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MAXIMAL FAMILIES OF GORENSTEIN ALGEBRAS

JAN O. KLEPPE

ABSTRACT. The purpose of this paper is to study maximal irreducible fam-
ilies of Gorenstein quotients of a polynomial ring R. Let GradAlgf (R) be
the scheme parametrizing graded quotients of R with Hilbert function H.
We prove there is a close relationship between the irreducible components
of GradAlgH (R), whose general member is a Gorenstein codimension (c + 1)
quotient, and the irreducible components of GradAlgH/(R), whose general
member B is a codimension ¢ Cohen-Macaulay algebra of Hilbert function
H' related to H. If the Castelnuovo-Mumford regularity of the Gorenstein
quotient is large compared to the Castelnuovo-Mumford regularity of B, this
relationship actually determines a well-defined injective mapping from such
“Cohen-Macaulay” components of GradAlgH, (R) to “Gorenstein” components
of GlraudAlgH(R)7 in which generically smooth components correspond. More-
over the dimension of the “Gorenstein” components is computed in terms of
the dimension of the corresponding “Cohen-Macaulay” component and a sum
of two invariants of B. Using linkage by a complete intersection we show how
to compute these invariants. Linkage also turns out to be quite effective in
verifying the assumptions which appear in a generalization of the main theo-
rem.

1. INTRODUCTION

The main goal of this paper is to contribute to the classification of graded Goren-
stein quotients of a polynomial ring R of dimension n-+c over an algebraically closed
field k. Let GradAlgH(R) be the scheme parametrizing graded quotients A of R
of depth A > min(1, dim A) and with Hilbert function H. We let CMf(R) (resp.
Gor(R)) be the open subscheme parametrizing Cohen-Macaulay (resp. Goren-
stein) quotients of codimension ¢ in R. In the Artinian case Gor(R) and the
scheme PGor(H) defined by certain catalecticant minors ([2I]) are essentially the
same (see Theorem [IT)). We call an irreducible component of GradAlg™ (R) which
has non-empty intersection with CM?(R) (resp. Gor”(R)) a “Cohen-Macaulay
(resp. “Gorenstein) codimension ¢” component. The main theorem of this paper
establishes a strong connection between “Gorenstein codimension (¢ + 1)” com-
ponents of GradAlg” (R) and “Cohen-Macaulay codimension ¢’ components of
GradAlg” /(R) for some H’. Indeed the connection between these components
allows us to deduce the generic smoothness and the dimension of the “Gorenstein
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3134 JAN O. KLEPPE

codimension (¢ 4 1)” component from the corresponding property and the num-
ber for the “Cohen-Macaulay codimension ¢’ component, and vica versa. If the
socle degree of an Artinian reduction of the Gorenstein quotient is large enough
(about twice the Castelnuovo-Mumford regularity, reg(B), of B), we then prove
that this connection actually determines a well-defined injective mapping between
the set of “Cohen-Macaulay codimension ¢ components of GradAlg"” / (R) and the
set of “Gorenstein codimension (¢+1)” components of GradAlg" (R) whose general
members satisfy the Weak Lefschetz property (Theorem [24)).

We all know the nice description of CM? (R) given by the Hilbert-Burch theo-
rem, and of Gor (R) proved by Buchsbaum and Eisenbud, in terms of the maximal
minors (resp. the Pfaffians) of a suitable matrix. In this case the schemes CML (R)
and Gor? (R) are smooth and irreducible. There is, in our opinion, little hope of
finding such a single nice description of Gorf (R) in codimension 4, because this
scheme has several irreducible components ([3] and [22]). We think a more promis-
ing strategy should consist of classifying the irreducible components of Gorf (R)
together with describing the members of each family concretely. In this context the
main theorems show that the corresponding classification of CMgI ' (R) is central for
the classification of Gor¥ (R), and they provide a method for answering Iarrobino
and Srinivasan’s question (|22]) about whether the non-irreducibility of Gory (R)
is a rare phenomenon or not. In fact we give several classes of examples of re-
ducible schemes GorZ (R) whose general members are one-dimensional Gorenstein
quotients of R (Example 26] and Remark [27]).

More precisely, let the graded algebra A be a codimension one quotient of B,
well defined by a twist of the canonical module Kp, by which we mean that there
is a graded exact sequence

(1) 0— Kp(—s) > B—A—0,
where B is assumed generically Gorenstein (see the beginning Qf Section 2). Let
K% be the B-dual of the canonical module of B = R/Ig, let ,Ext(—, —), i > 0, be

the graded piece of Ext’z(—, —) of degree v and let yext’;(—, —) be its dimension
as a k-vectorspace. Then we show (cf. Theorem [I6)

Theorem 1. Let B = R/Ig be a graded Cohen-Macaulay quotient of a polynomial
ring R, and let A be a graded codimension one quotient of B, well defined by a twist
of the canonical module K.

A) If B is licci, then A is unobstructed as a graded R-algebra, A is Gorenstein
and

dim 4 GradAlg™4(R) = dimp) GradAlg™? (R) + dim(K}), — 1 —0(B)_s,

where
§(B)_s = _shomp(Ip/I3, Kp)— _sexth(Ip/I%, Kp).

Moreover, if char(k) = 0, then the codimension of the Hg-stratum of A at (B — A)
8 _s ext}g(IB/I%,KB).

B) If Proj(B) is locally licci and s >> 0, then A is Hp-generic and Gorenstein,
and

dim(4) GradAlg”4(R) = dimp) GradAlg””(R) + dim(K})s — 1.

Moreover, A is unobstructed as a graded R-algebra if and only if B is unobstructed
as a graded R-algebra.
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If we assume Kp(—s), = 0 for v less than or equal to the largest degree of a
minimal generator of Ip, then the codimension of the Hpg-stratum of A at (B —
A), mentioned in Theorem [[A), is just the codimension at (A) of the stratum
of GradAlg”4(R) of quotients R — A’ for which there exists some factorization
B’ — A’ such that B’ has Hilbert function Hp. Near (A) this stratum turns out
to be the stratum of quotients A’ given by (Il), with A’, B’ replacing A, B in ()
(Lemmal[fland Proposition[I3IA). A is Hp-generic if there is an open subset U > (A)
of GradAlg”4(R) contained in this stratum.

Note that if B = R/I and R/J are geometrically linked by a complete intersec-
tion, then A = R/(I + J) is given by (). In this case the unobstructedness of A is
known if B is licei ([39]). Tt is standard to use sums of geometrically linked ideals to
construct Gorenstein algebras (e.g. []], [9], [10], [I5]). By the corresponding more
general construction of using geometric Gorenstein linkage, we also get Gorenstein
algebras (e.g. [34]; see also [35], Ex. 10.2). Since both constructions are given by
@ (e.g. [34], [30], p. 785), Theorem [ applies in both cases.

In Theorem[TIA), A is in fact shown to be unobstructed in the sense H*(R, A, A) =
0, a formula which also holds when A is non-graded (Theorem B0)). Moreover we
prove a more general result that implies Theorem [ (Proposition [[3]). To use Propo-
sition [[3] we need to verify the vanishing of certain Ext-groups. These vanishings
always hold in the licci case. We also prove that the scheme ZGor(H) consisting of
not necessarily graded Artinian Gorenstein quotients of R is smooth at a graded
quotient (A) given by (dl) provided B is licci, and we give a formula for its dimen-
sion (Proposition 29)). In the final Section 3 we show how we can use linkage to
compute the mentioned Ext-groups as well as to find the other dimension invariants
of Theorem [I] (Proposition B3 and Corollary BT see Example 2] below).

In Theorem [IB), we may make “s >> 0”7 quite explicit. For instance if Proj(B)
is a zero-dimensional scheme of length d, it may be replaced by “s > 2reg(Ip)”
(Remark 22 cf. (@)). In this case dim(K})s = d and the h-vector of A contains
a consecutive subsequence of the form (d,d,d). It is precisely in such ranges of s
that Theorem 24l applies, telling that there is a well-defined injective application w
from the set of irreducible components of GradAlg”® (R), whose general members
satisfy the assumptions of Theorem [IB), to the set of irreducible “Gorenstein com-
ponents” of GradAlgHA (R), whose general members satisfy the Weak Lefschetz
property. This implies in particular that the h-vector of A is an SI-sequence ([15]).
In this range of s one knows that any codimension one Gorenstein quotient is given
by @) ([]). Theorem 24]is a consequence of a thoroughly studied correspondence
(Proposition 23)). If the codimension of B is ¢ = 2, then Theorem [IB), the applica-
tion 7 and the mentioned correspondence are well understood by Iarrobino-Kanev’s
results on “annihilating schemes”, in which they construct the algebra B from a
given A ([2I], Ch. 5). Their approach applies also to ¢ > 3 and leads e.g. to re-
ducible Gorﬁil(R) for ¢ > 4 ([2I], Ch. 6) and to a dimension formula of Gor | (R),
provided the “first half” of H coincides with the Hilbert function of a complete
intersection ([2I], Thm. 4.17). The application 7 is surjective for ¢ = 2, while
Boij points out that such a surjectivity is not always true in higher codimensions
(B]). Also, results on the codimension of the Betti-strata can be related to the
codimension statement in Theorem [TIA) (see [21], Sect. 5.3.5 and Remark 28b)).
Note that it is known that not every codimension 3 quotient is obtained by () ([36],
[10]), i.e. that maximal families of quotients given by (Il) may correspond to proper
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strata. This fits nicely with Theorem[IJA) in which the number _gexth (I5/I%, Kp))
essentially measures the codimension of such strata.

In order to prove our results we study in full generality deformations of a quo-
tient A of R which themselves are quotients of some deformation of B. First we
recall and further develop some partially known results on the unobstructedness
and the “family-dimension” of such a quotient A of R with fixed Hilbert function
H, (Theorem [). Here we neither assume B to be Cohen-Macaulay nor A to be
Gorenstein. In this generality the deformation theory developed by Laudal is cen-
tral ([31]). Theorem [lis important for the main application of this paper because
it simultaneously treats the two cases of interest: when the general member of
an irreducible family R — A factors via some deformation of B — A (i.e. A is
Hp-generic), and when it does not.

To illustrate some of our results we consider the following example. Here the
Hilbert function, Hg(v) := dimy B, of B is written as a vector (Hg(0), Hg(1),
Hp(2),...). It A is Artinian, we call (H4(0), Ha(1), ..., Ha(s)) the h-vector of A,
where s, the socle degree of A, is by definition the smallest number such that
Hy(v) =0 for v > s.

Example 2. Let B = R/Ip be a one-dimensional almost complete intersection
obtained by linking a complete intersection (c.i.) B’ of three hypersurfaces of
degree 2,2,2 to B via a c.i. D of three hypersurfaces of degree 3,3,3. A standard
mapping cone construction yields

0 — R(=7)® = R(—6)®> ® R(-5)® — R(-3)* — I — 0.

Hence the Castelnuovo-Mumford regularity reg(Ip) = 5, and it is easy to see
that (1,4,10,16,19,19,19,...) and (1,4,7,8,8,8,...) are the Hilbert functions of
B and B’, respectively. Now B is obviously licci, and Theorem [I] applies to any
quotient A given by (). Using () and duality one shows Hu(v) = Hp(v) +
Hp(s —v) —19. It follows that s is the socle degree of A and that the h-vector of
A'is the (s + 1)-tuple (1,4,7,7,4,1), (1,4,10,13,10,4,1), (1,4, 10, 16,16, 10,4, 1),
(1,4,10,16,19,16,10,4,1) and (1,4, 10,16, 19...,19, 16, 10,4, 1) for s = 5,6,7,8, and
> 9, respectively. It is known ([27], Proposition 1.7 or Proposition 33 of this paper)
how to compute dim(Np ), the dimension of the tangent space of GradAlg”? (R)
at (B), from dim(Np/)o. Indeed
dln’l(NB)o = dim(NB/)o + 3HB(3) - 3HB/(3)

Since Np/ ~ B'(2)%3 we get dim(Np)o = 45. Moreover, due to Remark 22 we have
0(B)_s = 0 for s > 2reg(Ig) = 10 and dim(Kj)s = 19 for s > 2reg(Ip) — 3 =
7. Hence, for s > 10 we get that A is unobstructed and Hpg-generic and that
dimy) GradAlg4(R) = dim 4y PGor(H,4) = 63. Note that the conclusions so
far only use Theorem [IB) because we may replace the assumption s >> 0 of
Theorem [IB) by s > 2reg(Ip).

However, to deal with s < 10 we need Theorem [IA) and that B is licci (or that
the explicitly mentioned Ext-groups of Proposition [[3lA) vanish). We also have to
compute the numbers dim(K7})s and 6(B)_s. To do so, we have a nice connection
between these invariants using liaison. Indeed by Proposition [33]

dlm(KE)v = diva_5 —|— 3dim([B/D)U_2 — 5(B/)v—10

and symmetrically, 6(B),—10 = dim B;,_5 +3dim(Ip//p),—2 — dim(KFp, ), for any
v. Since B’ is a c.i., we easily compute §(B’), and (K3 ),. Indeed Kp ~ B'(2)
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and 6(B'), = ,homp (I /1%, Kp/) ~ dim(Kp)23,. We get that dim(K}), =
Hp(v —5)+ 3Hp (v —5) — 3Hp/ (v — 6), i.e. dim(Kj)s = 4,13,19,19, ... for
s = 5,6,7,8,..., respectively. Correspondingly, §(B)_s = 20,2,—4,—1,0,0,... for
$=5,6,7,8,9,10, ..., respectively. Hence

dim4) PGor(H.4) = dim ) GradAlg' (R) = 28,55, 67,64, 63,63, ...,

for s = 5,6,7,8,9,10, ..., respectively. If s > 7 we see from the resolution of Ig
that _shomp(Ip/I%, Kp) =0, and hence that _gexth(Ip/I%,Kg) = —6(B)_s =
4,1,0 for s = 7,8,9, respectively. By Theorem [TIA) the numbers 4,1,0 represent
the codimensions of the strata of quotients R — A’, Har = Hga, given by (). It
follows that these strata form a 63-dimensional irreducible family at (A) for all
s > 7, while the dimension of the corresponding irreducible component is 63 +
_sexts(Ip/I%, Kp). That the conclusion of Theorem [IA) holds for s = 7,8, shows
the existence of a quotient A with Hilbert function H,4 which is not given by (]
for some B with Hilbert function Hp! For a complete analysis on any codimension
3 almost c.i. B, see Example

In this work the author was inspired by joint work with Chris Peterson, where
we constructed Gorenstein quotients of R in various ways. We showed for instance
that if M is a maximal Cohen-Macaulay B-module of rank r and \" M ~ Kp(s)
as sheaves (in a large enough open set U of Proj(B)), then any regular section
of M* (s) defines a Gorenstein quotient R — A of codimension r + ¢ provided
HY(U, N\ M ) for 2 <4 < r/2 are maximally Cohen-Macaulay (cf. [30] for details).
The idea of this paper is to look at the construction and to use deformation theory
to vary every object and morphism in the construction as much as possible, in
order to see how large the corresponding stratum in GradAlgH (R) will be. This
paper looks at the r = 1 case because so far it is only when r = 1 that the author
is able to show his results also for Artinian Gorenstein rings. In a forthcoming
paper the author generalizes the results of this paper considerably by considering
deformations of regular sections of a maximal Cohen-Macaulay module M of any
rank, but, unfortunately, there we must partially restrict to positively dimensional
Gorenstein algebras. We thank Olav A. Laudal, Roy Skjelnes and Johannes Kleppe
for clarifying discussions. The author heartily thanks the referee for many valuable
comments and questions.

