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A STRUCTURE THEOREM FOR THE ELEMENTARY
UNIMODULAR VECTOR GROUP

SELBY JOSE AND RAVI A. RAO

ABSTRACT. Given a pair of vectors v,w € R™1 with (v,w) = v-wT =

1, A. Suslin constructed a matrix Sy(v,w) € Slar(R). We study the sub-
group SUm,(R) generated by these matrices, and its (elementary) subgroup
EUm,(R) generated by the matrices S, (e1¢, eleTil), for e € Ery1(R). The
basic calculus for EUm,(R) is developed via a key lemma, and a fundamental
property of Suslin matrices is derived.

1. INTRODUCTION

In his doctoral thesis A. Suslin showed that a unimodular vector of the form
(ag,ay,a3,--+ ,a”) can be completed to an invertible matrix (c¢f. [4, Proposition
1.6]). In the beautiful and thought provoking section §5 of this paper he gives an
inductive (on r) method of constructing the completion. Given a pair of vectors
v,w € My »+1(R) he defines a matrix S,.(v,w) € Ma-(R), with determinant equal
to the inner product v.w?. Consequently, if the dot product is 1, then S, (v, w) €
Slar(R). The actual completion is shown to be in the class S, (v, w)E2r(R). (For
any n, F,(R) will denote the elementary subgroup of SI,,(R) generated by the
elementary generators E;;(A), A € R, 1 <i # j < n, which is the matrix with 1’s
on the diagonal, the (i,7)-th entry A, and the rest of the entries to be zero. An
element of E, (R) will be called an elementary matrix.)

The Suslin matrices have proved useful in several contexts. We mention some
examples. (Only the first and third results mentioned below have been published
so far.)

e A. Suslin showed that, for a field k,

k/’[l‘l,“- yTny Y1, 7yn]> ~
SK1< (s iy — 1) “
with generator [Sn—l((xla T 7xn)7 (yla e ayn))]'

e Let > | w;y; = 1. Let P, P* be the projective modules corresponding to the
unimodular rows (z1, -+ , &), (Y1, - ,Yn), respectively. Then P* ~ Hompr(P, R),
the dual of P. If n is even, then P ~ P*. However, if n > 1 is odd, then M.V. Nori,
and R.G. Swan independently showed (using topological arguments) that P, P*
need not be isomorphic. This can also be shown using the Suslin matrices, when
n > 3.
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e Inspired by the proof of Serre’s conjecture on the freeness of projective modules
over a polynomial extension k[xi,---,z,] of a field k, and N. Mohan Kumar’s
theorems on set theoretic complete intersections, M. Boratynski showed that any
ideal I in a polynomial ring R over a field can be generated up to radical by
m = p(I/I?) elements. Here ;i denotes the minimal number of generators of the
R/I-module I/I?. Thus, one has VI =+/(f1, -+, fm), for some fi,---, f € R.

e The orbit spaces Um,(R)/E, (R) have a nice Witt group structure, if R is
a noetherian ring of Krull dimension d, in which, say, —1 is a square, and if n >
max {3, (d+ 3)/2}.

The key question raised by A. Suslin in [4] was whether these matrices had a
role in defining a symbol on the orbits space Um,,(R)/E,(R), similar to the role of
the Vaserstein symbol defined in [3], when n = 3 and dim R = 2. This has surfaced
partially in the last application mentioned above, due to the study initiated in this
paper.

This paper arose out of ‘a desire to play with the Suslin matrices’. Due to the
inspiring [4, §5] there are several ways in which one can proceed to do this. We
choose one such natural way in this article. With this aim, we introduce and study
the subgroup SUm,(R) of Sla~(R), which we christen the Special Unimodular
Vector group, generated by the Suslin matrices S, (v, w), corresponding to the pairs
(v,w), with v.w? = 1. Analogous to the elementary subgroup E, (R) we consider
the Elementary Unimodular Vector subgroup EUm,.(R), of SUm,(R), generated
by the matrices S, (v, w) corresponding to the pair (v, w), with v.w? = 1, and with v
the first row of an elementary matrix. We develop the basic calculus for this group.
As a consequence, we realize an important fundamental property of the Suslin
matrices. (We exploit this property, and the equivalent key lemma here, to study
the orbit space of unimodular vectors under elementary action, in a subsequent
article.)

2. ELEMENTARY ORBIT EQUALS COHN ORBIT

Let R be a commutative ring with identity 1. Let Um,11(R) denote the set

of all unimodular vectors v = (ag,a1, - ,a,), i.e. > a;b; = 1, for some b; € R,
0<i<r.
The vector w = (bg,b1,---,b,) is said to be related to v if the dot product

vawT = 1. Note that vectors related to the same vector lie in the same elementary
orbit, if their length is at least 3: If v.w! =1 = v.wd, thene = I, 1 +vT (wo—wy) €
E,11(R) by [5, Corollary 2.7], and wie = ws.

Definition. Let v = (ag, a1, -+ ,a,) and w = (b, by, ,b,) with v.w? = 1. We
say that the vector

’U*Z’Ucij()\):(ao,-" ,ai—l—)\bj,--- ,aj—)\bi,~-~ ,aT),

for 0 < i # j <r,isa Cohn transform of v w.r.t. the (related) vector w. One could
write Cj;(w, A) if one wishes to specify w, but we generally refrain from doing so,
as the related vector being considered is clear from the context. We shall say that a
vector v* is in the Cohn orbit of v if there is a related vector w* to v*, and a sequence
of pairs, starting with (vg,wg) = (v,w) and ending with (v,,w,) = (v*,w*), such
that, for ¢ > 0, the pairs (v;41,w;+1) have either v;11 as a Cohn transform of
v; w.r.t. w;, and w41 = wg; or w41 as a Cohn transform of w; w.r.t. v;, and
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Vi1 = Vil
(v,w) = (vo, wo) — (v1,w1) = -+ = (vp,wyp) = (v°, w").

