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ENTIRE MAJORANTS VIA EULER-MACLAURIN SUMMATION

FRIEDRICH LITTMANN

ABSTRACT. It is the aim of this article to give extremal majorants of type 276
for the class of functions fy(x) = sgn(xz)z™, where n € N. As applications we
obtain positive definite extensions to R of 4-(it) =" defined on R\[—1, 1], where
m € N, optimal bounds in Hilbert-type inequalities for the class of functions
(it)~™, and majorants of type 27 for functions whose graphs are trapezoids.

1. INTRODUCTION AND NOTATION

An entire function F(z) is said to be of type 274 if
(1) IF(2)] < Az exp (|2](276 +¢))

for every € > 0 and some constant A. > 0 depending on ¢ (in the notation of [2]
this a function of order 1 and type 27d). The set of all functions of type 276 that
are real in R will be denoted by E(279).

By the Paley-Wiener Theorem (cf. [2]), functions in E(278) N L?(R) have a
Fourier transform with support in [—6, §], where the Fourier transform of f € L?(RR)
is given by

N
Ff(t) = lim / f(@)e(—tx)dx.
-N

N—o0
Here the notation e(y) = exp(2miy) is used.
In the 1930’s A. Beurling studied the entire function
-1

sin? 72 /
(2) B(z) := 5 (Z(z—n)%— Z (z—n)72+2271).

™

n=0 n=-—oo
He found that B(z) satisfies the following extremal property: B(z) is of type 2,
B(x) > sgn(x) for all z € R, [,(B —sgn) = 1, and any F € E(27) with F > sgn
on the real line and F' # B satisfies [ (F —sgn) > 1.
This motivates

Definition 1. Let f : R — R. For F' € E(27¢) consider the conditions
(i) f(z) < F(x) for all x € R,
@ [F=n= min |G-,
G=>f
A function F € E(27d) satisfying (i) and (ii) is called an extremal majorant of type
276 of f. Extremal minorants are defined with the obvious modifications.
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2822 FRIEDRICH LITTMANN

A. Selberg discovered B(z) independently, and he used it to obtain a sharp form
of the large sieve inequality ([I1], chapter 20; see also [§]).

A general method to construct candidates for extremal majorants when f €
L?(R) is given by S. W. Graham and J. D. Vaaler in [3]. Their applications include
a finite form of the Wiener-Tkehara Tauberian theorem (see also [5], chapter 5), a
proof of the large sieve inequality, and inequalities for character sums.

Although Beurling never published his results, an account can be found in the
survey [12] by Vaaler.

The function B(z) can be used to give a short and elegant proof for a general
form of Hilbert’s inequality (cf. [I1], chapter 20, and [I2], Theorem 16; for the first
proof cf. [9]). This result will be generalized in Corollary 21

It is the purpose of this note to give extremal minorants and majorants for the

class of functions
n

fn(z) :==sgn(x)x",

where n € Ny. The way extremal minorants and majorants are obtained is similar to

the method of [12], except that the Euler-Maclaurin summation formula is employed
rather than the arithmetic-geometric mean inequality.

As usual, sgn(x) denotes the symmetric signum function, i.e. sgn(z) = —1 for

r <0, sgn(xz) = 1 for x > 0, and sgn(0) = 0. Also, sgn (x) denotes the right-

continuous signum function, i.e. sgn (z) = sgn(x) for z # 0 and sgn, (0) = 1. The
expression z denotes the complex conjugate of z € C.

2. MAIN RESULTS

Given a € R, let

2

Fo(2) :=n"2sin’ n(z — a) for z € C.

The following definition provides us with the candidates for extremal minorants

and majorants of f(z) = sgn(z)z™.

Definition 2. Define for 0 < a <1, z € C, and n € Ny

Hy,(2;0) i= Fo(2) (Zn Z m + QZBk—l(Oé)ank + QZB_TL({O;)})a
k=1

where {a} denotes the fractional part of «, and B, («) is the n-th Bernoulli poly-
nomial (cf. Section ). For n = 0 the second sum is assigned the value zero.

k=—o0

The equality B(z) = Ho(z;0) holds, where B(z) is Beurling’s function defined
in [@2).

