The order of a holomorphic line bundle
F=(C*x C)/{(z,&) — (\z,¢€)) in Pic’C coincides with the order of ¢ in C*.

Theorem answers a question of Campana and Kreufiler [5, Open Problem]
affirmatively in a stronger form. For related work, see [12].

4.2. Construction of a family of primary Hopf surfaces with involution.
Let 0 < A < 1/€™ be a real number and ¢ € U(1) a complex number of unit length.
Let g = g(), ¢) be the matrix

_(¢Eo0
g‘( 0 A<%>'

We regard ¢ as an automorphism of HP!, the projective space of quaternionic
lines in H2. (Because g acts on H? by the multiplication from the left, H* acts
on H?\(0,0) by the multiplication from the right.) Then there is no distinction
between two choices of the square root in the definition of g. We next define a
primary Hopf surface Hy = Hy (A, () by

Ho := (HP'\{0,00})/{g) = H*/(g),

where 0 = *(1:0) and oo = #(0: 1). If we use the complex coordinate (z,w) with
z+jw = q € HX, g(z,w) = (A\(z, \w). (Since H* acts on H? from the right,
the non-homogeneous coordinate on the set {(qo : ¢1) € HP'| gy # 0} should be
a=aq-a")

Next we define a U(1)-action p on HP'. For each t € U(1), define p; to be the

matrix
(tzT 0
=0 s )

We also regard p; as an automorphism of HP'. Since H is non-commutative, this
defines a non-trivial automorphism on HP', as far as t # 1. We have pe(z,w) =
(z,tw) for the complex coordinate (z,w) as above. Since g and p; commute, p
defines a U(1)-action on Hy, which will still be denoted by p.

Further we define an involution of HP* by 7(qo : ¢1) = (q1 : qo). Since 7g7~! =
¢~ ! as an automorphism of HP', 7 maps g-orbits to g-orbits and defines a (non-
holomorphic) involution on Hy, which is also denoted by 7. The set of fixed points
of 7: Hy — H is four-points: the g-orbits of (1 : £1) and of (1 : +(A\()2). These
are contained in the fixed set of p (= (CP'\{0,00})/(g), a two-torus).

We then define an orbifold My = My(A, ) to be My := Hy/{T) = Ho(\, ) /(7).
Since 7 interchanges orientation of a generator of m (Hy) ~ Z, My is a simply
connected orbifold, and has four isolated singularities. Further M, has a U(1)-
action induced by p, which we still denote by p.

Finally we define a conformally flat metric on these spaces. The Riemmanian
metric |dg|?/|q|?, where ¢ = q1¢; " € H* as above and | - | is the usual norm on
the quaternions, defines a conformally flat metric on H*, Hy, and Mj. All of these
will be denoted by hyg.
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Thus we have obtained a connected family of simply connected orbifolds { My =
My(A, ¢)} parametrized by 0 < A < 1/e2™ and ¢ € U(1) equipped with a confor-
mally flat metric hg (or more precisely, a family of conformally flat metrics on the
orbifold My).

Remark 4.7. Our choice of g comes from the following fact: let g € GL(2,H) be a
matriz such that (1) g fixzes (1:0) and (0 : 1), (i) g commutes with every py, (iii)
T maps every g-orbits to g-orbits. Then there exist A and  such that g = g(\, ().
This can be shown elementarily, and in the following we do not need this fact. So
we omit a proof.

4.3. Associated twistor spaces. In this subsection we describe the twistor spaces
of Hy and M. As is well known, the twistor space of HP! is CP3, the twistor
fibration is explicitly given by (2o : 21 : 22 : 23) — (20 + jz1 : 22 + jz3), and
the real structure is given by (29 : 21 : 22 : 23) — (Zo : —Z1 : Z2 : —Z3), where
(20 : 21 : 72 : 23) is a homogeneous coordinate on CP?. The twistor space of H* is
CPB\(LO U L), where Lo and Lo, are twistor lines zo = z3 = 0 and z9 = 21 = 0,
respectively. It is easily verified that the lift of g, 7, p; : H* — H* (see §4.2) up to
the twistor space are explicitly given by (using the same symbols)

(1) g:(z0:21:22:23)— (20:Cz1: ACza : Azg),
(2) T:(z0:21:20:23)— (22:23:20: 21),
(3) pr: (2021290 23) — (20 1 t21 @ 29 @ t23).

In the following we regard p as a C*-action which is the complexification of the
original p. That is, ¢ is allowed to move in C* in (3).