It follows inductively, by the above observation, that v* € vE,1(R), i.e. Cohn
transforms lie in the same elementary orbit. Conversely, any elementary transfor-
mation of a vector can be obtained by means of a sequence of Cohn transforms
w.r.t. some suitable related vectors. We show this explicitly below in a special
case, when r = 2. The general case can be easily reduced to the case when r = 2,
and we leave this for the reader to rediscover for himself.

Let aa’ + b’ + c¢ = 1. We show that (a,b,¢) — (a + Ab,b,c) can obtain
a sequence of Cohn transforms. The idea comes from analysing the proof of [3]
Lemma 5.1]:

{(a,b,c); (a’, V', )} Caa(5M) (a— X, b,c+Xd); (d,b,c)}

{

{(a=X,b,c+Ad); (/b — (c+ \d'),d +b)}
Q) (@ = A) + A +b),b, (¢ + Ad') — Aa');

(

{

{

Ci2(=1)
=

a' b —(c+Xd'),cd +b)}
(a+ Ab,b,c); (@', V) —c—Xd',d +b)}

(a+ Ab,b,c); (@', — Md', )}
Thus, one proves that

Lemma 2.1. The elementary orbit vE,11(R) of v € Umyy1(R) coincides with the
Cohn orbit of v, for r > 2. O

3. THE UNIMODULAR VECTOR GROUPS

We begin by describing the inductive process by which the Suslin matrix S,.(v, w)
of size 27, and of determinant v - w”, is constructed from two vectors v, w of size
r 4+ 1. We recall this process.

Let v = (ag,v1), w = (bo, w1). Set Sp(v,w) = ag, and set

aglyr—1 Sr—1(v1,w1)
ST(U’ U}) - (—S,._l(wl, Ul)T b0§2r71 > ’
In [4, Lemma 5.1] it is noted that
(1) Sr(v,w)S(w,v)T = (vwl)lr = S (w,v)T S, (v, w), and
(2) det Sy(v,w) = (vwT)2 ", for r > 1.
A. Suslin then describes a sequence of forms J, € Ma-(R) by the recurrence for-

mulae
1, for r =0,

Jr=< J._1 L —J._1, forr even,
Jr_1 T —J._1, forr odd.
(The English translation wrongly says J, = J,.—1 L J,_1 when r is even.)
(Here, for a € M, s(R), B € Mpq4(R), a L = (g‘ g), while o T3 = (g g) €
Mr+p,s+q(R)-)

It is easy to see that det J, = 1, for all r, and that JI = J ! = (-1) I
Moreover, J, is antisymmetric if r = 4k+1 and r = 4k+2, whereas J,. is symmetric

r(r+1)
2
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for r = 4k and r = 4k+3. In [4, Lemma 5.3], it is noted that the following formulae
(called the Suslin identities) are valid:

for r = 4k : (Sp(v,w)J,)T = S, (v,w)J,;

forr=4k +1: Sr(v,w)JrSr(v,w)T = (v.wT)JT;
for r = 4k +2: (S, (v,w) )T = —S.(v,w)J,;
for r =4k +3: S.(v,w)J, Sp(v,w)T = (vawT)J,.

Definition. The Special Unimodular Vector group SUm,.(R) is the subgroup of
Slor(R) generated by the Suslin matrices S, (v,w) w.r.t. the pair (v,w), with
v € Um,41(R), and for some w related to v, i.e. w.oT = 1.
The Elementary Unimodular Vector group EUm,.(R) is the subgroup of SUm,.(R)
generated by the Suslin matrices S,.(v, w), with v € e E,41(R), and with w.vT = 1.
We shall denote by EUm,(R)* the subgroup of EUm,(R) generated by the
elements S, (e; + Aej,e1), Sp(er,eqr + Ae;), with 1 <i<r+4+1, A € R.

Let us first note a few preliminary observations.

Lemma 3.1. Let R be a commutative ring and let v, w, s, t € R™T1. Letv =
(ag,a1,- - ,a.), w= (bg,b1, -+ ,b.). Then

Sy(v,w) + S (w, U)T = {ao +bo}lor,
S, (5,1)Sp(w,v)T 4+ S, (v,w)S.(t,s)T = {(s,w)+ (v,t)}sr,
Sy (w,v)T S, (s,t) + Sp(t, 8)T S, (v,w) = {{s,w) + (v,t)} o

Proof. One has an inner product on R™! x R™1 defined by (v,w) = v.wT. Also
one has the usual bilinear consequence of the quadratic relation

(v, W) Ior = S, (v, w)S,(w,v)T = S, (w,v)T S, (v, w),
viz.
Sp(v4s,w+t)Sp(w+t,v+8)T = (vt s, wA )l
{(v,w) + (v, t) + (s, w) + (s,) } or.

But
Sp(v+s,w+t)S(w+t,v4s)T
= {S,(v,w) + S,(s,t)}H{Sr(w,v)T + S,.(t,5)"}
= S, (v,w) Sy (w,v)T + S, (v,w)S,(t,5)T + S.(s,1)S,(w,v)T + S.(s,1)S,(t,5)T
= (v,w)Iar + Sp(v,w) S, (t, )T + S,(5,8)S,(w,v)" + (s, ) Ior.
Equating the above two equations, we get
S, (5,8)Sr(w,v)T + S (v, w) S (t, 8)T = {{s,w) + (v,t)} ar.