Note that H,,(z; @) is real entire, because the zeros of F,, cancel the poles of the
first and the last terms in the parenthesis, and the second term is a polynomial.

Next it will be shown that H,(dz; ) is of type 2wd. The expressions obtained
by multiplying F,(z) with the second and the third terms in the parenthesis of
Definition 2] are of type 2w. It remains to estimate the first term in Definition
The series Y, |z — £ — a|2F,(z — ¢) is bounded uniformly for all 2 satisfying
|z —k —a| < 1/4 with some k € Z. Moreover, for all z and k satisfying |z —k —a| >
1/4, the sum ), |z — ¢ — a| 72 is bounded uniformly in z. Since F,(z) is of type
27, it follows that H,(z;«a) is of type 27 as well, and one obtains from (Il) that
H,(0z;«) is of type 274.
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It will be shown in @7 and B8) that the function H,(x;«) is an extremal
function for sgn(x)a™ precisely when the 1-periodic function

Bpyi(a) = Bpja(t+a— [t + 0‘])

has no changes of sign for all ¢ € R (here [z] denotes the greatest integer less than
or equal to x). This motivates the following choices for the values of a.

Let n € N. The function Ba,(¢) (n > 1) has exactly one zero in the interval
(0,1/2). Denote this zero by zs,, and let zg = 0. By a result of D. H. Lehmer [6]
the inequality 1/4 — 771272771 < 2,5, < 1/4 holds for n € N. The odd Bernoulli
polynomials Bs,11(t) have zeros at ¢ = 0 and ¢t = 1/2, but no zeros in the interval
(0,1/2) (cf. Section H).

Define two sequences {ay, fnen, and {B }nen, by

agr, = l—zak,  Bax = Zap,
(3) agrr1 = 0, Baks1 = 3,
O4kt2 = Zakt2,  Baky2 = 1 — Zapgo,
Qupts = 3, Bak+z = 0,

where k € Ny. Note that B,41(f) assumes a maximum in [0,1] at ¢ = a,, and
By,+1(t) assumes a minimum in [0, 1] at ¢t = G, (cf. Lemma ).

With these definitions Hp,(z; ay,) and H,(z;5,) turn out to be the extremal
minorant and the extremal majorant of sgn(z)z™, respectively:

Theorem 1. Let n € Ny. The inequality
(4) 0 " Hy, (0x; o) < sgn(x)a” < 6 "Hy,(ox; Bn)
holds for all x € R. Moreover,
(i) for every function F € E(2m0) satisfying F(x) > sgn(z)z"
* n n+1( )
with equality exactly for F(x) = 6" H,(dz;B,), and
(ii) for every function F € E(2md) satisfying G(x) < sgn(z)x™
o Bn+1(a7L)
n_ > 9 Zni1ldn)
(6) [ et = Gla))ar > 2700
with equality exactly for G(xz) = 6 " H,(dz; o).

Let S be R or Z. A function f : S — C is called positive definite if for every
N €N, any aq,...,a, € C, and any z1,...,x, € S, the inequality

N
(7) > avuf(w, —2,) >0
v,p=1
holds.
Let m € N. As a first corollary of Theorem [I] positive definite extensions to R
of the functions +m!(27it) ™ restricted to R\[—1, 1] are obtained. Define

(8) Smia(t .—722321’”1 (’€+1 |t|)(f2m‘t)k,

where 0 < a <1, meN, and |t| < 1.
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2824 FRIEDRICH LITTMANN

P

FIGURE 1. Plots of f2(¢) and go(t) (cf. Corollary [I)

Corollary 1. Let m € N. The following functions are positive definite on R:
m!(2mit)™™  aif [t > 1,
fm(t) = {

Smam_1 (1) else,

—m!(2mit)™™  if |t| > 1,
T T
—Sm. B () else.

The following functions are positive definite on Z:

_m!@2mik)™™ if k#0,
p’”(k)‘{Bmmm_l) if k=0,

) -m!(@2mik)™™  if kB #0,
qm(k) B {_Bm(ﬂm—l) ka =0.

