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LAYERS AND SPIKES IN NON-HOMOGENEOUS BISTABLE
REACTION-DIFFUSION EQUATIONS

SHANGBING AI, XINFU CHEN, AND STUART P. HASTINGS

ABSTRACT. We study €2ii = f(u,z) = Au(1—u) (¢p—u), where A = A(u, ) >
0, » = ¢(z) € (0,1), and ¢ > 0 is sufficiently small, on an interval [0, L] with
boundary conditions @ = 0 at z = 0, L. All solutions with an ¢ independent
number of oscillations are analyzed. Existence of complicated patterns of layers
and spikes is proved, and their Morse index is determined. It is observed that
the results extend to f = A(u,z) (u — ¢—) (u — @) (u — ¢4) with ¢_(z) <
¢(z) < ¢4+ (x) and also to an infinite interval.

1. INTRODUCTION

In this paper we are concerned with the existence and stability of equilibrium

solutions for reaction diffusion equations of the form

Ut = 62“:830 —f (u,x)

on an interval (a,b) with Neumann boundary conditions u, (t,a) = uy (t,0) = 0.
Such problems have a considerable history since they arise in a variety of physical
contexts, as can be seen by consulting the citations in [FR2]. An early mathematical
reference is the paper [AMPP], which studied all of the stable solutions in the
case where f = u(l — u)(¢ — u). Subsequent results on “single layer” unstable
solutions were obtained in [HS|]. In [AH] the problem was studied with f(u,z) =
u® — A+ cosz, A\ > 3/V/4; [AH] includes some of the conclusions on existence
in this paper for the special case considered there. However here we consider a
more general nonlinearity, obtaining an even richer collection of solutions since the
“multiple spikes” found below are not present for the model in [AH|. Similar results
were studied in [A] and [HM], although in both of these cases the nonlinearities were
quadratic rather than cubic in nature. Other related papers include [CP], [FRI],
[HASL], [HSG], [KU] and [RQOJ.

The main focus of this paper, however, is the Morse index of unstable solutions.
An early related result is in [ABF], where solutions with arbitrary given Morse index
are shown to exist for arbitrarily small e. Here, after constructing layer and spike
type solutions by a shooting method, we are able to determine all of their Morse
indices. The first paper to do this for models of this kind was by Nakashima [N],

1

who considered the “balanced” case f = A(x)u(l — u)(5 — u). Her methods were

variational (and so very different from ours). Our results do not apply to her model.
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3170 S. AI, X. CHEN, AND S. P. HASTINGS

Subsequently she again used variational methods to study layers in the unbalanced
case, obtaining results similar to some of ours (Nakashima, private communication).
As far as we know, variational methods have not been successfully applied to study
the Morse index of spike solutions. We mention as well that many of the results
in our paper were independently conjectured by Matano (private communication).
We will see below that the computations needed to determine the Morse indices of
layers and spikes in this problem are quite delicate.
To obtain steady state solutions, we consider the boundary value problem

) { €2u :_f'(u,mi z €1l:=(a,b),
u(a) = u(b) =0,

for a sufficiently small positive parameter ¢, where "= d% and f = ?3_5 =: F), is the
derivative of a smooth bistable potential F'. More precisely,
{ueR| f(u,z) =0} = {0,9(z),1} Vrel,
{ 0<o(x) <1, f,(0,2)>0, fu(l,z)>0 Vzel
At the end of the paper we will show that a transformation takes

f=Au,2) [u— o (2)] [u—¢(@)] [u— ¢i(2)],
where A > 0 and ¢_ < ¢ < ¢, to a slight extension of the standard form (), the
difference being that the new function f depends as well on €. Our results extend
to the type of functions obtained by such a transformation.
Solutions to ([J) correspond to critical points of the energy functional

(2)

O
€ 9

b
1 = 1.,
&) = [ {Gu@ + 2@ e = [ [FUR0) + PO+ o),
where U(y) := u(€ + ey) and £ € (a,b). We are only interested in solutions that
have an ¢ independent bounded number of oscillations in any bounded interval,

namely, solutions in the set
Sn.e = {u | usolves (1)), & = 0 has at most N roots in any interval of length < 1}.

With such a definition, we can allow the length b — a to be arbitrarily large.
To study solutions in Sy ., we introduce

o [0 if J(@) <0,
J(z) = ; f(s,x)ds,  do(x) ~—{ 1 if J(z) >0,

Flu,z) == / f(s,2)ds, 6" (x) € [0, 1\{do(x)} : F(¢",2) =0,
oo (x)

4 @ o
S(x) :z—/ \/2F(s,a:)ds:/ “ds if J(z) #0.
AT g0 (2) ¢ V2F

Note that ¢ lies between ¢ and ¢* and F(s,z) > 0 for all s between ¢¢ and ¢*.
As ¢ is small, near each o € I, any solution to (I) can be approximated by
U((x — x0)/e), where

U'(y) = f(U(y),z0) YyeR.

Note that U = 0 and U = 1 are the only stable constant solutions. Physically
they correspond to two phases, which we call 0 and 1. When J(xg) # 0, the
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potential energy density F(1,z¢) and F(0,zo) of the two phases are different. In
our definition, ¢o(xg) is the non-minimal potential energy phase, whereas the
other (0 if 9 = 1 and 1 if ¢9 = 0) is the minimal energy phase.

On the phase plane, all the trajectories are given by U2 —2F(U, zo) = C. Since
we are only interested in solutions to () that have finitely many (independent of
¢) oscillations, only the trajectories corresponding to C' = 0 will be relevant (cf.
Lemma 2] below).

If J(20) = 0, the trajectory U’? = 2F (U, x¢) gives a heteroclinic orbit connecting
0 and 1, which will be called a (phase transition) layer or an interface. The
interfacial energy associated with a layer is

oo

B e = [ U0+ FOG)) - .

— 00

¢" (zo)
/ V2F (s,x0) ds
?

o(zo0)

To study layered solutions to (), we will assume that all roots of J = 0 are non-
degenerate, namely,

(4) J2(z)+ J(x)? >0 Vzel

Suppose that J(zg) =0 > J (z9). Then the minimal potential energy phase switches
from 0 to 1 as x passes the position xy. Hence if U(—o0) = 0 and U(o0) = 1, the
phase transition is from the minimal energy phase before xy to the minimal energy
phase after zp. On the other hand, if U(—o0) =1 and U(co) = 0, the transition is
from the non-minimal energy phase to the non-minimal energy phase.

When J(z0) # 0, the trajectory U'? = 2F (U, ) gives a homoclinic orbit which
we will call a spike, with base ¢o(xo) and peak ¢*(z(). Regarding a spike as two
layers, the excess energy a spike adds to a ground constant state u = ¢g(x) is then
twice E€(xp), defined in ([B). It turns out that spikes can only appear near those
points where S = 0, e.g. near the critical point of £(z) or near the boundaries. To
study these solutions, we assume that zeros of S are non—degenerate, i.e.,

(5) S%(x) 4+ S%(x) >0 Vee{zel|J(z)#0}.

For an illustration of the functions J and S, one can calculate that when f =

u(u = 1)(u— ¢),
J@)=i6-1), Sxé

Hence, for this particular non-linearity, the set where S = 0 is the set of all critical
points of ¢.

Any solution to () is necessarily bounded between 0 and 1. Hence, it is concave
in the set {u > ¢} and convex in {u < ¢}. An oscillation will then be referred to
as a root to u = ¢.

This paper is divided into three parts.

In Part I, we investigate the location of oscillations of solutions in Sy .. We
show that oscillations are either layers or spikes. Layers appear only near Z; and
spikes only near Zg where

(6) Zy={z|J(z) =0}, Zs:={2¢Z;|(z—a)(z—0b)S(z) =0}.

Multiple layers can exist, but only in transitions from a non-minimal potential en-
ergy phase to a non-minimal energy phase (i.e., from ¢o(xo—) to ¢o(xo+)). Mul-
tiple spikes can exist, but only at those interior points where S = 0 < JS, or
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at the boundary point a if {J(a)S(a) > 0 or S(a) = 0 < J(a)S(a)}, or at b if
{J(b)S(b) <0 or S(b) =0 < J(b)S(b)}.

In Part II, we show that there exist solutions with arbitrarily prescribed numbers
of oscillations at places allowed by the italicized sentences in the previous paragraph.

In Part III, we study the dimension of the unstable manifold, i.e., the Morse
index, of an arbitrary solution in Sy .. We show that the Morse index is equal
to n — ng — nss, where n is the total number of oscillations, ng is the number of
minimal energy phase to minimal energy phase transitions, and ngs is the number
of interior spikes near which JS < 0.

Our analysis would have been much simpler if boundary oscillations were not
addressed. For simplicity, the reader can skip the analysis for boundary oscillations.

Throughout this paper, we always assume (2)), [ ), and ([@). For simplicity, we
consider only the case that a, b, and f are independent of €. Nevertheless, when a, b,
and f depend on ¢, all the proofs remain unchanged, provided that f is uniformly
smooth, and that ¢, 1—¢, S24 52 and J24.J? are uniformly positive. For boundary
layers or spikes, we need to assume that either a € Z := {z € R | J(2)S(z) = 0} or
dist(a, Z) > /e, and either b € Z or dist(b, Z) > +/e.

Finally, we remark that assumption () implies, for all € I, the following:

If(s,2), fz(s,2), fex(s,2)] < Ks(1—s) Vsel0,1],
|G(s,8,x), Gu(s,8,2), Guz(s,$, )|

<K 2 — §2 if 0<5<s<ao(x),
= (1-5)2%—(1-3872 if 1>38>s>¢(x),
AN it o(x) > 5> 5 € [0, 16),
Gls,8,7) 2 E{ (1—s)2—(1-8)?2 if ¢le) <s<ée(1(1+¢)1],
where K is a positive constant and
G(s,8,z) = F(s,x) — F(8,2) = | f(v,z)dv

Part I: Solutions in Sy,

In this part we study a general solution in Sy .. When needed, the following
even (about a and b) and periodic (with period 2(b — a)) extensions are implicitly
assumed:

f(s,a—l—y)zf(s,a—y), f(s,x)zf(s,Q(b—a)—i—x),
wlaty)=ula—y), )= ub-a)+z) wele=bolzeR

With such an extension, f is continuous and piecewise smooth, and u solves i, = f

on R.

2. LOCATIONS OF OSCILLATIONS

Lemma 2.1. Let N > 1 be a given integer. Then

lim sup max |[e%a? — 2F(u,z)] u(l — u)| = 0.
eNo uESN,s EEI
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Proof. By a maximum principle, if u 2 0 and u # 1, then 0 < u < 1 in L

Suppose that the assertion is not true. Then there exist § > 0 and a sequence
{sl,u x;}52, such that hml_>OO ¢; = 0 and for each i > 1, there holds ¢; > 0,
u' € Sne,, and |e20'? — F(u®, z;)|u’(1 — u?)|p—y, > 6. By takmg a subsequence if
necessary, we can assume that lim; ..o z; = =, € L.

Define U;(y) = 4(331 +ey) for y € [—(b —a)/e;, (b — )/52] Then U/’ =
fUi,x;+ey) (M= ) Hence {U;}32, is a bounded family in C2, and, by taking
a subsequence if necessary7 there exists U € C?(R) such that lim; . (U;,U}) =
(U,U’) uniformly in any compact subset of R. In addition U” = f(U,z.), so
that U2 = 2F(U,z,) + C for some C. One notes that if C > 0, then the so-
lution is unbounded on R, and if C' < 0, then the solution is periodic. But
both are impossible, since U; is bounded and can have at most 2N + 1 oscil-
lations in [—1/e;,1/e;]. Hence, we must have C' = 0. But this implies that
lim; o €202 (x;) — F(u?, z;)| = lim;_ |U/?(0) — F(U;(0),x;)| = 0. This com-
pletes the proof. O

We remark that if b — a is not bounded, then the subsequence is taken such that
lim; o F (-, z;) = F*() for some smooth bistable potential F™*.

Lemma 2.2. For each integer N > 1, there exists e(N) > 0 such that for each
u € Sy with e € (0,e(N)], there are an integer n > 1 and points 19, -+ , T, and
212, »Zn—1/2 Such that

{zel|u(z) =0} = {70, T},
{$ € T | U’(x) = (b(.’If)} = {Zl/Qv"' ,Zn,1/2}7
a=7p <22 <71 << 2Zp_1/2 <Tp =0

Proof. If u(z) = ¢(z), then e2i® ~ 2F (¢, z) > 0, so that - (u — ¢)|,—. # 0. Hence
the number of roots of u(x) = ¢(x) is finite. In addition, between each pair of
neighboring roots of u = ¢, €%ii = f # 0, so u is either convex or concave, and
hence there is a unique local extreme, i.e., a unique 7 such that @(7) = 0. The
assertion of the lemma thus follows. (]

In the sequel, N > 1 is a fixed integer and u € Sy with ¢ sufficiently small. We
use the notation in Lemma With the even and periodic extension, 74, z;11/2
are well defined for all integers i.

Definition 1. Let [ and k be integers satisfying —N <[l <n, 0 < k <n+ N,
0<k—-1<2N.
We call (7, 7%) an interval with a cluster of oscillations if

Zp—1/2 — Zig1y2 < (k=1 — 1)Ve, Z1—1/2 + Ve < 2141/2,  Zk—1/2 T Ve < Zk4+1/2-

A cluster is referred to as interior if 0 < | < k£ < n. Otherwise it is called a
boundary cluster.