For the convenience of the reader we include a section of preliminaries where
we give some space to the theory of deformations. Indeed it is not always easy to
find a nice reference for the results we use because treatments in the literature are
often either too general and concern general cohomology groups of algebras, or too
special, assuming certain groups are zero or very manageable.

1.1. Preliminaries. Let B be an n-dimensional graded quotient of a polynomial
k-algebra R (k is algebraically closed) in n + ¢ variables (of degree 1), and let M
and N be finitely generated graded B-modules. Let depth; M denote the length
of a maximal M-sequence in a homogeneous ideal J and let depth M = depth,,, M,
where m is the irrelevant maximal ideal. Let H’(—) be the right derived functor of
the functor, I' y(—), of sections with support in Spec(B/.J). Recall that depth ; M =
inf{depth M,, | p D J, p graded} and that depth; M > r iff H}(M) =0 for i < r;
cf. [12] or [16].
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If Y = Proj(B) and Z is closed in Y and U = Y — Z, we let HY(U, M) =
@, H(U, M(v)). Then we have an exact sequence

(2) 0 — HY 5 (M) — M — HY(U, M) — Hj 5 (M) — 0

and isomorphisms sz(z)(M) ~ H YU, ]T/.f) for i > 2. In the case depth; ;) N >
2 the graded Ext}g(M ,N) injects into the corresponding global Ext}gU—group of

sheaves. Indeed we have in this case an exact sequence in degree zero ([12], exp.
VI)

0Extp (M, N) — Extg,, (M|, N|y) — oHomp(M,H7 4 (N))

(3) L
— oBExty (M, N) — Extg, (M|y, N|v),

where the form of the middle term comes from a spectral sequence also treated in
[12).

A Cohen-Macaulay (resp. maximal Cohen-Macaulay) B-module satisfies depth M
= dim M (resp. depth M = dim B) by definition, or equivalently, H (M) =0 for
i<dim M (resp. i <dim B). If B is Cohen-Macaulay and Kp=Ext%(B, R(—n—c))
is the canonical module of B, we know by Gorenstein duality that the v-graded
piece of HY, (M) satisfies

JHE (M)~ _ Extly (M, Kg)Y .

Recall that two graded quotients, R/J and R/J’, are said to be linked by a
complete intersection if there exists a homogeneous complete intersection ideal L
such that J = L : J and J = L : J (with L € JnNJ'). The relationship of
being linked generates the equivalence relation, “linkage”. B = R/Ip is said to
be licci (and hence Cohen-Macaulay) if it is in the linkage class of a complete
intersection (cf. [34] for a survey). We define licci for a quotient of a regular local
ring correspondingly. Moreover, Proj(B) is said to be locally licci if each of its local
rings are licci.

Even though we in this paper try to avoid the algebraic (co)homology groups
Hy(R, B, B) and H*(R, B, B) and instead use the corresponding Tor- or Ext-groups,
we will occasionally need them. We recall that the former group is given by an exact
sequence

(4) 0 — Hy(R,B,B) - H; — Gy ®r B — Ig/I% — 0,

in which G; is R-free, G; — Ip is surjective and minimal, and Hy = H;(Ip) is
the degree-one Koszul homology of Ip [38]. An ideal Ip of R is called syzygetic if
Hy(R,R/Ip,R/Ip) = 0. If Ip is syzygetic, then (Ip),, is syzygetic for any prime
ideal p of R. Ip is called generically syzygetic if (Ig),, is syzygetic for any graded
prime p of Ass(B). We define genericity of other properties similarly. Using ()
one shows that if R — B is generically a complete intersection and B is licci, then
Ho(R, B, B) = 0 because H; is a maximal Cohen-Macaulay module in the licci
case [20]. Thus, generically complete intersection licci ideals are syzygetic. For the
graded group H2(R7 B, B) we remark that there is an exact sequence

(5) 0— oExth(Ig/I%,N)— (H*(R,B,N)— (Homp(Hy(R,B,B),N)— .

This comes from the spectral sequence Ext?; (Hy(R, B, B), N), which converges to
HPTYY(R, B,N) and Ig/I% ~ H,(R, B, B); cf. [1], Prop. 16.1, or [31].
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A Cohen-Macaulay quotient B = R/Ig of codimension ¢ = dim R — dim B in R
has a minimal R-free resolution of the following form (cf. [7]):

(6) 0—-G.,—..—- G —-R— B—0, Gji@R(*nj,i)-
i=1

In this case the Castelnuovo-Mumford regularity of I is given by (cf. [34], p. 8)

(7) reg(Ip) =max{n;;, —j+ 1} =max{n.;} —c+1.
7,2 7

Let G} be the R-dual of G;. Since K = Exti(B, R(—n —¢)), the R-dual complex
of (@) yields a minimal R-free resolution of the twisted canonical module Kp(n+c).
In particular if ¢ = 2, it induces a complex

(8) 0—>Ng—Gi®rB—>G,®rB— Kg(n+c)—0

which is exact by e.g. [30], p. 795.

Let Hilb?(P) be Grothendieck’s Hilbert scheme parametrizing closed subschemes
Y of P = Proj R with Hilbert polynomial p € Q[¢]; ¢f. [1I]. A k-point of Hilb?(PP)
which corresponds to the subscheme Y is usually denoted by (Y C PP) or just (Y).
A closed subscheme Y of PP is called unobstructed if Hilb?(P) is smooth at (Y C P).

Let GradAlg? := GradAlg” (R) be the stratum of Hilb?(PP) given by deforming
Y C P with constant Hilbert function Hy = H (i.e. its functor deforms both Y C P
and its homogeneous coordinate ring, B, flatly); cf. [27]. GradAlg” (R) allows a
natural scheme structure whose tangent (resp. “obstruction”) space at (Y C P)
is oHomp(Ip/I%,B) ~ oHompg(Ip,B) (resp. 0H2(R,B7B)), i.e. it is given by
deforming B as a graded R-algebra [24]. In the case when H(v) does not vanish for
large v (i.e. B is non-Artinian), we may look upon GradAlg” (R) as parametrizing
graded R-quotients, R — B, satisfying depth,, B > 1 and with Hilbert function
Hp = H. If B is Artinian, GradAlgH(R) still represents a functor parametriz-
ing graded R-quotients with Hilbert function Hg = H (see Proposition [l), and
its open subscheme of Gorenstein quotients coincides, at least topologically and
infinitesimally, with PGor(H) (the corresponding scheme of forms with “catalec-
ticant structure”; see Theorem [[1] below and the material before it). B is called
unobstructed as a graded R-algebra iff GradAlg”” (R) is smooth at (R — B). This
definition of unobstructedness coincides with the one given in Remark Bl below by
[31] or [37], p. 151. By [24], Remark 3.7,

(9) GradAlg” (R) ~ Hilb?(P) at (Y C P),

provided oHomp(Ip,HL (B)) = 0. This happens for quotients B of depth,, B > 2.

Similarly we let GradAlg(Hp, Ha) be the representing object of the functor
deforming flags (surjections) B — A of graded quotients of R of positive depth
(for non-Artinian quotients) and with Hilbert functions Hg and H, of B and A,
respectively. The tangent space AL, of GradAlg(Hp, Ha) at (B — A) and
the tangent maps 7T, and T; of the second projection p : GradAlg(Hp, Ha) —
CradAlg™4(R) (essentially given by p((B’ — A’)) = (A’)) and the first projection
q : GradAlg(Hp,Hs) — GradAlg!’s (R) are given by the cartesian square in the
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following diagram of exact sequences:

(10)
oHomg (I, 1a/B)
!
OAlBHA E’ ()HOIHR(IB,B)
l O !
0 — OHOHIR(IA/B,A) — OHOIHR(IA,A) — OHOIHR(IB,A)

Here B — A ~ R/I, is a surjection of graded R-algebras with kernel I,,p5. Since
the lower sequence in the diagram above may be continued by OHQ(B , A, A) to make
a long exact sequence of algebra cohomology groups, and since OHQ(B , A, A) injects
in general into OExt}B,(IA/B,A) ([14], exp. VI), it follows that (Homp(l4, A) —
oHomp(Ip, A) is surjective provided OEthB(IA/B,A) = 0. One may also prove
this surjectivity in a more elementary manner by dualizing the exact sequence
0—-Ip@rA~Ip/Islp —>IA®RB—>IA/B — 0.

Remark 3. Let R — B be a graded quotient, and let (T, mr) — (S, mg) be a small
Artinian surjection (i.e. of local Artinian k-algebras with residue fields k& whose
kernel a satisfies a-mp = 0). A graded deformation Bg of B to S is a graded S-flat
quotient of R ®y S satisfying Bg ®g k ~ B. A graded deformation Br of Bg to T
is T-flat and satisfies By @1 S ~ Bg.

A flag (i.e. a surjection) of graded quotients of R, B — A, is said to be un-
obstructed if for every small Artinian surjection ' — S and for every graded
deformation Bg — Ag of B — A to S, there exists a graded deformation By — Ap
(of T-flat quotients) reducing to Bg — Ag via (—) ® S. Similarly a quotient B of
R is unobstructed if every graded deformation Bg deforms further to 7'

The obstruction, og(Bs), to deforming Bgs to T sits in oH*(R, B, B) @ a,
and (H'(R, B, B) ®; a corresponds to the set of graded deformations (hence
oHomp(I5, B) ~ oH'(R, B, B) is the tangent space of GradAlg®?(R)). More
precisely if we fix a graded deformation By of Bg to T, then Br defines a bijection
from (H'(R, B, B) ®) a onto the set of graded deformations of Bg to T, allowing us
to interpret Br + A as another graded deformation of Bg to T for every non-trivial
A € oHYR,B,B) ® a; cf. [31], Thm. 2.2.5, or [24], Thm. 1.5. Similarly the
obstruction to deforming Bg — Ag to a given graded deformation By of Bg sits in
0H2(B, A, A) ® a, and OHI(B7 A, A)®pa~ oHomp(l/p, A) @y a corresponds to
the set of such deformations. Note that, by definition, the vanishing of the obstruc-
tion is equivalent to the existence of the corresponding desired deformation. Hence
the vanishing of the obstruction groups (“spaces”) leads to the unobstructedness of
the corresponding objects.

Finally let ¢g : Bs — Ag be a graded deformation of ¢ : B — A to S, and
let By and Ar be given graded deformations of Bg and Ag, respectively, to T.
By [31], Thm. 2.3.3, or [24], Thm. 1.6, there is an obstruction og(¢s; Br, Ar) €
OHl(R, B, A) ® a which vanishes if and only if there exists a graded morphism
¢1 : Br — Ar such that ¢r @7 ids = ¢s. Looking closer to Laudal’s proof of [31],
Thm. 2.3.3, one may see

00(¢s; By, Ar) — 0o(¢s; Br, Ar) = (¢ @ idq)(N),

where Br+ X = B/ and ¢, is the morphism oH'(R, B, B) — (H'(R, B, A) induced
by ¢.
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One may consider non-graded deformations of e.g. a quotient B of R in which
case the whole algebra cohomology group Hompg(Ip,B) ~ H'(R,B,B) (resp.
H?(R, B, B)) serves as tangent (resp. “obstruction”) space of the deformations of
B as an R-algebra. For graded deformations it is the degree zero piece of the coho-
mology groups which counts. For a generically complete intersection, R — B (or
more generally, for a quotient B which satisfies gHomp(H2(R, B, B), B) = 0), its
obstructions sit in oExtg(Ip/I%, B) ® a by ().

The following proposition is a main result of the author’s unpublished thesis. It
(as well as the contents of ([I0))) is just an application, with a few new ideas, of the
general deep results of Laudal ([3I] and [32], Sect. 2) on deformations of categories
as briefly explained in [25], Sect. 2 and its appendix (see also [26], Sect. 1). Since
the proofs of [25] or [26] are not in the generality we need in this paper, we include
a proof.

Proposition 4. Let B be a graded quotient of R and let ¢ : B — A be a graded sur-
jection, inducing morphisms oHompg(Ig,B) — oHompg(Ig, A) and 0H2(R,B,B)
— oH?(R, B, A).

(i) If OExtE(IA/B, A) =0 (orif ¢H*(B,A, A) =0), then the first projection q :
CradAlg(Hp,Ha) —  GradAlg"®(R) is smooth with fiber dimension
OhomB(IA/B,A) at (B — A)

(ii) If oHompg(Ip,B) — oHompg(Ip,A) is surjective and oH?*(R, B, B) —
oH?(R, B, A) is injective, then the second projection p : GradAlg(Hp, Hy) —
CradAlg™4(R) is smooth with fiber dimension ohompg(Ig,1a/p) at (B — A).

(iii) If ¢Hompg(Ip,B) — oHompg(Ip, A) is surjective and B is unobstructed as
a graded R-algebra, then p is again smooth with fiber dimension ohompg(Ip,I4/p)
at (B — A).

(iv) If both oHompg(Ip,B) — oHompg(Ig,A) and the connecting homo-
morphism  (Hompg(Ip, A) — oH?*(B, A, A) (¢f. Q) are surjective and if B is
unobstructed as a graded R-algebra, then A is unobstructed as a graded R-algebra.

Proof. Using the definition of smoothness of a morphism (e.g. [24], p. 212) and the
results of Remark [ it is straightforward to get Proposition E(i) from (H?(B, A, A)
= 0 and the injection (H?(B, A, A) — OExtE(IA/B, A).