Moreover, fn,(0) = Bp(am—1), gm(0) = —Bun(Bm-1), and the values f,,(0),
9m(0), pm(0), ¢m(0) are all minimal in the sense that none of £m!(2mwit)~™ (resp.
+(2mik)™™ ) restricted to R\[—1,1] (resp. Z\{0}) can have a positive extension to
R (resp. Z) having a smaller value at the origin.

The proof of Corollary [ will be given in Section [l A consequence of this
corollary are sharp bounds in certain Hilbert-type inequalities. Let (a,))_; be a
finite sequence of complex numbers, and let {\,}2__; be a set of real numbers which
are well-spaced in the sense that |\, —\,| > 6 > 0 for all v # p, and let h(t) (t € R)
be a hermitian function, i.e. h(—t) = h(t). We are interested in optimal bounds
Ls(h) and Us(h) such that

N N N
) Lo Y Jol < 37 aauh O = A) < Us(h) Y Jaw
v=1 wn,v=1 v=1
nAY

holds independently of N € N, and independently of the sequences {a,})_, and
WL
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For hi(t) = (it)~! the problem of finding the best possible values for L(hq)
and U(hy) was solved by Montgomery and Vaughan [9]. As mentioned in the
Introduction, Beurling’s majorant B(z) can be used to give a proof of Montgomery
and Vaughan’s result (cf. [12], Theorem 16, [1I], chapter 20). Their result will be
extended to the functions

(10) hm(t) = (it)™™, where m € N.

Corollary 2. Let m € N, let 6 > 0, and let Ls, Us be as in [@). In this case the
optimal bounds are

Bm (am— 1)

Ls((it) ™) = (2m)m =" 0
Bm(ﬁm—l)

Us((it)™™) = —(2m)"

Y

For example, since —272By(1/2) = m2By(0) = ((2) we obtain for m = 2 and

6 =1 that
N N ad N
(11) —C(Q)Z la,|* < Z # < QC(2>Z | |?
v=1 /,L,I;é:l ( v ,u) v=1
pnFY

for all N € N and all sequences (a,), {\,} as above.
For m = 2 and § = 1 we have the following extremal configurations. An extremal
configuration for the upper bound is given by A\, :=v, a, := 1, and N — o0, since

N N-—1
1 1 1 N — |k
AT ToE oAy X T —X@
v,u=1 k=1-N
n#EmM k#0

An extremal configuration for the lower bound is given by A, :=v, a, := (—1)”

and N — oo, since

N N-1
) 1 (=nr=—+ 1 W N — k|
dm v D LT Ay D CDP T =),
v,u=1 k=1—-N
n#m k#0

Note that Ls((it)~™) = Us((it)~™) for odd-valued, but not for even-valued
m € N.

The proof of Corollary 2l will be given in Section

Another application is the following result originally obtained by J. J. Holt (cf.
[], Theorem 1 and Corollary 1). Let « > 0, and define

(12) Ro(z) = a Y|z + a| — |z|) for all z € R.

Holt obtained extremal majorants and minorants of type 2m for R, (z) in the
case that « € A := (0,1/2] U{k + 1/2 : k € N}, and he obtained non-extremal
minorants and majorants of type 27 for all other @ > 0. We will obtain Holt’s
result for a € A, and we will give slightly better (also non-extremal) majorants and
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2826 FRIEDRICH LITTMANN
minorants for all positive o ¢ A. Define

Hy(z;0) if0<a<1/2,

(3) M"(x):{a—l(m(xm;m)—H1<w;0>> ifa>1/2,

Hy(z + ;1) if0<a<1/2,

(14) ma(z) = {al(Hl(era;O) — Hy(x;1/2)) ifa>1/2.

For 0 < o < 1/2 the inequality Ho(z + ;1) < Ry(z) < Hp(x;0) holds (cf. [,
Corollary 1). For any « > 0 we have by Theorem [[] that Hy(x 4+ «;0) < |z + o <
Hi(x 4+ «;1/2) and —H;(2;1/2) < —|z| < —H;(2;0). So for all z € R

(15) Me () < Ro(z) < My (z).

Moreover for 0 < a < 1/2, [(Ho(x;0)—Rqa(z))dz = [(Ra(z)—Ho(z+a;1))dz =
1— . Since —B3(1/2) + B2(0) = 1/1241/6 = 1/4, Theorem [[limplies for « > 1/2

(16) /R(Ma _R,) = /R(Ra ) = (da)~L.
Define
11—« if0<a<1/2,
(a7) de) = {(4a)—1 if > 1/2.