Similarly, one can prove the third relation. The first relation is obtained from the
second by considering s =t = e;. (I

Notation. For a matrix a € M (R), we define a'°P as the matrix whose entries are
the same as those of a above the diagonal, and on the diagonal, and is zero below
the diagonal. Similarly, we define a®°t.

For simplicity we may write af for a’P, a® for o, and o for a transpose.
Moreover, we use a'® for a°? or a°*. Similarly, we write EUm,.(R)? to be the
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subgroup of Eor(R) generated by the elements of’, for a a basic generator of
EUm, (R)*.

We also write expressions like za*z~! = 3 to mean that both zafPz~! = gbot
and zat?tz—1 = gtor hold.

We now prove the key lemma.

Lemma 3.2. Let v = (ag,a1, - ,a,) = (ag,v1), w = (b, b1, -+ ,b.) = (b, w1),
with vaw™ = 1. Then, for2<i<r+4+1,r>2,
S(e1,e1 + Aeg) S, (v, w)S, (e1, €1 + )\ei)b"t = S, (vEi (=), wE;(N)),
Sr(ex + Aey, el)bOtSr(v,w)Sr(el + e e1)? = S (vEL(N), wEi(—)\)).
(The case when r =1 is similar.) Moreover, if 1 <1i <, then
Sy(e1 + Neiy1,e1)PS (v, w)Sp(er + i1, 1) = S, (vCoi(—N), w),
Sr(e1,e1 + )\eiﬂ)b"tST(v, w)S,(e1,e1 + Aeir1)' P = S.(v,wCoi(—N)).

Proof. As S,(v,w)™! = S.(w,v)T, one needs to verify the first and third of the
above identities, in order to deduce the other two identities. Both these identities
are derived similarly, by means of a direct computation. We derive them as follows:

S,(e1,e1 + Aep) S, (v, w) S, (e1, €1 + )\ei)b"t = (all QIQ) ,

Q21 (22
where
arr = aplyr—1 — S,1(0,Ae-1)Sp—1 (w1, v1)T = Sp_1 (v, w1)S—1(Aej—1,0)"
—boSy—1(0, Ae;—1)Sr—1(Aei—1,0)7,
arz = Sr—i(vi,wr) +b0Sr—1(0, Aej—1),
a1 = —Sp—1(wi,v1)" = boSr—1(Aei—1,0)7,
oy = bolyr-1.

Let w* = wE;(A) = (bg, wy). Hence, via Lemma 3.1, the above matrix equals

(ao—)\ai_l)Igr—l ST_l(vl,wi‘) _ s )
(sr_mw;:vl)T bolys ) = SlEaEA wBGQ),

as required. We now prove the third identity.

S,-(el + >\€i+1, 61)tOpS7~(’U, ’LU)S,-(€1 + /\6i+1, el)bOt = <0411 a12> ,
a1 Q2
where
a1n = aglyr—1 — Sp_1(Ne;, 0)S, 1 (wi,v1)T — Sy (v1,w1)Sr—1(Ne;, 0)

—S,_1(Xei, 0)S,-1(0, Xe;) T,

arg = Sr_q1(vi,wr) 4+ boSr—1(Xe;, 0),
a1 = —S_1(wi,v1)’ —b0Sr—1(0,Ne;) T,
Q92 = boIzr—l.

Let v = (a1, - ,a; + Abg, - -+ ,a,). Then,

(0111 Oéu) _ ((ao — )\bi)[grfl Sr_l(v{,wl)) .

T
Q21 0 —Sp_1(wy,v7) bolor—1

This equals S,.(vCp;(—A), w), as required. O
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Remark. Note that we shall always regard v = (ag,a1, - ,a,) € My,4+1(R), as
>i_oaiei+1. Thus, for instance, e; + Aex = (1, A, -+ ,0), etc. It will be convenient
to use the following notation later: For 1 <i: <r+ 1, A € R, A unit if i = 1,

E(e1)(\) = Myrr LA M,
E(e;)(N) S,(er + eg,er); i > 1,
E(ef)(A) Sp(e1,er + Aeg); i > 1.

K2

(If we wish to stress the size we could write E,.(e;)(A), E-(ef)(A).)
Note also that E(e;)(A\)T = E(ef)(=A) and E(ef)(\)T = E(e;)(—)) hold due to
the “anti-symmetry” of the Suslin matrices.

The key lemma leads one to the fundamental property of Suslin matrices, via
the methods of commutative algebra.

Corollary 3.3. Let R be a commutative ring in which 2 is invertible. Let o =
5189+ Sy and o* = S, Sp_1---S1, where each S; is a Suslin matriz Sy(v;,w;),
with (v, w;) = 1. For any 8 = S,(v,w), afa* = S, (v, w") € SUm,(R).

Proof Let p be a prime ideal of R. Let S; = S,.(v;, w;), for v, w; € R™Y, (v;, w;) =
v;w; = 1. Note that Um,11(R,) = e1E,11(R,). Using the observation at the
begmmng of Section 2, one can conclude that there is a € € E,1(R,,) with eje = v,

and with eleT_l = w. Each ¢; can be written as a product of elementary generators
of type E1;(A), Eji(p), for 2 < j <r+1, A\, € R. Hence, by Lemma 3.2,

7! tb tb bt
Sr(vi,w;) = Sp(eiei,ere; ) =010 lr0); 045,

where o7 is a generator of type E(c)())™, for ¢ = e; or ef, A € R.