To see (ii) and (iii) let ¢ : Bs — Ag be any graded deformation of ¢ to S, and
let A7 be a graded deformations of Ag to T. By the definition of smoothness, it
suffices to prove the existence of a graded deformation Br of Bg to T such that
00(¢s; Br, Ar) = 0. In (iii) the existence of some deformation B} of Bg follows
by assumption. In (ii) we utilize that the two morphisms (H?(R,B,B) ®; a —
OHQ(R7 B, A) ® a and OHZ(R,A,A) Qr a — OHZ(R7 B, A) ® a induced by ¢ map
the obstructions og(Bg) and 0p(As) onto the same element in (H*(R, B, A) ® a
by [BI], proof of Thm. 4.1.14. Since og(As) = 0 and the first morphism is in-
jective by assumption, we get og(Bs) = 0 and hence the existence of some de-
formation B/ in this case as well. Now since og(¢s; B, Ar) € OHl(R,B,A) QK
a ~ Homg(Ip, A) ® a and since ¢, is surjective, there is an element such that
(¢ ®@ida)(N) = 00(¢s; B, Ar). We get the smoothness of p by the displayed for-
mula of Remark[Bl Since smooth morphisms have smooth fibers, the fiber dimension
is as claimed by [24], Thm. 1.6.
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Finally (iv) follows from (iii), Remark [ and the fact that (H*(B, A, A) ®p a —
oH?(R, A, A) ®; a maps obstructions to obstructions (by [31], Cor. 4.1.15). We
leave the details as an exercise since we do not fully need (iv) in this paper. O

Let ¢ : B — A be a graded surjection. Using Proposition @ we get the following
theorem which, at least in the geometric case and with various assumptions on
Proj(B), is not new ([25], Sect. 2, [26], Sect. 1, [29], Ch. 9, e.g. Thm. 9.4 and
Prop. 9.14). Note that part B) of Theorem 5 has as a consequence that the generic
member of an irreducible family of quotients R — A comes from a member of a
family of quotients R — B —» A. Since it is in general not true that a general
member factors via a deformation of B even though a special member does, in
part A) of the theorem below we determine the codimension of the stratum of
quotients which factors. To be precise, let U C GradAlgHA (R) be a sufficiently
small open subset containing (A). The k-points of the subset p(p~1(U)) of U
correspond to quotients R — A’ with Hilbert function H, for which there exists
some factorization B’ — A’ such that B’ has Hilbert function Hp. We will call
p(p~1(U)) a stratum of Hp-factorizations around (A), and dim U — dim p(p~1(U))
the codimension of the Hg-stratum of A. At least if U is smooth, it is the ordinary
codimension of p(p~1(U)) in U. A is called Hp-generic if there is an open subset U4
of GradAlg®4(R) such that (A) € Us C p(p~1(U)). The codimension of the Hp-
stratum of A at (B — A) is defined to be dim U — dim p(U"), where U’ C p~(U) is
the intersection of the irreducible components of p~!(U) which contains (B — A).
Using small letters for the k-dimension of gHom(—, —) and ¢Extk(—, —) we have

Theorem 5. Let R be a graded polynomial k-algebra and let B ~ R/Ip — A ~
B/I4/p be a graded morphism of quotients of R such that OExt}B,(IA/B, A)=0.

A) If OEthB(IB/I%,A) = 0 and (IB), is syzygetic for any graded prime o of
Ass(A), then A is unobstructed as a graded R-algebra. Moreover, if depth, A >
min(1, dim A), then
dim(A) GradAlgHA (R) = OhOHlR(IB, B) + QhOH?lB(IA/B7 A) - QhomR(IB, IA/B)

+ oextp(Ip/I%, 1a/5) — oextp(Ip/Ig, B).

Furthermore let B be unobstructed as a graded R-algebra and let k be of character-
istic zero. Then the codimension of the Hpg-stratum of A at (B — A) is

vextp(Ip/Ip, 1a/5) — oextp(Ip/I, B).

B) If oExt}B(IB/I%,IA/B) =0 and (Ig)y is syzygetic for any graded prime @
of Ass(1a/B), then A is Hp-generic. Moreover, A is unobstructed as a graded R-
algebra if and only if B is unobstructed as a graded R-algebra. Indeed if depth,, A >
min(1,dim A) and depth,, B > min(1, dim B), then

ohomp (14, A) — dim(4) GradAlg”*(R)
= ohomp (5, B) — dim(p) GradAlg”” (R),
and
dim(4) GradAlg”* (R) = dim ) GradAlg”” (R)
+ ohomp(l4/p,A) — ohomg(Ip, Ia/B)-
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Proof. A) By the definition of a syzygetic ideal we have Hy(R, B, B), = 0 for
any p of Ass(A). It follows that ¢Homp(H2(R, B, B), A) = 0 and hence that
oH?*(R, B, A) = 0 by (B). Since we have in general an injection ¢H?*(B, A, A) —
oExtp(1a/p, A) (1], exp. VI), we get oH*(B, A, A) = 0 by the general assumption
of Theorem[El It follows that OHQ(R7 A, A) = 0 by the long exact sequence of algebra
cohomology (e.g. [31], Thm. 3.3.4)

(11) — oH*(B,A,A) —» (H?*(R,A,A) — (H*(R,B,A) — .

This proves the unobstructedness of A and dim4) CradAlg™4(R) = ghomp(I4, A).
Now, looking to ([I{), we see that the vanishing of OEXtIB(IA/B7 A) translates to a
certain surjectivity in the cartesian square of ([I0)). Since the vertical sequence of
Hom maps in ([I0) may be continued by

(12)  — oBxtz(Ip/Ig.Ia/p) — oBxtp(Ip/Ig, B) — oExtp(Ip/Ih, A) —,

it is straightforward to get the dimension formula from the vanishing assumption
of A).

To see that oexty(Ip/I3,1a/5) — oextp(Ip/I%, B) measures the codimension,
we observe that B — A is unobstructed and hence that dimg_, 4y GradAlg(Ha, Hp)
=dim ¢AL_, 4 by Proposition H(i). It follows that

p: GradAlg(Hp, Hy) — GradAlg™4 (R)

is a morphism between smooth schemes (i.e. smooth at (B — A) and (A), respec-
tively) and with fiber dimension ghomp(I5/1%, 14 /B), from which we may conclude
by using the theorem of generic smoothness to p at (B — A); cf. [29], first part of
the proof of Prop. 9.14 for more details from a similar proof.

B) Since Hy(R,B,B), = 0 for any o € Ass(I4/p) by assumption, we get
0H2(R,B,IA/B) = 0 from (@). By the long exact sequence of algebra cohomol-
ogy associated to 0 — I4/p — B — A — 0, we get precisely that the assumptions
of Proposition [(ii) are satisfied. By Proposition Hl(i) and (ii), both projection
morphisms p and ¢ are smooth, and we deduce the Hpg-genericity of A and the
equivalence of the unobstructedness of A and B. Looking to (I0) and the state-
ment about the fiber dimensions of p and ¢ in Proposition (i) and (ii), we get the
dimension formulas of Theorem [HA) as well. O

Remark 6. a) Note that the proof of Theorem [FA) leads to ¢H?*(R, A, A) = 0 (and
in fact to ,H*(R, A, A) = 0 by twisting the two Ext} vanishing assumptions by v).

b) It is possible to weaken the assumption ¢Extp(Z4/5,4) = 0 in Theorem
to “gH*(B, A, A) = 0” and still reach the same conclusions as in Theorem [FA)
and 5B). One may also weaken “(Ip), is syzygetic for any p of Ass(A)” in
part A) to “oHomp(Hs(R, B,B),A) = 07 and still reach the same conclusions
as in Theorem [JA). Similarly we may in part B) replace “(Ip), is syzygetic for
any o of Ass(l4/p)” by “oHomp(H2(R, B, B),14,5) = 0" or the entire assump-
tion “OExtlB(IB/I%,IA/B) = 0 and (Ip)p is syzygetic for any graded prime p of
Ass(I4/B)" by “oExt}g(IB/I%,IA/B) — OExt}B(IB/I%,B) is injective, and B is
unobstructed as a graded R-algebra” and still get the conclusions of Theorem [EB).
There is no real change in the proofs, except when B is unobstructed, in which case
we need to use Proposition [f(iii) in the proof instead of Proposition @(ii). These
variations turn out to have an application, notably to the case that A is Artinian.
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¢) Continuing (IZ), we see that the condition (Extj(Ip/I%,A) = 0 of part
A) is satisfied provided that ¢Extp(I5/I%,B) = 0 and oExth(Ip/I1%,14/5) —
oExt%(Ip/I%, B) is injective.

By applying Theorem [BlA) the codimension of the Hp-stratum of A at (B — A)
is often just the codimension of the Hpg-stratum of A, due to

Lemma 7. Let B~ R/Ip — A~ B/I4/p be a graded morphism of quotients of
R and let m(B) be the largest degree of the minimal generators of Ip.

a) If (Ia/p)o = 0 for all v < m(B), then oHompg(Ip,I4/5) =0 and p~*((A))
consists of a single k-point (i.e. if B' — A is a quotient such that Hg: = Hp, then
B' = B).

b) If oExtp(Ia/p,A) = 0 (or if oH*(B,A,A) = 0) and (I4/p)y = 0 for
all v < m(B), then there is an open subset U of GradAlg(Hp, Ha) containing
(B — A) such that the restriction of the first projection q : GradAlg(Hp, Ha) —
GradAlg’'® (R) to U is smooth, and the restriction of the second projection p to
U is unramified and injective. Moreover U = p~(p(U)). In particular if B — A
satisfies the assumptions of Theorem BA) (except for char(k) = 0), then the codi-
mension of the Hpg-stratum of A is

vexty(Ip/Ip, 14 5) — oextp(Ip/If, B).

Proof. a) Clearly (Hompg(Ip,1a/g) =0 and (Ip)y, = (Ia), for all v < m(B) by
assumption. Since (Ipr), C (Ia)y, we get (Ig), = (Ip/)y for v < m(B) because
Hp = Hp/. Hence I/ contains all minimal generators of Ig, i.e. Ig C Ip/, and we
get equality by using Hg = Hp/.

b) By Proposition [l(i) there is an open subset U of GradAlg(Hp, H 4) such that
the restriction of ¢ to U is smooth. By possibly shrinking U, we get m(B’) < m(B)
for any k-point (B’) € ¢(U) by semicontinuity. Hence for any (B’ — A’) € U we
get (Tar/pr)y = 0 for all v < m(B’) because Hp = Hp/ and Hy = Hyas, and we
see by (i) that p is unramified on U and injective on the k-points of p~1(U). Now
we do not need to use the theorem of generic smoothness because the codimension
of the stratum must be dim,) GradAlgHA —dim(p_, 4y GradAlg(Ha, Hp), and we
conclude by ([I0) and (IZ) and the unobstructedness of A and B — A. O

In the next section we will need to combine (@) with the following result, which
in fact is a corollary ([29], Cor. 9.10) of a geometric variation ([29], Thm. 9.4)
of Theorem BB). Below s(C/F) is the minimal degree of the generators of the
homogeneous ideal I/ p.

Proposition 8. Let Cy C P°t! be an arithmetically Cohen-Macaulay curve of
degree dy and arithmetic genus go, sitting on a smooth rational surface F C Pet!
of degree f. Let K be the canonical divisor of F. If t is an integer such that
t>5—s(Co/F) and t > (Cy- K)/dy, then any member C = Proj(B) of the linear
system |Co + tH| is unobstructed and

dim(cy Hilb? (P™') = hO(Np) + go — Co - K +t(dg +c+1— f/2) + 2 f/2 — 1.
Moreover, if F is nondegenerate, then h®(Nf) = c® + 4c + 13 — 2K?2.

We finish this section by looking more closely at deformations of an Artinian alge-
bra A. First we recall the representability of the functor (sheaf) GRADALG (-),
locally given by letting GRADALGH (Spec(S)) (S a noetherian k-algebra) be the
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set of graded S-flat quotients Rs — Ag such that H4, = H and depth, A, >
min(1,dim Ay) for any s € Spec(S). Here Rs = R ®y, S and Ay is the “fiber” of
Spec(Ag) — Spec(S) at s € Spec(S). To simplify and clarify [27] (being more care-
ful with the topologies involved), we sketch proofs. Note that the representability
below ([27], Thm. 1.1) has later been generalized by Haiman and Sturmfels ([19]).

Proposition 9. The functor GRADALGH(—) is representable. Its representing
object, GradAlg” (R), is a k-scheme of finite type.

Proof. Here we sketch a proof which is slightly different from that in [27] in the
Artinian case (i.e. when H(v) = 0 for v >> 0). Indeed the flattening stratification
described in [37] and Grothendieck’s representability theorems of the Hilbert functor
are the results we need to conclude. In the non-Artinian case, H(v) is a polynomial
p(v) for v >> 0, and GradAlg” (R) is the stratum of Hilb?(P"t¢~1) of constant
postulation (cf. [27], Thm. 1.1, for details). If H(v) = 0 for v >> 0 and ¢t =
>, H(v), then there exists a scheme Hilb := Hilb’(A"*°) of finite type which
parametrizes quotients R — A of length ¢. The restriction (pullback) Rg — Ag of
the universal quotient to Spec(S) — Hilb defines the subscheme GradAlg® (R) of
Hilb by requiring ker((Rg), — Ag) to be flat over S, of rank dim R, — H(v) for
every 0 < v < t at each fiber of Spec(S). Since such a subscheme GradAlg” (R) of
finite type exists by [37], Lect. 8, or [33], VI, Prop. 1.1, we are done. O

Remark 10. We may in the case H(v) = 0 for v >> 0 use flattening stratification
to show the existence of the scheme Z(H) of not necessarily graded Artinian quo-
tients A of R with Hilbert function H (by requiring gr(Ags) to be S-flat, of Hilbert
function H at each fiber of Spec(S)), to get Z(H) as a locally closed subscheme
(stratum) of Hilb’(A™*¢). Its local deformation functor at a quotient A ~ R/l
(with /T4 = m) of R, defined on the category of local Artinian k-algebras with
residue field k, consists of quotients Ag of Rg = S[X1, ..., Xpn1¢) (or equivalently,
of S[[X1,..., Xntc]]) such that Ag and gr(Ag) are deformations of A and gr(A),
respectively. If R — A is graded and satisfies ,H*(R, A, A) = 0 for v > 0, then
[27], Thm. 1.10 and Rem. 1.11, shows that Z(H) is smooth at (R — A) and
dim(A) Z(H) = ZUZO vhomR(IA, A)

Inside GradAlg™ (R) there is an open set (and hence a scheme Gor (R) with
induced scheme structure) consisting of graded Gorenstein quotients R — A with
Hilbert function H. GorZ(R) is empty unless the difference AM™AH ie. the
h-vector of A, is a symmetric Gorenstein sequence. In the Artinian case there is
another known scheme parametrizing graded Gorenstein quotients with suitable
Hilbert function H, namely the determinantal loci PGor(H) parametrizing forms
F of degree s in PN, N = (ifgf}l) — 1, given by requiring the “catalecticant
matrices” of F' to have ranks given by the Hilbert function (see Iarrobino-Kanev’s
book [21], Sect. 1.1). We denote the restriction of the generic s-form of PV to
PGor(H) by Fpgor(my ([21], Def. 1.3). Then the underlying sets of closed points of
Gor(R) and PGor(H) are the same by apolarity (the Macaulay correspondence),
and one may see from the proof of our next result that they are in fact isomorphic
as topological spaces. Moreover, since Iarrobino and Kanev have proved that the
tangent space of PGor(H) at A is isomorphic to (Homa(I4/1%, 4) ([21], Thm. 3.9)
and it is well known that the tangent space of GradAlg™ (R) is the same group [24],
we get the following theorem.
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Theorem 11. Let R — A be a graded Artinian Gorenstein quotient with Hilbert
function H. Then dima) CradAlg™ (R) = dim( 4y PGor(H). Hence PGor(H) is
smooth at (R — A) if and only if GradAlg” (R) is smooth at (R — A). In particular
PGor(H) is smooth at (R — A) provided gH*(R, A, A) = 0, i.e. provided the natural
surjection (Sols)s — (Ia2)s from the second symmetric power to the second power
of 14 is an isomorphism in the socle degree s of A.