Let Wy = (CP?\(Lo U Ls))/{g) be the twistor space of (Hy,hg) and Z, =
Wy /() the twistor space of (Mp,ho). Needless to say, these depend on A and
(. Since 7 and p; commute, Wy has a holomorphic action of C* x Zy. Let [*
and [T C CP® be non-real disjoint (two point punctured) lines defined by I* =
{z1 = 22 = 0| 2023 # 0} and " = {z0 = 23 = 0| z122 # 0}. By (), both
I* and 1" are g-invariant. Hence Cy := I*/(g) and Cy := I /{g) can be regarded
as holomorphic curves in Wy. Again by (), Cy and Cy are biholomorphic to
C*/{z — Az). Further we have 7(I*) =" by [@). Therefore Cy and Cj are mapped
biholomorphically, by the quotient map Wy — Z;, to the same curve, which we
still denote by Cy C Zy. That is, we define the curve Cy C Z; to be the image of
I* (and 1") by the composition of the quotient maps CP3\(Lo U Luo) — Wy — Zo.
Cy is real in Zy. Further, since both [* and 1" are C*-orbits with respect to the
complexified p, and since the quotient maps CP3\(L0 ULyx) — Wy — Zp are
C*-equivariant, Cj is an orbit of the C*-action.

Next we see that Cy C Zj is disjoint from the singular twistor lines of Zy. The
image of I* by the twistor fibration CP® — HP'is {(1: jz) | z € C*}. On the other
hand, all of the 7-fixed points (on C2\(0,0) ~ H*) lie on the set {(1: 2)| 2 € C*}.
These two sets are disjoint and g-invariant. Therefore Cy C Zj is disjoint from the
singular twistor lines, and Zj is smooth on a neighborhood of Cy. We look at the
normal bundle of Cy in Zy. Since the quotient map Wy — Zjy is biholomorphic
on a neighborhood of Cy C Wy, N¢,/z, is biholomorphic to Ng, w,. If we use
(21/20,22/20) as a fiber coordinate, the latter normal bundle is seen to be of the
form F & F’', where F is given by (C* x C)/{(2,£) — (A\z,¢&)) and F” is given by
(C* x C)/{(2,£) — (Az,X¢£")). But F and F’ are biholomorphic as line bundles

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



NON-MOISHEZON TWISTOR SPACES OF 4CP? 1911

over Cp, as is seen by setting &’ = 2£. (In general ¢ and A"( determine the same
line bundle for any n € Z. See the proof of Lemma [£.2]) Thus we have obtained the
following

Lemma 4.8. Let C, o and F €Pic’C be as in TheoremELE. Let 0 < A < 1/e*™ and
¢ € U(1) be the numbers uniquely determined by C and F as in Lemma 2], and
Zy be the twistor space of the conformally flat orbifold My = My(X, () constructed
as above. Then there exists a smooth elliptic curve Cy C Zy with the following
properties: (1) Cy is real with respect to the real structure of Zy, (ii) Cy is biholo-
morphic to C, (iii) Cy is disjoint from the singular twistor lines of Zy, (iv) N¢, .z,
is isomorphic to F®2, (v) Cy is an orbit of the C*-action.

4.4. The Kuranishi family of the twistor spaces. In this subsection we show
that our family {Wy = Wy(X, )} of twistor spaces (constructed in the last subsec-
tion) is the real part of the versal family of C* x Zs-equivariant deformations of
Wy. This will be a key step in proving Theorem

For convenience we put V := CP?\(Ly U Lo ), which is the universal cover of
Wy. Let m: V. — Wy = V/{g) be the covering map. Then by Douady [7] there is
the following long exact sequence of cohomology groups:

(4) 0 — H(Wo,Ou,) — H(V,0y) =% HOV,0y) — H'(Wp, Oup) — -+ .
Lemma 4.9. H?(V,0y) = 0.

Proof. Put Uy := CP?*\Lg and U,, := CP?\L.,. We consider the following stan-
dard long exact sequence:
(5) 0— HiouLm(CPSa Ocps) — HI(CPSa Ocps) — HI(V, Oy) — .
Here, since the codimensions of Ly and L, are two, the sequence starts from the
H}—terms. Since H'(CP? ©gps) = 0 for any i > 1, we get by @) H'(V,0y) ~
HfgaLm(CPd, O¢cps) for any ¢ > 1. The same argument shows
H' (U, Oy,) ~ HiP' (CP?,©¢ps)

and ‘ _

H'(Us,Ou.) ~ H'' (CP?,©¢ps), i>1.
On the other hand, since Ly and Lo, are disjoint, the Mayer Vietoris sequence
implies H}JJgaLm(CPB,@CPS) ~ Hfgl(CP?’,chs) & Hztol(CP?’, Ocps) for any i.
Combining these, we get, for ¢ > 1, a natural isomorphism
(6) H'(V,0y) ~ H Uy, Oy,) & H (U, Ou.. ).