An interior cluster is called a cluster of spikes if k — 1 is even, and layers if k — 1
is odd.

A boundary cluster is called a boundary cluster of layers if J = 0 at the boundary
point; otherwise it is called a boundary cluster of spikes.

A cluster of spikes is called multiple if k—1 > 4 and single if k—[ = 2. Similarly,
a cluster of layers is called multiple if £ — [ > 2 and single if k — [ = 1.
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Note that for boundary clusters, either kK +1 =0 or k 4+ [ = 2n, so that k — [ is
always even. Consequently, boundary layers are always multiple. Restricted to the
interval [a, b], a single boundary spike will be called a half boundary spike. (In this
terminology, a half boundary layer exists only for Dirichlet boundary conditions.)

If we define an equivalence relation z; 12 ~ 2412 if |2i41/2—2j-1/2] < [i—J[V/E,
then each equivalence class {z; 1 /2}2?;11 can be regarded as a cluster, and belongs
to an interval (77, 7;) with a cluster. In this manner, the decomposition is unique.
Also, each cluster is either of spikes or of transition layers.

Theorem 1. Assume that f satisfies @), @) and @), that N is a fized positive
integer and € > 0 is sufficiently small. Define Z; and Zs as in ([0).

Let u € Sy be arbitrary and let (1, 7) be a cluster of oscillation of uw. Then
there exists 2* € Zy U Zg such that z;41 /2 = 2* 4+ O(e|Ineg|) for alli =1,---  k—1.
In addition:

(i) if k—1=1, then z* € (a,b) and J(z*) = 0;

(ii) if k —1 > 1, then u(n) = ¢o(z*=) + O(e~YVE) and u(m.) = ¢o(z*+) +
O(e™1/VE);

(iii) if k —1> 2, then JS > 0 in (2*,2* + e) and JS <0 in (2" — /e, z%).

Remark 2.1. (1) If 2* € (a,b) N Zy, then ¢g(2*—) # ¢o(2*+), so that k — [ is odd.
On the other hand, if z* € Zg U {a, b}, then ¢o(2*+) = ¢o(2*—), so that k — [ is
even. Hence, transition layers appear only near Z; and spikes only near Zg.

(2) If 2* = a, then I = —k, and if z* = b, then k = 2n — [.

(3) From (ii), multiple layers exist only in transitions from non-minimal phase
to non-minimal phase.

(4) From (iii), multiple spikes exist only near those z* € [a,b] at which S(z*) =
0 < J(2*)S(2*), or z* = a and JS > 0 in (a,a + /), or z* = b and JS < 0 in
(b — v/&,b). (Note that J(-) is even and S(-) is odd.)

(5) The definition of S implies that lim, ¢ S(z) = oo if J(§) = 0 < J(£) and
lim, ¢ S(x) = —o0 if J(&) = 0 > J(£). Hence, for some positive § depending only
on f,

(7) if J(2*) =0, then JS <0 in [z* — 26, 2*) and JS > 0 in (2%, z* + 2J].
Later on, we shall provide accurate estimates on the location of oscillations, as

well as the potential energy density at points of local minimum and maximum. The
following lemma plays a key role in our estimates. We use the notation

up =u(r), fi=flu, ), ¢i=0(n), & =" (1), Uiy12 = w(ziz1)2),
alz) = { fu(lyz) it w(z) > ¢(x),
fu(O z) if u(z) < ¢(z),
[ f(s,m)ds i ug < ¢y
m={ gl

S, T; if u; > ¢1‘,
(67} :OZ(TZ), Fz —F(UZ,TZ)

Lemma 2.3. For eachi=0,---,n,

(8) 2i?(z) = 24 0(e)] G(u(x),ui,x) Yo € (2172, Zit1/2]s
9) ellnf2| = 2041 — ziz12| + Oe + (1i — 2ix1/2)%),

(10) E; — Ei+1 = J(Zi+1/2)H(ui+1/2) + 0(8),
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where H(+) is the signature function, i.e., H(s) =1 for s >0, = —1 for s <0 and
=0 for s =0.

Proof. By symmetry, we need only consider the case where u; is a local minimum.
Then @ > 0 and f > 0 in (7i, zi41/2). Set v :=min 1 (o 49 {f(s )} > 0. Then

2t = fu > VULX {u<g/2} I [T, Zip1/2]. After an integration, we then obtain, for
some positive constant ¢y independent of ¢,

202 (x) > co(u?(x) —u?) Vaz€ [T, Zig1/2]-
Now integrating 4{12a?(t) — G(u(t),u;, t)} = —Gy(u(t),u;,t) and using dt =
9@ gy and |Gy (u, ui, t)| = O(1)(u? — u2), we obtain
T |G (u, uiy t)] = O(1)( i)

1e20%(z) — G(u(z),ui, z) = f/ G (u,ug, t)dt
u(x) g2 — 2 1 ) )
= O(E) ‘/ul mdS:O(E)(U —ui) :O(E)G(U,ui,l'),
from which (&) follows.
Note that 2G(u,u;,z) = [2 + O(z — 7;)|G (u, u;, 7;). Integrating dx = ﬁ\dw
gives

u(x)
/ \/ZG(SdeS_/ [1+0@E))1+0(x—7)|de =2 — 7+ O + (z —7:)?).

Since 2G(u, u;, i) = fu(0,7;)(u? — u?)(1 + O(u)) and a; = +/f.(0,7;), we have, at

T = Zit1/2,
Uiq1/2 1 bit1/2 14+0
ug 2G (s, u4, ;) u; (s —ui)l/
lnui

In f2
= D o) = B2 4 o)
since f? = atu?[l +
Integratln di(
gives

O(w;)]. This gives [@). It remains to prove (0.
?(

% )—G(u(t),0,t)) = =G4 (u,0,t) = O(u?) over t € [Ty, 2i11 /2]

1.2.2 i/
§E ui—‘,—l/? + El — G(Ui+1/2, 0, Z’H—l/Q) = —/ Gxdt

Uit1/2 0(6)52
- /u s = 0(e)

Similarly, integrating 4 (1£242(t) — G(u(t), 1,t)) over [z;41/2, Ti41] gives us
%52%“/2 + Eig1 — G(uir12, 1, 2i11/2) = O(e).
Hence, taking the difference, we obtain
E; — Eiy1 = 0(e) + G(uit1/2,0, 2i11/2) — G(uit1/2,1, 2i41/2) = O(€) + J(2i41/2)-
This completes the proof. ([
From formula (@), we immediately obtain the following;:

Corollary 2.4. There exists a positive constant p that is independent of € such
that if (1, 7) is an interval with a cluster, then |fi| + | fx| < e/ VE.
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For simplicity, in the sequel, we assume p = 1; otherwise, we modify the defini-
tion of clusters by replacing 1/ with /g/p.

3. TRANSITION LAYERS

Let z* € Z; be fixed. In this section, we consider a generic cluster of oscillations
near z*; namely,
[Zi11/2, 2u—1/2] €[2%F — 20,2" + 20,  z_1/2<Zkt1/2 — VE,  Zi—1/2<Zi41/2 — VE,
where § is a small positive constant (independent of £). By ([I0), [@), and Corollary

24

Ei — Eiy1 = (1) 'H(d412)J (zix12) + Oe), i=1,--- k-1,

(Zi+1/2 - Zi—1/2) + O((Zi—l/Z - Zi+1/2)2) = a%| lnfﬂ + 0(5) Vi,

[fil + fil = O(e™/V5).
We now solve, asymptotically for small positive €, this “algebraic” system for F;
and z;41/2. For definiteness, we assume that (z;11/2) > 0.
Note that ¢ small implies J = o(1) in [z* — 24, z* + 2], so that E; = o(1) and

Ty — Zit1/2 > € foralli=1,--- k.

3.1. Interior single layer. Suppose k —{ = 1. Then |fi| + [fi41] = O(e= V%) so
that J(z;41/2) = O(¢). Since J(2*) # 0, we must have 241/ = z* 4+ O(¢). In this
case we must have z* € (a,b), since otherwise we would have k — [ > 2.

3.2. Interior multiple layers. Suppose 0 < I, ¥ < n and £k —1 > 1. Then
2" € (a,b). As zi13/2 — 214172 > €,

Erpo — By = J(z1132) — J(z14172) + O(e) = {J (") + o()} (21132 — 2141/2)-

From E; = O(e~'/V%), we conclude that J(z*) > 0. As J(z*) = 0, we see that
$o(2*—) = 0 and ¢o(2*+) = 1. Since 4412 > 0, we conclude that u(m) =
$o(z*—) + O(e~/VE). In a similar manner, we have u(7y,) = ¢o(2*+) + O(e™ 1/ V7).
Thus, £ — 1 is odd.

A mathematical induction gives, for all positive integers m < (k—1—1)/2,

Epyom = {J(z%) +0(1)} Z(ZZ+2571/2 — Z1425-3/2);

s=1
. m
Ey_om ={J(z") +0o(1)} Z(Zk723+3/2 — Zp_2s41/2)-
s=1

Note that fZ = 2a?E;(1+ O(v/E;)). Hence,

E; = O(].) =  Zi41/2 — Zi—1/2 >e=F;>¢
€
= Zit1/2 — Zi-1/2 = E‘ In f7| + O(e) < O(1)e|Ine¢|
= FE; <0()e|lne| = e < E; <O(1)e|In¢]
| In B O(In|Ine|)

= —— =1 1
— e TTe] +o(1)
=

[In f2| = [1+ o(1)]| In¢|
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. 1
foralli=1+1,---,k— 1. Therefore, z;11/2 — 2zi_1/2 = €| 1n5|{a—i +0o(1)}, and

2 _ of 2 *
foiam = 2melmel(G BTG +oM), (b —1—1)/2.

fiam —2m€|1n€\{a’“ a2 () +o(1)},
)

Finally, using Ej41 = [J(2*) + o(1)](2* — 2141/2) + O(e) we derive that

(12) Zi—l/z—z*=E|1n6|{0(1)+[i‘2’“] L[5 } i=141,- K

A —1 Q41

(11)

where [z] represents the largest integer no bigger than z. In particular, when
40, 2*) = fu(1,2%) = a2, we have

Zj :Z*Jr#{jf %qto(l)} forj:l+%,l+%,...,kf%,

7=zt 4 Sl B (1)) for j =141,k — L.

3.3. Boundary layers. Finally, we consider the case ¥ = —Il. Then necessarily,
we must have z* = a. Restricting to the interval [a,b], we have the “boundary
conditions”

Ep = O(e™Y/VE), zl/g—a—i—{ +o(1 )}a\lnf(ﬂ.
Following a similar argument as for interior layers, we conclude that J(a)iy,_; 12>0
or u(ry) = ¢olat) + O(e”/Ve). Also fori =1,--+ ,kand m =0, -, [£51],
Zimrjp —a={o(1) + (5] — 3)o; + [5]5;} elnel,
(13) fom =205 | T (@) {5 +o(1)} e[ Ine],
Feame1 = 20311 (@) {gaim + 5211 + o(1) Je| Ine].

In summary, we have the following:

Theorem 2. Let N be a given positive integer. There exist positive constants §*
and €* such that for each z* € Zj, the following hold:

Lete € (0,€*] and u € Sy be arbitrary. Suppose that (1, Tx) is an interval with
a cluster for u such that (2412, 2k—1/2] N [2* — 6%, 2" + 0*] is non-empty. Then the
following hold:

(i) If z* € (a,b) and k — 1 =1, then 241/ = 2* + O(e).

(ii) If z* € (a,b) and k —1 > 1, then k — | must be odd, j(2*>’dl+1/2 > 0, and
@) -@2) holds.

(iii) If z* = a, then | = —k, J'(a*)zlk,l/g >0, and [@3) holds.

(iv) If z* = b, then k =2n—1, j(b*)ﬂ[+1/2 > 0, and relations analogous to ([I3))
hold.

Remark 3.1. The estimates ([II) or (I3) imply that the minima and maxima of u
n [, 7] N [a, b] are monotonic, which is a key observation used in [AH].

4. SPIKES

Theorem [ implies that if (7;,7%) is an interval with a cluster, then either
[2141/25 2k—1/2] C [z —=O(e|Inel), 24+ O(e|Inel)] for some z € Zj or [z141/2, 2k—1/2] N
U.ez, [z = 0% 2 +6"]) = (). In this section, we consider the latter case, i.e., an
interval (77, 7x) of a cluster such that

(14) (2141725 2k—172] N ( U [z—06",246"]) =0.
2€Z;
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Note that there exists a positive constant n which is independent of € € (0, e*]
such that either J > 7 in [241/2, 2k—1/2] or J < —n in [2141/2, 2x—1/2]. Tt follows
from Lemma 2] that e?u?(z) = F(u(x),x) + o(1) for all x € [, 7]. Hence, k — 1
must be even, ujiom—1 = @19, 1 +0(1) and 240172 — Zi42m—3/2 = O(e) for
alm=1,---,(k—1)/2,and for all m =0,--- , (k —1)/2, uig2m = o(1) if J <0 or
Wpam =1 —o(1) if J > 0.