We have shown

Corollary 3. The functions M, and m. are of type 2w, and they majorize and
minorize Ry, respectively, on the real line. Moreover,

/(Ma C Ry = /(Ra ) = d(a).
R R

We use Corollary [3 to obtain majorants and minorants of type 27 for trapezoids.
Define fo3.(z) = 3(Ra(x) + Ry (B — x)). The graph of fo 3, (x) is a trapezoid
with base-length o+ 3+, top-length 3, height 1, and left point at © = —a. Define

(18) Mo () = 5(Mal@) + My (5 — ),
(19) M52 (@) = () + o (5 — ).

From Corollary [3] we obtain

Corollary 4. M, g~ and mqa, g are functions of type 2w, they satisfy

Ma,6,7() < fo,(T) < Ma,p4 ()

for all real x, and

[ o = fon) = [ (e =) = 5d0) + )
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3. OUTLINE OF THE PROOFS

We will first deal with the case § = 1. At the end of this section we will indicate
how to obtain majorants for any § > 0. Let § = 1. Since most of the following
statements are concerned with the difference of H,(z;a) and sgn(x)z™, we define

(20) Un,a(2) = Hp(z; ) — sgn(z)a".

The proof of Theorem [0l is divided into a series of lemmata whose proofs are
given in Section [Bl

Lemma 1. Let 0 < a <1 and n € Ny. The function ¢, o(z) (x € R) is absolutely
integrable. Moreover, if {an tnen, and {Bn}nen, are defined by @), then

Hy (25 0) < sgn(x)z” < Hy(x; 6p).
Since ¥y, () is integrable, its Fourier transform exists. Its value is given by

Lemma 2. Let 0 < a <1 andn € Nyg. We have

Biin k '
R e T
+ 2D ) (e —forkt) 1) Jor 1] < 1
2-n!
(22) }-wn,a(t) = _w% for |t| > 1.

By taking the value of Fipn o(t) at t =0 in Lemma 2l we obtain the equalities
in (@) for F(z) = Hy(x; 8,) and in (@) for G(z) = Hy,(z; ).

The next lemma establishes the extremality properties of H,(z; ).
Lemma 3. Let n € Ny, and let F,,,G,, € E(2m) be real entire functions such that
Gn(z) <sgn(z)z" < F,(x)

for all x € R. Then

o0 n 2

(23) /_ (Fula) = sgn(a)a")do > —— avin By ()
o0 n 2

(24) / (smn(o)a” = Go(a))de > 5 o B (1)

Moreover, in 23) and 24) equality can hold only for the minorants and majo-
rants defined in Lemma [l

The proof of Theorem [I] is completed by considering the case of arbitrary § >
0. Defining f5(z) := f(dz) for any f € L?(R) we note that fs(t) = 6-1f(t/).
Moreover,

0 "o (0x) = 07" H,(dx; o) — sgn(x)z™

This implies 5‘”1;”706(0) = 5‘"‘11,@“0‘(())7 which completes the proof of Theo-
rem [
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2828 FRIEDRICH LITTMANN

4. BERNOULLI FUNCTIONS AND EULER-MACLAURIN SUMMATION

In this section we give a brief review of some facts about Bernoulli polynomials
that we will need in our proofs. Most of these facts are taken from [I], [7], and [I0].
The Bernoulli polynomials B,,(z) can be defined by the power series expansion

tert 2. B, ()
25 — AT yn
(25) et —1 nz:% n! ’

where [t| < 27, the Bernoulli numbers B,, by
(26) B, = B,(0),
and the Bernoulli periodic functions B, (t) by
(27) By (t) = Bn(t — [t]).
The Bernoulli polynomials satisfy B),(t) = nB,_1(t) and

/01 By (t)dt = 0.