Put V; = CP?’\{zi = 0} for 0 < ¢ < 3. These are open subsets of Uy or Uy, and we
have Uy = Vo U V3 and Uy, = Vo U V;. Moreover, VNV, and Vo N V3 are easily seen
to be biholomorphic to C? x C* and hence Stein. Thus Uy and Us admit a Stein

covering consisting of just two open subsets. Therefore by a theorem of Leray we
get H2(Uy, Oy,) = H*(Us, Op..) = 0. Hence by (@) we get H?(V,0y) = 0. O

Lemma 4.10. 1 — g, : HY(V,0y) — HY(V,Oy) is an isomorphism.

Proof. We continue to use the same symbols as in the previous lemma. By (@) it
suffices to show that 1 — g, : H'(Us,Op..) — H'(Us,Op_.) is an isomorphism,
because by symmetry it then follows that 1 — g, : H'(Uy, Oy,) — H'(Uy, Oy,) is
also an isomorphism.
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Let Uy = Vp U Vp be the Stein covering defined in the previous lemma. Then
again by a theorem of Leray we have

H'(Us,©) ~T'(Vo1,0)/Im (6 : T'(V,0) @ T(V1,0) — T'(Vy1, ©)),
where I" denotes the space of sections, § is the derivation (i.e. taking the difference
on Vo1), and Vo1 = VoNVi. Let v; = 2; /20 (1 = 1,2,3) and uj = z; /21 (j = 0,2,3) be

non-homogeneous coordinates on V; and V; respectively, and put 9; := 9/dv; (i =
1,2,3). Then by GAGA we may have

I'(Vo,© @Cvl,vz,vg i, T(V1,0)= @ Cluo,us,us]d/duy,
§=0,2,3
and
I'(Vo1,© @Cm,vl , V2, 3] 0;.

First by taking modulo F(Vb,@) mto account, it is obvious that H'(Oy_ ) is
generated by @le C[vfl,vg,vg]ai. On the other hand, we have relations v; =
1/ug,v2 = wug/ug,v3 = wug/ug, from which it easily follows that 9/0ug =
—’U1(’U181 + 1909 + v383), 8/8’&2 = 1}182, and 8/8%3 = v103. Thus F(V1,®) is
a vector space over C whose basis is the set

b,c b,c b,.c

vhv§ vhv§ vhv§

{71}@_“)_’_0_1 (1101 + V202 + v303), Ua+b+0—la2’ Ua+b+c_183 a,b,c>05.
1 1 1

But we have

,Ua—i-b+c 1 (Ul 1 + U202 + v3 3) a+b+c—2 1= a+b+c—1 2 a+b+c 1 35
1 U1 U1 U1

and if a > 1 the second and third terms of the right-hand side are elements of the
above set. Therefore I'(V7, ©) is a vector space over C whose basis is the set
b b,c
{ 2% (0404 + 020 + vaa), %&- a,bc>0,i= 1,2,3} .
U1

Let V be a vector space over C whose basis is the set {(viv§/v$)d; | a,b,c > 0,
a—b—c < =24 =1,2,3}. Let W be a vector subspace of V generated by
{(v5v§ /oo (10181 + 0202 + v303) | b, ¢ > 0,b+ ¢ > 2}. Then by the above con-
sideration we have H'(©y_) ~ V/W. Thus in order to prove that 1 — g, is an
isomorphism on H'(0y_ ), it suffices to show that 1—g, : V — V is an isomorphism
preserving W invariant. It is readily seen that, by g., each (viv§/v{)d; is sunply
multiplied by ¢1T¢=PA=0=¢ (for i = 1), ¢!+a=bA1=b=¢ (for i = 2), and (¢~ PN}~

(for i = 3), respectively. Since A < 1/e?™ < 1 and since b+ ¢ > a + 2 > 2, these
three numbers cannot be zero. Therefore 1 — g, is an isomorphism on V. Further
it can be easily checked that W is invariant by g. (or this is rather obvious if one
recalls that each generator of W was originally (u¢u$u§)0/0ug.) This completes
the proof of the lemma. O

The sequence (@) and Lemmas 9] and .10l immediately imply the following
Proposition 4.11. H?(Wy, Oy, ) = 0.

Remark 4.12. If ¢ = 1 this is a result of Pontecorvo [25]. Obviously his proof does
not work for ¢ # 1.
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The Kuranishi family of Wy can be explicitly written down:

Proposition 4.13. Let A C C be a sufficiently small neighborhood of 0 in C, and
put g(x1,xe,x3) = diag(l, e (,e*2 A, e*3\) € GL(4,C) for x; € A (i = 1,2,3),
where diag(-) denotes the diagonal matriz whose entries are (-). Consider a family
W = {W(x1, 22, 23) = V/{g(x1,22,23)) |z; € A} — A3 = Ax AxA, regarding as
a deformation of Wy = W(0,0,0). Then W — A3 is the Kuranishi family of C*-
equivariant deformations of Wy. Further, if ( # 1, W — A3 is the usual Kuranishi
family of Wy.