For deﬁnitenebs we shall assume that J < —n in [241/2, 2x—1/2] and define

= [, f(s,2)ds for all z € [r, 73]

Lemma 4.1. For each integer i =1+ 1,1+ 3,--- ;k — 1 (i.e., 7; is the peak of a

spike),
(15) 20(i:|:1|7'2' — TH:1| —|— O(|TZ — Ti:t1|2) = E| 111 Fi:tll —|— O(E),
(16) F, — Fiyy = +eH(J(1:)) S(1) + O(e2 + eF;11|In Fi14]).

Proof. Since J < —n in (2412, 2x—1/2] and u; = ¢F +o(1), f; < —ij and 7; is a
local maximum. By @), z,41/2 — 2zi—1/2 = O(e). As In fAo =InF +0(1), @
follows from (@). It remains to prove

Integrating 4 (F(u(t),t) — 1e24?(t)) = F,(u(t),t) over (1,_1,7;), we obtain

Zi—1/2 Ti
F—F_, = (/ +/ )Fr(u(t),t)dt.
Ti—1 Zi—1/2

In the interval ¢ € [1;_1,2;_1/2], we use Fy(u,t) = Fy(u,7;) + O(u?)(r; — t) =
O(uZ),dt:eLa)du() Glu,ui—y,t) = Glu,ui_1, 7)1+ 0(r; —t)], 7 —t =

2G (u,ui—1,t)
O(e)+zi—1/2—t,and z;_1/2 —t = O(e) ff \/%T_lds = O(e) Inw to conclude that
Zi_1/2 bi—1/2 F (S 7'-) 0(5)82 Ins
Fy(u(t),t)dt = { SANLEL }d
[ = | e e g
— E{/%‘l”_/“i‘l} Fo(sim)
0 0 QF(S,Ti)
T L L_Lds + 0(e?)
i1 x g \/ZGsul 1,7i) \/QF(S,Ti)
Pi—1/2 F (S 7—,)
= ¢ —= Y _ds+ O(e)u?_ Inu; 1 + O(e?)
0 \/2F(S,Ti)
. S, T - -G f,
since |j%| Os), |l 5 — 5| < EIT=El = 0(1)%;2_1. It then

follows that

Zi—1/2 Gi—1/2 F
/ Fo(u(t),t)dt =€ (s,7:) d +O(e?) + O(eF;_1| In F;_4]).

. ’ 0 2F(s,7;)

To estimate f;il/Q Fdt, we first note that the integral is O(e) since |7;—2;_1 /2| =
O(e). This implies that F; = F;_1 + O(e). An induction then gives us F; = O(e)
for all j =1,--- k. Consequently u; = ¢*(7;) + O(c). We next show that

(17) / Fo(u(t), t)dt = e " de@(&)
Zi—1/2 ’ ’ Di—1/2 \/2F(577—i)
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We first note that, for ¢ € [2,_1/2, 75|, G(u, us,t) o< (u; —u), Fp(u,t) = Fp(u,7;) +
O(e) and G(u,u;, t) = G(u,u;, 7)[1 + O(e)]. It then follows that

e Fy(s, 7i)

R (u(t), t)dt = e ds + O(&2).
/Zil/Q Ui—1/2 QG(S,’U,Z-,TZ-)
Now letting § = s + ¢ — u; yields
i Ll F (5 — oF L
/ Fx(u(t),t)dt:e/ SO T) ey o),
Zi—1/2 Ui_1/2+¢F —u; \/2G( - (bz + uivuivTi)

3
Note that F,(§—¢f +u;, ;) = Fr(8, 1) +0(€), G(§— ¢ +us,ui,1i) = G(8, 05, 13) =
[1 + O(E)]F(é, Ti) and Uj—1/2 = ¢i71/2- We have

/ Fo(u(t), t)dt — o F(3,7)

—FAas
Zi—1/2 bi—1/2 'V 2F(<§7Ti)

4%'71/2 F (5. 1:
+€/ 7w(s’j—’) ds + O(e%),
Pi—1/2+tP] —u; 2F(S,Ti)

and then () since

Pi—1/2 Fo(3,7; R .

/ L) g5 = 0(1o -~ w) = 0().
bi_1/2+d; —u; 2F(S’Ti)

Therefore, we have F; — F;_; = Efod)*i %ds + 02 +eF;,_1|InF;_4|) =

—eH(J(73))S(7:) + O(e® + eF;_1|In F;_1]). The cases for F; — F;;1 and for J > 7

can be similarly derived. This completes the proof. O

We now study a generic cluster away from Z;.

4.1. Interior single spike. Suppose 0 <[ and k =1+ 2 < n. Then F} = Fj;2 =
O(e~¢/V%), so that by (I8),

2€H(J(Tl+1))s(7—l+1) = Fl — Fl+2 + 0(82 + e’;‘Fl‘ lnﬂl + EE+2| In Fprg‘) = 0(62).
Therefore, we must have
S(mip1) = O(e),  Fiyr = O(?).

This implies that there exists z* € [a, b] such that S(z*) = 0 and 741 = z* + O(e).
In addition, since u is even about a and b, we must have z* € (a,b).

4.2. Interior multiple spikes. Next we consider the case 0 <land (+2 < k < n.
One can proceed step by step to derive the following:

1) F;, = O(e) for all i = [,--- k. Consequently, 5,11 — 7; > ¢ for all i =
oo k—1.

2) There must hold |S(7j4am—1)] < 2y for all m = 1,---, (k —1)/2. Indeed, if
S(Tiyom—1) > 2/, then S(x) > v/ in [7110m—_1—€%%, T4 2m_1+€%/4]. This implies,
by an induction, that F(7j4om1:) > €3/ and T4 omiit1 — Tisomss < Ce|lne| for
i = 1,2,--- all the way up to Tirom+it1 — Ti+om > g3/4, Hence, u will have
at least £3/4/(Ce|Ine|) oscillations, contradicting our assumption that u € Sy ..
Similarly, we can exclude the case S(7j12m-1) < —24/e. Hence, we must have
|S(T142m—1)| < 24/€ for all m = 1,--- ,(k — 1)/2. Hence, there exists z* € [a, ]
such that S(z*) =0and 7, = 2* + O(y/e) foralli =1+1,--- ,k—1. As0 <[ and
k < n, we must have z* € (a,b).
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For definiteness, we assume that J(z*) < —n, so that fiiom_1 < 0 for m =

3) From Step 2 and (I6), we see that F; = O(e%/?) for all i =1[,--- , k. Conse-
quently,

Fliom — Friom—1 = eS(Ti4am—1) + O(e?),
Fl+2'm—1 — FH_gm_g = ES(T1+277L_1) + 0(82), Vm = ]., ety (k — l)/2
Friom — Fryom—2 = 2eS(Ti42m—1) + O(€?)

From this, we conclude that S(z*) < 0, i.e., (z*)S(Z*) > 0, since 0 < Fipo +
Fi_o = 26S(1141) — 26S(10—1) + O(?) = {o(1) — 25(2*) }e(Th—1 — T141) (recalling
Tiv1 — Ti > 8).
4) Forallm=1,--- ,(k—1)/2 -1,
0< E+2m+2 + E+2m—2 = 2Pﬂl-{-Qm =+ 28{S(Tl+2m+1) - S(Tl+2m—1}) + 0(52)
= 2F9m +2¢[S(2") + o(1)[(Tit2m+1 — Tiv2m—1)-
It then follows that Fjjgm, > €2 forallm =1,---,(k —1)/2 — 1, since S(z*) < 0.
Once we know €2 < Fj;9,,, we can conclude from (I5) that |7 2m+1 — Tirom| <
Cellne| and Fiyomyo+Fiiom—o—2F11om = O(c?|In¢|). The “boundary condition”
F,F, = O(e‘l/\/g) then gives us Fy o, = O(e?Ine) for al m =0,--- , (k —1)/2.
5) From €2 < Fiyo, < O(1)e?|Ingl, ie., \lnFH_gm\ = {1+ o(1)}2|Ing| for all
m=1,---,k/2—1, we derive from (1) that 7,41 —7; = {a* + o(1)}e|Ine| for all

i=1+1,--,k—2, where a* = /f,(0,2%) 7\/fu¢0 ), 2*)).
6) From step 5), we see that

Friomi2 + Fryom—2 — 2F 1om = 2e{S(Ti32m+1) — S(Ti12m—1)} + O(e?)
4 .
= {55’(2'*) +0(1)}e?|In¢|

form=1,---,(k—1—2)/2. Using F}, F, = O(e~%/V#) we then conclude that

(18)
b [ CESERSE Fo) e nel, =Ll 2k,
UL R SE o) Sl i= L L i3 k- L

Consequently, using Fjo = 2eS(741) + O(e?) = 2e{o(1) + S(z*)} (1141 — 2*) +
O(g?) we then conclude that

(19) =2 {25 L o()Ye|ne|, i=141,-- k-1

4.3. Boundary spikes. Finally we consider the case | = —k.

Suppose S(a) = 0. Then S(-) is C! in a neighborhood of a since S is an odd
function. Hence, the same conclusion as for the interior spikes holds.

Suppose S(a) # 0. From LemmaET and Fj, = O(e~'/V#) we then derive that

{ F; = e(k —i)H(J(a))S(a) + O(?|In¢|),

(20) 7= a+ {5 + o(1)}e| Ine]

Vi=0,--,k—1,

where o =/ fu(do(a),a),a). One notes that if k > 2, we must have J(a)S(a )
(The analogous relation at b is F; = s(l—i)H(J(b))S(b)+O( 2 lnel) fori =1,-
and J(b)S(b) <0 when ! <n—2.)
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In summary, we have the following theorem.

Theorem 3. Assume ), @), and @l). Let N be fized, and let 6* and * be as in
Theorem 1 Then there exist £* € (0,e*] such that the following is true.

Let u € Sy with € € (0,&*], and let (7, 7) be an interval with a cluster such
that (21412, 2k—1/2] N[z — 0%, 2+ 06*] is empty for all z € Z;. Then k—1 is even and
there exists z* € Zg such that u(m)) = ¢o(z*) + O(e /' Ve) and u(tp) = po(z*) +
O(e=YV%). In addition,

(i) ifk—1 =2, then 141 = 2*+0(e), upy1 = ¢*(1131)+0(e?), and F111 = O(?);

(ii) if 2* € (a,b) and k —1 > 2, then J(2*)S(z*) > 0 = S(z*), and [@8) and
@) hold;

(iil) if 2* = a and k = —1 > 1, then either S(a) = 0 < J(a)S(a) and ([AF) and
@A) hold or J(a)S(a+) > 0 and Q) holds;

(vil) if 2* = b and k = 2n—1 > n+ 1, then either J(b)S(b) > 0 = S(b) or
J(b)S(b—) < 0 and analogous to [A8), and [ or @0) holds.

Clearly, Theorem [I] follows from Theorems 2] and [3

Part II: Existence

Existence of solutions with the properties above, specifically, solutions in Sy .
with arbitrarily prescribed numbers of layers and spikes at the places allowed by
Theorem [I] will be proved using a shooting technique and induction. We will start
with an interval [0, L] and then observe that the technique can be extended to a
function f (u,x) with appropriate properties defined on (—oo, c0). This is possible
because all of the estimates used in the proof of Theorem [Il are local.

For convenience, we assume that, for some positive constant M,

[ fllczo.xr) + 9llc2 @) < M,
L0 > fula) > 4 1- &> 0@) > 4 VeeR
JHa) + () > &, S%(x)+S%(x) > & VreR

Welet Z={>0]JE) =0 or S() =0} ={&}2,, where § < &4 for
all 4. Since J(£) = 0 < |J(€)| implies |S(£)| = oo, the roots of J = 0 and S = 0
are distinct. We choose § > 0 such that &1 — & > 66 for all ¢ > 1. Note that §
depends only on M.

For L € (0,00) U {o0}, we consider

(21) e%ii = f(u,z) for z € (0,L), w(0) = 0 =u(L).

In the sequel, an oscillation refers to a critical point of @ (roots to u = ¢). There
are two types of oscillations: layers and spikes. A spike contains two oscillations.
If boundary oscillations at & := 0 are required, we shall assume that & > 64.
Similarly, if boundary oscillations at L are required, we assume that either L € Z
or dist(L, Z) > 60. We now state our existence theorem.

Theorem 4. Suppose that N > 0 is an integer and 6 > 0 is a small constant.
Then there is an €9 = €o(N,M,5) > 0 such that if 0 < € < g9, k is either a
positive integer or k = oo, {ai}fiol is an arbitrary sequence of the integers from
{0,--- N}, and L € (& + 20,00) U {00} is an arbitrary constant, then there is a
solution of ([2I) with a cluster of exactly o; oscillations in (& — v/€,& + \/€) for
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i =1,---,k, provided that this combination of oscillations is allowed by Theorem
0. Further if & > 65, there will be oo boundary oscillations at 0 and, if L < oo
and either L € Z or dist(L,Z) > 60, there will be op+1 boundary oscillations at
L, depending on which of these is allowed by Theorem [l  There can be no other
oscillations in (0, L).

Remark 4.1. If J(&;) = 0 < oy, then o; is odd and the corresponding oscillations in
(& — Ve, & ++/€) are layers. If S(&;) = 0 < oy, then o; is even and the oscillations
are spikes. Similarly, the boundary oscillations can be layers or spikes. A half spike
at 0 is a boundary spike with u(0) close to ¢*(0).