Observe that over R,
Sf’(vi, wi)ST’(x’ y)ST(Uiv wl) - Uil; ! U;bzalbtz ! Ule (ZL’, y)o-iz ! O—;bzalbtz : Ullﬂi
= Sr( 'Y )7
by Lemma 3.2, with (z’,y’) = 1. From this it follows that aSa* “locally looks like”
an S, (v, w') with (v/,w') = 1.
Hence, afa™ has a certain configuration amongst its entries. The reader should

be able to convince him /herself that indeed afa* = S,.(v',w’), for some v', w’ with
(W, w') =1. O

Remark 3.4. A direct proof of the fundamental property can be obtained via Lemma
3.1. We have included this in [2], where the property is studied in greater detail.

The usual elementary generators E;;(A), ¢ # j, A € R, of the elementary sub-
group of the linear group, and the elementary symplectic generators S;;(\), ¢ #
4, A € R, have certain “splitting properties’. These are reflected in the basic ele-
mentary generators of EUm,.(R)*, viz.

Lemma 3.5. Let R be a commutative ming. For2 <i<r+1, \,u € R,

Ele)(A+n) = Ele)(N)E(e:)(p),
E(e))A+p) = E(e)NE(e) (1),

Ble)(N) = B(ei)(N)'PE(e:)(\)*" = E(e) (V)" E(es) (A7,
E(ei)(V) (€ )N P E(ef)(A)*" = E(e]) (N E(ef)(A)7.

|
=
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Proof. These will follow by a direct computation using Lemma 3.1. O

The next lemma considers some typical examples.

Lemma 3.6. Let2<i# j<r-+1, and let \ = —2xy. Then:
(i) If o = [E(ei)(x), E(e;)(y)] and o = [E(e;)(—y), E(e;)(—x)], then a” =
a™l, and S, (vCi_1j_1(N),w) = aS,(v,w)a™t.
(il) If B = [E(e})(2), E(e])(y)] and 5* = [E(e])(—y), E(e])(—z)], then 5* =
B, and Sy (v,wC;_1;_1(N)) = BS,(v,w)3~ L.
(i) If 7 = [E(e;)(@), E(e})(y)] and 7* = [E(et)(=y), E(e;)(—a)], then 7 =
v, and S, (VE;;(N), wE;i(—X)) = 7Sy (v, w)y L.

Proof. The reader may consider the following approaches to prove the above lemma:
Directly verify via Lemma 3.2, or do direct computations with the matrices and
use observations as in Lemma 3.1. O

4. COMMUTATOR LAWS IN EUm,.(R)*

We next state and prove the “commutator laws” in EUm,(R)*. The basic
instinct of these formulae is to convey the information that the commutator of an
elementary unimodular generator in Z[\], and an elementary unimodular generator
in Z[u], will be an elementary unimodular generator in Z[Ay].

Lemma 4.1. For1 <i<j<r+1, A\, p€R, ¢; =¢; orej, d; =e; ore;, we

have, forr > 2,
[Er(ci)(N), Er(d;) (1))
[Er—1(cim1)(A), Er—1(dj—1)(w)] L [Er—1(cim1)(A), Er—1(dj—1) ()]
= ol -1 a,

v

where

oo {Er—ip1(dj—ip1)(2A0)"P L Er i1 (djip1)(=22p)*"}  if ¢ = e,
{Br—it1(dj—is1) @A) L Ereiia(dj—igr) (=200)' P} if ¢; = €.

(The o is taken 2°=2 times above.)

Proof. We only prove here the first result when ¢; = e;, and d; = e;; the rest are
proved similarly. We do it by induction on ¢. Note that

2 (eg)(u)]
K . 0 o ST_I(AE}_MO))’(S,n_l(ofﬂej_l)T ST_l(ute_l,o))]

_ (I Syr—1(Xei—1,0)5,-1(0, pej_1)" Sr—1(Xej—1 + pej—1,0) >
—Sr—1(0,Ae;—1 + pej—1)T I—5,-1(0,Ae;—1)TS,—1(pej—1,0)
I—S,_1(Xei—1,0)5,-1(0, pej_1)" —Sr_1(Aej—1 + pej_1,0)
Sr—_1(0, N1 + pej—1)T I—5,1(0,2e;-1)"S,_1(pej—_1,0) )

Via Lemma 3.1,
(1) Sr—1(Aei—1,0)S,-1(0, pej—1)TSr—1(Aei—1,0)S,-1(0, pej—1)T
—Sr—1(pe;—1,0)S,—1(0, xe;—1) T Sr_1(Aei—1,0) 8,1 (0, pej—1)"
= 0.
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(ii) Sr—1(Mei—1,0)S,—1(0,pej—1)TSr—1(Nei—1 + pej—1,0)
Sr—1(Nei—1,0)8,-1(0, pej—1)" [Sr—1(Xei—1,0) + Sr_1(pej—1,0)]
= Sr—1(Xei—1,0)8,21(0, pej_1)" Sr—_1(Ae;i—1,0)
= - T,l(uej,l,O)Sr,l(O,)\ei,l)TSr,l(Aei,l,O) =0.

)T
)T

Hence,
[Er(ei)()‘)a Er(ej)(ﬂ)]

. I — QSr_l()\ei_l, O)Sr_l(O, [Lej_l)T 0

o 0 I— 257"71(0,)\eifl)Tsrfl(/Lejfl,O)
When ¢ = 2,

I—28,_1(Xe1,0)S,-1(0, pej—1)"

—J_9 )\IQT—2 0 0 *Sr_g(uej_z,())
o 0 0 ST,Q(O, ,uej,g)T 0

Ior—2  S,_2(2A\pe;j_2,0 o
B ( 0 2(1%2] 2 )) = Er_1(ej—1)(20)"".