Proof. By Lemma 10l and (@]) there exists an exact sequence
(1)  0— H°(Wo,Ow,) — H(V,0y) =% HO(V,0v) > H (Wo, O, ) — 0.

A geometric meaning of this sequence is as follows. We identify H°(Oy) =
H°(©¢ps) with pgl(4,C) = gl(4,C)/Cl;. The exactness of the former three
terms of (7)) implies that a matrix A € gl(4,C) (or e € GL(4,C), precisely)
induces an automorphism of Wy iff A — gAg=! = cI for some ¢ € C. (Note that
g+A = gAg~!.) The exactness of the latter three terms of ([Z) implies that, for
B € gl(4,C), g; = e'Bg defines a trivial deformation of Wy iff B = A —gAg~! +cI
for some A € gl(4, C) and for some ¢ € C.

For the case ¢ # 1, it suffices to prove that the Kodaira-Spencer map of our
family YW — A2 is isomorphic, since C*-equivariance is obvious from our explicit
construction. It is easy to see that if ( # 1, {4 —gAg~'| A € gl(4,C)} is the set of
matrices whose diagonal entries are all zero. Therefore, if ¢ # 1, § (in () induces
an isomorphism

{diag(zo, 1, T2, 73) € gl(4,C)|z; € C}/CI =~ H*(Wy,Ow,).

Since §(A) € H*(Ow,) for A € gl(4,C) is nothing but the Kodaira-Spencer class
of a one-parameter family defined by g; = eg [7], and since A% corresponds
to the subspace {diag(zo, 1,22, x3) € gl(4,C)}/CI, the Kodaira-Spencer map of
W — A3 is an isomorphism (onto H!(Oyy,)). Hence W — A3 is the Kuranishi
family of Wy (provided ¢ # 1).

If(=1,{A—gAg~'| A€ gl(4,C)} is the set of matrices

0 A
{( AQ 01 ),A17A2691(2,C)}

Therefore § induces an isomorphism

{(l?)l 39 );BlaB2€9[(2’C)}/CI ~ H'(Wo, Ow,).
2

On the other hand, the C*-invariance (i.e. commutativity with the matrices
diag(1,t,1,t), t € C*) eliminates the off-diagonal entries of By and By. Therefore
H'(Ow,)C is identified with {diag(zo, 21,2, z3) € gl(4,C)}/CI by the above iso-
morphism. Thus by the same reason for the case { # 1, the Kodaira-Spencer map
of W — A3 is injective with image H'(Ow,)€", and the claim for the case ¢ = 1
also follows. d

We also need to determine which deformation preserves the involution 7.

Proposition 4.14. Let W — A3 be as in Proposition 13| and W' — A? be the
restriction of W — A3 onto the smooth subspace A? = {xy = x1 + x3}. Then
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W' — A2 is the Kuranishi family of C* x Zy-equivariant deformations of Wy, and
further if ¢ #1, W' — A2 is the Kuranishi family of Zy-equivariant deformations
Of WO .

Proof. Tt suffices to see that W(xy, za,23)(C W) is 7-invariant if and only if zo =
x1 + x3. Namely, it suffices to show that 7 : V' — V maps each g(z1,z2,23)-
orbit to a g(x1,xe, x3)-orbit iff x9 = a1 + x3. This is equivalent to the conditions
79(x1, 22, 23)7 ! = g(w1, 22, 23) or Tg(71, T2, 23)T 1 = g(21, 79, 73) "1 as elements
of PGL(4,C). But the former cannot happen for small z;, and the latter must
hold. From this, the conclusion follows readily. (]

Concerning the automorphism group, it is easy to see the following:

Proposition 4.15. The Lie algebra of the holomorphic automorphism group of
Wo = Wy(\, ) is given by

{( ‘3 ” );A,BEgl(Q,C)}/CI

for the case ¢ = 1, and {diag(xo,x1,x2,23)|x; € C}/CI for the case { # 1. The
Lie algebra of the holomorphic automorphism group of Zg = Wy(X, () /(1) is given

N {(61 g);Aegl(Q,C)}/CI

for the case ¢ =1, and {diag(xo, x1, zo,21) | x; € C}/CI for the case ( # 1.

Note that if (x1,73) € A% moves in /—1R x R the family coincides with the
family of twistor spaces constructed in §4.3. Namely, the family {Wy = Wy(A, ()}
of twistor spaces constructed in §4.3 is the real part of W' — A2, Let Cy (and C)
be the curve in W which is an orbit of the C*-action. As seen in §4.3 its normal
bundle is of the form F & F with F € Pic’Cy.