Remark 4.2. The theorem extends to solutions on R, where {£} and {o} are replaced
by double-sided sequences {&;}32__ and {o}2_ ., respectively. The assertion
follow by two steps: (i) For each T" > 0, apply Theorem M for solutions on the
interval [~T,00) to obtain a solution u” with the desired number of oscillations
on (—T,0). (ii) Along a sequence of T; — oo, (u?7(0),4%7(0)) will have a limit.
Taking this limit as the initial value, we then obtain the desired solution.

5. A SHOOTING ARGUMENT

5.1. The shooting argument. We use ideas from [Al [AH, [HM] by considering
the initial value problem

(22) e%ii = f(ua CE), U(O) =, U(O) =0,

where « is the shooting parameter. Since the desired solutions take values in (0, 1),
f for large |u| can be modified to be uniformly bounded. Hence, ([22) admits a
unique solution for all x € R. If necessary, we write the solution as u(-, «).

A critical point of w is a point at which @ = 0; it is called non-degenerate if
i # 0 at the point. Similarly, since i = 0 < u = ¢, a critical point of @ is a point
at which u = ¢ (i.e., @ = 0); it is called non-degenerate if at the point @ # ¢. Note
that if 7 is a non-degenerate critical point of u(-, &), then by the Implicit Function
Theorem, 4(7, @) = 0 has a unique smooth solution 7 = 7(a) with 7 = 7(&) for all
« close to &. A similar property holds also for solutions to u(z,a) — ¢(z) = 0.

We let

p =% inf minf|é(a) - do(e)]. lo(x) = " (@)}

Lemma 5.1. Suppose N > 0. Then there is an g > 0 such that if 0 < & < gg
and u is a solution of 22) with o € (0,$(0) — p) U (¢(0) + p, 1) and with at most
N critical points in any subinterval of [0, X| of length less than &, then all critical
points of u and @ in [0, X] are non-degenerate and interlace. In addition, if T,
is the last critical point of u in [0, X], then the first critical point zy,41/2 of u in
(T, 00) ezists and is also non-degenerate.

Proof. From the formula
d
— (e%4® — 2F (u,z)) = —2F, (u,z)
i

we see that the change in F (u,z) between any two critical points of v in [0, X]
tends to zero as X — 0. This means that we can choose §; > 0 (independent of €)
so small that if X < §;, then the conclusion of the lemma follows. If X > 1, then
the result is implied by Lemma 2.1 O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



LAYERS, SPIKES, AND MORSE INDICES 3183

In the sequel, 79 = 0 and the ith critical point of u(-, ) in (0, 00), if it exists, is
denoted by 7;(cr), whereas the ith critical point of % is denoted by z;_1/2(cv).
A crucial result in proving existence is the following extension of Lemma [£]1

Lemma 5.2. Assume that u solves €2ii = f(u,x) on R and z and T are points such
that

w(r) =0, 4<0 on (1,2], 74+06<z uz)=9¢(z), dist(z,2Z)>24.
Then the following hold:
(a) If J(z) > 0 and S(z) < 0, then there are at least N critical points of u in

2,2 + Vel

(b) If J(z) > 0 and S(z) > 0, then u has exactly one critical point (indeed the
only minimum) in (7,00), and it exceeds 1 after a finite x > z.

(¢c) If J(2) <0, then t < 0 in (7,00) and u becomes negative after a finite x > z.

Proof. The condition dist(z, Z) > ¢ implies that J(z) and S(z) are bounded away
from 0, uniformly in £. We set
f(s,2)

u oo, = i f > 0.
[ fullz v meR,(l+<;gU))/2<s<l s—1

Following the proof of () in Lemma 23] we obtain
e?i(x) = [2+ O(e)|G(u(x), u(r), x)

for all z € [r,z]. Since z — 7 > §, a calculation similar to that for (@) then
gives u(t) = 1 — O(e™%"/¢). Hence, 52 2(2) = 2G(¢(2),1,2) + O(g). Thus, by a
continuous dependence argument,

(23) u(z + ey) = Uy) + O(e)eXM Yy € R,
where U is the unique solution to

U'(y) = f(U(y),2) VyeR,  U0)=4¢(z), U'(0)=-v2G(¢(2),1,2).
Note that U2 = 2G(U,1,z2) = 2f1 (s,2)ds on R, U'" < 0 on (—o00,0], and
U(—o0) = 1.

Now suppose J(z ) < 0. Then do(z2) =0 < ¢(2) < ¢*(2) < 1 and G(v,1,2) =
fl s z)ds = —J(2) + [, f(s,2)ds > |J(z)| for all v < ¢(z). Thus, for T =

fo T)ds U(T) =0and U < 0 on (—oo,T]. It then follows from (23)
that for some 7 = z+¢[T + O(¢e)], u(m1) =0 and @ < 0 in (7, 71]. This proves the

assertion (c).
Next, we consider the case J(z ) > 0. In this case, we have 0 < ¢*(z) < ¢(z) <

1= ¢o(z) and F(v,2) = G(v,1,2) = [ f(s,2) ds for all v. In the rest of the proof,
we use F(v,z) = [/ f sa:ds
Setting 71 = f¢(z ds, we have U(Ty) = ¢*(2), U'(T1) =0, U’ < 0 in

¢*(2) ,/QF
(—00,T1), and U is even about y =T,. From (23)), there exists 1 = z+¢[T1 +O(¢)]

such that
w<0in (r,71), u(r)=0, u(r)=0¢"(z)+0(), i(r)>0.
Now we define

To=sup{z >7 |u—1<0<a in (m,x)} € (m1,00)U{oc0}.
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Then either @(73) = 0 or u(rz) = 1. Since U(y) =1 — O(e~*I¥) and U'(y) > e K¥
for y > 1, we see from (23) that 5 > z + ﬁd Ingl.

Now let T' = y/[loge|. Integrating - (1c%4? — F(u,z)) = —F, over (1,72) we
obtain

1e242(1y) — F(u(ra), ) = — F(u(r), 7) — { / T / Z;T+ / +T }Fm(u(az), 2)de.

Recall that F(u(7),7) = O(e~"%/¢). Also, using ([Z3) we have

/:“T Fude — ¢ / ' {FUw).2) + 0()(u - U) + O(ey) bay

—eT -T

= 5{ /T F.(U, z)dy+0(5)eKT}

-T

= £{-25(2) + O(e™*T) + O(eeXT)}

since [, p [Fo(U, 2)|dy = O(e7¥T) and [, Fp(U(y), 2)dy = Zf;ﬁ*o((;)) j%—:)z)ds =
—25(z).

In the interval [z + €T, 72), we have —-L(e24?) = —2uf(u,z) > 2v%(1 — u)i.
Integrating over [z, 73] we then obtain, for x € [z + T, 72),
u(72)

20 (x) > 20 (1p) + 202 /( : (1 —w)du > 2{(1 —u(x))? — (1 — u(r))?}.

Thus, ei(z) > vy/(1—u(x))? — (1 —u(r2))2. Consequently, since |F,(v,z)| =
O(1)(1 — v)2, we have the estimate

To u(T2) E‘F |
|Fplde = / = du
/z+eT w(z+eT) Ve2u?

u(r2) (1-3s)?
0] s
<00 o YT
= O(e)1 —u(z+eT))> = O(e){e " +ecefT}.

In a similar manner, we can estimate fTZ_ET |F;|dx. Hence,
(24) 1203 (1) — F(u(m2), 72) = 5{25(2) + 0%+ 0(e™¥T) + seKT}.

Now suppose, in addition to J(z) > 0, that S(z) > 0. Then the right-hand
side of ([24) is positive. As either u(72) = 0 or F(u(m), ) = 0, we conclude that
Ty < 00, U(12) > 0, and u(m2) = 1. This proves assertion (b) of the lemma.

Finally we consider the case J(z) > 0 > S(z). Then the right-hand side of (24)
is negative. From the definition of 75, we then conclude that 75 < oo, u(72) = 0 and
u(7m2) < 1. Once we know the existence of 7o, we can then use the estimates (6] and
(@3) to conclude that F(u(72),7) = —2e5(2) + O(e?|In¢|) and 75 = z + O(e| In¢g|).

Following the same argument, we can show that for each ¢ = 3,--- | N, there is a
7, = 2z + O(e|Inel) such that i(r;) = 0 and F(u(r;),n;) = —ieS(z) + O(e?|Ing|).
This proves assertion (a), and also completes the proof of the lemma. (I
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6. AN INDUCTION ARGUMENT

Set &g = 0. For each k& > 0 such that o > 0, we shall prove by induction the
following.

Induction hypothesis. There exists an open interval Iy, such that for each a € I,
u(-, a) has at least m := Zf:o o; critical points in (0,00), T (o) > &+ 25, and for
eachi=0,--- , k, there are exactly o; critical points of u(-, &) in a /e neighborhood
of &. In addition, T(Iy) := {Tm(a) | @ € I} = (& + 26,00). Furthermore, using I
to denote the closure of a set I, we have I, C I, for all integer | € [0,k — 1] such
that o; > 0.

Here the /£ neighborhood of £ means the interval [0, v/]. Note that by Lemma
511 the hypothesis implies that all 7;(«) and Zip1/2 fori=0,--- ,m are continuous
functions of a € Ij. In addition, 7,,(«) approaches co as « approaches one of the
boundary points of I and approaches 7,, = & + 26 at the other boundary point.
Also, taking o € I, such that L = 7,,(«) we obtain the assertion of the theorem,
without the boundary oscillation at L.

To start the induction, we need to distinguish two different cases: (i) op > 0, so
the first cluster of oscillations is at the left boundary; and (ii) o9 = 0, so that the
first cluster of oscillations is either interior or at the right boundary.

6.1. Left boundary oscillations. We start the proof of Theorem M by construct-
ing the desired number, o := g9 > 0, of boundary oscillations at z = 0. Working
on 1 — u if necessary, we assume that 0 is a local maximum. Set ag = ¢(0) + p and
define

at =inf{a > ag | There are fewer than o critical points of u(:, ) in (0,00)}.

Then o™ < 1 since % > 0 on (0, 00) for every a > 1. When a = ay, an easy phase
plane argument shows that for sufficiently small e the solution u of ([22) has at
least N oscillations in [0,d]. Hence, at € (g, 1].

If @ € [, @), u(, @) has at least o critical points in (0, 00). Hence, by Lemma

B 7(-) and 2z;41/2(-), for all i = 0,1,--- , 0, are continuous functions on [ag, a™).
Note that 7,(ap) < § and lim,, o+ 7o (a) = o0.
Set
o~ =max{a € [ag,aT) | 7,(a) = 26}, Ip=(a",a™).

Then 7(Ip) := {7, ()| € I} = (26, 00) and 7, (a™) = 2.

We claim that z,_;/2(a) < /€ for all a € Iy so that the induction hypothesis
for k¥ = 0 holds (in the case op > 0). By Theorem [I] it suffices to show that
Zg—1/2(a) < & for all a € [, ™). Suppose this is not true. Then by continuity
there is an & € (ap, at) such that z,_; /(&) = d. Since JS # 0 in (0, 6], applying
Theorem [lon interval [a, b] = [0, 7, (&)], we then conclude that 7, (&) < d++/c < 2.
Hence, u(-, &) admits boundary spikes at b.

From Theorem[I[(i), the fact that the desired solution has o boundary oscillations
implies that 7, is a local maxima if ¢9(0+) = 1 and is a local minimum if ¢o(0+) =
0. As ¢o(0+) = ¢o(x) for all z € (0, 26], we see that the boundary spike at b cannot
be a half spike. Thus o > 2. Consequently, by Theorem [(iii) we have JS < 0
in [b—4,b]. On the other hand, the existence of a boundary cluster of o spikes
at & = 0 implies JS > 0 in (0,9]. As b < 24, we obtain a contradiction. This
contradiction shows that the claim is true.
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6.2. The first interior oscillation without boundary oscillations. In this
section we consider the case o9 = 0. For convenience, we delete from the list {¢;}
those &; for which o; = 0. Then o; > 0 for all ¢ > 1. Note that {£}72; becomes a
subset of Z.

We now prove the induction for & = 1 with 09 = 0. We set o := o1 > 0.
Again, we assume 0 is a local maximum for the desired solution. By Lemma .11
z1/2(-) exists and is continuous on [ap,1). Note that lim, ~ 21/2(c) = oo and
z1/2(a0) < T1(ap) = O(g). We define

B~ = max{a € (ap,1) | 212(a) = & — d},
B =min{a > 87 | z1/2(e) = & + 6}

)
Then z;/5(a) € (&1 — 9,&1 +0) for all a € (B, B2), z1/2(6i) =& 4.

Since & € Z, there are only three possibilities:

() J(&) < 0. | |

(ii) Either J(El) =0> J(gl) or {J(fl) >0and S(&)=0< S(El)}

(i) Either J(&1) = 0 < J(&1) or {J(&1) > 0 and S(&1) =0 > S(&1)}.

We claim that (i) is impossible. Indeed, suppose it were true. Then ¢y = 0 in
[€1 —26, &1 +26], so that there can only be upward spikes near &;. Since the solution
we are looking for has no other boundary or interior oscillations before &1, 0 = 7
must be a local minimum, contradicting our assumption that 0 is a local maximum.

Next we consider case (ii). Then in [§; — 2§,&1), J > 0 and ¢o = 1. Using ()
if necessary we see that JS < 0in [§; —2§,&1) and JS > 0 in (&1,& + 26]. Hence,
Theorem [ allows either any odd number of layers near £; or an arbitrary integer
number of spikes near &;.