Proof. By duality, gH?(R, A, A) = 0 is equivalent to ;Hs(R, A, A) = 0 which again
is equivalent to (S2l4)s =~ (IAQ)S by ([28) below. Hence we only need to prove
dima) GradAlg” (R) = dim(4) PGor(H), because we know their tangent spaces
are isomorphic. Let V' C PGor(H) be a closed irreducible subset (e.g. of the form
V = Spec(T)), and let V have the reduced scheme structure. By the definition
of PGor(H), the restriction Iy of the “universal” s-form Fpgorzy to V' defines
via apolarity a family of graded Artinian Gorenstein quotients over V (e.g. the
family Ar ~ Ry o Fy over V = Spec(T), where Ry is interpreted as the T-algebra
of contractions, “partial derivations without coefficients”) with constant Hilbert
function H. Since V is integral, it follows that the family (e.g. the morphism
Spec(Ar) — Spec(T)) is flat ([37], Lect. 6). Hence we have a morphism 7 : V —
GradAlg” (R) by the universal property of GradAlg™ (R). 7(V) is irreducible and
closed in Gor(R) (it is closed because an “inverse” (Gor(R)),eq — PGor(H)
on closed points exists by [2I], Ch. 8). So chains of closed irreducible subsets in
PGor(H) and Gor? (R) correspond, and we are done. O

Problem 12. It would be interesting to prove that PGor(H) and Gor(R) are
isomorphic as schemes; cf. [27], Rem.1.9. The arguments in the proof above, which
easily lead to an isomorphism of PGor(H) and Gor” (R) as topological spaces, are
mainly contained in [27], Rem. 1.9. In that remark we also claimed that these
arguments showed the existence of a natural morphism II : PGor(H) — Gor (R).
Unfortunately an index “red” is missing in Rem. 1.9, i.e. from the arguments we can
only be sure of the existence of a natural morphism 7 : (PGor(H)),cq — Gor (R),
and the existence of II above remains to be proved.

2. FAMILIES OF CODIMENSION ONE (GORENSTEIN QUOTIENTS
OF COHEN-MACAULAY ALGEBRAS

The main purpose of this paper is to study families of graded Gorenstein quo-
tients A obtained by taking a regular section ¢ of the anticanonical system (K})s,
i.e. quotients A given by

(13) 0— Kp(—s) 5B —A—0

for some integer s. Our main results apply to Artinian Gorenstein algebras as
well as to Gorenstein quotients of higher dimension. In what follows B is Cohen-
Macaulay. In order to make the description of A in (I3) meaningful, we must
suppose that B = R/Ip is generically Gorenstein (cf. [29], Lemma 5.2 and 5.4).
Then we say “A is a codimension one quotient of B, well-defined by a twist of the
canonical module”. If A is such a quotient of B, then a stratum of quotients given
by (@3] around (A) is just a maximal (flat) family consisting of quotients (A’) of
GradAlg™4 (R) for which there exists a factorization B’ — A’ as in ([I3)), where (B')
(resp. the sections) belong to some open neighbourhood of (B) in GradAlg™? (R)
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(resp. of o in the linear system (K3%,), C H(Proj(B’), I/(\/B/*(s))), making each A’
well-defined in the sense above. Looking to the proof of Proposition[I3] one may see
that such a stratum is just the image p(U) of some open U of GradAlg(Hpg, Ha)
containing (B — A) via the second projection p, provided ;Ext}(S2(Kp), Kg) = 0.

The following result determines dimy) GradAlg”4 (R) in terms of invariants of
B, such as Np := Hompg(Ip/I%, B) and

KE = HOII’IB(I(B7 B) >~ HOI’IlB(Sg([(B)7 KB)

(here S2(Kp) is the second symmetric power of Kp), and leads to the main the-
orems of this section. Since Proposition is a variation of Theorem [B with
I,/ = Kp(—s), Remark [l (except the first sentence of Remark [6b)) will apply as
a remark to Proposition [[3] as well.

Proposition 13. Let B be a generically Gorenstein, graded Cohen-Macaulay quo-
tient of a polynomial ring R, let A be a codimension one quotient of B, defined by
@3) for some s, and let ;Extp(S2(Kp), Kg) = 0.

A) If oExty(Ig/1%,A) = 0 and (I)e ts syzygetic for any graded prime p of
Ass(A), then A is unobstructed as a graded R-algebra, A is Gorenstein and
dim(4) GradAlg"*(R) = dim(Np)o+ dim(K})s—1—06(B)_s — oexty(I5/I5, B),

where 6(B)_s = _shomp(Ip,Kp) — _sexth(Ip/I1%,Kp). Moreover if B is un-
obstructed as a graded R-algebra and char(k) = 0, then the codimension of the
Hp-stratum of A at (B — A) is
_sextp(Ig/1%, Kg) — oexty(Ip/1%, B).

This number also equals the codimension of the stratum of quotients given by ([L3))
at (A).

B) If ,SExt}B(IB/I%, Kg) =0 and I is generically syzygetic, then A is Goren-
stein and Hpg-generic. Moreover A is unobstructed as a graded R-algebra if and
only if B is unobstructed as a graded R-algebra. Indeed

OhOmR(IA, A) - dlm(A) GradAlgHA (R) = QhOHlR(IB7 B) - dlm(B) GradAlgHB (R),
and
dim 4y CradAlg™4 (R) =dimp) CradAlg™? (R) +dim(K}%)s—1— _shomg(Ig, Kp).

Remark 14. a) With the notations 0 — @, R(—n¢,;) — ... = @, R(—n1,;) — Ip —
0 of (@), recalling dim R = n + ¢ and dim B = n, we claim that

0(B)—s = 0 provided s > 2reg(Ip) — n.

By (@ it suffices to prove _Extiz(Ip/I%,Kp) = 0 for i = 0 and 1 provided
5 > maxn.;+maxng ;—n—c. Indeed dualizing (@) we get a surjection @, R(n.,;) —
Kp(n + ¢), and it follows that (Kp)_, = 0 for v > maxn.; —n —c. We con-
clude by applying (Homp(—, Kp) to the right-exact sequence €, B(—n2;) —
@, B(—n1,;)) — Ip/I% — 0 and the definition of EXtiB(IB/I]%, Kp).

b) If dim B = 1, we have Extlz(—, Kp) = 0 for i > 2 by Gorenstein duality.
In this case oExty(Ip/I%, B) = 0 implies ¢Exth(Ip/I%, A) = 0 by Remark [BL).
Moreover looking to Remark Bb) and using that A ~ K4(—s) and Gorenstein
duality, we may weaken “Ip is syzygetic for any graded prime p of Ass(A)” to
“(Hz(R,B,B) ®p A)s = 0”. Hence if we suppose

0Exty(Ip/IE,B) = (Ha(R,B,B)®p A), =0,
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we still have the conclusion concerning the unobstructedness of A and the
formula for dim) GradAlg™4(R) of PropositionI3A). Furthermore if I is gener-
ically syzygetic (this is always true if ¢ < 3 since B is generically Gorenstein; cf.
the proof of Theorem [IG]), then B is unobstructed as a graded algebra and the
codimension formula of Proposition [[3A) holds as well (in the characteristic zero
case).

c¢) Slightly reformulating Proposition [[3A) (by replacing the vanishing of the
two oExt}3 groups by the corresponding vanishing of Ext}3) one may use the proof
below to show that A is unobstructed as an R-algebra in the sense H? (R,A, A) =0
cf. Remark[6l A further slight reformulation (replacing Proj by Spec and skipping
the twists) allows us to prove a corresponding result for non-graded objects as well.
If B is licci, then the three Extp groups, Extg(S2(Kp), Kg), Exty(Ip/I%, B) and
Ext}(Ip/1%, Kp), vanish ([5], [20], [38], Thm. 4.2.6, or Corollary 37 of this paper),
and we get the unobstructedness of the Gorenstein quotient A by Remark [Bk).
Indeed S2(Kp) is Cohen-Macaulay if B is licci. In the interesting codimension
¢ = 3 case, the Cohen-Macaulayness of So(Kp) and of the Koszul homology group
H; = H;(Ip) are equivalent [38], Thm. 4.2.9. This Cohen-Macaulayness holds in
particular if the Cohen-Macaulay type of B is 2 [3§], Cor. 4.2.11.

d) If Ip is generically syzygetic, then Hompg(Hs(R, B, B), Kg) = 0. Hence
applying Homp(—, K) to (), we see that ,SExt%(IB/I%, Kp) —_ Exth(Hy, Kp)
is injective and that

6(3)_8 = dlm(GT R KB)—S — _shOmB(Hl,KB),

allowing us to restate the dimension formula in terms of Hy and G;. If B is licci,
then _sHomp(Hy, Kp) ~ (Hy_1)_t—s by [30], Prop. 18, where r and ¢ are given

by A" Hily ~ Kg(t)|v.

Proof. Note that we can show that A ~ K 4(—s) and hence that A is Gorenstein by
applying the mapping cone construction to (I3)) (or see [29], Lemma 5.2 and 5.4).
We claim that Proposition [[3] above follows from Theorem [B] and Remark [6 by let-
ting 14,5 = Kp(—s) and by paying some extra attention to the codimension of the
strata. Indeed it is straightforward to obtain the assumptions of Theorem [Blfrom the
assumptions of Proposition I3} except possibly the assumption gExtf (14 /B, A) =0
of Theorem [l Suppose temporarily that B is Gorenstein in codimension < 1. Then
0Exth(Kp(—s),B) ~ oExth(Kp® Kp(—s), Kp) ~ oExth(S2(Kp)(—s),Kg) =0
by a well-known spectral sequence ([I8], Satz 1.2). Moreover, since Kp is a maxi-
mal Cohen-Macaulay B-module, one knows oExt’(Kp, Kg) = 0 for i > 0 and we
get oExtl(Kp(—s), A) = 0 by applying ¢Hom(K (—s), —) to ([[3), i.e. we get the
claim. In the general case where B is generically Gorenstein we get the conclusion
of Theorem B by combining Lemma [[5]and Remark [6b), recalling Kp(—s) ~ I4/p.
Furthermore to get the dimension formulas we note that ¢Hom(Kp(—s), Kp(—s))
is one dimensional. Hence by again applying ¢Hom(Kg(—s), —) to ([I3]), we get the
dimension formulas from the corresponding formulas of Theorem

It remains to see that the codimension may also be computed from the stratum of
quotients given by (I3). Now looking to the definition of the codimension of the H -
stratum of A at (B — A) before Theorem [ it suffices to show that any (B’ — A’)
in a small enough open neighbourhood of t := (B — A) in G := GradAlg(Hp, Ha)
is given by (I3)). Let (S, mg) be the local ring of G at t and let S; = S/mY. Since G
is a scheme of finite type which represents a certain functor of graded flat quotients,
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there exists a universal quotient whose pullback to Spec(S) is denoted by Bs — Ag.
Its kernel I, is a flat deformation of the B-module I4,p ~ Kg(—s) to S. By
the theory of deformations of the module I, its tangent and obstruction spaces
are given by oExt’(Kp(—s), Kp(—s)) for i = 1 and 2, respectively. Since both of
these Ext-groups vanish, there is a unique deformation of 14,5 to Bg,, i.e. we get
isomorphisms l; : [44/ps ®55; ~ Kps(—s)®sS; which commute with [;_; because
Kpg = Exty_ (Bs, Rs(—n — c)), where Rs := R ®y, S, is S-flat (cf. [23], Prop.
Al). Tt suffices to show that there exists a morphism [ : I4,/p; — Kpg(—s) which
reduces to /; mod mY because | must then be an isomorphism which extends to an
isomorphism in an open neighbourhood of ¢t in G. To show the existence of [, we
claim that K (s) — Kp(s) is surjective. By the proof of [26], Prop. 2.4, it suffices
to show that n; : K., (s) — K;;SH(S) is surjective. If (Exth(Kp(—s),B) = 0
(e.g. B is Gorenstein in codimension < 1; cf. the first part of the proof), this
follows by applying oHom(Kpg (—s),—) onto 0 — B®y a — Bs, — Bs, , — 0
where a := mfg_l /mb. In the general case, replacing every B by A in the latter
sequence and applying OHOHl(KBsi(—S%—) ~ OHom(IAsi/Bsi ®Bs, As,,—) to

i—1

that sequence, we get the surjectivity of n; from OEXt}q(IA/B/Ii/B’A) = 0 and
oBxth(Kp(—s), Kg(—s)) = 0. Note that we have the last-mentioned vanishings
by (@), Lemma 5, and ,Ext'(Sy(Kp), Kp) = 0, and the claim is proved. Now
using the proven claim we get a morphism Kp,(—s) — Bs whose cokernel is an
S-flat deformation of A. By the universal property of G, there is a morphism
Spec(S) — Spec(S) whose pullback induces the desired map I, /p, — Kpg(—5),
and the proof is complete. O

Lemma 15. Let B be a graded Cohen-Macaulay quotient of R and let A~ B/I,/p
be a graded Gorenstein quotient such that A ~ K,(—s) and dim B —dim A = r. If
r >0, then (H*(B, A, A) and _Extp(S2(la/B), KB) vanish simultaneously.