Similarly, by direct computation, we can show that
I—2S,_4(0, )\ei,l)TSr,l(uej,l, 0) = Er,l(ej,l)(—2)\u)b°t.
Hence [B,(e2)(N), Er(e;)(1)] = Er—1(e;-1)(2A0)' L B, _1(ej-1)(~270)"".
Now consider the case when ¢ > 2. Via Lemma 3.1, we can write
[Er(ei)(A), Er(e5) ()]
_ (I— 257»_1(>\6i_1,0)57-_1(0,[L6j_1)T 0

)

0 I — 2S7~_1()\6i_1, O)Sr_l(O, ,U,(Bj_l)T) ’

Note that
I—28,_1(Nei—1,0)S,1(0, pej_1)"

)

—7_9 0 ST_Q(AEZ'_Q, 0) 0 —Sr_g(qu_Q, O)
B —Sr—2(0,Ae;—2)T 0 Sy—2(0, pej_o)T 0

o I - 257‘,2()\62',2, O)ST,Q(O, ﬂejfg)T 0

o 0 I— QST,Q(O, )\ei,Q)TST,Q(MBj,Q, 0)

= [Er—1(ei-1)(A), Er—1(ej—1) ()]

Hence

[Er(e:)(A), Er(e5)(1)]

= [Er—1(ei—1)(A), Er—1(ej—1)(0)] L [Er—1(ei-1)(A), Er—1(ej—1)(1)].

The rest follows by a simple induction argument on .

Corollary 4.2. For2<i#j<r+41,

[E(ei)(N), E(e5) ()] = [E(ei) (@), E(ej) ()], if 2y = Au,
[E(ei)(A), Ee;)(w)] = [E(e:)(x), E(e;) ()], if vy = An,
[E(e7)(N), E(e5)(w)] = [E(e7)(x), E(ej)(y)], if vy = Ap.

Proof. This is obvious from the previous result.
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The next lemma plays the role in EUm,.(R)* of the role played by the commu-
tator law E;;j(Ap) = [Ei(N), Exj(n)], for A p e R, 1 <i#j#k<r+1in
calculations done in E,;1(R).

Lemma 4.3 (Biduality). For2<j#k<r+1,

Er(er) 2Auv)[E(e;)(A), E(e) M) = [, [y, 2]},

Ey(ex) 2Auv)[E(e5)(A), E(er) Auw)] = [27, [y", 27]],
where v = E.(e;)(A), y = Er(e)(n), z = Ec(€)(v), * = E.(ef)(N), y* =
Er(er)(n), 2 = Ep(e;)(v)-

Proof. We establish the first equation, and the second can be done similarly.
First we consider the case when j = 2. By Lemma 4.1, [z, [y, z]] = [«, 8], where
a=uzand 8= E(e;_,)(—2uv)* L E(e;_,)(2uv)tP.

Now by direct computation, we get [, 5] = (ﬁ; ’2;2), where
Ay = I+ 8,11, 0)E(e_ ) (2u)PS,_1(0, der) T E(ef 1) (—2uv)*!

(L2 S o(0,2Npver o)\ _ . . 2 \top
= (0 - = E(er_1)(2A\ pv)™?,

Az = —B(ej_1)(=2u1)""" Sy _1(Ae1, 0) B (eji_y) (21w)"F + Sr_1(Ner, 0)

_ 0 Sr_2(07 2)\u1/ek_2) _
— < Sy 2 (2Nvep_2,0)7 0 =5,-1(0, 2 \pveg_1)

= S, 1(0, 22 uvep 1) E(ef_)(—2X2uwv)*t,
Aoy = E(ef_)(2ur)PS,_1(0, e1)TE(ef_)(—2uv)? — S, _1(0, Xey) T

= 0 Sy—2(0, 2)\/u/ek 9
a < Sp—a(2Apvey_o,0)" ) Sr—1(0, 2 uvek—1)

= =S, 12 \uwver_1,0)" = fST_l(Q)\,uyek_l,O)TE(ek D@ 2 uv)tor,
Az = D1+ 8,210, 2e1) " Elej 1) (—2ur)"" S, -1 (Aer, 0) E(ef_y ) (2u) "

I27‘—2 0 _ * _ 2 bot
(5, a0yt ) = Blei )20

Thus,

[z, [y, 2]]
_ E(ei 1) (2X2 )" Sr1(0, 2\ wes 1) E(ef_1)(—2A2 )"
=\ =Sii (@A wen—1, 007 B(ei 1) (23%um)"” E(e 1) (—2)\> )"

= E(e) (2Auv)[E(e2)(A), E(er) (Auv)],

as required. The last equalities in A1, and Ay above follow by a direct computation
to show that

S,—1(0, 2 uver 1) E(ef_1) (—222uw)" = S, _1(0,2 \uves,_1)
—S,_ 12 uver_1,0)TE(ef_)2\2 )P = S, (0,2 \uves,_1)
= —S,1(2vwer_1,0)7,

as k # 2. The case when k = 2 can be done similarly as above.
Now we consider the general case when 2 < j # k <r + 1.
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By Lemma 4.1, [z,[y, 2]] = [«a, 5], where « = o, § = A L A, for A =1 —
25,-1(0, peg—1)Sr—1(vej_1,0)T. Moreover, [, 8] = 74, where