If ¢ # 1, F is non-trivial. Therefore Hl(NCO/WO) = 0 and C is a stable sub-
manifold (in the sense of Kodaira). Further, since H°(Ng, /w,) = 0, C extends to
nearby fibers in a unique way. Let C’ C W’ be such an extension. C’ is explicitly
defined by the equations z; = 2o = 0. From this, by tracing our calculation in §4.3,
the normal bundle of each fiber of C’ — A? turns out to be the direct sum of the
same line bundle (although the complex structure of the base curves and the line
bundles deform, of course).

If ¢ =1, F is trivial: Ng,/w, = O®2. In this case we have H'(Ng, w,)C = 0.
Therefore Cy does not disappear under C*-equivariant deformations of Wj. Further
since H° (N¢, /WO)C* = 0, C extends to nearby fibers C*-invariantly in a unique
way. Let C’ C W' be such an extension. C’ is also explicitly defined by the equations
z1 = zo = 0. From this we again see that the normal bundle of each C*-invariant
fiber of ' — A? is the direct sum of the same line bundle.

Thus we get the following, which will be needed to prove Theorem

Proposition 4.16. Let ¢ € U(1), 0 < A < 1/e®™ and Wy = Wy(\,¢) be as in
4.3, W' — A? the Kuranishi family of C* x Zo-equivariant deformations of Wy
explicitly constructed in Propositions and EI4. Let C' C W' be the unique
extension of Cy C Wy, which is a family of C*-orbits of elliptic curves. Then for
any © € A2, Nec, yw, is of the form F, & F, with degF,, = 0, where C, C W,
denotes the fibers over x.
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4.5. Existence of smoothing keeping the normal bundle fixed. In this sec-
tion, we apply an orbifold version of the construction of Donaldson-Friedman [6], 22]
to our orbifold My and complete a proof of Theorem

Let C, F, \,{, My = My(\, ¢), Zog and Cy(~ C) be as in Lemma L8 Further we
assume \ # 1/e?™ (< C does not have non-trivial automorphisms). Zj is a twistor
space of the orbifold My and can be written Wy /(7). Let Lo; C Wy (1 <4 < 4) be
the twistor lines which are fixed (pointwisely) by 7, and let Ly; be the corresponding
twistor lines in Zy. Zy has Ai-singularities along Lg; and is smooth on the outside.
In what follows the subscript ¢ always moves from 1 to 4, and we use the notation
UJX; for U?Zl X;. Let p: Z) — Zy be the blowing-up along |J Lg;, which is a
resolution of singularities. The C*-action we have considered naturally lifts on Z;.
Let Qo; be the exceptional divisor over Lg; and put Q¢ = |J Qo;. Correspondingly,
let i : Wi — Wy be the blowing-up along U Lo and Qo = |JQo; the exceptional
divisor.

On the other hand let Zgy be the twistor space of compactified Eguchi-Hanson
space Mgy = O(—2)U{oc}, and let Lo, be the twistor lines over the unique orbifold
point co. Zgy has Aj-singularities along L. Let Z; — Zgy be the blowing-up
along Lo, and let Qg be the exceptional divisor. Next we put Z! = Zj, 4, Q; =
Qgn for 1 < i < 4. Further, we give Z! = Z};;; the C*-action described in [15]
§3.1].

Then just as in [I5] §4.1] we choose a C*-equivariant isomorphism ¢; : Qo; — Q;
commuting with the real structures, and set 2" = ZyJ,, (U Z7), which is a simple
normal crossing variety with C*-action. Note by Lemma [E.8|(iii) Cj is disjoint from
the singular locus Q = |J Qo; = |J Q; of Z'.

Proposition 4.17. T2, = Ext?(Qz,0z) = 0.

Proof. As in [22] it suffices to show H?(0z; o,) = 0. Again by [22] this follows from
H2(@W5,Qo) = 0. From the cohom?logy exact sequences of 0 — @Wé,Qo — Oy —
Ngoywg — 0 and 0 — Oyy — [1"Ow, — Og /7, @ 0p,(=1) — 0, together
with isomorphisms ©5 , 7, ~ @D Op,,(2,0) and Op (1) = B Og,, (-1, -1),
we obtain HZ(@W[;,QO) ~ H?(Ow,). But we have H?(Ow,) = 0 by Propositio;

Lemma 4.18. H'(Z1,0z2, . qpu) = 0.