Applying Lemma 52(a) for 7 = 0, z = & — 6, and u = u(-,57), we see that
u(-, 7)) has at least N oscillations in [§; — 0,&1).

Note that ¢ > 1if J(&) = 0 and o > 2 if S(&;) = 0. For u = u(-, ), 7 =0,
and z = & + d, we can apply Lemma BE.2(b) in the case S(&;) = 0 and part (c)
in the case J(&1) = 0 to conclude that u(-, 3%) has fewer than o critical points in
(0, 00).

We define

a’ =inf{a > 3~ | There are fewer than o critical points of u(-,«) in (0,00)}.

Then at € (87,67). Also, for each « € [87,a™), u(-,a) has at least o crit-
ical points in (0,00) and 7,(-) is a continuous function over [3~,a™). Further,
lim, sq+ To(c) = 00. Define

a” =max{a < ot | 7,(a) =& + 26}, I = (a™,a™).

Then 7, (a™) =& + 20 and {7,(«) | @« € I1} = (& + §, 0).

Since Iy C (87, 6%), z1/2(e) > & —6 for all a € I;. Since JS > 0 in (&1, & +26],
following a similar argument as for the case o9 > 0 we can show that z,_;/2(a) <
& + 6 for all @ € I;. An application of Theorem [ for u(, ) in (0,7, (c)) then
gives us |z;_1/2(a) — &1 < /e for all i = 1,--- 0. This validates the induction
hypothesis for k = 1 for the case (ii).

Finally we consider case (iii). Since 0 = 79 is a local maximum and &; is the first
desired place for an oscillation cluster, Theorem [I] implies that only a single layer
(0 =1 when J(&) = 0) or a single spike (0 = 2 when S(&;) = 0) is possible.
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We define
a” =sup{a < B | There are fewer than o critical points of u(-,«) in (0,00)}.

With 7 =0, 2 =& — 0, and u = u(-, 87), we can apply Lemma [E2(b) for the case
S(&1) = 0 and (c) for the case J(&) = 0 to conclude that u(-, 57 ) has fewer than
o critical points in (0,00). Hence, o~ > 8.

Next, we show that o~ < B7. For this, we set 7 = 0, z = £, + § and consider
u(-, 7). If J(&) = 0 (so that o = 1), we see from (iii) that J(z) > 0 and from (7))
that S(z) > 0, so that Lemma [E2(b) implies that u(-, 37) has a critical point. If
S(&1) =0, we see from (iii) that J(z) > 0 and S(z) < 0, and Lemma [5.2(a) implies
that u(-, 87) has at least N critical points in [z, z + ¢). In conclusion a~ < 3F.

Thus a~ € (87, 67), and 7, () exists and is a continuous function on (a™, f7].
In addition lim,~ o~ 7o () = 00. Set

at =min{a > o™ | 7,(a) = & + 25}, I = (a”,a™).

Then 7,(a™) = & + 28 and 7,(11) = (&1 + 25, 0).

Since It C (B7,6%), |z12 —&| < é for all @ € I1. If 0 = 2, then 7y is the peak
of a spike, s0 23/ — 21,2 = O(¢e). After applying Theorem[I we then conclude that
zi—1/2(c) is within an /e neighborhood of §; for i = 1if 0 = 1 and for i = 1,2 if
o=2.

6.3. The induction from kK =/ to k =/¢+ 1. Let £ > 0 be an arbitrary integer.
Assume that the induction hypothesis holds for £k = ¢. We now show that it also
holds for £k = ¢+ 1. As mentioned earlier, we delete from {¢;} those ; for which
o; = 0. Then oy > 0. We write m = Zf:o 0i, and 0 = opy1. By working on 1 — u
if necessary, we assume that 7, is a local maximum of the desired solution.

Let & € 0I; be that endpoint of the interval I, satisfying 7,,(&) = T :=
& +20. Let 4 = wu(-,&). Since 4 attains a local maximum at T = 7, (),
Zm+1/2(@) is finite. We now estimate 2,,,1,2(&). We have oy > 0 and [z, /2(G) —
&l < Ve By @) with i = m, 2p,41/2(&) = & + 40 + 0(6?%). As Zmi1/2() >
Tm (@) — 00 as « approaches the other boundary point of Iy, there exists an interval
(B7,B%) C Iy such that z,,1/2() € (§r41 — 6, &1 + ) for all « € (67, 37), and
min{zm+1/2(ﬂ_),zmﬂ/g(ﬁﬂ} = &1 — 0 and maX{Zm+1/2(ﬂ_)vZm+1/2(ﬂ+)} =
&1 + 9.

From here, we can follow a similar argument as in the preceding subsection to
show that the hypothesis for k = £ + 1 is valid, thereby completing the induction.

6.4. Oscillations at the right boundary. Finally, we attach 0 > 1 oscillations at
the right boundary L. For simplicity, we assume that either L € Z or dist(L, Z) >
6.

If the desired solution has no cluster of oscillations except at the right boundary,
then by reversing the z-axis, we can use the proof for the case gy > 0 to finish the
proof. Hence, we assume that there are other clusters of oscillations.

We assume that & is the last point of cluster of oscillation before L. Then
& < L —65. Set m = Zf:o pr. By working on 1 — u if necessary, we can assume
that 7, is a point of local maximum of the solution we are looking for. In order
to attach at least a boundary oscillation at L, it is necessary, by Theorem [ to
have ¢o(z) = 1 for all x € [L —§,L), ie., J(xz) > 01in [L — 4,L). Following a
similar argument as in the preceding subsection, we can find (37, 3%) € I such
that z,,41/2(-) maps (87, %) onto (L — d, L+ ). For definiteness, we assume that
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Zm+1/2(8T) = L F 6 (the other situation z,,11/2(6%) = L £ J can be similarly
treated). There are two possibilities: (i) S(L — ) < 0 and (ii) S(L — d) > 0.

Suppose (i) S(L—0) < 0. Since J > 0in [L—4,L) and 7 = 7,(87) = &+ O (V/E)
is a local maximum of u(-, 37), we apply Lemmal5.2(a) with z = 2, ,1/2(87) = L—4
to conclude that wu(-,37) has at least N critical points in [z,z + /2]. Hence,
Tmao(B7) < L. Increasing o we then conclude there exists a* € (37, 3") such that
Tmto(a*) = L. Asa* € (7,87), Zmg1/2(*) > L—0 so that z,,1;_1/2 € (L—0,L)
foralli =1,--- 0. Applying Theorem [l to u(-, &*), we see that it is the solution
we are looking for.

Next suppose (ii) S(L —§) > 0. Then JS > 0 in [L — 4, L) so that, by Theorem
[I(iii), the boundary oscillation attached is a half spike. Now consider u(-,37).
Since ¢*(L —0) € (0, ¢(L —0)), we can derive from Lemma [5.2(b) that 7,,11(67) =
Zm+1/2(87) + O(e) exists and u(Tm41(8),67) = ¢*(L — 6) 4+ O(e) is the peak of a
spike. Gradually increasing a from 3~ to 3%, we then see that there is an a* such
that 7,41(a*) = L. As o* € (87, 8%) C I, we can apply Theorem [Ilto show that
u(-, &) is the solution we desired. This completes the proof of Theorem [ in the
case k < oo.

Finally, if k is co in the theorem, then u(-,«) with o € (;2, I; is the desired
solution. This completes the proof of Theorem [l

Part III: The Morse index

7. THE MORSE INDEX AND METHOD OF STUDY

7.1. The Morse index. We now study the eigenvalue problem, for (A, ),

(25) — 2+ fulu, ) = M) in 1, ¥ =0o0n Ol

where we assume that I = (a, b) is a bounded interval. Since all eigenvalues are real
and simple, we denote them, in order from small to large, by Ai, Ao, - - .

Definition 2. The Morse index of a solution u to (] is defined to be the number
of non-positive eigenvalues to (25)).

Definition 3. A stable layer is an interval (7, 7;41) with an interior cluster of a
single transition layer satisfying ;41 /2 (2141/2) < 0, or equivalently, 0 <1 <n—1,
Zi—172 + Ve < zip1y2 < zi43/2 — VE, ul+1/2j(zl+1/2) <0.

A semi-stable spike is an interval (7;_1, 7;11) with an interior cluster of a single

spike satisfying J(7;)S(7;) < 0, or equivalently, 1 <i <n —1,
Zig1y2 — Zic1y2 < Ve <min{zi 19 — zi_3/2, Zitsj2 — Zit1/2} J(7:)S(r;) < 0.

Theorem 5. Assume (@), @) and ). Let u € Sy, with € sufficiently small.
Then the Morse index associated with u is equal to

N —"Ns — Nss,

where n is the total number of oscillations, ng is the total number of stable layers
and ngs is the total numbers of semi-stable spikes.
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7.2. A criterion. We will use the following lemma to study the Morse index for
our problem.

Lemma 7.1. Let w be the solution to
(26) 2 = fyw in 1, w(a) =1, w(a) = 0.

(1) If w(b) > 0 and there are no roots of w =0 in (a,b), then Ay > 0.

(2) If w(b) # 0 and for some k > 1, either {w = 0 has k — 1 roots in (a,b)
and w(b)w(b) < 0} or {w = 0 has k roots in (a,b) and w(b)w(b) > 0}, then
A <0< )\k+1-

(3) If w(b) =0 and w = 0 has k — 1 roots in (a,b), then Ay = 0.

Proof. Let (-, \) be the solution to £2¢) = (f, — A)) with initial values ¥ (a, \) =1
and ¥(a, \) = 0. Referring to the phase plane for (¥, 1)) we let 6(z, \) = arctan %
Then

€0 = (fu—A)cos?0 —sin?0 in I,  6(a,\) = 0.

It is easy to check that é|9:%+[ﬂ < 0 for all integers ¢ and that %9 <Oforallz el
and A € R. Hence, for each integer £ > 1, (b, \¢)+({—1)m =0, 0(b, \)+({—1)7 < 0
if \e < A, and 6(b,\) + (¢ — 1)m > 0 if A < A\,. Note that 6(x,0) = arctan £2.

Now in case (1), we have 6(b,0) > 0 so that 0 < A;. In case (2), we can see
that 6(b,0) + (k — 1)m € (—m,0), so that Ay < 0 < Ap41. In case (3), there holds
6(b,0) + (k—1)m =0s0 A\, = 0. O

7.3. Fundamental solution matrices. To study the solution w to (2], we will
often regard (26]) as a system of two first order odes. Hence, we introduce vector

notation
W — {w] . W= {w} —Pw, P= F 0} _
w ew 0 ¢

Definition 4. A 2 x 2 matrix function ¥(z,y) is called a fundamental solution
matrix if

U(,y)=AT, Ul,oy =1 where A:= [ sfgfu B ] :

Note that for all z, 7 € [a, b],
w(z) = U(z, 7)W(7), w(z) = PU(z,7)P 'Ww(7).

To find ¥(z,a), we will decompose (a,b) into sub-intervals and use the following
properties for fundamental solution matrices:

U(z,y) =0 (y,2) = U(z,7)¥(r,y)  Va,y,7€L

In our application, 7 will be a critical point of u. Hence, we define two linearly
independent solutions w,w;, piecewise, as the fundamental solution set in
each interval [Zi71/2 + O, Zi+1/2 — 0]

(27) 52(4')'1 — fu.wla 52(:} = fuw in Iz = [Zi,1/2 + O7 Z’L+1/2 — 0]7 VZ
wi(r) =w(r) =1, di(r) =w(n)=0

w1

w

One of the keys here is to study the jumps of % and across z;_1/9 for all 7.
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Since wiw — Wiw =1 and ¥(7;,2) = V~1(z, 1),

oo - [ g-o{[f)ie 1-5F 4

s = 5, Z]-( -4 s )

As one will see below, w can be well approximated by 4 /i(7;). Also both f and
£oL can be accurately estimated and are of order one at x = z;11/5. Hence, we

introduce
w(x) ews ()

p0) =20, a0 = =2 e ] e =],

w(x w(x)

o e[ ol e[

We use the vector notation a® b = ab”, where a and b are column vectors and T
denotes transpose. Thus a ® b is a 2 X 2 matrix. The formula (a®@b) (c®d) =
b%c(a®b) will be useful. We can write

U(z,7)P " = f{n@)t - %92 ®e1}7
g w

PU(r;,x) = w{%GQ ®e; — tt ® nj‘}.
w

To study transition layers, we will need the matrix PW¥(7;,1,7;)P~!. In com-
puting this we make use of the formulas e -n_ =1, (n})" -n_ = p_ — p,,

(ny)" ez =1and e - e; = 0. Letting wi = w(z;41/2 +0), we find that

PU(7i41, )P = PU(Ti41, 2i41/2) U (2i41 /0, 7) P
29 Wyw_ € 5
(29) = 2 {ti@t_ﬂp}]f+t¢®e1w—2+w—2e2®t_},
2wy

where [ p ]]t = py — p— stands for the jump of p across z;+1/2-
For spikes, we will need PW(7;,1,7;_1)P ™!, where 7; is the peak. Let wr+ =
w(ziy172 £0) and wrt = w(zi—1/2 £0). Then

PU(rip1,7-)P™h = M, {t§+ ® (a11tr— + aize)) + e2 ® (as1tr— + axer)},
M, = WR+WR7;)L+WL7’
€
R+ R— L+ R+ L+
an = [plr= [v1ley elio + ol les + lr ]
R+ R—
(30) ar = F{+ IR [V
L+ R-—
o = F{d I DG
52 R—
Q2 = w%,w%+[[’yﬂL+'

As we will see, at the first spike of an interior cluster a;» = O(e~/ V%), so the sign
of w at 7,41 is determined by aj;, the most difficult function to estimate. In the
end, we will show that a1 o< H(J(7;))S(7i) (91 g2 means that &< 9r < C for
some positive constant C' independent of €).