A B A B
(e 2o )
where B = S,_1(Aej_1,0)A, C = —=S,_1(0,Xej_1)TA, B = —S,_1(Aej_1,0)A’,
C'=S,-1(0,Xej_1)TA', A =T +285,_1(0, pex—_1)S,—1(ve;_1,0)T.
Note via Lemma 3.1 that
Sy—1(0, peg—1)Sr—1(vej—1,0)7S,_1(Nej_1,0)
—S8,—1(0, per—1)[Sr—1(0, Aej_1) " Sr—1(0, ve;—1) — \I]
= Sr—1(Aej—1,0)Sr1(per—1, O)TSr_l(O, vej_1) + AvS,_1(0, peg_1)
= Sr_1(Aej—1,0)8,-1(0, per—1)Sr—1(ve;_1, O)T + MS,—1(0, peg—1).
Therefore,
Sr—1(Aej—1,0){I —25,_1(0, pex—1)Sr—1(ve;_1, 0)71
= {I—-28,1(0, pex—1)Sr—1(ve;—1,0)T}S,_1(Nej—1,0) — 20wS,_ (pep—1,0)7".
Hence for o = {I — 25, _1(0, peg—1)Sy—1(ve;j—1,0)7},

Sr—1(Xej—1,0)a = aS,_1(Aej_1,0) + 2 S, _1(0, peg—1).
Therefore, as S,_1(Aej_1,0) = =S, _1(0, Ae;—1)7T,
—Sr1(0,he;—1) = —aS._1(0,ej_1)T + 2008, 1 (0, pey_1).
Also for 8= {I +285,_1(0, pex—1)S,—1(ve;—1,0)T}, one can show that
—Sr—1(Xej—1,0)8 = —0S5.—1(Aej—1,0) + 2 S, _1(0, peg—1),

S,-_1(0,>\6]‘_1)Tﬁ = ﬁSr_1(O,)\ej_1)T—|—2)\1/S,«_1(0,uek_1).

Thus, using the above identities, for v = QSr_l()\uyek_l,O)TSr_l()\ej_l,O) one
can show that

I+ Sr—1(0, 2 pveg_1)
el = (g v )
= E(ep) 2 w)[E(e;)(N), Eer)(Auv)],
as was claimed. Il

5. STRUCTURE THEOREM FOR EUm,(R)

The elementary subgroup E,(R) of GL,(R) is generated by the basic generators
Ei;(X\),1<i# j<r, A€ R. Inview of the commutator laws, the generators
E1i(N), Ea(N), 2<i<r, X\ € R, suffices to generate E,.(R).

Therefore, it seems natural to expect that the elementary unimodular generators
E(e;))(N\),2<i<r+1, X € R, should suffice to generate EUm,.(R). However, this
is not the case, as a simple example will show: Note that elementary generators of
type Ea(ep) (1), Ea(eq)(v), are (elementary) symplectic. However, Sa(es +e1,e2) is
not symplectic, and so cannot be written as a product of these generators.

We examine below which additional elementary unimodular generators need to
be added to the above set of generators, so as to suffice. The next two observations
obviate the necessity of some generators.
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Lemma 5.1. Let R be a commutative ring. For 1 < i # j <r+1, A € R,
Sy (e] + Xe;,e;) can be written as a product of generators E.(c)(A), for ¢ € {e;, e,

Proof. By Lemma 3.2,
Se(eje) = B(e;)(1)"S,(ej, e1 + ;) B(e;)(1)*F
= B(e)MEE)(=1)"S,(ej e1 + ) E(e;)(—1)*" E(ef)(1)
= E(ej)(1)Sr(e1 +ej,e1) E(e])(1)
= E(e;)(1)Sr(er, e1 +¢;)E(e;)(1).
By Lemma 3.6, S, (ej+Xe;, ;) = Sr(e;E;:(N), e;E;;(—\)) is a conjugate of S, (e;, €;)

by means of above type of generators. O

Lemma 5.2. Let R be a commutative ring in which 2 is invertible. For \,u € R,
and for allr, 2 <i#j <r+1, we have

Sr(er,e1+ e, +pnej) = affa,
Sp(er+ Ae; + pej,er) = 7067,
Sr(el + )\eiv €1 + ,U/6j> = Vﬁﬁ%

where o = S,(e1,e; + %ei), B = Spler,er + §ej), v = Sp(er + el,el) o6 =
Sr(el + %ej, 61).

Proof. This follows from Lemma 3.2, or by a direct computation. (]
Corollary 5.3. Let R be a commutative Ting in which 2 is invertible. For A\, u € R,
2<i#j<r+1l,r>2andc=e; ore;,d=c¢; orej, one has

[E()(1), E@N™] = [BO)(5), E@)(N)].

Proof. We prove one case; the other cases can be proved similarly. Via Lemma 3.2,
Lemma 5.2,

= E(e;)(n E(en<A>b0tE<ej><—u>E<e:><A>b°t”
= F
=F 1) Sr(er — pej, er + Ae;)E(ef) (=)

~EVB(E) N E(e)) (- 5)E () (=)
o)

= [Ble))(5), Bl (). 0
Definition. For 2 <i<r+1, A € R, let
E.(ein)(N) = S.(e;+ dep,e;),
E.(ef])(A) = S.(ei,e;+ Aeq).
(When the size is clear, the size subscript may be dropped.)