This implies that for 0 < a < 1 the Bernoulli periodic functions have the an-
tiderivatives

(28) / B,(t+ a)d +1

For n > 1 the Bernoulli periodic functions have the Fourier series expansion

(Bn+1 (z+a)— Bn+1(a))-

o

(29) Bo(t) = — (2:;)n 3 kine(kt)
g

which is valid for ¢ € R\Z with symmetric summation if n = 1, and it is valid for
teRifn> 2.
We will need the Euler-Maclaurin summation formula in the following form:

Lemma 4. For0<a <1,z >0 and any p € N

> 1 2 B_i(a B.(a) = B,(t+a
(30) zmzz% —|—1/ : a):+t)l‘(+2 )dt.

n= n=1

Proof. Induction on p. For 0 < o < 1 we obtain with integration by parts

- 1 Y ae [Tt *dlt+a] —dt
Z(x+na>2‘/o+ et ral= [ <x+t>2‘“+/o+ CEE

) _ By(a) * Bi(a) — Bi(t+ «)
= +2/0 (@ + 1) dt,

and for o = 1 we have

> 1 1+ B1(0) — Bi(t)
=_42 dt
7; x+n—1 x2 2:: (x +mn)? x+ /0 (x+1)3
_ Bo(1) * Bi(1) = By(t+1)
=02 12 .
x 0 (z+1)
since By (t) is 1-periodic. This establishes ([B0) for p = 1.

dt,
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The remaining part of the induction follows with repeated applications of inte-
grations by parts using (28]). O

We will need the extrema of the Bernoulli polynomials in the interval [0, 1]. The
locations of these extrema are collected in the following lemma. These facts come
from [I0], chapter 2.

Lemma 5. Let0 <z <1 andn > 1.

(i) Ban(z) assumes its mazimum value at © = 1/2 and its minimum value at
r=0,x=1.

(ii) Bant1(z) assumes its minimum value at a unique o € (0,1/2) and its
mazimum value at 1 — « € (1/2,1).

(i) Ban—2(x) assumes its mazimum value at © = 0, x = 1 and its minimum
value at x = 1/2.

(iv) Ban—1(x) assumes its mazimum value at a unique o € (0,1/2) and its
minimum value at 1 —a € (1/2,1).

Finally, Bo(x) = 1 and By(z) = —1/2. As was pointed out in Section[2] Lehmer
showed in [6] that the zeros za, of the even Bernoulli polynomial in (0,1/2) (or
what amounts to the same thing, the extrema of the odd Bernoulli polynomials in
(0,1/2)) satisty

1 1 < < 1
4 goeerl S S
Decimal approximations for the first four z,, are zo = 0.2113, z4 = 0.2403,
26 = 0.2475, 25 = 0.2494.
5. PROOF OF THE LEMMATA
Proof of Lemma[ll Let x € R and 0 < o < 1. Recall
(31) Un.a(x) = Hy(z; ) — sgn(z)a™.

We will consider the cases £ > 0 and = < 0 separately. Let z > 0. We have by
Lemma [ with 4 = n + 1 that

= sgn, (k+a) " By_1(« =
Z(ijkzi—aﬁjL?Z Ex‘v’( )+ {a} Z (x —k—a)

k=—o0 (=1 k=
B o) 1 n+1 Be 1
772};(1‘+k—a)2+2;::1 zt (Jc {oz}i;)
(32) = —2(n+2) /0 h B”“(‘;‘i 13’;113(’5 9 410 (2

<z "2

because By1(a) — By11(t + @) is bounded. Since for z > 0

o= (RIE2) 3 e —

we obtain
(33) Una(z) = Hy(z;0) — 2" = O(z?)
for x > 0.
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Now let < 0. Putting y = —2 > 0 and using B(a) = (=1)!By(1 — a) we
obtain with a similar computation that

>\ sgn, (k+a) " By_1(a) 2B, () > 1
Z (x—k—a)2+22 xt +x”(x—{a})+k:z_:oo(x—k—a)2

k=—o0 =1

(34) _ 2(n N 2) Aw Bn+1(1 —(yal;)ffgl(t — a) dt + O(y_n_2)

<y "2

‘We obtain for z < 0 that
(35) Yn,o(r) = Hy(z;0) + 2™ = O(xfz).