Proof. In this proof we use an explicit description of Z}; explained in [I5, §3.1]
without recalling the constructions and notations there. First, because the center
of the blowing-up ps : Y — Z; is disjoint from Q g, we have an exact sequence
0= Oy,gy = 1397, ,.0en — Ox,(1,—1) ®Ox_(1,-1) — 0. From this we get
an isomorphism Hl(@Z'EH,QEH) ~ H'(©yg, ). Further we have a similar exact
sequence 0 — Oy g, — UiOx gy — Oz, © Oz, — 0. (Here, Z) and Z/ are the
fibers of f : Zpy — CP! over 0 and oo € CP!, respectively, or equivalently, the
exceptional divisor of ji; : Y — X = CP!* x CP! x CP'. One of the last non-trivial
terms of this sequence was originally ©z; /o, ® Oz; (1) ® Oz, (—Ap), which can be
seen to be trivial.) As is easily verified H' (uiOx.g5) ~ H'(©x.gyx) = 0. Hence
we get an exact sequence 0 — H%(Oy,q, ) — H(Ox,qy) — H*(Oz) ® H(Oz,)
— HY(Oy,g, ) — 0. Furthermore we can explicitly give two linearly independent
vector fields on (X, Qx) which cannot be lifted to Y. Hence the map H°(©x g)
— H%(Ogzuz:) is surjective and we get H'(Oy,q, ) = 0, finishing the proof. [
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To investigate the Kuranishi family of C*-equivariant deformations of Z’, we con-
sider the following fundamental exact sequence derived from the spectral sequence
for the Ext groups [6], 22]:

(8) 0— HY(Z',0z)— T — H(Q,0q) — 0.

Here we denote © z» =Hom(Q2},, Oz:). The last zero is a consequence of H2(6W6,Q0)
= 0, which was proved in Proposition 17 and H2(@Z}5H,QEH) = 0, which was
proved in [22, Lemma 2]. Because we are interested in C*-equivariant deformations
of Z', we consider the C*-fixed part of (8.

Lemma 4.19. H'(Z',04)€" is naturally identified with H(Z}), @Zé’QO)C* and is
two-dimensional.

Proof. Asin [22, p. 172] there is an exact sequence (coming from the normalization
sequence)

(9) H*(©z,,0,) ®H Oz, 0pu)®* — H(©qg) — H' (0©z/) — H' (07 q,) — 0.

Here we have used Lemma I8 for the last non-trivial term. From the explicit form
of our C*-action on Zf, it can be readily seen that every C*-invariant vector field
on Qpy (i.e. elements of H°(©g)C") comes from that on Z},. Therefore (@)
induces a natural isomorphism H'(© 7)€" ~ Hl(@zé’QO)C*.

Next we show that Hl(@Z&QO)C* is two-dimensional. As in [22] p. 173],
H'(07,q,) is naturally identified with Hl(@Wé,QO)ZZ. It is easy to see that there
are natural isomorphisms H'(Oyy, 5 ) ~ H'(Ow;) and H'(©Owy)% ~ H' (O, )%.
(The latter isomorphism follows from the fact that 7 acts on each Ny =y, ~ 0(1)®2
as the fiberwise scalar multiplication by (—1).) Hence we get a natural isomorphism
H1(®W6,QD)Z2 ~ H'(Ow,)?%. Thus we get an isomorphism Hl(G‘,(,(;@[))‘“'J*XZ2 ~
H1(®WO)C*X22~

As in the proof of Propositions EI3] and T4, H' (O, )C *?%2 is naturally iden-
tified with the space {diag(0,x1,z2,23) € gl(4,C)|z2 = x1 + x3}, and this is
two-dimensional. Hence we have that H'(©z o,)¢ ~ H'(Ow,)C *% is two-
dimensional.

O

On the other hand C* acts trivially on H%(Q,Og) in (8) ([24]). Therefore the
C*-fixed part of ({) is

(10) 0— H'(Z),02,0,)° — (T4)° — H(Q,0q) — 0,

and (T4,)€ is (244 =) 6-dimensional. By Proposition EEI7, deformation theory of
7' is unobstructed. Therefore the base space of the Kuranishi family of deforma-
tions of Z’ is naturally identified with a neighborhood of 0 in T%,. The Kuranishi
family of C*-equivariant deformations of Z’ is then the restriction onto the C*-fixed
locus of the base space. Let p: Z — B,0 € B,p~1(0) ~ Z’ be the Kuranishi family
of C*-equivariant deformations of Z’, where B can be naturally identified with a
neighborhood of 0 in (Té,)c* as above. Just as in the case of Cy — Wy, Cp has a
natural and unique C*-invariant extension (after possible restriction of B), which
is denoted by C <— Z. Then the following result is a key to prove Theorem 5]
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Lemma 4.20. Let p : Z — B and C — Z be as above. Then after a possible
restriction of B, the normal bundle Ny = Ng, /7, is isomorphic to Ft@2 for some

F, € Pic’Cy for every t € B, where Z, = p~L(t) and C, = Z; N C.