At a generic critical point 7; of u, there are the following possibilities:

(i) f2 <1 and F; = O(e) (or O(g?|In¢l)), i.e., 7; is the peak of a spike;
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(i) f? o< e|lnel, i.e., 7; is a valley within a cluster of transition layers;

(iii) f2 o€, i.e., 7; is the valley of neighboring boundary cluster of spikes near
S #0.

(iv) f? < e?|Ineg|, i.e., 7; is the valley of neighboring spikes in a cluster near
S =0;

(v) f2 = O(e'/V?), i.e., ; is away from transition layers and spikes.

8. THE FUNDAMENTAL SOLUTION SET

In this section, we study the fundamental solution set (wy,w) defined in (27).

8.1. The function w.

Lemma 8.1. Let w be defined as in Z1). Then for every i there is a C? positive
function ¢ on [2;_1/2 + 0, 2;11/2 — 0] such that in this interval,

i) i) o aln)
(1) w(e) = g 5elo) = = 5ela), @) =41+ 00}
(32) s%ﬁ(x)% = —G(u(z),u;,x)

z 2 (u(t), u;, .
+/T {Gm(u(t),ui,t)—%}dt+0(52)52u2(x)

3

Proof. For definiteness, we consider the case when 7; is a local minimum and x €
[T, 2i+1/2). We divide the proof into several steps.

Step 1. Write w(z) = s((fk))c(x), differentiate twice and use (27) to obtain

e2ué + 2e%ii = — frc. Use of L’hopital’s rule shows that ¢ € C? and ¢(7;) = 1. Since
e2i'= f,i+ f, we find that

e20?(z)é(x) = — /w c(t) u(t) fo(u(t),t)dt.

7

; |
O(1) max,[r, o] lc(t)|. A Gronwall’s inequality then gives us [max ]{|c(t)|
te|Ti zit1/2
&)} = O(1).
Step 2. Write a(t) fo(u(t),t) = LG, (u(t), u;, t) — Gualu(t), u;, t). Integration
by parts gives

Since |fz] = O(u), fﬂi alfeldt = O(1)(u? — u?) = O(1)e*u?. Thus, |é(z)

+ IA

T
2026 = —c Gy + / {c Gep+ ¢ Gz}dt,
where G = G(u(t), u;,t). Divide by 242, substitute the result for ¢ in the integral,
and we get
T G2
(33) 2ite = —cG, +/ |G — 25 Jdt + Ry
- e2u

3

x G2
c{—Gm —|—/T {Gm - ﬁ}dt} + Ry + Ry,

i
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where

x G t
R = / = /[ch—i—éGx]dgdt,

27,2

Ry = —/%(’:/%{Gm—%}dgdt.

Using the boundedness of ¢ and ¢, the fact that

8k “ ak 2 2 2,2
Gl = | [ 3 f(sads| = O ~ ) = O(1)e%

O(e)du

2_,2’
VUt —uj

u(x) 2 2 v 2 2
) v? — u; 5% — u3
R <06 [ e | s

Uq

= 0(e?)(u? — u?) = O(e?)e0.

2

and that |dx| = we then see that

Similarly we have |Ry| = O(?)e%u?.
Step 3. By the same estimate as for Ry, the integral in (82)) is bounded by
O(g)e?u?. From the estimates above on G, and G, we obtain from (33) that

) G
¢ = C{_82;2 + O(a)} +0 (e?).
Note that, for = sufficiently close to 7;, u > 0 is sufficiently small, and so

Go = [ (ra0,2)s+ O()ds = (a(0,0) + O} (2 — 1)

i

and
e2i® = 2[1 + O0(e)]G = [f,(0,7) + O(e) + O(u))(u? — u3),
and so
Gy fou(0,7)
e2u2  2£,(0,)
Since L?Z;! = O(1) and Ueu@2)] O(1) on [Ti72i+1/2], we see that this estimate

[fu(0,2)]
holds on this entire interval. It then follows that

+O()+0(u).

. fa;u(oax) 2
é= c{ A OORE4S +O(u)} +O(e2).

Solving this “linear” equation we then obtain Bl since a(z) = v/ fu(0, ), c(r;) =
x Z fue(0, w (0,73
L, [, udt =0(e) and exp(— [ gfugo,g dt) = 4/ J;u((O,x))'
Since « has a positive lower bound, it follows from ([BII) that ¢ also has a positive
lower bound. Then dividing [33)) by ¢ we get ([B2). This completes the proof.

8.2. The function w;.

Lemma 8.2. Let wy be the solution to 7). Then the following hold:
(i) If fi == f(ui, 7)) = o(1), then wy > 0 in [z;_1/2, 2i41/2] and

(34) St} = +a; + O(e) + O(f,).

W lz=2,11/2F0
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(ii) If zix1/2 — zi—1/2 = O(¢€) and F; = O(e), i.e., T; s the peak of a spike, then
EWl

_ % f(s, ) = flor, )
(35) 7 o=101/2 70 = Zl:|fl { /7(15“7'1 2F S Tl))3/2

Proof. We first derive an integral equation for wy on [2;_1 /2, 241/2]. Since Wiw —
wwy; = —1, w(r;) = 1 and w(z) # 0 for z # 73, we have - (w;/w) = —1/w? for
x # 7, and so

dwl—l_d w1 d 1 w—1 w—w(n)

S-S0 = =

der w de w dx w w? w?

ds} +0(e).

Hence, for 7,2 € [2,_1/2,7;) or 7,2 € (T4, 2i11/2],

wi(z) —1 UJ1(T)—1 Tw(t) —w(r)
(@) el e
Note that
w1 d) e -1 B0 fuwr)
M oE AR S M em T amem T 22

Then, sending 7 — 7; in the above equation leads to, for € [2;_1 /2, zi+1/2],

wi(z) =1+ w(x) /ﬂ? %(f)(ﬁ)dt.

For definiteness, we consider the case when 7; is a local minimum and xz
2.
(7ir 2iv172). Then @(t) — &(n) = [ &(n)dn = €2 [ fuwdn. Using w = £,
c(n)=1+0(+n—m1), and f,(u, 77) fulu, )+ O(n — 7), we then have

olt) — d(m) = fi /Ti{tlfu(umHuO(eH?Ti)}dn

= %{f(u,n) —fitOe+t—m)(u— ui)}’

fw—w(m)  _ H@)fi U Flu, ) = fi + Oe+t—7)(u—w)
/ = / 17 0@ RC,untpE )

Case (i): fi = o(1). We use G(u,u;,t) "' = G(u,u;, 7)1+ O(|t — 74])] and

Fun(0,72) u? —+ uu; + uf

26, s, )] = {fu(0,7) (w7 — )} /{1~ fGIg T 4 O(?)),
F(u) = fi = Ful0,73) (= u) {1+ $205 (0 w) + O(?) |
Also using |t — 7;| = O(e) In(u/u;) we obtain
/x b-olr) , _ f u(@) 14 L@ 4 O(u?) + O(e) Inu/u;
no W Va0, 7) (u + i) (u? — u2)1/2

_ (u)fz u/ul 1+O( >1+5u1+0( ) Z—f'O( )lnsds

QUi Jy (14s)vs?2—1

w) fs /i s
= %{/1 (1+s)d—52\/——1dS+O(€)+O(Ui)}'
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Since floo mds = 17 we then obtain
EWq [1 + O(é‘)]fz H(U)fz
- = 1 . = 4+ )
W lz=z41/2 =0 + QUG { * O(fz) + O(E)} @i + O(fz) + O(E)

since f; = a?u; + O(u?). The assertion ([34) thus follows.
Case (ii): F; = O(¢) and z;41/2 — 2i—1/2 = O(¢). Then since G(-, u;,t) vanishes
linearly at u;,

ewr [1+0()]fi e M fluT) — fi
Using G(s,u;,t) = [1 4+ O(€)|G(s,ui, 7i), u; — ¢F = O(¢e), the change of variables
§ = s+ ¢f —u; and the fact that G(s,u;, ;) = [1 + O(€)]G(8, ¢F, 7;) x § — ¢F and
f(s,m) = flusym) = f(8, 1) — f(@f, 1) + O(e)(§ — ¢F), we then have

MO ) < f o O G - fenT)
/ BaGw, o Y _/@ 2G(, a7, e © O

Finally, noting that F(s,r;) = G(s, ¢}, 7;) and et = H(@)[1 + O(e)]v/2G (u, u;, x) =
H(w)[140(e)]\/2F (u, 1) if = 2,412, and also H(4;11/2) = H(f;), we then obtain
the assertion

The case when u(7;) is a local maximum can also be similarly treated. O

8.3. Basic estimates on the number of roots of w = 0.

Lemma 8.3. Let ¥ be a solution to 52¢ = fut.
(i) For each i, there exist at most two roots of ¥ = 0 in [1;, Tit1].
(it) If f; = o(1) and ¢ (7;)(7;) > 0, then v = 0 has at most one root in (14, Ti11].
(iii) If f2 oc 1, then v = 0 has at least one root in (7;_1,7;11), and at most three

T00ts I [T;—1, Tit1)-

Proof. (i) Note that w # 0 in (74, 2,412 — 0] and [z;41/2 +0,7;11). Hence, by the
Liouville theorem, 1) = 0 can have at most two roots in [r;, 7;41] for all i.

(ii) When f; = o(1), we have, for all € (7, 2i41 /2], w(z) > 0, wi(x) > 0 and
(x) = (1)wr (z) + P (75)w(x) # 0. The proof of (i) shows that ¢ = 0 can have at
most one root in (z;11/2, Ti41). Thus, ¢ = 0 has at most one root in (7;, 7;41].

(iii) First consider the case when ¢(7;—1) = 0 and w(Ti,l) = eti(7;—1). Then
% =c=(1+ O(E))a(#;)l) and £ = O(e) at 2;—12- As the length of the interval
[zi—1/2, Zi4+1/2] is of order &, we use a stretched variable y = (z — 7;)/e and set

Viy) = 1;(1%1/;)1/) (x) and Vi (y) = et (x). We find that V' (y) = fu (u(x),2) V (y)

and V" (y) = fu (u(x),2) V1 (y) + O (g). Then, a regular perturbation argument
shows that V(y) = Vi(y) + O(e) for y € [(zi—1/2 — T)/e, (Ziy1/2 — Ti)/e], and

so 1) = M[au + O(e)] in [2i—1/2, %i41/2]). This implies that in the interval

Ui—1/2
(Ti—1, Zit1/2), ¥ = 0 has exactly one root at § = 7; + O(g?). As ¢ = 0 can have
at most one root in [ZZ‘+1/277-1:+1], we see that ¢ = 0 has at most two roots in
(Ti7177'i+1}-
Now suppose that 1 is a generic solution. Then, by the Liouville theorem, ¥ = 0
can have at most three roots in [;_1, 7;11], and there is exactly one root in (7;_1, ].
This completes the proof. O
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9. THE MORSE INDEX FOR LAYERED SOLUTIONS

We first consider a cluster of layers. For convenience, if (7_x, %) (or (77, Tan—1))
is an interval with a boundary cluster, we say that (79, 7%) (or (7, 7,)) is an interval
with a boundary cluster.

Theorem 6. Assume that (1;,7) C (a,b) is an interval with a cluster of layers. Let
w be the solution to 26) and assume that w(m)w(r) > 0. Then, w(rg)w(Tk) > 0
except for k =n. Also, the following hold:

(1) If (m,7%) is a boundary cluster at a, or an interior cluster with multiple
layers, or an interior cluster with a single layer with 'I:Ll+1/2j(Zl+1/2) > 0, then
w =0 has exactly k — 1 roots in (1;,7%) and

E’d)(Tk)

(36) wrr) = ay + o(1).

(ii) If (m,7%) with k = 1+ 1 is an interval with an interior cluster of a single
layer with j(Zl+1/2>'l:Ll+1/2 < 0, then w =0 has no root in (11, 714+1) and B8) holds.

(iii) If (7, 7) = (71,b) is a boundary cluster at b, then one of the following
alternative holds:

(37) either w = 0 has n — 1 roots in (7,b) and w(b)w(b) >0
orw =0 hasn—1—1 roots in (11,b) and w(b)w(b) < 0, w(b) # 0.

9.1. The matrix PU¥(r;, 1, 7;)P~". Assume that for j =i and i+1, f7 = e[ Ine|,

where either p; oc1 or p; = O(e‘l/\/g). We find an asymptotic expansion for
PU(741,7;)P~" given by (29).
First of all, by ([34) and the definition of t and t* in (28],

=], | Fovamen e =[5+ orvema.

Q4

Note that for ti, we need = at Z(iy1)-1 T 0, so that the minus sign is chosen on
the right side of (B4 .