Equalities (33)) and (B3] prove the first statement of Lemma [T
For the second statement we use the representation for i, o(z) derived in (32)

and (34). If

) BT )=

then (B2) implies for z > 0

() — Bpy1(t+ )
(z+t)n+s3

(37) Ynal(z) =—-2(n+2)F(z — a)z” /000 Bt "

and (34) implies for z < 0

l—a)=Bupi(t+1—a)
(= 4 t)n+3

e Bn+1(
(38) tmal(z) = 2(n +2)F(z — a)(~2)" / dt.
0
If B,+1(t) restricted to [0,1] has a maximum at ¢ = «, then it has a min-
imum at t = 1 — « if n is even, and a maximum if n is odd, since B(a) =
(=1)’By(a). This implies that for such a the expressions B, (o) — Buy1(t + )
and Bp4+1(1 — &) —B,41(t+1—a) do not change their signs for ¢ € [0, 00), and since
—a" = (—x)"(—1)"*! we obtain that for such « the expressions in (37) and (B8 are
either both positive or both negative for all  in the respective ranges. Moreover,
Yn.a > 01f By41(t) assumes its minimum on [0, 1] at ¢t = o, and ¢y, o < 0if By41(t)
assumes its maximum at ¢t = a.
Since by Lemma/[f] the function Bj,11(t) assumes its minimum on [0,1] at t = 3,
and its maximum at ¢ = «,,, we have

Hy(z;00,) < sgn(z)z™ < Hy(z;80),
and this finishes the proof of Lemma [l O
B0 is satisfied for « = 0. This provides us with the majorant. Since sgn(zx) is
odd, any majorant M (x) of sgn(x) gives rise to a minorant —M (—z) of sgn(x), and
~ Ho(~30) = Ho(x;1).
Proof of Lemma 2l Recall sgn, (x) = sgn(x+), and let

F(z) = 7 %sin® 7z for z € C.
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Performing the index shift £ +n+ 1 — k in the series representing F, o(t) for
|t] < 1leads to (2I)) in the form in which we will prove it:

> Bila) /k—n N
fwn,a(t)z—zkgl(k’in)!( " — |t]) (~2mit)t

(39) + B"T—(;‘)sgn(t)(e(—{a}t) —1) for [t| < 1.

The first part of the proof will be similar to the proof of Theorem 6 in [12].
Define

' Kl sen (k+ ) 2
Ho g (z,a) = F(x — a)(k_ZK @ —+k o) + . {oz}).
With the Fourier expansions
Fz) _ 1 — |t])e(x
(10) 2= [ =ttt
(41) # = 2%” /_1 sgn(t)e(xt)dt,
we obtain
1 K-1 —1
Ho xc(z,0) = / (=) [ D el=(k+a)t) = 3 e(—(k+a)t) | e(at)at
-1 k=0 k=—K
1 1
- [ sen(t)e(—{a}te(at)dt
We have for t # 0
K—1 —1 e(—at)
Y e(—(k+a)t)— > e(—(k+a)t) =2————(1— cos2rKt),
k=0 k=—K 1—e(-1)

and since the last expression is bounded in a neighborhood of t = 0 we obtain

Hoelos) = [ (=1 [ 22— o(an 2220

1
+ %[1 sgn(t)e(—{a}t)e(xt)dt.

In order to apply the lemma of Riemann-Lebesgue we have to remove the poles
in the fractions of the first integral. We do this by differentiating both sides with
respect to x and dividing the resulting expression by 2. We obtain

om0 = [ (=) [ (o T I oty

+ / Ite(-at)e(at)i.

e(xzt)dt

By the lemma of Riemann-Lebesgue we have

1 .
2mit cos 2w Kt
lim M(z(xt)dt =0.
K—oo 1 1-— 6(—t)
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Since {Ho i (¢, @)} ken is a sequence of entire functions that converges to Ho(z, o)
uniformly on any compact subset of C, the sequence of derivatives {Hy - (z, @)} ken
converges to H{j(z, ) uniformly on any compact subset of C. Thus

2mit e(—at)

1, e
§Ho(x,a) —/1 [( It\)ﬁﬂtl e(—{a}t) e(xt)dt

and using (23] we obtain

(42) f[%Hg(x,a)} = (1—|t)) ZB’;ﬂO‘ —2mit)* + |t]e(—{a}t)
k=0

+ (1 ) ZB’;;,O‘ —2mit)* + [t (e(~{a}t) - 1)
k=1

for |t| < 1, and F [ H)(z,)](t) = 0 for [¢| > 1.