Proof. Using (B)) we see that the vanishing of ¢H?(B, A, A) is equivalent to
0Exty(Lasp/ I35, A) =0
and the injectivity of the natural map
oHom 4 (Hy(B, A, A), A) — oExt%(1a/p/15,5, A)-

Moreover, since A ~ K4(—s) we have by Gorenstein duality (applied to both A
and B) that

0Bxtly (La/p/Tap. A) = HG™ 47 (Layp/Th )" = —sExtii™ (13,5, Kp)

for i > 1 because the middle term is isomorphic to ;HE™ AH_i(Ifl/B) by the long

exact sequence of local cohomology applied to 0 — IZ/B — Iy — IA/B/IE‘/B —
0. Correspondingly, (Hom(H2(B, A, A),A) ~ _Extz(Ha(B, A, A), Kg). Hence
oH?*(B,A,A) = 0 is equivalent to _sExt}}(Ifl/B,KB) = 0 and the injectivity of
the natural map _;Extp(Ha(B, A, A), Kp) — _sExt?l(If‘/B, Kp). Recalling the
exact sequence

(14) 0 — Hy(B, A, A) = Sy(Iap) = 13,5 — 0

(cf. [, p. 106, or [38], Sect. 2.1) and that _ Ext} '(Ha(B, A, A),Kp) = 0
since Hy(B, A, A) is supported at the codimension r quotient A of B, we get the
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conclusion of Lemma [[5 by the long exact sequence of _ Ext’(—, Kg) applied to

(4. O

Theorem 16. Let B = R/Ip be a graded Cohen-Macaulay quotient of a polynomial
ring R, and let A be a graded codimension one quotient of B, well-defined by a twist
of the canonical module Kp.

A) If B is licci, then A is unobstructed as a graded R-algebra, A is Gorenstein
and,

dim 4y GradAlg™4(R) = dimp) GradAlg™? (R) + dim(K}), — 1 —0(B)_s,
where
§(B)_s = _shomp(Ip/I%, Kp) — _sexth(Ip/I%, Kp).

Moreover, if char(k) = 0, then the codimension of the Hp-stratum of A at (B — A)
is _sextb(Ip/1%,Kp). This number also equals the codimension of the stratum
of quotients given by [3)) around (A).

B) If s >> 0 and the sheaf 5xtlopmj(3> (S;(—\I_(/B), f(;) =0, then A is Hp-generic
and Gorenstein, and
dimy) CradAlg"4(R) = dimp,) CradAlg™?(R) + dim(K}), — 1.

Moreover, A is unobstructed as a graded R-algebra if and only if B is unobstructed
as a graded R-algebra.

Note that if Y = Proj(B) is locally licci, then the sheaf S3(Kp) is maximally

Cohen-Macaulay by Remark k), i.e. Ext (ng(\l_(;), E;) =0, and we get Theo-
rem [l The sheaf also vanishes if Y is (locally) Gorenstein, e.g. if dimY = 0.

Proof. A) Since B is licci and generically Gorenstein, Ig is generically syzygetic
by [29], Prop. 6.17, which implies H2(R,B,B)p = 0 provided dim B, = 0. This
in turn is equivalent to Hyo(R, B, B),, = 0 by Gorenstein duality and the spectral
sequence relating algebra-homology to algebra-cohomology, i.e. Ip is generically
syzygetic. Then Ip is in fact syzygetic by (@) because H; is a maximal Cohen-
Macaulay module in the licci case. Since all Ext% groups of Proposition [T3A)
vanish by Remark [[4k) and Remark [Bc), we conclude by Proposition

B) If Exth (S2(Kp),Kp) = 0, we see that (Ext}(Sa(Kp), Kp) vanishes for
large s because of the exact sequence

— Homp(Sy(Kp),Hy(Kp)) — Extp(S:(Kp), Kp)
— H(Y, Homp(S2(K ), K5)(s))

(which is analogous to (). Since the vanishing of _sHomp(Ha(R, B, B), K5) =0
and _ Ext;(Ip/I%,Kg), i = 0,1, are obviously true for s >> 0, we conclude by
Proposition [[3B) and Remark [6b). O

To apply Proposition and Theorem [1I6] we need to compute dim(K7), and
verify its assumptions. In several cases it is easy to compute dim(Kj), at least for
large s. For instance if B is 2-dimensional and C' = Proj(B) is smooth, then K} is
just the tangent sheaf (sheaf of derivations), f¢ of C, and we can get the information
we need from the vanishing of cohomology and the Riemann-Roch theorem. In this
case the most difficult assumption to verify is perhaps the unobstructedness of B

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



MAXIMAL FAMILIES OF GORENSTEIN ALGEBRAS 3151

(or oExty(Ip/I%,B) = 0), for which we point out a couple of important cases
where the unobstructedness is known:

(1) oExtp(Ip/I%,B) = 0, provided C is linked (in possibly several steps) to a
generically Gorenstein curve C’ = Proj(B’) satisfying oExtk, (Ip/ /1%, B')
=0 (cf. next section).

(2) B is unobstructed if C' = Proj(B) sits on a smooth rational surface in P*
and the degree of C is > 24 ([29], Prop. 9.13; the statement also follows
from Proposition [§]).

By (1) we get oExtg(Ip/I%, B) = 0if B is licci (e.g. if " above is a complete in-
tersection), or if C” is a local complete intersection curve and H' (Ner) = 0 (because
oExty (Ig /I3, B') «— H'(N¢r) is injective by ([B)). Indeed for a local complete
intersection curve C' = Proj(B) we have H' (V¢ (v)) ~ Exto,, (Ip/1%, B(v)) and by
@) an exact sequence

JExth(Ig/1%, B) — H' (Ng(v)) — Homp(Ip/I%,H2 (B))

15
(15) — JExt}(Ig/I%, B) — 0.

We illustrate Theorem [16] by taking a relatively simple example, remarking that far
more complex examples can be given by the same methods, by increasing s.

Example 17. Let B be the homogeneous coordinate ring of a smooth rational
arithmetically Cohen-Macaulay curve C of degree d = 4 in P* = Proj(R), with
minimal resolution

(16) 0 — R(—4)®> - R(-3)® - R(-2)° = R — B — 0,

and let A be defined by a regular section of (Kj)s for s > 0. Then C is the
determinantal curve given by the maximal minors of a 2 by 4 matrix with linear
entries, and it is straightforward to see that the Hilbert function H4 of A is given
by dmA, =4v+1for 0 < v < s and dimA, = 4s + 2 for v > s. Applying
Homp(—, R(—5)) onto ([I6) we get the minimal resolution of Kp, which combined
with ([I3)) and the mapping cone construction yields the resolution

0— R(—s—5) — R(—s —3)°® R(—4)> - R(—s — 2)® ® R(-3)®
— R(-s—1)*® R(-2)° — I, — 0.
Even though B is not licci, Theorem applies for s >> 0. Indeed, looking to
Proposition [[3] and Remark [[4h), we claim that the conclusions of Theorem [IGB)

hold for s > 3 (and those of Theorem [[6IA) for s > 0, see Example in the next
section). Indeed we need only to verify its assumptions. Since C' is smooth and
Oc = IN(E is of degree degfc = — deg Kp=2- 2g (g = the genus of C), we get
H'(0c(v)) = 0 and h°(0c(v)) = dv + 3 — 3g = 4v + 3 for v > 0 ([37], Lect. 11).
Since we have an exact sequence

0—>90—>9p‘c—>/\/@—>0

where Op|c = coker(Oc — Oc(1)99) is the tangent sheaf of P = P* restricted to
C, we get oExty(Ip/I%, B) = 0 from H' (M) = 0 and (H). Moreover,

vExtp(S2(Kp), Kp)¥ ~ _ H (S2(Kp))
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and since H(C, So(Kp)) — HL (S2(Kp)) is surjective and

H"(C, S2(Kp)(~v))" = H' (6c(v)),

we get
UEXt}B(SQ(KB), KB) =0 for v 2 0.

By Remark [4h), we know _ Extp(Ip/I%,Kg) = 0 for s > 2, and the claim is
proved for s > 3. In conclusion the quotient A is an unobstructed Gorenstein
algebra for s > 3 and

dim(4) GradAlg”* (R) = hO(Ng) + B (6c(s)) — 1
=3d+1—-g+ds+3—-3g9g—1=4s+23.

Remark 18. This example shows that if Proj(B) is a smooth curve of degree d and
genus g, and if we let v be such that 2 — 2g + vd > 2g — 2, i.e. v > (49 —4)/d,
then H' (A (v)) = 0 and we get both ,Exth(S2(Kp), Kp) = 0 and dim(Kj), =
h%(0c(v)) = dv+ 3 — 3g. In particular if s > max{2reg(I) — 2, (49 —4)/d} and B
is unobstructed, then A is unobstructed and Hpg-generic by Proposition [3B) and
Remark [[4h) and

dim 4y GradAlg"4(R) = dim(Np)o + ds + 2 — 3g.

Hence we may replace “s >> 0”7 in Theorems [l and [I6] by “s > max{2reg(Ip) —
2,(4g — 4)/d}” in this case.

Now we consider Artinian Gorenstein quotients. In particular we will concentrate
on Artinian reductions obtained from algebras A similar to those in Example 7]
through modding out by a general linear form L (cf. Example 21 below). More
generally, let B ~ R/Ig be an n-dimensional Cohen-Macaulay algebra, let A ~
B/Kp(—s),andlet Ry, := R/(L) — By = B/(L) — Ar = A/(L) be their quotients
modulo (L). The Hilbert functions of Ay, and By, are given by the first differences of
the Hilbert functions of A and B, respectively, e.g. Hp, (v) = Hg(v)— Hp(v—1) =
AHp(v). Moreover an Rp-free minimal resolution of By, has the same graded Betti
numbers as the R-free minimal resolution of B ([34], p. 28), i.e. their numbers n; ;
given in (@) coincide. Dualizing (€)) we see that the minimal resolutions of K g(n+c)
and Kp, (n+ ¢ — 1) also coincide, i.e. K ® By, ~ Kpg,(—1). Looking to ([I3) it
follows that Ay, is given by

(17) 0—Kp,(-s—1)— B, — A, —0

(note —s—1 instead of —s!) and Ay, is a Gorenstein quotient, well defined by a twist
of the canonical module. Hence we may apply Proposition [[3] and Theorem To
compute dim (K BL)SJ'_l and verify its assumptions, we see, thanks to the arguments
of Remark [[dh), that §(B1)_s—1 = 0 and _,_1Extp, (Ip,/1%,,Kp,) = 0 (where
Ip, =ker(Ry — Byr)), provided s + 1 > maxn,; + maxng,; — (n — 1) — ¢, which
is equivalent to the inequality of that remark, used to show §(B)_s = 0. To check
the other assumptions, we claim that

Lemma 19. (i) If ,—1Extp(S2(Kp), Kp) =0, then dim(K}, )y+1 = dim(K}), —
dim(K%)y1.
(ii) If Exth(S2(Kp), Kp)= o 1Ext5(S2(Kp),Kp) =0, then

'U+1EthBL (SQ(KBL), KBL) = O
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(iii) If B is an unobstructed graded R-algebra and the map _\Exty(Ip/I%, B) «—
OExtlB(IB/I?B, B) induced by L is injective, then B, is an unobstructed graded Ry -
algebra and

dim(NBL)o = dlm(NB)o — dirn(NB)_l.

(iv) If oExtp(Ip/I%, B) = _1Exth(Ip/1%,B) =0, then oExty, (I, /1%, ,BL)
=0.

Proof. (i) and (ii). Apply Homp(S2(Kp),—) to the exact sequence 0 — Kp —
Kp(1) — Kp, — 0 and use that So(Kp) ® By ~ S2(Kp,)(—2) and that Kj =
HOI’IlB(Sg(KB)7KB).

(iii) The unobstructedness is just a very particular case of Theorem BB) and
Remark[6b) letting 14,5 ~ B(—1). To compute N, , just apply gHomp(I5/1%, —)
to 0 — B(—1) - B — By — 0. Continuing this sequence into a long exact
sequence of Ext-groups, we prove (iv) as well because oExt}gL (Ig, /IJZBL,BL) ~
oExty(Ip/I%, Br). 0

Remark 20. a) In the case that Proj(B) is a curve (n = 2), we have by duality
JExt%(So(Kp), Kp)Y ~ _,H%(S2(Kp)) — So(Kp)_». By Remark [Zh) there
is a surjection So(®@R(nc,i)) — S2(Kp(n + c¢)). Hence So(Kp)_, vanishes if v >
2maxn.; —2(n+c), ie.

JExt%(S2(Kp), Kg) =0 provided v > 2reg(Ip) —2n —2 = 2reg(Ip) — 6.

b) If the curve C' = Proj(B) is a local complete intersection, then (&) shows
that 1 Ext}(Ip/I%, B) = 0 provided H' (O¢(ny; —1)) ~ HY(Kp(—ny,;+1))Y =0,

ie.
1 Ext}(Ig/1%,B) =0 provided minn,; > reg(Ig) —n = reg(Ig) — 2.

Example 21. We consider the Artinian reduction Ay, of the Gorenstein algebra of
Example[ITl Since B is 2-dimensional we get the vanishing of ¢Exty (I5, /1%, ,BL),
and hence the unobstructedness of By, from Lemma [9(iii) and Remark 20b).
Moreover, since we have seen that Remark [[4h) also applies to the Artinian reduc-
tion, we get ,S,lExtlBL(IBL/I%L,KBL) = 0 for s > 2. Finally Lemma [[9(ii) and
Remark 20h) show that ,1Exty, (S2(Kp,), Kp,) = 0 for v > 0. By Remark [db)
all assumptions of Proposition [I3B) concerning By, are satisfied. It follows that Aj,
is an unobstructed Artinian Gorenstein algebra for s > 3, i.e. PGor(Hy) is smooth
at (Ar) by Theorem [I1] and

dim(AL) PGOI‘(HL) = dim(NBL)() + dim(KEL)SJrl —1=3d+d—-1=15.