Next, at = z;41/2, i = 0 so that p = f = % Thus by ([32) where the integral
is O(e), and (B1)),
521'6?“/2[[ P ]]J_r = Gz(¢i+1/2a Ug,y Zi+1/2) - Gz(¢i+1/2a Ui+1, Zi+1/2) + O(E)
Ui41
= / fz(S,Zi+1/2)dS+O(€)
Usg
= H(ui+1/2)j(zi+1/2) +0(u7) + O(ui_,) + O(e)
= H(ﬂz‘+1/2)j(zi+1/2) + O(e|Ingl),
e3u? e3u2 |, f?
1;1/2 = 1;1/2 = pi|Ine| + O(e|Inel?),
w? ey /9% (2ig12 = 0)
312 32, f?
i+1/2 i+1/274 2
= - = pir1|Inel + O(g|lngl?),
w2 €4u?+1/2c2(zi+1/2+0) priv1|Inel (e|Inel”)

where we have used the fact that c(z;11/2) = 1+O0(7j — 2i41/2) (j =i ori+1) and
either |7; — 2;41/2| = O(e|In¢l) or f; = O(e=1/V?).
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Hence, it follows from (29) that

P\p(ml,n)P—lz—r{[ ! }[ui 0]+[ 0 }[ai 1]

Q; i
(38) ‘+1 | H1+1
+ H(ui+1/2)J(Zi+1/2) [041' 1] _’_O(\/m) ,
[Tnel it 1
where
_ w-wy[lng|
a Egﬂ?ﬂ/z .

4.2
Since w_w, = Efufill/? c(zig1/2 — 0)c(2i41/2 +0) <0, we have 7 > 0.

9.2. Boundary layers at a. Suppose that (7, 7) is an interval with a cluster of
boundary layers. Then ju; o<1 for i = 0,--- ,k — 1 and p, = O(e~/V?). Using
w(a) = 1,w(a) = 0 and [BY), we inductively derive that

W(ri) = (=1)'|w ()] L/i +1o(1)}

for =0, .- ,k, where v; is inductively calculated by

(3

V():O, Vi+1:ai+1+m+1(ai+ui)>0 Vi:(),'-',k—l.
yz

In particular, v, = oy, + O(e~V#). Therefore, we conclude that:
(i) (=1D)%w(r) > 0,(=1)4i(r;) >0 for all i =1,--- ,k,
(ii) w = 0 has exactly one root in each (7;,7511) for i =0,--- |k — 1, and
(iii) w = 0 has k roots in (a, 7] and (B6) holds.

9.3. Interior single layer. Next we consider the case when (7, 7%) with k =1+ 1
is an interval with an interior cluster of a single layer. Then py, g1 = O(e‘l/ﬁ).
Using B8) and w(m)w () > 0 (so that H(oqw; + ew;) = H(w; + w;)) we obtain

w(Tp1) = P\IJ(Tl_i_l,Tl)PilVNV(Tl)
_TH(uz+1|/i)i|(zz+1/2)(alwl +ei)(1+ o(1)) [alﬂ io(l)}
= (—1)S|w(n+1)| |:Oél+1 io(l)} H(wl —|—u')l),

where s = 0 if ul+1/2j(zl+1/2) <0and s =1if ’iLl+1/2j(Zl+1/2) > 0. Hence, (30)
holds, and w = 0 has no root in (7, 7y41] if ul+1/2j(zl+1/2) < 0, and w = 0 has
exactly one root in (77, 7341) if ul+1/2j(2l+1/2) > 0.

9.4. Interior multiple layers. Now we consider the case that (7;,7;) is an in-
terval with an interior cluster of multiple layers. Then k —1[ is odd and > 1,
Us1yad (zig1/2) > 0, = O(e YY), up = O(e™Y/V?), and p; o<1 for i =
l+1,--- k— 1. For simplicity, we assume that w(r;) > 0 and w(r;) > 0. Us-
ing (B]) and a mathematical induction we derive that, for i =1+ 1, -k,

(30) w(r) = () i) | .
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where, for m = 1,2, E=L=L
|j(zl+1/2)‘ 1
m—1 — 0 ;
Git2m—1 Hirom—1|Ineg| (|1H€|2)

(40)

. m
2|J (z141/2) 2 Al4+25—1 1
Al42m = — pi § O( E )7
Hit2m|Ine| Inel3
= Mig2s-1 |Inel

while aj, = ar T O (“ns‘)
In the ﬁrst step we verify (39) for i = [ + 1. For convenience, let d; 10 =
H(ﬂz‘+1/2)j(zz‘+1/2)~ Because p; = 0(671/\/5)7 [B8) gives

d .
o { W41 } , ( |Lﬂ115/f +0 (\/8|1n5\>) (qw; + ey)
I+1 = . =—
FW1 (Nl+1 + d‘lﬂl—15/|2041+1 +0 (VE |1n€|)) (oqwy + euy)
and so
diy1/2
(41) W41 _ [Ine] JFO(\/W)

EWyy1

pra + i i + 0 ((VeTme)
d d 1
_ 1+1/2 1— 1+1/2 Q41 +0 . 7
pig1|Inel Inel py41 [In €|
which together with d; 1/, = |j(zl+1/2)\ in particular proves (B39)) for ¢ = + 1.
For the general induction step we must include the terms involving both p; and

fi+1 in the computation. We make the induction hypothesis that (39) holds for
w(7;) so that w; = a;ew; # 0. From (B8]) we obtain

Wi41

Wit

d.
<IM I Tl‘;ls/f a; + O (\/a \lne\)) a; + Tl-%l—qls/‘z +0 (1/5 |1ns|)
y .
(ai+1#i + pip1ai + \1_215/\ ajoip1 + O (\/5 \1115\)) i + (#H—l + i 5/\ aiy1+0 (vE |1n5|))

But from the induction hypothesis, a; = O (W) ifi—lisodd and a; = O <ﬁ>

Wit1

if ¢ — [ is even. This allows us to simplify the ratio e

the step when ¢ = + 1. In this case we obtain

dizsse | diysy
Wi | HH10 T TR T a1 + O (/e Ine]

€42 Hiy2 + O (\lne\)

. For example, consider

Substituting from (I gives cancellation of the terms in the numerator of order

“M‘ and leads to the desired expression for ay. We omit the remaining steps of thls

induction. We remark that in order to get a;i2,,, we need the term of order Hn—6|2
in ajom—1 though, for simplicity, we do not give it explicitly in ([@0).

Now using s = O(e~/v#) and the oddness of k —1, and B8] for the last layer
in the cluster, we get ([B9) for i = k with aj, = 5~ + O( | 1ng\) which implies (30]).

We now show that w = 0 has exactly k — [ roots in (1, 7).
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First, we see from the expression of a; and w(7;) that w(7;) < 0 and (—1)* ()
>0foralli=1,---, k. Consequently, there is exactly one root of w = 0 in (7, 7741)
and the number of roots of w =0 in (7;,7;41) iseven for alli =14+ 1,--- [k — 1.

When i —1 € [1,k —1] is odd, we have w(7;)w(r;) > 0, so that w = 0 has at most
one root in [1;, 7;+1], and consequently, there are no roots in [y, 7;11].

When i — [ € [2,k — 1 — 1] is even, we can use

. w(r;) EW
wW(zig1/2) = 0(r)w (2412 — )1+ 275 =1

b)
I:Zi+1/2—0}

along with the fact that 0 > 2 — ¢, = O(+-Lpy), 22

ew(T;) [Inel? w

= O(1), and
T=2;11/2—0
w(ziq172 —0) > 0 to conclude w(z;41/2) > 0 so that w = 0 has exactly one root in
(74, 2i41/2). Hence, w = 0 has two roots in (7, Tj11).
In conclusion, w = 0 has k — I roots in (7, 7], and (B0]) holds.

9.5. Boundary layers at b. Finally we consider the case when (7, 7,) is an in-
terval with a boundary cluster of layers. Then p; = O(e~*/V%) and p; 1 for
i =101+1,---,n. Following the same calculation as for multiple interior layers, we
have B9)) (if w(m) > 0 and w(n) > 0) forall i =1+1,--- , k with a; given by (@0)).
Hence, we have the following conclusion:

(1) Suppose that n — [ is odd. Then w = 0 has exactly n — [ roots in (7, ) and
w(b)w(b) > 0.

(2) Suppose that n — [ is even. Then w = 0 has exactly n —{ — 1 roots in (7, b)
and w(b)w(b) < 0.

10. THE MORSE INDEX FOR SPIKES

In this section, we prove the following;:

Theorem 7. Let (1;,7) be an interval with a cluster of spikes. Let w be the
solution to 28), and assume that w(m)w(r) > 0. Then w(7g)w (k) > 0 with the
only possible exception k = n. Also the following hold:

(i) If (11, 7%) is a boundary cluster at a, an interior cluster of multiple spikes, or
an interior cluster of single spike with J(141)S(m11) > 0, then w = 0 has k — |
roots in (1, 7;) and [BQ) holds.

(ii) If (7, 7x) with k =1+ 2 is an interior cluster of a single spike with

J(1131)S(m41) <0,

then w = 0 has exactly one root in (11, Ti4+2], and [B6) holds.
(iil) If (71, 7%) = (71,b) is a boundary cluster at b, then &0) holds.

Clearly, Theorem [l follows from Lemma [Z.I] and Theorems @] and [7l
To prove Theorem [7, we need some preparation.

10.1. The calculation of a;;. In subsequent sections we will compute the expres-
sion PW(7;41,7,—1)P~!. From this, we need to estimate a;; (i,j = 1,2). Especially,
for interior spikes (77, 7 ), we find that the sign of w at 7,49, is determined by a1,
which will be shown to relate to S. The following lemmas provide this information.
Their proofs, however, will be given in the Appendix.
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Lemma 10.1. IfJ( )7&0 then

yo [ Eelen R @_/f@@m—@wmv
o \/m oo (2F (s, w))3/2 s (2F(s,1))*

F2(¢*

)ds

2 / ) = 100
V2F( ¢, 2F (s,7))3/2 ’
where the argument for d)o, ¢* and ¢ is x.

Lemma 10.2. Assume that f; oc 1, F; = O(e2|In¢l), and f2., = O(e?|1n¢g|). Then

(52a?+1/252ﬂ121/2
f?
Lemma 10.3. Assume that f; o<1 and f2., = O(e). Then a;; = O(1).

) ay = 2H(J(1:))8(r;) + O(e| Ine)).

10.2. First approximation for PU (7,1, 7;,_1)P~!. For spikes, we can use the
following approximation for fundamental solution matrices. In this lemma and
subsequently, r denotes a positive number, not necessarily the same at each occur-
rence.

Lemma 10.4. Assume that f? o<1 and f?,, = O(e). Then for some positive r
(42) PY(ry,7i )PP = —r { m (i1 1]+ O(\@)} ,

Lo a+owal.

(43) P\I/(TiJrl,Ti)P_l = T { |:
Q41

If in addition we have ff‘%al = O(1), then
i—1 i+1

(44) P\I/(TM,Til)Pl:r{[ 1 ][1 o}uﬂlm (i1 1]+O(ﬁ)},

Qit1

where () = (1,452 if 25 = 0(1) and (n, ) = (42, 1) if 2= = 0(1).

Proof. We use 29) and @B0). The estimates for tf;, and t;_ are the same as
for layers, since fil = O(e). For P\I/(Ti_H,Ti)P’l, we see from (BI) that 5 =

2
O(%) = O(1) and 5 o f— o 2. Hence, the term involving —5 is the dominant

term, and we have (IZEI) The assertlon ([@2)) is similarly derived.
The assertion ([@4) follows from (B0) by estimating the coefficients a;;. For ex-
ample, for ajo since all the jumps [ p ], [~ ] are O(1), and

€219 € €%Uiy1)2
wr. = ——¢(zi_1/2 — 0) x , wr = ——=c(z;_1/2+0
s LS ERUL AR AACCRULS
we have
2 2 2 2 2 e
a12:2€72<1+0( Rf))Z s (1+O(s))o<@o<fgl.
w? w? € w? W € €

Hence, if 7;,_1 # 7, use the estimates for F;_; in Section [ and the relation fi271 x
F;_4, to yield that either f2 | o ¢ or f2 ; oc €2 |lne|. We then have ajp > C'|lne|.
A similar estimate holds for ag; if 7,41 # 7¢. Since by Lemma[l03l a1, = O(1), we
see that a1o and ag; are the dominant terms, which leads to (@4). O
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10.3. Boundary spikes at a. We first consider the case when (79, 7 ) is an interval
with a boundary, at a, cluster of spikes. We consider two cases: (i) k is odd, (ii) k
is even.

Suppose that k is even. Then 75,41 for m = 0,--- ,k/2 — 1 are peaks of the

2
spikes. Also, fomss O(1) form =0,---,k/2—1. Hence, using w(a) = 1, w(a) =0

fom

and ([@4]) we obtain

1

) :0717"'7k 27
V2m+0(1):| " /

(1) = )] |

where vy, are iteratively defined by

2
f27n,+2
2

v =0, Vopt2 = Qamya+ (aom + vom).

2m

In particular, since fr = O(e~/V®), we have v}, = ay + o(1). Thus, w(T2m) > 0
for each m = 1,--- ,k/2. This implies that w = 0 has exactly two roots in each
(Tom, Tom+2)- Hence, w = 0 has k roots in (a, 7), and (36]) holds.

Next suppose that k is odd. Then 79 = a is a peak. Using w(a) = 1, w(a) =0
and ([@3) we see that w(r) = —|w(m)| [alfo(l)}. This implies that w = 0 has
exactly one root in (a,71). From 71 to 7%, we follow the same argument as before
to conclude that w = 0 has exactly k roots in (a, 7%), and ([BG]) holds.