Proof. First we show the statement for a locally trivial (i.e. smooth) deformation of
Z'. Regarding B as an open neighborhood of 0 in (7,)€" as above, and using the
injection in (0], define B’ := BN H1(®Zé7QO)C*. Let 2’ — B’ be the restriction
of Z — B. From this, we can obtain a C* X Zs-equivariant deformation of W
in the following way. As explained in [0, p. 217] 2’ — B’ is a locally trivial
family. Therefore, by looking at an irreducible component, we get a C*-equivariant
deformation of the pair (Z], Qo). Taking the double cover, we get a C* x Zo-
equivariant deformation of the pair (W, Qo). Then we can simultaneously blow
down the exceptional divisors, and consequently we get a C* X Zs-equivariant
deformation of Wy, which we denote by W' — B’. It is obvious that this procedure
is nothing but a realization of the isomorphism H (04 ,)C" ~ H'(O,)C *%
in the proof of Lemma [£T9 in the level of actual deformations. Therefore there
is an isomorphism B’ ~ A? (on some neighborhoods of the origins) inducing an
isomorphism W ~ W'. (Here W — AZ? is the Kuranishi family of C* x Zy-
equivariant deformations of Wy explicitly given in Proposition @I6l) Thus 2’ — B’
is explicitly obtained as the Zs-quotient of W — AZ2. Hence we can regard ¢’ — AZ?
in Proposition as a subfamily of 2’ — B’. Then it is clear by the uniqueness
of extension that C' = C N Z’. By Proposition .16, the normal bundle of C; in W,
is of the form Ft@2 with F; € PiCOCt for any ¢ € B’. Therefore so is the normal
bundle of C; in Z; for any t € B’'.

Next we show the statement of the lemma for ¢ € B (= the real part of B) whose
image in H(Oq) is non-zero. By [6] and [22], Z; = p~!(¢) is a twistor space of
Mo#4Mpy = 4CP? for such t after a possible restriction of B. Further, since such
Z; contains an elliptic curve Cy = C N Z; which is a C*-orbit, Z; is not Moishezon.
Therefore, by Proposition 3.8, N¢, /7, is of the form Ft@2 for some F; € Pic’C,.

Now we fix a splitting of (I0) compatible with the real structures: (T4,)C
~ (H")® @ H°. Then what we have shown so far is that the conclusion of the
lemma holds true for t € (H' @ 0) N B and for t € ((H')” @ (H°)?) N B, where
(H")° denotes the real part of H. Let f : B — Z be the function defined by f(t) =
dimg H°(Cy, End(Ng, /7,)). By the upper-seimicontinuity theorem of Grauert [3],
the set A := {t € B| f(t) > 4} is a complex analytic subset of B. Further, since
dim H°(End(L®%?%)) = 4 for any L € PicC}, A contains {(H@®0)U((HY)?®(H?)?)IN
B. In particular, A is an analytic subset of B containing the real part B° of B.
From this it follows that A = B. More generally we claim that if A is an analytic
subset of C™ (n > 2) with 0 € A, and if A contains R™ in some neighborhood
of 0 in C™, then A is a neighborhood of 0 in C". First we note that if A is
non-singular at 0, the claim is obvious since ToR"™ + To(J(R™)) = ToC", where J
denotes the complex structure of the real tangent space ToC™. So we assume that
A is singular at 0 and prove the claim by induction on n. Let dimg A denote the
(analytic) dimension of A at 0 and consider the case n = 2. Since R? is assumed to
be contained in A in some neighborhood of 0, and since the topological dimension
coincides with the analytic dimension, we have dimg A > 1. If dimgA =1, A is
smooth outside the origin, since the singular locus of a complex analytic curve is
isolated. Therefore A is smooth on R?\{0} (near 0). Then by the above remark
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for the smooth case, it follows that dim, A = 2 for any z € AN R?\{0}. Hence by
the upper-semicontinuity of the analytic dimension [§], we get dimg A > 2. This
is a contradiction, and hence we have dimyg A = 2, so A is a neighborhood of 0 in
C2. Thus the claim is proved for n = 2. Suppose the claim holds for n — 1 > 2
and assume that A is an analytic subset of C™ containing R™ in a neighborhood
of the origin. Let C™~! be a hyperplane in C™ which is invariant by the complex
conjugation. Then by the assumption of induction we have AN C"~! = C"~! in
some neighborhood of the origin. Therefore dimg A > n — 1. Moreover we can
move such a hyperplane continuously. This implies that dimg A > n — 1 and so
dimg A = n. Hence A is a neighborhood of 0 in C", and we have proved the
claim. Thus in our situation A is a neighborhood of 0 in B, which implies that
dim H°(EndNg, /7,) = 4 for any t € B.