Note that the Hilbert function of By, is given by (1,4,4,4,...). Since the h-vector of
Ap is the (s +2)-tuple (1,4,4,...,4,1), we get that the value of dim,4,)PGor(H)
above coincides with the dimension given in [21], Thm. 2.6 and Thm. 4.10A.
Finally we claim that this conclusion about Ay, holds for any Artinian Gorenstein
quotient A (well-defined by a twist of the canonical module of B) with the same
graded Betti numbers as Ay,. Indeed to use Remark [[4h) we only need the graded
Betti numbers of the minimal resolution. Since we may prove Remark for a
one-dimensional B by replacing Ext%(—, —) by the corresponding Ext}(—, —) (in
b) we use oExtp(Ip/I3,B) ~ oExtp(Ip ®r Kp,Kg) ~ oHY(Ip ®r Kp)¥ in
order to see that this group vanishes for minn, ; > reg(Ip) — 1), we get the claim.
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Remark 22. Pushing the arguments of this example a little further, we get that
if 'Y = Proj(B) is a zero-scheme of degree d and if v > 2reg(Ip) — 3, then
JExtp(S2(Kp),Kg) = 0 and dim(K%), = d. Indeed with v as above we have
So(Kp)_p = 0 and _,H%(Sa(Kp)) = 0 (cf. Remark BOh)) and it follows that
JExtp(S2(Kp), Kg) = 0 by Gorenstein duality. Hence it suffices to show (K7%), ~
H(Y, f(\g(v)), i.e. to show ,H} (K3) = 0. By Gorenstein duality this group is dual
to _UHOIDB(KE, KB) = _UHOmB(HOmB(SQ(KB), KB), KB) ~ SQ(KB)_,U =0.In
this case note that (K7j), contains a regular section. In particular, if s > 2reg(Ip)
and B is unobstructed, we have by Proposition [3B) and Remark [[4h) that A is
unobstructed and Hp-generic and that

dim 4y PGor(H4) = dima) GradAlg”4(R) = dim(Np)o +d — 1;

cf. Theorem[ITl Hence we may replace “s >> 0” in Theorem/[I] (and in Theorem 10l
provided B is generically syzygetic) by “s > 2reg(Ig)”.

Now we will study the case s >> 0 of Theorem [IGl to see that ([I3) actually
determines a well-defined injective application from the set of irreducible com-
ponents of GradAlgHB(R) containing locally licci, Cohen-Macaulay codimension
¢ quotients of R (not necessarily unobstructed!), to the set of irreducible com-
ponents of GradAlgHA(R) containing Gorenstein codimension ¢ + 1 quotients of
R. To be precise let Us C GradAlgH/ (R) be an open (e.g. the largest open)
subscheme whose corresponding k-points (R — B) are such that B is Cohen-
Macaulay and generically Gorenstein, Proj(B) is locally licci and satisfies Hg = H',
sExtp(S2(Kp), Kp) = 0 and (K}%)s contains a reqular section. When we apply our
results we usually take Uy to be the open set in which “B is generically Gorenstein
and Proj(B) is locally licci” is replaced by “Proj(B) is locally a complete intersec-
tion” or “Proj(B) is smooth” or “Proj(B) is locally Gorenstein and the codimension
of B is ¢ = 3”7, and with s so large such that every such Cohen-Macaulay quotient
B satisfies (Extp(S2(Kp), Kg) = 0 and (K}%)s contains a regular section (cf. Re-
marks [I8 and 22)). If we take a point (R — B) of Us and two particular quotients
B — A; and B — A, (corresponding to two regular sections o; of (K5)s), we have
Iy,/p ~ I4, B as graded B-modules. Recalling that the oH?(B, A, A)-group of
Lemma[is given by (Exty(S2(Kp), Kg) (Lemma[IH), we can take the open set U
of Lemma [ to contain (B — As) provided it contains (B — A;). Hence we can let
U be ¢~ (Uy) intersected by the space of those quotients (B — A) which correspond
to the regular sections of (K%),, where ¢ : GradAlg(Hp, Ha) — GradAlg””? (R)
is the first projection. Calling this intersection q_l(US)mg, we have an incidence
correspondence (cf. the text before (I0))

qil(Us)reg 5 U, C GradAlgHB (R)

(18) lpres

CradAlg™4 (R)
of restricted projection morphisms in which g,..s and p,.s have nice properties.
Note that v = n — reg(Ip), n = dim B, is the largest integer such that (Kpg), =0

by Remark [[4h). Letting n,; be the number appearing in the minimal resolution
[6) of B, we get the following proposition.
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Proposition 23. With notations as above, we have

i) The morphism g .s in ([I8]) is smooth and its fibers are geometrically connected,
of fiber dimension dim(K5)s — 1.

i) If Uy,,, is the open subset of Us whose corresponding k-points (B) satisfy
maxng; < n —reg(Ip) + s, then p~ (Pres(@res(Unyy))) = Gres(Uny,) and pres is
unramified and injective on q, .5 (Up,,). Moreover if s > 2reg(Ip) —n, then U,,, =
Us.

ili) If Un,, is the open subset of Us whose k-points (B) satisfy maxng; <
n—reg(Ig) + s, then P~ (Pres(h (Uny,))) = Grok(Uny,) and the restriction of pres
to ¢ (Un,,) is an isomorphism onto an open subscheme of GradAlg"4(R). In
particular if s > 2reg(Ig) — n+ 1, then U,,, = U, and the morphism py.s in (I8)
is an isomorphism onto an open subscheme of GradAlg®4(R).

Proof. 1) To see the smoothness of ¢;..s, we combine Proposition (i) and Lemma[I3]
(see also the proof of Proposition [[3)). To show that the fibers of ¢,..s are (geomet-
rically) connected, it suffices to see that two quotients B — A; and B — A,, given
as in ([I3) by two regular sections o; of (K%)s, correspond to two k-points of a flat
irreducible family U’ C A'(k) = Spec(k[t]) contained in the fiber ¢ L((B)). This
is, however, quite trivial because we can easily show that toy + (1 —t)os is a regular
section of (Kp,)s for any ¢ in some open set of A'(k) containing t =0 and ¢ = 1.

ii) It is straightforward to get ii) from Lemma [@b) because Kp(—$)maxn,; = 0
by assumption.

iii) Note that p is universally injective (“radiciel”) on the set U of Lemma[7l be-
cause the proof of the injectivity of p|y in Lemma [lb) extends to F-valued points
where F' is any field extension of k. Hence by [13], Thm. 17.9.1, it suffices to prove
that ps is etale on g, (U,,,). By (ii) above, it suffices to prove smoothness. Look-
ing to Remark [[Zh), we see that _ Ext}(Ip/I3, Kp) =0 by assumption. The first
sentence of the proof of Theorem [I6]shows that I is generically syzygetic. Hence we
get the smoothness of p,..s by Proposition [(ii) and the proof of Theorem BB). O

Recall that a quotient A of R has the Weak Lefschetz property if there is a linear
form ! and an Artinian reduction Ay, := A/(L) of A such that the multiplication
1:(AL)y — (AL)y41 is either injective or surjective for every v (cf. the text before
(I@). Letting “general member or k-point” mean “any member or k-point in a
suitable open dense subset”, we get

Theorem 24. Let s > 2reg(Ig) — n + 1. Then the correspondence (I8]) deter-
mines a well-defined injective application w from the set of irreducible components
W of Us (whose members B are codimension ¢ Cohen-Macaulay quotients of R
satisfying the defining conditions of Us above) to the set of irreducible components
V of GradAlgHA(R) whose general members are Gorenstein codimension ¢ + 1
quotients A of R satisfying the Weak Lefschetz property. In this application the
generically smooth components correspond. Indeed if myy (resp. my ) is the maz-
imal ideal of the local ring of a general k-point of W (resp. of V.= w(W)), then
dimmy /m$, — dimV = dimmw /m, — dim W, and we have

dimV = dimW + dim(K%5)s — 1.

Proof. By Proposition 23|(i) and [17], Prop. 1.8, ¢, .L(W) is an irreducible compo-
nent of ¢~ (Us)req- The application is therefore well-defined, and it is injective by
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Proposition 23(iii). Since ¢es is smooth and p,es is an open embedding, we easily
get the dimension formulas.

It remains to see that A has the Weak Lefschetz property. Indeed we claim that
any A’ which corresponds to a point in the image pres(¢~ (Us)rey) has the Weak
Lefschetz property. First suppose dim B’ = 1, with (B’ — A’) € ¢7'(Uy),¢,y. Since
reg(Ip/) = o(B’) where o(B’) is defined by min{i|AHp (i) = 0} (e.g. [35], Sect. 2),
it follows that the multiplication by a regular element of B’ of degree one induces
a bijection (B');—1 — (B'): for t > reg(Ip/), hence (A’);—1 — (A’); is surjective for
t > reg(Ip/). Let t < reg(Ip/). Since the assumption s > 2reg(Ip) —n + 1 leads
to Kp(—s), =0 for v < reg(Ip/) + 1, we get (B'), = (A'), for v < reg(Ip) +1
and certainly for v < reg(Ip/). The latter is precisely what we need to get the
injectivity of (A");—1 — (A’); from the injectivity of (B');—; — (B’);. Hence A’
has the Weak Lefschetz property. Moreover if n = dim B’ > 1 we know that the
graded Betti numbers of B’ and of Kp/(—n) are unchanged by modding out by a
(n — 1)-dimensional space L’ of general linear forms (cf. the explanation to (7).
Hence we may apply the argument above to the one-dimensional quotient B’/(L’),
and we are done. O

Remark 25. a) Let dim B = 1, i.e. let Proj(B) be a zero-scheme of degree d and
let s > 2reg(Ip). Then we automatically get the vanishing of the Ext!-group
appearing in the definition of Ug by Remark Since the quotients of Uy satisfy
KB(=58)reg(1p)+1 = 0, we get dim Bieg(r,)41 = dim Ayeg(r,)+1- Hence we see that
the Hilbert function of each A in Theorem [24] is an unimodal SI-sequence with
at least three consecutive peaks, that is, Hy D (d,d,d) (because A has the Weak
Lefschetz property; see e.g. [35]). Moreover,

dimV = dimW +d — 1.

Indeed by Proposition 23(iii) we have much more, namely a smooth morphism
Qres © Droy of schemes defined on pres(q™! (Us)reg) with values in GradAlgHB(R),
allowing us to compare properties of GradAlg!? (R) at (B) with the corresponding
properties of GradAlg™4(R) at (A) beyond that done in Theorem Note that
this correspondence is well studied by Iarrobino-Kanev if the codimension of B is
¢ = 2 (J21], Sect. 5.3.2), in which case they get a topological fibration defined on
the whole parameter space PGor(H,4). In that case they also get the dimension
formula above ([21], Cor. 5.50). Since the points of pres(q~(Us)reg) C PGor(H )
satisfy the Weak Lefschetz property, we cannot in general extend the morphism
Qres © Dy to the whole of PGor(H ) (cf. [3])!

b) Let dim B = 1 and suppose s > 2reg(Ip) — 1. Using the arguments of a)
it follows that the h-vector of A is an Sl-sequence with at least two peaks. By
Proposition 23li) the correspondence ([I8) applies provided the points (B) of Uy (or
of Uy,, if we only assume maxn,; < 1—reg(Ip) + s)) satisfy the assumptions of
Proposition [[3A). These assumptions are satisfied if B is licci (Remark [4k)) or if
I is generically syzygetic (e.g. if ¢ < 3) and satisfies

(Ha(R,B,B) ®p A)s = 0 and (H? (Ip @z Kp) =0

(Remark [[@b)) because the latter vanishing is equivalent to (Exty(I5/I%, B) = 0
by Gorenstein duality. Hence we get by Proposition [3A) and Theorem [I1] that
to each irreducible component W of say Us whose general member is licci or
as above, then (I8) determines an irreducible closed subset V' of codimension
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_sexth(Ip/I%, Kg) in PGor(H4) such that PGor(H 4) is generically smooth along
V,and dimV = dim W +d — 1. If ¢ = 2 this result is known ([21], Sect. 5.3.3 and
Cor. 5.50).

Example 26. Here we will use Theorem 24] and Proposition Bl to give classes of ex-
amples in which the scheme GradAlg? (R) has several irreducible components. To
simplify the analysis, we will use the classification of ACM (arithmetically Cohen-
Macaulay) curves on a general rational ACM surface appearing in [29]. So our
examples will yield irreducible components of GradAlgH(R) of Gorenstein codi-
mension 4 quotients of dimension one. It is not obvious that the corresponding
Artinian reductions lead to irreducible components of PGor(H) of Artinian Goren-
stein codimension 4 quotients.

First we explicitly describe three irreducible components of Hilb? (P*) with the
same Hilbert function (in fact their graded Betti numbers are the same, and are the
minimum possible consistent with the Hilbert function). Recalling that a general
Castelnuovo surface F' C P* is obtained by blowing up 8 general points in P2, thus
that Pic(F) ~ Z° we write the hyperplane section and the canonical divisor as
H = (4,2,17) and K = (—3;—18), respectively. Consider the three families of
curves, C €|Cy + tH|, of [29], p. 73, given by

(4t 4 1;2t,t7), (4t + 2; 2, ¢t + 14, ¢3), (4t + 3;2t,t + 2, + 15)

having Cj - K = (—3,—2,—1), respectively. We always have (do, go) := (deg(Cy),
gen(Cp)) = (4,0) and H? = 5. By Proposition § any such C' is unobstructed
provided ¢t > 3 and

dimcy Hilb? (P*) = 31 — Cy - K + (11t + 5t%) /2,

where p is the Hilbert polynomial of C. Since the three families have different
Co - K, they must correspond to three different components of Hilb? (P4).

We claim that all curves C' = Proj(B) of the three families have the same Hilbert
function, and hence that their quotients B belong to the same GradAlgH(R). In-
deed looking to the sequence

0— Jco/p =~ Op(~=C) — Op — O¢ — 0,

and the corresponding one for Cy, we get h'(Oc(v)) = h'(Ocg,(v —t)) = 0
for v > t. It is well known that the homogeneous ideal of F' has three min-
imal generators of degrees 2,3,3 and two relations of degrees 4,4. Combining
h(Jcp(v)) = h®(JTcy/r(v—1t)) and s(Co/F) = 2 with h' (O¢(t)) = 0, we sce that
the additional minimal generators of Ig sit all in degree t + 2. Hence we get that
all C' of the three families have the same Hilbert function and the same regularity,
reg(Ip) =t + 2, i.e. we get the claim. Indeed the members of the three families
satisfy Hg(v) = h°(Oc(v)) = dv +1 — g for v > t and Hp(v) = h°(Op(v)) for
v < t, and we easily find the minimal resolution to be

0 — R(—t—4)° — R(—t—3)"°@R(—4)*> - R(~t—2)°®R(-3)*®R(—2) — Ip — 0.