Now we can prove (22) and ([B9) by induction on n. The difference 1) () =
Hy(z, o) — sgn(z) is absolutely integrable by Lemma [ so its Fourier transform
exists.

From

1

5 /O:O e(—xt)dig o(z) = 7[%1%(% 0‘)} (t)—1

we obtain with [@2]) and 27itF f(t) = F[f'](¢) that for |¢| < 1

f¢07a(t) = %(?{%H{)(x,aﬂ — 1)
= let ((1 =) B’“k(!o‘) (—2mit)* + [t (e(—{a}t) — 1))
k=1

= o1 — ) S B o 1 B oy ),

k! e
k=1

and this is [B9) for n = 0. Moreover, for [t| > 1

1 1 1
W) = — —H! } — 1) =
Foalt) it (‘7:[2 o(@;) mit’
and this is ([22)) for n = 0.
Induction step. Assume that [22) and [B9) are true for some n € Ny. From
Definition 2 with n and n 4+ 1 we obtain

(13)  Hua(za) = 2Hy(s0) + 28 (z — ) 2202 {{f}}B”(a)

for any z € C. Since by equation ([B9) the Fourier transforms of ¢, o and ¥p41 .
exist, we obtain with (@3] and (4] for || < 1

1 d 1

(1) Finaralt) = 52 Ftnalt) + —(Buyi(@) — {a} Bala))sea(t)e(—{a}t).
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By the induction hypothesis, [B9) holds for n, i.e. for |t| < 1

Fionalt ——Qi Bila (

)(—2m't)’€*”*1

(45) N B:T(Z-a)Sgn(t) (e(—{a}t) — 1).
For k >n+2
(46) %(k% - |t|>tk—n—1 = (k - n)(% _ |t|>tk—n—2.

Inserting (@3] in ([@4), splitting off the first term of the series, and applying (48]
to the remaining part of the series, we obtain for |¢| < 1

Ftbnpralt) = —22 P 1 (k_z_ L |t\)(—2m‘t)’€*”*2
k= n+2

Bhii(a)sgn(t)  sgn(t)Bn(a)
- i + (—2mi)mi

(~2ri{a))e(—{a}t)
+7§Z<Bn+1< )~ {a) Bu(a))sam(t)e(—{0})

= -2 Z S 1 (k Z _ |t‘>(727m‘t)k7n72
B

k= n+2

1 Bt ) e(—{adr) — 1),

™

and this is [39) for n + 1.
Since the Fourier transform of (z — {a}) ™' sin? 7(x — @) equals zero outside the
interval [—1, 1], we have with ([@3) for |¢t| > 1

1 d 2(n+1)!

Fihpt1,a(t) = o di Fippa(t) = W’

and this is (22) for n + 1. O

Proof of Lemma Bl Let 0 < o < 1, and let F,, € E(27) be a majorant for sgn(z)z™
Assume that

/jo (Fn(x) —sgn(x)z™)dz < oo.

Let 9, (x) = F,(z) — sgn(z)z”, and recall that ¥y, o(z) = H,(z; ) — sgn(z)z".
Since F,(z) — H,(x; @) is an absolutely integrable function in E(27), we know by

the Paley-Wiener Theorem that the support of its Fourier transform is a subset of
[—1,1], ie

FIF,(z) — Hy(x,a)](t) =0 for |t| > 1.
It follows from Lemma [2] that

2n!

(47) Fion(t) = Fipna(t) = " @ity

for |t| > 1.
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Now use (T, the Poisson summation formula and (29) to obtain that

@) 0SS (40 = Fu0) - 2 S A ()
l=—00 k#0
= F1pn(0) + m8n+l(t),

and since this has to hold for all ¢ € [0, 1],

(49) Fipn(0) = -

n+1o%i<1 Bria(t).

Similarly, with ¢, (x) = sgn(x)z™ — G, (x)

(50) Fon(0) > n+1 Olgggxl By (2).

Vaaler showed in Theorem 9 of [12] that any integrable function in E(27) is
already uniquely determined by its values and the values of its first derivative at
the integers, and he used this result to prove the case n = 0 of Lemma Bl We will
use his argument.