=F

[
S
=

S|
—~

4]
<
~—
—

Remark. Tt is easy to verify that the generators E(c)(\)S,(e;,e;) ™1, ¢ = e;1 or e}y,
A € R, satisfy the splitting property

B(e) A+ WS, (er,e) ™ = E(Q)(N)S,(er, 1) E()(1)S, (e, )"
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Lemma 5.4. Let R be a commutative ring in which 2 is invertible. For 2 < i #
J<r+1, ApeR, S(er+ Xej, (1 — Ap)er + pe;) can be written as a product of
generators of type E.(c)(a), for some a € R, c=e; ore}, e;; orel.

Proof. By Lemma 3.2, one can check that
Sr((L+Ner — dej,er +e;) = E(e)(—1)E(en)(N)E(e;)(—1).
(The above is a special case. For instance, the case when = —\, A = 1, is the
transpose inverse of this case.) In general, by Lemma 3.2,
Sr(e1 + Aej, (1 — Ap)er + pe;)
= B(e)) (N B(e;) (1) E(e;) (N7

= Be) V)" [a [y, Z)E()(5): Blew) () Ele;) )

by biduality, where z = E(ex)(§), y = E(e})(1), z = E(e;)(1), for some k # j.

The three cases which occur are similar to

E(e;)(\)"E(er) (1) E(e;) (A,

) (
E(e;)(\)E(e; )(1)E(€J)(/\)
) (D) E(e;

IS

and are easily covered by applying Lemma 3.2, Corollary 5.3, and the above special
case. (]

Lemma 5.5. Let R be a commutative ring with 1. For 2 <i# j <r+1,

() [[Er(e})(2), Br(e])(W)], Br(e;)(2)"P] = Eyp(e])(—2ayz)"".
r(€;) ()], Er(€7)(2)"7] = Ey(e)(—2zyz)"P.

[

(i) [[Er(e:)(@), Bx(e;) )

(i) [[Br(er) (2), Br(e5) )], Brle;)(2)7) = B, (e) (~2eyz)ter.
(i) [[E- () (@), Bo(e,) ()], Br(e) (2)7] = By (e )(~2ay2)!".

(v) [Br(ey) (—2)%, (B (e) (@), En(e) )] = Er(e}) (—2ayz)".
(Vi) [ () (=), [By(e2) (@), Er(e)) )] = Er(es) (—2eyz)".
(vil) [E,(€1)(—2)"", [Ep(es) (), Er(e) (9)]] = Ey(es) (—2uyz)"
(vill) [E,(e)(=2)"", [E, () (@), B, (e)) )] = Br(e}) (—2wyz)"!

Proof. We prove (i); the rest are proved similarly. First we consider the case when
1 =2. By Lemma 4.1,

e* )P0t
Bl e = (T )
Hence for P = E(e}_,)(2xy)*" and Q = E(e}_,)(—2zy)"P, we have

[E(e3)(x), B(e) ()], E(e;)(2) "]

P 0 I Sr_l(zej_l,O) p! 0 I 7S7~_1(Z€j_1,0)
o ¢)\o I o o')\o I
(I —Sr_1(z€j-1,0) + PSr—1(2’6j—1,0)Q_1) _

1

o
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Now
— Sr—1(zej-1,0) + PS,_1(ze;_1,0)Q "
B 0 Sr72(zej7270)
= =5, 1(Zej 1’0)+< (O zej_ 2) —2zyzlyr—2
- ( —2xyz[2r 2) 0, —2zyze).
Thus

Iyr—1 S,—1(0, —2xyzeq)
0 Ioroa

(3)(—2zyz)"",
as required. We now consider the case when j = 2. By Lemma 4.1,

[E(e})(), B(e3) ()] = (E(efl)(o%y)bot 0 ) .

E(ej_y)(2zy)"o
Hence for P = E(e}_;)(—2zy)*! and Q = E(e;_;)(2zy)!°P, we have

[1E(e7) (), E(e3) ()], E(e2)(2)""]

(P g) (é Sr_l(;'el,o)) (Po—l Q01> (é —Sr_1§ze1,0))
(I —S,_1(ze1,0) —s—PSTl(zel,O)Q_l)'

o

0 1

Now

— Sy_1(ze1,0) + PS,_1(ze1,0)Q "

_ ZIQT‘72 —S7-_2(07 2$y26i_2)

- Srfl(zela O) + (Sr—Q(Qﬂfyzei—Q, O)T 0

B 0 —Sr—2(0,2zyze,_2)\ 7 '

= (STQ(Qxyzeig,O)T 0 = 5,-1(0, —2zyze;_1).

Thus

1Be)a) )] Blea)(e)r] = (127 (O 2rozen))

=E(e})(—2xy2)"?,

as required.
Now we consider the general the case when 2 < i # j < r 4+ 1. As noted in the

proof of Lemma 4.1,

BB = (5 §):
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where A =1 — 25, _1(0,ze;-1)S,—1(yej—1,0)T. Hence,
[(E-(e]) (), Er(e5)(y)], Ere;) P (2)]

(A0 I S._i(zej—1,0)\ (B 0 I —5._1(ze;-1,0)
—\0 A4)\o I 0 B)\O I

_ A AST 1(Z€J 1,0) B 7BST_1(Z€]‘_1,0)

—\o0 A 0 B

_( —Sy_1(z€j-1, )+AS7-—1(Z63'—1,0)B)

= 7 ,

for B=1+2S,_1(0,ze;—1)S,—1(ye;j—1,0)T. As in the proof of Lemma 4.3,
- Sr_l(zej_l, O) + AST_l(zej_l, O)B
=—Sr_1(ze;_1,0) + A{BS,_1(ze;_1,0) — 2yzS,_1(0,ze;_1)}
= AS,_1(0, —2zyze;_1)
= {I - 257»_1(0, $6i_1)57«_1(y€j_1, O)T}Sr_1(0, —2xyzei_1)
= 8,-1(0, —2wyze;_1).