Now, thanks to (@), the corresponding Cohen-Macaulay algebras B are unob-
structed as graded algebras and dimp,) CradAlg™ (R) = dim ¢y Hilb?(P*).  The
three families must therefore correspond to three generically smooth irreducible
components of GradAlg”?(R) of different dimensions whose general members B
are two-dimensional Cohen-Macaulay codimension 3 quotients of R.
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By Theorem 241 we get three generically smooth irreducible components V' of
CradAlg4 (R) whose general members are one-dimensional Gorenstein codimen-
sion 4 quotients A of R. Indeed Theorem 24| applies for s > 2reg(Ip) — dim B =
2t + 2 provided we can show  Ext;(S2(Kp), Kg) = 0 for such s. Looking to the
arguments of Remark [I8] it suffices to prove s > (4g —4)/d which is straightforward
since (do, go) = (4,0), d = do + 5t and 2g = 2go + 2tdy + 5t> — 3t by the adjunction
formula 29 —2 = C - (C + K). Now, inserting these values for d and g into the
expression dim(K5)s = ds+ 3 — 3¢ of Remark[I8 we get, for every t > 3 and every
5 > 2t + 2, three irreducible components V of GradAlg™4(R) satisfying

dimV = dimg Hilb? (P*) + dim(Kj)s — 1 =33 — 2t — 5t> — C - K + s(4 + 5t).

It is not difficult to compute the Hilbert function H, from the Hilbert function
Hpg. Indeed the h-vector of A, i.e. the h-vector of an Artinian reduction of A, is
just

(1,4,9,14,19, ....,4 + 5t,4 + 5t,4 + 5¢,...,19,14,9,4, 1).
The simplest case t=3 and s=9 yields the h-vector (1,4,9,14,19,19,19,14,9,4,1).

Remark 27. We can use the classification of ACM curves on a general rational
ACM surface in P* in [29] to get many more reducible schemes GradAlg”4(R)
whose general members are Gorenstein codimension 4 algebras. For instance on a
Castelnuovo surface, look to the linear systems C' € |Co+tH| of [29], p. 73, where Cy
is a minimal curve and ¢ > 0. For both (dg, go) = (5,1) and (6, 2) there are at least
two linear systems with different Cy- K. Here s(Cy/F) = 2 and PropositionBlapplies
for t > 3. Since H'(O¢, (1)) = 0 one may see that reg(Ip) =t + 3 (C = Proj(B))
and that Theorem applies for every s > 2t + 4. The h-vectors of the simplest
case t = 3 and s = 11 of the two families are

(1,4,9,14,19,20,20,20,19,14,9,4,1) and (1,4,9,14,19,21,21,21,19,14,9,4, 1).

For both (do, go) = (2,0) and (3,0) there are also two linear systems with different
Co- K. Now 5(Cy/F) = 1 and H'(O¢,) = 0 and Proposition § applies for t > 4
and Theorem 24] for s > 2reg(Ip) — 2 = 2t 4+ 2. The h-vectors of the simplest case
t=4and s =11 are

(1,4,9,14,19,22,22,22,19,14,9,4,1) and (1,4,9, 14,19, 23,23,23,19,14,9,4, 1).

Putting the analysis on a Castelnuovo surface together we get that GradAlgHA (R)
has at least two generically smooth irreducible components whose general members
are one-dimensional Gorenstein codimension 4 quotients A of R in the following
range of the h-vector:

(1,4,9,14,....5a — 1,8, 8, ..., B,5a — 1,5 — 6, ..., 9,4, 1),

where 5o — 1 < B < b5a+4, a > 3, f > 19, and with at least three consecutive 3’s
(three peaks).

Of course the part (1,4,9,14,...,5a — 1) of the h-vector comes from the Casteln-
uovo surface. On a cubic surface there are two linear systems with (do, go) = (1,0)
and with different Cj - K, giving rise to reducible GradAlg4 (R) for every t > 3
and s > 2t. For (t,s) = (3,7) the h-vector is (1,4,7,10,10,10,7,4,1). Increasing
t to 4 and s to 10 we get precisely the h-vector of Boij’s example [3], which is dif-
ferent from ours because our algebras have the Weak Lefschetz property (see also
[22], Thm. 3.9). There are also quite a lot of linear systems on a Bordiga surface
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with which we could make a similar analysis. All examples we get in this case have
a symmetric h-vector starting with (1,4,10, 16,22, ...).

We end this section by using Theorem [I6] to essentially reprove the smoothness
and give a formula for the dimension of GradAlg™ (R) for (e.g. Artinian) Gorenstein
codimension 3 quotients equivalent to those in [27], [28] or [6].

Example 28. Recall that if A ~ R/I, is Gorenstein of codimension 3 with minimal
resolution

(19) 0— R(—f)~F3— Fy,— F, — 14— 0.

One knows that A is unobstructed and that Nao ~ A®I4(f) (char(k) # 2). It
follows that

(20) dim(A) GradAlgHA (R) = dln’l(/\ 2F1)f — d1m(F1 ® Fg)f + dlm(Sg (FQ))f;

cf. [28], Thm. 2.6 and its Remark. In (20) it is not really necessary to suppose (I9)
to be minimal because we easily see that (20)) is invariant under adding a common
free factor to both F; and Fj.

If B ~ R/Ip is Cohen-Macaulay of codimension 2 (and hence licci), and A is
given as in Theorem [I6], then we claim the dimension formula for

dim(4) GradAlg"* (R)

in Theorem [I@ coincides with (20). Note that since every irreducible component
of the Hilbert scheme of Gorenstein codimension 3 quotients of R contains a quo-
tient constructed via ([I3) by [I0], this example proves the generic smoothness of
CradAlg” (R) and PGor(H), as well as (20). The argument holds in the case
char(k) = 2 as well.

First we compute dim(K%)s. Indeed the dual of () (for ¢ = 2) yields the exact
sequence

(21) 0—Ki(-n—¢c) = Gy®B -G ®B— Ig/I5 —0
in which H; is the kernel of Gy ® B — I/I% by (@). By [2] one knows that
(22) 0— Ntlg, — /\iHGl — /\iGg —H; — 0

is exact for any i. Let f = s+ n + ¢. Using the last-mentioned sequence for i = 1,
@I) and the R-free resolution of G3 ® B which we easily deduce from (@), we get

(23) dim(Kp)s = dim(/\*G1) s — dim(G1 ® G3)f + dim(Sa(Ga2)) .

Next we will compute § = §(B)_s = dim(G5 ®r Kp)-s — —shomp(H;, Kp); cf.
Remark [[4d). If » = rank Hy, we have by (22)) a resolution of H,_; leading to
24) 0= G5 — (NG1)" = (NGa)* = Hy o\ Go)*

~ Hom(Hy, Kg(n +¢)) — 0.

We have an R-free resolution of Kp by dualizing (6) and hence a resolution of
G} ® Kp. Combining with (24)), we get
—6 = dim(G1 ® Ga)* ; — dim(S2(G1)*)—y — dim(/\*G2)" ;

(25)
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Note that dim(Npg)g is well known, e.g. one may easily deduce it from the exact
sequence

(26) 0—-Gi®Gy— (GE®G1)®(Gs®G2))/k— Gs@Gy — Ng —0

of [30], Remark 16 (k is a 1-dimensional subspace). Putting these formulas together,
using Theorem [I6, we get exactly [20) because we find the following resolution of
I4:

(27) 0= R(—f) = Gi(-f)@G2—= Gi(-f)eG1 = 1a—0
by applying the mapping cone construction onto (I3]).

Inside the scheme Z(H) of Remark [I0] we have the open subscheme ZGor(H)
consisting of not necessarily graded Gorenstein quotients R — A with Hilbert func-
tion H. ZGor(H) has been studied in different contexts (see [2I], p. 126, for
references). Since by Remark [[4k) we easily see that ,H*(R, A, A) = 0 for v > 0
provided B is licci, we can use Remark [I0] to prove the smoothness and find the
dimension of the scheme ZGor(H) at (A). Indeed y,homp(I4, A) is found using (I0)
as in the proof of Theorem Bl Also, if we apply ,Hom(Kg(—s),—) to [I3), we get
shom(Kp(—s),A) = dim(K%)syy — dim B,. Since A, = 0 for v > s, we have

Proposition 29. Let B ~ R/Ip be licci and generically Gorenstein, and let A be a
graded codimension one quotient of B, defined by [I3) for some s. Then ZGor(H)
is smooth at (R — A) and
S S
diIn(A) Z(H) = Z (dim(NB)w - 5(B)—s+v) + Z (dim(K%)s+v — dim Bv)-
v>0 v>0

Invoking Remark [[4k), we take the opportunity to state the main result of this
section in the non-graded case. The proof is omitted because it is the same as in
the graded case.

Theorem 30. Let B ~ R/Ig be Cohen-Macaulay, generically Gorenstein and
generically syzygetic of dimension > 1 and suppose B satisfies

Exth(Ip/I%,B) =0, Exth(S2(Kp),Kg)=0 and Exti(Ig/I%,Kg)=0.

Consider Kg as an ideal of B and let A := B/Kp. Then A is Gorenstein and
strongly unobstructed in the sense H*(R, A, A) = 0.

In particular let B ~ R/Ip be licci and generically Gorenstein. Then A is
Gorenstein and strongly unobstructed in the sense H*(R, A, A) = 0. Indeed licci
and generically Gorenstein imply Cohen-Macaulay and generically syzygetic as well
as the vanishing of the three Ext-groups above.

3. COMPUTING THE DIMENSION VIA LIAISON

In this section we show how we can compute 6(B)_s = _shomg(Ig,Kp) —
_sextb(Ip/I%, Kp) and dim(K}%)s. For instance it turns out that the difference
dim(K})s — 6(B)—s (which appears in Theorem [I€) is quite easy to compute
because, after adding a simple term to it, it becomes a liaison invariant among
syzygetic ideals Ip. Moreover §(B)_; is computable in terms of dim(K}, ), of the
linked algebra B’. To allow any complete intersection linkage of Cohen-Macaulay
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quotients and still get the liaison invariance described above, we need to also de-
fine 0(B) for Cohen-Macaulay quotients R — B which satisfy Ha(R, B, B) # 0
generically. To do this we consider the exact sequence ([38], Sect. 2.1)

(28) 0 — Hy(R, B, B) — SyIg — Ig — Ig/Ig* — 0.
Let ¢ : Hy (Ho(R, B, B)) — H;; (S21p), dim B = n, be the induced map.

Definition 31. Let B = R/Ip be Cohen-Macaulay of dimension n, not necessarily
generically syzygetic. Then

6*(B), = yhomp(Ip, Kp) — vexty(Ip/I5, Kp) — dim(imv) _,.

Remark 32. If B is generically syzygetic, then ,Homp(Ha(R, B, B), Kg) =0, and
we get _,Hp (Ho(R, B, B)) = 0 by duality and hence 6*(B), = §(B),, i.e. the “old
and the new” definition of ¢ coincides.

Using @8) and Ext(Ip/I3, Kp) ~ _ Hp *(Ip/I%)" and letting (=), =
dim(,HJ (-)), one shows

(29) §*(B)y = KT (SoIg) _y — A (Solp) . — KT (IR) .

Indeed splitting (28) into two short exact sequences we see that h~1(Ig/I%)_, =
h(I%)_, and % (Ip/1%)_, = hiTY(I3)_, —hiT(I5)_,. Moreover K1 (1%)_, =
h+1(Selp)_,, and R (1%)_, = hiL(S2Ip)_, — dim(im 1)) _,; thus we get (29) from
Definition BT1

Proposition 33. Let R be a finitely generated polynomial k-algebra with canonical
module R(e) (soe = —n—c), and let B and B’ be graded Cohen-Macaulay quotients,
algebraically linked by a complete intersection R — D of dimension n > 1, and with
minimal resolution

0— R(—a) — ... — @R(—ci) — Ip — 0.
i=1
Let (B, D), :=dim B, + Y.;_, dim(Ig/p)v+ec,- Then Ig;p ~ Kp/(—e —a) and

(l) dlm(NB)() — 25:1 dim Bci = dim(NB/)o — Z?:l dim Bt/%

(ii) If B and B’ are generically Gorenstein (resp. Gorenstein in codimension
< 1), then ,Exty(Ip/1%,B) and ,Exty (Ip//I%,,B') are isomorphic for
1=1 (resp. i =2).

(ili) 0*(B)y—2e—20 = B(B',D)y—e—a — dim(K3.), for any v. Moreover, if
B(B',D)y—c—a =0 and Ip is generically syzygetic, then

Ufgefgael‘tlB (IB/I%, KB) = dim(Kg,)v.

(1V) dlm(Kg)v_é* (B),v—ﬂ(B, D)vfefa = dim(KE/)7v+2e+2a_6*(Bl)v72672a
- ﬁ(B/a D)7v+e+a-

(v) If Ip is generically syzygetic (resp. syzygetic in codimension < 1), then
vEthB(IB/I%,KB) — v+ge+2aExtlB/(Sg(KB/),KB/) is injective (resp. an
isomorphism,).

(vi) The conclusion of (ii) holds if B is linked to B’ in possibly several steps.
Here the algebras of the intermediate steps need not necessarily be generi-
cally Gorenstein.
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Proof. (i) is proved in [27], Prop. 1.7.

(ii) This part, i.e. the liaison invariance of I5/I3® K, is also known ([5], or [29],
Ch. 6). Here the Gorenstein assumption is required for having ,Ext'y(I5/I%, B) ~
vExtg(IB/IQB ® Kp,Kp). Note that the liaison invariance of Ip/I3 ® Kp takes
care of (vi) as well.