Let 0 < a < 1 be such that B,,11(¢) has its minimum on [0,1] at ¢t = . If
F, € E(2r) is chosen such that F), is a majorant of sgn(z)z™ with

2
F‘/)n(o) = _n——l—an—H(a)’

then we have equality in (48]) for ¢ = . This means that
Fla+Fk)=sgn, (a+k)(a+k)" forall k € Z.

The same is true for H,(x;a) by construction. If & = 0 or 1, let n > 2. Since
both F,(z) and H,(x;«) are majorants of sgn(z)z™, they must have the same
derivatives at the numbers « + k, namely n - sgn(a + k)(a + k)"~ 1. From Theorem
9 of [12] we obtain

Fo(z) — Hp(z0) =0
for all z € C. The computation for G, (z) follows along the same lines.

If n =0,1 and @ = 0,1, then we cannot immediately conclude that F,(z) and
H,(z; ) have equal derivatives at = 0. However, as in the proof of Theorem 8
in [12]

Fo(2) — Hy(z;0) = (FL(0) — H.(0;a))n 2z~ sin? 72,
and since 2~ 'sin? 7z is not integrable on the real line, we must have F(0)
H (0; ). Thus, F,,(z) = H,(z; @) holds in this case as well.

Ol

6. PROOFS OF COROLLARIES [I] AND

Proof of Corollary . We will prove the statements about f,, and p,, of Corollary
@ Let n € Ng. By Theorem [I]

Dna, () = sgn(z)z”™ — Hy(x; o) > 0,
by Lemma [ the function is integrable on R, and by Lemma

2-n!
F )= o
(b’ﬂ’an( ) (27Tit)n+1
for |t| > 1. By the easy implication of Bochner’s theorem, F¢, o, is positive
definite. Equation (2I)) of Lemma [2 yields the explicit representation of Foy, q,, (t)
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for |t| < 1. Note that the last term in (21]) is equal to zero, since by definition one
of the equations By, (a,) =0, a, = 0, or «;, = 1 holds. Performing the substitution
m =n + 1 yields the statements about f,,.

To verify the claims about p,, consider the function p, . : Z — C (¢ € R) defined

by
pm’c(k) _ {ln' (27Tik)‘m ilz i 8 (k c Z)
By 29)
> pmelk)e(kt) = ¢ — Bu(t),

keZ
and this is non-negative if, and only if,

¢ > B, (t) for all ¢t € [0,1].

We obtain, using Bochner’s theorem, that p,, . is a positive definite function on Z
if, and only if, ¢ > max B,,(t) = By, (aym—1), which shows that p,,,(0) = By (m—1)
is the minimal value that gives rise to a positive extension of p,,(k) = (2mwik)™™
(k # 0) to Z. Moreover, if ¢ < By, (0tn—1), then there exist N € N, numbers a, € C,
and distinct numbers A, € Z such that

N N
(51) Z aVa/.Lf()\V - >\y,) = Z al/ap,pm,c(Au - )\u) < 07

v,p=1 v,p=1

which shows that the value f,,(0) = By, (un—1) of Corollary [l is optimal as well.
The statements about g,, and g,, follow similarly by considering

Vg, () = Hp(z; 3y) — sgn(x)z"
instead of ¢, q, - O
Proof of Corollary Bl We will prove the corollary for § = 1. The general case

follows by noting that |[A, — A,| > 6 > 0 implies |\, /d — A, /8| > 1.
From Corollary [ (i) we obtain that for any N € N, a, € C, and \, € R,

N
> a8 fm(A = Ay) 2 0.

v,u=1

If we require additionally that |\, — X,| > 1 for all v # pu, then after a multipli-
cation by m!~1(27)™ we obtain

AN _ @)™ N
> @i = A)) " = —fn(0) = D fau

m
v,pu=1

v

This shows that the function (it) =™ satisfies (@) with L;((ét)~™) as in Corollary
The optimality of Ly ((it)~") follows from (BIJ). (Note that the set of integers
{A\} used in (EI) obviously satisfies [A, — A,| > 1 for all v # pu.)

The validity of Uy ((it)~™) is verified in the same way using g, and ¢,,. O
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