Hence

(1B (e) (), Be(e) ()], En(e;)'P (2 ( 0 ~2ryzei- 1)>

= E(e7)(— 2:cy2)t"”
as required. O

Proposition 5.6. Let R be a commutative ring in which 2 is invertible. Then
EUm,.(R)* = EUm,(R).

Proof. EUm,.(R) is generated by the Suslin matrices S, (v, w), with v € e1 E,;1(R),
and with w such that (v,w) = 1. As before, there exists 1 € F,11(R) such that
vl = eje1, Wy = 618{71. Therefore, by our key lemma, Lemma 3.2, EUm,(R) C
EUm,(R)*. (This part does not need the fact that 2 is invertible in R.)

For the converse part, since 2 is invertible in R, it suffices to show that
E.(e)(—2xy2)P, E.(e})(—2wy2)** € EUm,(R). By Lemma 5.5, we have

Ep(ef)(=22y2)"P = [[En(e])(2), Er(e])(y)], Er(e)(2)"F]

(B @), Be) )]}
t

By Lemma 3.2 and Lemma 5.2,
E,(e;)(2)'"PE,(e})(x)E, (ej)(z)b"t Sr(e1 + zej, e1 + xe;) = affa,

where o = E,.(e;)(5) and 3 = E,(ej)(5). Again by Lemma 3.2 and Lemma 5.4,
we have

B, (e;)(2) P En(€5) (y) Er(e5) ()" = Sr((1 — y2)er + 2ej, 1 + ye;) € EUm.(R).
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Therefore,
B(e;)(—2xyz)""

= {B()@HE(E) () HE(E)(@) " HEE) ()}
{S:((1 = y2)er + zej, 1 + ye, HE(e)) ()1}
{B(e) G HEED)(GHEED (5 HE(E) ()

{B(e))(2) " HSH (1 + y2)er + 25, e1 — yey ) HE(e))(2) ™)
{B(e) (5 HEEN(F) ™ HEED(F) ™ HE(e) () HE(e) ()7}

Hence, E.(ef)(—2zyz)"? € EUm,.(R).
We now show that “reversing above product” gives E,.(e})(—2xyz)b°*:
z

{B(e) (=) HEe) (5 HE (e)(5) T HE () (5) T HE e) (5
{Er(e)(2) " HSH (1 +y2)er + zej, e1 — yej)}
{Er(e)(2) " HE (e) GV HE () () HE (1) (5 HE (e) (5)}
{Er(e;)(2) " HS (1 - y2)e + zej, e1 + ye;) }
{Ex()(y) " HE(e]) (@) HE () (y) HEx (€7 ) ()}
= {E:(ej)(2)  HE () (2) Ev(e7)(2) T Er(e;)(2)"}
{Er(e)(2) " HE () (2) Er(€5) () Er(e) (2) HE (e5)(2) 1}
{Ex(e; i)(x) )(2) HE(e5)(2)'}
{Er(e5)(2) Er(€5) () Er(e) (2) " HIE () (), Br(e5) ()]}
E 2B (e]) (@)Y En(e)) () B (e))(2) [ Br(e]) (), En(ef) (y)]
E 2B (ef) (=), B (e]) (=) Br(e5) (2)°[Er(€]) (@), Br(e}) ()] 7
E, 2)'[Br(e5)(y), Br(e]) (@) By () (2) [ Er(e7) (), Ern(e}) (y)] !
= [Er(e)(=2)", [Er(e)) (@), En(e})(y)]] = Er(ef)(—2xy2)". 0
Theorem 5.7. Let R be a commutative ring in which 2 is invertible. Let € €
E,+1(R). Then S,(ve,weT ") € H, where H is the subgroup of EUm.(R) gen-
erated by elements of the type E.(c)(X), for ¢ = e;, €f, e, or efy. In fact,

ST(UE,wET71> = aS;(v,w)a*, where « = $152-+- Sy, o = S5,S,_1---S1, where
each S; is of the type E.(c)(N), for c = e;, e}, e;1, or el

'R
Proof. By our key lemma, one can find a € EUm,.(R)?®, a* € EUm,(R)" (ob-
tained by reversing the order and replacing top by bottom) such that S, (ve, wel ™)
= aS,(v,w)a*. Now apply Proposition 5.6. The proof of Proposition 5.6 gives a
procedure of how we can write a as a product of required type above, so that o is
obtained by reversing the order of the product describing a. (I

)}

€j

€;

)
)
)
)

z

)"
2)' B (e])(2) Er(e5)(2)"}
) }

€j

S

)’
2)°
(e

S

)
)
)
)

(ej)(—

(ej)(—

(e5)(—

€j

In view of the above lemma one gets the structure theorem for the Elementary
Unimodular vector group EUm,(R), when 2 is invertible in R:

Theorem 5.8. Let R be a commutative Ting in which 2 is invertible. Then
EUm.(R) is generated by elements of the form E(e;)(w), E(ef)(x), E(en)(y),
E(ej;)(2), forw,z,y,z € R, 2<i<r+1. O
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Remark 5.9. One can show that EUm,(R) = EUm,(R)?, for any commutative
ring R, without any additional assumption (cf. [, Proposition 2.6]). However, it is
not clear to us, when 2R # R, whether the set of generators mentioned in Theorem
5.8 will suffice to generate EUm,(R).
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