Because the degree of vector bundles is a topological invariant, deg N¢, 7, =
(deg N¢, /7, =) 0 for any ¢t € B. Hence to prove the lemma it suffices to show that,
if E — C is a rank-two vector bundle over an elliptic curve with the properties: (a)
deg E = 0, (b) dim H°(EndFE) = 4, (c) E — C is obtained by a small deformation
of F& F — C for some F € Pic’C, then E ~ F®? for some F; € Pic’C. By Atiyah
[1] rank-two vector bundle E of degree zero is isomorphic to either (i) FF @ F (F €
Pic’C), (i) F) @ Fy with F; ¢ F, € PicC and deg Fy 4 deg F, = 0, (iii) an
indecomposable bundle obtained as a non-trivial extension 0 - O¢c — E — O¢ —
0. For the last case, it is well known that E is a stable vector bundle, and hence
simple, i.e. H°(EndE) ~ C, contradicting (b). For the case (ii) we easily obtain by
Riemann-Roch dim H?(End(F; @ Fy)) = 2 + 2d, where d = |deg F|(= | deg F3|).
Hence d = 1 follows. But such F; & F5 cannot be obtained as a small deformation
of the bundle F®2 with F € Pic’C by upper semicontinuity, and is not compatible
with the condition (c). Therefore E falls into the case (i), as desired. O

We complete our proof of Theorem by the following

Lemma 4.21. Letp: Z — B and C — Z be as in Lemma [L20L Then there exists
a real four-dimensional submanifold D of B with 0 € D satisfying the following
properties: (1) D is real with respect to the natural real structure of B, (ii) for any
t € D witht # 0, Z, = p~Y(t) is a twistor space of ACP?, (iii) for any t € D,
Ciy = CN Z; is biholomorphic to C and N, 7, is isomorphic to F ® F. (Recall that
Co ~ C and N¢, /7, ~ F®% by construction.)

Proof. Let M be the total space of the Kuranishi family of deformations of C:
if C = C*/(z — Az) as in our case, M is explicitly constructed as the quotient
space (U x C*)/{(w, z) — (w,wz)), where U is a neighborhood of A in C*. Since
we have assumed that C' does not have non-trivial automorphism, M — U is
universal (with respect to deformations of C). Let r1 : M — U be the natural
projection and 7o : MY — U the identity component of the relative Picard variety
of M — U. Since Pic’C is biholomorphic to C' itself, MV is isomorphic to M.
Let F — M xy MY be the tautological line bundle over the fiber product. Let
qr: Mxg MY — Mand q3 : M xy MY — MV be the natural projections.
Because we have assumed C' has no non-trivial automorphism, it is obvious that
the total space of MY is the universal family of deformations of the pair (C, F'). By
Lemma .20, N¢, /7, is of the form F®? with F; € Pic°C; for any t € B. Since M"Y
is universal, there exists a unique holomorphic map « : B — M such that C; is
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biholomorphic to 77 *(ro((t))) and F; is isomorphic to F| 45 (a(t)) s holomorphic
line bundles over ¢ *(a(t)) =~ (r2((t))) =~ C;.

Let B’ C B be the subspace defined in the proof of Lemma[£20. As in the proof,
B’ parametrizes C*-equivariant smooth deformations of Z’, and such deformations
canonically come from C* x Zg-equivariant deformations of Wy. Let W' — AZ and
C' C W be as in the proof of Lemma (explicitly constructed in Proposition
[4I6). Then it can be easily seen from the explicit constructions that the map
t — (Cy, F;) € MY for t € A? is an isomorphism. Therefore « is isomorphic
on B'. Hence the differential da : ToB — T(¢,p)M" is surjective. Therefore by
implicit function theorem the fiber a=1(a(0)) is a complex submanifold of complex
codimension two (= the complex dimension of M"), and a~!(«(0)) intersects B’
transversally.

Therefore (after shrinking B if necessary) the image in H°(Og) is non-zero for
any t € a1 (a(0)),t # 0. Further, a=!(a(0)) is real in B, because « is obviously
real. Then we define D to be the real part of a=!(«(0)). If t € D is non-zero,
Z, = p~Y(t) is smooth and is a twistor space of 4CP? by [6, 22]. Further, as
a(t) = a(0), we have C; =~ ri*(ro(a(t))) =~ ri*(r2(a(0))) ~ Cy ~ C and F; ~
Floz () = Flozt a0y = Fo = F. Namely, we have C; ~ C' and Ne, /7, ~ F®2
for any t € D.

As for the dimension of D, we have already shown dim(T%,)€" = 6 in Lemma
Z.T9 Therefore a~!(a(0)) is four-dimensional over C. Hence D, the real part of
a~1(a(0)), is a four-dimensional real submanifold. Thus we have proved all of the
claim of the lemma, and Theorem is now proved. O
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