10.4. Boundary spikes at b. Next we consider the case when (7;, 7,,) is an interval
with a boundary, at b, cluster of spikes. We have, by assumption, that w(m)w(n) >
0. We want to show that (37) holds. By working with —w if necessary, we can
assume that w(7;) > 0 and w(n) > 0.

First we show that (—1)""i(7;) > 0 for all @ = [ + 1,--- ,n. We note that
fi = O(e=*/v%) and fffﬂ = O(1) for all m = 0,---,[2==2]. Hence, using

i+2m+2
@2) and (@), we inductively derive that w(r;) = (—1)""Yew(r;)] [0(11)} for all
i=1+1,--- k. Therefore, (—1)""hi((r;) >0 for all i =1+ 1,--- ,n. In particular,
w(b) # 0.
To find the number of zeros of w in (7;,b), we will compare the roots of w = 0
with the roots of w = 0, where w solves

2 = fuw in (a,b), w(b)=1, w(b)=0.

By reversing the = axes and using the argument for boundary spikes at a in the
previous subsection, we see that @w = 0 has exactly n — [ roots in (7, b). Hence, by
the Liouville theorem, the number of roots of w = 0 in (7,b) is at least n — 1 — 1
and at most n — [+ 1.

Now suppose that w(b)uw(b) > 0. Then (—1)""lw(b) > 0. It then follows that
the number of roots in (77,b) is (n —)mod(2). Thus, the number of roots is exactly
n—1.

Next we consider the case w(b)w(b) < 0. Then, by the Liouville theorem, one
derives that the right-most root to w = 0 in (7;,b] is on the right-hand side of
the right-most root of w = 0 in (7;,b). Hence, the number of roots of w = 0 in
(71,b) is at most n — [. Noting that either (—1)""'"lw(b) > 0 or w(h) = 0 and
(—=1)"hir(b) < 0, we conclude from the sign change of w that the number of roots
of w=0in (r1,b) is (n — I — 1)mod(2). Hence, the number of roots of w = 0 in
(11,b) is n — I — 1. This completes the proof of [B1).
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10.5. Interior spikes. Finally, we consider interior spikes. Hence, assume that
(71, 7%) is an interval with an interior cluster of spikes. Then k — [ is even, fi 1o, =
O(e?|lnel) form=0,---,(k—1)/2 and fiyoms1 x 1 for m=0,---,(k—1)/2 — 1.
Without loss of generality, we assume that w(7;) > 0 and w(m;) > 0.
First suppose that we have a single spike. Then both f; and f;;o are of size
O(e~1/V#), so that ﬁ, w%ﬂ = O(e~'/V#). Tt then follows that, for some 7 > 0,

1

-1
P\I/(Tl+2,Tl)P =T {all |:Oél+2 + O(E)

] [ +0(e) 1]+ O(ec/\/g)} .
Since a1 o< H(J(z*))S(z*), we then conclude that, for k = [ + 2,

() = 0l |, L
where s = 1 if J(2*)S(2*) < 0 and s = 2 if J(2*)S(z*) > 0. It follows that (3G)
holds. In the latter case, we conclude that w = 0 has two roots in (77, 7j42). In
the former case we know that there are either 1 or 3 roots, and we must show that
there is only one.

For this purpose, we first calculate, from (@2I),

@) ) = Pumanp e =-r{ |0l rowa | u]

(1):| H(wl =+ ﬂ}l),

(0% EWq

(46)

—H (w; + ey)|ew;11] [O(f)]

and so )

EWi41

UL o(2).

Wi41
Then, a technique similar to one used in Section 9.4 shows that wjw;41/2 > 0 and
wyy3/2wi42 > 0. It thus follows that w = 0 has exactly one root in (2, z12).

Next we consider the case k — 1 > 2. Then we must have J(2*)S(z*) > 0 s

: : 2 (2 —
that a;; > 0 and is of order 1. Since f7,,,, = O(e*|In¢|), we see that ﬁ, ﬁ =

O(e|Ingl). Also, ——, —— 1. Therefore, all the entries in the 2 x 2 matrix
L+ R—
P (714 9m, Ti42m—2)P 1 are positive. This implies that w(72,,) > 0 and 1i(72,,) > 0

for all m = 1,--- ,k/2, and w = 0 has two roots in (7a;,—2,72m). Consequently,
w = 0 has k — [ roots in (7, 7).

Note in particular that for the last matrix PW(7, Tk,g)Pfl, the quantities as;
and ago are exponentially small so that

P\If(Tk_Q, Tk-)P_l = T{tﬁ X (ant + a12e1) + O(E_C/ﬁ)}
It then follows that (B0 holds. This completes the proof. O

11. AN EXTENSION

In this section, we extend our theory to

47) f(u,2) = A(u, 2)[u — ¢—(2)] [u— ¢(2)] [u — d1(x)], A>0,6_ <¢ <oy
By a calculus of variation, for all small positive ¢ > 0, (Il admits a unique
minimal solution u_(z,¢) and a unique maximal solution u, (z, ) which satisfy

(48) us — dxllco +ellux — dxllcr +€%|lus 2 = O(E?).
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Introduce the change of variables (u,z) — (6,y) by

* dz
¥ =) "/a RS B o) A A

Then problem () for u(x) is equivalent to the new problem, for 6(y),
(49) e20"(y) = f-(0,y) in (0,b.), 6'(0)=20(b.)=0,
where / d , be = y<(b), and

£o(0,) = (s —u P {F(Buy + (1 — O)u_,z) — (1— 6) f(u_,z) — Of (uy, )},
Since ut = ¢4 +O0(e?), f(u*, x) = O(e?). Tt then follows that for all small positive
g, fe(-,y) = 0 has exactly three roots: 0, ¢., 1, where lim.\ o ¢ = S—¢-

—¢-
For f., denote the corresponding functions defined in Section 1 by J¢, F and S;.
For f, we define

¢+ () x) i x
sy = [ psws, = { 010 R =0

¢ (x)
(50)  Fl(u,z) = /4) ( )f(s,:m ds,  ¢"(2) € [p_.64]\ {o0} - F(¢",2) =0,
6" (@) sz
S(x) = dx/(ﬁ( V2F(s,z)dx = , \;—‘%ds it J(x)#0.

Using [@8)), one can directly verify, as ¢ \, 0, the following limits in the C*
topology:
f(0,y) — (o4 —¢-)f(0+ + (1 - 0)p_.x),
Je(y) — Joly) = (¢+ — ¢-)*J (@),
Se(y) — Soly) = (¢4 — ¢-)*S(x) when J(z) # 0,

where = and y are related by

/z dz

y= -

o (04(2) —90-(2))?

Note that Jo(y) =0 < J(z) =0 and Sy(y) = 0 < S(z) = 0. In addition,

P4 J2>08 2 +J2>0 = 3e,n>0 3 J2+J2>nVeec(0,e),

S2 48250 82+852>0 = 3Jeg,n>0 3 S24+82>nVee(0,g).
These properties ensure that our results in the previous sections apply to (@9).
Since Z;. and Zg,_ are in an O(e) neighborhood of Z;, and Zg, respectively, we
see that the conclusion for solutions to (@9) can be stated with Z;_ and Zg_ being

substituted by Z;, and Zg,. Transferring back to the z variable, we obtain the

corresponding results; in particular, layers exist only near Z; and spikes only near
Zg with J and S defined by (&0).
Finally, we provide an example where

flu,z) = u® = Xu+p(a).
It is easy to see that f can be put into the form (@) provided that

3> 3(Lpllee) ™
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In such a case, one can calculate, by (&0), that

J(x) ocp(x),  S(z)ocp(z) (when p(z) #0).

Thus, layers exist near the zeros of p, interior multiple spikes exist near non-
degenerate negative maxima or positive minima of p, and there exist only interior
single spikes near non-degenerate positive maxima and negative minima of p.

When p(z) = cosz, these results suggest what was, in fact, proved in [AH],
namely that solutions exist with layers near odd multiples of 5 and single spikes
at multiples of w. There do not exist interior multiple spikes. The methods of this
paper also serve to determine the Morse index of these solutions.

APPENDIX

Proof of Lemma [0l Since F(s,xz) vanishes quadratically around s = ¢ and lin-
early around s = ¢*, all the integrals involved are convergent. Also, differentiating
F(¢*,x) =0 gives us F.(¢*, x) + ¢% f(¢*,2) = 0. For any fixed constant a between
¢p and ¢*, we can write

a ¢"
S’(m):/ \/ZLFS F\;_l¢xd + ¢3\/2F (a, x).

A direct differentiation then gives

R © R? O (Fy + f5)F
= T ds — T s — AL Ykl |
5@ = [ e [ ammten [ S

4)* * * *
N A Sl R . Ty s

Note that
f¢zz+fr¢x _ / )7Fx(¢*7x)
/ V2F BV - A G G 2F (a,x)
" OL(Fy — Fu(o*,2))f
/ (2F)2 ds.

Thus,

d 7 Fu B A SE(0N0)0r i Fa(d, 1)
%S( T = /0 \/ﬁ 3/2 / (2F)3/2 dst 2F(a,z)

Here each unstated argument of Fy Fy, or fis (s,z). The lemma thus follows by
replacing ¢% = —F,(¢*, x)/f(¢*,x) and setting a = ¢. O

Proof of Lemma [10.2. Without loss of generality, we assume that 7; is a local max-
imum, so that f; <0, J(TZ) < 0, 1:Li+1/2 < 0 and di,1/2 > 0.
First, we calculate [ p [R* = [ p ]];jigirg From (B1), we see that p = £ at ;11 .

Using G(u,v,t) = F(u,t) — F(v,t), we have —G,(u, u;, z) + f:f Garo(u,ug, t)dt =
—Fp(u,x) + Fp(u;, i) + ff F,.dt and —G(u,ui11,x) + f;rl Gaz(u,uiq,t)dt =
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—Fp(u,x) + Fy (i1, Tig1) + f:;rl F,.dt. Hence, from (32)), we have
. 141240
€2u§+1/2[[ P sziig 0= Fy (uiJrla Ti+1) uzv Tz / Fwa; )d
Ti+1

- /zi+1/2 G? 2 (u, Uit1,b) t dt —/ 76;2(“ i, )dt—l-O( )
T i+1/2

2,2 24,2
- €% £

Note that Fy(uit1,Ti41) =O(f21) =0(e?|Inel). Also, denoting F} = F,(¢*(7;), T, )
then F,(u;,7;) = FY + O(e?|Ing|) since F vanishes linearly at ¢* and F;, =
O(£?|In¢e|) implies that ¢*(1;) — ui = O(g?|Inel). Thus, using a technique sim-
ilar to that used in the proof of Lemma 4] we then obtain

i
2,-2 Ziy1/2+0 * Fre
€ “i+1/2[[ﬂ]]zii/z—o =—F; _5/0 (\/ﬁ (QF)e,/z)dS

&7
Fy F

Here and below each unstated argument of F, F, Fy, or f is (s, ;).
Note that we integrate ¢ in (B2) and use a technique similar to that used in

showing () to get

F, — F*
C(Zi+1/2—0):1+501, 01:—‘/(% st—i—O( |1nE|)

; 2 _ 2.2 e 2 ;
Then using wy_ =¢ Uit1y277 © (Zi41/2 — 0) we obtain

f'2w12i’,7 R . i
== Ipln = (14 2ect +°6) 2,1 o[ p ]liiijii%

% F F? O By (B, — FE)?
z 8/O (w/QF (2 F)3/2) 5 E/@- (\/QF (2F)3/2 ) 5

F — FZ
+25F;/ =2 dr + O(?| Inel)
[

(2F)3/2
= —F} +eH(t11/2) {/m ( Faa _ L)d +/¢i ( Foa o — F*z)d }
b0 “V2F  (2F)3? . \WeF  (2F)%)2
+ O(?|In¢g]).
Similarly, we can calculate w? , [ p ]]ijr =—wi [p ]]éf and obtain the same expres-

sion. As H(t;41/2) = —H(;-1/2) = H(fi), we then obtain
I R
A N P
% , B F2 % F2 F*Q

— 2:H(; Y +/ =2 ds
) (f){/% (wF <F>3/2) A (m (2F)? /2)
+O(e% Inel).

Note that

wilplzt= fz{F*+0( o)}, wh-lrlrl= f2{ Fy +0(e)}-
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Also, by Lemma B2, we have

g
{\/ ¢177_z 2F (2F)3/2

[v]17; =2fH s}+0(5|1n5|).

It then follows that

L R R
W%+W12%—a11:EW%-F[[PHLJ_FJF‘?W?%—HP]] +WL+[[P]] [['Y]]L_;_WR [olg- ’

4 ) [ 2 o 2 %2
i = /% <5%<25§3/2>d8+/@ (Voe~arpya )

F*Q f f*
2€4H(fi) :
— T{S(n)—l—O(aHnaD}.
Finally, using
88{‘? 1 21.%271 2
Wik = — 21+ 0(e))

we then obtain the assertion of the lemma.

Proof of Lemma [[0L3l The proof follows the same lines as in the proof of the pre-
vious lemma, with the simplification that all the integrals for the coefficient of &
be replaced by O(1). In particular, F,(uiz1, Tix1) = O(f2;) = O(e). We omit the
details. O
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