To prove (iii), recall that Kp ~ D(e + a) and hence Ig,p ~ Homp(B, D) ~
Kp/(—e —a), i.e. we get exact sequences

(30) 0—>ID'IB—>SQIB—>SQ(KBI)(—2€—261)—>0,

(31)  0—1Ip-Ip—Ip—Ip®@rR/Iz~Ip/I} ®p B~EPB(—c;) — 0;
i=1
cf. [38], Lemma 4.2.7, to see (B0). Since 3(B’, D), := dim B+ _;_; dim(Ip//p)uvte,
and Ip )p ~ Kp(—e —a), we get 3(B', D), = hit(Kp')—y + >, Bt (B)e—vta—c; DY
Gorenstein duality. Using (29) and @0), we have dim(K3, ), = b (S2Kp)_y =
—6" (B)72e+v72a - hz—‘rl(IB)ZevarZa + h:j_l(IDIB)ZevarQa while (B:D) and
hg} (KB’)—'U+e+a = hrr;Jrl(ID)Qe—v—&-Za - hrni+1(IB)26—v+2a
show
_hg+1(IB)2efv+2a + thLq,+1(IDIB)267v+2a = ﬂ(B/, D)vfefau

Hence we have proved
(32) dlm(KB’) =—0" (B)—26+1)—2a + ﬂ(B/, D)'U—e—a-
Moreover if 3(B’, D)y—c—q =0, then dim B),_,_, =0, i.e. v —e —a < 0 and hence
H Y (Ip)ae_vi2a = 0 by duality (e.g. if dim R > n + 1, then A% (Ip)oe_yi2q =
h(D)ae—ni2a = A (KD)—ytetra = 0 by duality). Since Al (Kp/)_yieta = 0, it
follows that h% ™ (IpIg)2e—vi2a = B(B’,D)y—e_q = 0 which easily leads to the
final conclusion of (iii).

Note that [B2) also shows dim(K ), = —0*(B')y—2e—24 + B(B, D)y—c—q. More-
over if we replace v by —v+2e+2a in ([(32), we get (iv) by combining these formulas.

To prove (v), we use Gorenstein duality. Indeed

VExth(I/13, Kp) = _JHI 2 (Ip/13)Y = M (13)Y — N (Sa0n),
where the final injection follows from Gorenstein duality and

JHomp (Hs(R, B, B), K5) =0

because Ip is generically syzygetic. Note that the injection is an isomorphism if I
is syzygetic in codimension < 1. Now combining (B0) and BI]) we get

(33)
—oHy (82 lp)Y = HLTH (Sa(K ) (=26 — 2a))Y o 20 Ext iy (S2(Kpr), K1),
and we conclude easily. O

Remark 34. With notations as in Proposition B3] allowing also n = dim B > 0, we
have

dim(Npg), Zdlm B, ., = dim(Np/), Z dlmB . for every integer wv.
=1

This follows from [27], Prop. 1.7, for v = 0, and from [26], Cor. 2.12 and (2.19), or
[29], Prop. 9.20, for n > 2 and every v. Since the arguments of the proof of [27],
Prop. 1.7 hold for the linkage appearing in the non-graded deformation functors,
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we may use the proof to get the displayed dimension formula by showing that the
isomorphism of their tangent spaces, A}, 5 ~ AL 5, (whose degree zero parts
are given by (), is graded. This isomorphism is, however, concretely studied in
[29], pp. 38-39, without using deformations. There, if we take the diagrams (6.11)
and (6.12) without sheafification, we get a graded isomorphism AL 5 ~ AL .
from which we get the displayed formula by e.g. the proof of [29], Prop.9.20.

Example 35. We now complete Example [[7] for the remaining cases (0 < s <
2) by verifying the assumptions of Proposition [3A), using liaison. Since we in
Example [T proved oExty(Ip/I%,B) = 0, it suffices by Remark [Bc) to show
oExt}(Ip/1%, Kp(—s)) = 0. Now if we link B to a B’ via a complete intersec-
tion of three hypersurfaces, all of degree 2, the linked curve C’ = Proj(B’) has
degree d = 8 —4 = 4 and genus ¢’ = 0, i.e. we see that C and C’ are es-
sentially the same curve. Hence ,Exty, (S2(Kp/),Kp/) = 0 for v > 0 since B
satisfies this vanishing. By Proposition B3] it follows that ,SExt%(IB/I%, Kp) —
_eroBxth (So(Kpr), Kp/) = 0 for s < 2, which precisely covers the cases of Ex-
ample [I7 which are not already analyzed. So, for 0 < s < 2, Proposition [[3A)
applies! In Example [I7 we saw that dim(K}%)s = 4s + 3 for any s > 0. It remains
to compute 6(B)_,. Since §(B),—2 = B(B’,D)y—1 — dim(K}, ), and 3(B’, D), =
dim By, 4+ 3dim(Ip//p)v12 by Proposition 33} we get (6(B)o,(B)_1,6(B)_2) to be
equal to (15,3, —3), and as previously

dim4) GradAlg” (R) = h°(Ne) + h%(0c(s)) — 1 — 6(B)_s = 4s + 23 — §(B)_s.

Hence dim4) GradAlg™ (R) equals (8,24,34) for s = (0,1,2), respectively. Note
that it is easy, for s = 2, to see that (Kp)o = 0 and hence that _sHom(Ip/I%, Kp)
=0 and _sexth(Ip/I%,Kp) = —§(B)_2 = 3 by looking to the minimal resolution
of I (or use Proposition B3[(iii)). By the interpretation of _sexth(I5/I1%,Kp) of
Proposition [[3A), we get that the codimension of the Gorenstein quotients given

by (@) is 3.

Example 36. Now we consider the Artinian reduction Ay, of Example 2] of socle
degree s + 1 to treat the remaining cases of interest (0 < s < 2). Since s < 2
and Ip has no linear generator, ;41Ha(Rpr,Br,Br) — (S21p, )s+1 = 0. Looking
to Example 2] and Remark [[4b) we see that all assumptions of Proposition [[3A)
are satisfied. Now examining H'(fc(v)) of Example [T for v = —1 a little fur-
ther and invoking (S2Kp); = 0 we get _jexth(So(Kp), Kp) = 1 in addition to
UEthB(SQ(KB)’KB) = 0 for v > 0. By Lemma [[9(i) we get dim(KEL)U = 4 for
v > 1. Moreover, if we apply Hompg(Ig/I%,—) to the exact sequence 0 — Kp —
Kp(l) = Kp, — 0, we get
§(Br)v—1=0(B)y —6(B)y_1 + vexty(Ig/I3,Kp) — o 1exti(Ig/l5, Kg).

Since _zext%(Ip/1%, Kp) = _iexth (So(Kp),Kp) =1and _Exth(Ip/I%, Kp)
=0 for s < 2, we get that (6(Br)—1,0(Br)—2,0(Br)_3) is equal to (12,6, —4) from
the values of 6(B), in Example It follows that Ay, is an unobstructed Artinian
Gorenstein algebra for 0 < s < 2, i.e. PGor(Hy) is smooth at (Ar) by Theorem [I1]

and
dim(AL)PGOI‘(HL):dim(NBL)0+din’l(KgL)s+1717(5(BL)_5_1:1575(311)_5_1.
Moreover, for s = 2, we see that —d0(Br)_s = _sexty, (I, /1%, ,Kp,)=4is the

codimension of the stratum of Gorenstein quotients given by (I3 around (Ar).
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Finally we remark that the conclusions (about Ar) also hold for any Artinian
Gorenstein quotient A, well-defined by a twist of the canonical module of B, with
the same graded Betti numbers as Ay. In this case we can compute the numbers
0(B), of a one-dimensional B as we did in Example by essentially the same
linkage argument.

Mainly using Proposition B3] twice (for (i) below we utilize (33))), we get

Corollary 37. Let B and B’ be Cohen-Macaulay quotients of R, algebraically
linked by a complete intersection D of type (c1,ca,..,c.), let B' and B" be alge-
braically linked by a complete intersection D' of type (i, ch, .., L), and leta =) ¢;,
a' =>"c; and dim B > 0. Then:
(1) v+2a/EthB//(SQ(KB”), KBN) ~ v+2aEXt}3(SQ(KB), KB) fO’I" any v.
(ll) v_Qa/EXtZB/l (IB///I%,/ y KBN) ~ 7‘,_QaEXtZB (IB/I%, KB) pmvided IB and IB//
are syzygetic in codimension < 1.
(111) o (B//)v72ef2a’ = 6*(3)1)726720, - 5(-3/7 D)vfefa + 5(B/7 D/)vfefa’ .
(iv) dim(Kpn)vt2et2ar = AM(KR)vr2e+20 = B(B's D)vtera+B(B", D )ptetar
or equivalently, dim(Kp,)pi2er2ar = dAim(KR)vi2et2q0 +dim By 0 —

dim Byteta + 2521(dim(KB’)v+c; — dim(Kp )ye;)-

We include one example of biliaison starting with the smooth rational curve
of Example [l Of course starting with a licci curve, it is immediate to verify
the assumptions of Proposition [[3] (see Theorem [I6). However, some part of the
argument below is still needed to find dim(K7})s — 0*(B)_s and to see how small
we can let the number s in Theorem [I6B) be.

Example 38. If we link the homogeneous coordinate ring B of the smooth rational
quartic curve of Example [[7 having minimal resolution

0— R(-4)> > R(-3)®* - R(-2)° = R— B -0

to a B’ using a complete intersection of type (2,2, 3) and further link B’ to a B”
via a complete intersection of type (2,3,4) (using the same hypersurface of degree
2 and 3 as in the first link), one may, notably due to Ip//p ~ Kp(—2) and the
mapping cone construction used twice, see that the minimal resolution of B” is

0 — R(—7)® R(—6)> — R(-5)'° - R(-4)° ® R(-3) ® R(-2) - R — B" — 0.

If A is defined by a regular section of (K}, )s, we can easily find the minimal
resolution of A and its Hilbert function by using ([I3]). For instance dim 4, =
16v —19 for 3 < v < s —3 and dim A, = 16s — 38 for v > s. The h-vector of A is
in fact

(1,4,8,8,4,1),(1,4,9,14,9,4,1),(1,4,9,15,15,9,4,1), (1,4, 9, 15,16, 15,9,4, 1)

for s = 4,5,6,7 and (1,4,9,15,16,...,16,15,9,4, 1) for s > 8, respectively. Let us
suppose s > 3 since otherwise Proj(A) is degenerate. To use Proposition[I3] we may
argue as in Example[ITlto see that 6(B”)_; = 0 for s > 7 by Remark[[4h), and that
H'(0c (v)) = 0 and hence dim(K %), = h%(6cn (v)) = 16v — 57 for v > 5, because
C" := Proj(B") is smooth curve of degree d” = 16 and genus g”’ = 20. Corollary B7
leads, however, to more precise information. Indeed it is rather straightforward to
combine the corollary and the computations of Example [[7 and Example [35] to see
that the conclusions of Theorem [I6] hold for s > 4, that dim(K7, )4 = 8, and that
(6(B")_4,0(B")_5,0(B")_¢) is equal to (7,—6,—6) and §(B")_s = 0 for s > 6.
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Finally patiently using Proposition B3|(i) several times, one shows dim(Ng~)y =
62. (Tt is, however, faster to show oExt’, (I /I%.,,B") = 0 for i = 1 and 2 by
Proposition [B3((ii), using the computations of Example [[7 and (&), and then use
(@@ once more to see h'(Ngr) = 1 and hence dim(Npr)g = 5d" + 1 — g" +
h'(Ngr) = 62). Putting this together we have by Proposition [[3] that A is an
unobstructed Gorenstein algebra for s > 4,

dim4) GradAlg” (R) = dim(Np»)o + dim(Kj)s — 1 — 6(B”)_s = 165 + 4

for s > 7, dim(4) GradAlg” (R) = 16s+10 for 5 < s < 6 and dim(4) GradAlg” (R) =
62 for s = 4. By the interpretation of _extk, (Ipr/I1%,, Kg) of Proposition [[3]
we get by Proposition B3[(iii) that the codimension of the stratum of Gorenstein
quotients given by ([I3) is 6 for 5 < s < 6.

We may treat the Artinian reduction of A ~ B”/Kp~(—s) in Example B8] satis-
factorily by remarking that y1Ho(Ry,BY,BY) =0 for 4 < s < 6 (since one may
show (S2lpy)si1 = (IJQB,L,)sH by using that the generators of Iy of degree 2 and
3 form a regular sequence), and that BY is unobstructed by Lemma [T(iii) for any
s > 3. For the latter, we use the liaison invariance of ,Extk(I5/I%, B) and the fact
that H' (Ng(v)) = 0 for v > —1 for a smooth rational curve C. Instead of working
out these details, we will finish this subsection by considering two general classes of
examples where B is licci. We concentrate on licci codimension 3 quotients, leading
to unobstructed Gorenstein codimension 4 quotients by Theorem In one of the
cases the use of Proposition [33]is quite effective.

Example 39. Let B be a Gorenstein quotient of R of codimension 3 given by
(34) 0> R(—f)=F3—F,—F —Ig—0

(as A in Example 28)). In this case e = —n — 3 and Kp ~ B(—f +n + 3) and
since B is licci ([38]) and therefore satisfies ,Exty(Ip/I%, B) = 0 for any v by
Proposition 33 we get §(B)_s = dim(Np)_(f4s—n—3)- If A is defined by a section
of (K})s as in Theorem [I6] then A is Gorenstein and unobstructed and

dim4) GradAlg"*(R) = dim(Np)o + dim By i3 — 1 — dim(Ng)_j—sinia,
where dim(Npg), is given by [28], Thm. 2.6, i.e. by modifying (20) to

dim(Np), = dim(/\*Fy) s 1 — dim(Fy @ Fy) 1o + dim(S2(F2)) s 40
+ dlm(Fl)v - dlm(Fg)y

Example 40. Let B be an almost complete intersection of R of codimension 3
with a minimal resolution

3
(35) O—>G3—>G2—>G1:@R(—Ci)@R(—h)HIB%O
=1

and let B’ be the Gorenstein quotient obtained by linking B to B’ via a complete
intersection whose minimal generators (of degree ¢;) corresponds to three of those
of I'z. A standard mapping cone construction and duality yields

(36) 0— R(h—a)— G5(—a) — Gi(—a) ® (@ R(-¢;)) — Ip — 0,

i=1
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and we see that Kp' ~ B'(a —h —n — 3), where a = Y ¢;. If A is defined by the
zero locus of a section of (Kj)s as in Theorem [I6] then A is Gorenstein and unob-
structed. Invoking Proposition and dim(K5/)—st+2a—2n—6 — 0(B')s—2a+2n+6 =

dim B’ . o g — dim(Np/)s_n—atns3 We get

(37) dim(4) GradAlg”*(R) = dim(Np)o +dim B’ )0 n_s
- dim(NB’)sfhfaJrnJrB -1 + v,

where

3
= Z(dim B., —dim Béi +dim(Ig/p)s—atnt3te
i=1

- dim(IB//D),S+a,n,3+ci) + dim Bsfa+n+3 — dim B/fsfn73+a'

Using Ip,p ~ Kp/(n+3—a) ~ B'(—h), we easily express 7 in terms of the Hilbert
function of B’ (or of B) and D. Moreover dim(Np:), is given by the final formula
of Example See Example [2] for a more explicit example.
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